
UBC Mathematics 257/316—Assignment 7
Due in class on Tuesday 08 July 2014

Themes: Separation of Variables and Big Four Eigenfunction Series

1. Consider the following boundary value problem for an unknown function u = u(x, t):

(PDE) ut = uxx, 0 < x < π, t > 0,

(BC) u(0, t) = 0, ux(π, t) = 0, t > 0,

(IC) u(x, 0) = f(x), 0 < x < π.

(i) Show how postulating a solution of the form u(x, t) = X(x)T (t) for (PDE)+(BC) leads to an eigen-
value problem for X(x). Write down this eigenvalue problem, recognize it, and thereby determine
which eigenfunctions Xn are suitable for use in a solution to the full problem of the form

u(x, t) =

∞
∑

n=1

Tn(t)Xn(x). (∗)

(ii) Initialize: using (∗) with (IC), express Tn(0) in terms of integrals involving f .

(iii) Propagate: using (∗) with (PDE) and (ii), find and solve ODE problems to determine Tn(t).

(iv) Suppose f(x) = π − x. Write completely explicit formulas for the functions T1, T2, and T3.

(v) Let U3(x, t) = T1(t)X1(x) + T2(t)X2(x) + T3(t)X3(x) denote the three-term approximation to the
series solution (∗). Use a computer to plot the three curves y = U3(x, 0), y = U3(x, 0.3), and
y = U3(x, 0.7) on the interval 0 < x < π.

2. Solve this boundary value problem involving a constant h ≥ 0:

(PDE) ut = uxx − hu, 0 < x < π, t > 0,

(BC) u(0, t) = 0, u(π, t) = 0, t > 0,

(IC) u(x, 0) = x, 0 < x < π.

Discuss what happens to the problem and the solution in the limit as h → 0+.

(Hint : Organizing the separation of variables step carefully will produce a familiar eigenvalue problem
for X(x).)

3. (Separation of Variables) In two-dimensional wave problems expressed in polar coordinates, the unknown
function u = u(r, θ, t) satisfies

utt = c2

(

urr +
1

r
ur +

1

r2
uθθ

)

.

In order for a product function of the form u(r, θ, t) = R(r)Θ(θ)T (t) to satisfy this equation, the functions
R, Θ, and T must satisfy a certain system of linked ordinary differential equations. Find these differential
equations. Your answer will involve two separation constants. Express these as suitable expressions
involving variables λ and µ, constructed so that T (t) = cos(µct) and Θ(θ) = sin(

√
λθ) are possible

solutions.

Note: Your job is simply to find three ODE’s. Don’t waste time trying to solve any of them, as this is
not requested.
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