Sehim 5.

7. For any z with |z] <1, both1+zand1—2 must bg;in.tjbq’;:di‘sk:
{lz - 1] <1}, and so have strictly positivg rgala‘part.’gr‘ 'I:rt‘us‘ means
that Arg(l + z) and Arg(1 — z) are in the interval -3 )

ier in the book, we know that Arg(l + 2) —'Arg(l‘:j‘ z)y=“‘e":‘:\
igzn}—’%a;hii the sense that it is some va%ue of the argument:gr ﬁu“nc-i
tion of %ii The problem is that it might not be thekprmctll;:at :
value. To check that it is the principal value, we need to m()iwb ae |
—x < Arg(1+2) — Arg(1 - z) <. Howeve:, since we Sho‘w}? al <ov1
that Arg(1+ 2) and Arg(1 —z)arein (—%,%) forany 2 with |z| ) S(;
we know that in fact —m < Arg(1 + z) — Arg(l - z) <, an

CArg(l +2) — Arg(l - 2) = Arg(1%2) for any 2 with |z] < 1.

Then, for any z with |z} <1,
1+2 1+ z‘ , (1 +z
Log(l ~z) =Log\1 -z +iArg 1 —z)
11+ z|
11— 2|
= Logi1+z|—Log\1~zlJriArg(1+z)—iArg(1—z) = Log(l+z)—-Log(1—z)

— Log +i(Arg(1 + z) — Arg(1 — 2))

It is fairly suaguirorward to find the Taylor series expanéiohs.“gf
g(z) = Log(1 + z) and h(z) = Log(1 — z) by taking nth derivatives,
and so we omit the work here. Since g(z) is nonanalytic on the ray
{z=z+y : z< -1, y =0}, its Taylor series around z =0

g(z) — Z (_1)n+ P

n

n=1

converges in {|z] < 1}. Since h(z) is nonanalytic on the ray {z =
z+yt : x> 1, y=0}, its Taylor series around 2o = 0

h{z) = Z %lz"

n=1

also converges in {|z| < 1}. Since Log(;2%) = Log(1+2)—Log(1~z)
for any z in this disk, we know that the series

converges to Log(}%ﬁ) inside this disk as well. By Theorem 11, this
power series is then the Taylor series for Log(3%2), and the radius of

convergence R is at least 1. Notice that Log(12) is nonanalytic at

z = 1, and so the radius of convergence R cannot possibly be more
than 1. Therefore, R = 1.



Section 5.3:

3(3.). hmJ_,OO |g(:'7—l| = hmj_mo g_-:lr)al = hm]—'oo (j';'l)3 = 1. There-

;3
fore, by problem 2, the radius of convergence is R = % = 1. Since the
power series is centered at 0, the circle of convergence is {|z| = 1}.

3(C). limj oo [ 22| = limjso | TH2| = limjoo j + 1 = c0. There-
fore, by problem 2, the radius of convergence is R = % = 0. (Though
it is not technically correct to say that i =0, it still gives the cor-
rect radius of convergence.) Since the power series is centered at 0,
the circle of convergence is {|z| = 0}, meaning that this power series
converges only at z = 0.

. -
3(9) liInj—'oo |E{J—l| = hm]—»ooie(;?_lﬁ)x =l 3 —/"z l =,IIT>,There—

fore, by problem 2, the radius of convergence is R = % =-—'5 Since
the power series is centered at —2, the circle of convergence is

0
{lz + 2 —m}.

5(a). It is not hard to check, using the same methods as in problem
3, that the disk of convergence for this power series is {|z| < 3}.
Since the power series converges to f(z) inside this disk, it is auto-
matically the Taylor series for f(z). Therefore,

—E o~ fP0)
2372 :Z—k'——z .
k=0 k=0

By matching up the coefficients of z° in these power series, we

3 6) (0 3
see that & = 20 'so f®(0) = & - 6! = 218 . 720 = &0,

5(b). Since the contour {|z| = 1} lies entirely within the disk of
convergence for the power series defining f(z), it is ok to replace
f(z) by its power series representation. Then,

fz) , = kS B Ny
e dz-/|z|=lz 4[;:;5;/“] dz—/|z|=1 [k=0 3—kzk 4] dz.

Since the convergence of the power series on the contour is uni-
form, we can switch the order of the sum and integral:

|z]=1



{

o

/|z|=x[z3kk4 dz—z/z|13kk4dz_z3k./z;1 2*1dz.

But the only power of 2 which yields a non-zero result when
integrated over a positively oriented circle centered at the origin is
z7', which has an integral of 27i. Therefore, the only value of k
which contributes a nonzero term to the sum is k = 3. Then,

3 3

k3 k- 3
d—— ldz =21 =2
Z /le z B z z 337rz 1.

lzl=1

8. Since f is analytic at the origin, there is a disk {|z|] < R} in
which f is analytic. Therefore, the Taylor expansion
o, 40
£(2) = £0) + £z + L2
converges in {|z| < R}. Since f(0) = f'(0) = 0, the first two terms
of this Taylor expansion are 0. This means that

2[f7(0)  f"(0)
f(z) = T + TR +
converges in {|z| < R}, and so the power series inside the brack-
ets converges in this disk as well. Call the power series inside the
brackets g(z). Then g(z) converges inside this disk, and is automat-
ically analytic within this disk. In particular, we have shown that

f(z) = 2%g(z), where g(z) is analytic at z = 0.

PN

No l(2+3£)—0l =J3 —
° | (3-i)~ol =0 B>

The conclust v thee Pollows Buome Lemmaz, p.263.
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