MATH 516-101 (2016-2017) Homework THREE
Due Date: October 27, 2016

1. Consider the following function

in = B1(0). Show that if v+ 1 < n, the weak derivatives are given by

Lj

Jwore= [ o

As a consequence, show that u € WP if and only if (y + 1)p < n.

2. Let n(t) =t for t <0 and n(t) =0 for t > 1. Let f € WEP(R™) and fr = fn(|z| — k). Show that ||fx — f|lw»rs — O
as k — +oo. As a consequence show that W*?(R™) = WP (R™).

3. Let uw € C*°(R"). Extend u to Eu on R™ such that

8ju =

i.e., you need to show that

Eu=u,z € R; Eu € CY(R");||Bullwr < |Jullwas

Here R = {(@",2,); 2, > 0}.

4. (a) Ifn =1 and u € WH(Q) then u € L™ and u is continuous. (b) If n > 1, find an example of u € W™ (B;) and
u & L.

5. Prove the following Poincare type inequality: Suppose that Q C {a < 21 < b}. Then for u € WO1 2(Q) it holds that

lull2(0) < 2(b — a)|0x, ullL2(0)

6. (Gagliardo-Nirenberg inequality) Let n > 2,1 <p<nand 1 <g<r < n"—_’;). For some 6 € (0,1) and some constant
C > 0 we have

lallzr (i) < Cllul s emy 1Vl gy Ve € C2(RT)

(i) Use scaling to find the 6.
(ii) Prove the inequality.
Hint: Do an interpretation of L” in terms of LY and L7% and then apply Sobolev.



