
Announcements	

•  Quiz	on	Thurs	–	up	to	end	of	last	week	
– 2	stages:	Individual	and	group	
– Group	work:	teams	of	4,	and	require	laptop	

•  WeBWork	Assignment	4	has	quesCons	that	
will	help	you	study	

•  	Text	also	has	quesCons	at	end	of	chapters	



Using	calculus	to	sketch	the	
graph	of	a	funcCon	
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Rough	sketch	

•  PracCce	your	skills	at	geMng	a	rough	sketch	of	
any	funcCon.	Consider	asymptoCc	behaviour	
for	large	and	small	x,	find	zeros,	verCcal	
asymptotes,	etc	

•  Only	then	apply	your	calculus	tools	



First	derivaCve	

•  Increasing	and	decreasing	funcCons	

•  										f(x)	
-	



First	derivaCve	

•  Increasing	and	decreasing	funcCons	

•  Look	at	Tangent	lines	
•  										f(x)	
	



First	derivaCve	

•  Increasing	and	decreasing	funcCons	

•  Look	at	Tangent	lines	
•  										f(x)	
f	‘(x):													+				0			-				0		+		0					-	

	



First	derivaCve	

•  Increasing	and	decreasing	funcCons	

•  Values	of	x	at	which	f	’(x)	=	0	are	called	criCcal	
points	

•  Values	of	x	at	which	f	‘(x)	does	not	exist	are	also	of	interest	
(cusps/disconCnuiCes).	



CriCcal	points	

•  Values	of	x	at	which	f	’(x)	=	0	are	called	criCcal	
points	

•  f(x)	

f	‘(x):													+				0			-				0		+		0					-	

	



All	kinds	of	criCcal	points	

		
	
	
									local	min											saddle											local	max	
	
All	these	graphs	have	a	point	at	which	f’(x)=0	



Checking	the	type	of	CP	

		
	
	
									local	min											saddle											local	max	
	
																																																																																x	
Checking	f’(x)	nearby:	are	you	going	uphill	or	
down	hill	as	you	move	along	the	x	axis?	



Sign	of	1st	derivaCve	

		
	
	
									local	min											saddle											local	max	
	f’(x)													-		0		+								+		0		+								+		0		-			
																																																																																x	
	
This	is	the	“First	derivaCve	test”.	



1.	If	this	is	f’(x),	how	many	and	what	
types	of	CPs?	

A.  two:	local	max,	local	min	
B.  Two:	local	min,	local	max	
C.  Three:	local	min,	max,min	
D.  Three:	local	max,	min,	max	
E.  Three:	local	min,	saddle,	min	



Here	is	the	original	funcCon	

	
	
C.	Three:	local	min,	max,	min	



DerivaCves	are	funcCons	too!	

•  Given	a	funcCon	f(x)	

•  Then	f’(x)	depends	on	x	and	is	a	funcCon	too	

•  Its	derivaCve	is	f	‘’	(x),	the	2nd	derivaCve	and	
this	is	also	a	funcCon	

	
	
	



The	second	derivaCve	f’’(x)	

•  (Tells	us	whether	the	first	derivaCve	is	
increasing	or	decreasing)	

							 Slope	is	
geMng	
more	
posiCve	

Slope	is	
geMng	
more	

negaCve	



The	second	derivaCve	f’’(x)	

(Tells	us	whether	the	first	derivaCve	is	
increasing	or	decreasing)	
							
			Concave	up	
	
	
	
	Concave	down	

Slope	is	
geMng	
more	
posiCve	

Slope	is	
geMng	
more	

negaCve	



The	second	derivaCve	f’’(x)	

(Tells	us	whether	the	first	derivaCve	is	
increasing	or	decreasing)	
							
			Concave	up	
	
	
	
	Concave	down	

Slope	is	
geMng	
more	
posiCve	

Slope	is	
geMng	
more	

negaCve	



Checking	the	type	of	CP	(2)	

		
	
	
									local	min											saddle											local	max	
	
																																																																																x	
Checking	f’’(x)	nearby:	
						is	graph	concave	up	or	down	at	the	CP?	



Checking	the	type	of	CP	(2)		
Second	derivaCve	test	

		
	
	
									local	min	 	 	 	? 	 	 	local	max	
											f	‘’(x)	>0										f’’(x)=0											f’’(x)	<0	
	
Checking	f’’(x)	nearby:	
						is	graph	concave	up	or	down	at	the	CP?	



Never	forget	

•  I’m	always	upbeat	and	
posiCve!	

	 	 		f	‘’(x)	>0		

•  I’m	always	downcast	
and	negaCve..	

	 	 	f	‘’(x)	<0		



InflecCon	points			

Defini&on:	
	An	inflecCon	point	is	a	point	at	which	the	concavity	
of	the	funcCon	changes.	
	
à An	inflecCon	point	is	a	place	where	f	’’	(x)	
changes	sign.	

																			concave	down										concave	up	
																				

IP	



2.	If	this	is	f’’(x),	where	are	the	
inflecCon	points?	

•  A.				at	-1,			1	
•  B.				at	-1,	0,	1	
•  C.				at	0		
•  D.				at	-0.74,	0,	0.74	
•  E.					at		-0.74,	0.74	

																									-1																																			1	



Only	two	inflecCon	points!	

•  f’’(x)	only	
changes	sign	at	
two	places!!	

•  That’s	where	
the	original	
funcCon	has	
inflecCon	points	



InflecCon	points	are	places	where	f’(x)	
has	a	local	min	or	local	max!	

•  	Places	where	f’’(x)=0	
are	criCcal	points	of	
the	1st	deriv,		f’(x)	!		



The	family:	f(x),	f’(x),	f’’(x)	

•  		



(3)	InflecCon	points	

Which	of	the	following	is	true?	
(A) Both	y=x4	and	y=x3			have	inflecCon	points	at	

x=0.	
(B) Both	y=x4	and	y=x3		saCsfy	f’’(x)=0	at	x=0.	
(C) Both	(A)	and	(B)	are	true.	
(D) 	Neither	(A)	nor	(B)	is	true.	
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InflecCon	points	

Graphs	of	y=x4	and	y=x3	
	
Both	have	f’’(0)=0!	
	

Only	one	has	an	inflecCon	point			
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(4)	InflecCon	point:	if	f’’(x)	can	be	
factored	into	the	form	
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(5)	Find	inflecCon	points	of	the	
funcCon	
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•  (A)	x=0	
•  (B)	x=1	
•  (C)	x=0,	1	
•  (D)	x=0,	-1	
•  (E)	No	inflecCon	points	



Sketch	

For	small	x:	
	
	
Large	x:		



Sketch	

For	small	x:	
	
	
Large	x:		



From	the	derivaCves:	

•  FuncCon:					

•  1st	derivaCve:	f’(x)=	

•  2nd	derivaCve:	f’’(x)	=	
(changes	sign	only	at	x=1	!!)	IP	at	x=1	only	!!	
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(6)	Suppose	f’(x)<0,	f’’(x)<0.		

Then	we	can	conclude	that	
(A) The	funcCon	is	constant	and	concave	up.	
(B) The	funcCon	is	decreasing	and	concave	

down.	
(C) The	funcCon	is	decreasing	and	concave	up.	
(D) The	funcCon	is	increasing	and	concave	down.	
(E) There	is	a	local	maximum.	
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(6)	Suppose	f’(x)<0,	f’’(x)<0.		

Then	we	can	conclude	that	
											f(x)	is	decreasing	and	concave	down	
	
	
																		f(x)	
																																																												x	
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(7)	If	f’(x0)=0	and	f’’(x0)>0	

Then	we	can	conclude	that	
(A) The	funcCon	is	increasing	and	has	an	

inflecCon	point	at	x0	
(B) The	funcCon	is	decreasing	and	concave	up.	
(C) There	is	a	local	max	at	x0	
(D) There	is	a	local	min	at	x0	
(E) None	of	the	above.	
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(7)	If	f’(x0)=0	and	f’’(x0)>0	

•  CriCcal	point 	 	 	 	 	 	concave	up	

						x0																	x0																x0	
	
	

èLocal	min	at	x0	
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Try	out	some	problems	

	(Worksheets	–	try	working	on	each	one	on	your	
own;	if	stuck,	talk	to	your	neighbors..)	



8.	What	does	the	funcCon	look	like?	

•  A	

•  B																																								D.			

•  C																																								E.			



Where	are	its	criCcal	points?		
And	what	types?	

•  CP:	local	max	at	x=0,	local	min	at	

•  InflecCon	points	at				



9.	What	does	the	funcCon	look	like?	

•  A	

•  B																																								D.			

•  C																																								E.			



Absolute	max	

•  On	the	interval	
There	is	a	local	minimum	only!	
	
Evaluate	at	endpoints	of	interval!	
		



(10)	CriCcal	points	

Let	
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SoluCon		
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Answers	
•  1.	C	
•  2.	A	
•  3.	B	
•  4.	E	
•  5.	B	
•  6.	B	
•  7.	D	
•  8.	A	
•  9.	C	
•  10.B		



Problems	to	test	your	skill	



CriCcal	points	(Dec	2004	exam)	

		



Which	is	the	distance,	velocity,	
acceleraCon?	
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FuncCon	and	tangent	

		



SoluCons	to	previous	problems	
First	try	out	the	problems	at	the	end	of	
the	last	lecture	slides.	Only	then	should	
you	“peek”	at	the	answers.	



SoluCon	–	part	1:	
Find	a	linear	approximaCon	that	provides	a	rough	
esCmate	for	the	value	of	(1.1)8.	Explain	why	the	
approximaCon	is	an	(over/under)-esCmate.	
	
•  Use	f(x)=x8	and	base	point	x=1	at	which	f(1)=1.		
•  Then	f’(x)=8x7,	and	so	f’(1)=8	
•  So	f(x)	is	approximated	by	
		 	 	 	f(1)+f’(1)(x-1)=1+8(x-1)	
•  At	x=1.1	this	leads	to			
																										(1.1)8	≈1+8(1.1-1)=1.8 	 	 	 	 		
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SoluCon-	Part	2:	

		 	 	 	f(x)=x8	≈f(1)+f’(1)(x-1)	
	
	
	
	
	
	
TL	is	below	graph	of	funcCon	so	linear	approx	is	
an	underesCmate	

	

TL	
TL	



Find	criCcal	point(s)	of		

•  		

Use	Newton’s	
Method	to	solve	
this	cubic	eqn	


