
UBC Mathematics 402(101)—Assignment 4
Due in class on Wednesday 04 February 2015

1. Consider the following fixed-endpoint problem in the Calculus of Variations that
includes a new feature, namely, an extra term that assigns a penalty to the state
value at some point t1 in the interior of the planning interval [a, b]:

min
x∈PWS[a,b]

{
f(x(t1)) +

∫ b

a

L(t, x(t), ẋ(t)) dt : x(a) = A, x(b) = B

}
.

Here f = f(x) is some given C1 function, and t1 is given. A concrete instance of this
problem is shown in part (b), below.

(a) Suppose x̂ ∈ PWS[a, b] achieves the minimum in the given abstract problem
stated above. Explain why x̂ must satisfy (IEL) on the subintervals [a, t1] and

[t1, b], and derive an equation relating ˙̂x(t−1 ) to
˙̂x(t+1 ) that can be used to splice

these two extremal sub-arcs together.
(Note: When the given function f(x) = 0, the given problem reduces to a
standard one, and the desired splicing condition should be one we recognize.)

(b) Find, in terms of a generic constant k > 0, the unique candidate for optimality
in the following problem:

min
x∈PWS[a,b]

{
k(x(π4 ) + 1)2 +

∫ π/2

0

(ẋ(t)2 − x(t)2) dt : x(0) = 0, x(π2 ) = 10

}
.

(Interpretation: We would like to make the usual integral small, but we would
also like to encourage x(π4 ) ≈ −1 by using k > 0 to “penalize” any difference
between these values.)

(c) Reflect on your findings in part (b). In particular, suppose xk denotes the unique
candidate corresponding to the parameter k. (We do not assume k ∈ Z.)

(i) Does the family of functions xk have a limit as k → +∞? If so, what is it?

(ii) Does the objective value of xk have a limit as k → +∞?

(iii) If we allow any real value for the penalty parameter k, there is a nonempty
interval of k-values for which the stated problem has no minimizer. Find
one such interval. (As always, justification is expected.)

2. Consider the problem

min

{∫ b

0

ẋ3(t) dt : x(0) = 0, x(b) = B

}
,

where b > 0, B > 0. Show that the function x̂(t) = Bt/b is a weak local minimum,
but not a global minimum.
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3. Two concentric wire circles (of possibly different radii A = 1 and B) are dipped in a
soap solution and pulled a distance b apart, so that a surface of soap film is formed
between them. If gravity is neglected, symmetry implies that the film’s shape is the
surface of revolution of a positive-valued function x: [0, b] → R.

(a) Assuming that this function is C1 and minimizes the area of the resulting
surface, show that for some constant c,

x(t) =
cosh (c+ t cosh(c))

cosh(c)
.

(Don’t solve for c.) This curve is called a catenary, and the resulting surface a
catenoid.

(b) For the specific case t = b = 1, consider the right-hand side above as a function
of c, i.e.,

f(c) =
cosh (c+ cosh(c))

cosh(c)
.

Show that the global minimum value of f over c ∈ R is strictly positive; evaluate
it numerically to five significant digits.

(c) What can you say about the minimum-area problem with a right endpoint β =
(1, B) for a positive B strictly less than the number found in part (b)?

4. Suppose both g and h are continuous on [a, b].

(a) Regarding the left-hand side of the obvious inequality
∫ b

a

[g(t) + σh(t)]
2
dt ≥ 0

as a quadratic function of the parameter σ, prove the Schwarz inequality
[∫ b

a

g(t)h(t) dt

]2
≤

∫ b

a

g2(t) dt

∫ b

a

h2(t) dt. (S)

(b) Prove that equality holds in (S) if and only if there is a constant c ∈ R for which
g(t) = ch(t) for all t ∈ [a, b].

(c) Let p(t) be a positive-valued function, continuous on [a, b]. Use (S) to show that
the variational problem

min

{∫ b

a

p2(t)ẋ2(t) dt : x ∈ C1[a, b], x(a) = A, x(b) = B

}

has a global minimum value of (B−A)2/

[∫ b

a

p−2(t) dt

]
. Use part (b) to identify

the unique arc x at which this minimum is attained.

(d) Assume that p is C1, and show that in this case the arc x found in part (c)
satisfies the Euler-Lagrange equation.
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