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Since (a,0) = a for all a, and since changing the signs of a,b does not change their gcd (why?)
we get a method for calculating the ged of any two integers. For example:

(24,-153) = (153,24) 15%=(1) |§3 )

S = 34'-9’24'—((‘\)'1{-'3‘5)7-[-6)?4-) = (129.24)  129:)5%-24 - -!(4?5)*'6/ ?
= 15938 7 = (osas
(81,24)
(57,24)
33,24)

224,9> 0= Is3 - 624 [)-(-153)
(
(

- (105D + (-6)2%) -

15,9 +(-6) -4

9,6)

= -(-15¢) +1324 - 6

= (3,
S 229-6:-2:(-153)-19A4¢ =09
3.

ALGORITHM 24. (Euclid) Given two integers a,b, output their gcd:
(1) Replace a with |a|, b with |b|.
(2) If a < b exchange a and b.
(3) If b =0, terminate and output a.
(4) Else, replace a with a— b and go to step 2.

THEOREM 25. The algorithm terminates after finitely many steps and outputs the ged of (a,b).

PROOF. Consider the changes in the quantity |a|+ |b| during the course of the algorithm. Every
time we reach step 4, we know that a > b > 0. It follows that at the conclusion of step 4, the quantity
has decreased by at least b > 1. Since there is no infinite strictly decreasing sequence of natural
numbers (well-ordering), we can reach step 4 only finitely many times. In particular, at some point
b = 0 and we terminate. Finally, by Lemma 23, the replacements and exchanges never change the
gcd of the two numbers. O

In fact, more can be said.

CLAIM 26. (Bezout) Every intermediate value considered by Euclid’s Algorithm is of the form
xa+ yb for some x,y € Z.

PROOF. We prove this by induction on the steps of the algorithm. Certainly this is true at the
start, and also changing signs and exchanging a,b doesn’t matter. Now assume that at the nth time
we reach step 3, we are looking at the numbers @’ = xa+yb > b’ = za+wb > 0, where a, b are the
initial values and x,y,z,w € Z. At step 4 we will then replace a’ with

d—b =(x—z)at+(y—w)b

which is indeed also of this form, so the situation will hold when we reach step 3 for the (rn+1)st
time. H

We have thus proven (by algorithm) the following fact:
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