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Abstract. We investigate the long time behaviour of the Yang-Mills heat

flow on the bundle R4 × SU(2). Waldron [44] proved global existence and
smoothness of the flow on closed 4−manifolds, leaving open the issue of the

behaviour in infinite time. We exhibit two types of long-time bubbling: first

we construct an initial data and a globally defined solution which blows-up
in infinite time at a given point in R4. Second, we prove the existence of

bubble-tower solutions, also in infinite time. This answers the basic dynamical

properties of the heat flow of Yang-Mills connection in the critical dimension
4 and shows in particular that in general one cannot expect that this gradient

flow converges to a Yang-Mills connection. We emphasize that we do not

assume for the first result any symmetry assumption; whereas the second result
on the existence of the bubble-tower is in the SO(4)-equivariant class, but

nevertheless new.

Contents

1. Introduction 2
2. The Approximation 7
2.1. BPST/ADHM instantons. 7
2.2. The linearized operator. 9
2.3. The ansatz. 11
2.4. Improvement of the error. 12
2.5. The blow-up rate. 13
2.6. The final ansatz. 15
2.7. The inner-outer gluing system. 15
3. Proof of the main theorem 17
3.1. The inner problem. 17
3.2. The orthogonality conditions. 19
3.3. The outer problem. 22
3.4. Proof of Theorem 1: Solving the inner-outer gluing system. 23
4. Proof of Proposition 3.1 26
5. Proof of Proposition 3.3 30
6. Existence of bubble tower solutions 33
6.1. Construction of approximate solutions. 33
6.2. The inner-outer gluing system. 35
6.3. Linear theory for the inner and outer problem. 36
6.4. Estimates for outer problem. 37
6.5. Proof of Theorem 2. 42
Appendix: Some useful computations 44
Acknowledgements 48

1



2 Y. SIRE, J. WEI, AND Y. ZHENG

References 49

1. Introduction

It is a classical topic in differential geometry to relate and understand the inter-
play between the geometry of submanifolds and the theory of vector bundles. For
example, in the seminal paper [38], Gang Tian exhibited a link between Yang-Mills
connections, which are critical points of the square of the L2-norm of the connec-
tion form on a vector bundle and calibrated minimal submanifolds. In the present
paper, motivated by recent global well-posedness results due to Waldron [44], we
investigate the long time behaviour of the Yang-Mills heat flow.

Let E → M be a vector bundle over a four dimensional Riemannian manifold
without boundary, with compact Lie group G as its structure group. Let T ∗M
be the cotangent bundle over M and for 1 ≤ p ≤ 4, let Ωp(M) be the bundle
of p−forms on M with T ∗M = Ω1(M). A connection A on E can be given by
specifying a covariant derivative DA from C∞(E) into C∞(E⊗Ω1(M)). In a local
trivialization of the vector bundle E, the covariant derivative DA writes

D := DA = d+Aα

where A = (Aα)α is a section of T ∗M ⊗g where g is the Lie algebra of G embedded
in a large unitary group, i.e. the connection A is a g−valued 1−form. The curvature
FA of the connection A is given by the tensor D2

A : Ω0(M) → Ω2(M), which can
be formally written

FA = F := dA+A ∧A.
For a connection A, the Yang-Mills functional is

YM(A) =
1

2

∫
M

|FA|2dx.

It is well known that the Euler-Lagrange equation of YM is then

D∗AFA = 0

where D∗A denotes the adjoint operator of DA with respect to the Killing form of
G and the metric on M . By the second Bianchi identity, it holds that

DAFA = 0.

A connection A is Yang-Mills if and only if it is a critical point of YM , which then
is equivalent to the equation

D∗AFA = 0.

In order to obtain Yang-Mills connections on any given bundle E, a natural ap-
proach is to deform a given connection along the negative gradient flow of YM
which is given by the following evolution equation

∂A

∂t
= −D∗AFA, (1.1)

starting from any initial connection A0. This equation plays a fundamental role in
Donaldson’s work (see e.g. [12]).

A gauge transformation is a (sufficiently smooth) map S from M into G. The
gauge group acts on connections as

S(A) := S ·A · S−1 − dS · S−1
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YM is gauge-invariant in the sense that YM(S∗(D)) = YM(D) for any gauge
transformation and any connection D = d+ A. The Yang-Mills equation is there-
fore not elliptic, as the kernel of the linearized operator is infinite dimensionnal.
Similarly, the evolution problem (1.1) is not parabolic, and the methods developed
for parabolic equations cannot be directly applied to prove existence and uniqueness
for the Cauthy problem. For further background material on Yang-Mills equations,
we refer the interested readers to, for instance, [12], [14], [18], [22].

In the seminal work of Taubes [37], the Morse theory for Yang-Mills functional
was established. In [46], nonminimal solutions to the Yang-Mills equation with
group SU(2) on S2×S2 and S1×S3 are constructed. In [38] Gang Tian was interested
in a compactification of the moduli space of Yang-Mills connections, pursuing the
search of geometric invariants. To do so, one needs to consider singular Yang-
Mills connections, i.e. singular solutions of the PDE DAFA = 0 on M . In four
dimensions, it is known since the important work of Uhlenbeck [40, 41] that Yang-
Mills connections are smooth up to a discrete set of points on M and that those
connections can be extended to the whole manifold, with a smaller L2 norm of the
curvature form. In higher dimensions, the picture is more complicated and Tian [38]
proved that the blow-up set of Yang-Mills connections is closed and Hn−4 rectifiable
where Hm is the m−Hausdorff measure. Thanks to the monotonicity of the rescaled
energy, one has the following bubbling phenomenon: given any sequence Ai of
Yang-Mills connections, Ai converges up to a subsequence and modulo a gauge
transformation to a Yang-Mills connection A∞ in the smooth topology outside of
a closed set of codimension at least 4. Furthermore, the energy concentrates in the
sense of measures:

|FAk0|2dvol ⇀ |FA∞ |2dvol + ΘdHn−4|S .

The limiting connection A∞ is smooth on M \ S, Θ ≥ 0 is called the multiplicity
and the set S is the blow-up locus of Ai. The achievement of Tian is a deep
understanding of the blow-up locus and hence of the natural compactification of
the Yang-Mills connections in higher dimensions. He showed that the blow-up
locus is (n− 4)-rectifiable and if it arises as a special subclass of connections, then
it is a closed calibrated integral minimizing current, namely the generalized mean
curvature of S is equal to 0, see also [36]. We refers also the reader to the more
recent work by Naber and Valtorta [23].

Long time behavior of the Yang-Mills heat flow. As far as the flow (1.1)
is concerned, the theory is much less developed than its elliptic version. In [30],
the global existence and uniqueness of Yang-Mills flow over 2 or 3 dimensional
manifolds were proved. In spatial dimensions greater than 4, finite time blow-
up solutions were constructed in [24]. The behaviour of the Yang-Mills flow on
Riemannian manifolds of dimension four was not very well understood until recently.
The foundational work of Struwe [35] gives a global weak solution with finitely many
point singularities, in analogy with the harmonic map flow in dimension two. In [33],
Schlatter gave the exact formulation, the proofs of the blow-up analysis and the
long-time behaviour of the Yang-Mills flow in Theorem 2.4 of [35]. In [32], Schlatter
also proved the global existence of four dimensional Yang-Mills heat flow for small
data. Recently, the global well-posedness for any initial data was established by
Alex Waldron in [44] (see also [42,43]). The asymptotic behaviour and the structure
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of the singular set for the Yang-Mills heat flow in dimensions ≥ 4 was analyzed
in [17].

It was already pointed out in [15] that the Yang-Mills heat flow on 4−manifolds
behaves similarly as the degree 2 harmonic map heat flow. In [34], Schlatter and
Struwe showed that the Yang-Mills heat flow of SO(4)-equivariant connections on
a SU(2)-bundle over a ball in R4 admits a smooth solution for all times using
the super/sub solution method for two dimensional harmonic map flow developed
in [7]. The infinite time bubbling under radially symmetric assumptions was proved
in Chapter 4 of [42].

In this paper, we prove the existence of infinite time blow-up solutions on the
trivial bundle R4 × SU(2) without symmetry assumptions. Even more, we also
prove the existence of bubble-tower solutions as t → +∞. To state our result,
let us recall the well known BPST/ADHM instantons. We identify the field of
quaternions H

x = x1 + x2i+ x3j + x4k ∈ H
with elements of R4. Then the following algebraic properties hold:

i2 = j2 = k2 = −1, ij = k = −ji, jk = i = −kj, ki = j = −ik

and

x̄ = x1−x2i−x3j−x4k, |x|2 = x2
1 +x2

2 +x2
3 +x2

4 = x · x̄, Imx = x2i+x3j+x4k.

It is well known that there is an isomorphism between the Lie algebra su(2) of the
structure group SU(2) and ImH. Note that

dx ∧ dx̄ = (dx1 + idx2 + jdx3 + kdx4) ∧ (dx1 − idx2 − jdx3 − kdx4)

= −2 [i(dx1 ∧ dx2 + dx3 ∧ d4) + j(dx1 ∧ dx3 + dx4 ∧ d2)

+k(dx1 ∧ dx4 + dx2 ∧ d3)]

forms a basis for a self-dual 2-form. Considering B(x) = Im(f(x, x̄)dx̄), it was
pointed out by Polyakov that, when f(x, x̄) = x

1+|x|2 , then B is nontrivial self-dual

instanton (a solution of the Yang-Mills equations) on the bundle E = R4 × SU(2).
In this case, one has

B(x) = Im

(
x

1 + |x|2
dx̄

)
, FB =

dx ∧ dx̄
(1 + |x|2)2

.

See the references [2] and [5].
Our first result is the infinite time bubbling at one point for the flow (1.1):

Theorem 1. Let q be a point in R4. There exist an initial datum A0(x), A0 ∈
H1(R4) ∩ C(R4) and smooth functions ξ(t) → q, 0 < µ(t) → 0, as t → +∞, such
that the solution A(x, t) to (1.1) has the following form modulo a gauge transfor-
mation,

A(x, t) = A∗(x) + Im

(
x− ξ(t)

µ(t)2 + |x− ξ(t)|2
dx̄

)
+ ϕ(x, t), (1.2)

where A∗(x) = −Im
(

x−q
1+|x−q|2 dx̄

)
. As t→ +∞, the differential 1-forms ϕ(x, t)→

0 uniformly away from the blow-up point q. Moreover, the parameter µ(t) decays
to 0 exponentially.
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In his thesis [42], Waldron proved the existence of infinite time blowing-up so-
lutions for (1.1) in the SO(4)-equivariant case. The method of [42] is based on the
scheme of Raphael and Schweyer [31]. The proof of Theorem 1 (and Theorem 2
below) is based on the inner-outer parabolic gluing method developed in [8] and [9];
we do not need the SO(4)-equivariant assumption in Theorem 1 and this is a main
achievement of our paper . Furthermore, we would like to emphasize that it was
believed that the Yang-Mills flow would be generally converging at +∞ towards
a Yang-Mills connection. These constructions show that this is generally not the
case. Theorem 1 is also valid in the multiple bubble case after minor modifications
of the proof.

The heat flow is not the only relevant time-dependent equations for Yang-Mills
connections. In a series of important papers, Oh and Tataru considered the energy-
critical hyperbolic Yang-Mills flow where the heat operator is replaced by the wave
one. They provide a complete picture of global-wellposedness vs finite-time blow-up
(the so-called Threshold conjecture). See [29], [27], [25], [28], [26] and references
therein. Note that the solution in (1.2) has the same form as the one in Theorem
6.1 of [27], Theorem 1.3 of [32] and Theorem 1.2 of [33].

More precisely, there exist sequences Rk ↘ 0, xk → q, tk ↗ +∞, such that the
solutions have the following asymptotic form

Ak(x) = d+RkA(xk +Rkx, tk)→ A∞, k →∞,

modulo a gauge transformation in H1,2
loc , where A∞ is a Yang-Mills connection on

R4.

The bubble tower solutions of Yang-Mills heat flow. We also construct
a completely new solution in large times for the flow (1.1). Now we restrict our-
selves to SO(4)-equivariant solutions of (1.1), which means that we assume that
the connection A takes the form

A(x, t) = Im(
x

2r2
ψ(r, t)dx̄)

r = |x| ( see e.g. [15] and [34]). In this case the equation (1.1) reduces to

∂

∂t
ψ = ψrr +

1

r
ψr −

2

r2
(ψ − 1)(ψ − 2)ψ. (1.3)

Then we prove the following

Theorem 2. (1) There exists a solution of (1.3) having the following form

ψ(r, t) =
2r2

µ2(t)2 + r2
− ψ1(r, t) + ϕ2(r, t).

Here ψ1(r, t) is the (one-)bubble solution of (1.3) constructed in Theorem 1 with
form

ψ1(r, t) = − 2r2

1 + r2
+

2r2

µ1(t)2 + r2
+ ϕ1(r, t).

Moreover, we have the following estimates as t→ +∞:

µ1(t) ∼ e−c1t

and

µ2(t) ∼ e−
c∗e2c1t

2c1
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for some constants c1 > 0 and c∗ > 0. Furthermore one has of course that
ϕ1(r, t)→ 0 and ϕ2(r, t)→ 0 as t→ +∞, uniformly away from the point r = 0.

Equivalently, we have
(2) There exists a solution A(x, t) to (1.1) of the form

A(x, t) = Im

(
x

µ2(t)2 + |x|2
dx̄

)
−A1(x, t) + +ϕ̃2(x, t)

with ϕ̃2(x, t) = Im
(
x

2r2ϕ2(r, t)dx̄
)

and A1(x, t) is the one bubble solution of (1.1)
constructed in Theorem 1; A1(x, t) has the following form

A1(x, t) = −Im
(

x

1 + |x|2
dx̄

)
+ Im

(
x

µ1(t)2 + |x|2
dx̄

)
+ ϕ̃1(x, t),

Moreover, the parameters satisfy µ1(t) ∼ e−c1t and µ2(t) ∼ e−
c∗e2c1t

2c1 as t → +∞,
c1 > 0 for some constants c1, c∗ > 0. The 1-forms ϕ̃1(x, t) → 0 and ϕ̃2(x, t) → 0
as t→ +∞, uniformly away from the point r = 0.

Theorem 2 is new even in the SO(4)-equivariant case. If we use the transforma-
tion ψ̄ = r−2ψ, then (1.3) becomes the following heat equation

∂

∂t
ψ̄ = ψ̄rr +

5

r
ψ̄r + (6− 2r2ψ̄)ψ̄2 (1.4)

with steady solution ψ̄0(r) = 2
r2+λ2 . (1.4) is an evolution ODE, which enjoys very

similar properties as the six-dimensional energy critical heat equation. However,
despite this analogy, the constructions in [10] and [21] for the nonlinear heat equa-
tion are designed to handle space dimensions ≥ 7. The estimates for the outer
problem (which is the main difficulty in the construction of bubble-tower solutions)
are very hard to apply to the six-dimensional case since the blow-up dynamics are
exponential. Our new idea to adjust the bubble with respect to the exact solution
constructed in Theorem 1. This gives us a uniform scaling parameter for the outer
problem. Using this idea, we write the first approximation of ψ̄(r, t) as

Ū(r, t) = U∗(r, t) +

(
2

r2
− 1

µ2(t)2
U

(
r

µ2(t)

))
with

U(r) =
2

r2 + 1
and U∗(r, t) is the one bubble solution of (1.4) constructed in Theorem 1. Then we
use the inner-outer gluing scheme which gives us a solution of (1.4) with form

ψ̄(r, t) = U∗(r, t) +

(
2

r2
− 1

µ2(t)2
U

(
r

µ2(t)

))
+ ϕ2(r, t).

Observe that 2
r2 − ψ̄(r, t) is also a solution of (1.4) and this solution has the form

2

r2
− ψ̄(r, t) = −U∗(r, t) +

1

µ2(t)2
U

(
r

µ2(t)

)
− ϕ2(r, t),

which is the desired solution.

The main difficulty and the Donaldson-De Turck trick for Yang-Mills
heat flow. As mentioned above, the gauge group consists of all smooth maps from
M into G ⊂ SO(4). The Yang-Mills equations are gauge-invariant, making them
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non-elliptic. Another feature is that for any connection A, there exists a gauge
transformation S such that S(A) is a Coulomb gauge, e.g.

∑
i ∂iAi = 0, see [39].

A way to fix the gauge is to consider the Coulomb gauge which turns the equations
into a strongly elliptic system of the form

∆Aα + terms involving only lower-order derivatives of Ai = 0,

where ∆A is the Bochner laplacian. In the case of the heat flow, one needs to write
the gradient flow of the functional YM in a gauge-invariant fashion.

We describe now the argument in Section 4 of [35] (see also [11], [12] and [13])
which relies on a version of De Turck’s trick for Ricci flow . For T ∈ (0,+∞], let
A1 be a smooth connection and suppose that A = A1 + ϕ is a smooth solution of
the following Cauchy problem

∂A

∂t
+D∗AFA +DAD

∗
Aϕ = 0 on M × (0, T ),

A(0) = A0.
(1.5)

Through the identification

s = S−1 ◦ d
dt
S = −D∗Aϕ,

the solution ϕ = ϕ(t) generates a family of gauge transformations S that can be
readily recovered by solving the initial value problem

d

dt
S = S ◦ s, S(0) = id.

Define Ã := (S−1)∗A, then the connection Ã is a smooth solution of the Yang-Mills
gradient flow 

∂Ã

∂t
+D∗

Ã
FÃ = 0 on M × (0, T ),

Ã(0) = A0.

(1.6)

On the other hand, if Ã is a solution of the Yang-Mills gradient flow (1.6), then the

connection defined by A := S∗Ã is a solution of the Cauchy problem (1.5).
Furthermore, the connection A−A1 belongs to the space C(M × [0, T ), T ∗M ⊗

g) ∩ C∞(M × (0, T ), T ∗M ⊗ g) if and only if the same is true for the connection

Ã − A1. If the initial connection A0 is of class C∞ , then the connection A − A1

belongs to the space C∞(M × [0, T ), T ∗M ⊗ g) if and only if the same is true for

the connection Ã−A1. See Lemma 20.3 in [13] for more regularity results.

2. The Approximation

2.1. BPST/ADHM instantons. Recall the following notations. We use the
quaternions

x = x1 + x2i+ x3j + x4k ∈ H

for elements of R4. One can then construct an instanton (see [2], [5]) by considering

B(x) = Im

(
x

1 + |x|2
dx̄

)
, FB =

dx ∧ dx̄
(1 + |x|2)2

.
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We recall that dx ∧ dx̄ is defined by

dx ∧ dx̄ = (dx1 + idx2 + jdx3 + kdx4) ∧ (dx1 − idx2 − jdx3 − kdx4)

= −2 [i(dx1 ∧ dx2 + dx3 ∧ d4) + j(dx1 ∧ dx3 + dx4 ∧ d2)

+k(dx1 ∧ dx4 + dx2 ∧ d3)] .

Let us write

B =

4∑
i=1

Bidxi, F =
∑
i<j

Fijdxi ∧ dxj ,

then we have

B1(x) = Im

(
x

1 + |x|2

)
=
x2i+ x3j + x4k

1 + |x|2
,

B2(x) = Im

(
−xi

1 + |x|2

)
=
−x1i+ x3k − x4j

1 + |x|2
,

B3(x) = Im

(
−xj

1 + |x|2

)
=
−x1j − x2k + x4i

1 + |x|2
,

B4(x) = Im

(
−xk

1 + |x|2

)
=
−x1k + x2j − x3i

1 + |x|2
.

Based on this solution, ’t Hooft constructed the following 5−parameter family of
solutions of the Yang-Mills equation:

Bµ,ξ(x) = Im

(
x− ξ

µ2 + |x− ξ|2
dx̄

)
, µ ∈ R, ξ ∈ H,

with curvature

FBµ,ξ =
µ2dx ∧ dx̄

(µ2 + |x− ξ|2)2
.

It was proved by Atiyah-Hitchin-Singer [3,4] that these are all the self-dual solutions
of Yang-Mills in the first Pontrjagin class. The explicit form of Bµ,ξ and FBµ,ξ are:

(Bµ,ξ)1 = Im

(
x− ξ

µ2 + |x− ξ|2

)
=

(x2 − ξ2)i+ (x3 − ξ3)j + (x4 − ξ4)k

µ2 + |x− ξ|2
,

(Bµ,ξ)2 = Im

(
−(x− ξ)i

µ2 + |x− ξ|2

)
=
−(x1 − ξ1)i+ (x3 − ξ3)k − (x4 − ξ4)j

µ2 + |x− ξ|2
,

(Bµ,ξ)3 = Im

(
−(x− ξ)j
µ2 + |x− ξ|2

)
=
−(x1 − ξ1)j − (x2 − ξ2)k + (x4 − ξ4)i

µ2 + |x− ξ|2
,

(Bµ,ξ)4 = Im

(
−(x− ξ)k
µ2 + |x− ξ|2

)
=
−(x1 − ξ1)k + (x2 − ξ2)j − (x3 − ξ3)i

µ2 + |x− ξ|2
.

See [1] and [14] for more details and some background.
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2.2. The linearized operator. The full form of the stationary Yang-Mills equa-
tion is

∆Bj−
4∑
i=1

∂i∂jBi+

4∑
i=1

[∂iBi, Bj ]+

4∑
i=1

[Bi, ∂iBj ]+

4∑
i=1

[Bi, ∂iBj−∂jBi+[Bi, Bj ]] = 0

(2.1)
for j = 1, · · · , 4.

We denote the linearized equation at the BPST/ADHM instanton as LB . This

is not an elliptic operator because of the term
∑4
i=1 ∂i∂jφi. By the Donaldson-

De Turck trick explained in the introduction, we consider the following modified
linearized operator

L[φ] := LBφ+DBD
∗
Bφ = ∇∗B∇Bφ− 2 ∗ [∗FB , φ]. (2.2)

The operator LBφ+DBD
∗
Bφ is now (strongly) elliptic. If we write LBφ+DBD

∗
Bφ =∑4

i=1 Li[φ]dxi, then the elliptic linearized operator at the BPST/ADHM instanton
is

Li[φ] := ∆φj −
4∑
i=1

∂i∂jφi +

4∑
i=1

[∂iφi, Bj ] +

4∑
i=1

[∂iBi, φj ]

+

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]]

+ ∂j

(
4∑
i=1

∂iφi +

4∑
i=1

[Bi, φi]

)
+ [Bj ,

4∑
i=1

∂iφi +

4∑
i=1

[Bi, φi]]

= ∆φj +

4∑
i=1

[∂iBi, φj ]

+

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]] +

4∑
i=1

[Bj , [Bi, φi]]

+

4∑
i=1

∂j [Bi, φi]

(2.3)

for j = 1, · · · , 4.
The elements in the kernel of this operator are (see [6])

Z0
1 = 2

x2i+ x3j + x4k

(1 + |x|2)2
, Z0

2 = 2
−x1i+ x3k − x4j

(1 + |x|2)2
,

Z0
3 = 2

−x1j − x2k + x4i

(1 + |x|2)2
, Z0

4 = 2
−x1k + x2j − x3i

(1 + |x|2)2

and

Z1
1 = 0, Z1

2 =
2i

(1 + |x|2)2
, Z1

3 =
2j

(1 + |x|2)2
, Z1

4 =
2k

(1 + |x|2)2
,
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Z2
1 =

−2i

(1 + |x|2)2
, Z2

2 = 0, Z2
3 =

2k

(1 + |x|2)2
, Z2

4 =
−2j

(1 + |x|2)2
,

Z3
1 =

−2j

(1 + |x|2)2
, Z3

2 =
−2k

(1 + |x|2)2
, Z3

3 = 0, Z3
4 =

2i

(1 + |x|2)2
,

Z4
1 =

−2k

(1 + |x|2)2
, Z4

2 =
2j

(1 + |x|2)2
, Z4

3 =
−2i

(1 + |x|2)2
, Z4

4 = 0,

Z5
1 = x1F12 + x3F14 − x4F13, Z5

2 = −x2F21 + x3F24 − x4F23,

Z5
3 = x1F32 − x2F31 + x3F34, Z5

4 = x1F42 − x2F41 − x4F43,

Z6
1 = x1F13 + x2F14 − x4F12, Z6

2 = x1F23 − x3F21 + x2F24,

Z6
3 = −x3F31 + x2F34 − x4F32, Z6

4 = x1F43 − x3F41 − x4F42,

Z7
1 = x1F14 + x2F13 − x3F12, Z7

2 = x1F24 − x4F21 + x2F23,

Z7
3 = x1F34 − x4F31 − x3F32, Z7

4 = −x4F41 + x2F43 − x3F42.

Here we have used the notation Zi =
∑4
j=1 Z

i
jdxj . Note that |Z0| ∼ 1

|x|3 and

|Zi| ∼ 1
|x|4 as |x| → +∞, i = 1, 2, 3, 4. There are also three kernel Zi, i = 5, 6, 7,

with decays like 1
|x|3 at infinity due to gauge invariance; these kernels can be written

as

FB

(
θρσxσ

∂

∂xρ
, ·
)

for some θ is a suitable 2-form. See Proposition 2.7 in [6].
As we explained in the elliptic case, we consider the following modified parabolic

linearized operator at the BPST/ADHM instanton,

∂tφj = ∆φj +

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]]

+ ∂j

4∑
i=1

[Bi, φi] +

4∑
i=1

[Bj , [Bi, φi]]

(2.4)

for j = 1, · · · , 4. We denote

L̃i[φ] :=

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]]

+ ∂j

4∑
i=1

[Bi, φi] +

4∑
i=1

[Bj , [Bi, φi]].

Also we define the nonlinear term as

Nj [φ] : =

4∑
i=1

[φi, ∂iφj ] +

4∑
i=1

[φi, ∂iφj − ∂jφi + [φi, Bj ]]

+

4∑
i=1

[φi, ∂iφj − ∂jφi + [Bi, φj ]] +

4∑
i=1

[Bi, [φi, φj ]] +

4∑
i=1

[φi, [φi, φj ]]
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and N [φ] =
∑4
j=1Nj [φ]dxj .

2.3. The ansatz. For µ(t) ∈ R+, ξ(t) ∈ R4, we define the approximate solution as
follows

Aµ,ξ,θ(x, t) : = B∗µ,ξ(x, t) + FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

(2.5)

with

B∗µ,ξ(x, t) = Bµ,ξ(x, t)−B1,q(x) = Im

(
x− ξ(t)

µ(t)2 + |x− ξ(t)|2
dx̄

)
−Im

(
x− q

1 + |x− q|2
dx̄

)
and θ(t) a suitable 2-form.

Denoting B∗µ,ξ(x, t) =
∑4
i=1B

∗
µ,ξ,i(x, t)dxi, we have

B∗µ,ξ,1(x, t) =
(x2 − ξ2(t))i+ (x3 − ξ3(t))j + (x4 − ξ4(t))k

µ(t)2 + |x− ξ(t)|2

− (x2 − q2)i+ (x3 − q3)j + (x4 − q4)k

1 + |x− q|2
,

B∗µ,ξ,2(x, t) =
−(x1 − ξ1(t))i+ (x3 − ξ3(t))k − (x4 − ξ4(t))j

µ(t)2 + |x− ξ(t)|2

− −(x1 − q1)i+ (x3 − q3)k − (x4 − q4)j

1 + |x− q|2
,

B∗µ,ξ,3(x, t) =
−(x1 − ξ1(t))j − (x2 − ξ2(t))k + (x4 − ξ4(t))i

µ(t)2 + |x− ξ(t)|2

− −(x1 − q1)j − (x2 − q2)k + (x4 − q4)i

1 + |x− q|2
,

B∗µ,ξ,4(x, t) =
−(x1 − ξ1(t))k + (x2 − ξ2(t))j − (x3 − ξ3(t))i

µ(t)2 + |x− ξ(t)|2

− −(x1 − q1)k + (x2 − q2)j − (x3 − q3)i

1 + |x− q|2
.

In the sequel, we compute the contributions of each term involving Bµ,ξ in the
error:

−(Bµ,ξ)t = 2Im

(
x− ξ(t)

(µ(t)2 + |x− ξ(t)|2)2
dx̄

)
µ(t)µ̇(t) +

4∑
i=1

ξ̇i
µ2

(t)Zi(y)|
y=

x−ξ(t)
µ(t)

And the linear error of FBµ,ξ

(
θρσ(t)(x− ξ(t))σ ∂

∂xρ
, ·
)

can be computed as follows,

(−∂t + LBµ,ξ)
(
FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
))

= −∂t
(
FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
))

= −FBµ,ξ
(
θ̇ρσ(t)(x− ξ(t))σ

∂

∂yρ
, ·
)

+ FBµ,ξ

(
θρσ(t)ξ̇(t)σ

∂

∂yρ
, ·
)
− ∂

∂µ
FBµ,ξ µ̇

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

− ∂

∂ξ
FBµ,ξ ξ̇

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)
.
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2.4. Improvement of the error. The key point of this paper is solving the lin-
earized problem near the blow-up point with the error of approximation solution
as a perturbation term. From the linear theory for the inner problem (see Proposi-
tion 3.1), we need an approximate solution with error decaying faster than 1

|x|3 at

infinity.
Observe that the terms −(Bµ,ξ)t and

(−∂t + LBµ,ξ)
(
FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
))

decay like 1
|x|3 as |x| → +∞. Inspired by ideas of [9], we improve the approximation

by adding nonlocal terms to cancel the main part of the error for Aµ,ξ,θ.
The main terms in −(Bµ,ξ)t and

(−∂t + LBµ,ξ)
(
FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
))

are

2Im

(
x− ξ(t)

(µ(t)2 + |x− ξ(t)|2)2
dx̄

)
µ(t)µ̇(t) + FBµ,ξ

(
θ̇ρσ(t)(x− ξ(t))σ

∂

∂yρ
, ·
)

=
µ̇(t)

µ(t)2
Z0(y)|

y=
x−ξ(t)
µ(t)

+ FBµ,ξ

(
θ̇ρσ(t)(x− ξ(t))σ

∂

∂yρ
, ·
)
.

We look for a differential 1-form Φ(x, t) that satisfies the following equation

− Φ(x, t)t + (d∗d+ dd∗)Φ(x, t) + 2Im

(
x− ξ(t)

(µ(t)2 + |x− ξ(t)|2)2
dx̄

)
µ(t)µ̇(t)

+ FB

(
θ̇ρσ(t)(x− ξ(t))σ

∂

∂yρ
, ·
)

= 0 in R4 × (t0,+∞)

at main order. Set Φ(x, t) := Φ0(x, t) + Φ1(x, t),

Φ0(x, t) := Im
(

(x− ξ(t))ψ(0)(z(r̃), t)
)
dx̄,

Φ1(x, t) := dx ∧ dx̄
(
ψ(ρσ)(z, t)(x− ξ(t))σ

∂

∂xρ
, ·
)
,

z(r̃) =
(
r̃2 + µ2

) 1
2 , r̃ = |x− ξ|, where ψ(0)(z, t) and ψ(ρσ)(z, t) satisfies

ψ
(0)
t = ψ(0)

zz +
5ψ

(0)
z

z
+
p(0)(t)

z4
, p(0)(t) = 2µ(t)µ̇(t), (2.6)

ψ
(ρσ)
t = ψ(ρσ)

zz +
5ψ

(ρσ)
z

z
+
p(ρσ)(t)

z4
, p(ρσ)(t) = θ̇ρσ(t), (2.7)

which are the radially symmetric forms of an inhomogeneous linear heat equation
in R6. By the Duhamel’s principle, we know that

ψ(0)(z, t) =

∫ t

t0

(2µ(s̃)µ̇(s̃)) k1(t− s̃, z)ds̃,

ψ(ρσ)(z, t) =

∫ t

t0

(
θ̇ρσ(s̃)

)
k1(t− s̃, z)ds̃
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provide bounded solutions for (2.6) and (2.7) respectively; here k1(t, z) =
1−e−

z2

4t (1+ z2

4t )

z4 .
Then we define an improved approximation as

A∗µ,ξ,θ = Aµ,ξ,θ + Φ0 + Φ1.

Now the linear error E∗ of A∗µ,ξ,θ becomes

− (Bµ,ξ)t+(−∂t+LBµ,ξ)
(
B1,q + FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
))

+(−∂t+LBµ,ξ)(Φ0+Φ1).

Then further computations give us the following

E∗ = − (Bµ,ξ)t + (−∂t + LBµ,ξ)
(
B1,q + FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

+ Φ0 + Φ1

)
= −L̃i[B1,q] + L̃i[Φ0] + L̃i[Φ(1)

1 ] + L̃i[Φ(2)
1 ] + L̃i[Φ(3)

1 ] +

4∑
j=1

ξ̇j(t)Z
j(y)|

y=
x−ξ(t)
µ(t)

+ dx ∧ dx̄
(
ψ(ρσ)(z, t)ξ̇(t)σ

∂

∂xρ
, ·
)

+ dx ∧ dx̄

(
∂zψ

(ρσ)(z, t)(x− ξ(t))σ
2(x− ξ) · ξ̇ − 2µµ̇

z

∂

∂xρ
, ·

)

+ FBµ,ξ

(
θρσ(t)ξ̇(t)σ

∂

∂yρ
, ·
)
− ∂

∂µ
FBµ,ξ µ̇

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

− ∂

∂ξ
FBµ,ξ ξ̇

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

:=

4∑
i=1

E∗i dxi.

Here

Φ
(1)
1 = dx ∧ dx̄

(
ψ(12)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(34)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
,

Φ
(2)
1 = dx ∧ dx̄

(
ψ(13)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(24)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
,

Φ
(3)
1 = dx ∧ dx̄

(
ψ(14)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(23)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
.

We refer the reader to the Appendix for the computations of the terms L̃i[B1,q],

L̃i[Φ0], L̃i[Φ(1)
1 ], L̃i[Φ(2)

1 ], L̃i[Φ(3)
1 ].

2.5. The blow-up rate. We compute∫
R4

4∑
i=1

E∗i · Z0
i dx = 144

1

µ(t)

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃− 24π2

µ
,

where

Ω(τ) =

∫ +∞

0

Γ (τ)
ρ2

(1 + ρ2)4
ρ3dρ =

∫ +∞

0

1− e−τ
ρ2+1

4 (1 + τ ρ
2+1
4 )

(ρ2 + 1)2

ρ2

(1 + ρ2)4
ρ3dρ.

The blow-up rate is determined by the equation,∫
R4

4∑
i=1

E∗i · Z0
i dx ≈ 0,



14 Y. SIRE, J. WEI, AND Y. ZHENG

which reduces to

144
1

µ(t)

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃− 24π2

µ
≈ 0.

We claim that by choosing µ = e−κ0t for suitable κ0 > 0, we have

144

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃ = −144Ξκ0(1 + o(1)) (2.8)

for a constant Ξ < 0. Indeed, for a small constant δ > 0, we decompose the integral∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

into ∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃ =

∫ t−δ

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

+

∫ t

t−δ

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃ := I1 + I2.

For the term I1, t− s̃ > δ, we have the following estimate

0 ≤ −I1 ≤ κ0

∫ t−δ

t0

µ(s̃)2

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃ ≤ Cκ0

δ

∫ t−δ

t0

∣∣∣∣∣ (t− s̃)
1
2

µ(s̃)

∣∣∣∣∣
−2

ds̃

=
C

δ2

(
e−2κ0t0−e−2κ0(t−δ)

)
≤ C

δ2
e−2κ0t0 .

For the term I2 =
∫ t
t−δ

µ(s̃)µ̇(s̃)

(t−s̃)2 Ω
(
µ(s̃)2

t−s̃

)
ds̃, we use change of variables (t−s̃)

1
2

µ(s̃) = ŝ,

then it holds that

ds̃ = − µ(s̃)
1
2 (t− s̃)− 1

2 + µ̇(s̃)ŝ
dŝ

and

I2 =

∫ t

t−δ

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

=

∫ δ
1
2

µ(t−δ)

0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
1

ŝ2

)
µ(s̃)

1
2 (t− s̃)− 1

2 + µ̇(s̃)ŝ
dŝ.

Note that for δ > 0 small enough, 1
2 (t − s̃)− 1

2 + µ̇(s̃)ŝ = 1
2 (t − s̃)− 1

2 (1 − 2κ0) >
1
2 (t− s̃)− 1

2 (1− 2κδ), ds̃ = µ(s̃)

1
2 (t−s̃)−

1
2

(1 +O(δ))dŝ, therefore it holds that

I2 = −2κ0

∫ δ
1
2

µ(t−δ)

0

1

ŝ3
Ω

(
1

ŝ2

)
dŝ+ o(1)

 = −Ξκ0 + o(1)

if δ
1
2

µ(t−δ) is sufficiently large. Here Ξ =
∫∞

0
Ω(s)ds ∈ (−∞, 0). Therefore we have

144

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃ = −144Ξκ0(1 + o(1))
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if t0 is large enough. This proves (2.8). From (2.8), we know that one can choose
the main order term of µ(t) as

µ0 = e−κ0t with κ0 = − π
2

6Ξ
.

Similarly, we have
ξ̇ ≈ 0, θ̇ρσ(t) ≈ 0.

Therefore, we choose we choose ξ0 = 0 and θ0
ρσ(t) = 0.

2.6. The final ansatz. Let us fix the parameter functions µ0(t), ξ0(t) defined in
the previous subsection. Then we write

µ(t) = µ0(t) + λ(t).

We will find a small solution ϕ of

E∗ − ∂tϕ+ LBµ,ξ(ϕ) +N [A∗µ,ξ,θ −Bµ,ξ + ϕ] = 0 (2.9)

with Aµ,ξ,θ defined in (2.5). In other words, let t0 > 0, the connection

A(x, t) = A∗µ,ξ,θ(x, t) + ϕ(x, t)

will solve the problem{
∂A
∂t = −D∗AFA +DAD

∗
A

(
A∗µ,ξ,θ −Bµ,ξ + ϕ

)
in R4 × [t0,∞),

A(·, t0) = A0 in R4

when t0 is sufficiently large. Then we use the Donaldson-De Turck trick described
at the end of the introduction to obtain a solution of (1.1).

2.7. The inner-outer gluing system. Let η0(s) be a smooth cut-off function
satisfying η0(s) = 1 for s < 1 and η0(s) = 0 for s > 2. We define a sufficiently large
constant of form

R = eρt0

for a sufficiently small positive real number ρ. Set

ηR(x, t) := η0

(
|x− ξ(t)|
Rµ0(t)

)
.

We consider ϕ(x, t) with following form

ϕ(x, t) = ηRφ̃(x, t) + ψ(x, t) (2.10)

for a 1-form φ̃(x, t) = φ
(
x−ξ(t)
µ0(t) , t

)
and φ(·, t0) = 0. Let us recall that (2.9) can be

expressed explicitly by

∂tϕj = ∆ϕj +

4∑
i=1

[∂iBi, ϕj ]

+

4∑
i=1

[ϕi, ∂iBj ] +

4∑
i=1

[Bi, ∂iϕj ] +

4∑
i=1

[ϕi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iϕj − ∂jϕi + [ϕi, Bj ] + [Bi, ϕj ]] +

4∑
i=1

[Bj , [Bi, ϕi]]

+

4∑
i=1

∂j [Bi, ϕi] +Nj [A
∗
µ,ξ,θ −Bµ,ξ + ϕ] + E∗j
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with

E∗ = − (Bµ,ξ)t + (−∂t + LBµ,ξ)
(
B1,q + FBµ,ξ

(
θρσ(t)(x− ξ(t))σ

∂

∂xρ
, ·
)

+ Φ0 + Φ1

)
:=

4∑
i=1

E∗i dxi.

and

Nj [A
∗
µ,ξ,θ −Bµ,ξ + ϕ]

:=

4∑
i=1

[ϕi, ∂iϕj ] +

4∑
i=1

[ϕi, ∂iϕj − ∂jϕi + [ϕi, Aµ,ξ,θ,j −Bµ,ξ,j + Φ0,j + Φ1,j ]]

+

4∑
i=1

[ϕi, ∂iϕj − ∂jϕi + [Aµ,ξ,θ,i −Bµ,ξ,i + Φ0,i + Φ1,i, ϕj ]]

+

4∑
i=1

[Aµ,ξ,θ,i −Bµ,ξ,i + Φ0,i + Φ1,i, [ϕi, ϕj ]] +

4∑
i=1

[ϕi, [ϕi, ϕj ]].

(2.11)
Then ϕ defined in (2.10) solves (2.6) if the pair (φ, ψ) satisfies the following system
of parabolic equations

µ2
0(t)∂tφj = ∆φj +

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]] + ∂j

4∑
i=1

[Bi, φi] +

4∑
i=1

[Bj , [Bi, φi]]

+ µ3
0

4∑
i=1

[ψi, ∂iBj ] + µ3
0

4∑
i=1

[Bi, ∂iψj ] + µ3
0

4∑
i=1

[ψi, ∂iBj − ∂jBi + [Bi, Bj ]]

+ µ3
0

4∑
i=1

[Bi, ∂iψj − ∂jψi + [ψi, Bj ] + [Bi, ψj ]] + µ3
0∂j

4∑
i=1

[Bi, ψi]

+ µ3
0

4∑
i=1

[Bj , [Bi, ψi]] + µ3
0E∗j (ξ + µ0y, t) in B2R × [t0,+∞),

(2.12)
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and

∂tψj = ∆ψj + (1− ηR)

4∑
i=1

[ψi, ∂iBµ,ξ,j ] + (1− ηR)

4∑
i=1

[Bµ,ξ,i, ∂iψj ]

+ (1− ηR)

4∑
i=1

[ψi, ∂iBµ,ξ,j − ∂jBµ,ξ,i + [Bµ,ξ,i, Bµ,ξ,j ]]

+ (1− ηR)

4∑
i=1

[Bµ,ξ,i, ∂iψj − ∂jψi + [ψi, Bµ,ξ,j ] + [Bµ,ξ,i, ψj ]]

+ (1− ηR)∂j

4∑
i=1

[Bµ,ξ,i, ψi] + (1− ηR)

4∑
i=1

[Bµ,ξ,j , [Bµ,ξ,i, ψi]]

+Nj [A
∗
µ,ξ,θ −Bµ,ξ + ϕ] + (1− ηR)E∗j (x, t)

+∇ηR∇φ̃j + φ̃j
(
∆− ∂t

)
ηR in R4 × [t0,+∞).

(2.13)

for j = 1, · · · , 4.

3. Proof of the main theorem

3.1. The inner problem. To find a pair of solutions (φ, ψ) satisfying the inner
problem (2.12) and the outer problem (2.13), we rewrite the inner problem (2.12)
as

µ2
0(t)∂tφj = Lj [φ] +Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t), y ∈ B2R(0) (3.1)

for j = 1, 2, 3, 4 and t ≥ t0, where Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t) is defined by

Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ] := µ3
0

4∑
i=1

[ψi, ∂iBj ] + µ3
0

4∑
i=1

[Bi, ∂iψj ]

+ µ3
0

4∑
i=1

[ψi, ∂iBj − ∂jBi + [Bi, Bj ]]

+ µ3
0

4∑
i=1

[Bi, ∂iψj − ∂jψi + [ψi, Bj ] + [Bi, ψj ]]

+ µ3
0∂j

4∑
i=1

[Bi, ψi] + µ3
0

4∑
i=1

[Bj , [Bi, ψi]]

+ µ3
0E∗j (ξ + µ0y, t).

(3.2)

We use change of variables

t = t(τ),
dt

dτ
= µ2

0(t);

it is easy to see that the inner problem (3.1) becomes

∂τφj = Lj [φ] +Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ)) (3.3)

for y ∈ B2R(0), τ ≥ τ0. Here τ0 the unique positive number satisfying t(τ0) = t0.
We will find a solution φ to the following problem{

∂τφj = Lj [φ] +Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ)), y ∈ B2R(0), τ ≥ τ0,
φj(y, τ0) = 0, y ∈ B2R(0), j = 1, 2, 3, 4.

(3.4)
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We will prove that problem (3.4) is solvable for φ when ψ is in some weighted spaces
and the parameters λ, ξ, θ are chosen so that the right hand side

Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))

of (3.4) satisfies the following L2−orthogonality conditions∫
B2R

4∑
i=1

Hi[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))Zli(y)dy = 0, (3.5)

for all τ ≥ τ0, l = 0, 1, 2, · · · , 7. To obtain a solution φ, we apply the Schauder
fixed-point theorem. First, we need a linear theory for problem (3.4).

For R > 0, let us consider the following initial value problem{
∂τφj = Lj [φ] + hj(y, τ), y ∈ B2R(0), τ ≥ τ0,
φ(y, τ0) = 0.

(3.6)

We define the weighted norm for a differential form h =
∑4
j=1 hjdxj as follows,

‖h‖α,ν =

4∑
j=1

‖hj‖α,ν with ‖hj‖α,ν := sup
τ>τ0

sup
y∈B2R

τν(1 + |y|α)|hj(y, τ)|.

Then we have the following estimates for problem (3.6).

Proposition 3.1. Suppose α > 0, ν > 0, ‖h‖3+α,ν < +∞ and∫
B2R

4∑
i=1

hi(y)Zli(y)dy = 0 for all τ ∈ (τ0,∞), l = 0, 1, · · · , 7.

Then there exist a differential 1-form φ = φ[h](y, τ) satisfying problem (3.6). For
τ ∈ (τ0,+∞), y ∈ B2R(0), it holds that

(1 + |y|)|∇yφj(y, τ)|+ |φj(y, τ)| . τ−ν(1 + |y|)−1−α‖h‖3+α,ν j = 1, 2, 3, 4.

(3.7)

The proof of Proposition 3.1 will be given in Section 4. Assuming that

‖ψ‖∗∗,1+σ,1+α ≤ ce−εt0

for some small ε > 0. Here ‖ψ‖∗∗,1+σ,1+α is the least M > 0 such that

|ψ(x, t)| ≤M


µ1+σ

0

1 + |y|1+α
, |y| =

∣∣∣∣x− ξµ0

∣∣∣∣ ≤ µ−1
0 ,

µ1+σ+1+α
0 , |y| =

∣∣∣∣x− ξµ0

∣∣∣∣ > µ−1
0 .

(3.8)

holds. Then we have the following estimates for Hj [λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t) in the
inner problem (3.4).

(1)∣∣∣∣∣µ3
0

4∑
i=1

[ψi, ∂iBj − ∂jBi + [Bi, Bj ]]

∣∣∣∣∣ . e−εt0‖ψ‖∗∗,1+σ,1+α
µ2+σ

0

1 + |y|3+α
. (3.9)

(2) ∣∣µ3
0E∗j (ξ + µ0y, t)

∣∣ . µ1+σ
0

1 + |y|4
. e−εt0

µ2+σ
0

1 + |y|3+α
. (3.10)
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(3) ∣∣∣∣∣µ3
0

4∑
i=1

[ψi, ∂iBj ]

∣∣∣∣∣ . e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|2
µ2+σ

0

1 + |y|1+α

. e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|3+α
µ2+σ

0 .

(3.11)

(4) ∣∣∣∣∣µ3
0

4∑
i=1

[Bi, ∂iψj ]

∣∣∣∣∣ . e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|
µ2+σ

0

1 + |y|2+α

. e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|3+α
µ2+σ

0 .

(3.12)

(5)∣∣∣∣∣µ3
0

4∑
i=1

[Bi, ∂iψj − ∂jψi + [ψi, Bj ] + [Bi, ψj ]]

∣∣∣∣∣
. e−εt0‖ψ‖∗∗,1+σ,1+α

1

1 + |y|2
µ2+σ

0

1 + |y|1+α
+ e−εt0‖ψ‖∗∗,1+σ,1+α

1

1 + |y|
µ2+σ

0

1 + |y|2+α

. e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|3+α
µ2+σ

0 .

(3.13)
(6)∣∣∣∣∣µ3
0∂j

4∑
i=1

[Bi, ψi]

∣∣∣∣∣
. e−εt0‖ψ‖∗∗,1+σ,1+α

1

1 + |y|2
µ2+σ

0

1 + |y|1+α
+ e−εt0‖ψ‖∗∗,1+σ,1+α

1

1 + |y|
µ2+σ

0

1 + |y|2+α

. e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|3+α
µ2+σ

0 .

(3.14)
(7) ∣∣∣∣∣µ3

0

4∑
i=1

[Bj , [Bi, ψi]]

∣∣∣∣∣ . e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|2
µ2+σ

0

1 + |y|1+α

. e−εt0‖ψ‖∗∗,1+σ,1+α
1

1 + |y|3+α
µ2+σ

0 .

(3.15)

3.2. The orthogonality conditions. To apply Proposition 3.1, we choose the
parameters λ, ξ and r satisfying the orthogonality conditions (3.5). Fix a σ ∈ (0, 1),
for a functional h(t) : (t0,∞) → Rk and positive number δ > 0, the weighted
L∞−norm is defined as follows,

‖h‖δ := ‖µ0(t)−δh(t)‖L∞(t0,∞).

In the following, α > 0 will always be a small constant. We also assume the
parameters λ, ξ, θ, λ̇, ξ̇ and θ̇ belong to the following sets,

‖λ̇(t)‖1+σ + ‖ξ̇(t)‖1+σ + ‖θ̇(t)‖1+σ ≤ c, (3.16)

‖λ(t)‖1+σ + ‖ξ(t)− q‖1+σ + ‖θ(t)‖1+σ ≤ c, (3.17)
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here c > 0 is a constant independent of R, t and t0. We define the norm ‖φ‖1+α,1+σ

of φ as the least number M > 0 such that the following estimate

(1 + |y|)|∇yφj(y, t)|+ |φj(y, t)| ≤M
µ2+σ

0

1 + |y|1+α
for j = 1, 2, 3, 4 (3.18)

holds. For some small ε > 0, we also suppose φ and ψ satisfy the constraints

‖φ‖1+α,2+σ ≤ ce−εt0 (3.19)

and

‖ψ‖∗∗,1+σ,1+α ≤ ce−εt0 ,

respectively. Then we have the following result.

Proposition 3.2. The orthogonality conditions (3.5) are equivalent to the system

λ̇+ 2κ0λ = Π0[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t),

ξ̇l = Πl[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t), l = 1, · · · , 4,

θ̇12 = µ−1
0 Π5[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t),

θ̇13 = µ−1
0 Π6[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t),

θ̇14 = µ−1
0 Π7[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t).

(3.20)

Here κ0 = − π2

6Ξ > 0; the right hand side terms of (3.20) can be written as

Πl[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t)

= e−εt0µ1+σ
0 (t)fl(t) + e−εt0Θl

[
λ̇, ξ̇, µ0θ̇, λ, (ξ − q), µ0θ, φ, µ0ψ

]
(t),

for l = 0, 1, · · · , 7, where fl(t) and Θl[· · · ](t) (l = 0, · · · , 7) are bounded smooth
functions for t ∈ [t0,∞).

Proof. Step 1. We compute the integral

∫
B2R

4∑
i=1

Hi[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))Z0
i (y)dy,

for H(y, t(τ)) defined in (3.2). Observe that the main contribution to this integral

comes from the term L̃[Φ0 −B1,q]. As we computed in Section 2.6, we have

∫
B2R

4∑
i=1

L̃i[Φ0 −B1,q]Z
0
i (y)dy = 144

1

µ(t)

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃− 24π2

µ
.
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Then using the arguments as in Section 2.6, we have

µ2

∫
B2R

4∑
i=1

L̃i[Φ0 −B1,q]Z
0
i (y)dy = 144µ

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃− 24π2µ

= µ144

∫ t

t0

µ0(s̃)µ̇0(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

+µ144

∫ t

t0

λ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃+ µ144

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω′
(
µ(s̃)2

t− s̃

)
2µ(s̃)λ(s̃)

t− s̃
ds̃

+µ144

∫ t

t0

µ(s̃)λ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

−24π2(µ0 + λ)

= µ144

∫ t

t0

λ(s̃)µ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

+µ144

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2 Ω′
(
µ(s̃)2

t− s̃

)
2µ(s̃)λ(s̃)

t− s̃
ds̃+ µ144

∫ t

t0

µ(s̃)λ̇(s̃)

(t− s̃)2 Ω

(
µ(s̃)2

t− s̃

)
ds̃

−24π2λ

= 144Ξκ0λ+ 144Ξλ̇− 24π2λ+O(λλ̇+ λ2).

The other terms in
∫
B2R

∑4
i=1Hi[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))Z0

i (y)dy can be dealt

with similarly. Thus we obtain the equation for λ.
Step 2. For j = 1, 2, 3, 4, we compute the integral∫

B2R

4∑
i=1

Hi[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))Zji (y)dy,

for H(y, t(τ)) defined in (3.2). Observe that the main contribution to this integral

comes from the term ξ̇i
µ2 (t)Zi(y)|

y=
x−ξ(t)
µ(t)

. Similarly to Step 1, we have

µ2

∫
B2R

4∑
j=1

ξ̇i
µ2

(t)Zij(y)Zij(y)dy = Πl[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t),

Thus we have the equation for ξi.
Step 3. For j = 5, we compute the integral∫

B2R

4∑
i=1

Hi[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))Z5
i (y)dy,

for H(y, t(τ)) defined in (3.2). Observe that the main contribution to this integral

comes from the term L̃[φ] with

Φ
(1)
1 = dx ∧ dx̄

(
ψ(12)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(34)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
.

As we computed in Section 2.5, we have

µ2

∫
B2R

4∑
i=1

L̃i[Φ(1)
1 ]Z5

i (y)dy = 144µ

∫ t

t0

θ̇12(s̃) + θ̇34(s̃)

(t− s̃)2
Ω

(
µ(s̃)2

t− s̃

)
ds̃

= Πl[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](t),
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Since θ satisfies θ12(t) = θ34(t), we thus have the equation for θ12. �

3.3. The outer problem. To apply the Schauder fixed-point theorem to the outer
problem (2.13) and obtain a solution ψ, we consider the following linear problem
first, {

∂tψ = ∆ψ + Vµ,ξ(x, t)ψ + f(x, t) in R4 × (t0,∞),

lim|x|→+∞ ψ(x, t) = 0 for all t ∈ (t0,∞),
(3.21)

where f(x, t) is a smooth function. Here Vµ,ξ ∼ (1− ηR)µ−2
0

1
1+|y|2 with y = x−ξ(t)

µ0(t) .

Using the heat kernel ( see e.g [47]), we know the function defined by

ψ(x, t) =

∫ +∞

t

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−z|2
s−t f(z, s)dzds, (3.22)

is a solution of (3.21); κ > 0 is a small constant. Now we assume that for α, β > 0,
f(x, t) satisfies the following estimate

|f(x, t)| ≤Mµ−2
0 (t)µβ0 (t)

1 + |y|2+α
, y =

x− ξ(t)
µ0(t)

(3.23)

and the least number M > 0 satisfying (3.23) is denoted as ‖f‖∗,β,2+α.

Proposition 3.3. Suppose ‖f‖∗,β,2+α < +∞ for some constants β > 0, α > 0.
Let ψ = ψ[f ] be the solution of (3.21) given by the Duhamel formula (3.22), then
it holds that

|ψ(x, t)| .


‖f‖∗,β,2+α

µβ0
1 + |y|α

, |y| =
∣∣∣∣x− ξµ0

∣∣∣∣ ≤ µ−1
0 ,

‖f‖∗,β,2+αµ
β+α
0 (t), |y| =

∣∣∣∣x− ξµ0

∣∣∣∣ > µ−1
0

(3.24)

and

|∇ψ(x, t)| . ‖f‖∗,β,2+α
µβ−1

0

1 + |y|α+1
for |y| ≤ 2R. (3.25)

We will give the proof of Proposition 3.3 in Section 5. This result will be applied
to the outer problem (2.13) with

Vj(x, t)ψ = (1− ηR)

4∑
i=1

[ψi, ∂iBµ,ξ,j ] + (1− ηR)

4∑
i=1

[Bµ,ξ,i, ∂iψj ]

+ (1− ηR)

4∑
i=1

[ψi, ∂iBµ,ξ,j − ∂jBµ,ξ,i + [Bµ,ξ,i, Bµ,ξ,j ]]

+ (1− ηR)

4∑
i=1

[Bµ,ξ,i, ∂iψj − ∂jψi + [ψi, Bµ,ξ,j ] + [Bµ,ξ,i, ψj ]]

+ (1− ηR)∂j

4∑
i=1

[Bµ,ξ,i, ψi] + (1− ηR)

4∑
i=1

[Bµ,ξ,j , [Bµ,ξ,i, ψi]]

and
fj(x, t) = Nj [A

∗
µ,ξ,θ −Bµ,ξ + ϕ] + (1− ηR)E∗j (x, t) +∇ηR∇φ̃j

+ φ̃j
(
∆− ∂t

)
ηR, j = 1, 2, 3, 4.

Proposition 3.4. For j = 1, 2, 3, 4, we have the following estimates.
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(1)

|φ̃j
(
∆− ∂t

)
ηR| .

µ−2
0 µ1+σ

0

1 + |y|3+α
‖φj‖1+α,2+σ,

(2)

|∇ηR∇φ̃j | .
µ−2

0 µ1+σ
0

1 + |y|3+α
‖φj‖1+α,2+σ,

(3)

|Nj [A∗µ,ξ,θ −Bµ,ξ + ϕ]| . µ−2
0 µ1+σ

0

1 + |y|3+α

(
‖φj‖21+α,2+σ + ‖ψ‖2∗∗,1+σ,1+α

)
,

(4) ∣∣(1− ηR)E∗j (x, t)
∣∣ . e−εt0 µ−2

0 µ1+σ
0

1 + |y|3+α
.

Proof. Proof of (1): We have

|φ̃j∆ηR| .
1

R2

µ−2
0 µ1+σ

0

1 + |y|1+α
‖φj‖1+α,2+σ .

µ−2
0 µ1+σ

0

1 + |y|3+α
‖φj‖1+α,2+σ

and

|φ̃j∂tηR| .
µ0

R

µ−2
0 µ1+σ

0

1 + |y|1+α
‖φj‖1+α,2+σ .

µ−2
0 µ1+σ

0

1 + |y|3+α
‖φj‖1+α,2+σ.

Proof of (2): We have

|∇ηR∇φ̃j | .
1

R

µ−2
0 µ1+σ

0

1 + |y|2+α
‖φj‖1+α,2+σ .

µ−2
0 µ1+σ

0

1 + |y|3+α
‖φj‖1+α,2+σ.

Proof of (3): From the definition in (2.11), we have

|Nj [A∗µ,ξ,θ −Bµ,ξ + ϕ]| . µ−3
0

µ2+2α
0

1 + |y|3+2σ
(‖φj‖1+α,2+σ + ‖ψ‖∗∗,1+σ,1+α)

2

+ µ−3
0

µ3+3σ
0

1 + |y|3+3α
(‖φj‖1+α,2+σ + ‖ψ‖∗∗,1+σ,1+α)

3

.
µ−2

0 µ1+σ
0

1 + |y|3+α

(
‖φj‖21+α,2+σ + ‖ψ‖2∗∗,1+σ,1+α

)
.

Proof of (4): We have

|(1− ηR)E∗j (x, t)| . 1

R1−αµ
−2
0

µ1+σ
0

1 + |y|3+α
. e−εt0

µ−2
0 µ1+σ

0

1 + |y|3+α
.

�

3.4. Proof of Theorem 1: Solving the inner-outer gluing system. We now
reformulate the existence to the inner problem (2.12) and the outer problem (2.13)
as a fixed point problem; then we will use Schauder fixed point theorem to find a
solution.

Step 1. Suppose h is a function satisfying the assumption ‖h‖1+σ . e−εt0 .
Then it is well known that the solution of

λ̇+ (κ0 + c0)λ = h(t) (3.26)
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is given by

λ(t) = e−(κ0+c0)t

[
d+

∫ t

t0

e(κ0+c0)τh(τ)dτ

]
, (3.27)

here d is an arbitrary constant. Therefore, we can estimate as follows,

‖e(1+σ)κ0tλ(t)‖L∞(t0,∞) . e
−(c0−σκ0)t0d+ ‖h‖1+σ

and
‖λ̇(t)‖1+σ . e

−(c0−σκ0)t0d+ ‖h‖1+σ

when the positive constant σ is chosen in the interval (0, c0κ0
).

Denoting Λ(t) = λ̇(t), we have the following relation

Λ + (κ0 + c0)

∫ ∞
t

Λ(s)ds = h(t), (3.28)

from which we know that there exists a bounded linear operator L1 : h → Λ
by assigning the solution Λ of (3.28) to any function h satisfying the assumption
‖h‖1+σ < +∞. Furthermore, L1 is continuous between the linear space L∞(t0,∞)
endowed with ‖ · ‖1+σ-topology.

For any vector function h : (t0,∞)→ Rn satisfying the condition ‖h‖1+σ < +∞,
the solution of the following equation

ξ̇ = h(t) (3.29)

can be expressed as follows,

ξ(t) = ξ0(t) +

∫ ∞
t

h(s)ds, (3.30)

with
ξ0(t) = q.

Then we have
|ξ(t)− q| . e−(1+σ)κ0t‖h‖1+σ

and
‖ξ̇ − ξ̇0‖1+σ . ‖h‖1+σ.

Now we define Ξ(t) = ξ̇(t) − ξ̇0, then (3.30) gives us a bounded linear operator
L2 : h→ Ξ between the linear space L∞(t0,∞) endowed with the ‖ ·‖1+σ-topology.
Similarly, from Proposition 3.2, there exists a bounded linear operator L3 : h →
Υ := θ̇(t) between the linear space L∞(t0,∞) endowed with the ‖ · ‖σ-topology.

Observe that (λ, ξ, r) is a solution of (3.20) if (Λ = λ̇(t), Ξ = ξ̇(t)− ξ̇0(t), Υ := θ̇(t))
is a fixed point of the following problem

(Λ,Ξ,Υ) = T0(Λ,Ξ,Υ) (3.31)

where

T0 :=
(
L0(Π̂1[Λ,Ξ,Υ, φ, ψ],L2(Π̂1[Λ,Ξ,Υ, φ, ψ]), · · · ,L2(Π̂4[Λ,Ξ,Υ, φ, ψ]),

L3(µ−1
0 Π̂5[Λ,Ξ,Υ, φ, ψ],L3(µ−1

0 Π̂6[Λ,Ξ,Υ, φ, ψ],L3(µ−1
0 Π̂7[Λ,Ξ,Υ, φ, ψ]

)
:=
(
Ā0(Λ,Ξ,Υ, φ, ψ), Ā2(Λ,Ξ,Υ, φ, ψ), · · · , Ā7(Λ,Ξ,Υ, φ, ψ)

)
with

Π̂l[Λ,Ξ,Υ, φ, ψ] := Πl

[∫ ∞
t

Λ, q +

∫ ∞
t

Ξ,

∫ ∞
t

Υ,Λ,Ξ,Υ, φ, ψ

]
for l = 0, 1, · · · , 7.
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Step 2. From Proposition 3.1 we know that there is a bounded linear operator
T1 assigning to any function h(y, τ) with ‖h‖3+α,σ-bounded the solution of (3.6).
Therefore the solution of problem (3.3) is a fixed point of the following problem

φ = T1(H[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))). (3.32)

Step 3. From Proposition 3.3 we know that there is a bounded linear operator
T2 assigning to any given differential 1-form f(x, t) the solution ψ = T2(f) for
problem (3.21). Therefore, ψ is a solution of the outer problem (2.13) if ψ is a fixed
point of the operator

A(ψ) := T2(f),

with

fj(x, t) = Nj [A
∗
µ,ξ,θ−Bµ,ξ+ϕ]+(1−ηR)E∗j (x, t)+∇ηR∇φ̃j+φ̃j

(
∆−∂t

)
ηR, (3.33)

j = 1, 2, 3, 4 and f =
∑4
j=1 fjdxj . Equivalently, we need to solve the following fixed

point problem
ψ = T2(f). (3.34)

From Step 1-3, to obtain a solution, we need to solve the following fixed point
problem with unknown functions (φ, ψ, λ, ξ, θ),

(Λ,Ξ,Γ) = T0(Λ,Ξ,Γ),

φ = T1(H[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))),

ψ = T2(f).

(3.35)

To this aim, we use the Schauder fixed-point theorem in the following set

B =

{
(φ, ψ, λ, ξ, θ, λ̇, ξ̇, θ̇) : ‖λ̇(t)‖1+σ + ‖ξ̇(t)‖1+σ

+ ‖θ̇(t)‖σ + ‖λ(t)‖1+σ + ‖ξ(t)− q‖1+σ + ‖θ‖σ + eεt0‖ψ‖∗∗,1+σ,1+α

+ eεt0‖φ‖2+σ,1+α ≤ c

}
for a fixed but large enough constant c > 0.

Let
K := max{‖f0‖1+σ, ‖f1‖1+σ, · · · , ‖f7‖1+σ}

where f0, f1, · · · , f7 are the functions defined in Proposition 3.2. Then we have
the following estimate∣∣∣e(1+σ)κ0tĀi(Λ,Ξ,Υ, φ, ψ)

∣∣∣
. e−(c0−σκ0)t0d+ ‖φ‖1+α,2+σ + ‖ψ‖∗∗,1+σ,1+α +K + ‖Λ‖1+σ + ‖Ξ‖1+σ + +‖Υ‖σ.

This implies that, if we choose the constant d satisfying the condition e−(c0−σκ0)t0d <
K, we have T0(B) ⊂ B (the constant ρ in (2.7) is chosen sufficiently small).

On the set B, from the estimates at the end of Section 3.1, we know∣∣∣H[λ, ξ, θ, λ̇, ξ̇, θ̇, φ, ψ](y, t(τ))
∣∣∣ . e−εt0 µ1+σ

0

1 + |y|3+α

Using Proposition 3.1, it holds that T1(B) ⊂ B. Similarly, Proposition 3.3 and
Proposition 3.4 ensure T2(B) ⊂ B. From these we know that the operator T defined
in the inner-outer gluing system (3.35) maps the set B into itself. Since λ, ξ, θ,
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λ̇, ξ̇, θ̇, φ and ψ decay uniformly as t→ +∞, standard parabolic estimates ensure
that T is compact. Therefore by the Schauder fixed-point theorem, the inner-outer
gluing system (3.35) has a fixed point in B. Thus we find a solution to the system
of (2.12) and (2.13), which gives us a solution of{

∂A
∂t = −D∗AFA +DAD

∗
A

(
A∗µ,ξ,θ −Bµ,ξ + ϕ

)
in R4 × [t0,∞),

A(·, t0) = A0 in R4

when t0 > 0 is large enough. By the Donaldson-De Turck trick as discussed at the
end of the introduction, there exists a unique solution S ∈ C∞(R4× [t0,∞)) of the
following problem

S−1 ∂S

∂t
= −D∗A

(
A∗µ,ξ,θ −Bµ,ξ + ϕ

)
on R4 × [t0,∞), S(0) = idR4×SU(2).

Now we define Ã := (S−1)∗A, then Ã is a strong solution to the Yang-Mills gradient
flow {

∂Ã
∂t = −D∗

Ã
FÃ in R4 × [t0,∞),

Ã(·, t0) = A0 in R4.

Therefore Ā(·, t) = Ã(·, t + t0) is a solution of (1.1). This completes the proof of
Theorem 1.

4. Proof of Proposition 3.1

In this section, we prove Proposition 3.1. Consider the solvability of the following
linear problem

∂τφj = Lj [φ] + hj

= ∆φj +

4∑
i=1

[φi, ∂iBj ] +

4∑
i=1

[Bi, ∂iφj ] +

4∑
i=1

[φi, ∂iBj − ∂jBi + [Bi, Bj ]]

+

4∑
i=1

[Bi, ∂iφj − ∂jφi + [φi, Bj ] + [Bi, φj ]]

+ ∂j

4∑
i=1

[Bi, φi] +

4∑
i=1

[Bj , ∂iφi] +

4∑
i=1

[Bj , [Bi, φi]] + hj(y, τ)

in R4 × [τ0,+∞)

φj(·, τ0) = 0 in R4, j = 1, · · · , 4.
(4.1)

Here h(y, τ) =
∑4
j=1 hj(y, τ)dxj : R4 × [τ0,+∞) → ImH dx̄ with support in the

ball B2R(0). First, we have the following property.

Lemma 4.1. Suppose ‖h‖3+α,ν < +∞ and∫
R4

4∑
i=1

hi(y, τ)Zji (y)dy = 0 for j = 0, 1, 2, · · · , 7. (4.2)

Then we have∫
B2R

4∑
i=1

φi(y, τ)Zji (y)dy = 0 for j = 0, 1, 2, · · · , 7, τ ∈ [τ0,+∞). (4.3)
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Proof. Let us test equation (4.1) with the functions

Zji η, η(y) = η0(|y|/R)

and sum for index i = 1, 2, 3, 4, where η0 is a smooth cut-off function satisfying
η0(r) = 1 for r < 1, η0(r) = 0 for r > 2 and R > 0 is a large constant. Using the
fact that L is self-adjoint, we have the following relation∫

R4

4∑
i=1

φi(·, τ)Zji ηdy =

∫ τ

0

ds

∫
R4

(
4∑
i=1

φi(·, s) · Li[ηZj ] +

4∑
i=1

hi · Zji η

)
dy.

On the other hand,∫
R4

(
4∑
i=1

φi(·, s) · Li[ηZj ] +

4∑
i=1

hi · Zji η

)

=

∫
R4

4∑
i=1

φi · (Zji ∆η +∇η · ∇Zji )−
4∑
i=1

hi · Zji (1− η)

= O(R−ς)

uniformly in τ ∈ (τ0, τ1), where τ1 > 0 is an arbitrary large constant and ς > 0 is a
small constant. Now let R→ +∞ to obtain the relation (4.3). �

Lemma 4.2. Suppose α ∈ (0, 1), ν > 0, ‖h‖3+α,ν < +∞ and∫
R4

4∑
i=1

hi(y, τ)Zji (y)dy = 0 for j = 0, 1, 2, · · · , 7. (4.4)

Then, for τ1 ∈ (τ0,+∞) large enough, any solution of (4.1) satisfies the estimate

‖φ(y, τ)‖1+α,τ1 . ‖h‖3+α,τ1 .

Here, ‖g‖b,τ1 := supτ∈(τ0,τ1) τ
ν‖(1 + |y|b)g‖L∞(R4).

Proof. Suppose ‖h‖3+α,ν < +∞ and φ is a solution of problem (4.1). Given τ1 > τ0,
we then have ‖φ‖1+α,τ1 < +∞ and from Lemma 4.1, there holds∫

B2R

4∑
i=1

φi(y, τ)Zji (y)dy = 0 for all τ ∈ (τ0, τ1), j = 0, 1, 2, · · · , 7. (4.5)

Therefore we need to prove that there is a constant C > 0 such that, if τ1 > τ0
is large enough, then any solution φ of (4.1) with properties ‖φ‖1+α,τ1 < +∞ and
(4.5) satisfies the estimate

‖φ‖1+α,τ1 ≤ C‖h‖3+α,τ1 .

By contradiction, we assume that there exist sequences τn1 → +∞, φn and hn

satisfying the following

∂τφ
n = L[φn] + hn in R4 × [τ0, τ

n
1 ),∫

R4

4∑
i=1

φni (y, τ) · Zji dy = 0 for all τ ∈ (τ0, τ
n
1 ), j = 0, 1, 2, · · · , 7,

φn(y, τ0) = 0 in R4.

and
‖φn‖1+α,τn1

= 1, ‖hn‖3+α,τn1
→ 0. (4.6)
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First, we claim that there holds

sup
τ0<τ<τn1

τν |φn(y, τ)| → 0 (4.7)

uniformly on compact subsets of R4.
Indeed, if (4.7) is not true, then there is a sequence of points {yn} on R4 satisfying

|yn| ≤M and a sequence {τn2 } satisfying τ0 < τn2 < τn1 , such that

(τn2 )ν |yn|α+1|φn(yn, τ
n
2 )| ≥ 1

2
.

Then we have τn2 → +∞. Now we define

φ̄n(y, t) = (τn2 )νφn(y, τn2 + t).

Then φ̄n satisfies the following equation

∂tφ̄
n = L[φ̄n] + h̄n in R4 × (τ0 − τn2 , 0].

Here h̄n(y, t) := (τn2 )νhn(y, τn2 + t) → 0 uniformly on compact subsets of R4 ×
(−∞, 0], furthermore, there holds

|φ̄n(y, t)| ≤ |y|α+1 in R4 × (τ0 − τn2 , 0].

Using the dominated convergence theorem, we know that there exists φ̄ such that
φ̄n → φ̄ 6= 0 uniformly on compact subsets of R4×(−∞, 0] and satisfies the relations,

∂tφ̄ = L[φ̄] in R4 × (−∞, 0],∫
R4

4∑
i=1

φ̄i(y, t) · Zji (y)dy = 0 for all t ∈ (−∞, 0], j = 0, 1, 2, · · · , 7,

|φ̄(y, t)| ≤ |y|α+1 in R4 × (−∞, 0],

φ̄(y, t0) = 0, y ∈ R4.

(4.8)

Now we prove that φ̄ = 0, which is a contradiction. Indeed, there holds

1

2
∂t

∫
R4

|φ̄t|2 +B(φ̄t, φ̄t) = 0,

with

B(φ̄, φ̄) =

∫
R4

L[φ̄] · φ̄dy.

Since
∫
R4

∑4
i=1 φ̄i(y, t) · Z

j
i (y)dy = 0 for all t ∈ (−∞, 0], j = 0, · · · , 7, and the

quadratic form is nonnegative B(φ̄, φ̄) ≥ 0, we know ∂t
∫
R4 |φ̄t|2dy ≤ 0. Also, there

holds that ∫
R4

|φ̄t|2dy = −1

2
∂tB(φ̄, φ̄).

Hence we have ∫ 0

−∞
dt

∫
R4

|φ̄t|2dy < +∞.

Therefore φ̄t = 0, φ̄ is independent of t and it holds that L[φ̄] = 0. Since φ̄ satisfies
the estimate |φ̄(y, t)| ≤ |y|α+1, using the non-degeneracy result of Atiyah-Hitchin-
Singer [4] (see also [6]), φ̄ is a linear combination of the 1-forms Zj defined in

Section 2, j = 0, · · · , 7. But since we also have
∫
R4

∑4
i=1 φ̄(y, t) · Zji (y)dy = 0,

j = 0, · · · , 7, we get φ̄ = 0. This is a contradiction, therefore (4.7) holds.
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From the assumption (4.6), there exists a sequence {yn} satisfying |yn| → ∞
and

(τn2 )ν |yn|1+α|φn(yn, τ
n
2 )| ≥ 1

2
.

Now we define

φ̃n(z, τ) := (τn2 )ν |yn|1+αφn(|yn|z, |yn|−2τ + τn2 )

then we have
∂τ φ̃

n = ∆zφ̃
n + bn · ∇φ̃n + cnφ̃

n + h̃n(z, τ)

with
h̃n(z, τ) = (τn2 )ν |yn|3+αhn(|yn|z, |yn|−2τ + τn2 ).

By assumption (4.6), there holds

|h̃n(z, τ)| ≤ o(1)|z|−3−α((τn2 )−1|yn|−2τ + 1)−ν

Hence h̃n(z, τ)→ 0 uniformly on compact subsets of R4 \ {0}× (−∞, 0]. Similarly,
we have bn → 0 and cn → 0 uniformly on compact subsets of R4 \ {0} × (−∞, 0].

Furthermore, there holds |φ̃n( yn
|yn| , 0)| ≥ 1

2 and

|φ̃n(z, τ)| ≤ |z|−1−α((τn2 )−1|yn|−2τ + 1)−ν .

Therefore we have φ̃n → φ̃ 6= 0 uniformly on compact subsets of R4 \ {0}× (−∞, 0]

and φ̃ satisfies the following

φ̃τ = (d∗d+ dd∗)φ̃ in R4 \ {0} × (−∞, 0],

|φ̃(z, τ)| ≤ |z|−1−α in R4 \ {0} × (−∞, 0].

Let us set φ̃ =
∑4
i=1 φ̃i(z, t)dxi, then for i = 1, 2, 3, 4, φ̃i(z, t) satisfies

(φ̃i)τ = ∆φ̃i in R4 \ {0} × (−∞, 0]

and
|φ̃i(z, τ)| ≤ |z − ê|−α−1 in R4 \ {0} × (−∞, 0].

Then from Theorem 5.1 of [19], we know that φ̃i(z, t) = 0 hence φ̃ = 0, which a
contradiction. This completes the proof. �

Proof of Proposition 3.1 Let φ(y, τ) be the unique solution of the following
Cauchy problem 

∂τφ = L[φ] + h(y, τ), y ∈ R4, τ ≥ τ0,
φ(y, τ0) = 0, y ∈ R4,

lim
|y|→+∞

|φ(y, τ)| → 0 for all τ ≥ τ0.

For any τ1 > τ0, by Lemma 4.2, there holds

|φ(y, τ)| . τ−ν(1 + |y|)−a−1‖h‖3+a,τ1 for all τ ∈ (τ0, τ1), y ∈ R4.

From the assumption that ‖h‖3+a,ν < +∞, we have ‖h‖3+a,τ1 ≤ ‖h‖3+a,ν for
any τ1 > τ0. Therefore

|φ(y, τ)| . τ−ν(1 + |y|)−a−1‖h‖3+a,ν for all τ ∈ (τ0, τ1), y ∈ R4.

Since τ1 is arbitrary, we have

|φ(y, τ)| . τ−ν(1 + |y|)−a−1‖h‖3+a,ν for all τ ∈ (τ0,+∞), y ∈ R4.

The estimate for the gradient of φ follows from standard parabolic regularity results
and a scaling argument, thus we get (3.7). �
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5. Proof of Proposition 3.3

Since |f(x, t)| ≤M µ−2
0 (t)µβ0 (t)
1+|y|2+α , where y = x−ξ(t)

µ0(t) and ξ(t)−q
µ0(t) = o(1), we have

|f(x, t)| ≤ ‖f‖∗,β,2+α
µ−2

0 (t)µβ0 (t)

1 + |y|2+α
∼ ‖f‖∗,β,2+α

µ−2
0 (t)µβ0 (t)

1 +
∣∣ x−q
µ0(t)

∣∣2+α .

Then using the heat kernel estimates (see, for example, [47]), we have

|ψ(x, t)| ≤ ‖f‖∗,β,2+α

∫ +∞

t

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µ−2
0 (s)µβ0 (s)

1 +
∣∣∣ u−qµ0(s)

∣∣∣2+α duds

= ‖f‖∗,β,2+α

∫ t+1

t

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µ−2
0 (s)µβ0 (s)

1 +
∣∣∣ u−qµ0(s)

∣∣∣2+α duds

+ ‖f‖∗,β,2+α

∫ ∞
t+1

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µ−2
0 (s)µβ0 (s)

1 +
∣∣∣ u−qµ0(s)

∣∣∣2+α duds

:= I1 + I2.

Here κ > 0 is a small constant. To estimate the term I1, we use the variable

transformation p = |x−u|√
s−t ,

ds
2(s−t) = − 1

pdp, then we have

I1 = ‖f‖∗,β,2+α

∫ t+1

t

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µ−2
0 (s)µβ0 (s)

1 +
∣∣∣ u−qµ0(s)

∣∣∣2+α duds

= ‖f‖∗,β,2+α

∫ t+1

t

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µα0 (s)µβ0 (s)

µ2+α
0 (s) + |u− q|2+α

duds

≤ ‖f‖∗,β,2+αµ
α
0 (t)µβ0 (t)

∫ t+1

t

∫
R4

1

4π(s− t)2
e−
|x−u|2
s−t

1

µ2+α
0 (t+ 1) + |u− q|2+α

duds

= ‖f‖∗,β,2+αµ
α
0 (t)µβ0 (t)

∫
R4

1

|x− u|2(µ2+α
0 (t+ 1) + |u− q|2+α)

du

∫ +∞

|x−u|
pe−p

2

dp

. ‖f‖∗,β,2+αµ
α
0 (t)µβ0 (t)

∫
R4

1

|x− u|2(µ2+α
0 (t+ 1) + |u− q|2+α)

du.

Term
∫
R4

1
|x−u|2(1−κ)(µ2+α

0 (t+1)+|u−q|2+α)
du can be estimated as follows,∫

R4

1

|x− u|2(µ2+α
0 (t+ 1) + |u− q|2+α)

du

=
1

µ2+α
0 (t+ 1)

∫
R4

1

|x− u|2
1

1 + | u−q
µ0(t+1) |2+α

du

≤ 1

µ2+α
0 (t+ 1)

∫
R4

1

|x̄− u|2
1

1 + |u|2+α
µ2

0(t+ 1)du

=
1

µα0 (t+ 1)

∫
R4

1

|x̄− u|2
1

1 + |u|2+α
du,



INFINITE TIME BUBBLING FOR THE SU(2) YANG-MILLS HEAT FLOW ON R4 31

where x̄ = x−q
µ0(t+1) . Now we estimate∫

R4

1

|x̄− u|2
1

1 + |u|2+α
du.

Fix point x̄ (we assume |x̄| ≥ 2) and separate R4 as

B(x̄,
|x̄|
2

) ∪B(0,
|x̄|
2

) ∪
(
R4 \ (B(x̄,

|x̄|
2

) ∪B(0,
|x̄|
2

))

)
:= B1 ∪B2 ∪B3.

Then we have∫
R4

1

|x̄− u|2
1

1 + |u|2+α
du =

∫
B1

1

|x̄− u|2
1

1 + |u|2+α
du

+

∫
B2

1

|x̄− u|2
1

1 + |u|2+α
du+

∫
B3

1

|x̄− u|2
1

1 + |u|2+α
du

:= K1 +K2 +K3.

If u ∈ B1, then |x̄|2 ≤ |u| ≤
3|x̄|

2 , therefore

K1 =

∫
B1

1

|x̄− u|2
1

1 + |u|2+α
du ≤

∫
B1

1

|x̄− u|2
1

1 + ( |x̄|2 )2+α
du

.
1

|x̄|2+α

∫
B1

1

|x̄− u|2
du =

1

|x̄|2+α

∫ |x̄|
2

0

r dr .
1

|x̄|α
.

If u ∈ B2, then |x̄|2 ≤ |x̄− u| ≤
3|x̄|

2 ,

K2 =

∫
B2

1

|x̄− u|2
1

1 + |u|2+α
du .

∫
B2

1

|x̄|2
1

1 + |u|2+α
du

.
1

|x̄|2

∫ |x̄|
2

0

1

1 + r2+α
r3 dr .

1

|x̄|2

(
1 +

1

|x̄|α−2

)
.

We estimate the term K3 as follows,

K3 =

∫
B3

1

|x̄− u|2
1

1 + |u|2+α
du .

∫
B3

1

|u|2
1

1 + |u|2+α
du

.
∫ ∞
|x̄|
2

r

r2+α
dr .

1

|x̄|α
.

From the above estimates, we get∫
R4

1

|x̄− u|2
1

1 + |u|2+α
du .

1

|x̄|2

(
1 +

1

|x̄|α−2

)
.

(
1 +

1

|x̄|α

)
.

Hence we have∫
R4

1

|x− u|2(µ2+α
0 (t+ 1) + |u− q|2+α)

du

=
1

µα0 (t+ 1)

∫
R4

1

|x̄− u|2
1

1 + |u|2+α
du .

1

µα0 (t+ 1)

(
1 +

1

|x̄|α

)
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and

I1 . ‖f‖∗,β,2+αµ
α
0 (t)µβ0 (t)

∫
R4

1

|x− u|2(µ2+α
0 (t+ 1) + |u− q|2+α)

du

. ‖f‖∗,β,2+αµ
α
0 (t)µβ0 (t)

1

µα0 (t+ 1)

(
1 +

1

|x̄|α

)
∼ ‖f‖∗,β,2+αµ

β
0 (t)

(
1 +

1

|x̄|α

)
.

Now we estimate the second term

I2 = ‖f‖∗,β,2+α

∫ ∞
t+1

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µ−2
0 (s)µβ0 (s)

1 +
∣∣∣ u−qµ0(s)

∣∣∣2+α duds.

We have

I2 = ‖f‖∗,β,2+α

∫ ∞
t+1

∫
R4

eκ(s−t)

4π(s− t)2
e−
|x−u|2
s−t

µα0 (s)µβ0 (s)

µ2+α
0 (s) + |u− q|2+α

duds

= ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
R4

e−|x−u|
2 µα0 (s)µβ0 (s)eκ(s−t)

µ2+α
0 (s) + (

√
s− t)2+α|u|2+α

duds

= ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|>2|x|

e−|x−u|
2 µα0 (s)µβ0 (s)eκ(s−t)

µ2+α
0 (s) + (

√
s− t)2+α|u|2+α

duds

+ ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|≤2|x|

e−|x−u|
2 µα0 (s)µβ0 (s)eκ(s−t)

µ2+α
0 (s) + (

√
s− t)2+α|u|2+α

duds

:= I21 + I22

and

I21 = ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|>2|x|

e−|x−u|
2 µα0 (s)µβ0 (s)eκ(s−t)

µ2+α
0 (s) + (

√
s− t)2+α|u|2+α

duds

. ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|>2|x|

e−|u|
2/4µ

α
0 (s)µβ0 (s)eκ(s−t)

|u|2+α
duds

.


‖f‖∗,β,2+αµ

α
0 (t)µβ0 (t) if |y| ≥ µ−1

0 ,

‖f‖∗,β,2+α
µβ0 (t)

1 + |y|α
if |y| ≤ µ−1

0 ,

I22 = ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|≤2|x|

e−|x−u|
2 µα0 (s)µβ0 (s)eκ(s−t)

µ2+α
0 (s) + (

√
s− t)2+α|u|2+α

duds

. ‖f‖∗,β,2+α
1

4π

∫ ∞
t+1

∫
|u|≤2|x|

µα0 (s)µβ0 (s)eκ(s−t)

(
√
s− t)2+α|u|2+α

duds

. ‖f‖∗,β,2+α

∫ +∞

t+1

µα0 (s)µβ0 (s)eκ(s−t)

(
√
s− t)4

ds

.


‖f‖∗,β,2+αµ

α
0 (t)µβ0 (t) if |y| ≥ µ−1

0 ,

‖f‖∗,β,2+α
µβ0 (t)

1 + |y|α
if |y| ≤ µ−1

0 .
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6. Existence of bubble tower solutions

In the SO(4)-equivariant case, which means that we assume that

A(x, t) = Im(
x

2r2
ψ(r, t)dx̄),

with r = |x|, the Yang-Mills heat flow takes the following form,

∂

∂t
ψ = ψrr +

1

r
ψr −

2

r2
(ψ − 1)(ψ − 2)ψ. (6.1)

This equation has a one-parameter family of finite energy stationnary solutions,
namely

2r2

r2 + λ2
, λ ∈ R+. (6.2)

In this section, we construct a bubble tower solution for (6.1).

6.1. Construction of approximate solutions. If we use the transformation ψ̄ =
r−2ψ, then (6.1) becomes the following heat equation

∂

∂t
ψ̄ = ψ̄rr +

5

r
ψ̄r + (6− 2r2ψ̄)ψ̄2 (6.3)

with steady solution ψ̄0(r) = 2
r2+λ2 . We write the first approximation of ψ̄(r, t) as

Ū(r, t) = U∗(r, t) +

(
2

r2
− 1

µ2(t)2
U

(
r

µ2(t)

))
with

U(r) =
2

r2 + 1
and U∗(r, t) is the one bubble solution of (6.1) constructed in Theorem 1. Then
U∗(r, t) has the following form

U∗(r, t) = µ−2
1 U

(
r

µ1(t)

)
+ ϕ(r, t),

with µ1 = e−c1t+o(e−c1t) := µ01 +o(e−c1t) for a positive number c1 > 0 and ϕ(r, t)
is a perturbation term.

In the following, we also set

U2(r, t) :=
2

r2
− µ−2

2 (t)U

(
r

µ2(t)

)
:=

1

µ2(t)2
W

(
r

µ2(t)

)
with W (r) = 2

r2(r2+1) . Observe that U2(r, t) is a steady solution of (6.3) for each

time t > 0. Let us define µ̄02(t) :=
√
µ01µ02 (we also define µ̄01 = tδ with δ > 0 be

a small constant.) and the following cut off functions

χ(r, t) = η

(
2r

µ̄02(t)

)
.

Note that χ(r) = 1 for r ≤ 1
2 µ̄02(t) and χ(r, t) = 0 for r ≥ µ̄02(t). We are looking

for a correction term of the form

ϕ0(r, t) = µ−2
2 φ0

(
r

µ2(t)
, t

)
χ(r, t) := ϕ02(r, t)χ(r, t),

which will be suitably determined later. Let us write

S(Ū + ϕ0) = S(Ū) + LŪ [ϕ0] +NŪ [ϕ0]
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where

LŪ [ϕ0] = − ∂

∂t
ϕ0 + (ϕ0)rr +

5

r
(ϕ0)r + g′(Ū)ϕ0,

NŪ [ϕ0] = g(Ū + ϕ0)− g′(Ū)ϕ0 − g(Ū)

and

S(Ū) = −∂tU2 + g(Ū)− g(U2)− g(U∗),

g(Ū) := (6− 2r2Ū)Ū2.

Observe that

LŪ [ϕ0] = (ϕ02)rrχ+
5

r
(ϕ02)rχ+ g′(Ū)ϕ02χ

+ 2(ϕ02)rχr +
5

r
ϕ02χr −

∂

∂t
(ϕ02χ).

Therefore, we have

S(Ū + ϕ0)

=

(
(ϕ02)rr +

5

r
(ϕ02)r + g′(U2)ϕ02 − ∂tU2 + g′(U2)U∗(0)

)
χ

+ Ē11 +
(
g′(Ū)− g′(U2)

)
ϕ02χ+NŪ [ϕ0] + 2(ϕ02)rχr +

5

r
ϕ02χr −

∂

∂t
(ϕ02χ).

Here the term Ē11 is defined by

Ē11 = −(1− χ)∂tU2 + g(Ū)− g(U2)− g(U∗)− g′(U2)U∗(0)χ.

Let us define

E[φ0, µ2] := (ϕ02)rr +
5

r
(ϕ02)r + g′(U2)ϕ02 − ∂tU2 + g′(U2)U∗(0)

=
1

µ4
2

[(φ0)yy +
5

y
(φ0)y + (12W (y)− 6y2W 2(y))φ0 + µ2µ̇2Z(y)

+ (12W (y)− 6y2W 2(y))

(
µ2

µ1

)2

U(0)]|y= r
µ2(t)

.

Here Z(y) := 1
(1+|y|2)2 . To solve this equation, we need the following orthogonality

condition∫ +∞

0

(
µ2µ̇2Z(y) + (12W (y)− 6y2W 2(y))

(
µ2

µ1

)2

U(0)

)
Z(y)y5dy = 0,

which is equivalent to

µ2µ̇2 + c∗

(
µ2

µ1

)2

= 0, c∗ =

∫ +∞
0

(12W (y)− 6y2W 2(y))U(0)Z(y)y5dy∫ +∞
0

Z(y)Z(y)y5dy
> 0.

The solution to this equation is

µ02(t) = e−
c∗e2c1t

2c1 .

Finally, we set µ2 = µ02 + µ12. Here the parameters µ12 is to be determined for
some small but fixed σ > 0,

µ02|µ̇12| ≤ λ2
02(t)µσ02(t), λ02 :=

µ02

µ01
,
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which implies limt→+∞
µ12

µ02
= 0. It is convenient to write λ2(t) := µ2(t)

µ1(t) = λ02(t) +

λ12(t). Then we have

E[φ0, µ2]

:=
1

µ4
2

[
(µ2µ̇2 − µ02µ̇02)Z(y) + (12W (y)− 6y2W 2(y))

(
(λ2)

2 − (λ02)
2
)
U(0)

]
=

1

µ4
2

D2 +
1

µ4
2

Θ2

with

D2 := (µ̇02µ12 + µ02µ̇12)Z(y) + 2(12W (y)− 6y2W 2(y)) (λ02)
2 µ12

µ02
U(0)

Θ2 : = ∂t(µ
2
12)Z(y) + (12W (y)− 6y2W 2(y)) (λ02)

2

(
µ12

µ02

)2

U(0).

We also define

u∗ = Ū + ϕ0,

with ϕ0(r, t) = µ−2
2 φ0

(
r

µ2(t) , t
)
χ(r, t) and φ0(y, t) satisfies the following equation

(φ0)yy +
5

y
(φ0)y + (12W (y)− 6y2W 2(y))φ0 + µ02µ̇02Z(y)

+ (12W (y)− 6y2W 2(y))

(
µ02

µ01

)2

U(0) = 0.

6.2. The inner-outer gluing system. Let R be a t-independent, slowly growing
function compared with µ01, say R = e%t0 , t ≥ t0 where % > 0 is a sufficiently
small constant. Consider the cut-off functions ηi defined by

ηi(r, t) = η

(
r

2Rµ0i(t)

)
,

ζ1(r, t) = η

(
r

Rµ01(t)

)
− η

(
Rr

µ01(t)

)
,

ζ2(r, t) = η

(
r

Rµ02(t)

)
,

We set

ϕ = ϕ1η1 + ϕ2η2 + Ψ,

where

ϕj(r, t) =
1

µ2
j

φj

(
r

µj
, t

)
.
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With these notations, we have

S[u∗ + ϕ]

= η1µ
−4
1

[
−µ2

1∂tφ1 + (φ1)rr +
5

r
(φ1)r + (12W (y1)− 6y2

1W
2(y1))φ1

+ζ1(12W (y1)− 6y2
1W

2(y1))µ2
1Ψ
]

+ η2µ
−4
2

[
−µ2

2∂tφ2 + (φ2)rr +
5

r
(φ2)r + (12W (y2)− 6y2

2W
2(y2))φ2

+ζ2(12W (y2)− 6y2
2W

2(y2))µ2
2Ψ +D2

]
− ∂tΨ + (Ψ)rr +

5

r
(Ψ)r + VΨ +B[~φ] +N(φ,Ψ, ~µ) + Eout.

Here

B[~φ] =

2∑
j=1

(−∂tη + ∂rrη)ϕj + 2(η)r(ϕj)r +
5

r
(ηj)rϕj − µ̇j

∂

∂µj
ϕjηj

+
(
(12u∗ − 6r2(u∗)2)− (12U2 − 6r2U2

2 )
)
ϕ2η2

+
(
(12u∗ − 6r2(u∗)2)− (12U∗ − 6r2U2

∗ )
)
ϕ1η1,

N(φ,Ψ, µ) = Nu∗ (ϕ1η1 + ϕ2η2 + Ψ) ,

V = (12u∗ − 6r2(u∗)2)− ζ2(12U2 − 6r2U2
2 )− ζ1(12U∗ − 6r2U2

∗ ),

Eout = S[u∗]− η2µ
−4
2 D2.

Then S[u∗ + ϕ] = 0 if the following system is satisfied,

−µ2
1∂tφ1+(φ1)rr+

5

r
(φ1)r+(12W−6y2

1W
2)φ1+ζ1(12W−6y2

1W
2)µ2

1Ψ+c(t)Z(y1) = 0,

(6.4)

−µ2
2∂tφ2 + (φ2)rr +

5

r
(φ2)r + (12W −6y2

2W
2)φ2 + ζ2(12W −6y2

2W
2)µ2

2Ψ +D2 = 0,

(6.5)
and

−∂tΨ+(Ψ)rr+
5

r
Ψr+VΨ+B[~φ]+N(φ,Ψ, µ)+Eout−η1µ

−4
1 c(t)Z(y1) = 0. (6.6)

Observe that U∗(r, t) is the one bubble solution of (6.1) constructed in the one-
bubble case, Problem (6.4) is the linearized problem around U∗(r, t). We adjust the
small parameter c(t) to obtain orthogonality.

6.3. Linear theory for the inner and outer problem. For the inner problem,
we consider the following problem

−∂τφ+(φ)rr+
5

r
(φ)r+(12W−6r2W 2)φ+f(r, τ) = 0, (r, τ) ∈ (0, 2R)× [τ0,+∞).

(6.7)
Then we have

Lemma 6.1. Suppose α ∈ (0, 1), ν > 0, ‖f‖2+α,ν < +∞ and∫ 2R

0

f(r, τ) · Z(r)r5dr = 0 for all τ ∈ [τ0,+∞). (6.8)
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Then, there exists a solution of (6.7) satisfying

|φ(r, τ)| . ‖f‖2+α,ντ
−ν R6−α

1 + |r|6
. (6.9)

For the outer problem, we consider the following problem

− ∂tΨ + (Ψ)rr +
5

r
Ψr + g(r, t) = 0, (r, t) ∈ (0,+∞)× [t0,∞). (6.10)

Assume that for α, σ > 0, the function g(r, t) satisfies the following estimate

|g(r, t)| ≤Mµ−2
2 (t)µσ2 (t)

1 + |y|2+α
, y =

r

µ2(t)
(6.11)

and we denote the least number M > 0 such that (6.11) holds as ‖g‖∗,σ,2+α. Then
we have the following lemma.

Lemma 6.2. Suppose ‖g‖∗,σ,2+α < +∞ for some α > 0 and σ > 0. Let Ψ(r, t) be
the solution of (6.10) given be the Duhamel formula

Ψ(r, t) =

∫ +∞

t

∫
R6

1

4π(s− t)3
e−
|x−u|2
s−t g(|u|, s)duds.

Then, for all (r, t) ∈ (0,+∞)× [t0,∞), there holds

|Ψ(r, t)| . ‖g‖∗,σ,2+α
µσ2 (t)

1 + |y|α
, (6.12)

for y = r
µ2(t) .

The proof of Lemma 6.1 is a minor modification of Proposition 7.1 in [8] and
Proposition 7.1 in [9] (the radially symmetric case). Lemma 6.2 can be proved as
Proposition 3.3.

6.4. Estimates for outer problem. We have the following estimates for the outer
problem. Suppose

〈y2〉|∇y2φ2(y2, t)|+ |φ2(y2, t)| . e−εt0µσ2 (t)

(
µ2(t)

µ1(t)

)2

〈y2〉−a,

then we have
Step 1. Estimates for B[~φ]:
• We have∣∣∣∣µ̇2

∂

∂µ2
ϕ2η2

∣∣∣∣ . ∣∣µ̇2µ
−3
2 (2φ2(y2, t) + y2 · ∇y2

φ2(y2, t)) η2

∣∣
. e−εt0

(
1

µ1(t)µ2(t)

)2

µσ2 (t)

(
µ2(t)

µ1(t)

)2

〈y2〉−a

. e−εt0R2µ2(t)2µ1(t)−2

(
1

µ1(t)

)2(
1

µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

• We have

|ϕ2| . e−εt0µσ2 (t)

(
1

µ1(t)

)2

R−a for 2R ≤ |y2| ≤ 4R.
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|∂rrη2ϕ2| . e−εt0(Rµ2)−2µσ2 (t)

(
1

µ1(t)

)2

R−a

. e−εt0
(

1

µ1(t)

)2(
1

µ2(t)

)2

µσ2 (t)R−2−a for 2R ≤ |y2| ≤ 4R.

|(η2)r(ϕ2)r| . e−εt0(Rµ2)−1µσ2 (t)

(
1

µ1(t)

)2(
1

µ2(t)

)
R−a−1

. e−εt0
(

1

µ1(t)

)2(
1

µ2(t)

)2

µσ2 (t)R−2−a for 2R ≤ |y2| ≤ 4R.

|∂tη2ϕ2| . e−εt0R−1µ−2
2 |µ̇2|µσ2 (t)

(
1

µ1(t)

)2

R−a

. e−εt0R|µ̇2|µ−2
2 µσ2 (t)

(
1

µ1(t)

)2

R−2−a

. e−εt0Rµ2(t)

(
1

µ1(t)2

)2

µσ2 (t)

(
1

µ2(t)

)2

R−2−a for 2R ≤ |y2| ≤ 4R.

• Since ∣∣((12u∗ − 6r2(u∗)2)− (12U2 − 6r2U2
2 )
)∣∣ . µ−2

2 〈y2〉−4,

We have ∣∣((12u∗ − 6r2(u∗)2)− (12U2 − 6r2U2
2 )
)
ϕ2η2

∣∣
. e−εt0µ−2

2 〈y2〉−4µσ2 (t)

(
1

µ1(t)

)2

R−a

. e−εt0
(

1

µ1(t)

)2

µσ2 (t)

(
1

µ2(t)

)2

R−2−a.

From the linear theory for the outer problem, we have

|Ψ| . e−εt0 µ
σ
2 (t)

µ1(t)2
〈y2〉−a.

And from the linear theory for the inner problem, we have

|φ1| . e−εt0µσ2 (t)〈y2〉−a.

Then we have the following estimates:
•

|∂rrη1ϕ1| . e−εt0(Rµ1)−2 µ
σ
2 (t)

µ1(t)2
〈y2〉−a

. e−εt0
(

1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a for 2R ≤ |y1| ≤ 4R.

•

|(η1)r(ϕ1)r| . e−εt0µ−1
2 (Rµ1)−1 µ

σ
2 (t)

µ1(t)2
〈y2〉−a−1

. e−εt0
(

1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a for 2R ≤ |y1| ≤ 4R.
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•

|∂tη1ϕ1| . e−εt0R−1µ−2
1 |µ̇1|

µσ2 (t)

µ1(t)2
〈y2〉−a

. e−εt0R−1µ−1
1

µσ2 (t)

µ1(t)2
〈y2〉−a

. e−εt0Rµ1(t)

(
1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a for 2R ≤ |y1| ≤ 4R

• ∣∣∣∣µ̇1
∂

∂µ1
ϕ1η1

∣∣∣∣ . ∣∣µ̇1µ
−3
1 (2φ1 + y1 · ∇y1φ1) η1

∣∣
. e−εt0 |µ̇1|µ−1

1

µσ2 (t)

µ1(t)2
〈y2〉−a

. e−εt0 (Rµ1(t))
2

(
1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a.

• Since∣∣((12u∗ − 6r2(u∗)2)− (12U∗ − 6r2U2
∗ )
)∣∣ . µ−2

1 〈y1〉−4
(
λ−2

2 〈y2〉−4 + λ2

)
,

We have ∣∣((12u∗ − 6r2(u∗)2)− (12U∗ − 6r2U2
∗ )
)
ϕ1η1

∣∣
. e−εt0µ−4

1 〈y1〉−4
(
λ−2

2 〈y2〉−4 + λ2

)
µσ2 (t)〈y2〉−a

. e−εt0
(

1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a

+ e−εt0µ1(t)−1µ2(t)R2

(
1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a

. e−εt0
(
1 + µ1(t)−1µ2(t)R2

)( 1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a.

We continue the estimates of the outer problem as follows.
Step 2. Estimates for η1µ

−4
1 c(t)Z(y1): We have∣∣η1µ

−4
1 c(t)Z(y1)

∣∣
. e−εt0(µ1(t))−4µσ2 (t)

(
µ2

µ1

)a |x|2+a

µ2+a
2

〈y2〉−2−aZ(y1)

. e−εt0R2+aZ(y1)
µσ2 (t)

µ1(t)2

(
1

µ2(t)

)2

〈y2〉−2−a

. e−εt0
µσ2 (t)

µ1(t)2

(
1

µ2(t)

)2

〈y2〉−2−a.

Step 3. Estimates for Eout: We decompose the error term Eout as follows.
• ∣∣(12U2 − 6r2U2

2 ) (U∗ − U∗(0))χ
∣∣

. µ−2
2 〈y2〉−4µ−2

1 λ2χ . λ2µ
−σ
2 (t)

(
1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a.
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• ∣∣((6− 2r2Ū)Ū2 − (6− 2r2U∗)U
2
∗ − (6− 2r2U2)U2

2 − (12U2 − 6r2U2
2 )U∗

)
χ
∣∣

.
∣∣(6− 2r2U∗)U

2
∗χ
∣∣ . µ−4

1 χ

. µ−σ2 (t) (µ2(t))
2−a

2 (µ1(t))
a−2

2

(
1

µ2(t)

)2
µσ2 (t)

µ1(t)2
〈y2〉−2−a.

• Since

|∂tU2| .
∣∣µ̇2µ

−3
2 Z(y2)

∣∣ . ( 1

µ1(t)µ2(t)

)2

〈y2〉−4,

we have in the region {|x| ≥ 2
√
µ1µ2},

|(1− χ)∂tU2| . µ−σ2 (t)

(
µ2(t)

µ1(t)

) 2−a
2
(

1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

• ∣∣((6− 2r2Ū)Ū2 − (6− 2r2U∗)U
2
∗ − (6− 2r2U2)U2

2

)
(1− χ)

∣∣
. |U2U∗(1− χ)| . µ−σ2 (t)

µ2(t)1− a2

µ1(t)1− a2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

•

|NŪ [ϕ0]| . |ϕ0|2 . µ−4
2

(
µ2

µ1

)4

〈y2〉−4χ2

. µ−σ2 (t)µ2(t)2µ1(t)−2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

•

|∂rϕ0∂rχr| .
√
µ1µ2

−1

(
µ2

µ1

)2

µ−3
2 〈y2〉−3

. µ−σ2 (t)

(
µ2(t)

µ1(t)

) 1
2
(

1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

•

|ϕ0 · ∂rrχ| .
√
µ1µ2

−2

(
µ2

µ1

)2

µ−2
2 〈y2〉−2

. µ−σ2 (t)

(
µ2(t)

µ1(t)

) 2−a
2
(

1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

•

|∂tϕ0χ|+ |ϕ0∂tχ| .
(

1

µ1(t)

)2
1√

µ1(t)µ2(t)

(
µ2

µ1

)2

µ−2
2 〈y2〉−2

. µ−σ2 (t)

(
µ2(t)

µ1(t)

) 4−a
2 1√

µ1(t)µ2(t)

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

Step 4. Estimates for the term V :
• Let us recall that

V = (12u∗ − 6r2(u∗)2)− ζ2(12U2 − 6r2U2
2 )− ζ1(12U∗ − 6r2U2

∗ ),
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In the region {r ≥ Rµ01}, we have

|VΨ| . e−εt0 1

r4
|Ψ| . µ2

1

r4

µσ2 (t)

µ1(t)2
〈y2〉−a

. e−εt0
µ1(t)2

r2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

In the region {√µ01µ02 ≤ r ≤ 2R−1µ01}, we have

|VΨ| . e−εt0 1

µ2
1

|Ψ| . r2

µ2
1

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

In the region {Rµ02 ≤ r ≤
√
µ01µ02}, we have

|VΨ| . e−εt0 µ
2
2

r4
|Ψ| . µ2

2

r2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

We also have∣∣ζ1(up−1
∗ − (12U∗ − 6r2U2

∗ ))Ψ
∣∣

. e−εt0
µ2

2

r4
|Ψ| . e−εt0 µ

2
2

r2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

and ∣∣ζ2(up−1
∗ − (12U2 − 6r2U2

2 ))Ψ
∣∣

.
1

µ2
1

|Ψ| . e−εt0 µ
2
2R

2

µ2
1

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

Step 5. Estimates for the term N(φ,Ψ, µ):
• Observe that

|Nu∗ (ϕ1η1 + ϕ2η2 + Ψ)| . |ϕ1|2 η1 + |ϕ2|2 η2 + |Ψ|2 ,

we have

|ϕ1|2 η1 . µ
−4
1 µ2σ

2 (t)〈y2〉−2a(e−εt0)2

. µ−a1 µa2R
2−a

(
1

µ1(t)µ2(t)

)2

µ2σ
2 (t)〈y2〉−2−a(e−εt0)2

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a,
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|ϕ2|2 η2 . µ
−4
2

(
µσ2 (t)

(
µ2(t)

µ1(t)

)2

〈y2〉−ae−εt0
)2

η2

. µ−2
1 µ2

2R
2−a

(
1

µ1(t)µ2(t)

)2

µ2σ
2 (t)〈y2〉−2−a(e−εt0)2

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a

and

|Ψ|2 .
(
µσ2 (t)

µ1(t)2
〈y2〉−ae−εt0

)2

. µ−2
1 µa2 min{r2−a, 1}µσ2 (t)

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a(e−εt0)2

. e−εt0
1

R2

(
1

µ1(t)µ2(t)

)2

µσ2 (t)〈y2〉−2−a.

6.5. Proof of Theorem 2. We apply Lemma 6.1 to the inner problem (6.5). To
this aim, we need to choose the parameter µ12 such that the orthogonality condition∫ 2R

0

(
ζ2(12W − 6y2

2W
2)µ2

2Ψ +D2

)
· Z(y2)y5

2dy2 = 0 (6.13)

holds. Recall that

D2 := (µ̇02µ12 + µ02µ̇12)Z(y) + 2(12W (y)− 6y2W 2(y)) (λ02)
2 µ12

µ02
U(0),

µ02(t) = e−
c∗e2c1t

2c1 ,
µ̇02

µ02
= −c∗e2c1t = −c∗

λ2
02

µ2
02

,

µ02µ̇02 + c∗

(
µ02

µ01

)2

= 0,

and the fact that∫ 2R

0
(12W (y)− 6y2W 2(y))U(0)Z(y)y5dy∫ 2R

0
Z(y)Z(y)y5dy

= c∗ +O(R−2),

we know, the orthogonality condition (6.13) can be reduce to the following ODE of
µ12,

µ̇12 + c∗e
2c1tµ12 = − µ2

2

µ02

∫ 2R

0

(
ζ2(12W − 6y2

2W
2)Ψ

)
· Z(y2)y5

2dy2∫ 2R

0
Z(y2)2y5

2dy2

+ µ̇02
µ12

µ02
O(R−2).

(6.14)
Let h be a function of t satisfying condition ‖h‖]σ := supt≥t0 |µ

−1−σ
02 (t)µ2

01(t)h(t)| .
e−εt0 . Observe that the solution of

µ̇12 + c∗e
2c1tµ12 = h(t) (6.15)

can be expressed by the formula,

µ12(t) = e−
c∗e2c1t

2c1

[
d+

∫ t

t0

e
c∗e2c1τ

2c1 h(τ)dτ

]
, (6.16)
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with the constant d be chosen as d = −
∫ +∞
t0

e
c∗e2c1τ

2c1 h(τ)dτ . Therefore, we have

‖µ12‖]σ = ‖e(1+σ) c∗e
2c1t

2c1 µ2
01(t)µ12(t)‖L∞(t0,∞)

. sup
t≥t0

∣∣∣∣eσ c∗e2c1t2c1 µ2
01(t)

∫ +∞

t

e
c∗e2c1τ

2c1 |h(τ)|dτ
∣∣∣∣

. e−εt0 sup
t≥t0

∣∣∣∣eσ c∗e2c1t2c1

∫ +∞

t

e−σ
c∗e2c1τ

2c1 e2c1τdτ

∣∣∣∣ . e−εt0 .
(6.17)

This gives us a bounded linear operator T1 : h → µ12 by assigning the solution
µ12 of (6.15) given by (6.16) to any given h satisfying ‖h‖]σ < +∞. Thus µ12 is a
solution of (6.14) if it is fixed point of the problem

µ12 = T1 (G[φ1, φ2,Ψ, µ12](t))

with

G[φ1, φ2,Ψ, µ12](t) := − µ2
2

µ02

∫ 2R

0

(
ζ2(12W − 6y2

2W
2)Ψ

)
· Z(y2)y5

2dy2∫ 2R

0
Z(y2)2y5

2dy2

+µ̇02
µ12

µ02
O(R−2).

Once the orthogonality condition is satisfied, from Lemma 6.1 we know that
there is a bounded linear operator T2 mapping from a function h(y, τ) satisfying
‖h‖2+α,σ < +∞ to a solution φ of (6.7) satisfying the estimate (6.9). Therefore the
solution of (6.4) is a fixed point of the problem

φ1 = T2 (H1[φ1, φ2,Ψ, µ12](y, t(τ))) ,

while the solution of (6.5) is a fixed point of the problem

φ2 = T2 (H2[φ1, φ2,Ψ, µ12](y, t(τ))) .

Here, H1[φ1, φ2,Ψ, µ12] and H2[φ1, φ2,Ψ, µ12] are defined as

H1[φ1, φ2,Ψ, µ12](y, t(τ)) := ζ1(12W − 6y2
1W

2)µ2
1Ψ + c(t)Z(y1) = 0,

H2[φ1, φ2,Ψ, µ12](y, t(τ)) := ζ2(12W − 6y2
2W

2)µ2
2Ψ +D2 = 0,

Similarly, the solution Ψ of (6.6) is a fixed point of the problem

Ψ = T2(F [φ1, φ2,Ψ, µ12](x, t)),

F [φ1, φ2,Ψ, µ12](x, t) := VΨ +B[~φ] +N(φ,Ψ, µ) + Eout − η1µ
−4
1 c(t)Z(y1).

Here T3 is the solution operator given by Lemma 6.2.
From the above argument, we know that (φ,Ψ, µ12) is a fixed point of the fol-

lowing problem, 
µ12 = T1 (G[φ1, φ2,Ψ, µ12](t)) ,

φ1 = T2 (H1[φ1, φ2,Ψ, µ12](y, t(τ))) ,

φ2 = T2 (H2[φ1, φ2,Ψ, µ12](y, t(τ))) ,

Ψ = T3(F [φ1, φ2,Ψ, µ12](x, t)).

(6.18)

Let us apply the Schauder fixed-point theorem in the following set

B =

{
(φ1, φ2,Ψ, µ12) : ‖φ1‖(1)

a,σ + ‖φ2‖(2)
a,σ + ‖Ψ‖∗,a,σ + ‖µ12‖]σ ≤ ce−εt0

}
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for a fixed positive constant c large enough. Here ‖Ψ‖∗,a,σ is the least M > 0
satisfying the following

|Ψ| ≤M µσ2 (t)

µ1(t)2
〈y2〉−a.

Similarly, ‖φ1‖(1)
a,σ, ‖φ2‖(2)

a,σ are the least M > 0 satisfying

〈y1〉|∇y1
φ1(y1, t)|+ |φ1(y1, t)| .Mµσ2 (t)〈y2〉−a,

and

〈y2〉|∇y2
φ2(y2, t)|+ |φ2(y2, t)| .Mµσ2 (t)

(
µ2(t)

µ1(t)

)2

〈y2〉−a,

respectively. On the set B, from the estimates in Section 6.4, we have

|G[φ1, φ2,Ψ, µ12]| . e−εt0 µ
1+σ
02 (t)

µ2
01(t)

,

|H1[φ1, φ2,Ψ, µ12]| . e−εt0µσ+a
2 (t)µ−a1 (t)〈y1〉−a−2,

|H2[φ1, φ2,Ψ, µ12]| . e−εt0µσ2 (t)

(
µ2(t)

µ1(t)

)2

〈y2〉−a−2,

|F [φ1, φ2,Ψ, µ12]| . e−εt0 µσ2 (t)

µ1(t)2µ2(t)2
〈y2〉−a−2.

From Lemma Lemma 6.1, Lemma 6.2 and estimate (6.17), the operator T defined
in (6.18) maps B into B. Since φ1, φ2, Ψ, µ12 decay uniformly as t→ +∞, standard
parabolic estimate ensures that T defined in (6.18) is a compact operator. From
the Schauder fixed-point theorem, there is a fixed point of T in the set B. This
provides a solution of (6.3) with form

ψ̄(r, t) = U∗(r, t) +

(
2

r2
− 1

µ2(t)2
U

(
r

µ2(t)

))
+ ϕ2(r, t).

Observe that 2
r2 − ψ̄(r, t) is also a solution of (6.3) and this solution has form

2

r2
− ψ̄(r, t) = −U∗(r, t) +

1

µ2(t)2
U

(
r

µ2(t)

)
− ϕ2(r, t),

which is our desired solution.

Appendix: Some useful computations

Here we give the detailed expressions for the terms −L̃i[B1,q], L̃i[Φ0], L̃i[Φ(1)
1 ],

L̃i[Φ(2)
1 ], L̃i[Φ(3)

1 ] in Section 2.4. First, we compute L̃[ϕ] =
∑4
i=1 L̃i[ϕ]dxi for the

differential 1-form ϕ we introduced before. By direct computations, for B1,q(x) =

Im
(

x−q
1+|x−q|2 dx̄

)
, we have

L̃1[B1,q] =
24µ2

(|x− q|2 + 1)(|x− q|2 + µ2)2
((x2 − q2)i+ (x3 − q3)j + (x4 − q4)k) ,

L̃2[B1,q] =
24µ2

(|x− q|2 + 1)(|x− q|2 + µ2)2
(−(x1 − q1)i− (x4 − q4)j + (x3 − q3)k) ,

L̃3[B1,q] =
24µ2

(|x− q|2 + 1)(|x− q|2 + µ2)2
((x4 − q4)i− (x1 − q1)j − (x2 − q2)k) ,
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L̃4[B1,q] =
24µ2

(|x− q|2 + 1)(|x− q|2 + µ2)2
(−(x3 − q3)i+ (x2 − q2)j − (x1 − q1)k) .

Similarly, we have the following computations.
(1) For

φ = Φ0(x, t) = Im
(

(x− ξ(t))ψ(0)(z(r̃), t)dx̄
)
,

we have

L̃1[φ] =
24µ2f0

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x2 − ξ2)i+ (x3 − ξ3)j + (x4 − ξ4)k) ,

L̃2[φ] =
24µ2f0

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (−(x1 − ξ1)i− (x4 − ξ4)j + (x3 − ξ3)k) ,

L̃3[φ] =
24µ2f0

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x4 − ξ4)i− (x1 − ξ1)j − (x2 − ξ2)k) ,

L̃4[φ] =
24µ2f0

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (−(x3 − ξ3)i+ (x2 − ξ2)j − (x1 − ξ1)k)

with

f0

(√
|x− ξ|2 + µ2(t)

)
=

∫ t

t0

2µ(s̃)µ̇(s̃)k1(t− s̃, z)ds̃

= 2

∫ t

t0

µ(s̃)µ̇(s̃)
1− e−

|x−ξ|2+µ2(s̃)
4(t−s̃) (1 + |x−ξ|2+µ2(s̃)

4(t−s̃) )

(|x− ξ|2 + µ2(s̃))2
ds̃

= 2

∫ t

t0

µ(s̃)µ̇(s̃)

(t− s̃)2
Γ

(
µ(s̃)2

t− s̃

)
ds̃.

Here and in the following Γ(τ) =
1−e−τ

ρ2+1
4 (1+τ ρ

2+1
4 )

(ρ2+1)2 .

(2) For

φ = dx ∧ dx̄
(
ψ(12)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(34)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
,

we have

L̃1[φ] =

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x1 − ξ1)i)

+ 24
µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (− (x4 − ξ4) j + (x3 − ξ3)k) ,
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L̃2[φ] =

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x2 − ξ2)i)

+ 24
µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (− (x3 − ξ3) j − (x4 − ξ4) k) ,

L̃3[φ] =

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x3 − ξ3)i)

+ 24
µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x2 − ξ2) j − (x1 − ξ1) k) ,

L̃4[φ] =

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x4 − ξ4)i)

+ 24
µ2(t)f1

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x1 − ξ1) j + (x2 − ξ2) k)

with

f1

(√
|x− ξ|2 + µ2(t)

)
=

∫ t

t0

(
θ̇12 + θ̇34

)
(s̃)k1(t− s̃, z)ds̃

=

∫ t

t0

(
θ̇12 + θ̇34

)
(s̃)

1− e−
|x−ξ|2+µ2(s̃)

4(t−s̃) (1 + |x−ξ|2+µ2(s̃)
4(t−s̃) )

(|x− ξ|2 + µ2(s̃))2
ds̃

=

∫ t

t0

(
θ̇12 + θ̇34

)
(s̃)

(t− s̃)2
Γ

(
µ(s̃)2

t− s̃

)
ds̃.

(3) For

φ = dx ∧ dx̄
(
ψ(13)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(24)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
,
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we have

L̃1[φ] =
24µ2f2

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (−(x4 − ξ4)i+ (x1 − ξ1)j + (x2 − ξ2)k) ,

L̃2[φ] =
24µ2f2

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x3 − ξ3)i− (x2 − ξ2)j + (x1 − ξ1)k) ,

L̃3[φ] =
24µ2f2

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x2 − ξ2)i+ (x3 − ξ3)j + (x4 − ξ4)k) ,

L̃4[φ] =
24µ2f2

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (−(x1 − ξ1)i− (x4 − ξ4)j + (x3 − ξ3)k)

with

f2

(√
|x− ξ|2 + µ2(t)

)
=

∫ t

t0

(
θ̇13 + θ̇24

)
(s̃)k1(t− s̃, z)ds̃

=

∫ t

t0

(
θ̇13 + θ̇24

)
(s̃)

1− e−
|x−ξ|2+µ2(s̃)

4(t−s̃) (1 + |x−ξ|2+µ2(s̃)
4(t−s̃) )

(|x− ξ|2 + µ2(s̃))2
ds̃

=

∫ t

t0

(
θ̇13 + θ̇24

)
(s̃)

(t− s̃)2
Γ

(
µ(s̃)2

t− s̃

)
ds̃.

(4) For

φ = dx ∧ dx̄
(
ψ(14)(z, t)(x− ξ(t))2

∂

∂x2
+ ψ(23)(z, t)(x− ξ(t))4

∂

∂x3
, ·
)
,

we have

L̃1[φ] = 24
µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (− (x3 − ξ3) i+ (x2 − ξ2)j)

+

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x1 − ξ1)k) ,
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L̃2[φ] = 24
µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x4 − ξ4) i− (x1 − ξ1)j)

+

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x2 − ξ2)k) ,

L̃3[φ] = 24
µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 ((x1 − ξ1) i+ (x4 − ξ4)j)

+

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x3 − ξ3)k) ,

L̃4[φ] = 24
µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

2 (− (x2 − ξ2) i− (x3 − ξ3)j)

+

4
2
(
2|x− ξ|2 − µ2(t)

)√
|x− ξ|2 + µ2(t)f3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

+4

(
|x− ξ|2 + µ2

)2
f ′3

(√
|x− ξ|2 + µ2(t)

)
(|x− ξ|2 + µ2)

5/2

 (−(x4 − ξ4)k)

with

f3

(√
|x− ξ|2 + µ2(t)

)
=

∫ t

t0

(
θ̇14 + θ̇23

)
(s̃)k1(t− s̃, z)ds̃

=

∫ t

t0

(
θ̇14 + θ̇23

)
(s̃)

1− e−
|x−ξ|2+µ2(s̃)

4(t−s̃) (1 + |x−ξ|2+µ2(s̃)
4(t−s̃) )

(|x− ξ|2 + µ2(s̃))2
ds̃

=

∫ t

t0

(
θ̇14 + θ̇23

)
(s̃)

(t− s̃)2
Γ

(
µ(s̃)2

t− s̃

)
ds̃.
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Seminar, Birkhäuser Verlag, Basel, second edition, 1991.

[19] Dong Li and Yannick Sire, Remarks on the Bernstein inequalty for higher order operators
and related results, Transactions of the American Mathematical Society, to appear.

[20] Casey Kelleher and Jeffrey Streets, Singularity formation of the Yang-Mills flow, Ann. Inst.
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