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I{O CHAPTER 5 FOURIER SERIES

7, tet !!nuf@)12+ls(x)l2ldx be finite, wiere .s@)=f(x)l@ix_l).Irt c, be the coefficiintr'oitt r tuit .o*pi.* rourie?-sJries ofl(x). showthat )fl--iy cn* 0 as .lf -+ *. --
8. Prove that both integrali in (12) tend to zero.9' Fi, in the missing steps in the proof of uniform convergence.10. Prove the theorem_on uniform convergence for the case ofthe Fourier sineseries and for the Fourier corir. ,rrirr.

I I ' Prove that the^fu, Fourier series of the function fxr in the interva r (- n, n)converges uniformly to lxlin [_n, nl. 
' ---'"'--- ,--v-'

12. Show that if f(x) is a-Cr function in [_a, n] a\!if [!*f(x) dx : 0, thenI t * t fl, a x 2- j 7 ) 1|' p ;;.' T;;;;,',ijr. 
"urr.,u.s 

eq uarity. )I 3' A very srick proof ofthe pointwise convergence ofFourier series, due to p.Chemoff (Ame r ic an Mat h A;;;r, t;(a)Giriiiil,"c,f;;;;i;;;ip.,i:{!{i{!;,Yilniii*,?:xf.tili;
assume that/(,) : 0 and wi need "rty;;;;i;iitllouri.r rrri*converges to zero at x _ 0.(b) Let s@) : f(x)/(etx i t).it o*,that g(x) is a continuous function.(c) Let cn 19 trg (igqqrril-rorrir, .{.}fr"ilili:i6 and D, thecoefficients^ot e@\ Show thatar -_ g. '-. -- l \-v,

(d) Show that_C, 

= 
%_r.-a,,"iqq fl,. series ) eo is,tetescoping.(e) Deduce that'ihe Fourier;rft;; ;7(riilrff.;;;rl.r ro r.ro.

5.6 INHOMOGENEOUS BOUNDARY CONDITIONS
In this section we consider-probrems with sources given at the boundary. weshall see that naive * ortn-. r.p..ii", 

"r""riables 
technique witt not work. .Let's begin with the att taiirqiirii, *i,n sources at 6ofi endpointi.

ur: kuo 0 (x( l, t> O

u(0, t): h(t) u(t, t) = j(t) (l)
u(x,0) = g.

A separated solution u:.x(x)T(tl just w,r not fit the boundary conditions. sowe trl a slightly different approact.

EXPANSION METHOD
we alreadyknow that fo-rJ.he corr.espgnding homogeneous probrem the correctexpansion is the Fourier sine series] i,;;;;a r, we certainly can expand

-
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for some coefrcients zr(/), because the completeness theorems guarantee that
any function in (0, /) can be so expanded. The coeffici.nt, ur. n.i.rrarily given
by

u,(t):i Il^"0,i,ffa*.
You may object that each term in the series vanishes at both endpoints and
lheleby violates the boundary conditions. The answer is thai we simply do not
insist that the series converge at the endpoints but onrv insioe itre intervat. rnfu:l, *9 are exactly in the situation ofThlorems 3 and 4 but not ofrheorem 2
of Section 5.4.

Now differentiating the series (2) term by term, we get

o: t ,- kuo:rl** ku,(t)(ry)'lsinff.
So the PDE seems to require that.duJ dt * k)urun: 0, so that ur(t) : Anekt,t .

1!* is no way for this to fit the l5oundary'conditions. oui?ethod fails!
what's the moral? It is that you can't differentiate term by term. see gxample I

Let's start over again but avoid direct differentiation ofthe Fourier series.
The expansion (2) with the coefficients (3) must be valid, by the completeness

thg?r9m 5.4.3, say, provided thatu(x,l) is a continuous function. clearly, theinitial condition requires that ar(O) : 0. If the derivatives oiia,r) are also
continuous, let's expand them, too. Thus

or(t) sinff
with

u,(D:1 tl$snTo*:*. (5)

The last equality is valid since we can differentiate under an integral sign if the
new integrand is continuous (see Section A.3). We also expand* 

-

#:i,',tt)sinT

(3)

dr: $0t #,

wn(t)-i l:#sinffax.

(4)

with the coefficients

By Green's second identity (5.3.3) the last expression equals

(6)

(7)
Z

+Tff)' u(x, t) sinff dx + 1(* r* tr - ff , "o, 
:f)l:^

(lt
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Here come the boundary conditions. The sine factor vanishes at both ends. The
last term will involve the boundary conditions. Thus

wr(t): - AnunQ) - 2nnl-2(- t)rj(t) + 2nnl-zh(t), (g)

where )"n: (nn/l)2. Now by (5) and (7) the pDE requires

u,(t)- kw,(t):i 
I:@,- 

kuo)sinff a*: ['o:0.
So from (5) and (8) we deduce thatu,(t) satisfies

*: k{- Anun(t) - znnl-2\? D,j@ - h(t)jt,

This is just an ordinary differential equation, to be solved together with the
initial condition zr(0):0 from (l). The solution of (9) is

un4): Ce-^rkr - 2nnl-zk l' ,-^,on-rl(- t),/(s) - h(s)l ds.

As a second case, let's solve the inhomogeneous wave problem

ttu- c2tto:f(x, t)

u(0, t): h(t) u(1, t) = p11'1

u(x,O): d(x) u,(x,0): V(x).

(t l)

(9) 
,,

(10)

,fi
Again we expand everything in the eigenfunctions ofthe corresponding homo-
geneous problem:

u(x,t): 2,unDsinff,n-l
uu(\t) with coefficients.un(t), uxx(a t) wittr coefficients wnQ), f(x,l) with
coefficientsf (/), d(x) with coeftcients {n, and rp(x) with .o.ffi.i'.rrtr yr. Then

un(t):i t:#sinffa*:ffi
and, just as before,

wn(t)*i I:#sinffax: - XnunQ) + 2nnl-2lh(r) - (- t)nk(t)1.
From the PDE we also have

o,(t) - czw,(t):1 Il*,,- ,rro) sinff dx:f,(t).



t both ends. The

(t),

J:0.

(8)

. (e)

3ether with the

(t l)

ondinghomo-

),.f(x, r) with
ents yr. Then

lem

t).

'5.6 rNHoMocENEous riouNoARy coNDITroNs l{g

Therefore,

d2u, *.2
dt2 , - ),nunQ) = -2nnl-21(- l)nk(il - h(t)t + fn1) 02)

with the initial conditions

un(O):6n ui(O):Vr..
The solution can be written explicitly (see Exercise I l).

METHOD OF SHIFTING THE DATA
By subtraction, the data can be shifted from the boundary to another spot in the
problem. The boundary conditions can be made homogeneous by ,ibtrorting
any known function that satisfies them. Thus for thJprobtem 1il) treatei
above, the function

ott(x, t): (, - 1)^, + | *s1
obviously satisfies the BCs. If we lei

u(x, t): u(x, t) - olt(x, t),
then q(a t) satisfies the same problem but with zero boundary data, with initial
data $(x) - olt(x,0) and w@) - olt,(x, O),and with right-hand side/replaced by
f -ah.
. The b-oundary condition and the dffirential equation can simultaneously
be made homogeneous by subtracting any known junction that satisles thtei.
one case when this can surely be accomplished is ihe case of ..stationary 

data',
when ft, k, andf(x) all are independent oltime. Then it is easy to find a solution
of

- c2oltxx: f@) 6lt(o): h w1l1: 71.

Th-ent(x, !) 
: u(x, l) ; !z(x) solves the problem with zero boundary dat a, zeto

right-hand side, and initial'data 6@\ - a\i and V@\.
For another example, take problem (l l) for a'simple periodic case:

f(x, t): F(x) cos al, h(t1- H cos ott k(ty: Kcos art,

that is, with the same time behavior in all the data. we wish to subtract a
solution of

ourr- c2ou**: F(x) cos a),
A(0, t) : H cos at olt(l, t): K cos ott.

A good guess is thatoll should have the formolt(x, t):olts(x) cos a,)r. This will
happen if Ah@) satisfies

- c2Qto - ttt2 olt'6: F(x) ah(o) : H ah(l) : y. tr
There is also the method of Laplace transforms, which can be found in

Section 12.5.

,il
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