(10] 1.  a) Determine where the function f(z +iy) = e* +ie* is differentiable and where it is analytic.
b) Let f(z) be entire. Prove that f(Z) is also entire. | @
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[10] 2. Determine the domain of analyticity of:

|
a) f(2) =Fz |

b) f(z)=Log(Log(z) — if) | 2 |
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[10] 3. a) Find the first three coefficients, ag, a1, as, in the Taylor series of 7 around z, = 0. What
is the radius of convergence? (give a reason for your answer)

b) Let Y o> ,a,2" be the Taylor series of some analytic f(z) at 0. Show that if f is even (i.e.,
f(z) = f(—=) for all z), then a, = 0 for all odd n.

J
@ Flx)= |+et = @’——'

! et _.__L
£'l) - cz+e"") R
Cf'Maym - et o Suoplifieesten
_eX(1re?) 25 . q,=0
T (1re?)’ ey

° [y °6U[C
4& /07[0/‘ F@\It:l Gonvﬂf‘X-J " Ne ‘ol

A ..PC,,__) N Qn»’/777¢'

M on M/"\ _

C;:}N:; lJ an,‘b?"“" 5l+ x l\ F/T'/ e%\# /
ow,)

e # (@w))r‘)i et
% f\& Ter [0, el Con Y
Tt quvto;’ Con v bt & 6\-«'7 /Wr‘-—"ﬂ
L <+ Te /] | ) ) y
G Ax)= A = = a e

520 1

= ZZO(J# = °
) =0
f)"f“d

g7 va\‘?W O7L 7\0‘7/"" fenria ("ﬁy ﬂ‘b d_ﬂ
ZMJ'—O Lo A2 odd ;. Ustl aj}? 7o , |




(10] 4. Find two different Laurent series for the function f(2) = Log(z) +1/(2 — %) in annuli centered at
zp = 2¢ and specify the domain of convergence for each series.
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[20] 5. Calculate each of the following contour integrals (assume every closed contour is oriented counter-
clockwise)

a) [, Z*dz where C the line segment from 0 to 1 + 2i.

b)) [, Lf_ég)dz where C is the circle |z — 4i| = 3.

¢) [osin(3/z)dz where C is the unit circle |z] = 1.
/. c mdz where C' is a counter clockwise circle and o and g lie strictly inside C.

27 *3 %
Ang 0o Aavr ~101 e <mAXIT

g‘u?f' '07L"}19-@'\/ 7\ dﬂ/7v\7<pw

Nl wldt
gty T

s gle)= L7530

(z) 1§ andye




EXTRA BLANK PAGE...

C) S Jﬂ«[w) (J En}nﬂk/ £(2)~ J'n('-!/-t—')
I3 4‘mvl77""o A e P ‘e,»euff' '%o'z c, !A/{""VL\ \ 4
;»\nob\ 7"\1— untfF G

% jsrlm F/—‘E)J-},—~ LU ﬂu( )

o 3 PN
s'm'[*!/-‘b):__;, — G.%’) (;;') —_ -

3/ 7 5/
= , | .
| — 3-?;"' ~3 —3 +i~ > -
» 7] 5]
- B [O) =2 .’ j 915 (3/)dt = § T
; y y o T

Cﬂt b O(':— . g)nu.— Q”:_/g i ) r M »

) A ._/___ hos =

os\w"e/'fk M H”')-\ Ca- o()
antr - Ao oI MA P@%)* ¥ ~1  oh a doma
Com Piming c, Thes, by MWM
l\kajnlr SH{)J—L = 0. N o
T )= G- «)[ar—ﬂ)
Case 2 o(-:f_ﬁ ,
fbbe,‘ oF x A @ %C—Fﬂ) s /Qo.:@ﬁ) #M

—_— =2l
§ Ct-—-o()[%-'b)d'& U o~ ﬂ"o&) - 0.




[10] 6. Find

and justify your answer.

. | oF~ @
CIO+ Sen, ~ enede ot redias 10/ =
C?o_}' o/-,M-'() . )
%‘ /
(;rl - T-p,f3 ¢ C NS §t// v P
(4 *Ff-é)'* A N S o
| @7—4/4;) (z-2<) o L
Aes— afe) T ano{ﬁ\ ad 1or-Ee? ML aw)
! z (atfe Sorr Coy
_7 Bes (7—0) 9(“) [ |
"'J'Ff*”"*”— e 3%“>= 7—;’—7" S
. )
T)WV '76‘[4:) dl—""O C“)

pres

% ) "“Z Sf’/’#t)d% = (S e "WJQ

=30 \2, [x+4 )
p £ Cf

(’va)



B!RGEZIO ) :

| Cowfa/ma, (») ool [*\)g, cw-«{[b_'b”), h—'\ou..o\

EXTRA BLANK PAGE...

2. 21" /4
o Dere)
@7 Sy
o n_ L
j . ! Ay = LJ +) a/;d
o (x=4)° N [
- L




[10] 7. In each case below, find an example of a function f(z) satisfying:

a) The Taylor series at z = 3 has radius of convergence = 5, and f(2) = 2.

b) f(z) has an essential siﬁgularity at z = 0, a. pole of order 1 at-z = 1, a pole of order 2 at
z = 2 and is analytic everywhere else.

¢) [, f(z)dz is equal to i when C is the circle |z| = 1, and it is equal to 1 when C is the circle
2] =3.
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If(z)] =1

for all z. Show that f(z) must be a constant function.

[10] 8. a) Let f(z) be an entire function satisfying @

b) Let f(z) be an entire function whose image lies above the parabola y = z? in plane, i.e., f
maps the complex plane into {(z,y) : ¥y > z?}. Show that f(z) must be a constant function.
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