
Homework Set 1, Math 526
Due: January 24, 2016

(1) Let ∇ be an affine connection on an n-dimensional manifold M . Let T : TM × · · · ×
TM → C∞(M) be a (r, 0)-type tensor. The covariant derivative ∇T of T is a tensor of
(r + 1, 0)-type defined by

∇T (X1, ..., Xr, X) = X(T (X1, ..., Xr))− T (∇XX1, X2, ..., Xr)− · · · − T (X1, ...,∇XXr).

For X ∈ Γ(TM), the covariant derivative ∇XT of T relative to X is a (r, 0)-type tensor
given by

∇XT (X1, ..., Xr) = ∇T (X1, ..., Xr, X).

Now let ∇ be the Levi-Civita connection of (M, g). Show ∇g = 0.
(2) page 56: 1,3,7,8.
(3) Consider the two parametrizations of T 2:

(a) φ1(α, β) = (e
√
−1α, e

√
−1β) ⊂ R4

(b) φ2(α, β) = ((2 + cosα) cosβ, (2 + cosα) sinβ, sinα) ⊂ R3.
Hence T 2 is equipped with two Riemannian submanifold structures. In each case, com-
pute [ ∂∂α ,

∂
∂β ],∇ ∂

∂α

∂
∂β . (You may use the previous problem to avoid the computation of

the Christoffel symbols)
(4) The Klein bottle K: take a square {0 ≤ x, y ≤ 1} in R2 and identify the opposite sides

by (0, y) ∼ (1, y), (x, 0) ∼ (1− x, 1), the result is a closed surface.
(a) Prove the Klein bottle is nonorientable. (hint: consider the change of the orientation

in the tangent planes along the loop c(y) = (1/2, y), y ∈ [0, 1].
(b) Let M be the submanifold in the Klein bottle defined by 1/4 ≤ x ≤ 3/4, 0 ≤ y ≤ 1.

Is M orientable? Can M be embedded in R3?
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