
III. Convexity and Sufficiency

UBC M402 Lecture Notes c©2015 by Philip D. Loewen

A. Elementary Sufficient Conditions

The first order of business in most courses on the Calculus of Variations (and, indeed, most courses
in Optimization more broadly) is to describe some characteristics of the minimizers we seek. So we
know that every arc that gives even a local minimum in the Basic Problem

min

{
Λ[x]

def
=

∫ b

a

L (t, x(t), ẋ(t)) dt : x(a) = A, x(b) = B

}
, (P )

must satisfy the Euler-Lagrange equation. This is a necessary conditions—a prerequisite for op-
timality. It’s safe to discard any admissible arc for which (IEL) does not hold. But the true
statement, “Every true minimizer lies in the set of extremals” is by no means equivalent to the
much bolder claim that, “Every extremal arc is a true minimizer.” Indeed the latter statement is
often false.

Theorems that lay out conditions under which some particular arc must be a true minimizer
are known as sufficient conditions. Here is a frivolous prototype.

A.1. Theorem. Let x̂ be an admissible arc for (P ) that satisfies the following inequality for all
but finitely many t ∈ (a, b):

L(t, x̂(t), ˙̂x(t)) ≤ L(t, x, v) ∀x ∈ R, ∀v ∈ R, t ∈ [a, b]. (∗)

Then x̂ gives a global minimum in (P).

Proof. For any arc x admissible in (P), (∗) gives

L(t, x̂(t), ˙̂x(t)) ≤ L(t, x(t), ẋ(t)).

Integrate both sides to get Λ[x̂] ≤ Λ[x]. ////

The practical effectiveness of Thm. A.1 is roughly commensurate with the difficulty of its
proof. That is, the proof is essentially trivial, and the condition is nearly useless. There are very
few problems where simple pointwise minimization of the integrand at every instant yields an arc
that is even admissible, much less optimal! Even worse, we have met many true minimizers (often
in problems where L(t, x, v) is quadratic in (x, v)) for which the pointwise inequality in (∗) is
false. Theorem A.1 is just too special to confirm optimality in many reasonable situations. We
need theorems that have the same conclusion as above, but weaker hypotheses, so that more true
minimizers can be verified.

Ideas. 1. A sufficient condition for optimality loses no power if we use it only within the subsets
of function space where all true minimizers are certain to appear. So adding the hypothesis
that the arc under test satisfies the Euler-Lagrange equation cannot accidentally discard any
actual minimizers.

2. Augment both sides of (∗) with a quantity whose integral is zero.

Using idea 1, suppose x̂ is admissible and satisfies (DEL):

d

dt
L̂v(t) = L̂x(t).
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Then for any arc x obeying x(a) = x̂(a), x(b) = x̂(b),

d

dt

(
Lv(t) [x(t)− x̂(t)]

)
=

(
d

dt
L̂v(t)

)
[x(t)− x̂(t)] + L̂v(t)

d

dt
[x(t)− x̂(t)]

= L̂x(t) [x(t)− x̂(t)] + L̂v(t)
[
ẋ(t)− ˙̂x(t)

]

The left side integrates to 0 over [a, b], because x and x̂ have shared endpoint values:

∫ b

a

d

dt

(
Lv(t) [x(t)− x̂(t)]

)
dt =

[
Lv(t) (x(t)− x̂(t))

]b

t=a

= 0.

This leads to a useful sufficient condition:

A.2. Theorem. Suppose x̂ ∈ PWS[a, b] obeys (IEL) and, for almost all t ∈ (a, b), one has

L
(
t, x̂(t), ˙̂x(t)

)
+ L̂x(t) [x− x̂(t)] + L̂v(t)

[
v − ˙̂x(t)

]
≤ L(t, x, v) ∀x ∈ R, ∀v ∈ R. (1)

Then x̂ gives a global minimum in (P ).

Proof. Take arbitrary arc x admissible for (P ) and plug into (1), then integrate both sides. This
gives Λ[x̂] + 0 ≤ Λ[x] by the calculation above. ////

Essentials. The central inequality (1) above can be interpreted most readily if we consider a fixed
instant t in (a, b), and suppress it in the notation. Then (1) looks like this:

L(x, v) ≥ L(x̂, ˙̂x) +DL(x̂, ˙̂x)

[
x− x̂
v − ˙̂x

]
∀(x, v) ∈ R

2. (1′)

We recognize the expression on the right side as the best linear approximation to the function L
near the point (x̂, ˙̂x): geometrically, inequality (1′) says that (for each instant t) the hyperplane

tangent to the graph of the function (x, v) 7→ L(t, x, v) at the point (x̂, ˙̂x) must lie on or below the
graph of the function itself. This property earns (1′) the name the subgradient inequality, since it
involves the gradient on the “low side”.

A.3. Exercise. Consider the following instance of the basic problem:

min

{∫ 1

0

(
ẋ(t)2 − 1

)2
dt : x(0) = 0, x(1) = B

}
.

Sketch the curve z =
(
v2 − 1

)2
and some of its tangent lines; use these to help establish the

following properties of the admissible extremal x̂(t) = Bt:

(a) If B ≥ 1, then x̂ gives a global minimum.

(b) If 1/
√
3 < B < 1, then x̂ provides a true minimum in the restricted problem where all

competing arcs must have elements in

Ω =
{
(t, x, v) : t ∈ R, x ∈ R, 1/

√
3 < v

}
.

However, x̂ does not give a global minimum.

(c) If 0 ≤ B < 1/
√
3, then x̂ provides a true maximum in the restricted problem phrased in terms

of
Ω =

{
(t, x, v) : t ∈ R, x ∈ R, |v| < 1/

√
3
}
.
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However, x̂ does not give a global maximum.

(d) If B = 1/
√
3, then x̂ is neither a local minimum nor a local maximum, because there exists an

admissible variation h for which the objective value of x̂ + λh is strictly monotonic on some
open set containing λ = 0.

(e) Symmetric statements apply when B < 0.

As Exercise A.3 illustrates, it is sometimes possible to confirm inequality (4) after the arc x̂ is
identified. However, experience shows that there are many integrands L for which the subgradient
inequality holds for an arbitrary base point. These are the convex functions discussed in the next
section.

B. Convexity and its Characterizations

B.1. Definition. A subset S of a real vector space X is called convex when, for every pair of
distinct points x0, x1 in S, one has

xλ := (1− λ)x0 + λx1 ∈ S ∀λ ∈ (0, 1). (B.1)

B.2. Definition. LetX be a real vector space containing a convex subset S. A functional Φ:S → R

is called convex when, for every pair of distinct points x0, x1 in S, one has

Φ[(1− λ)x0 + λx1] ≤ (1− λ)Φ[x0] + λΦ[x1] ∀λ ∈ (0, 1). (B.2)

If this statement holds with strict inequality in (B.2), then Φ is called strictly convex on S.

Geometrically, a convex function is one whose chords lie on or above its graph; a strictly convex
function is one whose chords lie strictly above the graph except at their endpoints.

Notice that the definition of convexity makes no reference to differentiability, and indeed many
convex functions fail to be differentiable. A simple example of this is Φ1[x] = |x| on X = R—note
that Φ1[x] =

∫ x

0
sgn(t) dt; a more complicated example is Φ2[x] :=

∫ x

0
⌊t⌋ dt. The graph of Φ2 is

shown below: it has corners at every integer value of x.
z

x

Φ2[x] :=
∫ x

0
⌊t⌋ dt.

Operations Preserving Convexity. Here are several ways to combine functionals that respect
the property of convexity. In each of them, X is a real vector space with convex subset S. (Con-
firming these statements is an easy exercise: please try it!)
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(a) Positive Linear Combinations: If the functionals Φ1, Φ2, . . ., Φn are convex on S, and c0, c1,
c2, . . ., cn are positive real numbers, then the sum functional

Φ[x] := c0 + c1Φ1[x] + c2Φ2[x] + · · ·+ cnΦn[x]

is well-defined and convex on the set S. Moreover, if any one of the functionals Φk happens
to be strictly convex, then the sum functional Φ will be strictly convex too.

(b) Restriction to Convex Subsets: If Φ is convex on S and S1 is a convex subset of S, then the
restriction of Φ to S1 is convex on S1. (An important particular case arises when S = X is the
whole space and S1 is some affine subspace of X: a functional convex on X is automatically
convex on S1.)

(c) Pointwise Maxima: If Φ1, Φ2, . . ., Φn are convex on S, then so is their maximum functional

Φ[x] := max {Φ1,Φ2, . . . ,Φn} .
(A similar result holds for the maximum of an infinite number of convex functions, under
suitable hypotheses.)

Convexity for Differentiable Functions. Recall that for Φ:X → R, we define the directional
derivative

Φ′[x;h] = lim
λ→0+

Φ[x+ λh]− Φ[x]

λ
, x, h ∈ X.

We use the notation DΦ[x](h) = Φ′[x;h] to define an operator DΦ[x]:X → R. Asserting that the
operator DΦ[x] is linear is a very mild type of differentiability hypothesis.

B.3. Theorem. Let X be a real vector space containing a convex subset S, and suppose Φ:X → R

is such that DΦ[x] is linear, at every point x in S.

(a) Φ is convex on S if and only if DΦ[x](y − x) ≤ Φ[y]−Φ[x] for any distinct x and y in S.

(b) Φ is strictly convex on S if and only if DΦ[x](y − x) < Φ[y]−Φ[x] for any distinct x and y in
S.

Proof. (a)(b)(⇐) Let x0 and x1 be distinct points of S, and let λ ∈ (0, 1) be given. Define
xλ := (1−λ)x0+λx1. In statement (b), the assumption is equivalent to Φ[x] < Φ[y]+DΦ[x](x−y)
for any x 6= y: choosing y = xλ here, and then applying the inequality to both x = x0 and x = x1

in turn, we get

Φ[xλ] < Φ[x0] +DΦ[xλ](xλ − x0), (†)
Φ[xλ] < Φ[x1] +DΦ[xλ](xλ − x1). (‡)

Multiplying (†) by (1− λ) and (‡) by λ and adding the resulting inequalities produces

Φ[xλ] < λΦ[x1] + (1− λ)Φ[x0] +DΦ[xλ] (λ(xλ − x1) + (1− λ)(xλ − x0)) . (∗)
A simple calculation reveals that the operand of DΦ[xλ] appearing here is the zero vector, so this
reduces to the inequality defining the strict convexity of Φ on S. In statement (a), the assumed
inequality is non-strict, but exactly the same steps lead to a non-strict version of conclusion (∗).
This confirms the ordinary convexity of Φ on S.

(a)(⇒) Suppose Φ is convex on S. Let two distinct points x and y in S be given. Then for any
λ ∈ (0, 1), the definition of convexity gives

Φ[x+ λ(y − x)] = Φ[(1− λ)x+ λy]

≤ (1− λ)Φ[x] + λΦ[y] = Φ[x] + λ (Φ[y]−Φ[x]) .
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Rearranging this gives
Φ[x+ λ(y − x)]− Φ[x]

λ
≤ Φ[y]− Φ[x].

In the limit as λ → 0+, the left side converges to the directional derivative Φ′[x; y−x], which equals
DΦ[x](y − x) by the linearity hypothesis. Thus we have

DΦ[x](y − x) ≤ Φ[y]− Φ[x]. (∗∗)

This argument applies to any distinct points x and y in S, so the result follows.

(b)(⇒) If Φ is known to be strictly convex on S, then we certainly obtain (∗∗). It remains only to
show that equality cannot hold. Indeed, if x0 and x1 are distinct points of S where one has

Φ(x1) = Φ(x0) +DΦ[x0](x1 − x0),

the definition of convexity implies that for all λ in (0, 1),

Φ[xλ] ≤ (1− λ)Φ[x0] + λΦ[x1]

= (1− λ)Φ[x0] + λ [Φ[x0] +DΦ[x0](x1 − x0)]

= Φ[x0] + λDΦ[x0](x1 − x0) = Φ[x0] +DΦ[x0](xλ − x0)

≤ Φ[xλ].

(The last inequality is a consequence of (∗∗).) This chain of inequalities reveals that

Φ[xλ] = (1− λ)Φ[x0] + λΦ[x1] ∀λ ∈ (0, 1),

which cannot happen for a strictly convex functional Φ. ////

Suppose S = X. The inequality at the heart of Theorem B.3, namely

Φ[x] +DΦ[x](y − x) ≤ Φ[y] ∀y ∈ X,

is called the subgradient inequality. Geometrically, it says that the tangent hyperplane to the
graph of Φ at the point (x,Φ[x]) lies on or below the graph of Φ at every point y in X. The
name also helps one remember the direction of the inequality: the “gradient” DΦ[x] is always on
the small side. It is worth noting that the subgradient inequality written above follows from the
convexity of Φ using the differentiability property only at the point x—see the proof of “(a)⇒”
above.

Subgradients and Subdifferentials. In the absence of any kind of differentiability hypothesis,
we can declare an interest in all linear operators ξ:X → R that satisfy the subgradient inequality,

Φ[x] + ξ(y − x) ≤ Φ[y] ∀y ∈ X.

Every such ξ is a subgradient of Φ at x, and the set of all subgradients of Φ at x is called the

subdifferential of Φ at x, and denoted ∂Φ(x). For exercise, (i) prove that if DΦ[x] is linear, then
∂Φ(x) = {DΦ[x]} is a one-element set; and (ii) explain, with pictures, why for X = R,

Φ[x] = x+ |x| =⇒ ∂Φ(x) =





{0} , for x < 0,
[0, 2], for x = 0,
{2} , for x > 0.
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Second-Derivative Considerations. We will never need second derivatives in general vector
spaces, so we focus on the finite-dimensional case (X = R

n) in the next result. Here we write
D2Φ[x] for the usual Hessian matrix of mixed partial derivatives of Φ at the point x:

[
D2Φ[x]

]
ij
= ∂2Φ/∂xi∂xj .

We assume Φ ∈ C2(Rn), so the order of mixed differentiation does not matter and the Hessian
matrix is symmetric. The shorthand D2Φ[x] > 0 means that this matrix is positive definite, i.e.,

vTD2Φ[x]v > 0 ∀v ∈ R
n, v 6= 0. (B.3)

(A similar understanding governs the notation D2Φ[x] ≥ 0.)

B.4. Theorem. Let S be an open convex subset of Rn, and suppose Φ:S → R is of class C2.

(a) Φ is convex on S if and only if D2Φ[x] ≥ 0 for all x in S;

(b) If D2Φ[x] > 0 for all x in S, then Φ is strictly convex on S.

Proof. (b) Pick any two distinct points x and y in S. Taylor’s theorem says that there is some
point ξ on the line segment joining x to y (which lies in S) for which

Φ[y] = Φ[x] +DΦ[x](y − x) + 1
2 (y − x)TD2Φ[ξ](y − x)

> Φ[x] +DΦ[x](y − x).

The inequality here holds because D2Φ[ξ] > 0 by assumption. Since x and y in X are arbitrary,
this establishes the hypothesis of Theorem B.3(b): the strict convexity of Φ follows.

(a)(⇐) Just rewrite the proof of (b) with ‘≥’ in place of ‘>’.

(⇒) Let us prove first that the operator DΦ is monotone on S, i.e., that

(DΦ[y]−DΦ[x]) (y − x) ≥ 0 ∀x, y ∈ S. (∗)

To see this, just write down the subgradient inequality twice and add:

Φ[y]− Φ[x] ≥ DΦ[x](y − x)

Φ[x]− Φ[y] ≥ DΦ[y](x− y)

0 ≥ (DΦ[x]−DΦ[y]) (y − x)

Rearranging the sum produces (∗).
Now fix any x in S and v in R

n, and put y = x+ λv into (∗), assuming λ > 0 is small enough
that y ∈ S also. For all such λ > 0, this gives

(DΦ[x+ λv]−DΦ[x]) (v) ≥ 0.

Take g(t) := DΦ[x + λv](v): then the previous inequality implies that for all λ > 0 sufficiently
small,

g(λ)− g(0)

λ
≥ 0 ∀λ > 0.

Now Φ is C2, so g is C1: hence the limit of the left-hand side as λ → 0+ exists and equals g′(0).
We deduce that g′(0) ≥ 0, i.e.,

vT∇2Φ[x]v ≥ 0.

Since v ∈ R
n was arbitrary, this shows that ∇2Φ[x] ≥ 0, as required. ////
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III. Convexity and Sufficiency 7

The second-derivative test, together with the simple convexity-preserving operations mentioned
above, is an easy way to confirm (or refute) the convexity of a given function. For example, when
X = R

n, the quadratic function
Φ[x] := xTMx+ vTx+ c

built around symmetric n× n matrix M , a vector v in R
n, and a constant c, will be convex if and

only if M ≥ 0 and strictly convex if and only if M > 0.

B.5. Exercises. (1) Consider the 2× 2 matrix M =

[
a b
b d

]
. Prove that

M ≥ 0 ⇐⇒
[
a ≥ 0, d ≥ 0, and ad− b2 ≥ 0

]
. (B.4)

Then show that (B.4) remains true if all strict inequalities (“>”) are replaced by nonstrict
ones (“≥”).

(2) Consider the 2n × 2n matrix M =

[
A B
BT D

]
, in which A = AT , B, and D = DT are

n × n matrices. (Collision alert: The symmetric matrix D here has no relationship with the
differential operator considered earlier in this section. The writer apologizes.) Show that

M > 0 ⇐⇒
[
A > 0, D > 0, and A−BD−1BT > 0

]
. (B.5)

Here the matrix inequalities are interpreted as in (B.3). Hints: (i) D > 0 implies the existence
of D−1; (ii) D = DT implies (D−1)T = (DT )−1; and (iii) if D is invertible then

M =

[
I BD−1

0 I

] [
A−BD−1BT 0

0 D

] [
I 0

D−1BT I

]
.

C. Convexity as a Sufficient Condition—General Theory

C.1. Proposition. Let S be an affine subset of a real vector space X. Suppose that Φ:S → R is
convex on S. If x̂ is a point of S where DΦ[x] is linear, then the following statements are equivalent:

(a) x̂ minimizes Φ over S, i.e., Φ[x̂] ≤ Φ[x] for all x in S;

(b) x̂ is a critical point for Φ relative to S, i.e., DΦ[x̂](h) = 0 for all h in the subspace V = S − x̂.

Proof. (a ⇒ b) Proved much earlier, without using convexity.

(b ⇒ a) Note that for any point x of S, the difference h = x− x̂ lies in the subspace V of the
statement. Hence the subgradient inequality, together with condition (b), gives

Φ[x̂] = Φ[x̂] +DΦ[x̂](x− x̂) ≤ Φ[x] ∀x ∈ S. ////

C.2. Corollary. If Φ:S → R is strictly convex on some affine subset S of a real vector space X,
and x̂ is a critical point for Φ relative to S, then x̂ minimizes Φ over S uniquely, i.e., Φ[x̂] < Φ[x]
for all x ∈ S, x 6= x̂.

D. Convexity in Variational Problems—Elementary Results

Convexity of Integral Functionals. Consider a relatively open subset Ω of the (t, x, v)-space
[a, b] × R

n × R
n, whose sections Ωt = {(x, v) : (t, x, v) ∈ Ω} are nonempty convex sets for each t
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in [a, b]. Associate with Ω the following collection of arcs x (the symbol R stands for “regularity
class”, and we will see different choices for R in later sections):

R = {x ∈ PWS[a, b] : (t, x(t), ẋ(t+)) ∈ Ω ∀t ∈ [a, b), (t, x(t), ẋ(t−)) ∈ Ω ∀t ∈ (a, b]} .

D.1. Proposition. With Ω as above, the set R is a convex subset of PWS[a, b]. Moreover, if L
is a continuous function defined on Ω for which the function (x, v) 7→ L(t, x, v) is convex on Ωt for

each t in [a, b], then the integral functional Λ[x] =
∫ b

a
L (t, x(t), ẋ(t)) dt is well-defined and convex

on R.

Proof. Choose distinct functions x0 and x1 in R, and fix any constant λ in (0, 1). To show that the
arc

xλ(t) = (1− λ)x0(t) + λx1(t)

lies in R, start with any t in [a, b). Since x0, x1 ∈ R, both points (x0(t), ẋ0(t+)) and (x0(t), ẋ0(t−))
lie in Ωt. This set is convex by assumption, so the intermediate point

(1− λ) (x0(t), ẋ0(t+)) + λ (x1(t), ẋ1(t+))

lies in Ωt also. But this intermediate point is precisely (xλ(t), ẋλ(t+)). Since t in [a, b) is ar-
bitrary, we deduce that (t, xλ(t), ẋλ(t+)) ∈ Ω for all such t. A similar argument shows that
(t, xλ(t), ẋλ(t−)) ∈ Ω for all t in (a, b], so that indeed xλ lies in R.

With the same notation as above, the convexity of L implies that for any time t in [a, b],

L (t, xλ(t), ẋλ(t)) ≤ (1− λ)L (t, x0(t), ẋ0(t)) + λL (t, x1(t), ẋ1(t)) .

Integrating both sides gives
Λ[xλ] ≤ (1− λ)Λ[x0] + λΛ[x1],

as required. ////

D.2. Theorem. With Ω and R as above, suppose the integrand L is of class C1 on Ω. Suppose
the map (x, v) 7→ L(t, x, v) is convex on Ωt for every t in [a, b]. Then any arc x̂ in R satisfying
(IEL) is a true minimizer in the problem

min {Λ[x] : x(a) = x̂(a), x(b) = x̂(b), x ∈ R} .
More generally, any arc x̂ in R for which Λ′[x̂;h] = 0 for all h in one of the standard subspaces
V = VII , VI0, V0I , V00 is a true minimizer in the corresponding problem

min {Λ[x] : x ∈ x̂+ V, x ∈ R} .

Proof. This is a direct consequence of Propositions D.1 and C.1. ////

Remarks. 1. To establish that (x, v) 7→ L(t, x, v) is convex on some set Ωt in (x, v)-space, it is
enough to show that the matrix below is nonnegative at all points (x, v) in Ωt:

∇2
x,vL(t, x, v) =

[
Lxx(t, x, v) Lxv(t, x, v)
Lvx(t, x, v) Lvv(t, x, v)

]
.

In the case where both x and v are scalars, this amounts to confirming three simultaneous inequal-
ities:

∀(x, v) ∈ Ω, Lxx(t, x, v) ≥ 0, Lvv(t, x, v) ≥ 0,
[
LxxLvv − L2

xv

]
(t,x,v)

≥ 0.

2. It is quite possible for an integral functional Λ to be convex on some set of interest, but to fail
the sufficient conditions of Remark 1. (For example, consider the integrand L(t, x, v) = 2xv on any
affine subspace of PWS[0, 1] parallel to VI0.)
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Constraints and Multipliers. The following trivial-looking proposition can sometimes be used to
solve variational problems. It is very much in the spirit of the sufficient conditions throughout this
chapter: if its hypotheses hold, then the conclusions are irrefutable . . . but the range of problems
in which its hypotheses can be relied upon remains unresolved, and there are no claims to general
applicability for the resulting method. The statement refers not only to the usual integral functional
Λ defined in terms of an integrand L, but to a completely analogous functional Γ defined in terms
of an integrand G.

D.3. Proposition. Let both L and G be continuous on Ω, and suppose x̂ is an arc in R ∩ S
for some convex subset S of PWS[a, b]. If there is some scalar λ for which x̂ truly minimizes the

augmented functional Λ̃ = Λ+λΓ over R∩S, then x̂ also provides a true minimum in the problem

min {Λ[x] : x ∈ R ∩ S, Γ[x] = Γ[x̂]} .

Proof. For the scalar λ in the stated hypotheses, the assumed minimality of x̂ gives

Λ[x̂] + λΓ[x̂] = Λ̃[x̂] ≤ Λ̃[x] = Λ[x] + λΓ[x] ∀x ∈ R ∩ S.

If we restrict attention in this inequality to those x for which Γ[x] = Γ[x̂], then cancellation occurs,
and we obtain

Λ[x̂] ≤ Λ[x] ∀x ∈ R ∩ S where Γ[x] = Γ[x̂],

as required. ////

D.4. Example. Find, with justification, a global minimizer in this problem:

min

{
Λ[x] =

∫ 1

0

ẋ(t)2 dt : x(0) = 0,

∫ 1

0

x(t) dt = π

}
.

Solution. To match the stated problem with the one treated in Proposition D.3, we must first

identify Γ[x] =
∫ 1

0
x(t) dt and S = VI0. In this case, Ω = [0, 1] × R × R and R = PWS[0, 1]. To

find an arc x̂ that minimizes Λ̃ = Λ + λΓ over R∩ S for some scalar λ, we can restrict our search
to admissible extremals for the integrand L̃(t, x, v) = v2 + λx satisfying the natural boundary
condition associated with S. Thus we can focus on solutions of

2¨̂x(t) = λ, 0 < t < 1; x(0) = 0, 2 ˙̂x(1−) = 0.

The differential equation has general solution x̂(t) = (λ/4)t2 +mt+ b, m, b ∈ R; the left boundary
condition gives b = 0, and the right one gives m = −λ/2, so we have

x̂(t) =

(
λ

4

)(
t2 − 2t

)
.

We also want

π = Γ[x̂] =

(
λ

4

)[
1

3
− 1

]
= −λ

6
,

so λ = −6π. Our candidate for minimality is

x̂(t) = 3π
(
t− 1

2
t2
)
.

So far the calculations look just like an application of the Lagrange Multiplier Procedure: the role
of Proposition D.3 is to provide justification after the fact in certain cases (like this one). Observe
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that for λ = −6π, the augmented integrand L̃(t, x, v) = v2 − 6πx is convex in (x, v) on all of
R

2 = Ωt for any real t. So by Theorem D.2, the admissible extremal x̂ found above (and satisfying

the appropriate natural boundary conditions) truly minimizes Λ̃ over R∩S. Furthermore, Γ[x̂] = π.
Thus the problem posed above is precisely the problem for which Proposition D.3 guarantees that
x̂ provides a true minimizer.

For interest, let us note that the value of the minimum in the problem above is

V =

∫ 1

0

˙̂x(t)2 dt =

(
λ

4

)2
1

3
(t− 1)3

∣∣∣∣
1

0

=
λ2

12
= 3π2.

If we think of π as a variable name instead of as a specific number useful in geometry, we realize
that the analysis above implies that V (α) = 3α2 is a simple closed-form expression for the function

V (α) = min

{
Λ[x] =

∫ 1

0

ẋ(t)2 dt : x(0) = 0,

∫ 1

0

x(t) dt = α

}
.

At the point α = π, we have V ′(π) = −6π, which coincides exactly with −λ for the Lagrange
multiplier above. This is no accident, but the supporting details are beyond the scope of this
example. ////

File “convex”, version of 08 February 2015, page 10. Typeset at 09:28 February 8, 2015.


