
UBC Mathematics 257/316—Assignment 6
Due in class on Thursday 03 July 2014

Themes: Orthogonality; Big Four Eigenfunction Series; Fredholm Alternative

1. Each of the four functions shown below encrypts a text message, as described below. Decrypt these
four messages, giving some reasonable explanation of your method and evidence that you did the work
yourself. Computer assistance will be essential.
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Each function sketched here is an eigenfunction sum of the form (∗): f(x) =
N∑

k=1

ckyk(x). Here N is

the number of characters in the message. This is an unknown that you must find; it varies from one
message to another. Each coefficient ck corresponds to a letter of the alphabet according to the simple
substitution scheme A = 1, B = 2, C = 3, etc. [Blank= 0.]

The plots show the interval −π ≤ x ≤ 2π, but highlight the function behaviour where 0 ≤ x ≤ π.

The eigenfunctions yk mentioned in (∗) are chosen from one of the four families FSS, FCS, HPSS, HPCS
on the interval [0, π]. Deciding which family encrypts each message is part of the challenge. Explain how
to do this using symmetry, not guesswork!

(Messages encrypted using the FCS start with a blank, i.e., a0 = 0, to fit the general pattern above.
Ignore this blank when transcribing the message.)

The (x, y)-values for each message can be downloaded from the course homework page. Then you can
manipulate them with Excel, Matlab, or the software system of your choice. There are 361 equally-spaced
x-values, presented in order from x0 = 0 to x360 = π. Finding the coefficients will require using the given
pairs to compute approximate values for the usual Fourier-style integrals. The trapezoidal rule works
well enough in this situation.
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2 UBC M257/316 Assignment #6

Questions 2 and 3 have very similar statements, but the classifications in part (b) turn out to be simple
in Question 2 and subtle in Question 3. Thinking carefully about your steps should make it possible
to do both questions without much outside help. If you do want some hints, search for the surname
“Fredholm” or the phrase “Fredholm alternative”, starting with the online notes of your own instructor.

2. (a) For each real constant k, there are infinitely many functions y satisfying

y′′(x) + ky(x) = x, 0 < x < π; y(0) = 0. (∗)

Find them all. Hint : The functional form of the solutions depends on k. Consider three cases.

(b) Now add the condition y(π) = 0 to (∗) to produce the boundary-value problem

y′′(x) + ky(x) = x, 0 < x < π; y(0) = 0 = y(π). (∗∗)

Identify all real numbers k, if any, for which (∗∗) has . . .

(i) a unique solution [write down the corresponding solution]; or

(ii) no solution at all; or

(iii) several different solutions [describe them all].

(c) Solve problem (∗∗) in part (b) using Fourier Sine Series. In detail, postulate y(x) =
∑

n
cnyn(x) for

appropriate FSS eigenfunctions {yn}, then find the constants cn.

(d) Explain how the eigenfunction approach gives independent confirmation of your 3-part classification
of all real k in part (b).

3. (a) For each real constant k, there are infinitely many functions y satisfying

y′′(x) + ky(x) = 1, 0 < x < π; y(0) = 0. (∗)

Find them all. Hint : The functional form of the solutions depends on k. Consider three cases.

(b) Now add the condition y(π) = 0 to (∗) to produce the boundary-value problem

y′′(x) + ky(x) = 1, 0 < x < π; y(0) = 0 = y(π). (∗∗)

Identify all real numbers k, if any, for which (∗∗) has . . .

(i) a unique solution [write down the corresponding solution]; or

(ii) no solution at all; or

(iii) several different solutions [describe them all].

(c) Solve problem (∗∗) in part (b) using Fourier Sine Series. In detail, postulate y(x) =
∑

n
cnyn(x) for

appropriate FSS eigenfunctions {yn}, then find the constants cn.

(d) Explain how the eigenfunction approach gives independent confirmation of your 3-part classification
of all real k in part (b).
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