
GQM; i2`K b2/BK2Mi�iBQM Q7 �M 2HHBTiB+ /Bb+ bm#D2+i iQ
�M 2H2+i`Qbi�iB+ }2H/ mbBM; bKQQi?2/ T�`iB+H2

?v/`Q/vM�KB+b K2i?Q/

LX hQ};?B�-∗- CX CX 62M;#-+- JX uBH/Bx/-2-7- �X amH2K�M�

�.2T�`iK2Mi Q7 J2+?�MB+�H 1M;BM22`BM;- lMBp2`bBiv Q7 oB+iQ`B�- oB+iQ`B�- "* o3S 8*k-
*�M�/�

#.2T�`iK2Mi Q7 J�i?2K�iB+b- lMBp2`bBiv Q7 "`BiBb? *QHmK#B�- o�M+Qmp2`- "* oeh Rwk-
*�M�/�

+.2T�`iK2Mi Q7 *?2KB+�H �M/ "BQHQ;B+�H 1M;BM22`BM;- lMBp2`bBiv Q7 "`BiBb? *QHmK#B�-
o�M+Qmp2`- "* oeh Rwj- *�M�/�

/6�+mHiv Q7 1M;BM22`BM; �M/ L�im`�H a+B2M+2b U61LaV- a�#�M+B lMBp2`bBiv- hmxH�- j9N8e-
Abi�M#mH- hm`F2v

2AMi2;`�i2/ J�Mm7�+im`BM; h2+?MQHQ;B2b _2b2�`+? �M/ �TTHB+�iBQM *2Mi2`- a�#�M+B
lMBp2`bBiv- hmxH�- j9N8e- Abi�M#mH- hm`F2v

7*QKTQbBi2 h2+?MQHQ;B2b *2Mi2` Q7 1t+2HH2M+2- a�#�M+B lMBp2`bBiv@EQ`/b�- Abi�M#mH
h2+?MQHQ;v .2p2HQTK2Mi wQM2- S2M/BF- j9Nye- Abi�M#mH- hm`F2v

�#bi`�+i

� irQ /BK2MbBQM�H BM+QKT`2bbB#H2 bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b b+?2K2 7Q`
HQM; i2`K b2/BK2Mi�iBQM Q7 `BbBM; Q` 7�HHBM; T�`iB+mH�i2b U#m##H2b- /`QTb Q` `B;B/
T�`iB+H2bV BM L2riQMB�M ~mB/b Bb T`2b2Mi2/ �M/ p�HB/�i2/ #v bBKmH�iBM; i?2 b2/B@
K2Mi�iBQM Q7 � bBM;H2 2HHBTiB+ /Bb+X h?2 T`QTQb2/ K2i?Q/ Bb i?2M mb2/ iQ bBKmH�i2
i?2 b2/BK2Mi�iBQM Q7 �M 2HHBTiB+ /Bb+ bm#D2+i iQ �M 2ti2`M�H 2H2+i`B+ }2H/ T�`�HH2H
iQ i?2 ;`�pBi�iBQM�H }2H/X � `�M;2 Q7 2H2+i`B+ }2H/ BMi2MbBiB2b- T2`KBiiBpBiv `�iBQb-
#HQ+F�;2 `�iBQb �M/ /2MbBiv `�iBQb �`2 +Qp2`2/ BM i?Bb bim/vX h?2 `2bmHib b?Qr
i?�i 7Q` ;Bp2M #HQ+F�;2 �M/ /2MbBiv `�iBQb- i?2 }M�H b2/BK2Mi�iBQM Q`B2Mi�iBQM
Q7 i?2 2HHBTb2 Bb /2T2M/2Mi QM � +QK#BM�iBQM Q7 T2`KBiiBpBiv `�iBQ �M/ 2H2+i`B+
}2H/ BMi2MbBiv- `�M;BM; 7`QK ?Q`BxQMi�H iQ p2`iB+�HX *QKT�`2/ iQ MQM@2H2+i`B}2/
b2/BK2Mi�iBQM- �M BM+`2�b2 BM 2H2+i`B+ }2H/ BMi2MbBiv �M/ T2`KBiiBpBiv `�iBQ H2�/
iQ p2`iB+�H b2/BK2Mi�iBQMX �b i?2 +?�MM2Hb ;`Qr rB/2`- i?2 T`2b2M+2 Q7 2H2+i`B+
}2H/ H2�/b iQ 7�bi2` 2HHBTb2 /2b+2Mi- `2;�`/H2bb Q7 Bib BMBiB�H Q`B2Mi�iBQMX

∗*Q``2bTQM/BM; �mi?Q`
1K�BH �//`2bb2b, MBK�!b�#�M+BmMBpX2/m ULX hQ};?BV- D�K2bX72M;!m#+X+� UCX CX 62M;V-

K2vBH/Bx!b�#�M+BmMBpX2/m UJX uBH/BxV- bmH2K�M!mpB+X+� U�X amH2K�MV

S`2T`BMi bm#KBii2/ iQ 1Hb2pB2` .2+2K#2` k9- kyky
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E2vrQ`/b, 6HmB/@S�`iB+H2 AMi2`�+iBQM- a2/BK2Mi�iBQM- 1H2+i`B+ 6B2H/-
aKQQi?2/ S�`iB+H2 >v/`Q/vM�KB+b- a?B7iBM; "QmM/�`v

RX AMi`Q/m+iBQM

a2/BK2Mi�iBQM Q7 bK�HH T�`iB+H2b BM � #�+F;`QmM/ ~mB/ Bb � T`2p�H2Mi T?2@
MQK2MQM BM K�Mv M�im`�H �M/ BM/mbi`B�H �TTHB+�iBQMb bm+? �b K2i2Q`QHQ;v- b2/@
BK2MiQHQ;v- #BQK2+?�MB+b �M/ +?2KB+�H 2M;BM22`BM; U6B2H/ 2i �HX- RNNdVX � 72r
2t�KTH2b BM+Hm/2 i?2 KQiBQM Q7 �iKQbT?2`B+ �2`QbQHb- ?�BHbiQM2 ;`Qri?- 7�HHBM;
Q7 rBM;2/ b22/b- `Bp2` 2`QbBQM- bHm``v i`�MbTQ`i �M/ b2/BK2Mi�iBQM Q7 +QHHQB/�H
T�`iB+H2bX h?2 T�i?b i`�p2`b2/ #v i?2 T�`iB+H2b BM i?2b2 #mQv�M+v /`Bp2M ~Qrb
�`2 ?B;?Hv /2T2M/2Mi QM T�`iB+H2 b?�T2b- T`QtBKBiv Q7 #QmM/BM; r�HHb �M/ /2M@
bBiv `�iBQ- `�M;BM; 7`QK � bi`�B;?i HBM2 iQ +?�QiB+X � /2i�BH2/ `2pB2r Q7 i?2 T�i?
�M/ r�F2 Q7 7�HHBM; T�`iB+H2b Bb ;Bp2M #v 1`M 2i �HX UkyRkVX

JQbi Q7 i?2 T�`iB+H2b 7QmM/ M�im`�HHv �`2 Q7 MQM@bT?2`B+�H b?�T2bX �KQM;
MQM@bT?2`B+�H ;2QK2i`B2b- bT?2`QB/b �M/ 2HHBTbQB/b BM i?`22 /BK2MbBQMb �b r2HH �b
2HHBTb2b BM irQ /BK2MbBQMb ?�p2 #22M i?2 bm#D2+i Q7 K�Mv bim/B2bX *Qt URNe8V
b?Qr2/ i?�i � T`QH�i2 bT?2`QB/ b2/BK2MiBM; BM BM}MBi2 ~mB/ rBHH �HB;M Bib K�@
DQ` �tBb T2`T2M/B+mH�` iQ i?2 7�HHBM; /B`2+iBQMX 62M; 2i �HX URNN9V bBKmH�i2/
i?2 b2/BK2Mi�iBQM Q7 �M 2HHBTb2 #2ir22M T�`�HH2H r�HHb �M/ Q#b2`p2/ � ;`�/m�H
+?�M;2 BM #2?�pBQ` rBi? BM+`2�bBM; _2vMQH/b MmK#2`X AM � H�i2` rQ`F- 62M; �M/
CQb2T? URNN8V bBKmH�i2/ i?2 BMi2`�+iBQMb Q7 irQ b2/BK2MiBM; 2HHBTb2b BM aiQF2b
`2;BK2X �B/mM 2i �HX URNN3V 7m`i?2` BMp2biB;�i2/ i?2 BMi2`�+iBQMb Q7 irQ 2HHBTb2b
�i H�`;2` _2vMQH/b MmK#2`X ar�KBM�i?�M 2i �HX UkyyeV bBKmH�i2/ i?2 b2/BK2Mi�@
iBQM Q7 � T`QH�i2 bT?2`QB/ BM � bm{+B2MiHv H�`;2 im#2 �M/ Q#b2`p2/ i?�i 7Q` }MBi2
_2vMQH/b MmK#2`b- i?2 bT?2`QB/ b2iiH2b rBi? Bib K�DQ` �tBb T2`T2M/B+mH�` iQ i?2
/B`2+iBQM Q7 ;`�pBivX sB� 2i �HX UkyyNV +Qp2`2/ � rB/2 `�M;2 Q7 #HQ+F�;2 `�iBQb
7Q` b2/BK2MiBM; 2HHBTb2bX h?2v `2TQ`i i?�i i?2 2HHBTb2 �/QTib /Bz2`2Mi T�ii2`Mb
Q7 b2/BK2Mi�iBQM 7Q` HQr #HQ+F�;2 `�iBQb �M/ i?2 }M�H KQ/2 Q7 b2/BK2Mi�iBQM
/2T2M/b QM i?2 BMBiB�H +QM/BiBQMbX AM � bBKBH�` rQ`F- u�M; 2i �HX UkyR8V bim/@
B2/ i?2 b2/BK2Mi�iBQM Q7 T`QH�i2 bT?2`QB/b BM M�``Qr im#2b �M/ K�/2 bBKBH�`

k



Q#b2`p�iBQMbX
PM+2 T�`iB+H2 �M/ b2/BK2MiBM; 2MpB`QMK2Mi T`QT2`iB2b �`2 }t2/- i?2`2 Bb MQ

+QMi`QH Qp2` i?2 i`�D2+iQ`v Q7 b2/BK2MiBM; T�`iB+H2bX Ai Bb TQbbB#H2 iQ KQ/B7v
i?2 T�`iB+H2 #2?�pBQ` BM/B`2+iHv #v BMi`Q/m+BM; b?2�` Q` T`2bbm`2 /`QT BM ~mB/
K2/BmKX �Hi2`M�iBp2Hv- mb2 Q7 �M 2ti2`M�H K�;M2iB+ Q` 2H2+i`B+ }2H/ �z2+ib Q`B@
2Mi�iBQM �M/ i`�MbH�iBQM�H KQiBQM Q7 i?2 T�`iB+H2b /B`2+iHvX 1H2+i`B+ }2H/b �`2
rB/2Hv mb2/ iQ KQ/B7v i?2 #2?�pBQ` Q7 T�`iB+H2b BM +QMi`QHHBM; +Hmbi2`BM; BM b2/B@
K2MiBM; +QHHQB/b UL2rK�M �M/ u2i?B`�D- kyR8c amHHBp�M 2i �HX- kyyjc *?�M; �M/
E2?- kyRjc G22 2i �HX- kyyyV- 2H2+i`Q`?2QHQ;B+�H ~mB/b US�`i?�b�`�i?v �M/ EHBM@
;2M#2`;- RNNec "QMM2+�x2 �M/ "`�/v- RNNkV �M/ �bb2K#Hv Q7 +QHHQB/�H T�`iB+H2b
�M/ #BQHQ;B+�H +2HHb U>Qmb2 2i �HX- kyRkc o2H2p 2i �HX- kyyNVX .2bTBi2 i?2 �7Q`2@
K2MiBQM2/ �TTHB+�iBQMb- i?2 b2/BK2Mi�iBQM Q7 �M 2HHBTiB+ T�`iB+H2 BM �M 2ti2`M�H
2H2+i`B+ }2H/ ?�b MQi #22M bim/B2/ BM /2i�BHX

AM i?Bb bim/v- r2 +QMbB/2` i?2 b2/BK2Mi�iBQM Q7 � bBM;H2 MQM@+QM/m+iBp2 2H@
HBTb2 bm#D2+i iQ T�`�HH2H 2H2+i`B+ �M/ ;`�pBi�iBQM�H }2H/bX �b bm+?- r2 /Bb`2;�`/
T�`iB+H2@T�`iB+H2 BMi2`�+iBQMb /m2 iQ ~Qr �M/ 2H2+i`B+ }2H/b Q#b2`p2/ BM /2Mb2`
bmbT2MbBQMbX hQ bBKTHB7v Qm` �M�HvbBb- r2 �bbmK2 i?BM 2H2+i`B+ /Qm#H2 H�v2`X h?Bb
K2�Mb �i Bib bK�HH2bi- i?2 2HHBTb2 Kmbi #2 KB+`QM bBx2/ U�B �M/ ZB�M- kyRyVX
6m`i?2`KQ`2- r2 �bbmK2 x2`Q bm`7�+2 +?�`;2- i?mb M2;H2+iBM; i`�MbH�iBQM�H 2H2+@
i`QT?Q`2iB+ KQiBQM Q7 i?2 T�`iB+H2 T�`�HH2H iQ i?2 2H2+i`B+ }2H/ /B`2+iBQMX �b #Qi?
2H2+i`QT?Q`2bBb �M/ #mQv�M+v �+i BM T�`�HH2H- i?Bb �bbmKTiBQM /Q2b MQi H2�/ iQ �
bm#bi�MiB�H +?�M;2 BM i?2 [m�HBi�iBp2 b2/BK2Mi�iBQM #2?�pBQ`X q?2M TH�+2/ BM
�M 2ti2`M�H 2H2+i`B+ }2H/- � MQM@+QM/m+iBp2 2HHBTiB+ T�`iB+H2 rBHH `Qi�i2 iQ �HB;M
Bib K�DQ` �tBb rBi? i?2 /B`2+iBQM Q7 2H2+i`B+ }2H/ U>Qmb2 2i �HX- kyRkVX h?Bb
BM im`M H2�/b iQ /Bz2`2Mi b2/BK2Mi�iBQM #2?�pBQ` r?2M +QKT�`2/ iQ �M 2HHBTb2
/2b+2M/BM; BM MQM@2H2+i`B}2/ K2/BmKX

6B`bi /2p2HQT2/ #v Gm+v URNddV �M/ :BM;QH/ �M/ JQM�;?�M URNddV- bKQQi?2/
T�`iB+H2 ?v/`Q/vM�KB+b UaS>V Bb � G�;`�M;B�M K2b?H2bb bT�iB�H /Bb+`2iBx�iBQM
K2i?Q/X aS> ?�b #22M mb2/ 2ti2MbBp2Hv iQ bim/v T�`iB+H2 /vM�KB+b BM i?2
�#b2M+2 Q7 �M 2ti2`M�H 2H2+i`B+ }2H/X w?�M; 2i �HX UkyR3V ?�p2 bBKmH�i2/ i?2
BMi2`�+iBQM Q7 KmHiBTH2 /Bb+b /m`BM; b2/BK2Mi�iBQM �M/ H�i2` 2tT�M/2/ i?2B` BM@

j



p2biB;�iBQMb iQ i?2`K�H 2z2+ib Uw?�M; 2i �HX- kyRNVX aS> +QmTH2/ rBi? /Bb+`2i2
2H2K2Mi K2i?Q/ ?�b �HbQ #22M mb2/ iQ bBKmH�i2 i?2 BMi2`�+iBQM Q7 KmHiBTH2 i?`22
/BK2MbBQM�H T�`iB+H2b U_Q#BMbQM 2i �HX- kyR9c >2 2i �HX- kyR3c CQm#2`i 2i �HX- kykyV
mM/2` /Bz2`2Mi +QM};m`�iBQMbX AM i?Bb rQ`F- � irQ /BK2MbBQM�H BM+QKT`2bbB#H2
aS> UAaS>V K2i?Q/ Bb mb2/ iQ bQHp2 i?2 ;Qp2`MBM; 2[m�iBQMb Q7 ~mB/ ~Qr �M/
2H2+i`B+ }2H/bX h?2 MmK2`B+�H K2i?Q/ ?�b #22M 2ti2MbBp2Hv i2bi2/ BM Qm` T`2pBQmb
rQ`Fb 7Q` i?2 KQiBQM Q7 T�`iB+H2b rBi? �M/ rBi?Qmi 2H2+i`B+ }2H/b UhQ};?B 2i �HX-
kyR8VX >Qr2p2`- iQ Qm` FMQrH2/;2- MQ #QmM/�`v +QM/BiBQMb +m``2MiHv �p�BH�#H2
BM aS> bmTTQ`i 2zQ`iH2bb bBKmH�iBQM Q7 BM}MBi2Hv HQM; b2/BK2Mi�iBQM r?BH2 bm+?
bim/B2b �`2 +QKKQM mbBM; Qi?2` K2i?Q/b UsB� 2i �HX- kyyNc ar�KBM�i?�M 2i �HX-
kyyeVX hQ �HH2pB�i2 i?Bb b?Q`i+QKBM;- � #QmM/�`v +QM/BiBQM bmTTQ`iBM; BM}MBi2
7�HHBM; Q` `BbBM; KQiBQM Bb /2p2HQT2/ ?2`2X h?2 K2i?Q/ `2HB2b QM b?B7iBM; i?2
+QKTmi�iBQM�H /QK�BM p2`iB+�HHv iQ F22T i?2 72�im`2b Q7 BMi2`2bi +HQb2 iQ i?2
+2Mi`�H `2;BQMX aS> T�`iB+H2b �`2 �//2/ Q` /Bb+�`/2/ M2�` /QK�BM #QmM/�`B2b
�b #QmM/BM; r�HHb b?B7iX 6Q` � bm{+B2MiHv HQM; +?�MM2H- i?2 #QmM/�`v 2z2+ib
�`2 M2;HB;B#H2 �M/ mMHBKBi2/ `BbBM; Q` 7�HHBM; KQiBQM Q7 #m##H2b- /`QTb Q` `B;B/
T�`iB+H2b K�v #2 bBKmH�i2/X

h?2 T`QTQb2/ K2i?Q/ 7Q` AaS> bBKmH�iBQM Q7 mMHBKBi2/ 7�HHBM; Q` `BbBM; KQ@
iBQM Bb mb2/ iQ bBKmH�i2 i?2 b2/BK2Mi�iBQM Q7 �M 2HHBTiB+ /Bb+X h?2 `2bmHib �`2
+QKT�`2/ iQ HBi2`�im`2 /�i� �M/ ;QQ/ �;`22K2Mi Bb Q#b2`p2/X h?2 K2i?Q/ Bb
i?2M mb2/ iQ bBKmH�i2 i?2 KQiBQM Q7 �M 2HHBTiB+ /Bb+ b2/BK2MiBM; BM �M 2ti2`M�H
2H2+i`B+ }2H/X Pm` `2bmHib b?Qr i?�i �TTHvBM; i?2 2H2+i`B+ }2H/ BM+`2�b2b i?2 b2/B@
K2Mi�iBQM p2HQ+Biv BM rB/2` +?�MM2HbX 6m`i?2` BM+`2�b2 Q7 i?2 }2H/ BMi2MbBiv rBHH
QMHv `2bmHi BM �M BM+`2�b2 BM /2b+2Mi p2HQ+Biv mMiBH i?2 2HHBTb2 �HB;Mb Bib K�DQ`
�tBb rBi? i?2 }2H/ /B`2+iBQMX h?2 `2bi Q7 i?Bb r`BiBM; Bb bi`m+im`2/ �b 7QHHQrb, r2
/2b+`B#2 i?2 ;Qp2`MBM; b+�H2b �M/ 2[m�iBQMb �b r2HH �b i?2 MmK2`B+�H K2i?Q/ BM
b2+iBQMb k@9X AKTH2K2Mi�iBQM Q7 i?2 #QmM/�`v +QM/BiBQM �M/ Bib p�HB/�iBQM �`2
/Bb+mbb2/ BM b2+iBQM 8X h?2 b2/BK2Mi�iBQM Q7 2HHBTiB+ /Bb+ BM �M 2ti2`M�H 2H2+i`B+
}2H/ Bb +Qp2`2/ BM b2+iBQM e �M/ +QM+Hm/BM; `2K�`Fb �`2 /`�rM BM b2+iBQM dX 6`QK
i?Bb TQBMi 7Q`r�`/- i?2 i2`K ǳT�`iB+H2Ǵ rBHH `272` iQ i?2 aS> T�`iB+H2b mb2/ iQ
/Bb+`2iBx2 i?2 +QKTmi�iBQM�H /QK�BMX
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kX :2QK2i`v �M/ b+�H2b

� b+?2K�iB+ Q7 i?2 +�b2 +QMbB/2`2/ BM i?Bb bim/v Bb b?QrM BM };m`2 RX h?2
2HHBTb2- rBi? K�DQ` �tBb a �M/ KBMQ` �tBb b- Bb TH�+2/ �i i?2 KB/TQBMi #2ir22M
p2`iB+�H r�HHb �i �M �M;H2 θ rBi? i?2 ?Q`BxQMi�H �tBbX h?2 +?�MM2H Bb W rB/2 �M/
p2`iB+�HHv ǳmMHBKBi2/ǴX �b � `2bmHi- +?�MM2H ?2B;?i Bb MQi BM+Hm/2/ �b � T�`�K2i2`
?2`2 �M/ i?2 #QmM/�`v i`2�iK2Mi rBHH #2 7m`i?2` +H�`B}2/ BM b2+iBQM 8X �HH bB/2
r�HHb +QKTHv rBi? MQ bHBT �M/ MQ T2M2i`�iBQM +QM/BiBQMbX � +QMbi�Mi TQi2MiB�H
/Bz2`2M+2 Bb �TTHB2/ iQ ?Q`BxQMi�H r�HHb r?BH2 p2`iB+�H r�HHb �`2 2H2+i`B+�HHv BMbm@
H�i2/X h?2 2ti2`M�H 2H2+i`B+ �M/ ;`�pBi�iBQM�H }2H/b �`2 �HB;M2/ rBi? i?2 p2`iB+�H
�tBb �HQM; i?2 +?�MM2HX

� ivTB+�H b2i Q7 +?�`�+i2`BbiB+ p�Hm2b 7Q` �M BM+QKT`2bbB#H2- BbQi?2`K�H �M/
2H2+i`B+�HHv BMbmH�iBM; L2riQMB�M ~mB/ bm#D2+i iQ �M 2ti2`M�H 2H2+i`B+ }2H/ K�v
#2 +?Qb2M �b

xc = a, gc = g∞ ρc = ρf , µc = µf , Ec = E∞, εc = εvεf ,

uc =
√
gcxc, pc = ρcu

2
c , tc = xc/uc URV

r?2`2 ρ- µ- t- u- p- g- E �M/ ε /2MQi2 /2MbBiv- pBb+QbBiv- iBK2- p2HQ+Biv- T`2bbm`2-
;`�pBiv- 2H2+i`B+ }2H/ BMi2MbBiv �M/ 2H2+i`B+ T2`KBiiBpBiv- `2bT2+iBp2HvX am#b+`BTi
!f K�`Fb ~mB/ p�Hm2b r?BH2 bm#b+`BTi !c Bb mb2/ iQ /2MQi2 +?�`�+i2`BbiB+ p�Hm2bX
�//BiBQM�HHv- g∞- E∞- εv �M/ εf �`2 ;`�pBi�iBQM�H }2H/ BMi2MbBiv- mM/Bbim`#2/
2H2+i`B+ }2H/ BMi2MbBiv T`Q/m+2/ #v i?2 BKTQb2/ TQi2MiB�H /Bz2`2M+2 #2ir22M
?Q`BxQMi�H r�HHb- T2`KBiiBpBiv Q7 p�+mmK �M/ `2H�iBp2 T2`KBiiBpBiv Q7 i?2 ~mB/X

"�b2/ QM i?2 +?�`�+i2`BbiB+ p�Hm2b ;Bp2M BM 2[m�iBQM URV- r2 /2}M2 _2vMQH/b
�M/ 1H2+i`Q;`�pBi�iBQM�H MmK#2`b �b

Rep =
ρf

√
g∞a3

µf
, Egp =

ρfg∞a

εvεfE2
∞
, UkV

�HQM; rBi? i?2 7QHHQrBM; b2i Q7 /BK2MbBQMH2bb MmK#2`b iQ /2b+`B#2 i?2 bvbi2K

D = ρs/ρf , P = εs/εf , A = a/b, B = W/a, UjV

r?2`2 D Bb /2MbBiv `�iBQ- P Bb T2`KBiiBpBiv `�iBQ- A Bb �bT2+i `�iBQ- B Bb #HQ+F�;2
`�iBQ �M/ !s Bb mb2/ iQ /2MQi2 bQHB/ p�Hm2bX 6QHHQrBM; T`BQ` rQ`Fb UsB� 2i �HX-

8



kyyNc amxmFB �M/ AM�Km`Q- kyRRc E?Q`�b�MBx�/2 �M/ aQmb�- kyReV- _2vMQH/b
MmK#2` �M/ �bT2+i `�iBQ �`2 b2i iQ A = 2 �M/ Rep = 100 7Q` �HH bBKmH�iBQMb BM
i?Bb bim/vX lMH2bb Qi?2`rBb2 K2MiBQM2/- �HH p�`B�#H2b �7i2` i?Bb TQBMi �`2 ;Bp2M BM
/BK2MbBQMH2bb 7Q`K #�b2/ QM +?�`�+i2`BbiB+ b+�H2b Q7 2[m�iBQM URVX �//BiBQM�HHv-
r2 rBHH `272` iQ i?2 TQbBiBQM �M/ p2HQ+Biv Q7 i?2 +2Mi2` Q7 i?2 2HHBTb2 �b 2HHBTb2
TQbBiBQM �M/ 2HHBTb2 p2HQ+Biv 7Q` #`2pBivX hQ +QKT�`2 rBi? Qi?2` bim/B2b- �M
�Hi2`M�iBp2 7Q`K Q7 _2vMQH/b MmK#2` #�b2/ QM �p2`�;2 p2HQ+Biv Bb �HbQ /2}M2/
�b

Ret =
ρfuva

µf
, U9V

r?2`2 uv Bb � p2`iB+�H p2HQ+BivX 6Q` +�b2b rBi? � i2`KBM�H p2HQ+Biv- uv Bb i�F2M
2[m�H iQ i?2 2HHBTb2 /2b+2Mi p2HQ+BivX q?2M i?2 2HHBTb2 /2b+2M/b BM �M Qb+BHH�iQ`v
i`�D2+iQ`v- i?2 �p2`�;2 2HHBTb2 /2b+2Mi p2HQ+Biv Bb mb2/ 7Q` uvX

jX :Qp2`MBM; 2[m�iBQMb

�bbmKBM; � i?BM 2H2+i`B+ /Qm#H2 H�v2` �M/ M2mi`�H +QKTmi�iBQM�H /QK�BM-
i?2 2H2+i`B+ TQi2MiB�H φ Q7 MQM@+QM/m+iBp2 K2/B� K�v #2 +�H+mH�i2/ i?`Qm;?

∇ · (ε∇φ) = 0, U8V

r?BH2 i?2 2H2+i`B+ }2H/ Bb +QKTmi2/ �b i?2 ;`�/B2Mi Q7 i?2 2H2+i`B+ TQi2MiB�H-
E = −∇φ U�B �M/ ZB�M- kyRyc a�pBHH2- RNNdVX h?2 /BK2MbBQMH2bb 7Q`K Q7 i?2
;Qp2`MBM; 2[m�iBQMb Q7 i?2 ~Qr K�v #2 r`Bii2M �b

∇ · u = 0, UeV

ρ

(
∂u

∂t
+ u ·∇u

)
= −∇p+

1

Rep
∇ · τ +

1

Egp
f(e) + f(b), UdV

τ = µ
[
∇u+ (∇u)†

]
, U3V

f(b) = (ρ− 1)g, UNV

r?2`2 p2+iQ`b �M/ i2MbQ`b �`2 b?QrM BM #QH/ �M/ bmT2`b+`BTi !† /2MQi2b i?2
i`�MbTQb2 QT2`�iBQMX >2`2- τ Bb L2riQMB�M bi`2bb i2MbQ` �M/ f(b) `2T`2b2Mib i?2

e



#mQv�M+v 7Q`+2X h?2 2H2+i`B+ 7Q`+2 p2+iQ` f(e) Bb +�H+mH�i2/ i?`Qm;? /Bp2`;2M+2
Q7 J�tr2HH bi`2bb i2MbQ` Ua�pBHH2- RNNdV-

f(e) = −1

2
E ·E∇ε. URyV

a2T�`�i2 +QHQ` 7mM+iBQMb ĉα �`2 mb2/ iQ B/2MiB7v 2�+? Q7 i?2 T?�b2b- r?2`2 !α

K�v /2MQi2 ~mB/ !f Q` bQHB/ !s T?�b2bX h?2b2 7mM+iBQMb �bbmK2 mMBi p�Hm2 BM
T?�b2 α �M/ x2`Q BM �HH Qi?2` T?�b2bX _B;B/Biv +QMbi`�BMib �`2 �TTHB2/ iQ 2Mbm`2
`B;B/ #2?�pBQ` BM i?2 2HHBTb2 �M/ Bib pBb+QbBiv Bb b2i iQ QM2 ?mM/`2/ iBK2b i?2
~mB/ pBb+QbBiv UhQ};?B 2i �HX- kyR8VX

9X LmK2`B+�H K2i?Q/

AM aS>- i?2 i2`K T�`iB+H2 Bb mb2/ iQ `272` iQ i?2 bT�iB�H 2H2K2Mib /Bb+`2iBxBM;
i?2 +QKTmi�iBQM�H /QK�BMX h?2 T�`iB+H2 Q7 BMi2`2bi i BMi2`�+ib rBi? Bib M2B;?@
#Q`BM; T�`iB+H2b j i?`Qm;? �M BMi2`TQH�iBQM F2`M2H wij UJQM�;?�M- kyRkVX h?2
F2`M2H Bb � 7mM+iBQM Q7 bKQQi?BM; H2M;i? h �M/ rij- i?2 K�;MBim/2 Q7 /Bbi�M+2
p2+iQ` rij = ri − rjX >2`2- r2 b2i h = 1.6δp r?2`2 δp Bb i?2 b?Q`i2bi /Bbi�M+2
#2ir22M ~mB/ T�`iB+H2b BM i?2 BMBiB�H �``�M;2K2MiX

h?2 T?�b2 T`QT2`iB2b �`2 BMi2`TQH�i2/ mbBM; r2B;?i2/ ?�`KQMB+ K2�M-

1

χi
=

cfi
χf

+
csi
χs

, cαi =
1

ψi

Jn∑

j=1

ĉαj wij, ψi =
Jn∑

j=1

wij URRV

r?2`2 χ K�v /2MQi2 pBb+QbBiv Q` T2`KBiiBpBiv- Jn Bb i?2 MmK#2` Q7 M2B;?#Q`BM;
T�`iB+H2b �M/ ψij Bb i?2 MmK#2` /2MbBivX h?2 bKQQi?2/ +QHQ` 7mM+iBQM cα T`Q/m+2b
� bKQQi?2` i`�MbBiBQM �M/ Bb +�H+mH�i2/ mbBM; i?2 +m#B+ bTHBM2 F2`M2H UJQ``Bb-
RNNeVX

6Q` i?2 2HHBTb2- +2Mi2`@Q7@K�bb p2HQ+Biv us �M/ �M;mH�` p2HQ+Biv ωs �`2 +QK@
Tmi2/ #v +v+HBM; Qp2` �HH T�`iB+H2b Jd i?`Qm;?

us =
1

Ms

Jd∑

j=1

ĉsjuj

ψj
, ωs =

1

Is

Jd∑

j=1

ĉsjuj × rjs

ψj
. URkV

r?B+? �`2 i?2M mb2/ iQ /2`Bp2 BM/BpB/m�H p2HQ+BiB2b Q7 2�+? T�`iB+H2 �b

ui = ĉfi ui + ĉsi [us + ωs × (ri − rs)] . URjV

d



>2`2- Ms Bb i?2 Qp2`�HH pQHmK2 Q7 T�`iB+H2b #2HQM;BM; iQ i?2 2HHBTb2 �M/ Is Bb
i?2 2HHBTb2Ƕb KQK2Mi Q7 BM2`iB� �#Qmi Bib +2Mi2` Q7 K�bb rs =

∑Jd

j=1 ĉ
s
j rj UhQ};?B

2i �HX- kyR8VX
� T`2/B+iQ`@+Q``2+i2` b+?2K2 Bb mb2/ iQ �/p�M+2 i?2 ;Qp2`MBM; 2[m�iBQMb

BM iBK2 r?2`2 i?2 iBK2bi2T Bb +�H+mH�i2/ �++Q`/BM; iQ *Qm`�Mi@6`B2/`B+?b@G2rv
+QM/BiBQM Ua?�Q �M/ GQ- kyyjV-

∆t = η min
1≤j≤Jd

(
h

uj
,

1

Rep

h2ρj
2µj

)
, UR9V

r?2`2 η = 0.25 Uw�BM�HB 2i �HX- kyRjVX
�i ni? iBK2bi2T Q7 i?2 T`2/B+iQ` bi2T U!(n)V- i?2 �`iB}+B�H T�`iB+H2 /BbTH�+2@

K2Mi U�S.V p2+iQ` δr(n)i Bb +�H+mH�i2/ �++Q`/BM; iQ i?2 K2i?Q/ mb2/ #v hQ};?B
2i �HX UkyR8VX h?2 T�`iB+H2b �`2 i?2M i`�Mb72``2/ iQ �M BMi2`K2/B�i2 TQbBiBQM
K�`F2/ #v bmT2`b+`BTi !+ pB�

r+i = r(n)i + u(n)
i ∆t+ ĉ0i δr

(n)
i . UR8V

LmK#2` /2MbBiv �M/ i`�MbTQ`i T`QT2`iB2b �`2 mT/�i2/ i?`Qm;? 2[m�iBQM URRV
r?BH2 2H2+i`B+ TQi2MiB�H Bb +�H+mH�i2/ #v bQHpBM; 2[m�iBQM U8VX �7i2` +�H+mH�iBM;
i?2 2H2+i`B+ 7Q`+2b i?`Qm;? 2[m�iBQM URyV- BMi2`K2/B�i2 p2HQ+BiB2b �`2 +QKTmi2/
i?`Qm;?

u+
i = u(n)

i +
∆t

ρ+i

[
1

Rep
∇ · τ i +

1

Egp
f(e)i

]+
. UReV

AM i?2 +Q``2+iQ` bi2T- SQBbbQM 2[m�iBQM bm#D2+i iQ x2`Q ;`�/B2Mi #QmM/�`v
+QM/BiBQM-

∇ ·
(

1

ρ+
∇p(n+1)

)
=

∇ · u+

∆t
, URdV

Bb bQHp2/ iQ +QKTmi2 i?2 T`2bbm`2 �i iBK2bi2T n+ 1X h?2 T`2bbm`2 Bb i?2M mb2/
iQ `2biQ`2 BM+QKT`2bbB#BHBiv iQ i?2 p2HQ+Biv }2H/ i?`Qm;?

u(n+1)
i = u+

i − 1

ρ+i
∇p(n+1)

i ∆t. UR3V

�7i2` BKTQbBM; `B;B/Biv +QMbi`�BMib i?`Qm;? 2[m�iBQMb URkV �M/ URjV- i?2 T�`iB+H2b
�`2 KQp2/ iQ i?2B` }M�H TQbBiBQMb mbBM;

r(n+1)
i = r(n)i +

1

2

(
u(n)
i + u(n+1)

i

)
∆t+ ĉfi δr

(n)
i . URNV

3



h?2 }`bi /2`Bp�iBp2 �M/ G�TH�+2 QT2`�iQ` Q7 p2+iQ` �M/ b+�H�` 7mM+iBQMb �`2
�TT`QtBK�i2/ i?`Qm;? 7QHHQrBM; 2tT`2bbBQMb

∂fm
i

∂xk
i

akli =
Jn∑

j=1

1

ψj

(
fm
j − fm

i

) ∂wij

∂xl
i

, UkyV

∂

∂xk
i

(
ϕi
∂fm

i

∂xk
i

)
aml
i = 8

Jn∑

j=1

ϕij

ψj

(
fm
i − fm

j

) rmij
r2ij

∂Wij

∂xl
i

, UkRV

∂

∂xk
i

(
ϕi
∂fi
∂xk

i

)(
2 + akki

)
= 8

Jn∑

j=1

ϕij

ψj
(fi − fj)

rkij
r2ij

∂wij

∂xk
i

. UkkV

ϕij =
2ϕiϕj

ϕi + ϕj
, akli =

Jn∑

j=1

rkij
ψj

∂wij

∂xl
i

UkjV

>2`2- � [mBMiB+ bTHBM2 F2`M2H UJQM�;?�M �M/ EQ+?�`v�M- RNN8V Bb 2KTHQv2/
iQ +�H+mH�i2 i?2 /2`Bp�iBp2b �M/ akli Bb mb2/ iQ +Q``2+i /Bb+`2i2 F2`M2H #2?�pBQ`
Uw�BM�HB 2i �HX- kyRjVX q?2`2 �TT`QT`B�i2- ϕ K�v /2MQi2 /2MbBiv@BMp2`b2/- pBb@
+QbBiv Q` T2`KBiiBpBivX h?2 �#Qp2 K2i?Q/ ?�b #22M bm++2bb7mHHv mb2/ #v hQ};?B
2i �HX UkyRNV iQ bBKmH�i2 i?2 /B2H2+i`QT?Q`2iB+ BMi2`�+iBQM Q7 KmHiBTH2 +B`+mH�`
/Bb+b BM mMB7Q`K 2H2+i`B+ }2H/bX

8X "QmM/�`v +QM/BiBQMb

h?2`2 �`2 irQ +QKKQM �TT`Q�+?2b iQ BKTH2K2MiBM; r�HH #QmM/�`v +QM/B@
iBQMb- bHBT Q` MQ@bHBT- BM aS>X h?2 }`bi K2i?Q/ Bb #v BMi`Q/m+BM; �//BiBQM�H i2`Kb
BM ;Qp2`MBM; 2[m�iBQMb iQ `2T`Q/m+2 i?2 /2bB`2/ #2?�pBQ` M2�` i?2 #QmM/�`B2bX
6QHHQrBM; i?Bb �TT`Q�+?- JQM�;?�M �M/ E�Di�` UkyyNV T`QTQb2 � `2TmHbBp2 7Q`+2
�TTHB2/ iQ T�`iB+H2b �TT`Q�+?BM; i?2 #QmM/�`B2bX �MQi?2` 2t�KTH2 Bb i?2 b2KB@
�M�HviB+�H K2i?Q/ #v 62``�M/ 2i �HX UkyRjV r?2`2 `2MQ`K�HBx�iBQM 7�+iQ`b �`2
+QKTmi2/ iQ BKTQb2 i?2 #QmM/�`v +QM/BiBQMbX h?2 b2+QM/ �TT`Q�+? Q7 BKTH2@
K2MiBM; r�HH #QmM/�`v +QM/BiBQMb Bb #v 2KTHQvBM; �//BiBQM�H H�v2`b Q7 T�`iB+H2bX
h?2b2 �mtBHB�`v T�`iB+H2b �`2 TH�+2/ QmibB/2 i?2 +QKTmi�iBQM�H /QK�BM �M/ +QK@
TH2i2 i?2 bmTTQ`i /QK�BM Q7 i?2 ~mB/ T�`iB+H2b M2�` i?2 #QmM/�`B2bX JQ``Bb 2i �HX
URNNdV T`QTQb2/ QM2 bm+? K2i?Q/ r?2`2 i?2 �mtBHB�`v T�`iB+H2 TQbBiBQMb r2`2

N



+QMbi�Mi /m`BM; i?2 bBKmH�iBQM �M/ i?2B` p2HQ+BiB2b r2`2 BMi2`TQH�i2/ 7`QK ~mB/
T�`iB+H2b r?BH2 i?2B` /2MbBiB2b r2`2 2pQHp2/X AM �MQi?2` K2i?Q/ /2p2HQT2/ #v
�/�KB 2i �HX UkyRkV- �HH T`QT2`iB2b Q7 i?2 bi�iB+ �mtBHB�`v T�`iB+H2b r2`2 BMi2`@
TQH�i2/ 7`QK ~mB/ T�`iB+H2bX uBH/Bx 2i �HX UkyyNV /2p2HQT2/ KmHiBTH2 #QmM/�`v
i�M;2Mi UJ"hV K2i?Q/ r?B+? mb2b /vM�KB+�HHv TQbBiBQM2/ �mtBHB�`v T�`iB+H2b
iQ �HHQr �`#Bi`�`v #QmM/�`v ;2QK2i`B2bX

.2bTBi2 i?2 H�`;2 p�`B2iv Q7 r�HH #QmM/�`v BKTH2K2Mi�iBQMb BM aS>- `2H�@
iBp2Hv 72r K2i?Q/b �`2 /2p2HQT2/ 7Q` ~Qr@i?`Qm;? #QmM/�`B2bX q?BH2 T2`BQ/B+
#QmM/�`v +QM/BiBQMb �`2 7�B`Hv bBKTH2 iQ BKTH2K2Mi- i?2 BM~Qr �M/ Qmi~Qr
#QmM/�`v +QM/BiBQMb `2[mB`2 bT2+B�H i`2�iK2MibX G�biBrF� 2i �HX UkyyNV T`Q@
TQb2/ �M BM~Qr #QmM/�`v +QM/BiBQM r?2`2 �mtBHB�`v T�`iB+H2b r2`2 �``�M;2/ BM
H�v2`b #2?BM/ i?2 BMH2i �M/ 2Mi2`2/ i?2 +QKTmi�iBQM�H /QK�BM �b ~mB/ T�`iB+H2bX
G�v2`b Q7 ~mB/ T�`iB+H2b 2tBiBM; i?2 /QK�BM r2`2 F2Ti �b �mtBHB�`v T�`iB+H2b mMiBH
i?2v MQ HQM;2` �z2+i2/ i?2 +QKTmi�iBQM�H /QK�BMX h?2 K2i?Q/ Q7 +?�`�+i2`@
BbiB+b r�b mb2/ iQ +QKTmi2 i?2 T`QT2`iB2b Q7 i?2 �mtBHB�`v T�`iB+H2bX 62/2`B+Q
2i �HX UkyRkV �M/ >Qbb2BMB �M/ 62M; UkyRRV mb2/ � bBKBH�` �TT`Q�+?- ?Qr2p2`-
i?2v bT2+B}2/ i?2 T`QT2`iB2b Q7 i?2 �mtBHB�`v T�`iB+H2b /B`2+iHvX >B`b+?H2` 2i �HX
UkyReV mb2/ �M �Hi2`M�iBp2 �TT`Q�+? r?2`2 BM~Qr �M/ Qmi~Qr #QmM/�`B2b r2`2
bBKmH�i2/ �b KQpBM; r�HHbX

h?2 KQbi bi`�B;?i7Q`r�`/ r�v Q7 bBKmH�iBM; HQM; i2`K b2/BK2Mi�iBQM Q7 �
bQHB/ Q#D2+i Bb iQ mb2 � bm{+B2MiHv HQM; +?�MM2HX >Qr2p2`- i?Bb K2i?Q/ BKTQb2b
bB;MB}+�Mi +QKTmi�iBQM�H Qp2`?2�/ �b i?2 `2;BQM Q7 BMi2`2bi �`QmM/ i?2 bQHB/
#Q/v +QMbiBimi2b � p2`v bK�HH TQ`iBQM Q7 i?2 2MiB`2 +QKTmi�iBQM�H /QK�BMX hQ
+B`+mKp2Mi i?Bb T`Q#H2K- QM2 K�v mb2 � bK�HH2` +QKTmi�iBQM�H /QK�BM �M/ KQp2
i?2 `2;BQM Q7 BMi2`2bi rBi? i?2 7�HHBM; #Q/vX hrQ /Bz2`2Mi �TT`Q�+?2b K�v #2
i�F2M iQ BKTH2K2Mi i?Bb B/2�X h?2 }`bi �TT`Q�+? Bb iQ KQp2 i?2 2MiB`2 /QK�BM #v
i?2 K2�M p2HQ+Biv um Q7 i?2 b2/BK2MiBM; #Q/vX AM i?Bb +�b2- p2`iB+�H r�HHb KQp2
�i um �M/ ~Qr@i?`Qm;? #QmM/�`v +QM/BiBQMb ?�p2 iQ #2 �TTHB2/ iQ ?Q`BxQMi�H
bm`7�+2b U};m`2 RVX S2`BQ/B+ #QmM/�`v +QM/BiBQMb �`2 MQi bmBi�#H2 7Q` ?Q`BxQMi�H
bm`7�+2b �b i?2 b2/BK2MiBM; #Q/v rBHH 7�+2 Bib QrM r�F2 �i H�i2` bi�;2b Q7 bBKmH�@
iBQMX �b bm+?- BM~Qr �M/ Qmi~Qr #QmM/�`v +QM/BiBQMb �`2 `2[mB`2/X � T`Q#H2K

Ry



rBi? i?Bb �TT`Q�+? Bb i?�i um Bb MQi FMQrM � T`BQ`B �M/ mb2 Q7 p�`B�#H2 um

`2[mB`2b KQ/B}+�iBQMb BM ;Qp2`MBM; 2[m�iBQMb Ue@NV- +QKTHB+�iBM; i?2 bQHmiBQM
T`Q+2/m`2 �M/ BKTH2K2Mi�iBQM Q7 BM~Qr �M/ Qmi~Qr #QmM/�`B2bX �Hi2`M�iBp2Hv-
QM2 K�v +QKT2Mb�i2 7Q` i?2 p2`iB+�H /Bbi�M+2 i`�p2H2/ #v i?2 b2/BK2MiBM; #Q/v
#v b?B7iBM; i?2 2MiB`2 +QKTmi�iBQM�H /QK�BM BM i?2 `2p2`b2 /B`2+iBQMX AM i?Bb
+�b2- � bQHB/ #Q/v TH�+2/ bm{+B2MiHv 7�` 7`QK i?2 ?Q`BxQMi�H #QmM/�`B2b �+ib
�b B7 b2/BK2MiBM; BM �M BM}MBi2Hv HQM; +?�MM2HX aBKBH�` iQ i?2 }`bi �TT`Q�+?-
i?2 T2`BQ/B+ #QmM/�`v +QM/BiBQM Bb MQi �TTHB+�#H2 iQ ?Q`BxQMi�H r�HHbX >Qr2p2`-
iQ Qm` FMQrH2/;2- i?2`2 �`2 MQ Qi?2` bmBi�#H2 #QmM/�`v +QM/BiBQMb �p�BH�#H2 BM
aS> HBi2`�im`2X

AM i?Bb bim/v- r2 mb2 � bBKTHB}2/ 7Q`K Q7 J"h K2i?Q/ iQ BKTQb2 i?2 MQ@bHBT
#QmM/�`v +QM/BiBQM QM p2`iB+�H r�HHbX q2 mb2 i?2 b2+QM/ �TT`Q�+? Q7 b?B7iBM; i?2
2MiB`2 /QK�BM iQ bBKmH�i2 BM}MBi2 b2/BK2Mi�iBQMX 6Q` i?Bb Tm`TQb2- � ǳb?B7iBM;Ǵ
#QmM/�`v +QM/BiBQM Bb /2p2HQT2/ �M/ i2bi2/ ?2`2X h?Bb #QmM/�`v +QM/BiBQM Bb
�HbQ bmBi�#H2 7Q` i?2 bBKmH�iBQM Q7 7�HHBM; /`QTH2ib �b r2HH �b `BbBM; bQHB/ #Q/B2b
�M/ #m##H2bX

8XRX .2}MBiBQM Q7 i?2 b?B7iBM; #QmM/�`v

6B;m`2 k b?Qrb � b+?2K�iB+ Q7 i?2 b?B7iBM; #QmM/�`v +QM/BiBQM 7Q` � /2@
b+2M/BM; 72�im`2X h?2 T�`iB+H2b M2�` ?Q`BxQMi�H #QmM/�`B2b �`2 b?QrM rBi? #H�+F
QmiHBM2b r?BH2 i?2 �mtBHB�`v T�`iB+H2b �`2 b?QrM rBi? ;`�v QmiHBM2bX AMi2`M�H T�`@
iB+H2b �`2 b?QrM �b #H�+F b[m�`2bX AM+QKBM; T�`iB+H2b �`2 b?QrM rBi? ;`22M }HH
r?BH2 Qmi;QBM; T�`iB+H2b �`2 K�`F2/ rBi? `2/ }HHX h?2 72�im`2 Q7 BMi2`2bi- b?QrM
�b � H�`;2 +B`+H2- Bb TH�+2/ �i �M �TT`QT`B�i2 /Bbi�M+2 �r�v 7`QK i?2 ?Q`BxQMi�H
r�HHbX AM i?Bb bim/v- r2 TH�+2 i?2 2HHBTb2 �i i?2 KB/TQBMi #2ir22M ?Q`BxQMi�H
r�HHbX

q?2M `2H2�b2/ 7`QK Bib BMBiB�H TQbBiBQM- i?2 2HHBTb2 Bb �HHQr2/ iQ i`�p2H mT iQ
QM2 T�`iB+H2 bT�+BM; δp iQr�`/ i?2 #QiiQK r�HHX .m`BM; i?Bb iBK2- i?2 J"h
K2i?Q/ Bb mb2/ iQ �TTHv i?2 MQ@bHBT #QmM/�`v +QM/BiBQM QM ?Q`BxQMi�H r�HHbX
6B;m`2 k@� b?Qrb � +QM};m`�iBQM r?2`2 i?2 2HHBTb2Ƕb +2Mi2` Q7 K�bb ?�b KQp2/
#2vQM/ QM2 T�`iB+H2 bT�+BM; 7`QK Bib BMBiB�H TQbBiBQMX �i i?Bb TQBMi- i?2 TQbBiBQM
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Q7 �HH T�`iB+H2b rBi?BM i?2 +QKTmi�iBQM�H /QK�BM �`2 b?B7i2/ mT #v δp iQ #`BM; i?2
2HHBTb2 +HQb2 iQ i?2 KB/TQBMi #2ir22M ?Q`BxQMi�H r�HHbX �HH Qi?2` T`QT2`iB2b Q7
i?2 T�`iB+H2b `2K�BM mM+?�M;2/ /m`BM; i?Bb QT2`�iBQMX h?2 b?B7i2/ +QM};m`�iBQM
Bb b?QrM BM };m`2 k@#X �Mv T�`iB+H2 i`�Mb72`2/ Qmi Q7 i?2 +QKTmi�iBQM�H /QK�BM
�M/ i?2 T�`iB+H2b `2bB/BM; +HQb2` i?�M δp/2 iQ i?2 mTT2` r�HH �`2 /Bb+�`/2/X
h?2b2 T�`iB+H2b �`2 b?QrM �b `2/ }HH2/ b[m�`2b BM };m`2 kX hQ }HH i?2 ;�T H27i
M2�` i?2 #QiiQK r�HH- QM2 `Qr Q7 �mtBHB�`v T�`iB+H2b �/D�+2Mi iQ i?2 #QmM/�`v
�`2 KQp2/ BMbB/2 i?2 +QKTmi�iBQM�H /QK�BM �M/ K�/2 BMiQ `2;mH�` T�`iB+H2bX
h?2b2 T�`iB+H2b �`2 b?QrM BM ;`22M #27Q`2 U};m`2 k@�V �M/ �7i2` U};m`2 k@#V i?2
QT2`�iBQMX

hQ `2KQp2 i?2 r�F2 2z2+ib M2�` i?2 mTT2` #QmM/�`v �M/ �pQB/ TQbbB#H2
/Bbim`#�M+2b M2�` i?2 HQr2` #QmM/�`v- � ?vT2`#QHB+ i�M;2Mi /�KTBM; 7mM+iBQM
Bb mb2/ iQ MmHHB7v T�`iB+H2 p2HQ+Biv M2�` i?2 #QmM/�`B2bX >2`2 r2 mb2/ � /�KTBM;
7mM+iBQM rBi? �M 2z2+iBp2 `�M;2 Q7 10δpX �b i?2 T�`iB+H2 �``�M;2K2Mi �/�Tib iQ
i?2 r�F2 bi`m+im`2- KQ`2 T�`iB+H2b K�v H2�p2 i?`Qm;? i?2 iQT #QmM/�`v i?�M
�//2/ �i i?2 #QiiQKX >Qr2p2`- /m2 iQ i?2 mb2 Q7 �S.- i?2 T�`iB+H2 �``�M;2K2Mi
Bb 7�B`Hv mMB7Q`K BM i?2 mM/�KT2/ `2;BQM �M/ i?2 `2/m+iBQM BM i?2 MmK#2` Q7
T�`iB+H2b Bb H2bb i?�M 0.1% Q7 i?2 BMBiB�H MmK#2` Q7 T�`iB+H2bX 6Q` bm{+B2MiHv
/Bbi�Mi ?Q`BxQMi�H #QmM/�`B2b- i?2 r�HH 2z2+ib QM i?2 b2/BK2Mi�iBQM T`Q+2bb
#2+QK2 M2;HB;B#H2X �b � `2bmHi- i?2 `2T2�i2/ b?B7iBM; Q7 i?2 2HHBTb2 �HHQrb mb iQ
`2mb2 i?2 +QKTmi�iBQM�H /QK�BM �M/ bBKmH�i2 i?2 b2/BK2Mi�iBQM BM �M 2bb2MiB�HHv
BM}MBi2 +?�MM2HX

8XkX o�HB/�iBQM Q7 i?2 #QmM/�`v BKTH2K2Mi�iBQM

hQ 2Mbm`2 �M �++m`�i2 bBKmH�iBQM- T`QT2` `2bQHmiBQM- iBK2 bi2T �M/ /QK�BM
?2B;?i M22/ iQ #2 /2i2`KBM2/X q?BH2 i?2 iBK2 bi2T Bb +?Qb2M pB� *6G +QM/BiBQM-
�TT`QT`B�i2 `2bQHmiBQM �M/ /QK�BM ?2B;?i �`2 7QmM/ #v bBKmH�iBM; i?2 b2/BK2M@
i�iBQM Q7 �M 2HHBTb2 BM � /QK�BM rBi? B = 4X h?2 2HHBTb2 Bb TH�+2/ BM i?2 KB//H2
Q7 i?2 +?�MM2H �i �M �M;H2 θi = 45◦ r?BH2 i?2 BMBiB�H T�`iB+H2 �``�M;2K2Mi Bb
bBKBH�` iQ i?2 QM2 ;Bp2M #v hQ};?B 2i �HX UkyR8VX h?2 `2bmHib �`2 b?QrM BM };m`2
jX aBM+2 i?2 #QmM/�`B2b �`2 b?B7i2/ p2`iB+�HHv iQ 7QHHQr i?2 2HHBTb2Ƕb /2b+2Mi-
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i?2 p2`iB+�H TQbBiBQM Q7 i?2 2HHBTb2 Bb +�H+mH�i2/ #v BMi2;`�iBM; Bib BM}MBi2bBK�H
KQp2K2Mib BM iBK2X 6B;m`2 j@� THQib i?2 ?Q`BxQMi�H TQbBiBQM Q7 i?2 2HHBTb2 p2`bmb
Bib p2`iB+�H TQbBiBQM 7Q` /Bz2`2Mi T�`iB+H2 bT�+BM;b Q7 δp/a = 1/15- 1/20- 1/25

�M/ 1/30 r?BH2 /2MbBiv `�iBQ Bb b2i iQ D = 1.1X h?2b2 +�b2b �`2 bBKmH�i2/ BM
� }t2/ /QK�BM Q7 ?2B;?i H rBi? H/a = 32 r?2`2 i?2 2HHBTb2 +2Mi2` HB2b �i �
/Bbi�M+2 Q7 8a �r�v 7`QK i?2 iQT r�HH #27Q`2 `2H2�b2X h?2 /Bz2`2M+2 #2ir22M
p2`iB+�H TQbBiBQMb #2+QK2 M2;HB;B#H2 7Q` δp/a ≤ 1/25 �M/ 2HHBTb2 Q`B2Mi�iBQM UMQi
b?QrM ?2`2V 7QHHQrb � bBKBH�` i`2M/X �b bm+?- r2 mb2 δp/a = 1/25 7Q` i?2 `2bi Q7
i?2 bBKmH�iBQMb BM i?Bb bim/vX hQ /2i2`KBM2 i?2 �TT`QT`B�i2 /QK�BM ?2B;?i- r2
+QKT�`2 i?2 `2bmHib Q7 i?`22 b?B7iBM; #QmM/�`v bBKmH�iBQMb rBi? H/a = 8- 16

�M/ 32 rBi? i?2 }t2/ /QK�BM `2bmHib �i H/a = 32X 6B;m`2 j@# THQib ?Q`BxQMi�H
p2`bmb p2`iB+�H TQbBiBQM 7Q` D = 1.01- 1.1 �M/ 1.5X h?2 `2bmHib Q7 b?B7iBM; #QmM/@
�`v �`2 B/2MiB+�H iQ }t2/ #QmM/�`v 7Q` D = 1.01 �M/ 1.1- 2p2M 7Q` i?2 bK�HH2bi
/QK�BM bBx2 rBi? H/a = 8X h?2 i`�D2+iQ`B2b 7Q` D = 1.5 bBKmH�i2/ BM b?B7iBM;
#QmM/�`B2b +QMp2`;2 7Q` H/a ≥ 16X >Qr2p2`- i?2`2 Bb � bHB;?i /Bz2`2M+2 #2ir22M
i`�D2+iQ`B2b Q7 }t2/ �M/ b?B7iBM; #QmM/�`B2b BM i?Bb +�b2X h?Bb K�v #2 �ii`B#mi2/
iQ i?2 #QmM/�`v 2z2+ib �i ?B;?2` Ret BM i?2 }t2/ #QmM/�`v +QM};m`�iBQMX q2
mb2 H/a = 16 7Q` i?2 `2K�BMBM; bBKmH�iBQMb BM i?Bb bim/vX

6B;m`2 9 +QKT�`2b i?2 ?Q`BxQMi�H TQbBiBQM �M/ Q`B2Mi�iBQM Q7 i?2 2HHBTb2 +QK@
Tmi2/ BM i?Bb bim/v rBi? i?2 `2bmHib Q7 2i �HX sB� 2i �HX UkyyNV- amxmFB �M/ AM�Km`Q
UkyRRV �M/ E?Q`�b�MBx�/2 �M/ E?Q`�b�MBx�/2 �M/ aQmb� UkyReVX �HH `2bmHib �`2
BM ;QQ/ �;`22K2Mi 7Q` D = 1.1X h?2 TQbBiBQM �M/ Q`B2Mi�iBQM 7`QK i?2 +m`@
`2Mi bBKmH�iBQM HB2 #2ir22M i?Qb2 #v sB� 2i �HX UkyyNV �M/ amxmFB �M/ AM�Km`Q
UkyRRV 7Q` D = 1.01X Pm` `2bmHib b?Qr bBKBH�` #2?�pBQ` iQ i?Qb2 �p�BH�#H2 BM i?2
HBi2`�im`2 7Q` D = 1.5 �M/ i?2 [m�MiBi�iBp2 /Bz2`2M+2 7�HHb rBi?BM i?2 �++2Ti�#H2
`�M;2X h?2 +?�M;2b BM /B`2+iBQM U};m`2 9@�V �`2 KQ`2 7`2[m2Mi BM i?2 `2bmHib
Q7 sB� 2i �HX UkyyNV +QKT�`2/ iQ i?Qb2 #vamxmFB �M/ AM�Km`Q UkyRRV �M/ E?Q@
`�b�MBx�/2 �M/ aQmb� UkyReV- r?BH2 Qm` `2bmHib H�; #2?BM/X PM i?2 Qi?2` ?�M/-
r?2M +QKT�`2/ iQ i?2 rQ`F Q7 amxmFB �M/ AM�Km`Q UkyRRV �M/ sB� 2i �HX UkyyNV-
i?2 bBKmH�iBQMb #v E?Q`�b�MBx�/2 �M/ aQmb� UkyReV T`2/B+i i?2 bK�HH2bi `�M;2
7Q` ?Q`BxQMi�H /BbTH�+2K2Mi �M/ +?�M;2 BM Q`B2Mi�iBQM r?BH2 Qm` `2bmHib 2t?B#Bi
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i?2 H�`;2bi `�M;2X h�#H2 R b?Qrb i?2 �p2`�;2 _2vMQH/b MmK#2` Ret 7Q` i?2 +m`@
`2Mi bBKmH�iBQM �M/ HBi2`�im`2 /�i� UsB� 2i �HX- kyyNc amxmFB �M/ AM�Km`Q- kyRRc
E?Q`�b�MBx�/2 �M/ aQmb�- kyReVX �b Bi Bb b22M- i?2 +m``2Mi bBKmH�iBQM `2bmHib
�`2 BM �;`22K2Mi rBi? Ret p�Hm2b Q7 Qi?2` MmK2`B+�H bBKmH�iBQMbX �b bm+?- Bi Bb
TQbbB#H2 iQ BM72` i?�i i?2 T`QTQb2/ K2i?Q/ Bb �#H2 iQ +�Tim`2 i?2 #2?�pBQ` Q7 �
b2/BK2MiBM; 2HHBTb2 BM �M 2bb2MiB�HHv BM}MBi2 +?�MM2H �++m`�i2HvX

eX _2bmHib

eXRX "HQ+F�;2 `�iBQ �M/ BMBiB�H Q`B2Mi�iBQM

.2T2M/BM; QM i?2 #HQ+F�;2 `�iBQ- � b2/BK2MiBM; 2HHBTb2 K�v ?�p2 bB;MB}+�Mi
BMi2`�+iBQMb rBi? H�i2`�H r�HHb Q7 i?2 +?�MM2HX h?2b2 BMi2`�+iBQMb #2+QK2 KQ`2
+QKTHB+�i2/ r?2M �M 2ti2`M�H 2H2+i`B+ }2H/ Bb T`2b2MiX AM i?2B` bim/v- sB� 2i �HX
UkyyNV B/2MiB}2/ }p2 /Bz2`2Mi b2/BK2Mi�iBQM `2;BK2b 7Q` �bT2+i `�iBQb Q7 B >

9/13X >2`2- r2 bBKmH�i2 i?2 b2/BK2Mi�iBQM #2?�pBQ` 7Q` #HQ+F�;2 `�iBQb Q7 B = 1-
2 �M/ 4 �i � /2MbBiv `�iBQ Q7 D = 1.1X AMBiB�HHv- i?2 2HHBTb2 Bb TQbBiBQM2/ �i i?2
+2Mi2` Q7 i?2 +?�MM2H �i �M �M;H2 θi = 45◦X q2 b2i i?2 T2`KBiiBpBiv `�iBQ
iQ P = 0.05- 0.2- 0.5- 1- 2- 5 �M/ 20 rBi? �M 1H2+i`Q;`�pBi�iBQM�H MmK#2` Q7
Egp = 40X

Pm` bBKmH�iBQMb 7Q` MQM@2H2+i`B}2/ +�b2b 2t?B#Bi i?2 b�K2 #2?�pBQ` Q#b2`p2/
#v sB� 2i �HX UkyyNVX .m`BM; i?2 H�i2` bi�;2b Q7 i?2 bBKmH�iBQM- i?2 2HHBTb2
7QHHQrb �M Qb+BHH�iBM; T�i? 7Q` B = 1 r?BH2 Bi /2b+2M/b K�BMi�BMBM; � ?Q`BxQMi�H
Q`B2Mi�iBQM 7Q` B ≥ 2X h?2 T`2b2M+2 Q7 �M 2ti2`M�H 2H2+i`B+ }2H/ �Hi2`b i?2
b2/BK2Mi�iBQM T�ii2`M #v BKTQbBM; � iQ`[m2 r?B+? i2M/b iQ `Qi�i2 i?2 2HHBTb2 iQ
�HB;M Bib K�DQ` �tBb rBi? i?2 2H2+i`B+ }2H/X h�#H2 k b?Qrb i?2 �p2`�;2 _2vMQH/b
MmK#2` Ret 7Q` i?2 +�b2b +QMbB/2`2/ ?2`2X h?2 bBKmH�iBQMb �`2 +�``B2/ Qmi
mMiBH i?2 2HHBTb2b /2b+2M/ mT iQ Ry- ky �M/ 9y K�DQ` �tBb H2M;i?b 7Q` B = 1-
2 �M/ 4- `2bT2+iBp2HvX q2 Q#b2`p2 7Qm` /Bz2`2Mi T�ii2`Mb BM i?2 b2/BK2MiBM;
2HHBTb2bX h?2b2 �`2 UBV p2`iB+�H- UBBV Qb+BHH�iBM;- UBBBV bH�Mi2/ �M/ UBpV ?Q`BxQMi�H
b2/BK2Mi�iBQMX �b 2pB/2M+2/ #v ?B;?2` Ret- rB/2` +?�MM2Hb `2bmHi BM 7�bi2`
b2/BK2Mi�iBQMX
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6QHHQrBM; i�#H2 k- Bi Bb Q#b2`p2/ i?�i 7Q` i?2 M�``Qr2bi +?�MM2H- i?2 7�bi2bi
/2b+2Mi ?�TT2Mb r?2M MQ 2H2+i`B+�H }2H/ Bb T`2b2MiX h?2 Qp2`�HH /Bz2`2M+2 BM Ret

7Q` p�`BQmb P Bb `�i?2` bK�HH 7Q` B = 1X >Qr2p2`- �b i?2 +?�MM2H rB/2Mb- i?2
2z2+i Q7 P QM Ret #2+QK2b KQ`2 bB;MB}+�MiX �i #Qi? 2M/b Q7 P- i?2 2HHBTb2b b2/@
BK2Mi p2`iB+�HHv �M/ ?�p2 i?2 H�`;2bi Ret r?BH2 i?2 2HHBTb2 /2b+2M/b ?Q`BxQMi�HHv
�i P = 1X h?2 p2`iB+�H b2/BK2Mi�iBQM �i P = 0.05 �M/ 20 T2`bBbib 2p2M 7Q` B = 8

UMQi b?QrM ?2`2VX AM �//BiBQM iQ ?Q`BxQMi�H �M/ p2`iB+�H /2b+2Mi Q`B2Mi�iBQMb-
7Q` B = 4- i?2 2HHBTb2b b?Qr �M Qb+BHH�iBM; #2?�pBQ` �b r2HHX h?2 2HHBTb2b �i B = 2

b?Qr #Qi? bH�Mi2/ �M/ Qb+BHH�iQ`v KQiBQM �b P �TT`Q�+?2b mMBivX
1t�KBMBM; 2�+? +QHmKM Q7 i�#H2 k- r2 �`2 MQi �#H2 iQ B/2MiB7v � +H2�` `2@

H�iBQMb?BT #2ir22M Ret �M/ #HQ+F�;2 `�iBQ- 2t+2Ti 7Q` p2`iB+�H b2/BK2Mi�iBQM
+�b2b �i P = 0.05 �M/ 20X �b B BM+`2�b2b- i?2 /Bz2`2M+2 #2ir22M +QMb2+miBp2
Ret p�Hm2b /2+`2�b2bX �i B = 8- Ret Bb 2[m�H iQ 22.76 �M/ 22.18 7Q` P = 0.05

�M/ P = 20- `2bT2+iBp2HvX Ai K�v b22K i?�i Ret Bb �TT`Q�+?BM; �M �bvKTiQiB+
p�Hm2 BM +QHmKMb H2�/BM; iQ Qb+BHH�iBM; /2b+2Mi- ?Qr2p2`- BM+`2�bBM; B 7m`i?2` iQ
3 H2�/b iQ +QMbB/2`�#H2 BM+`2�b2 BM RetX 6Q` 2t�KTH2- �i P = 5 �M/ B = 8- Ret
Bb 2[m�H iQ 17.01X Ai Bb TQbbB#H2 7Q` � +H2�` i`2M/ iQ 2K2`;2 �i ?B;?2` #HQ+F�;2
`�iBQb 7Q` MQM@p2`iB+�H b2/BK2Mi�iBQM- ?Qr2p2`- r2 ?�p2 MQi BMp2biB;�i2/ i?Bb
K�ii2` �Mv 7m`i?2` BM i?Bb rQ`FX

6B;m`2 8 b?Qrb TQbBiBQM- Q`B2Mi�iBQM �M/ 2HHBTb2 T`Q}H2b 7Q` P = 0.05- 0.2-
0.5- 1- 2 �M/ 20 7Q` B = 2X h?2 2HHBTb2 T�i?b- THQii2/ BM };m`2 8@�- +QMp2`;2 iQ
i?2 +?�MM2H +2Mi2` 7Q` P = 0.05- 1 �M/ 20 �i i?2 2�`Hv bi�;2b Q7 i?2 bBKmH�iBQM
�M/ H�i2` 7Q` P = 0.5 UMQi b?QrM ?2`2VX AM +QMi`�bi- P = 0.2 �M/ 2 b?Qr
� p2`v HQr �KTHBim/2 Qb+BHH�iBQM Qp2` � T�i? iQ i?2 H27i Q7 +2Mi2`HBM2X h?2
Q`B2Mi�iBQM Q7 i?2 b2/BK2MiBM; 2HHBTb2 Bb ?B;?Hv /2T2M/2Mi QM i?2 T2`KBiiBpBiv
`�iBQ U};m`2 8@#VX h?2 2HHBTb2 b2/BK2Mib p2`iB+�HHv 7Q` P = 0.05 �M/ 20 r?BH2 Bi
/2b+2M/b ?Q`BxQMi�HHv r?2M P = 1 �M/ 0.5X a2iiBM; P = 0.2 `2bmHib BM � bH�Mi2/
b2/BK2Mi�iBQM �i �M �p2`�;2 �M;H2 Q7 77.2◦ �i x = −0.133 r?BH2 �i P = 2-
i?2 2HHBTb2 /2b+2M/b �i θ = 22.8◦ �M/ x = −0.178X sB� 2i �HX UkyyNV ?�p2 �HbQ
Q#b2`p2/ bm+? bH�Mi2/ /2b+2Mi BM MQM@2H2+i`B}2/ +�b2b �M/ B/2MiB}2/ � bi`QM;
/2T2M/2M+2 BM b2/BK2Mi�iBQM #2?�pBQ` rBi? `2bT2+i iQ i?2 BMBiB�H �M;H2X q2
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`2T2�i2/ i?2 bBKmH�iBQM �i P = 0.2 7Q` θi = 15◦- 30◦- 60◦ �M/ 75◦ iQ BMp2biB;�i2
i?Bb 2z2+iX >Qr2p2`- r2 7QmM/ M2;HB;B#H2 /Bz2`2M+2 BM b2/BK2Mi�iBQM �M;H2 �M/
TQbBiBQM +QKT�`2/ iQ θi = 45◦X h?2 T`Q}H2b Q7 i?2 2HHBTb2b b?QrM BM };m`2 8@+
T`QpB/2 � +H2�`2` TB+im`2 Q7 i?2 2HHBTb2 #2?�pBQ` /m`BM; i?2 b2/BK2Mi�iBQMX

hQ �bb2bb i?2 2z2+ib Q7 BMBiB�H Q`B2Mi�iBQM QM i?2 2HHBTb2 #2?�pBQ`- r2 bBKm@
H�i2/ i?2 b2/BK2Mi�iBQM 7Q` � /2MbBiv `�iBQ Q7 D = 1.1 7Q` P = 20- 5 �M/ 0.05 �i
Egp = 40X h?2 2HHBTb2 Bb `2H2�b2/ 7`QK +?�MM2H +2Mi2`X hrQ #HQ+F�;2 `�iBQb Q7
B = 4 �M/ 8 �`2 BMp2biB;�i2/ �M/ BMBiB�H �M;H2b �`2 b2i iQ θi = 15◦- 30◦- 45◦- 60◦

�M/ 75◦X h?2 +�b2b rBi? P = 20 �M/ 0.05 #2+QK2 p2`iB+�H bQQM �7i2` `2H2�b2-
`2;�`/H2bb Q7 i?2B` BMBiB�H Q`B2Mi�iBQMX �b 7Q` P = 5- �HH BMBiB�H Q`B2Mi�iBQMb `2bmHi
BM i?2 b�K2 Qb+BHH�iBM; T�ii2`M- ?Qr2p2`- i?2 p2`iB+�H /Bbi�M+2 i`�p2H2/ iQ `2�+?
i?2 T2`BQ/B+ �M;mH�` KQiBQM Bb /Bz2`2Mi BM 2�+? +�b2X h�#H2 j b?Qrb i?2 /Bbi�M+2
i`�p2H2/ mMiBH � T2`BQ/B+ �M;mH�` Qb+BHH�iBQM Bb Q#i�BM2/X �b 2tT2+i2/- i?2 2HHBTb2
`2�+?2b T2`BQ/B+ Qb+BHH�iBQM �i � 7m`i?2` /Bbi�M+2 r?2M `2H2�b2/ �i H�`;2` BMBiB�H
�M;H2bX h?2`2 Bb � bB;MB}+�Mi DmKT BM i`�p2H2/ /Bbi�M+2 7Q` θi ≥ 45◦ �i B = 4

r?B+? Bb MQi �b bB;MB}+�Mi 7Q` B = 8X 6Q` i?2 M�``Qr2` +?�MM2H- i?2 2HHBTb2
`2H2�b2/ �i θ ≥ 45◦ �TT`Q�+?2b i?2 p2`iB+�H r�HH �M/ /2b+2M/b #`B2~v �HQM;bB/2
Bi #27Q`2 `2im`MBM; iQ i?2 +?�MM2H +2Mi2`X q?BH2 +HQb2 iQ i?2 r�HH- i?2 Qb+BHH�iQ`v
KQiBQM Bb bmTT`2bb2/ �M/ i?2 �KTHBim/2 bi�`ib iQ BM+`2�b2 QMHv �7i2` i?2 2HHBTb2
`2im`M2/ iQ i?2 KB//H2 Q7 i?2 +?�MM2HX aBM+2 i?2 2HHBTb2@r�HH BMi2`�+iBQM BM i?2
rB/2` +?�MM2H Bb MQi �b bB;MB}+�Mi �b i?2 M�``Qr2` +?�MM2H- i?2 DmKT BM `2[mB`2/
/Bbi�M+2 Bb H2bb T`QMQmM+2/ 7Q` B = 8X

eXkX h?2 2z2+i Q7 2H2+i`B+ }2H/ BMi2MbBiv

*?�M;BM; }2H/ BMi2MbBiv T`QpB/2b � /B`2+i K2i?Q/ iQ BM~m2M+2 i?2 2HHBTb2
#2?�pBQ` �M/ i?2 b2/BK2Mi�iBQM i`�D2+iQ`v /2T2M/b QM i?2 BMi2`TH�v Q7 ?v/`Q@
/vM�KB+ �M/ 2H2+i`B+�H 7Q`+2bX hQ Q#b2`p2 i?2b2 2z2+ib- r2 bBKmH�i2 i?2 b2/B@
K2Mi�iBQM #2?�pBQ` 7Q` i?`22 /2MbBiv `�iBQb Q7 D = 1.01- 1.1 �M/ 1.5 7Q` B = 4X
h?2 2HHBTb2 Bb `2H2�b2/ 7`QK +?�MM2H +2Mi2` �i �M BMBiB�H �M;H2 Q7 θi = 45◦X qBi?@
Qmi �M 2ti2`M�H 2H2+i`B+ }2H/- i?2 2HHBTb2 b2/BK2Mib BM � ?Q`BxQMi�H Q`B2Mi�iBQM
7Q` D = 1.01 �M/ 1.1 r?BH2 Bi b?Qrb �M Qb+BHH�iQ`v #2?�pBQ` �i D = 1.5X S2`KBi@
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iBpBiv `�iBQb 7Q` 2H2+i`B}2/ +�b2b �`2 bBKBH�` iQ i?Qb2 Q7 T`2pBQmb b2+iBQM r?BH2
Egp = 40- 10 �M/ 5X �++Q`/BM; iQ i?2 /2}MBiBQM Q7 Egp U+7X 2[m�iBQM UkVV- �
H�`;2` 2H2+i`B+ BMi2MbBiv `2bmHib BM � bK�HH2` EgpX

eXkXRX �p2`�;2 [m�MiBiB2b

h�#H2 9 b?Qrb �p2`�;2 _2vMQH/b MmK#2` Ret 7Q` i?2 +�b2b bim/B2/ ?2`2X �HH
+�b2b rBi? D = 1.01 /2b+2M/ p2`iB+�HHv 7Q` P ̸= 1 �M/ ?�p2 bBKBH�` RetX h?Bb
K2�Mb i?�i 2H2+i`B+ iQ`[m2 Bb /QKBM�Mi �M/ `Qi�i2b i?2 K�DQ` �tBb iQ �HB;M rBi?
i?2 2H2+i`B+ }2H/X �b i?2 #2?�pBQ` Bb bBKBH�` 7Q` HQr2` Egp- r2 /Q MQi i�#mH�i2
i?2 `2bmHib ?2`2X �M BM+`2�b2 BM /2MbBiv `�iBQ iQ D = 1.1 H2�/b iQ +QKT�`�#H2
?v/`Q/vM�KB+ �M/ 2H2+i`B+�H iQ`[m2bX 6Q` Egp = 40- i?2 `�M;2 Q7 b2/BK2Mi�iBQM
T�ii2`Mb r�b /Bb+mbb2/ BM i?2 T`2pBQmb b2+iBQMX �M BM+`2�b2 BM i?2 }2H/ BMi2MbBiv
`2bmHib BM � b?B7i 7`QK Qb+BHH�iBM; iQ p2`iB+�H b2/BK2Mi�iBQM T�ii2`M 7Q` P = 0.2

�M/ 5 r?BH2 Bi BM/m+2b � b?B7i 7`QK ?Q`BxQMi�H /2b+2Mi iQ Qb+BHH�iQ`v KQiBQM 7Q`
P = 0.5 �M/ 2X Ai Bb rQ`i? K2MiBQMBM; i?�i Ret ?�p2 bBKBH�` p�Hm2b 7Q` �HH p2`iB+�H
b2/BK2Mi�iBQMbX � 7m`i?2` /2+`2�b2 BM Egp `2bmHib BM p2`iB+�H b2/BK2Mi�iBQM 7Q`
P ̸= 1 �i D = 1.1 �M/ Bb MQi b?QrM ?2`2X aBM+2 i?2 MQM@2H2+i`B}2/ b2/BK2Mi�iBQM
T�ii2`M �i D = 1.5 Bb Qb+BHH�iQ`v Bib2H7- i?2 b2/BK2Mi�iBQM T�ii2`Mb Q7 2H2+i`B}2/
+�b2b `2K�BM Qb+BHH�iQ`v 7Q` � rB/2` `�M;2 Q7 EgpX � ;2M2`�H Q#b2`p�iBQM Bb i?�i
Ret BM+`2�b2b bHB;?iHv 7m`i?2` �r�v 7`QK P = 1 7Q` Qb+BHH�iQ`v KQiBQM �M/ �
bB;MB}+�Mi BM+`2�b2 Q++m`b r?2M i?2 2HHBTb2 /2b+2M/b p2`iB+�HHvX

hQ 7m`i?2` BMp2biB;�i2 i?2 `�M;2 Q7 Qb+BHH�iQ`v KQiBQMb Q#b2`p2/ BM D = 1.5-
};m`2 e THQib �p2`�;2 _2vMQH/b Ret- Qb+BHH�iBQM 7`2[m2M+v ωtc- Qb+BHH�iBQM �K@
THBim/2 ∆x �M/ �M;mH�` br22T ∆θ/π 7Q` �HH +�b2b rBi? Qb+BHH�iQ`v b2/BK2Mi�iBQM
T�ii2`MX �b K2MiBQM2/ #27Q`2- Ret BM+`2�b2b �b P ;Q2b 7m`i?2` �r�v 7`QK mMBivX
�b i?2 2H2+i`B+�H iQ`[m2 +QmMi2`b i?2 ?v/`Q/vM�KB+b iQ`[m2 QM i?2 2HHBTb2- i?2
Qb+BHH�iBQM 7`2[m2M+v Bb `2/m+2/ 7Q` HQr2` Egp �b r2HH U};m`2 e@#VX 6B;m`2 e@+
b?Qrb i?�i H�`;2` Egp �M/ |1− P| `2bmHi BM ?B;?2` Qb+BHH�iBQM �KTHBim/2X �
bBKBH�` i`2M/ Bb Q#b2`p2/ 7Q` i?2 �M;mH�` br22T BM };m`2 e@/X �M BM+`2�b2 BM
+?�MM2H rB/i? iQ B = 8 `2bmHib BM bBKBH�` i`2M/b UMQ b?QrM ?2`2VX AM +QKT�`@
BbQM iQ B = 4- i?2 2HHBTb2 b2/BK2MiBM; BM � +?�MM2H rBi? B = 8 b?Qrb `2/m+2/
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Qb+BHH�iBQM 7`2[m2M+v- �KTHBim/2 �M/ br2Ti �M;H2 r?BH2 Bi ?�b H�`;2` RetX

eXkXkX h`�MbB2Mi #2?�pBQ`

6B;m`2 d b?Qrb b2/BK2Mi�iBQM T�i? �M/ 2HHBTb2 T`Q}H2 7Q` y = 0 iQ 20 �b
r2HH �b � +HQb2mT Q7 bi`2�KHBM2b �i y = 20 7Q` D = 1.5 �M/ P = 0.2X �b Bi Bb
b22M BM };m`2 d@�- 7Q` HQr2` Egp- i?2 �M;H2 #2ir22M i?2 K�DQ` �tBb Q7 2HHBTb2
�M/ i?2 i�M;2Mi HBM2 iQ b2/BK2Mi�iBQM T�i? `2K�BMb bK�HH 7Q` H�`;2` TQ`iBQMb Q7
i?2 i`�D2+iQ`vX q?BH2 i?2 K�DQ` �tBb Q7 i?2 2HHBTb2 Bb KQbiHv T2`T2M/B+mH�` iQ
Bib i`�D2+iQ`v 7Q` Egp = 40- i?2 �M;H2 #2ir22M K�DQ` �tBb �M/ b2/BK2Mi�iBQM
T�i? `2K�BMb bK�HH 7Q` H�`;2 TQ`iBQMb Q7 i?2 /2b+2Mi �i Egp = 5X h?Bb `2bmHib
BM i?2 rB/2` T�i? �M/ H�`;2` Qb+BHH�iBQM �KTHBim/2 Q#b2`p2/X 6m`i?2`KQ`2- �b
i?2 2HHBTb2 `Qi�i2b #2ir22M irQ ?B;?Hv bH�Mi2/ Q`B2Mi�iBQMb- � H�`;2` �M;mH�`
Qb+BHH�iBQM �KTHBim/2 Bb Q#b2`p2/ 7Q` Egp = 5X h?2 2z2+ib Q7 b2/BK2Mi�iBQM
i`�D2+iQ`v QM pQ`iB+�H bi`m+im`2b BM i?2 pB+BMBiv Q7 i?2 2HHBTb2 Bb b?QrM BM };m`2
d@# r?2`2 i?2 pQ`iB+2b �`2 7m`i?2` bi`2i+?2/ �i bK�HH2` EgpX

hQ 7m`i?2` BMp2biB;�i2 i?2 2z2+ib Q7 2H2+i`B+ }2H/ QM i?2 b2/BK2Mi�iBQM T�i@
i2`M- i?2 2H2+i`B+ UT(e)V- ?v/`Q/vM�KB+ UT(h)V �M/ iQi�H UT(t)V iQ`[m2b �TTHB2/
iQ i?2 2HHBTb2 �b r2HH �b TQbBiBQM �M/ Q`B2Mi�iBQM Q7 i?2 2HHBTb2 �`2 b?QrM BM };m`2
3X h?2 iQ`[m2b T2` mMBi /2Ti? �`2 K�/2 /BK2MbBQMH2bb mbBM; ρfg∞aA r?2`2 A

/2MQi2b i?2 2HHBTb2 �`2�X hQ +�H+mH�i2 i?2 2H2+i`B+ iQ`[m2- i?2 KQK2Mi /m2 iQ i?2
7Q`+2 �TTHB2/ iQ 2�+? T�`iB+H2 i?`Qm;? 2[m�iBQM URyV Bb bmKK2/ Qp2` i?2 2HHBTb2
T�`iB+H2bX h?2 ?v/`Q/vM�KB+ iQ`[m2 Bb +�H+mH�i2/ BM � bBKBH�` 7�b?BQM r?BH2 i?2
iQi�H iQ`[m2 Bb i?2 bmKK�iBQM Q7 2H2+i`B+ �M/ ?v/`Q/vM�KB+ T�`ibX 1�+? +QHmKM
BM };m`2 3 THQib irQ Qb+BHH�iBQM +v+H2b 7Q` Egp = 40- 10 �M/ 5- +Q``2bTQM/BM; iQ
+�b2b b?QrM BM };m`2 dX AM �HH +�b2b- i?2 2H2+i`B+ iQ`[m2 +QmMi2`�+ib i?2 /QKBM�Mi
?v/`Q/vM�KB+ i2`KX q?BH2 i?2 Qp2`�HH K�;MBim/2 Q7 i?2 iQi�H iQ`[m2 `2K�BMb
+QKT�`�#H2- i?2 T`Q}H2b /Bz2` bB;MB}+�MiHv- 2bT2+B�HHv �i Egp = 5X h?Bb K�v #2
i`�+2/ iQ i?2 2H2+i`B+ iQ`[m2 �TTHB2/ iQ i?2 2HHBTb2X Ai Bb FMQrM i?�i i?2 K�tB@
KmK 2H2+i`B+ iQ`[m2 ?�TT2Mb �i θ = 45◦ U>Qmb2 2i �HX- kyRkVX 6Q` Egp = 40- i?2
K�;MBim/2 Q7 2H2+i`B+ iQ`[m2 Bb bm{+B2Mi iQ `Qi�i2 i?2 2HHBTb2 #2vQM/ θ = 45◦-
?Qr2p2`- Bi Bb MQi 2MQm;? iQ `2�+? � p2`iB+�H Q`B2Mi�iBQMX �b θ BM+`2�b2b #2vQM/
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i?2 45◦ K�`F- i?2 2H2+i`B+ iQ`[m2 Bb `2/m+2/ �M/ i?2 ?v/`Q/vM�KB+ i2`K `Qi�i2b
i?2 2HHBTb2 #�+F iQr�`/ θ = 45◦X h?Bb KQK2Mi�`BHv BM+`2�b2b i?2 2H2+i`B+ iQ`[m2
QTTQbBM; i?2 `Qi�iBQM �b θ /2+`2�b2b- T�bbBM; i?2 45◦ K�`FX h?2 Qp2`�HH 2z2+i
Bb i?2 HQM;2` bH�Mi2/ b2/BK2Mi�iBQM T2`BQ/b Q#b2`p2/ BM };m`2 d@�- +QMi`B#miBM;
iQ � 7�bi2` /2b+2Mi U};m`2 e@�VX

dX *QM+HmbBQMb

�M BM+QKT`2bbB#H2 bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b K2i?Q/ 7Q` irQ /BK2M@
bBQM�H bBKmH�iBQM Q7 mMHBKBi2/ b2/BK2Mi�iBQM Q7 `B;B/ #Q/B2b BM L2riQMB�M ~mB/b
Bb T`2b2Mi2/X h?2 b+?2K2 mb2b pBb+Qmb T2M�Hiv �M/ `B;B/Biv +QMbi`�BMib iQ BK@
TQb2 i?2 `B;B/ #2?�pBQ`X h?2 mMHBKBi2/ /2b+2Mi Q` �b+2Mi Bb �+?B2p2/ #v T2`BQ/B+
b?B7iBM; Q7 +QKTmi�iBQM�H /QK�BM iQ +2Mi2` QM i?2 72�im`2 Q7 BMi2`2biX JQ/B@
}2/ #QmM/�`v +QM/BiBQMb �`2 BMi`Q/m+2/ iQ �// Q` /Bb+�`/ T�`iB+H2b �7i2` 2�+?
b?B7i BM i?2 +QKTmi�iBQM�H /QK�BMX h?2 K2i?Q/ Bb i2bi2/ 7Q` b2/BK2Mi�iBQM Q7 �
bBM;H2 2HHBTiB+ /Bb+ �M/ i?2 `2bmHib �`2 BM [m�MiBi�iBp2 �;`22K2Mi rBi? HBi2`�im`2
/�i�X h?Bb b?Qrb i?�i i?2 T`QTQb2/ K2i?Q/ Bb +�T�#H2 Q7 bBKmH�iBM; mMHBKBi2/
/2b+2Mi Q` �b+2Mi Q7 72�im`2b Q7 BMi2`2bi U#m##H2b- /`QTb Q` `B;B/ #Q/B2bV mbBM;
bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b K2i?Q/X

h?2 T`QTQb2/ K2i?Q/ Bb 7m`i?2` mb2/ iQ bBKmH�i2 i?2 b2/BK2Mi�iBQM Q7 �
bBM;H2 2HHBTiB+ /Bb+ BM �M 2ti2`M�H 2H2+i`B+ }2H/X Pm` `2bmHib b?Qr i?�i Bi Bb TQbbB#H2
iQ BM+`2�b2 i?2 2HHBTb2 b2/BK2Mi�iBQM p2HQ+Biv 7Q` rB/2` +?�MM2Hb #v �TTHvBM; i?2
2H2+i`B+ }2H/X q?BH2 i?2 b2/BK2Mi�iBQM T�i? �i i?2 2�`Hv bi�;2b r�b ?B;?Hv
�z2+i2/ #v i?2 BMBiB�H Q`B2Mi�iBQM- r2 Q#b2`p2/ MQ T�`iB+mH�` /Bz2`2M+2 #2ir22M
b2/BK2Mi�iBQM T�ii2`M �i i?2 H�i2` bi�;2b Q7 bBKmH�iBQMX AMi`Q/m+iBQM Q7 i?2
2H2+i`B+ }2H/ �i H�`;2` /2MbBiv `�iBQb- r?2`2 � MQM@2H2+i`B}2/ 2HHBTb2 b2/BK2Mib
BM �M Qb+BHH�iQ`v T�ii2`M- `2/m+2b i?2 Qb+BHH�iBQM 7`2[m2M+v r?BH2 b2/BK2Mi�iBQM
p2HQ+Biv- Qb+BHH�iBQM �KTHBim/2 �M/ br2Ti �M;H2 �`2 BM+`2�b2/X
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�+FMQrH2/;K2Mib

Lh �+FMQrH2/;2b }M�M+B�H bmTTQ`i 7`QK JBi�+b@�++2H2`�i2 T`Q;`�K mM/2`
i?2 ;`�Mi MmK#2` Ahy3j89X Ju ;`�i27mHHv �+FMQrH2/;2 }M�M+B�H bmTTQ`i T`Q@
pB/2/ #v i?2 a+B2MiB}+ �M/ h2+?MQHQ;B+�H _2b2�`+? *QmM+BH Q7 hm`F2v Uhl"Ah�EV
7Q` ;`�Mi MmK#2` RRkJdkRX �a ;`�i27mHHv �+FMQrH2/;2b i?2 }M�M+B�H bmTTQ`i
T`QpB/2/ #v i?2 L�im`�H a+B2M+2b �M/ 1M;BM22`BM; _2b2�`+? *QmM+BH ULa1_*V
7Q` i?2 *�M�/� _2b2�`+? *?�B` BM *QKTmi�iBQM�H �M/ 1tT2`BK2Mi�H J2+?�MB+bX
CC6 �+FMQrH2/;2b bmTTQ`i #v i?2 La1_* .Bb+Qp2`v ;`�Mi LQX y83ekX *QKTm@
i�iBQM�H `2bQm`+2b r2`2 bmTTQ`i2/ BM T�`i #v q2bi:`B/ UrrrXr2bi;`B/X+�V �M/
*QKTmi2 *�M�/� *�H+mH *�M�/� UrrrX+QKTmi2+�M�/�X+�VX

_272`2M+2b

�/�KB- aX- >m- sXuX- �/�Kb- LX�X- kyRkX � ;2M2`�HBx2/ r�HH #QmM/�`v +QM/BiBQM
7Q` bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+bX CX *QKTmiX S?vbX kjR- dy8dĜdyd8X
/QB,RyXRyRefDXD+TXkyRkXy8Xyy8X

�B- uX- ZB�M- aX- kyRyX .* /B2H2+i`QT?Q`2iB+ T�`iB+H2@T�`iB+H2 BMi2`�+iBQMb �M/
i?2B` `2H�iBp2 KQiBQMbX CX *QHHQB/ AMi2`7�+2 a+BX j9e- 993Ĝ989X /QB,RyXRyRef

DXD+BbXkyRyXyjXyyjX

�B/mM- *XEX- Gm- uXLX- .BM;- 1XCX- RNN3X .B`2+i �M�HvbBb Q7 T�`iB+mH�i2 bmbT2M@
bBQMb rBi? BM2`iB� mbBM; i?2 /Bb+`2i2 "QHixK�MM 2[m�iBQMX CX 6HmB/ J2+?X jdj-
k3dĜjRRX /QB,RyXRyRdfayykkRRkyN3yyk9NjX

"QMM2+�x2- _XhX- "`�/v- CX6X- RNNkX .vM�KB+ bBKmH�iBQM Q7 �M 2H2+i`Q`?2QHQ;B+�H
~mB/X CX *?2KX S?vbX Ne- kR3jĜkkykX /QB,RyXRyejfRX9ekydyX

*?�M;- uXCX- E2?- >XCX- kyRjX a2/BK2Mi�iBQM Q7 � +?�`;2/ TQ`Qmb T�`iB+H2 BM �
+?�`;2/ +�pBivX CX S?vbX *?2KX " RRd- RkjRNĜRkjkdX /QB,RyXRykRfDT9yd3y8tX

*Qt- _X:X- RNe8X h?2 bi2�/v KQiBQM Q7 � T�`iB+H2 Q7 �`#Bi`�`v b?�T2 �i
bK�HH _2vMQH/b MmK#2`bX CX 6HmB/ J2+?X kj- ek8Ĝe9jX /QB,RyXRyRdf

ayykkRRkye8yyR8NjX

ky



1`M- SX- _BbbQ- 6X- 6�#`2- .X- J�;M�m/2i- CX- kyRkX q�F2@BM/m+2/ Qb+BHH�iQ`v
T�i?b Q7 #Q/B2b 7`22Hv `BbBM; Q` 7�HHBM; BM ~mB/bX �MMmX _2pX 6HmB/ J2+?X 99-
NdĜRkRX /QB,RyXRR9ef�MMm`2p@7HmB/@RkydRy@RyRk8yX

62/2`B+Q- AX- J�``QM2- aX- *QH�;`QbbB- �X- �`BbiQ/2KQ- 6X- �MimQMQ- JX- kyRkX
aBKmH�iBM; k. QT2M@+?�MM2H ~Qrb i?`Qm;? �M aS> KQ/2HX 1m`X CX J2+?X
"@6HmB/b j9- j8Ĝ9eX /QB,RyXRyRefDX2m`QK2+?7HmXkyRkXykXyykX

62M;- CX- >m- >X>X- CQb2T?- .X.X- RNN9X .B`2+i bBKmH�iBQM Q7 BMBiB�H@p�Hm2 T`Q#@
H2Kb 7Q` i?2 KQiBQM Q7 bQHB/ #Q/B2b BM � L2riQMB�M ~mB/ XRX a2/BK2Mi�iBQMX CX
6HmB/ J2+?X keR- N8ĜRj9X /QB,RyXRyRdfayykkRRkyN9yyyk38X

62M;- CX- CQb2T?- .X.X- RNN8X h?2 mMbi2�/v KQiBQM Q7 bQHB/ #Q/B2b BM +`22TBM;
~QrbX CX 6HmB/ J2+?X jyj- 3jĜRykX /QB,RyXRyRdfayykkRRkyN8yy9R3eX

62``�M/- JX- G�m`2M+2- .X_X- _Q;2`b- "X.X- oBQH2�m- .X- E�bbBQiBb- *X- kyRjX
lMB}2/ b2KB@�M�HviB+�H r�HH #QmM/�`v +QM/BiBQMb 7Q` BMpBb+B/- H�KBM�` Q` im`@
#mH2Mi ~Qrb BM i?2 K2b?H2bb aS> K2i?Q/X AMiX CX LmK2`X J2i?Q/b 6HmB/b dR-
99eĜ9dkX /QB,RyXRyykf7H/XjeeeX

6B2H/- aX"X- EH�mb- JX- JQQ`2- JX:X- LQ`B- 6X- RNNdX *?�QiB+ /vM�KB+b Q7 7�HHBM;
/BbFbX L�im`2 j33- k8kĜk89X /QB,RyXRyj3f9y3RdX

:BM;QH/- _X�X- JQM�;?�M- CXCX- RNddX aKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b, i?2Q`v
�M/ �TTHB+�iBQM iQ MQM@bT?2`B+�H bi�`bX JQMX LQiX _X �bi`QMX aQ+X R3R- jd8Ĝ
j3NX /QB,RyXRyNjfKM`�bfR3RXjXjd8X

>2- uX- "�vHv- �X1X- >�bb�MTQm`- �X- JmHH2`- 6X- qm- EX- u�M;- .X- kyR3X
� :Sl@#�b2/ +QmTH2/ aS>@.1J K2i?Q/ 7Q` T�`iB+H2@~mB/ ~Qr rBi? 7`22
bm`7�+2bX SQr/2` h2+?MQHX jj3- 893Ĝ8ekX /QB,RyXRyRefDXTQri2+XkyR3XydX

y9jX

>B`b+?H2`- JX- EmMx- SX- >m#2`- JX- >�?M- 6X- LB2F2M- lX- kyReX PT2M #QmM/�`v
+QM/BiBQMb 7Q` AaS> �M/ i?2B` �TTHB+�iBQM iQ KB+`Q@~QrX CX *QKTmiX S?vbX
jyd- eR9ĜejjX /QB,RyXRyRefDXD+TXkyR8XRkXyk9X

kR



>Qbb2BMB- aXJX- 62M;- CXCX- kyRRX S`2bbm`2 #QmM/�`v +QM/BiBQMb 7Q` +QKTmiBM;
BM+QKT`2bbB#H2 ~Qrb rBi? aS>X CX *QKTmiX S?vbX kjy- d9djĜd93dX /QB,RyX

RyRefDXD+TXkyRRXyeXyRjX

>Qmb2- .XGX- GmQ- >X- *?�M;- aX- kyRkX LmK2`B+�H bim/v QM /B2H2+i`QT?Q`2iB+
+?�BMBM; Q7 irQ 2HHBTbQB/�H T�`iB+H2bX CX *QHHQB/ AMi2`7�+2 a+BX jd9- R9RĜR9NX
/QB,RyXRyRefDXD+BbXkyRkXyRXyjNX

CQm#2`i- CX*X- qBHF2- .XLX- :Qp2M/2`- LX- SBx2ii2- SX- hmxmM- lX- �#`B�F- LX1X-
kykyX j. ;`�/B2Mi +Q``2+i2/ aS> 7Q` 7mHHv `2bQHp2/ T�`iB+H2@~mB/ BMi2`�+iBQMbX
�TTHX J�i?X JQ/2HX d3- 3ReĜ39yX /QB,RyXRyRefDX�TKXkyRNXyNXyjyX

E?Q`�b�MBx�/2- aX- aQmb�- CXJXJX- kyReX � irQ@/BK2MbBQM�H a2;K2Mi2/ "QmM/@
�`v �H;Q`Bi?K 7Q` +QKTH2t KQpBM; bQHB/ #QmM/�`B2b BM aKQQi?2/ S�`iB+H2
>v/`Q/vM�KB+bX *QKTmiX S?vbX *QKKmMX kyy- eeĜd8X /QB,RyXRyRefDX+T+X

kyR8XRyXyk8X

G�biBrF�- JX- "�b�- JX- ZmBMH�M- LXCX- kyyNX S2`K2�#H2 �M/ MQM@`2~2+iBM;
#QmM/�`v +QM/BiBQMb BM aS>X AMiX CX LmK2`X J2i?Q/b 6HmB/b eR- dyNĜdk9X
/QB,RyXRyykf7H/XRNdRX

G22- 1X- u2M- *X"X- >bm- CXSX- kyyyX a2/BK2Mi�iBQM Q7 � MQM+QM/m+iBM; bT?2`2 BM
� bT?2`B+�H +�pBivX CX S?vbX *?2KX " Ry9- e3R8Ĝe3kyX /QB,RyXRykRfDTNNjdRebX

Gm+v- GX"X- RNddX � MmK2`B+�H �TT`Q�+? iQ i?2 i2biBM; Q7 i?2 }bbBQM ?vTQi?2bBbX
�bi`QMX CX 3k- RyRjĜRyk9X /QB,RyXRy3efRRkRe9X

JQM�;?�M- CXCX- kyRkX aKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b �M/ Bib /B@
p2`b2 �TTHB+�iBQMbX �MMmX _2pX 6HmB/ J2+?X 99- jkjĜj9eX /QB,RyXRR9ef

�MMm`2p@7HmB/@RkydRy@RyRkkyX

JQM�;?�M- CXCX- E�Di�`- CX"X- kyyNX aS> T�`iB+H2 #QmM/�`v 7Q`+2b 7Q` �`#Bi`�`v
#QmM/�`B2bX *QKTmiX S?vbX *QKKmMX R3y- R3RRĜR3kyX /QB,RyXRyRefDX+T+X

kyyNXy8Xyy3X

kk



JQM�;?�M- CXCX- EQ+?�`v�M- �X- RNN8X aS> bBKmH�iBQM Q7 KmHiBT?�b2 ~QrX
*QKTmiX S?vbX *QKKmMX 3d- kk8Ĝkj8X /QB,RyXRyRefyyRy@9e88UN9VyyRd9@wX

JQ``Bb- CXSX- RNNeX � bim/v Q7 i?2 bi�#BHBiv T`QT2`iB2b Q7 bKQQi? T�`iB+H2 ?v@
/`Q/vM�KB+bX Sm#HX �bi`QMX aQ+X �mbiX Rj- NdĜRykX l_G, ?iiT,ff�/b�#bX

?�`p�`/X2/mf�#bfRNNeS�a�XXXRjXXXNdJX

JQ``Bb- CXSX- 6Qt- SXCX- w?m- uX- RNNdX JQ/2HBM; HQr _2vMQH/b MmK#2` BM+QK@
T`2bbB#H2 ~Qrb mbBM; aS>X CX *QKTmiX S?vbX Rje- kR9ĜkkeX /QB,RyXRyyef

D+T?XRNNdX8ddeX

L2rK�M- >X.X- u2i?B`�D- �X- kyR8X *Hmbi2`b BM b2/BK2Mi�iBQM 2[mBHB#`BmK 7Q` �M
2tT2`BK2Mi�H ?�`/@bT?2`2@THmb@/BTQH�` "`QrMB�M +QHHQB/�H bvbi2KX a+BX _2TX
8- Rj8dkX /QB,RyXRyj3fb`2TRj8dkX

S�`i?�b�`�i?v- JX- EHBM;2M#2`;- .XCX- RNNeX 1H2+i`Q`?2QHQ;v, K2+?�MBbKb �M/
KQ/2HbX J�i2`X a+BX 1M;X _@_2TX Rd- 8dĜRyjX /QB,RyXRyRefyNkd@dNesUNeV

yyRNR@sX

_Q#BMbQM- JX- _�K�BQHB- JX- Gm/BM;- aX- kyR9X 6HmB/@T�`iB+H2 ~Qr bBKmH�iBQMb
mbBM; irQ@r�v@+QmTH2/ K2bQb+�H2 aS>@.1J �M/ p�HB/�iBQMX AMiX CX JmHiBT?X
6HQr 8N- RkRĜRj9X /QB,RyXRyRefDXBDKmHiBT?�b27HQrXkyRjXRRXyyjX

a�pBHH2- .X�X- RNNdX 1H2+i`Q?v/`Q/vM�KB+b, h?2 h�vHQ`@J2H+?2` H2�Fv /B2H2+i`B+
KQ/2HX �MMmX _2pX 6HmB/ J2+?X kN- kdĜe9X /QB,RyXRR9ef�MMm`2pX7HmB/XkNX

RXkdX

a?�Q- aX.X- GQ- 1XuXJX- kyyjX AM+QKT`2bbB#H2 aS> K2i?Q/ 7Q` bBKmH�iBM; L2r@
iQMB�M �M/ MQM@L2riQMB�M ~Qrb rBi? � 7`22 bm`7�+2X �/pX q�i2` _2bQm`X ke-
d3dĜ3yyX /QB,RyXRyRefayjyN@Rdy3UyjVyyyjy@dX

amHHBp�M- JX- w?�Q- EX- >�``BbQM- *X- �mbiBM- _X- J2;2Mb- JX- >QHHBM;brQ`i?- �X-
_mbb2H- qX- *?2M;- wX- J�bQM- hX- *?�BFBM- SX- kyyjX *QMi`QH Q7 +QHHQB/b rBi?
;`�pBiv- i2KT2`�im`2 ;`�/B2Mib- �M/ 2H2+i`B+ }2H/bX CX S?vbX@*QM/2bX J�ii2`
R8- RRĜR3X /QB,RyXRy33fyN8j@3N39fR8fRfjykX

kj



amxmFB- EX- AM�Km`Q- hX- kyRRX 1z2+i Q7 BMi2`M�H K�bb BM i?2 bBKmH�iBQM Q7 �
KQpBM; #Q/v #v i?2 BKK2`b2/ #QmM/�`v K2i?Q/X *QKTmiX 6HmB/b 9N- RdjĜ
R3dX /QB,RyXRyRefDX+QKT7HmB/XkyRRXy8XyRRX

ar�KBM�i?�M- hXLX- JmFmM/�F`Bb?M�M- EX- >m- >X>X- kyyeX a2/BK2Mi�iBQM Q7
�M 2HHBTbQB/ BMbB/2 �M BM}MBi2Hv HQM; im#2 �i HQr �M/ BMi2`K2/B�i2 _2vMQH/b
MmK#2`bX CX 6HmB/ J2+?X 88R- j8dĜj38X /QB,RyXRyRdfayykkRRkyy8yy39ykX

hQ};?B- LX- Px#mHmi- JX- _�?K�i- �X- 62M;- CXCX- uBH/Bx- JX- kyR8X �M BM+QK@
T`2bbB#H2 bKQQi?2/ T�`iB+H2 ?v/`Q/vM�KB+b K2i?Q/ 7Q` i?2 KQiBQM Q7 `B;B/
#Q/B2b BM ~mB/bX CX *QKTmiX S?vbX kNd- kydĜkkyX /QB,RyXRyRefDXD+TXkyR8X

y8XyR8X

hQ};?B- LX- Px#mHmi- JX- amH2K�M- �X- 62M;- CXCX- uBH/Bx- JX- kyRNX .B2H2+@
i`QT?Q`2iB+ BMi2`�+iBQM Q7 +B`+mH�` T�`iB+H2b BM � mMB7Q`K 2H2+i`B+ }2H/X 1m`X CX
J2+?X "f6HmB/b d3- RN9ĜkykX /QB,RyXRyRefDX2m`QK2+?7HmXkyRNXydXyykX

o2H2p- PX.X- :�M;r�H- aX- S2ib2p- .XLX- kyyNX S�`iB+H2@HQ+�HBx2/ �* �M/ .*
K�MBTmH�iBQM �M/ 2H2+i`QFBM2iB+bX �MMmX _2TX S`Q;X *?2KX- a2+iX *, S?vbX
*?2KX Ry8- kRjĜk9eX /QB,RyXRyjNf"3yjyR8"X

sB�- wX- *QMMBM;iQM- EXqX- _�T�F�- aX- um2- SX- 62M;- CXCX- *?2M- aX- kyyNX
6HQr T�ii2`Mb BM i?2 b2/BK2Mi�iBQM Q7 �M 2HHBTiB+�H T�`iB+H2X CX 6HmB/ J2+?X
ek8- k9NĜkdkX /QB,RyXRyRdfayykkRRkyy3yy88kRX

u�M;- sX- >m�M;- >X- Gm- sX- kyR8X a2/BK2Mi�iBQM Q7 �M Q#H�i2 2HHBTbQB/ BM
M�``Qr im#2bX S?vbX _2pX 1 Nk- yejyyNX /QB,RyXRRyjfS?vb_2p1XNkXyejyyNX

uBH/Bx- JX- _QQF- _X�X- amH2K�M- �X- kyyNX aS> rBi? i?2 KmHiBTH2 #QmM/�`v
i�M;2Mi K2i?Q/X AMiX CX LmK2`X J2i?Q/b 1M;X dd- R9ReĜR9j3X /QB,RyXRyykf

MK2Xk983X

w�BM�HB- �X- hQ};?B- LX- a?�/HQQ- JXaX- uBH/Bx- JX- kyRjX LmK2`B+�H BMp2biB;�iBQM
Q7 L2riQMB�M �M/ MQM@L2riQMB�M KmHiBT?�b2 ~Qrb mbBM; AaS> K2i?Q/X *QK@
TmiX J2i?X �TTHX J2+?X 1M;X k89- NNĜRRjX /QB,RyXRyRefDX+K�XkyRkXRyXyy8X

k9



w?�M;- wXGX- q�H�v�i- EX- *?�M;- CXwX- GBm- JX"X- kyR3X J2b?7`22 KQ/2HBM; Q7 �
~mB/@T�`iB+H2 irQ@T?�b2 ~Qr rBi? �M BKT`Qp2/ aS> K2i?Q/X AMiX CX LmK2`X
J2i?Q/b 6HmB/b RRe- 8jyĜ8eNX /QB,RyXRyykfMK2X8Nj8X

w?�M;- wXGX- q�H�v�i- EX- >m�M;- *X- *?�M;- CXwX- GBm- JX"X- kyRNX � }MBi2
T�`iB+H2 K2i?Q/ rBi? T�`iB+H2 b?B7iBM; i2+?MB[m2 7Q` KQ/2HBM; T�`iB+mH�i2 ~Qrb
rBi? i?2`K�H +QMp2+iBQMX AMiX CX >2�i J�bb h`�Mb7X Rk3- Rk98ĜRkekX /QB,RyX

RyRefDXBD?2�iK�bbi`�Mb72`XkyR3XyNXyd9X

k8



h�#H2 R, *QKT�`BbQM Q7 �p2`�;2 _2vMQH/b MmK#2` Ret 7Q` MQM@2H2+i`B}2/ 2HHBTb2 b2/BK2Mi�iBQM
�i B = 4 �M/ θi = 45◦X

D 1.01 1.1 1.5

*m``2Mi aBKmH�iBQM kXR8 RjX8 jjX3
sB� 2i �HX UkyyNV kXy3 RkXN jjX9
amxmFB �M/ AM�Km`Q UkyRRV RXNk RkXe jkXN
E?Q`�b�MBx�/2 �M/ aQmb� UkyReV Ĝ R9Xe jeXR

h�#H2 k, �p2`�;2 _2vMQH/b Ret 7Q` /Bz2`2Mi #HQ+F�;2 `�iBQb �i D = 1.1- Egp = 40 �M/ θi = 45◦X
.�i� BM i�#H2 +2HHb BM/B+�i2 i?�i i?2 2HHBTb2 Bb BM U`QK�MV p2`iB+�H /2b+2Mi- UBi�HB+V Qb+BHH�iBM;
/2b+2Mi- UBi�HB+ mM/2`HBM2V bH�Mi2/ /2b+2Mi Q` U`QK�M mM/2`HBM2V ?Q`BxQMi�H /2b+2MiX

P 0.05 0.2 0.5 1 2 5 20

B = 1 RXN3 kXy8 kXk8 kX8R kXRe kXRR kXk9
B = 2 RkXRd RRXeR 8X9y 8XRj eXjj RRXNd RRX33
B = 4 RNX33 RjXe3 RjX88 RjX8y RjX9e RjX9j RNX99

h�#H2 j, o2`iB+�H /Bbi�M+2 `2[mB`2/ iQ �+?B2p2 � T2`BQ/B+ Qb+BHH�iBQM 7Q` b2/BK2MiBM; 2HHBTb2b
`2H2�b2/ 7`QK /Bz2`2Mi BMBiB�H Q`B2Mi�iBQMb �i D = 1.1- P = 5 �M/ Egp = 40X

θi 15◦ 30◦ 45◦ 60◦ 75◦

B = 4 j9 j9Xd R9eXN ReyXj ReeX9
B = 8 kdXe kNX9 9yXd 99X3 9NXN

h�#H2 9, �p2`�;2 _2vMQH/b Ret 7Q` /Bz2`2Mi }2H/ BMi2MbBiB2b 7Q` B = 4 �M/ θi = 45◦X .�i� BM
i�#H2 +2HHb BM/B+�i2 i?�i i?2 2HHBTb2 Bb BM U`QK�MV p2`iB+�H /2b+2Mi- UBi�HB+V Qb+BHH�iBM; /2b+2Mi
Q` U`QK�M mM/2`HBM2V ?Q`BxQMi�H /2b+2MiX

P 0.05 0.2 0.5 1 2 5 20

D = 1.01- Egp = 40 jXRj jXR8 jXRy kXkk jXy9 kXNd jXyj
D = 1.1 - Egp = 40 RNX33 RjXe3 RjX88 RjX8y RjX9e RjX9j RNX99
D = 1.1 - Egp = 10 kyXyd kyXyR RjXd RjX8y RjX9j RNXNk RNX38
D = 1.5 - Egp = 40 j9Xe3 j9Xyj jjX3R jjXd8 jjXde jjXNR jeX9k
D = 1.5 - Egp = 10 9yXyk j8Xe9 jjXN9 jjXd8 jjX33 jdXke 8eXR9
D = 1.5 - Egp = 5 8eX8k jNX8e j9XRe jjXd8 j9X83 8eXNN 8eXdR

ke



a

W

b

y

x (g, E)

6B;m`2 R, a+?2K�iB+ Q7 � b2/BK2MiBM; 2HHBTiB+ /Bb+

δp

nδp

(a) (b)
nδp

nδpnδp

6B;m`2 k, a+?2K�iB+ Q7 i?2 b?B7iBM; #QmM/�`v +QM/BiBQMX
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6B;m`2 j, >Q`BxQMi�H TQbBiBQM Q7 i?2 2HHBTb2 p2`bmb Bib p2`iB+�H TQbBiBQM 7Q` B = 4 �M/ θi = 45◦c
U�V 7Q` /Bz2`2Mi T�`iB+H2 bT�+BM;b �i D = 1.1c U#V 7Q` /Bz2`2Mi /2MbBiv `�iBQb �i H/a = 32

�M/ }t2/ #QmM/�`v U3q6V- H/a = 8 �M/ b?B7iBM; #QmM/�`v UkqaV- H/a = 16 �M/ b?B7iBM;
#QmM/�`v U9qaV �M/ H/a = 32 �M/ b?B7iBM; #QmM/�`v U3qaVX

k3



6B;m`2 9, >Q`BxQMi�H TQbBiBQM U�V �M/ Q`B2Mi�iBQM Q7 i?2 2HHBTb2 U#V p2`bmb Bib p2`iB+�H TQbBiBQM
�i /Bz2`2Mi /2MbBiv `�iBQb 7Q` B = 4 �M/ θi = 45◦c UHBM2bV +m``2Mi bBKmH�iBQM- U+B`+H2bV sB� 2i �HX
UkyyNV- Ui`B�M;H2bV amxmFB �M/ AM�Km`Q UkyRRV- Ub[m�`2bV E?Q`�b�MBx�/2 �M/ aQmb� UkyReVX

kN



6B;m`2 8, a2/BK2Mi�iBQM 7Q` D = 1.1- B = 2 �M/ Egp = 40c >Q`BxQMi�H TQbBiBQM U�V �M/
Q`B2Mi�iBQM Q7 i?2 2HHBTb2 U#V p2`bmb p2`iB+�H TQbBiBQM �i /Bz2`2Mi T2`KBiiBpBiv `�iBQbc U+V a2/B@
K2Mi�iBQM i`�D2+iQ`v �M/ 2HHBTb2 T`Q}H2 7Q` /Bz2`2Mi T2`KBiiBpBiv `�iBQbX

jy



6B;m`2 e, 1z2+i Q7 +?�M;2 BM Egp �M/ P QM �p2`�;2 _2vMQH/b MmK#2` Ret U�V- Qb+BHH�iBQM
7`2[m2M+v ωtc U#V- Qb+BHH�iBQM �KTHBim/2 ∆x U+V �M/ br2Ti �M;H2 ∆θ/π U/VX h?2 /�i� #2HQM;
iQ i?2 +�b2b BM i�#H2 9 r?2`2 i?2 2HHBTb2 Bb b2/BK2MiBM; BM �M Qb+BHH�iQ`v T�ii2`M �i D = 1.5-
B = 4 �M/ θi = 45◦X

jR



6B;m`2 d, 1HHBTb2 b2/BK2Mi�iBQM �i D = 1.5- B = 4- P = 0.2 �M/ θi = 45◦c U�V b2/BK2Mi�iBQM
i`�D2+iQ`v �M/ 2HHBTb2 T`Q}H2 7Q` /Bz2`2Mi Egpc U#V +HQb2mT Q7 i?2 2HHBTb2 T`Q}H2 �M/ bi`2�KHBM2b
�i y = 20 7Q` /Bz2`2Mi EgpX

jk



6B;m`2 3, 1H2+i`B+ UT(e)V- ?v/`Q/vM�KB+ UT(h)V �M/ iQi�H UT(t)V iQ`[m2b �TTHB2/ iQ i?2 2HHBTb2
p2`bmb p2`iB+�H TQbBiBQM 7Q` /Bz2`2Mi }2H/ BMi2MbBiB2b 7Q` D = 1.5- B = 4- P = 0.2 �M/ θi = 45◦X
>Q`BxQMi�H TQbBiBQM �M/ Q`B2Mi�iBQM Q7 i?2 2HHBTb2 �`2 THQii2/ BM HQr2` `QrbX

jj


