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We study the properties of single boundary spike solutions for the following
singularly perturbed problem

° 2 ¢ u ¡ u + up = 0 in « ;

u > 0 in « and
@u

@ ¸
= 0 on @« :

It is known that at a non-degenerate critical point of the mean curvature function
H(P ), there exists a single boundary spike solution. In this paper, we show that the
single boundary spike solution is unique and moreover it has exactly (N ¡ 1) small
eigenvalues. We obtain the exact asymptotics of the small eigenvalues in terms of
H(P ).

1. Introduction

Of concern are properties of boundary spike solutions of the following singularly
perturbed Neumann problem,

° 2¢u ¡ u + up = 0 in « ;

u > 0 in « and
@u

@¸
= 0 on @« ;

9
=

; (1.1)

where ° > 0 is a small parameter, « is a smooth bounded domain in RN , ¸ (x) is the
outer normal at x 2 @« and 1 < p < (N + 2)=(N ¡ 2) for N > 3 and 1 < p < +1
for N = 1; 2.

Problem (1.1) is a typical singular perturbation problem, which arises in many
branches of applied science. It can be considered as the stationary equation to the
shadow system of the Gierer{Meinhardt system (see [11]), which models biological
pattern formation. It is also known as the steady-state problem for a chemotactic
aggregation model with logarithmic sensitivity by Keller-Segel [16] (see, for exam-
ple, [20]).

Lin et al . ­ rst in [20] established the existence of least-energy solutions and Ni
and Takagi in [22] and [23] showed that, for ° su¯ ciently small, the least-energy
solution has only one local maximum point P ° and P ° 2 @« (therefore, the least-
energy solutions have a boundary spike layer). Moreover, H(P ° ) ! maxP 2 @« H(P )
as ° ! 0, where H(P ) is the mean curvature of P at @« . In [24], Ni and Takagi
constructed multiple spike solutions with spikes on the boundary in an axially
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1458 J. Wei

symmetric domains. In [25], the author constructed boundary spike solutions in
general domains. To state the results, we need to introduce some notation.

It is known that the solution of the following problem,

¢w ¡ w + wp = 0 inRN ;

w > 0; w(z) ! 0 as jzj ! 1;

w(0) = max
z 2 RN

w(z);

9
>>=

>>;
(1.2)

is radial [10] and unique [17]. We denote this solution as w.
Let

J ° (u) =
° 2

2

Z

«

jruj2 +
1

2

Z

«

u2 ¡ 1

p + 1

Z

«

up+ 1 (1.3)

be the energy of u 2 H1( « ) and

J(w) =
1

2

Z

RN

(jrwj2 + w2) ¡ 1

p + 1

Z

RN

wp+ 1 (1.4)

be the energy of w.
A family of solutions u ° of (1.1) is called level-1

2 if lim ° ! 0 ° ¡NJ ° (u ° ) = 1
2 J(w).

Certainly, least-energy solutions are level-1
2
.

In [25], the following result was proved.

Theorem A. If u ° is a solution of (1.1) and lim ° ! 0 ° ¡N J ° (u° ) = 1
2J(w), then,

for ° su± ciently small, u ° has only one local (hence global) maximum point P °

and P ° 2 @« . Moreover, r ½ P°
H(P ° ) ! 0 as ° ! 0, where r½ P°

is the tangential
derivative at P° .

On the other hand, let P0 2 @« be a non-degenerate critical point of H(P ). Then,
for ° su± ciently small, there exists a solution u ° to (1.1) such that ° ¡NJ ° (u ° ) !
1
2
J(w) and u ° has only one local maximum point P ° and P ° 2 @« . Moreover,

P ° ! P0.

Remark 1.1. In [8] and [30], multiple boundary spike solutions are constructed at
multiple non-degenerate critical points of H(P ). On the other hand, single and mul-
tiple boundary spike solutions with degenerate critical points of H(P ) are studied
in [9,12,14,18,24,29].

In this paper, we study the properties of u ° constructed in theorem 1. In particu-
lar, we establish the uniqueness of u ° and the small eigenvalue estimates of the asso-
ciated linearized operator. These properties are essential in the study of existence
and stability of boundary spike solutions for the corresponding reaction-di¬usion
system (such as the Gierer{Meinhardt and Keller{Segel systems). See [21,28] for
progress in this direction.

From now on, we ­ x the point P0 2 @« to be a non-degenerate critical point of
H(P ).

Our ­ rst result concerns the uniqueness of u ° .

Theorem 1.2. For ° su± ciently small, if there are two families of level-1
2 solutions

u ° ;1 and u ° ;2 of (1.1) such that P 1
° ! P0, P 2

° ! P0, where

u ° ;1(P 1
° ) = max

P 2 ·«
u ° ;1(P ); u ° ;2(P 2

° ) = max
P 2 ·«

u ° ;2(P );
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Boundary spike layer 1459

then we have
P 1

° = P 2
° ; u ° ;1 = u ° ;2: (1.5)

The second result concerns the eigenvalue estimates associated with the linearized
operator at u ° ,

L ° := ° 2¢ ¡ 1 + pup¡1
° : (1.6)

We ­ rst note the following result.

Lemma 1.3. The following eigenvalue problem

¢¿ ¡ ¿ + pwp¡1 ¿ = · ¿ in RN
+ ;

¿ 2 H1(RN
+ );

@¿

@yN
= 0 on @RN

+ ;

9
=

; (1.7)

where RN
+ = fy = (y1; : : : ; yN ) 2 RN j yN > 0g admits the following set of eigen-

values
· 1 > 0; · 2 = ¢ ¢ ¢ = · N = 0; · N + 1 < 0; : : : : (1.8)

Moreover, the space of eigenfunctions corresponding to the eigenvalue 0 is spanned
by @w=@yj , j = 1; : : : ; N ¡ 1.

Proof. We extend ¿ to RN by re®ection

¿ (y1; : : : ; yN¡1; yN ) = ¿ (y1; : : : ; yN¡1; ¡ yN):

Then this lemma follows from theorem 2.12 of [19] and lemma C of [23].

Next we introduce an important de­ nition. For each P 2 ·« , we set w° ;P to be
the unique solution of

° 2¢u ¡ u + wp

³
x ¡ P

°

´
= 0 in « ;

@u

@¸
= 0 on @« :

9
>>=

>>;
(1.9)

For each P 2 @« , we may assume that @=@½ j(P ), j = 1; : : : ; N ¡ 1, are the (N ¡ 1)-
tangential derivatives. (To avoid clumsy notations, we use @j to denote @=@½ j(P ).
Sometimes we use @ to denote any tangential derivative.)

Then we have the following result.

Theorem 1.4. For ° su± ciently small, the following eigenvalue problem,

° 2¢ ¿ ° ¡ ¿ ° + pup¡1
° ¿ ° = ½ ° ¿ ° in « ;

@¿ °

@¸
= 0 on @« ;

9
=

; (1.10)

admits exactly (N ¡ 1) eigenvalues ½ 1
° 6 ½ 2

° ¢ ¢ ¢ 6 ½ N¡1
° in the interval [ 1

2 · N + 1; 1
2 · 1],

where · 1 and · N + 1 are given by lemma 1.3.
Moreover, we have the following asymptotic behaviour of ½ j

° ,

½ j
°

° 2
! ² 0 ¶ j ; j = 1; : : : ; N ¡ 1; (1.11)
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1460 J. Wei

where ¶ 1 6 ¶ 2 6 ¢ ¢ ¢ 6 ¶ N¡1 are the eigenvalues of the matrix

G(P0) := (@i@jH(P0));

and

² 0 =
N ¡ 1

N + 1

R
RN

+
(w0(jzj))2zN dz

R
RN

+
(@w=@z1)2 dz

> 0: (1.12)

(Here, w0(jzj) denotes the radial derivative of w with respect to jzj:)
Furthermore, the eigenfunction corresponding to ½ j

° , j = 1; : : : ; N ¡ 1, is given by
the following,

¿ °
j =

N¡1X

i = 1

(aij + o(1))
@w° ;P °

@½ i(P ° )
; (1.13)

where P° is the local maximum point of u ° , aj = (a1j ; : : : ; a(N¡1)j)T is the eigen-
vector corresponding to ¶ j, namely,

G(P0)aj = ¶ jaj; j = 1; : : : ; N ¡ 1: (1.14)

Remark 1.5. The small eigenvalues are usually called critical eigenvalues. We men-
tion that critical eigenvalues for Cahn{Hilliard equations and other elliptic problems
with small parameters have been studied in [1{7] and the references therein.

From theorem 1.2, u ° is an isolated critical point of J ° . From theorem 1.4, L ° is
invertible. Hence u° is non-degenerate. We thus obtain the following result.

Corollary 1.6. u° is an isolated non-degenerate critical point of J ° .

In the rest of this section, we brie®y outline the proofs of theorems 1.2 and 1.4 and
the organization of the paper. The main idea is to reduce the problem in H2( « ) into
a ­ nite-dimensional problem on the space of spikes and then compute the number
of critical points for a ­ nite-dimensional problem. To this end, we use the classical
Liapunov{Schmidt reduction method, which has been developed in [29] and [14] for
boundary spikes (a similar method has been used in [13,26]).

We divide the proofs into the following steps.

Step A. Choose good approximate solutions.

Fix P 2 @« . We choose w ° ;P de­ ned at (1.9) to be the approximate solution.
Note that w° ;P satis­ es the Neumann boundary condition and w ° ;P is a C2 function
in P . Moreover, by di¬erentiating the equation (1.9) with respect to P , we see that
@jw ° ;P also satis­ es the Neumann boundary condition.

The di¬erence between w° ;P and w plays a very important role in the proof of
theorem 1. We collect the properties of w° ;P in x 2.

Step B. The idea now is to write any single boundary spike solution u° in the
following form

u ° = w ° ;P + © ; (1.15)

where P is suitably chosen (near P0) and © is small. In this way, the problem (1.1)
can be reduced to looking for (P; © ).
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Boundary spike layer 1461

We ­ rst introduce some notation.
Set

f(u) := up; « ° ;P := fy j ° y + P 2 « g: (1.16)

Let H2
¸ ( « ° ;P ) be the Hilbert space de­ ned by

H2
¸ ( « ° ;P ) :=

»
u 2 H2( « ° ;P )

­­­­
@u

@¸
= 0 on @« ° ;P

¼
: (1.17)

De­ ne
S ° (u) := ¢u ¡ u + f (u) (1.18)

for u 2 H2
¸ ( « ° ;P ).

Then substituting (1.15) into (1.1), we see that (1.1) is equivalent to

S ° (w° ;P + © ) = 0; © 2 H2
¸ ( « ° ;P ); (1.19)

where (P; © ) are suitably chosen.

Step C. Fixing any P 2 @« , we solve © ­ rst.

It is natural to solve © by using contraction mapping theorem. The problem is
the linearized operator

L ° ;P := S 0
° (w ° ;P ) = ¢ ¡ 1 + f 0(w ° ;P ) (1.20)

is not uniformly invertible from H2
¸ ( « ° ;P ) to L2( « ° ;P ). To this end, we solve the ©

module approximate kernel. This procedure has been done in [29] and [14].
Set

K ° ;P := spanf@jw° ;P j j = 1; : : : ; N ¡ 1g » H2
¸ ( « ° ;P ) (1.21)

to be the approximate kernel and

C ° ;P := spanf@jw° ;P j j = 1; : : : ; N ¡ 1g » L2( « ° ;P ) (1.22)

to be the approximate cokernel.
Let

¤ := fP 2 @« j jP ¡ P0j < ¯ g; (1.23)

where ¯ is so small such that P0 is the only critical point of H(P ) in ¤ .
By using the standard Liapunov{Schmidt reduction procedure, for each P 2 ¤ ,

we can ­ nd a unique © = © ° ;P 2 K ?
° ;P such that

S ° (w ° ;P + © ° ;P ) 2 C ° ;P ; © ° ;P 2 K ?
° ;P : (1.24)

We recall this procedure in x 3.

Step D. Reduction to a ­ nite-dimensional problem.

We then de­ ne
K ° (P ) := J ° (w ° ;P + © ° ;P ) : ¤ ! R: (1.25)

A very important observation is the following fact.

Lemma 3.6. u° = w° ;Q ° + © ° ;Q ° is a critical point of J ° if and only if Q° is a critical
point of K ° in ¤ .
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1462 J. Wei

By the above lemma, the uniqueness problem is reduced to counting the number
of critical points of K ° in ¤ .

Step E. Counting the number of critical points of K ° (P ).

To count the number of critical points of K ° (P ), we need to compute @K ° (P )
and @2K ° (P ).

The following is the basic technical estimate in this paper.

Proposition 4.1. Let

~K ° (P ) = ° Nf 1
2 J(w) ¡ ° BH(P )g (1.26)

be the reduced energy, where

B :=
N ¡ 1

N + 1

Z

RN
+

(w0(jzj))2zN dz: (1.27)

Then K ° (P ) is of C2 in ¤ and for ° su± ciently small, we have

(1) K ° (P ) ¡ ~K ° (P ) = o( ° N + 1);

(2) @K ° (P ) ¡ @ ~K ° (P ) = o( ° N + 1) uniformly for P 2 ¤ ;

(3) if Q ° 2 ¤ is a critical point of K ° (P ), then

@2K ° (Q ° ) ¡ @2 ~K ° (Q ° ) = o( ° N + 1):

We will prove (1) and (2) of proposition 4.1 in x 4. Part (3) of proposition 4.1
will be left to x 6 and the appendix.

We remark that proposition 4.1 is intuitively true. However, even formal asymp-
totic analysis is not so easy. The main reason is that when we expand @i@jK ° (P ),
we need to deal with terms of four di¬erent orders: O( ° ¡2), O( ° ¡1), O(1), O( ° ).
Since the error term © ° ;P is just of the order O( ° ), we need to expand © ° ;P up to
order O( ° 2) and @j © ° ;P up to order O( ° ). The order O( ° 2) term of © ° ;P is di¯ cult to
estimate. (On the other hand, for the study of the corresponding interior peak case,
© ° ;P can be neglected in all the computations. See [28].) As far as the author knows,
our results here are the ­ rst rigorous justi­ cations for the asymptotical expansions
of critical spectra of boundary spike solutions. It turns out that the order O( ° )
term of © ° ;P is good enough. We use two important observations to prove (3) of
proposition 4.1. The ­ rst one is the following simple fact:

@w((x ¡ P )=° )

@xj
+

@w((x ¡ P )=° )

@Pj
= 0; j = 1; : : : ; N: (1.28)

This fact eliminates many unnecessary computations. The second one is the so-
called Pohozaev identity.

Step F. The proof of theorem 1.2 follows from steps D and E and is done in x 4.

Step G. Estimating the eigenvalues and the proof of theorem 1.4.
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Boundary spike layer 1463

To prove theorem 1.4, we decompose the eigenfunction of (1.10) as follows:

¿ ° =

N¡1X

j = 1

° a ° ;j@jw ° ;Q ° + ·¿ ° ; ·¿ ° 2 K ?
° ;Q °

:

Then we use the results in steps C and E to show that ·¿ ° is very small.
This is done in x 5.
Finally, we remark that all the theorems above are true if we replace up in (1.1)

by general nonlinearities f (u) that satisfy assumptions (f1){(f3) in [14].
Throughout this paper we denote various generic constants by C. We use O(A),

o(A) to mean jO(A)j 6 C jAj, o(A)=jAj ! 0 as jAj ! 0, respectively. Whenever we
have repeated indices, we mean summation of that index from 1 to N ¡ 1 unless
otherwise speci­ ed.

2. Preliminaries and analysis of projections

In this section, we study the properties of the approximate function w° ;P de­ ned
at (1.9). In particular, we derive the asymptotic expansion of the function as well as
its tangential derivatives. Most of the materials in this section are taken from [25]
and [29].

We ­ rst transform the boundary.
Let P 2 @« . Since @« is smooth, we can ­ nd an R0 > 0 and » P : B0(R0) ! R a

smooth function such that » P (0) = 0, rx 0 » P (0) = 0 and

« 1 = « \ B(R0) = f(x0; xN ) 2 B(R0) j xN ¡ PN > » P (x0 ¡ P 0)g;

!1 = @« \ B(R0) = f(x0; xN) 2 B(R0) j xN ¡ PN = » P (x0 ¡ P 0)g;

where x0 = (x1; : : : ; xN¡1) and

B(R0) = fx 2 RN j jxj < R0g; B0(R0) = fx0 2 RN¡1 j jx0j < R0g:

Note that

H(P ) =
1

N ¡ 1

N¡1X

k = 1

» P
kk(0):

By Taylor’s expansion, we can assume that

» P (a) = 1
2
» P

ij(0)aiaj + 1
6
» P

ijk(0)aiajak + O(jaj4)

for a 2 RN¡1 small, where

» P
i =

@» P

@xi
; » P

ij =
@2 » 2

@xixj
; etc.

To simplify our notation, we denote » P as » if there is no confusion.
For x 2 @« , let ¸ (x) denote the unit outward normal at x, @=@¸ denote the

normal derivative, ( ½ 1(x); : : : ; ½ N¡1(x)) denote the (N ¡ 1) linearly independent
tangent vectors and (@=@½ 1(x); ::; @=@½ N¡1(x)) the corresponding (N ¡ 1) tangential
derivatives at x.
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1464 J. Wei

For x 2 !1, we have

¸ (x) =
1p

1 + jrx 0 » j2
(rx 0 » (x0 ¡ P 0); ¡ 1);

@

@¸
=

1p
1 + jrx 0 » j2

»
» j

@

@xj
¡ @

@xN

¼ ­­­­
xN ¡PN = » (x 0 ¡P 0 )

;

½ i(x) =

³
0; : : : ; 1; ::; 0;

@»

@xi
(x0 ¡ P 0)

´
; i = 1; : : : ; N ¡ 1;

@

@½ i(x)
=

@

@xi
+ » i(x

0 ¡ P 0)
@

@xN

­­­­
xN ¡PN = » (x 0 ¡P 0 )

; i = 1; : : : ; N ¡ 1:

For each u; v 2 H1( « ), we de­ ne

hu; vi ° = ° ¡N

Z

«

( ° 2ru ¢ rv + uv): (2.1)

We denote hu; ui ° as kuk2
° .

We now analyse w ° ;P . By the maximum principle, w ° ;P > 0 in « . Let w be the
unique solution of (1.2) and

h ° ;P (x) = w

³
x ¡ P

°

´
¡ w ° ;P : (2.2)

To expand h ° ;P in terms of ° , we recall the following limit functions de­ ned in [25].
Let vij(y) be the unique solution of

¢v ¡ v = 0 in RN
+ ; v 2 H1(RN

+ );

@v

@yN
= ¡ 1

2

w0

jyjyiyj on @RN
+ :

9
>=

>;
(2.3)

Set

v1(x) :=
X

ij

» P
ij(0)vij

³
x ¡ P

°

´
: (2.4)

Let À (a) be a function such that À (a) = 1 for a 2 BR0=2(P ), À (a) = 0 for
a 2 (BR0 (P ))c, where Br(P ) = fQ j jQ ¡ P j < rg.

Set
° y0 = x0 ¡ P 0; ° yN = xN ¡ PN ¡ » (x0 ¡ P 0)

and

h ° ;P (x) = °
X

ij

» P
ij(0)vij

³
x ¡ P

°

´
À (x ¡ P ) + ° 2 ª °

1(x): (2.5)

Then, by proposition 2.1 of [25], we have the following result.

Lemma 2.1. k ª °
1k ° 6 C:

We next analyse @jw ° ;P (x). By the coordinate system we choose, we can assume
that

@

@½ j(P )
=

@

@Pj
:
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Boundary spike layer 1465

Then @=@Pjh ° ;P (x) satis­ es

° 2¢v ¡ v = 0 in « ;

@v

@¸
=

@

@¸

@

@Pj
w

³
x ¡ P

°

´
on @« :

9
>=

>;

Let wj
kl be the unique solution of

¢v ¡ v = 0 on RN
+ ; v 2 H1(RN

+ );

@v

@yN
=

1

2

³
w00

jyj2
¡ w0

jyj3

´
yjykyl on @RN

+ :

9
>=

>;
(2.6)

Then we have (see proposition 2.2 of [25]) the following result.

Proposition 2.2.

@w

@½ j(P )
¡ @w° ;P

@½ j(P )
=

µX

kl

» jkl(0)wj
kl

³
x ¡ P

°

´

¡ 2
X

k

» jk(0)vjk

³
x ¡ P

°

´¶
À (x ¡ P ) + ° ª °

2(x);

where wj
kl, vjk are de¯ned above and

k ª °
2k ° 6 C:

3. Liapunov{Schmidt reduction

In this section, we solve problem (1.1) in an appropriate kernel and cokernel and
then reduce our problem to a ­ nite-dimensional one. Since the procedure has been
used in many papers (see [8,13,14,18,26,29,30] and the references therein), we will
omit most of the details. We refer to x 3 of [14] for further detailed proofs.

We ­ rst recall some notation in x 1. Let f (u), « ° ;P , H2
¸ ( « ° ;P ), S° , L ° ;P , K ° ;P ,

C ° ;P and ¤ be de­ ned as in x 1.
Fix P 2 ¤ . Let º ° ;P and º ?

° ;P denote the projection of L2( « ° ;P ) onto C ° ;P and
C ?

° ;P , respectively.
Our goal in this section is to show that the equation

º ?
° ;P ¯ S ° (w° ;P + © ° ;P ) = 0; © ° ;P 2 K ?

° ;P

has a unique solution © ° ;P if ° is small enough.
We recall the following three results in [14].

Proposition 3.1 (cf. proposition 3.1 of [14]). Let ~L ° ;P := º ?
° ;P ¯ L ° ;P . There exist

positive constants ·° ; C such that, for all ° 2 (0; ·° ) and P 2 ¤ ,

k© kH2( « ° ;P ) 6 Ck~L ° ;P © kL2( « ° ;P ) (3.1)

for all © 2 K ?
° ;P .
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1466 J. Wei

Proposition 3.2 (cf. proposition 3.2 of [14]). For all ° 2 (0; ·° ) and P 2 ¤ , the
map

~L ° ;P = º ?
° ;P ¯ L ° ;P : K ?

° ;P ! C ?
° ;P

is surjective.

Proposition 3.3 (cf. lemma 3.4 of [14]). There exists ·° > 0 such that, for any
0 < ° < ·° and P 2 ¤ , there exists a unique © = © ° ;P 2 K ?

° ;P satisfying S ° (w ° ;P +
© ° ;P ) 2 C ° ;P and

k © ° ;P kH2( « ° ;P ) 6 C° : (3.2)

In fact, © ° ;P is actually smooth in P .

Lemma 3.4 (cf. lemma 3.6 of [14]). Let © ° ;P be de¯ned by proposition 3.3. Then
© ° ;P is C1 in P .

Next, we have the following asymptotic expansion for © ° ;P . For the proof, please
see proposition 3.4 of [29].

Proposition 3.5.

© ° ;P (x) = °

³
© 0

³
x ¡ P

°

´
À (x ¡ P )

´
+ ° 2 ª ° ;P (x); (3.3)

where
k ª ° ;P k ° 6 C

and © 0 is the unique solution of

¢ © 0 ¡ © 0 + f 0(w) © 0 ¡ f 0(w)v1 = 0 in RN
+ ;

@© 0

@yN
= 0 on @RN

+ ;

© 0 is orthogonal to the kernel of L0;

9
>>>=

>>>;
(3.4)

where v1 is de¯ned at (2.4) and

L0 := ¢ ¡ 1 + f 0(w) : H2
¸ (RN

+ ) ! L2(RN
+ ); (3.5)

with

H2
¸ (RN

+ ) :=

»
u 2 H2(RN

+ )

­­­­
@u

@yN
= 0 on @RN

+

¼
:

Remark 3.6. Note that the operator L0 = ¢ ¡ 1 + f 0(w) has a non-trivial
kernel ker(L0) = spanf@w=@yj j j = 1; : : : ; N ¡ 1g in H2

¸ (RN
+ ). (This follows

from lemma 1.2.) However, the function f 0(w)v1 is orthogonal to ker(L0) (since
v1( ¡ y1; : : : ; ¡ yN¡1; yN ) = v1(y1; : : : ; yN¡1; yN)) and thus there is a unique solu-
tion © 0 to (3.4).

Remark 3.7. Formally, as ° ! 0; x = ° y + P , L ° ;P ! L0, « ° ;P ! RN
+ and

H2
¸ ( « ° ;P ) ! H2

¸ (RN
+ ).

Finally, let us recall that K ° (P ) is de­ ned in (1.25). We then have the following
result.
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Boundary spike layer 1467

Lemma 3.8. Q ° 2 ¤ is a critical point of K ° if and only if u ° = w° ;Q ° + v ° ;Q ° is a
critical point of J ° .

Proof. The proof follows from the proofs in x 5 of [14]. For the sake of completeness,
we include a proof here.

By proposition 3.3, there exists an ·° such that, for 0 < ° < ·° , we have a C1 map
which, to any P 2 ¤ , associates © ° ;P 2 K ?

° ;P such that

S° (w ° ;P + © ° ;P ) =

N¡1X

l = 1

® l(P )@lw ° ;P

for some constants ® l(P ), l = 1; : : : ; N ¡ 1.
If u ° = w ° ;P + © ° ;P is a critical point of J ° , then

S ° (w ° ;P + © ° ;P ) = 0:

Hence
Z

«

( ° 2ru° r@j(w ° ;P + © ° ;P ) + u ° @j(w° ;P + © ° ;P ))

¡
Z

«

f (u ° )@j(w ° ;P + © ° ;P ) = ¡
Z

«

S° (u° )@j(w ° ;P + © ° ;P ) = 0;

i.e.
@jK ° (P ) = 0; j = 1; : : : ; N ¡ 1;

which means that P is a critical point of K ° .
On the other hand, let Q ° 2 ¤ be a critical point of K ° . Let u ° = w ° ;Q °

+ © ° ;Q °
.

Then we have
@jK ° (Q ° ) = 0; j = 1; : : : ; N ¡ 1;

which implies that
Z

«

( ° 2ru° r@j(w ° ;Q ° + © ° ;Q ° ) + u ° @j(w ° ;Q ° + © ° ;Q ° ))

¡
Z

«

f (u ° )@j(w° ;Q ° + © ° ;Q ° ) = ¡
Z

«

S° (u ° )@j(w ° ;Q ° + © ° ;Q ° ) = 0

for j = 1; : : : ; N ¡ 1.
Therefore, we have

N¡1X

l = 1

® l(Q° )

Z

«

@lw ° ;Q ° @j(w ° ;Q ° + © ° ;Q ° ) = 0: (3.6)

By proposition 3.3 and the fact that © ° ;Q ° 2 K ?
° ;Q °

,
Z

«

@lw ° ;Q ° @j © ° ;Q ° = ¡
Z

«

© ° ;Q ° @l@lw° ;Q ° = O( ° N¡1): (3.7)

On the other hand, by proposition 2.2,

Z

«

@lw ° ;Q ° @jw ° ;Q ° =

(
° N¡2(A0 + o(1)) if l = j;

O( ° N¡1) if l 6= j;
(3.8)
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where

A0 =

Z

RN
+

³
@w

@y1

2́

: (3.9)

By (3.8) and (3.7), the matrix
³Z

«

@lw ° ;Q ° @j(w° ;Q ° + © ° ;Q ° )

´

is diagonally dominant and thus is non-singular. Equations (3.6) then imply that
® l(Q° ) = 0, l = 1; : : : ; N ¡ 1.

Hence u ° = w ° ;Q ° + © ° ;Q ° is a critical point of J ° .

4. Uniqueness of u²

In this section, we prove theorem 1.2.
Let K ° (P ) be de­ ned at (1.25) and ~K ° (P ) be de­ ned at (1.26).
The crucial estimate to prove theorem 1.2 is the following.

Proposition 4.1. K ° (P ) is of C2 in ¤ and, for ° su± ciently small, we have

(1) K ° (P ) ¡ ~K ° (P ) = o( ° N + 1);

(2) @K ° (P ) ¡ @ ~K ° (P ) = o( ° N + 1) uniformly for P 2 ¤ ;

(3) if Q ° is a critical point of K ° (P ), then

@2K ° (Q ° ) ¡ @2 ~K ° (Q ° ) = o( ° N + 1): (4.1)

The proof of proposition 4.1 will be delayed until the end of this section. Let us
now use it to prove the uniqueness of u° .

Proof of theorem 1.2. By lemma 3.8, we just need to prove that K ° (P ) has only
one critical point in ¤ . We prove it in the following steps.

Step 1. deg(@K ° (P ); ¤ ; 0) = ( ¡ 1)k, where k is the number of positive eigenvalues
of G(P0).

This follows from (2) of proposition 4.1 and a continuity argument. In fact, by
the de­ nition of ~K ° , we have

deg(@ ~K ° (P ); ¤ ; 0) = ( ¡ 1)k:

By (2), both K ° (P ) and ~K ° (P ) have no critical points on @¤ and a continuous
deformation argument shows that @K ° (P ) has the same degree as @ ~K ° (P ) on ¤ .

Step 2. At each critical point Q ° of K ° (P ), we have

deg(@K ° ; B ¯ ° (Q° ) \ ¤ ; 0) = ( ¡ 1)k

for ¯ ° su¯ ciently small.
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This follows from (3) of proposition 4.1 and the fact that P0 is non-degenerate
(thus the eigenvalues of the matrix (@i@jH(Q ° )) are non-zero when Q ° 2 ¤ ).

From step 2, we deduce that K ° (P ) has only a ­ nite number of critical points in
¤ , say, k ° . By the properties of the degree, we have

deg(@K ° (P ); ¤ ; 0) = k° ( ¡ 1)k:

By step 1, k ° = 1.
Theorem 1.2 is thus proved.

In the rest of this section, we shall prove proposition 4.1. To this end, we ­ rst
estimate @j © ° ;P , where © ° ;P is de­ ned by proposition 3.3. Note that, by proposi-
tion 3.5, the ­ rst expansion of © ° ;P is ° © 0. We will show that this expansion is valid
in C1 for P . That is, the following result holds.

Lemma 4.2. For ° su± ciently small, we have

@j © ° ;P = ¡ °
@ © 0((x ¡ P )=° )

@xj
+ O( ° ); (4.2)

where © 0 is the function de¯ned in proposition 3.5.

Proof. Let us denote

© 0;j = ¡ °
@ © 0((x ¡ P )=° )

@xj
:

We prove (4.2) by showing

º ° ;P (@j © ° ;P ¡ © 0;j) = O( ° ); (4.3)

º ?
° ;P (@j © ° ;P ¡ © 0;j) = O( ° ): (4.4)

We decompose @j © ° ;P as follows:

@j © ° ;P = © ° ;P;j +

N¡1X

k = 1

­ jk@kw ° ;P ; © ° ;P;j 2 K ?
° ;P : (4.5)

To show (4.3), we ­ rst estimate ­ jk . Since © ° ;P ? @lw ° ;P , l = 1; : : : ; N ¡ 1, we
have

N¡1X

k = 1

­ jk

Z

« ° ;P

(@lw° ;P @kw ° ;P ) =

Z

« ° ;P

(@j © ° ;P @lw ° ;P )

= ¡
Z

« ° ;P

( © ° ;P @2
jlw ° ;P ):

Hence, by proposition 3.5,

­ jk = °

Z

RN
+

³
© 0

@2w

@yj@yk

´
A¡1

0 + O( ° 2)

= ¡ °

Z

RN
+

³
@© 0

@yj

@w

@yk

´
A¡1

0 + O( ° 2);

where A0 is given by (3.9). This proves (4.3).
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It remains to prove (4.4).
Note that, by proposition 3.3, we have

S° (w ° ;P + © ° ;P ) =

N¡1X

l = 1

® l(P )@lw ° ;P (4.6)

for some constants ® l(P ), l = 1; : : : ; N ¡ 1. To estimate ® l(P ), we observe that
lemma 4.1 of [25] gives that

Z

«

S ° (w° ;P + ¿ ° ;P )@lw ° ;P = O( ° N + 1): (4.7)

By (4.6), (3.8) and (4.7), we obtain

® l(P ) = O( ° 3); l = 1; : : : ; N ¡ 1: (4.8)

Applying @j to (4.6), we have that © ° ;P;j satis­ es

S 0
° (w ° ;P + © ° ;P )( © ° ;P;j)+S 0

° (w° ;P + © ° ;P )(­ jk@kw ° ;P +@jw° ;P ) ¡
KX

l = 1

® l@
2
ljw ° ;P 2 C ° ;P ;

which implies that

º ?
° ;P ¯ S0

° (w ° ;P + © ° ;P )( © ° ;P;j)

+ º ?
° ;P ¯ S0

° (w ° ;P + © ° ;P )(­ jk@kw ° ;P + @jw ° ;P ) ¡ º ?
° ;P ¯

³ KX

l= 1

® l@
2
ljw ° ;P

´
= 0:

(4.9)

By (4.8), ®®®® º ?
° ;P ¯

³ KX

l = 1

® l@
2
ljw ° ;P

´®®®®
L2( « ° ;P )

= O( ° ): (4.10)

Equation (4.4) can be proved by expanding (4.9) up to the ­ rst order and then
comparing with the equations for © 0;j . We omit the details.

Finally, we prove proposition 4.1.

Proof of proposition 4.1. Part (1) follows from lemma 3.5 of [14] (see also proposi-
tion 3.2 in [23].)

We now prove (2) of proposition 4.1 as follows,

@jK ° (P ) = ° N hw° ;P + © ° ;P ; @jw° ;P i ° ¡
Z

«

f(w ° ;P + © ° ;P )@jw ° ;P

+ ° Nhw ° ;P + © ° ;P ; @j © ° ;P i ° ¡
Z

«

f (w ° ;P + © ° ;P )@j © ° ;P

=

Z

«

S ° (w ° ;P + © ° ;P )@jw ° ;P +

Z

«

S ° (w° ;P + © ° ;P )@j © ° ;P

= I1 + I2;

where I1 and I2 are de­ ned at the last equality.
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Note that by lemma 4.1 of [25] and the de­ nition of ~K ° (P ), we have

I1 = @j
~K ° + o( ° N + 1): (4.11)

By (4.8) and lemma 4.2,

I2 =

Z

«

N¡1X

l = 1

® l(P )@lw ° ;P @j © ° ;P = O( ° N + 2): (4.12)

Combining the estimates (4.11) and (4.12), we see that part (2) of proposition 4.1
is thus proved.

The proof of (3) is very complicated and thus is left to x 6.

5. Eigenvalue estimates

In this section, we shall study eigenvalue estimates for

L ° := ° 2¢ ¡ 1 + f 0(u° )

and prove theorem 1.4.
By lemma 3.8, we can write

u ° = w ° ;Q ° + © ° ;Q ° ;

where Q° 2 ¤ , Q° ! P0 and Q ° is a critical point of K ° . Let us denote « ° ;Q ° as « ° .
Let ( ½ ° ; ¿ ° ) be a pair such that

L ° ¿ ° = ½ ° ¿ ° in «

@ ¿ °

@¸
= 0 on @« :

9
=

; (5.1)

Suppose ½ ° 2 [ 1
2 · N + 1; 1

2 · 1] and k ¿ ° k ° = 1. We now look for the ­ rst expansion
for ¿ ° .

Let us ­ rst ­ nd the limit of ½ ° . If ½ ° ! ½ 0 6= 0, then after a scaling argument and
by taking a subsequence, we have that

~¿ ° (y) = ¿ ° (Q ° + ° y) ! ¿ 0;

where ¿ 0 is a solution of

¢¿ 0 ¡ ¿ 0 + f 0(w) ¿ 0 = ½ 0 © 0 in RN
+ ;

¿ 0 2 H1(RN
+ );

@¿ 0

@yN
= 0 on @RN

+ :

9
=

; (5.2)

By lemma 1.3, ½ 0 = · 1, or ½ 0 = · N + 1; : : : . This is impossible. Thus, for any
½ ° 2 [ 1

2 · N + 1; 1
2 · 1], we must have ½ ° ! 0 as ° ! 0. Then, after a scaling and limiting

process as before, we have ~¿ ° (y) = ¿ ° (Q ° + ° y) ! ¿ 0, where ¿ 0 is a solution of (5.2)
with ½ 0 = 0. By lemma 1.3, there exists aj such that

¿ 0 =

N¡1X

j = 1

aj
@w

@yj
:
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Thus we can now decompose ¿ ° as

¿ ° =
N¡1X

j = 1

° a ° ;j@jw ° ;Q ° + ·¿ ° ;

where ·¿ ° ? K ° ;Q ° and k·¿ ° k° = o(1).
We estimate ·¿ ° ­ rst in order to show that it can be neglected. Observe that ·¿ °

satis­ es

L ° ;Q °
·¿ ° +

N¡1X

j = 1

a ° ;j [f 0(u° ) ° @jw ° ;Q °
¡ f 0(w) ° @jw]

= ½ °

N¡1X

j = 1

a ° ;j ° @jw° ;Q ° + ½ °
·¿ ° ; ·¿ ° 2 K ?

° ;Q °
: (5.3)

By propositions 3.1 and 3.2, we have

k·¿ ° kH2( « ° ) 6 Ck
N¡1X

j = 1

a ° ;j [f 0(u° ) ° @jw° ;Q ° ¡ f 0(w) ° @jw]kL2( « ° )

6 C°

N¡1X

j = 1

ja ° ;j j: (5.4)

On the other hand, by proposition 3.3, for P 2 ¤ , we have

S° (w ° ;P + © ° ;P ) =

N¡1X

l = 1

® l(P )@lw ° ;P :

Applying @j to the above equation and setting P = Q° , we have

S 0
° (u ° )@j(w ° ;Q ° + © ° ;Q ° ) ¡ ® l(Q ° )@j@lw ° ;Q ° 2 C ° ;Q ° :

Since u° is a solution, ® l(Q ° ) = 0, l = 1; : : : ; N ¡ 1. Thus we have

S 0
° (u ° )@j(w° ;Q ° + © ° ;Q ° ) 2 C ° ;Q ° ;

which implies that

L ° (@j © ° ;Q ° ) + [f 0(u ° )@jw° ;Q ° ¡ f 0(w) ° @jw] 2 C ° ;Q ° : (5.5)

Comparing (5.5) and (5.3), we see that

·¿ ° =

N¡1X

j = 1

a ° ;j ° (@j © ° ;Q ° ) + O

³
j ½ ° j°

N¡1X

j = 1

ja ° ;j j
´

:

Hence

¿ ° =

N¡1X

j = 1

a ° ;j ° (@j(w ° ;Q ° + © ° ;Q ° )) + O

³
j½ ° j °

N¡1X

j = 1

ja ° ;j j
´

: (5.6)
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Multiplying (5.3) by @k(w ° ;Q ° + © ° ;Q ° ) and using (5.6), we obtain

N¡1X

j = 1

a ° ;j

Z

«

[L ° ( ° (@j(w° ;Q ° + © ° ;Q ° )) + O(j ½ ° j° § N¡1
j = 1 ja° ;j j))@k(w ° ;Q ° + © ° ;Q ° )]

=

NX

j = 1

½ °

Z

«

a ° ;j [ ° (@j(w ° ;Q °
+ © ° ;Q °

))@k(w ° ;Q °
+ © ° ;Q °

)]:

(5.7)

Note that
Z

«

[L ° (@j(w ° ;Q ° + © ° ;Q ° ))@k(w° ;Q ° + © ° ;Q ° )]

=

Z

«

[L ° (@j(w° ;Q ° + © ° ;Q ° ))@k(w ° ;Q ° + © ° ;Q ° )]

¡
Z

«

S° (w ° ;Q ° + © ° ;Q ° )@j(w ° ;Q ° + © ° ;Q ° )@k(w ° ;Q ° + © ° ;Q ° )

(since u ° = w° ;Q ° + © ° ;Q ° is a solution of (1.1))

= ¡ @j@kK ° (Q ° ):

Thus, by (3.7), (3.8) and (5.7), we have

¡ a ° ;j ° @j@kK ° (Q ° ) = a ° ;k
½ °

°
° N (A0 + o(1)) + O

³
° N j ½ ° j

N¡1X

j = 1

ja ° ;j j
´

;

where A0 is given by (3.9).
By part (3) of proposition 4.1, we have ½ ° =° 2 ! ² 0 ¶ 0, where ² 0 is given by (1.12)

and ¶ 0 satis­ es

G(P0)a = ¶ 0a;

with a = (lim° ! 0 a ° ;1; : : : ; lim ° ! 0 a ° ;N¡1)T.
In conclusion, we have proved the following result: let ( ½ ° ; ¿ ° ) satisfy (5.1) with

½ ° 2 [ 1
2 · N + 1; 1

2 · 1]. Then

½ ° = ° 2 ² 0 ¶ j + o( ° 2); ¿ ° =

N¡1X

i = 1

° (aij + o(1))@iw ° ;Q ° + o(1) (5.8)

for some j = 1; : : : ; N ¡ 1, where ¶ j, aj = (a1j ; : : : ; a(N¡1)j)T satisfy

G(P0)aj = ¶ jaj:

Finally, let us now use perturbation analysis to show that there exist exactly
(N ¡ 1) pairs ( ½ ° ; ¿ ° ) to (5.1) which satisfy (5.8). (Then theorem 1.4 is proved.)
By (5.8) and the fact that K ° ;P has dimension N ¡ 1, all we need to show is that
the space F ° of eigenfunctions of (5.1) with small eigenvalues has dimension at least
N ¡ 1. Suppose not, let dim(F ° ) < N ¡ 1. We shall derive a contradiction.

Set

a := min(1
4 · 1; 1

4
j · N + 1j): (5.9)
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From the proof of (5.8), it is easy to see that there exists

Á °
j =

N¡1X

i = 1

a °
ij ° @i(w° ;Q °

+ © ° ;Q °
); j = 1; : : : ; N ¡ 1;

such that a °
ij ! aij and Á °

j are orthogonal functions in L2( « ° ). Moreover, it is easy
to see from the previous computations that

L ° Á
°
j = ° 2 ² 0 ¶ jÁ °

j + rj ;

where
krjkL2( « ° ) = o(1):

Note that, by (5.8), for ° small, F ° is also the span of eigenfunctions of L °

with eigenvalues in I = [¡ a; a]. Let E° be the span of Á °
j, j = 1; : : : ; N ¡ 1. Let

H := L2( « ° ) and

d(E ° ; F ° ) = supfd(x; F ° ) j x 2 E ° ; kxkH = 1g:

By (5.8), we can write F ° = spanf ~Á °
ji

j i = 1; : : : ; dim(F ° )g; where

k ~Á °
ji

¡ Á °
ji

kL2( « ° ) = o(1):

Since dim(F° ) < dim(E ° ), there is a Á °
i0

2 E ° for some i0 such that
Z

« ° ;P

Á °
i0

~Á °
ji

= o(1); i = 1; : : : ; dim(F ° );

which implies that
d(E ° ; F ° ) > 1 ¡ ¯ (5.10)

for some ¯ small.
We are now in a position to use the following lemma due to [15].

Lemma 5.1. Let A be a self-adjoint operator on a Hilbert space H , I a compact
interval in R, and fÁ1; : : : ; ÁNg linearly independent normalized elements in D(A).
Assume that the following conditions are true.

(i) AÁj = · jÁj + rj, krjk < ° 0 and · j 2 I, j = 1; : : : ; N .

(ii) There is a number a > 0 such that I is a-isolated in the spectrum of A,

( ¼ (A) n I) \ (I + ( ¡ a; a)) = ;:

Then

d(E; F ) = supfd(x; F ) j x 2 E; kxkH = 1g 6 N 1=2 ° 0

a( ¶ m in )1=2
;

where

E = spanfÁ1; : : : ; ÁN g;

F = closed subspace associated to ¼ (A) \ I;

¶ m in = the smallest eigenvalue of the matrix (hÁi; Áji):
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Boundary spike layer 1475

Applying the above lemma to A = L ° , E = E ° , F = F ° , Ái = Á °
i , I = [ ¡ a; a],

with a de­ ned by (5.9) and ° 0 small, we have

d(E ° ; F ° ) = O( ° 0);

which contradicts (5.10).

6. Estimate of @i@jK²

In this section, we compute @i@jK ° and therefore ­ nish the proof of part (3) of
proposition 4.1.

Let Q ° be a critical point of K ° (P ) in ¤ . By part (2) of proposition 4.1,

@jH(Q° ) =
1

N ¡ 1
» Q°

kkj (0) = o(1); j = 1; : : : ; N ¡ 1: (6.1)

Let

Dj =
@

@½ j(Q ° )
+

@

@xj
:

We ­ rst recall the following facts.

Lemma 6.1.

(1) Djg1(w((x ¡ Q ° )=° )) = 0 and Djg2(w0((x ¡ Q° )=° )) = 0, where g1 and g2 are
any C1 functions.

(2) If u° is a solution of (1.1), then we have

Z

@«

[1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )]̧ j dx = 0; j = 1; : : : ; N; (6.2)

where

F (u) =

Z u

0

f(s) ds:

Proof. (1) follows by direct computations. (2) follows from (2.14) of lemma 2.3
of [27].

Using (1) of lemma 6.1, we can prove the following:

J :=

Z

«

Di[ru ° ¢ r@j(w ° ;Q ° + © ° ;Q ° ) + u ° @j(w ° ;Q ° + © ° ;Q ° )

¡ f (w ° ;Q ° + © ° ;Q ° )(@j(w ° ;Q ° + © ° ;Q ° ))]

= o( ° N + 1): (6.3)

The proof of (6.3) requires some work. Please see the appendix.
We can now estimate @i@jK ° (Q° ). The main idea is to use Dj to reduce integrat-

ing in « to integrating on @« and then use the Pohozaev identity.
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1476 J. Wei

By de­ nition, we have

@i@jK ° (Q ° ) = ° Nh@i(w ° ;Q ° + © ° ;Q ° ); @j(w ° ;Q ° + © ° ;Q ° )i °

¡
Z

«

f 0(w ° ;Q ° + © ° ;Q ° )@i(w° ;Q ° + © ° ;Q ° )@j(w ° ;Q ° + © ° ;Q ° )

+ ° N hw ° ;Q °
+ © ° ;Q °

; @2
ij(w ° ;Q °

+ © ° ;Q °
)i °

¡
Z

«

f (w ° ;Q ° + © ° ;Q ° )@2
ij(w ° ;Q ° + © ° ;Q ° )

=

Z

«

@i[ru ° ¢ r@j(w ° ;Q ° + © ° ;Q ° ) + u ° @j(w° ;Q ° + © ° ;Q ° )

¡ f (w ° ;Q ° + © ° ;Q ° )(@j(w ° ;Q ° + © ° ;Q ° ))]

= ¡
Z

«

@

@xi
[ru ° ¢ r@j(w ° ;Q ° + © ° ;Q ° ) + u° @j(w ° ;Q ° + © ° ;Q ° )

¡ f (w ° ;Q ° + © ° ;Q ° )(@j(w ° ;Q ° + © ° ;Q ° ))]

+

Z

«

Di[ru° ¢ r@j(w° ;Q ° + © ° ;Q ° ) + u ° @j(w ° ;Q ° + © ° ;Q ° )

¡ f (w ° ;Q ° + © ° ;Q ° )(@j(w ° ;Q ° + © ° ;Q ° ))]

= ¡
Z

@«

@j[ 1
2( ° 2jru ° j2 + u2

° ) ¡ F (w ° ;Q ° + © ° ;Q ° )] ¸ i(x) dx + o( ° N + 1)

(integrating by parts and using (6.3))

=

Z

@«

@

@xj
[ 1

2
( ° 2jru ° j2 + u2

° ) ¡ F (w ° ;Q °
+ © ° ;Q °

)] ¸ i(x) dx + o( ° N + 1)

(using Dj and (1) of lemma 6.1)

=

Z

@«

@

@xj
[ 1

2( ° 2jru ° j2 + u2
° ) ¡ F (w ° ;Q ° + © ° ;Q ° ) ¸ i(x)] dx + o( ° N + 1)

¡
Z

@«

[ 1
2( ° 2jru ° j2 + u2

° ) ¡ F (w ° ;Q ° + © ° ;Q ° )]̧ i;j(x) dx + o( ° N + 1)

= I3 + I4;

where I3 and I4 are de­ ned at the last equality.
We ­ rst compute I3,

I3 = ° N¡1

Z

RN ¡ 1

@

° @yj
[(1

2 [jrwj2 + w2] ¡ F (w)) ¸ i( ° y)]
p

1 + jr» j2 dy + o( ° N + 1)

= ¡ ° N¡1

Z

RN ¡ 1

[(1
2
[jrwj2 + w2] ¡ F (w)) ¸ i( ° y)]

@

@xj

p
1 + jr» j2 dy + o( ° N + 1)

= ¡ ° N + 1

Z

RN ¡ 1

[(1
2 [jrwj2 + w2] ¡ F (w)) » ityt] » jm » mlyl dy + o( ° N + 1)

= ¡ ° N + 1 » il » lm » mj

Z

RN ¡ 1

[(1
2
[jrwj2 + w2] ¡ F (w))]y2

1 dy + o( ° N + 1):

(Here, the function » and its derivatives are computed at Q ° .)
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To estimate I4, we note that

¸ i;j(x) =
1p

1 + jr» j2

³
» ij ¡ » i

r » r » j

1 + jr » j2

´
:

Since ¸ N = ¡ 1=
p

1 + jr » j2, we have

¸ i;j(x) + » Q°

ij (0)̧ N = » ijmxm + 1
2 » ijmkxmxk ¡ » ik » jt » tmxmxk + O(jxj3): (6.4)

Applying part (2) of lemma 6.1 with j = N , we have
Z

@«

[1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )] ¸ N dx = 0: (6.5)

By (6.5), we have

I4 = ¡
Z

@«

[ 1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )]̧ i;j(x) dx + O(e¡ ¯ =° )

= ¡
Z

@«

[ 1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )][ ¸ i;j(x) + » Q °

ij (0) ¸ N ] dx + o( ° N¡1)

= ¡
Z

@«

[ 1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )]» ijmxm

¡ 1

2

Z

@«

[ 1
2 ° 2jru ° j2 + 1

2 u2
° ¡ F (u° )] » ijmkxmxk

+

Z

@«

[1
2 ° 2jru ° j2 + 1

2u2
° ¡ F (u ° )]» tm » ik » jtxmxk + o( ° N + 1) (by (6.4))

= ¡ ° N + 1

»
1
2
» ijmk

Z

RN ¡ 1

( 1
2
jrwj2 + 1

2
w2 ¡ F (w))ymyk

¼

+ ° N + 1

»
» tm » ik » jt

Z

RN ¡ 1

( 1
2
jrwj2 + 1

2 w2 ¡ F (w))ymyk

¼
+ o( ° N + 1):

Combining the estimates for I3 and I4 together, we obtain

I3 + I4 = ¡ 1
2 » ijmk ° N + 1

Z

RN ¡ 1

( 1
2
jrwj2 + 1

2 w2 ¡ F (w))ymyk + o( ° N + 1)

= ¡ 1
2
(N ¡ 1)@i@jH(Q° ) °

N + 1

£
Z

RN ¡ 1

( 1
2
jrwj2 + 1

2
w2 ¡ F (w))y2

1 dy + o( ° N + 1)

= ¡ 1
2
@i@jH(Q ° ) °

N + 1

Z

RN ¡ 1

( 1
2
jrwj2 + 1

2
w2 ¡ F (w))jyj2 dy + o( ° N + 1):

By lemma 3.3 of [22],

B =
N ¡ 1

N + 1

Z

RN
+

(w0(jzj))2zN dz

= 1
2
(N ¡ 1)

Z

RN
+

f 1
2
(jrwj2 + w2) ¡ F (w)gzN dz:
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Since w is radially symmetric, it is not hard to see that
Z

RN
+

f 1
2 (jrwj2 + w2) ¡ F (w)gzN dz =

1

N ¡ 1

Z

RN ¡ 1

f 1
2(jrwj2 + w2) ¡ F (w)gjzj2 dz:

Thus

B =
1

2

Z

RN ¡ 1

( 1
2
jrwj2 + 1

2w2 ¡ F (w))jyj2 dy

and

I3 + I4 = ¡ ° N + 1B@i@jH(Q ° ) + o( ° N + 1):

Part (3) of proposition 4.1 is thus proved.

Appendix A. Estimates of J

In this appendix, we give the proof of the estimate for J in x 6. Some of the estimates
are long and straightforward. We shall omit most of the details.

Estimate A.

Djw ° ;Q ° = ¡ °
X

ij

» Q°

klj(0)vkl

³
x ¡ Q °

°

´
+ O( ° 2);

where vkl is de¯ned by (2.3).

Proof. By direct computations.

Estimate B.

° N hDi(w ° ;Q ° + © ° ;Q ° ); @j(w ° ;Q ° + © ° ;Q ° )i °

¡
Z

«

Dif (w ° ;Q ° + © ° ;Q ° )@j(w ° ;Q ° + © ° ;Q ° ) = o( ° N + 1):

Proof.

Left-hand side =

Z

«

[f 0(w)@jwDi(w ° ;Q ° + © ° ;Q ° )

¡ f 0(w ° ;Q ° + © ° ;Q ° )Di(w ° ;Q ° + © ° ;Q ° )@j(w ° ;Q ° + © ° ;Q ° )]

= o( ° N + 1);

since the ­ rst term in Di(w ° ;Q ° + © ° ;Q ° ) is an even function.

Estimate C.

Dj
@

@½ i(Q ° )
w ° ;Q ° =

X

kl

» Q°

ijkl(0)wj
kl

³
x ¡ Q °

°

´
¡ 2

X

k

» Q°

kij (0)vjk + O( ° );

where wj
kl is de¯ned by (2.6).

Proof. By direct computations.
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Boundary spike layer 1479

Estimate D.

° N h(w ° ;Q ° + © ° ;Q ° ); Di@j(w ° ;Q ° + © ° ;Q ° )i °

¡
Z

«

f (w ° ;Q ° + © ° ;Q ° )Di@j(w ° ;Q ° + © ° ;Q ° ) = o( ° N + 1):

Proof.

Left-hand side =

Z

«

[f (w) ¡ f (w° ;Q ° + © ° ;Q ° )]Di@j(w ° ;Q ° + © ° ;Q ° ):

Note that the ­ rst expansion of f (w) ¡ f (w ° ;Q ° + © ° ;Q ° ) is an even function, while by
estimate C, the ­ rst expansion of Di@j(w° ;Q ° + © ° ;Q ° ) consists of an odd function
and an even function. For the odd function part, it is of o( ° N + 1). For the even
function part, we obtain ° N + 1 » Q°

kki(0) + o( ° N + 1) = o( ° N + 1) by (6.1).

Combining estimates B and D, we obtain the estimate for J .
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