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Here are four different expansions for the same function on the interval 0 < x < π:

f(x) =

{
x, if 0 < x ≤ π/2,
π − x, if π/2 < x < π.

All four match the f exactly on the basic interval (drawn in bold), but have different
behaviour outside the basic interval.

Fourier Sine Series. f(x) = f̃ (x) =
∞∑

n=1

bn sin(nx) for 0 < x < π, where

bn =
4

πn2
sin

(
nπ

2

)
.
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Fourier Cosine Series. f(x) = 1

2
a0 +

∞∑

n=1

an cos(nx) for 0 < x < π, where

an =
2

πn2

[
2 cos

(
nπ

2

)
− 1 − (−1)n

]
, n ≥ 1; a0 =

π

2
.
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Half-Period Sine Series. f(x) = f̃(x) =

∞∑

n=1

pn sin

(
2n − 1

2
x

)
for 0 < x < π,

where

pn =
8

π(2n − 1)2

[√
2 sin

(
nπ

2

)
−

√
2 cos

(
nπ

2

)
+ (−1)n

]
.
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Half-Period Cosine Series. f(x) = f̃(x) =
∞∑

n=1

qn cos

(
2n − 1

2
x

)
for 0 < x < π,

where

qn =
8

π(2n − 1)2

[√
2 sin

(
nπ

2

)
+

√
2 cos

(
nπ

2

)
− 1

]
.
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