
UBC Mathematics 257/316—Assignment 8
Due in class on Tuesday 15 July 2014

Themes: Separation of Variables and Sturm-Liouville Eigenvalue Problems

1. Consider this eigenvalue problem based on a differential equation of Euler type:
{

x2y′′ + xy′ + λy = 0, 1 < x < e,

y(1) = 0 = y(e).
(∗)

(a) Complete this sentence:
To say that the number λ is an eigenvalue in (∗) means, precisely, that . . .

(b) Present a careful case-by-case analysis to find all real eigenvalues in (∗), and all the corresponding
eigenfunctions.

2. Consider the eigenvalue problem

y′′ + λy = 0, 0 < x < 1; 2y(0) + y′(0) = 0, y(1) = 0.

Make a complete list of all real eigenvalues and their corresponding eigenfunctions. Include, as appropri-
ate,

(i) a sketch to indicate where the eigenvalues are;

(ii) an approximate expression satisfied by the eigenvalues far from the origin;

(iii) six-figure decimal values for the two eigenvalues nearest to the origin.

[Hint: There is a negative eigenvalue.]

3. Consider the eigenvalue problem

y′′
− 2y′ + (1 + λ)y = 0, 0 < x < 1; y(0) = 0, y(1) = 0.

Make a complete list of all real eigenvalues and their corresponding eigenfunctions. Include, as appropri-
ate,

(i) a sketch to indicate where the eigenvalues are;

(ii) an approximate expression satisfied by the eigenvalues far from the origin;

(iii) six-figure decimal values for the two eigenvalues nearest to the origin.

4. In a certain physical system, the displacement u = u(x, t) satisfies

(PDE) utt = [2 + cos(x)] uxx, 0 < x < 2π, t > 0,

(BC) u(0, t) = 0, ux(2π, t) = 0, t > 0.

(a) In order for u(x, t) = X(x)T (t) to provide a nontrivial solution for (PDE)–(BC), the factor X(x)
must solve a certain eigenvalue problem. State this eigenvalue problem. (Do not attempt to solve
the eigenvalue problem.)

(b) For the eigenvalue problem in part (a), prove that all the eigenvalues have the same sign. Deduce
that in every nontrivial solution of the separated form u = XT , the factor T (t) must be oscillatory.

(continued)

File “hw08”, version of 08 July 2014, page 1. Typeset at 22:21 July 8, 2014.



2 UBC M257/316 Assignment #8

5. Consider this modification of a heat-conduction problem, where K = 4 + π2:

(PDE) ut = α2
[

x2uxx − 3xux + Ku
]

, 1 < x < e, t > 0,

(BC) 2u(1, t) − ux(1, t) = 0, u(e, t) = 0, t > 0,

(IC) u(x, 0) = f(x), 1 < x < e.

(a) The product-form function u(x, t) = e−λα
2
tX(x) satisfies (PDE)-(BC) if and only if the factor X(x)

satisfies a certain Sturm-Liouville eigenvalue problem. State this eigenvalue problem.

(b) Find the orthogonality relation for the eigenvalue problem in part (a).

(c) Find all the eigenvalues and eigenfunctions for the eigenvalue problem in part (a). Write the smallest
three eigenvalues explicitly. (Take it as given that every eigenvalue λ obeys λ > −π2.)

(d) Find an eigenfunction series solution for the boundary-value problem above. Express any constants
in the answer in terms of integrals involving f .

(e) For the solution u(x, t) to remain bounded as t → ∞, it is essential that a certain integral involving
f should be 0. Identify this integral and explain this statement.
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