FINITE-TIME SINGULARITY FORMATIONS FOR THE LANDAU-LIFSHITZ-GILBERT
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ABSTRACT. We construct finite time blow-up solutions to the Landau-Lifshitz-Gilbert equation (LLG) from R?
into S2
ut = a(Au + |Vu|?u) —bu A Au  in R? x (0,7),
u(-,0) = ug € S? in R?,

where a2 + b2 =1, a > 0, b € R. Given any prescribed N points in R? and small T > 0, we prove that there
exists regular initial data such that the solution blows up precisely at these points at finite time ¢t = T', taking
around each point the profile of sharply scaled degree 1 harmonic map with the type II blow-up speed
| In(T — t)|?

T—1t

The proof is based on the parabolic inner-outer gluing method, developed in [12] for Harmonic Map Flow
(HMF). However, substantial difficulties arise due to the coupling between HMF and Schrodinger Map Flow
(SMF) in LLG, and such coupling produces both dissipative (a > 0) and dispersive (b # 0) features. A direct
consequence of the presence of dispersion is the lack of mazimum principle for suitable quantities, which makes
the analysis more delicate even at the linearized level. The dispersion cannot be treated perturbatively even
in the dissipation-dominating case a/|b| >> 1, and one has to include this as part of the leading order. To
overcome these difficulties, we make use of two key technical ingredients: first, for the inner problem we employ
the tool of distorted Fourier transform, as developed by Krieger, Miao, Schlag and Tataru [34, 35]. Second,
the linear theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental
solution of parabolic system in non-divergence form with coefficients of Dini mean oscillation in space (DMOy),
which was proved by Dong, Kim and Lee [20] recently.

||Vu||Loo ~ as t—T.
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1. INTRODUCTION

Let M be a m-dimensional Riemannian manifold of the metric g and S? be the 2-sphere embedded in R3.
The Landau-Lifshitz-Gilbert equation (LLG) on M is given by

{utz—au/\(u/\AMu)—bu/\AMu in M x (0,7) (1.1)

u(-,0) =up € S? in M,
where a2+ =1,a >0, b € R, Apu = ﬁ@w (gaﬁ\/gaxau) is the Laplace-Beltrami operator and u =
(u1,us,u3) is a 3-vector with normalized length which is a mapping u(z,t) : M x (0,T) — S2. First formulated
by Landau and Lifshitz [36] in 1935, LLG (1.1) is an important system modeling the effects of a magnetic
field on ferromagnetic materials in micromagnetics, and it describes the evolution of spin fields in continuum

ferromagnetism. See also Gilbert [22]. LLG (1.1) can be viewed as a bridge between the harmonic map flow
(HMF) when a = 1,b = 0 and the Schrédinger map flow (SMF) when a = 0,b = —1.

In the context of HMF, Struwe [51] proved the existence and uniqueness of weak solution with at most finitely
many singular points when M is a Riemann surface. See [21] for further generalizations and [9, 52] for higher
dimensional cases. Chang, Ding and Ye [7] first proved the existence of finite time blow-up solutions for HMF

from disk into S2. See also [3, 10, 16, 37, 45, 47, 54, 57] and the references therein. In [55], van den Berg,
Hulshof and King used formal analysis to predict the existence of blow-up solutions with quantized rates
T—t*
Ap(t) ~ | | , keNt (1.2)

|In(T — t)| 7T

for the two-dimensional HMF into S2. For the case M = R? and the target manifold is a revolution surface,
using degree 1 harmonic map @ as the building block, Raphaél and Schweyer [18, 19] constructed finite time
blow-up solutions with rates (1.2) for all & > 1 in the equivariant class, where the initial data can be taken
arbitrarily close to @; in the energy-critical topology. For the case that M C R? is a general bounded domain,
Dé4vila, del Pino and Wei [12] constructed solutions which blow up at finite many points with the type II rate
(1.2) for k = 1, and they further investigated the stability and reverse bubbling phenomena. The construction
in [12] can be generalized to the case M = R2.

On the other hand, for SMF with M = R?, Merle, Raphaél and Rodnianski [11] constructed the finite time
blow-up solution with the rate (1.2) for £k = 1 in the l-equivariant class. Analogous to the results in Krieger-
Schlag-Tataru [32] for wave maps, Perelman [44] constructed finite time blow-up solutions with continuous rates.
See also [3, 4, 5, 6, 29] and the references therein for the global well-posedness results and the dynamics of SMF
near ground state.
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For LLG, in the case M = R3,a > 0, Alouges and Soyeur [I] proved the existence of weak solutions for
(1.1) and constructed infinitely many weak solutions. The existence for the weak solution to LLG has been
established by Guo and Hong [23, Theorem 4.2] when M is a closed Riemannian manifold with m > 3, while for
the case that M is a closed Riemannian surface, the weak solution was shown to be unique and regular except
for at most finitely many points [23, Theorem 3.13]. When M = R? and the target manifold is a smooth closed
surface embedded in R3, approximation by discretization was used in [31] to construct a solution of LLG which
is smooth away from a two-dimensional locally finite Hausdorff measure. In general, one cannot expect good
partial regularity results for weak solutions in the higher dimensional case m > 3 without further regularity or
energy minimizing assumptions. See the famous example by Riviére [50], where weakly harmonic maps from
the ball B> ¢ R3 into S? were constructed for which the singular set Sing w is the closed ball B3, and this
result can be generalized to higher dimensions. In a similar spirit to the existence results for partially regular
solution for HMF in higher dimensions of Chen and Struwe [9], Melcher [39] proved that for M = R"™ (m = 3)
there exists a global weak solution whose singular set has finite 3-dimensional parabolic Hausdorff measure.
Later, this result was generalized to m < 4 by Wang [58]. With the additional stability assumption for the weak
solution, for m < 4, Moser [12] proved better estimate for the singular set. The partial regularity of LLG (1.1)
for m > 5 still remains open.

For M = R™, the global existence, uniqueness and decay properties for the solution of (1.1) were established
by Melcher [10] for m > 3 with initial data ug close to a fixed point in S? in the L™ norm. Lin, Lai and
Wang [35] generalized the result to Morrey space and m > 2. For ug away from a fixed point in S? with BMO
semi-norm sufficiently small, Gutiérrez and de Laire [27] proved the global existence, uniqueness and regularity
results for LLG.

The study of the dynamics for LLG with initial data close to harmonic maps is of special significance and can
provide hints on the mechanism of singularity formation. A series of works by Gustafson, Tsai and collaborators
[24, 25, 26] are devoted to the behavior of the solutions to LLG with M = R? with initial data ug close to the
harmonic map in the n-equivariant class. They found, among other things, that there is no finite time blow-up
for LLG and HMF with ug close to n-equivariant harmonic maps for n > 3 and n = 2, respectively. See [20,
Theorem 1.1], [26, Theorem 1.2].

The singularity formation for LLG is an important and challenging topic. For the case that M is a compact
manifold with or without boundary in dimensions m = 3,4, Ding and Wang [15] obtained the existence of a
smooth finite time blow-up solution for LLG. For M C R?, as an analogue of Qing [16] for HMF, Harpes [2]
gave descriptions of solutions to LLG (1.1) near the singular points. For the energy critical case that M is
a disk in R?, in an interesting paper [56], van den Berg and Williams predicted the existence of finite time
blow-up by formal asymptotic analysis supported with numerical simulations. For M = R?, Xu and Zhao [59)]
rigorously constructed a finite time blow-up solution to (1.1) in the l-equivariant class.

In this paper, we consider the case with target manifold S%, M = R2, and positive damping parameter a > 0.
LLG (1.1) can then be written as

up = a(Au+ |Vul|?u) —bu A Au  in R? x (0,7), (13)

u(-,0) = ug € 52 in R2. '

We are interested in the case of multiple bubbles to LLG (1.3) in the general non-radially symmetric setting.
Our construction is based on the following degree 1 profile

1 21 )
(y) = WP+l |y|2293 E y=(y1,y2) € R%,
and clearly
QW (m : 5)

solves the stationary equation of LLG (1.3) for any £ € R?, A > 0, and any 7-rotation matrix around z-axis
cosy —siny 0
Qy = |siny cosy O
0 0 1



4 J. WEI, Q. ZHANG, AND Y. ZHOU

Let us define Uy, = (0,0,1)7. Our main result is stated as follows.

Theorem 1. For any prescribed N distinct points ¢! € R?, j =1,2,...,N, N € Z, and T sufficiently small,
there exists initial data ug such that the gradient of the solution u to LLG (1.3) with a > 0 blows up at these N
points at finite time t =T. More precisely, the solution u takes the sharply scaled degree 1 profile around each
point gl

x — £V
A

) + (I)per
J

N
w(x,t) = —(N — 1)Us + ZQWW <

with |1 |( t)
* | 7N )
)\J(t) - Klj |1n( t)|2

for some K} = Kj(a,b) €Ry, 77 €R, 0o(1) = 0 ast — T and Pper of smaller order.

Remark 1.1.

e The positivity of the Gilbert damping parameter (a) plays a crucial role in our construction.
o The bubbling solution at multiple points constructed in Theorem 1 is type II, and for j =1,... N,

(1+0(1)), €9(t) = ¢ (1 +o(1)), 7(t) =7; (1 +0(1)) as t =T

. In(T — t)|?
Vu(gh, )| ~ L =D t—T.
Moreover, the dependence of the blow-up speed \; on the parameters a and b in (1.3) is in K}, which is

of order 1.
o The perturbative term ®per in Theorem 1 is constructed in carefully designed weighted topologies. See

Section 5.4.

The proof of Theorem 1 is based on the parabolic inner-outer gluing method, which was recently developed
in [11] and [12] to investigate the singularity formation for evolution PDEs. See also [13, 14] for elliptic
analogues developed earlier. Our study of the singularity formation for LLG is motivated by the one for HMF
[12]. However, substantial difficulties arise due to the coupling between HMF and SMF in LLG (1.3), and such
coupling produces both dissipative (a > 0) and dispersive (b # 0) features. A direct consequence of the presence
of dispersion is the lack of maximum principle for suitable quantities, which makes the analysis more delicate
even at the linearized level. The dispersion cannot be treated perturbatively even in the dissipation-dominating
case a/|b| > 1, and one has to include this as part of the leading order. In our inner-outer gluing construction,
new linear theories for both inner and outer problems need to be developed, taking into account the dispersion.

The new linear theory for the inner problem is developed by analyzing each Fourier mode, which is the Fourier
expansion of the complex form on each tangent plane of the bubble on S2. Due to the absence of maximum
principle, we first employ energy methods to get rough upper bounds for each mode. In order to refine the
bounds and get better pointwise decay estimates, we perform another gluing procedure, called re-gluing process,
at all the modes except mode —1. The re-gluing process was first used in the analysis of linearization of HMF
at mode 0 in [12], and here we generalize this technique to all other modes except mode —1. For mode —1,
using above method does give a solution, but this solution gets deteriorated in the innermost region and is not
sufficient for the gluing to implement. Instead, we utilize the techniques of distorted Fourier transform for the
dealing of mode —1. The use of distorted Fourier transform is motivated by a recent work of Krieger, Miao
and Schlag [34] on the stability of blow-up for wave maps beyond the equivariant class. See also [32, 33, 35] by
Krieger, Miao, Schlag, Tataru, and the references therein. Using the distorted Fourier transform, we develop
linear theory at mode —1 with or without orthogonality conditions. The version with orthogonality removes the
logarithmic loss compared to the one without orthogonality. See Section 9.6 for more details. In this paper, for
mode —1, we only use the one without orthogonality since the introduction of two new modulation parameters
will further complicate the interactions, and we control the logarithmic loss by Holder properties inherited from
the equations.

The outer problem turns out to be a quasi-linear parabolic system in non-divergence form. Different from
the linearized outer problem in HMF, the one in LLG is a coupled system, and thus cannot be solved compo-
nentwisely. The coefficients of the coupled system for the linearized outer problem is in fact part of the blow-up
profile. So one cannot expect good Holder continuity in the coefficients and has to work in certain weaker class.
The linear theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental
solution of parabolic system in non-divergence form with coefficients of Dini mean oscillation in space (DMOy),
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which was proved by Dong, Kim and Lee [20] recently. We introduce Dini mean absolute oscillation in space
(IDMO|x), which is a subspace of DMOy. Under some weak assumptions, the functions in |DMO|y are closed
under arithmetic (see Lemma 7.1). This property makes it easier to achieve that the leading coeflicients of the
outer problem belong to |DMO].

Another aspect in the construction is the dealing of slow decaying errors, usually present in lower dimensional
problems. The improvement of these slow decaying errors involves finding good global/non-local corrections,
which in turn make the dynamics for the parameters in the corresponding mode non-local. In the context of
LLG, the mode with slow decaying error that we shall deal with is mode 0, which corresponds to the invariance of
scaling and rotation around z-axis. To capture the precise blow-up dynamics, the non-local correction at mode
0 should be rather explicit. But due to the aforementioned structure of the outer problem, one cannot improve
the error by solving the linearized system directly and has to extract part of the parabolic system instead. It
turns out that the combination of the new error produced by the non-local correction and the remainder in the
parabolic system together make the non-local equations for the scaling parameter A and rotational parameter
~v a well-structured complex system. See Section 6.1.

The construction of multiple bubbles also involves analyzing complicated interactions, and this reflects in the
analysis on the tangent plane of each bubble. On the other hand, the ansatz for the solution v with multiple
bubbles needs to be carefully chosen as the unit-length of the map |u| = 1 should be kept for all space-times.
This further produces delicate interactions. Fortunately, we are able to control these in some well-designed
topologies thanks to subtle cancellations as well as a trick that we call U,-operation (see (5.6)), which simplifies
analysis. This trick first appeared in [12] in the case of single bubble for HMF.

The rest of this paper is devoted to the proof of Theorem 1.

2. SKETCH OF THE CONSTRUCTION

Due to the complexities and technicalities in the construction, we sketch a roadmap of the major steps in
this section.

e Ansatz of multiple bubbles

The construction begins with a careful choice of first approximation. Since the target is the 2-sphere, one
has to choose some profile for multiple bubbles which is relatively reasonable to analyze. Here we choose

N . N
z— &I 1
U, = —(N = 1)Uss +;wa (AJ) — (N = 1)Us +;UJ

as the first approximation. Notice that |U,| ~ 1 at any space-times as those bubbles are essentially separated.
Based on U,, we then look for solution to LLG in the form

wz,t) = (1+ AU, + & — (& - U,)U, (2.1)

for some perturbation term ® and scalar A. Here the purpose of the scalar A, depending on ®, is to preserve
the unit-length of the map u(z,t) for any (z,t) € R? x (0,T). So here part of the interactions between bubbles
get encoded in the scalar A. Let us denote the error of u as

S(u) := —uy + a(Agu + |VoulPu) — bu A Agu.
An important observation here is that instead of solving S(u) = 0, we only need to solve
S(u) = Z(x, t)U, (2.2)
for some scalar function Z. Indeed, since |u| = 1 is kept for all ¢ € (0,T") and u = U, 4+ @ where the perturbation
w is uniformly small, then
2(U, - u) = S(u) - u = —%at(\uﬁ) N
Thus = = 0 follows from U, -u > §g > 0. (5.6) provides us the flexibility to adjust the error terms in U, direction,

and we will call this U,-operation throughout this paper. This operation can simplify analysis especially for the
dealing of multiple bubbles.

e Slow decaying errors and non-local corrections by approximate parabolic system
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The error S(U,) contains slowing decaying terms
N
e ¢ 12(RY)
j=1

which correspond to the re-scaling and rotation around z-axis. To improve the spatial decay of the error at
remote region, we add well-designed global /non-local corrections around each bubble. Since the operator

—0; + (a — BUVIN) A,
depends on the blow-up profile U7 as well as the parameters \;, v; and £V), one cannot expect explicit represen-

tation formula apriori without knowing the blow-up dynamics. We consider instead an approximate parabolic

operator
=0t + (a — bUN) A,

and add correction ®4Y around each bubble UL with
—9, 0+ (0 — DUNADY + &V ~ 0.
Then the new error with corrections is given by those created by ®;“ and the remainder b(Us, — U A A, &5V
This is rather important in the analysis of the non-local reduced problems.
e Formulation of the inner-outer gluing system

We next look for the perturbation ® in (2.1) consisting of inner and outer parts with non-local corrections
added

N
=3 (W 0@, B 1) + 0 (. B + D, 1)
j=1
where @) is on the tangent plane of UV, 17 I and 77[]] are suitable cut-off functions near ¢¥l. Then u solving

LLG implies a coupled inner-outer gluing system for ®;/ bl and Pout, j=1,...,.N
220,05 = (a — bWUIA) [Aquﬂ” |V, WU 280 (vymw[ﬂ V0 <1>i[fj) W[ﬂ]
+’]—[[1] [(I)m (I)outa )‘ja Vi» 6[]]] in D2Ra

mn?

atq)out B¢>U A (I)out+g[ 1n7 outa)‘ja'}/jvf[j]] in R2 X (OvT)v

where WUl is the j-th bubble expressed in the rescaled variable yll = x_ﬁ[]], the right hand sides HU!, G
J

consists of the error terms, couplings and nonlinear terms depending on the parameters \;, v;, 9!, and B v,
is a matrix, defined in (5.26), that involves the perturbation ® and the blow-up profile U,.

For the full system above, finding blow-up of LLG at multiple points now gets reduced to finding well-behaved
inner and outer profiles such that gluing procedure can be implemented. In other words, we need to devise
appropriate weighted topologies in which the gluing system becomes weakly coupled and thus can be solved
by fixed point arguments. For the outer problem, we make use of the sub-Guassian estimate recently proved
in [20]. For the inner problem, good solutions with sufficient decay in space and time can only be captured
with careful choices of the parameters \;, v;, 7. We shall develop linear theory for the inner problems with
orthogonality conditions, and these orthogonalities in turn determine the blow-up dynamics.

e Solving the inner problem

The linear theory for the inner problem is established by analyzing each Fourier mode. Decomposing the
complex form in Fourier modes, one obtains the linearized operator at mode k of the form

. 8 k+124+ 2]92*6 2+ k7121
A?atf(afzb) <8I)jpj+ p‘J 7( )°p ( )p ( ) >7

where p; = |yU!|. Then for all the modes k € Z\{—1}, good inner solutions are found by the following

CESIE 2 %)

Step 1: we first use energy methods to get a rough pointwise upper bounds for the inner solutions ¢g;
Step 2: next we use Duhamel’s formula to refine the pointwise bounds and further gain decay estimates;
Step 3: finally we perform re-gluing procedure to obtain better estimates in the innermost region.



FINITE TIME BLOW-UP FOR LLG 7

As mentioned earlier, the treatment for mode k = —1 is different from the techniques that we employ for all
the other modes. The reason is the following: as one can see from (2.3), mode —1 can be roughly viewed
as a problem in 2D, which is worse than any other mode as one cannot gain spatial decay in Step 2 above.
Fortunately, it turns out that the use of distorted Fourier transform can give us almost the optimal bound.

e Non-local reduced problems

The development of linear theory for the inner problem relies on orthogonalities which are achieved by
adjusting modulation parameters \;, v;, £¥!. The dynamics for £ turns out to be governed by an ODE, which
is relatively straightforward to solve. However, the non-local feature in the corrections @Sm gets inherited by
the mode 0 (A; and ;) of each bubble as the corrections are essentially for mode 0. Here one might expect
the complex system involving both A; and v; is a rather sophisticated form due to the presence of dispersion.
Fortunately, it turns out that the contribution of both ®;”) and the remainder b(Us, — UW) A A, @5 in the
orthogonal equation at mode 0 results in the following well-ordered non-local problem

t=A2(t) -

/ "B 4 o),
0 t—s

where p;(t) = \;(t)e? ). This \;-y; system was first found and handled in the context of HMF [12]. Surpris-

ingly, this comes with a similar form in LLG with the presence of dispersion.

e Solving the outer problem

The linear theory for the outer problem is done by using the sub-Gaussian estimate for the linearized parabolic
system proved in [20], where DMOy-regularity is required for the entries in the matrix Bg ;7,. The dependence on
® in the matrix shall be dealt with via Schauder fixed point theorem, and the key thing here is the dependence
on the blow-up profile U,. In fact, to ensure DMO,-regularity in U,, type II blow-up rate plays a crucial rule.
In other words, if U, carries type I blow-up rate, then the matrix involving U, is no longer DMO,. See Section
7.2.

3. NOTATIONS AND PRELIMINARIES

We list in this section some notations and preliminaries that we shall use repeatedly throughout this paper.

e We assume a < b if there exists a positive constant C such that a < Cb. Denote a ~bif a <b < a. All
constants stated in the paper are independent of T

e For any c € R, we use the notation ¢c— to denote a constant less than ¢ and can be chosen close to ¢

arbitrarily.
e For f € C™(RY), the symbol DZf with k € {0,1,...m} is used to denote 9519%2 ... 0% f for some
d
> kj = k. We will omit the subscript “;” and adopt DF f if no ambiguity.
j=1

e Write the indicator function 1g of a set 2 as

1 if e
lo(z) = .
2(@) {0 it 2¢O

e Set () as a smooth cut-off function satisfying 0 < n(z) < 1 and

(&) = {1 if |z <1

0 if |z[>2°
e Denote Fz as the fundamental solution of
Ou = (a—ib)Au in R?
and Fz is given by

a d |z|2
2

T (2,t) = (a —ib) "% (4rt)” 2 ¢ Tyt (3.1)

\_d _igd . . ;
where (a —ib)"2 = e 3 if a — ib = €.
It is easy to have
d _alz|?
4t

T (z,t)] St %e
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Given a fundamental solution I'(z,y,¢,s) for a parabolic system and some admissible functions f(z),
h(z,t), denote

(T f)(x, t,s) := /Rd D(xz,y,t,s)f(y)dy, (T x*xh)(x,t tg):= /t /Rd [(z,y,t,s)h(y, s)dyds.

For any vector a = (ay,az,a3)’ € R3, where ”T” means the transpose of matrix. It is equivalent to
regarding a = (a1 + iaq, ag)T

m
S lai;|?)2. Specially, for a € C, |a| is the usual
i=1j=1

M=

For any matrix A = (aij)nxm, denote |A| = (

absolute value.
For any smooth function f(x,t) and x = x(t) depending on ¢ smoothly, denote 9, f (x(t),t) = (0: f)(x(t),t)

and 0,(f(x(t),t)) = (9uf)(x(t), 1) +'(t) - (Vo f)(2(t), 1).
e For f € CY(R% R), 7 € C1(R? R?), denote

ViVG=[Vf-Voi, Vf-Vuy, Vf-Vug]"
Denote
ax bi1 b2
ag| - |bar  baa| = [a1bi1 + agbay + asbsy, arbis + azbas + asbsa] .
as bs1 b2

We consider the Landau-Lifshitz-Gilbert equation given in (1.3). Let W be the least energy harmonic map

1 21 >
(y) = 2 2y2 ) (/S R )
1

which solves the stationary equation of LLG (1.3). Since we shall consider the case of multiple bubbles, subscripts

WM 9

or superscripts
the (rescaled) polar coordinates around £V € R?

777 will be used to distinguish different bubbles and their associated tangent planes. In

gl o _ o -
y[J] = y = pje 93, T = f[ﬂ] + )\jpje 01, Gj = arctan (_ %j]
J x1 — &
we can write for j =1,2,..., N,
cos §; sinw(pj) 0, s _
WUl.= Wyl = [sind; sinw(p;) | = e sinw(p;) (3.2)
‘ cos w(p;)
cos w(p;)
with
w(py) = = — 2axctan(py),
and we have
2 , ; p:—1 . 8
o , N oy — ) — ,V_W[J]2:2 2 _ )
W, 7p§ ) sinw(p;) PiWp; p? T cosw(p;) p? 1 | Uil (¥l Wp; (p? T1)2
We denote the Frenet basis associated to W as
‘ cos 0; cosw(p;) 0. ‘ . —sin6; 0.
EEJ] = |siné; cosw(p;) | := e ?osw(pj) , Eg] = | cosb; | := e , (3.3)
. —sinw(p;) 0
—sinw(p;) 0
SO . . N . . .
WU AEV = BVl WUl AEV = —EV BV A BY = Wi, (3.4)



FINITE TIME BLOW-UP FOR LLG N
It is direct to check that in the polar coordinates x = €U + \;p;e%i, \;jp; = r; = |z — €U],
Dp, WU = 1w, BV, 0,0, WE = wy, EYY — wijwma 0o, WV = sinw(p;)EY’,
39].9jWU] = —sinw(p;) (Sinw(pj)WU] + Cosw(pj)Eng 7
aijgj] = _ijWma 8pjij:[Lj] = _wp]-ij[j] - wijE£“7 59J-E£j] = cos w(pj)Eg], (3.5)
00,0, 9" = — cosw(p,) (sinw(p,) WV + cos (o) E§1)
Oy, 5" = 0,0, B5' = 0, 09, B = —sinw(p)) W — cosw(p;)EY', 0y, B5' = ~EY.

The linearization of the harmonic map operator around WU is the elliptic operator

Ligl == Ao+ [V, WY P + 2 ( WYV ¢) whl, (3.6)
whose kernel functions are given by
Z§h (") = pjwp, () EY (4,
ZEL (W) = pjw,, (p;) BS (),
ZP W) = w,, (p)[cos 0, B (y) + sin 0, EF (yV))], (3.7)
ZY5(u) = wp, (p;)[sin 0; 57 () — cos 0; B3 (4], '
201 = piwp, (ps)[cos 0,7 (y7)) — sin 6, B (yV))],
22247 = pwp, (ps)[sin 0;EF () + cos 0, E5 ().
We see that
Ly[Z0] =0 for p=+1,0, ¢ =1,2.
Clearly,
UVl (2, 1) := Q,, W (x Aé[ﬂ) (3.8)
solves the harmonic map equation, where @, is the v;-rotation rjnatrix around z-axis
cosy; —sinvy; 0
Q,; := |siny;  cosy; 0 . (3.9)
0 0 1

For f = [f1, f2, f3]7, we have
Qo f = [Re (€75 (fy +if2)) T (€ (fy +if2))  fo] (3.10)

By basic linear algebra, (Mf) A (Mg) = (det M)(M 1T (f A g) where M is a 3 x 3 matrix and (M ~1)7 is
the transpose of the inverse, f, g € R?. Specially, (Q,,f) A (Q+,8) = Q~, (f Ag). Combining this with (3.4), we
have

A (Qy B = QB UP A (Qy, BS) = —Quy BV, (Qqy BY) A (@, B5) = UYL (3.11)

For the purpose of dealing linearization near concentration zones, it will be convenient to use complex

notations as all the analysis will be done on the associated tangent plane. For any f € R3 satisfying £- UV = 0,
we define the equivalent complex form of f as

fo, = (Qy, EY) +if-(Q,E).
For any complex-valued function f, we define
fe-r = (Ref) Qy, By + (Imf) @, 5. (3.12)
By (3.11),
UY A fer = (Ref) @y, BY — (Imf) Qu, By = (if ). (3.13)
Similarly, for any g € R? satisfying g7 - WUl = 0, the equivalent complex form of f is defined as
gc, =g BY +ig- B
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Notice for any f = [f1,f27f3]T e R?,

2 . (0t 2p;
L., f), =[1- =—=—R + Wi+v) | - L9 fo
( Ulilt )cj ( p?+1 e) [(fl if2)e } p?—i—lfg

), (3.14)
. 2p; pj —
£.ul) = 2P [ + m)} + b .
gRe [ if) e f
The linearization around UV! is given by
Ly (0] = Apop + V.U +2(V,UY - V,0) UL (3.15)
It is easy to have
. _ _ gl
Ly [Q+, £ ()] = A72Qq, Ly [F(yV)], where ¢l = -
j

In the sequel, it is of significance to compute the action of L[él on functions whose value is orthogonal to UU!
pointwisely. For any f,g € R?, we define

o f:=f—(f g)g. (3.16)
Specially, when |g| = 1, Ilg1 is the usual orthogonal projection on g’

We now give several useful formulas whose proof is similar to that of [12, Section 3]. For any vector-valued
function f : R? — R3, we set

Ly [f] = [V U P . f — 2V, (F - UV YV, UV (3.17)
with
V. (f- UV, UV = Z O, (£ - UV, UL,
Similarly, we set ~ _
Ly [f] = [V WY Py ) £ — 2V 1 (F- W)V Wbl

Then it is straightforward to get
o [Qy, £ ()] = >"_2Q’Yj‘Z’W[J'] [£(y").
Lyt Myt £] = Myt Ak + Lyt [f]
For f = [fla f27f3]T7 we have

Lyy1[Q-,f]
= Af{ﬂjwij (Pj)(Oz, f1 + Oz, f2) — 2wy, (pj) cosw(p;)(cos 050y, f3 + sin0;0s, f3)

+ 32, (p3) [005(20,) (O, f1 — Ouy f2) + 510(207) (Or 1 + Or, )] }Qs, BV
0 = g2 (03) O fi = Dy fo) = 2y, (py) 08 w(p;) (i 0,0, f — €086, f3)
+ 32, (05) [S0(20) (00, 1 = Dus f2) = €08(20;) (D f1 + Or, )]}, Y
= A7 0502, (0) (D f1 + 0u f2) = 10, (p5) €05 () (O, f = D i)
— e Y, (p;) cosw(p;) (O, f3 + 100, f3) + €% %pjwij (03) [0z, 1 = Oz f2) = iy f1 + Ou f2)]
e 0302 (0) (Do o — Doy o) 8Dy o+ 0 1)) Qs B
X = 052 (0) D fr = B f2) + €%, () €08 w(05)(Drs f5 + s, f)
%pj (pj) €08 w(p;)(Dry f5 — 10z, f3) — €7 1p] 5 (03) [(Ozy f1 + Oz, f2) +i(8a, 1 = Ony [2)]

+e ;pj p7(p]) [_(8a:2f1 + am1f2) + Z(aﬁhfl - aﬂ?zfQ)] }Q’ijg]‘

+e
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Then the corresponding complex form is given by

(i’UU] [Q’Yjﬂ)cj = /\g_l{p]w/z)] (p]) [(axlfl + axzfQ) - Z(axzfl - 8$1f2)]

i0; . 2460 2 . (318)
+e"72wp, (pj) cosw(p;) (=, f3 +i0s, f3) + €% pjuwy (p5) (O, fr — Bz fo) — 1Oy f1 + Ouy f2)] }-
Specially,
Ly e, = LymlfDe, 0 + €% (Lymlf)e, 1 + €% (Lyin[f])e, 2, (3.19)
where
Ly [fe;0 = A7 psws (95) [02y (Q—ry D)1 + iy (Q—r; )2 = i (0y (R, D)1 — 02, (Q—r,£)2)]
= At pjw? (pj)e " [az1f1+3z2f2+1(az1f2 O, f1)] 5
(jjU[J'] [f])c, 1= 2/\]'_1wp (pj) cosw(p;) ( o (Q—,f)3 + Zaﬂ?2(Q—"/jf)3) (3.20)
= 2Af1ij( i) cosw(p;) (—Or, f3 + i0s, f3) '
(Lt e, 2 .= A 'y pJ( ) (02, (Q—ry E)1 = 02y (Q ;)2 — 1 (00, (Q—r; )1 + 02, (Q—r,E)2) ]
= X pjw) (p)€ [0, 1 — Oy f2 — i (D, f2 + Oy 1)),
where we have used
311 (Q*'Yj f)l + 6962 (Q*'Yj f)2 —1 (6:1:2 (wa f)l - am (Q*“/jf)2)
= 9y, Re [e7"V (fi +ifo)] + O, lm [e77 (fi +if2)]
—i0y,Re [e ™17 (f1 +1i fz)] + 00, Im [e ™ (f1 +if2)]
= € [0, (f1 +if2) — 100, (f1 +if2)] = €V [Op, f1 + Oy f2 + 0 (Dny fo — Dun 1)),
00, (Q—r, f)l = 01y (Q—r;£)2 = 1 (00, (Q—ry )1 + 02y (Q—r,£)2)
= 9u,Re [e7"V (fu +ifo)] — O, lm [e77 (fi +if2)]
— 10y, Re [e777 (f1 +ifo)] — 10, Im [e ™ (f1 +if2)]
= €9 [0y, f1 = Oy fo — i (Duy fo + Dy J1)] -
By (3.11),
Q—r,; {(a=bUYIA) [|V,UY PT0, j1. Poue — 2V, (UY) - @oye) VLU }
=Q ., [(a —bUVIA) Ly [@Out]}
Q—y, |(a=bUYA) {Re {( Ul ][q)out])cj] Q, Ef +Tm [(imﬂ [q)"“t])cj QwEg]H
= Re {(im [éout})cj (aBt — bEL") +1m [(LU[ ][@out])cj] (aB +bEl).
Thus,
{Q,%. {(a — bUYIA) Ly [%m]} }C]_ = (a —1b) (EU[j] [‘I’out])cj
(3.21)

= (a — ib) [( Uil [@Om])%o + et (iUm [éout]) + %0 (iUm [‘Pout]) cw]

where we used (3.19) in the last equality.

il

4. APPROXIMATIONS AND IMPROVEMENT

4.1. First approximation. We consider the case of multiple N bubbles for any N € Z,. We take the
approximation

N
Ud(z,t) = —(N = 1)U + »_UY(x,t), z€R, (4.1)
Jj=1
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where UU is defined in (3.8) and U, = [0,0,1]". Notice that

N
=1 . h i [kl _ ¢lm] .
|U.| +O(§;AJ> when min ¢ —¢"/[ > 0
J:
Let us denote the error
S(u) == —up + a(Ayu + | Voul2u) — bu A Agu.
The error of the approximate solution is

Zat Vb a(ALU, + VLU JPU,) — bU. A AU,

Notice
— UV =&Y + &7, &0 i= X0, UV — 4,0, U, &)= —ggﬂagmU
where . .
UVl (x) = =277 Q4,251 (yV1),
UVl (z) = —Q%Z“,]( ",

8££j]Um(x) = _/\j Qw 1,1(ym)7
DUV () = A 1Qy, ZEL ()

with ZY,, BV EY) given in (3.7), (3.3), respectively. It is straightforward to see

- &0,,U"
2

& = Quy (AT A ZEL (W) + 35 285w ) = pjwy, (1) Qn, (A EY + 45 ES)

P41

(A;l}\j cosw(p;) + i"yj) et 05 +75)
—A;l}\j sinw(p;) ’
. —2p; .
4] _ P, -1 .
(SOJ )Cj - p‘? +J1 ()\j )\J + Z’Y]) 5
& = &N Zia (W) + N1 Q4 Z1 2 (47

= ¢W) jle%ij (cos 0,EV + SinHng]> + fgﬂ)\;leij (sin9jE£j] — cos HjEéj]>
= )\j_lij (é%ﬂ cos; + Y sin Qj) Q,Yngj] + )\j_lij (ﬂj] sinf; — 9 cos 9j> Q,ijg]

—2A7t . SN LTt . SN ,
_ i Re [(éj] _ igg]) ezej} QWEP _ N m [( b Z-gg]) ez@,} QWEgl’

p2+1
iy A i
pJ+1

pi+1

Combining (4.4) and (4.6), we have
B S (7 A+ Fol) (o)™ 4+ A7 9 (o) 2.

(4.3)

(4.8)

Notice that S(U.) contains errors EY with slow decay in space, which is not in L2(R2). We shall introduce

global corrections to improve the error.
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4.2. Global corrections by parabolic systems. In this part, we will transfer slow decay terms by parabolic
systems.
Around each bubble, the slow decaying error of (4.4) is given by

el o 2 [Bi(t)e™
0 2 0 ’
where _ _ _ ‘
5= 30+ =, o= €0, py(h) = A ()e ),
We aim to find global corrections & (rj,t) such that
*[j * (g 2 ) i0;
—0p( B 4 (@ — bULA) A, B — = [pﬂ(tge ] ~ 0
Zj
with the form

_ r2 Ul [2 0 \2 4)pib; Py Bl )il
@(’;[J](rjvt) = 5 J 3 (I)O ( ’I"j + )\J?t)e — p?.ﬁ,_l@() (Zj7t)e ’ B (49)
TS+ AS 0 0

Formally, the approximate calculation is the following

A |:(Dg]€707:| ~ l(azjzj q)[oj] + Z;lazj q)([]]] — 2;2(1)[0]]) eiej‘|

Since for any vy, ve € R,

vy Re[(a — ib)(v1 + iv9)]
(a = bUsA) [v2| = |Im[(a —ib)(v1 + iva)]| , (4.10)
0 0

we then have

j ; ). 0,
— @) + (a— bUen) A, — 2 [py (t)e ]

Z; 0
o |~ + (a —ib) (azjzj o + 210, - Z;Q@gl) e | 2 [p(n)e]
0 z L 0
For this reason, we choose ®5(z;,t) to solve
. ; ; 1 ; 1 1 2(a+1ib)p;(t
(a+ )9, @ = 9.,., 05 + —a., 0§ — o - Ha+ b)p; (1) (4.11)
Zj Zj Zj

The special choice of

r?:i? oY (, /7% 4 A%, t) aims to avoid singular (in space) terms when calculating new errors.
To analyze (4.11), first we look for self-similar profile to
(a+ B)0up) = 02,08+ 0,68 — ol + =
Zj Z5 j
with 5.
w5 (2),1) = t1/2fl0(tlﬁ)~

Then ¢q satisfies
1  a+ib 1  a+ib 1 25
a0 (&) + <5j + 2€j> 40(&5) — (5]2 + 2) q0(&) + g~ S=am

Observe that &; is a homogeneous solution, so we have a solution

a+ib, 2

O e~ 1 T atib 2 2 *1—e" n
) — £ - d / se 1 % ds = j. / d y
w&) =& [ | R

=& Ing;, & —0,

—1
gj s fj — OQ.

and

l90(&)] S {
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Then by Duhamel’s formula, one has a solution to (4.11)

t
DY (2,t) = /O Qj(S)Sﬁg](Zjvt—S)ds+gj(0)¢g](zj,t)Z/O

2
_atib %5

t
1 1—e 1 %
/0 9;(s) a+ b z; %

—2(a + tb)p;(t). Rearranging terms, one has

t

where g;(t) =

t - 2
: Pi(s) o o %
@g](zj,t)z—zj/o D) o (2 s,
where
| e (et ib)g L2
Ko(() =2——F——, (=2
O(C]) Cj ’ Cj t—s

It is straightforward to compute

b
Ko(¢) = (HQZ +O(Ca‘>> gy + (267 H0(Ge739)) 1o

b
= <a+z +O(Cg)> 1, <1}+0(C )1{c,>1},

2
Kog,; (¢) = (a+lb> +O(Cj)
-(F

L <y + 0 (G7%) Lygay,

G Kog; (¢) = 0 (€) Lg<y O (G L1y,

9;(5) 0l (25, t —

s)ds

Ly + (2672 + 0 (¢ 19)) 1 5y

Kog,¢;(G) = % <azib)3 +0(G) | Lgeny + (4G + 0 (¢ e 19)) 1yg 51y
= ;(azlb)gﬂLO(Q) Lig<y + 0 (G7%) Lyg>n
(G Kogse, (¢5) = 0 () L=y +O (G ) Lig;>1y-
For 22 X202 +1) A3(t)
G=15 T =1(p; + 1), 4= T
ot == [ 2w = a0t [ ocas

0,05z = — [ P2y g, (s
0

t—s t—s t—s t—

= / IZ] (Si (KO(CJ) + 2<]KOCJ (C]))
' 22 423
t j 5) +

t - 2
az_z_(b[J] ) — _/ p](s) J Ko J I Ko
7 O(ZJ7) 0 tfs(t—s OCJ(tfs)—i_tfs OCJ(

e /t_(s)(GCJKOCJ(CJ)+4C]K0<]<](CJ))

0

- A;l(p? + 1)_% /; 2;]( ) (GCJKOCJ (CJ) + 4C KOC]C] (Cﬂ))

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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4.2.1. The upper bound of the nonlocal terms. Since |p| < |A.| and (4.13),

. A (s
25| < J/ 1{<J<1}+O(C Dlig>1y) ds,

A
0., 8| < / 2O (100 1y + O 16,21y s, (4.18)
02,2, 98" S 257 L*( ) (OGN +0(G g 51y) ds
2j2; 20 | ~S <5 o t—s J)H{¢<1} J {¢i>1} :
Claim: f
|A ( )I
(Ligny + G o1 gz mg 148
t\ 1nT\ 1z 2>t
‘IDT‘ { ln 7)> t< (4.19)
InT \ _
— sty + ROl > T2 < T -t 2 <y
~ T r'_rlnﬂz o+ InTl(Inz) =2, t> 5,27 >T ¢,
S 1{z§.<t} + | 1HT| z; 1{z§2t}-
By (4.18) and (4.19), we have
|61 + 25102, 9| + 23102,2, 8| S 21 (zzary +HIT| 7 2 2y (4.20)
Recalling (4.9), (4.23), (4.25) and using (4.20), we have
D67 + 2 Va5 | + 23 1A, 05| S 2512y + 6 InT| 7 2 L asyy. (4.21)

Proof of Claim (4.19). Denote
|)\

1{<J<1}+C e [ eg 24
For ij > t, ) t
g(z;,t) = z;z/o |Au(s)|ds ~ z;2| lnT|/0 |In(T — 5)|2ds ~ t| 1nT|_1z;2
since if t < %,
t |In(T — s)|2ds ~ t|InT| ™%

0
if T <t<T,

t z t T
/ |In(T — 5)|%ds = (/2 +/ ) |In(T — s)|2ds ~ T|InT| 2 +/2 (Inz)"2dz ~ T|InT|"2 ~ t|InT| 2.
0 0 z T—t

For zj2 <t,
t— Z] )\ t .
9(zj,t) :/ |t£ )‘d +z / [Ai(8)]ds.
0 t—27

Ift <

e

9(zj,t) ~ [T~ {In(5)).

QM‘H

Ift>%andz]2»<T—t,

InT —t

. T
9(zj,t) ~ 1 - TCGEDIN A ()] (In(—5—
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t—2z7 t—(T—t) t—z2 \ —(T—t) t—z2 1
0 t*S t—(r-1t)) t—s 0 T t—(r—t) t =8

t— (T t 1 . T —t
~ |InT d ()| In(——
o '/ T s O

T . Tt
T Tm@(T - )| + A ()] IH(TJZ)’

t
52 [ s~ 50l

J

since

Ift>Zand T —t<2?<t,
[ InT|
—t+422)]

tfz‘? '* tfz 1 InT
[ By, [T e Hm/ oo mTl
0 t—s 0 $)|In(T — )2 | In(T"—t + 27|

2 t . . i T_t+ZJ2
N /t_ZQ. [A(8)|ds ~ 2| InT| (In(T — s))"2ds = 23|I (Inv)~2dv

J
— 2 _
t z; T—t

9(z,t) S1— (T |lnT|(lnzj)

since

< ZJ_Q| InT|(T —t+ z; H(An(T —t + 2]24))72 ~ |InT|(In z;)~2.
Collecting above estimates, we get the first part of (4.19).
Specially, for ZJQ <tt< %,
1InT|(T —t),, 2 —2
t> 22> ~T?1InT
>% 2 U —op) 7]

Thus
|InT|~* (ln(

Forz <t,t> 2,23<T7t
: Tt |InT)| T-¢
@0 < ! o
AOII=) S g —gpMGem ) =

Thus we have the second part of (4.19).
(]

4 2.2. New errors produced by the global corrections. Next we calculate the new errors produced by ® I defined
n (4.9), that is,

Sl .= —34@§ﬂ)+(a—bUUMq[Améyﬂ+¢szWF¢§ﬂ—2vm(Um )v o ]—w%Um
= — 0P + (a — bULA) A @37 — §,UY)
—b (U[J'] _ Uoo) A Azq)g[j] + a|v U[j]|2q)*[j] + b|va[j]|2q);[j] A U]
4 (a _ bU[j]/\) {_va (U[' *[J]) V. U[J]:|

We present some formulas we will use frequently.
)\2

: r; i
5= 303 = fle = 0P + 0. 00,1+ X) = = O (Y1340 = ey
j i J J
Ao — E0) L (g — ¢l
Be(y/r3 +A2) = 2 r%:v ),
Vi J
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o,.( TJQ» ) 2)\§rj o0 ( 7‘]2- ) \2 )\? — 37“?
i\ 2 2) = 72 22 Yriri\ "o T 2 ) = i 7.2 1L 22\3°
RN G e A R R
o1 r? - 72)\]25“1 (= EU) 42X N7
4+ A2 (rs +A3)2
_ ¢ldl _ ¢l _ el £[5] _ el
0; = arctam(im2 f]), 00, = & (T =g );’_gl (2 — & )
=& "
1 J
72 , r2 _ j\.)\._gm.(x_f[j]) v
P J__pl zi,t)) = J a(I)[J]+ N 82.@[1]
t(T]g+/\§O(J)) 7“]2-—|-/\?(t0 m ]O)
IN2EL) . (g — ¢l +2)\>\
_ J ( 5 2) J J (I)O ;
(rs +A3)2
r2 2 . r; 2027 .
8r J (I)[J] 2, 1)) = 3 [7] J + J CI)[J]’
J(Tj2+>\?0(3)) 2_,_)\2 JOW (sz+>\2)20
r} [s]
87"7"'( P) Q(I)OJ (Zj,t))
o 75 + >\J
ré . 2 . 2 A2 —3r2 AT 7
_ J az»z'q)[]] + J azg)b] J +2)2 Y J_pll + JJ .. [4s] J )
(T?—FA?)Q 3%~ 0 Tj2+)‘§ i =0 (T?—FA?)% ](Tj2+)\?)3 0 (TJ2+A?)2 3 =0 7']2_|_)\3
[ 237 0 i0;
5,30 [t @0 (25,0 + W@fb (2. t)]e
0
275 PJ ) i0;
_ [(p Lr @ (2,t) + (pﬁﬂ)ﬁzﬂ’ (z5,)] e 7 (4.22)
i 0
B, ® *[J] _ 2+)\2(I)[J](Zj7t)7leze. pfilq)([)]](zjat) 19]
0 0
It follows that
Vo @2 = |V 05907 P = [0, B2 + 1509, 05" |
2 2
227t _ p3 p? (4.23)
_ J " [4] J [4] -2 —2 J [4]
= |—5"—=P7 (2;,t) + ———0.,. P (z;,t +)\ D (2,1
(pf—i—l)Q 0 (25,1) (p?+1)% j 0 (25,1) p?—&-l 0 (25,1)
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Then recalling (4.9), we have

) . T
_at(q)g[ﬂ) _ [ at( (I)[J](ZJ7 )ezej%o}

—r2 )'\,,\,_ 'H. _ ¢l o 22E0) L (g — €Y 4 28\ 02
= [TQ +J>\2 [815(1){)]] T YAAV] gz ($2 f )azjq)g]]ez@j 4 ]f ((r f)\g) J J‘I)[]] i0;
J J A/ 75 + )‘j J J
r2 g ( g[]']) + é[j] (x o g[j]) ) T
_ i glil; —S2 1 1\ P2 7Sy ) i, 0}
r2 4220 r? ’
2 273 ' ; 0l , . )
_ H -5 2,3y r2AjA; — €V (z — gm)]a ol 1 [2/\jgm (= &V + 22X\ (4.24)
3 Zj
24+ 27 (r2+\2)3 (r7 +2%)?
(4] 4]
_ Z-*ﬁgﬁ (x1 — ;)_:r)gl (w2 *52 )]@g]}ei9j70}T
j J
2 or . . . R . . 2
-l{; i palp 1 CT W DAy g (P €8 )
G+l (p] +1EF (P2 +1)?
lg] ‘ 4 T
(§2py — 51 )]q)oj]}eugj,o} .
J
[ ]
* * 7"2 . T
A, ot = A ® v [(87«] i O, + = 08,0,) ( 72 _‘_>\2<I>[]](z]7 t)e 207),0}
rd r2 A2 )\2 r? 4\2r; T .
_ J az (I)[J] .. [J] J +2/\ Ty (I)[J] + JjJ az (I) LY
s g g Y2 > ENGEE @H;J
r? 1 222 o 1 .
0, (I)[J] J ® i _ P! sz’O]
M e e
J J
r . 5\2r? r? ANE — 4)\2p2 1
_ J az'z-q)m'i‘ JJ J_ az_q>[1]+ JJ Ul 610’70}
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e By (4.24), (4.25) and (4.10), we have
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_ H —p? 0l p?@[ﬂ Syl — Aj) iy [2>‘j (€W . gylil 4 )\jp?)

prH1 0 (p2+1z (p% +1)2
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where we have used (4.11) in the last equality.
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, N ()2 T , ) 20 + (p2 +1)3 2 _1
(5([)31+{ ; py()Pgewj’o} ).Um:%—ujp?{[_ i (p; ) At (4.29)
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Then .
, ; 8a\; “p5 2 P
) [3112 g *L4] _ J "3 N ] —iv;
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= — J . {(P? _ 1)(¢0[J])27 —(p? _ 1)(@ [4] ) —QpJRe K( [J]) Z(Cbom)l) e z(9;+%)} }
(Pj +1)
where we have used (4.31) in the last equality.
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where we have used (4.9) in the third equality.
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e By (4.22), we calculate
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In summary, by (3.14), (4.27), and (4.26), (4.28), (4.29), (4.6), (4.32), (4.33), (4.34), (4.36), (4.38)

conclude that
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Then by (4.15), (4.16), (4.17), we get
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where
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where we have used (4.13) and

~ - or 2 tp- Sefi'Yj(t)
10ty = @ -] (1 ) | [BO
J

a+ib)(p3 + 2p;
X{( M%ﬁﬁﬁp) 0&41&<u+0@ )Hgﬂ&d]}

-+ &)

. 2 Epi(s)e it (a+ib)p;
X |1+ Im / I 2 Gl 1 +0(¢ 7)1 ds| .
( @+1>[0 P CET O(G)| o<y +0 (G Ligoy
Then by (4.19), one has
3y ) . L
/ Pl Lig<1y + 0 (G71) Lygsny) ds SV, M| S IEPAT ()72 + [€91].

MY (p;,t)

gl gl 2 L pi(s)e ™
= — (& +Zfz)[<1 p?—klRe) {/0 t—s 2(pj+1)% (PJ"'l)

_ £ —i; (1)
Gl L] Pj , 2 /P;(S)e i
— — Im -2 Ko(C)ds ).
(&5 —i& )Z(p?—l—l)% <Z+p?—|—1 ) ( . s 0(Gj)ds

By (4.13) and (4.19), we get

IMPL| S (€7 + 1€57) / O] 1{<J<1} +0 (61 1igony) ds S €Y.
As a result of (4.41), (4.43) and (4.45), we have
(M S o] S AT 72+ Al (o)~ IET (AT o) 2+ 1)
Integrating (4.40) and (4.46), we have
[SU S AT pg) ™+ alo) T + 1€

5. GLUING SYSTEM

(P} +2p) Ko(C5) N P?CjKoc,(C )] SH

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

In this section, we formulate the inner—outer gluing system such that solution with desired asymptotics can

be found.
5.1. Ansatz for the multi-bubble solution u. We look for solution u of the form

u=(14+AU,+®— (®-U,)U,,

N
O(x,t) =Y (n%](aa £)Qq, B (Y9, 1) + i) (w, )25 (r;, t)) + Poue(, t)
j=1

where ®Y/(y0l ¢) . WUl =0 for all t € (0,T), j = 1,2,..., N; 7 is smooth cut-off function,

)1, fors<1, x — EVl(t) j x — EUI(t)
n<s>{0’ Sy e =0 (S a ) e = (S5,

1 m
dg = §]I€I;1£|q —¢t™].

where A is a scalar function, <I>HI] and @,y will be solved in the inner-outer system, fbgm (rj,t) is defined in

(4.12).
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Set p;(t) = X\;(t)e (). Throughout this paper, we choose the following ansatzes for all j = 1,2,..., N,
InT|(T —t
A () < Ips(0)] = M(t) < Conu (o) with A,(t) = L2l 0)
In*(T —t)
L w7 T L : (53)
L )] < O, 1O S CAT =) ()] < CeXE (1),
Ry SIS T IS G -0 (0] < G )

R(t) =X P(t), |9 <1
where Cy > 1, C¢ > 0, Cy > 0; €¢ > 0 is small; 0 < 8 < 1 will be chosen later; <I>E]] solves the inner problem
near each bubble U, while ®,,; handles the region away from the concentration zones. Notice that
n =1 i [o—9() < 2X,(1)R().
Suitable A will be chosen in (5.1) to make |u| = 1. Indeed,
P =1« (1+ AU +2(1+ A)(®- U1 = |U)+ @ — (- U)U,> =1

e 14+ A2 4214+ ) U0 1@ (@ U

GAE B U2
(@ -U)A- U] 1-]@—(2-UUL | [(@ U)(1—|U]H)]?
1+A = .
‘:){ A TAE AR * AR
We take
1 |UL2—|®— (- UIU.]>  [(@-U)1-|U)T°\° (@-U)(1—|U.J%)
A=<1 —1— . 5.4
{ : . M A U.F o)
By (4.2) and (5.3), we have
A= (1400 +|2) +02[9[%))* — 1+ O(\|®]) = O(A + A @] + [2[2) = O\, + |22 (5.5)

under the assumption |®| < 1 in (5.3).
One important insight is that we only need to solve
S(u) = Z(z, t)U, (5.6)

for some scalar function Z. Indeed, since |u| = 1 is kept for all ¢ € (0,T") and v = U, +w where the perturbation
w is uniformly small, then

[1]

1
(U ) = S(u) - u = =50 (ful?) + SA[uf* = 0.
Thus = = 0 follows from U, - u > d9 > 0. (5.6) provides us the flexibility to adjust the error terms in U,
direction and we will call this U,-operation throughout this paper.
We compute

2 2
—0i® = — 0 Pous — »_ 0u(®M) + ) Qs [—a@i[{j + (A;lxjylﬂ + A;lgm) V@Y — ﬁjmg{}]
j=1 j=1

y
2 . .
=0 Qy, B,
j=1
2 . 2 . . 2 . . . .
Be® = Aoy + 30 A0 + 3 0@ A0l + 3 Q. (OB A + 2V - v.0f)
j=1 j=1 j=1

where we have used 0;(Q,) = ¥;JQ~, = ¥;Q~,J,

0 -1 0
Ji=1[1 0 of. (5.7)

0 0 0

Notice
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UAp A+ (1+ A)ALU, + 2V, AV, U, + Ay [0 — (@ - U,)UL]
+ Vo [(A+ AU, +& — (& U)U[(1+ AU, + & — (9 - U,)U.
— AL [ — (®- U]
+[Ve [(1+ AU [@ — (- UL)UL]
{2V [0+ AUV (2~ (@ U0+ Ve [~ (@ U)UIP 8~ (@ V)V
42V, AV, U, + (14 A)A,U,
U [ B0 A+ [V, [(1+ AU, + @ = (@ U (1+ 4)]
=0, [0 — (- U U]+ |V U2 [ = (- Un)UL] + 2{V,U. - V,, [® — (® - U.) U]} U.
+[Ve [+ AU @ = (- U] = [Vo Ul [® = (2 UL)UL]
+ {29, [(1+ HU] - Vo [@ = (@ U)U] + |V, [0 (@- UV} [@ — (@ U)U.]
+ 2V, AVLU, + (14 A)A,U,
+UADA+ Vo [(1L4+ AU + @ = (@ UNUIP (1+ 4) = 29,0, - V, [@ - (@ U.)U.]}
= Ay® — 2V, (D - U,)V,U, + |V U > ®
+[Ve [(1+ AU @ = (- U] = [Vo Ul [@ = (2 U.)UL]
+ {2V, [(14+ A0V, [@ = (@ UU] + |V, [@ = (@ U)UIP [0 — (- U.)U.]
+ 2V, AV, U, + [1+ A — (@ - U, AU
+UABA+V, (14 AU, + @ — (@ UNUIP (14 A) = [V,0.1 (@ U.) = Ag(@-Us) |

(1+ AU, +®— (- UNUJAA [(1+ AU, +® — (@ - U,)U,]
= [@— (D -U)UJANA, [(1+ AU,
+[(14+ AU AN [® — (@ - U,)U,]
+[®— (®-U)UJ AN [® — (D U]
+ 14+ AU NANA 1+ AU,
= [®— (- U)UJAAU, + U, AN [® — (@ - U,)U,]
+[® — (DU U] A A, (AU,) + AU, A A, [ — (9 - U,)UL]
[@— (@ U)UJAD, [@— (@ U)UL
+(1+ AU, AN [(1+ AU
O NAALU, + U, A[Ag® — 2V, (D - U,)V, U,
+[® — (DU U] AA, (AU,) + AU, A A, [@ — (@ - U,)UL]
+[2— (- UJUJANAL [@ — (2 U.)U.]
+ (14 AU, AN [(1+ AU, —2(® - U)U, A AU,
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Next we calculate
S(u)

+ a{U*AxA L (14 AAU, + 2V, A -V, U, + A[® — (@ - U,)U,]
Vo [+ AU, + @ = (@ UNUIP [+ AU + @ — (@ U] |

—b[(1+ AU +®— (D - U)UJAA [(1+ AU, + & — (® - U,)U,]
= —(1+ AU, — 8;® + (O - U,)0, U, + U, [0,(® - U,) — ;A

—&—a{AIq) — OV (D UV, U, + VU, @

+ (Ve [(1+ AU @ = (@ U)UL] = Vo U * [@ = (@ - U,)UL]

+ {2V, [0+ A0 Vo [@ = (@ UV + |V, [@ - (2 UV} [0 - (- U.)U.]
FOVLAVLU, [+ A— (®-U) AU,

FUA DA+ Vo [(1+ AU, + & = (@ U)U]P (1+ 4) = VUL (@ U.) = An(@-U.) } |
- b{@ AAU, + Us A[Ag® — 2V, (@ - U,)V,U.]

+[®— (D -U)UJANA, (AUL) + AU AN AL [ — (9 - U, U,
+[@— (D -U)UJAA,[®— (P-U,)U,]

+(1+ AU, A A [(1+ A)UL] —2(@ - U)U, A AxU*}
= —0d+a {Ag@ — V(B UV, U, + VUL @} —b{DAAU, + Uy A[Ag® — 2V, (3 - U,)V,U.]}
— 8U, + (® - U,)0,U, + N[®] + B[D]U,

= — 0, + (a — bUA) [Ag® — 2V (® - U,) VU] + a |V U.|* ® — b® A AU,
— 8,U, + (® - U.)8,U, + N[®] + B[®]U,

N N
= = 0P+ (a = DUN) [Ap® = 2V, (D - U)Vo U] +a® > [VLUVP 400 A D [V,UVPUY]
j=1 j=1
— U, +a® Y VUV -V, UM + (@ U,)0,U. + N(®] + B[®|U,

i#k
N
= =0+ (a— DUN) [Ap® — 2V, (0 - U)oU) + Y [VLUY P (a = bUVIA) @
j=1
— U, +a® ) VUV VUM + (@ U)0U, + N[®] + B[D|U,
j#k
N N
= — 0@+ (a — bU.A) {qu) —-2) V. [®- (UY + U, - U] vaW} + ) VLU (a—bUVIA) @
j=1 j=1

— U, +a® Y VUV - VUM 4+ (0 U.)0,U, + N[®] + E[@)U.
J#k
(5.8)
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N
A D -2V, (¢-UY)v,UY

=1

— 0,U, + (a — bU.A) {QZV (U, — U] va[ﬂ}

+a®y VUV VUM 4 (2 U,)0U. + N @] + B[O|U.
Gk

- 8t out — Za []]é*b] + ZU[J]Q’YJ' [—@@EQ + ()\IIA]y[]] + )\;1&-[]]) . Vy[]] q)gl]

— 0@ + (a — bULA)

- Z@n&?@ﬂ%ﬂ

=1
+ (@ — bULN) {A Dout + Z Ag( *m )+ ZWR Qy,Ar (bm + Z Q,, ( wgl

Jj=1
N N

—Qva{U[j]~ Z( [k]Qw k]+ (I)*[k]) + Dot }V U[J]}

j=1 k=1

N N

Z (77%:] Qi (I)i[f]] + 77([1’1] (I)é[k]> + Pout

+ ) VLU (a = bUY!
Jj=1 k=1

— OU, + (a —bULA) {—2Zv — U] VJ«UU]}

+a®y VUV VUM 4 (2 UL)0U, + N[®] + E[D]U.
J#k

N
+ ) VLU (a = bUVIA) @
j=1

- %‘J‘I’iﬂ

+ QVJT]%]

VQ@[J])
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N
— 01 Qut + (a = BULA) Ag@ous + D [VoUPI? (@ = BUTIA) @y
j=1

N N
_ z 5t(nfjj<1>3m) + Z |V£U[j] |2 ( bU[J]/\) @*[J]

N
Z NRQy, 0,00 + > [V, U2 (a — bUVIA) Q. @Y
j=1

+ Zn[”@w (g A7) 9 @) = el

Jj=1

N
+>_ la—b (U + U~ UY) 7] {Ax(niij%“) By, 8,08 + Qy, (b A + 2Vl - v,08)
— 2V, (UY ®4y) V,UT 2V, [Um ( 9Q., oF) +,7d )} v Ulﬂ}

— QU + (a — bULN) —QZV (U, - U] v, U

N
+ (a — bU,A) _QZ v, |UV). Z (772‘2]@% [kl 77d 1p* [k]) v, U]
j=1 k#j

+ZW U9 ( U[J]A)Z( Fo. o 4 g (I)m)

k#j

—&—a(I)ZVgCU VUM (& - U,)0U, + N[®] + E[®]U,
Jj#k
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N
— 0y ®out + (@ — BULA) Ag@ous + Y [VoUPI? (@ = BUDA) @y
j=1

+

-

(a _ bU[J’]/\) [,va (U[j] . q)out) VmU“]]
1

J

Mz

<.
Il
-

i
M=

> (a — bUYIA) I:_QVZ (U[ﬂ .ngqlq)g[j]) V$U[j]}

N N N
- Z N Qry 00+ (a = BUPA) gl Qy, Al + 3 T VLUV (a = bUYA) 1
j=1 j=1
+ Z (a — bUIA) {_2v$ [Um . (ng%q,ggﬂ vam}
jfl

+Z77 Q@ [( ;AP +A}1€[j]) -V, 09} —%‘J‘I)i[f}

—Zamg]cz%@i“] Z —bUIA) Qs (P8 A + 2Vl - 7,0l )|

Jj=1

N
atU*Zb(U*Um)/\{A (nd (I> )+77RQ'YJA (I)ln +Q"/] ( Amn%]+2v

j=1

— 2V, (UV) - @) VUV — 2V, {U[ﬂ . (W%JQ%(I,&J + 7752@’3“])} VIUW}

+ (a — bU.A) —2Zv (U.—Uu")] v, U

N
+(a—bUn) =23, |UP 3 Q. 0 + il ep) | w0
=1 P

N
+ 3 IVLUIE (@ = bU80) 3 (nQq 0l + nlf @p™)
Jj=1 k#j
+a® Y VUV VUM 4 (2 U)0U, + N[®] + E[@]U.
J#k

N
*[J] _|_ Z a— bU[J]/\ [J](I) + Z |V U[]]| U[J]/\) (I)*[J]
j=1

ny (I)[J]

ol - V.0l
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- ai&(bout + (a - bU*/\) Az(I)out

N
+ 3 (1= 1) (@ = bUA) (VU 2Dy — 29, (U - Do) VU]
j=1

N
+ Z (1= ) { — 2o + (a = UA) (A (@) + V.U 205
— 2V, (U[J] *[J]) VIU[j]:| — 5tU[j]}

N
+Y 775%]@%-{ = 0@ + A7 (a = bWIA) {Aym ol + |V, Wl el —2v i, (W“] : q)i[i]) v, Wb
j=1

+2 (VWi VJM@“J) whl|
+ Q- {(a = bUYIA) [|VLU P, 11 Pous — 2V (UV)- oy ) VLUV }
n Q,%.HUW{ — (@) + (a — BUVIA) [Az@(’;m VU2 — 2w, (UUJ : @3“1) VIUUI]

_ atU[j]}}

N
+3 e, [(/\;IAjym + Ajlf[j]) V8 - %‘J‘bm
j=1
+ 3 Qu, {0l om + (a - oW n) [l Al + 2Vanf VLl - (WO oll) (2, v, W) ||
j=1
=Y b(U. U A {Az(nfij%“]) + 1By, 8,08 + Qo (O8] Aun + 2V.anv. k)
j=1

-2V, (U[j] X q)out) VmU[j] — 2V, [UU] . (n%]Q% (I)El] + n([jﬂj(p;[ﬂ)} va[j]}

N
+(a—bUAN) S =2V, [0 (U, — UM)] VUV

N
(= bUn) § =23, (U3 (nflQ, 0 + nfflep) | w0

k#j
N
+ D IVLUIE (@ = 0UA) 3 (0 @ @l + g
J=1 k#j
+a®y VUV VUM 4 [(@-U,) — Al U, + N(®] + E[@)U.
J#k
+ Z ng (U — U, +U.) { —2a (vwwm : vx@gfj) +a|V UV 2 (UV - @)

n { — 0(®5) + (a— BUVIA) [Az@;[ﬂ + VLU 2 — 2y, (U[' *“1) V., U[ﬂ}

_ 5tUm} , Um}
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where

N®]

= a{ {|vz [(1+ AP~ |VLU.[? 4+ 2V, [(1 4+ AL - V, 100 ® + |V$HU*L<I>|2} ;. ®
F VAV +[1+ A= (B U] AT | (5.9)
—b{Tlys @ A A, (AUL) + AU, A AT 2 ® + s ® A A, Ty, @

0+ AU A A (L4 AU~ 2@ UV A AL},
E[®] := 9,(® - U,) — 9, A
+a{ A A+ Vo [(1+ AU, + @ — (- VDU (14 4) = [V, (@ U,) = An(@-U.) }.

5.2. Simplification of N[®]. In this part, we will simplify the nonlinear terms and extract A,® in N[®] for
later purpose.

Hyr® A A, (AUL) + AU A ATy @ + T @ A AL TT 0 @
=[®— (- -U)UJ AN [(A AU, + AA U, + 2V, AV, U,]
+ AU NANDALD — (D -U)UL]+ [@ — (P -U)UJ ANALP — (D - U,)U,]
= (PAU)ALA+ Ty @ A [AA UL + 2V, AV, U]
+ AU NAD — AU A [(P - U, )ALU, + 2V, (D - U,V U,
1y @ AAD = (PAUL)AL(P-Us) —Hyr @ A[(@ - Uk)ArUs + 2V, (@ - Us) VU,
= (PAU)AA+ AU N DL + T O ANALD — (PAUL)AL(P-Us)
+ 1y ® A (AA UL + 2V AV, UL) — AU A [(® - U ) AU + 2V, (@ - UL )V, Us] (5.10)
Ly O A[(@ - U)ALU. +29,(0 - UV, U]
= (PAU)ALA+AUNAD + T ®AAD — (PAUL)AL(P-UL)
+ 1y ® A2V AV U, — 2V (O - U )V Ui] — AU A (@ - Us ) AUs + 2V, (@ - UL )V, Us]
+[A—(D-U)®AAU, +[(®-U,)? - A®-U)|U. AALU,
= (PAU)ALA+AUNAD + T ®AAD — (PAUL)AL(P-Uy)
— (My2® + AUL) A 2V, (@ - U) VU] + [A = (@ - U@ A AU,
+ 1y @ A2V AVLU,L) + (€ - U.)? = 24(® - U)UL A AU,
where
Ay(@-U)=U, - Ay®+2V, 0 -V, U, +®-A,U..
Next, we give explicit formula for V, A and A, A, with interactions of bubbles encoded. Due to the choice
of (5.1), |u| =1 is equivalent to
(1+APU2+21+ A) (U -2 @) + [y @ = 1. (5.11)
Taking V, for (5.11), we get
2(1 4 A)|UPVe A+ (14 APV, (|ULS?) + Vo ([Hyr @) + 2(1 + A)Vo (U, - e @) + 2(U, - Ty @)V, A = 0.

So
(1+ A2V, (|U?) + Vo (T2 @) + 2(1 + A) Vo (U, - Ty @)

mA: -
v 21+ AT + 2(0. -Tips @)

. (5.12)

Taking A, for (5.11), we have
(1+ AAL(JUP) + U AL [+ A)?] + 2V (JUL?) - Vo[(1+ A)*] +2(1 + A) Ay (U - Ty @)
+2(U, Tl @) Ay A + 4V, (U, - Ty @) - VA + Ay ([T ) = 0,
i.e.,
(1+ A2AL (U ) + UL [201 + A) A A + 2|V AP + 4(1 + AV, ([U[?) - V. A
+2(1 4+ A)A, (Us - Ty @) +2 (Vs - Tyr @) Ay A+ 4V, (U, - Ty ®) - Vo A+ A, ([T @) = 0.
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Thus, we have

AA= =271 [(1+ UL+ (U, - Tpa®)] [Am (M2 ®?) +2(1 4+ A)A, (U -1y @)

+ 4V, (Us - M2 ®) - Vo A+ 2|U PV AP +4(1 + AV (|ULJ°) - Vo A+ (1+ A)QAx(|U*|2)]. (513
We further expand
Ar([My s @) = A; [|9f + (JUL* = 2)(@ - U.)?]
=20 A,® + (|UJ* = 2)A.[(® - U.)?
+ 2V ([U?) - Vo [(@ - Ua)?] + 2|V @) + (- Un)* A (UL
=20 AP+ 2(|U. 1> =2) (@ U)Ay(® - U) + [Va (@ - UL)[?
+ 2V, ([U?) - Vo [(@ - Ua)?] + 2|V @) + (- Un)* A (UL
M A T = AL U@ 0
= (1= |U.)Au(® - U.) — (@ - U)AL([ULJ?) — 2V, (JUL|?) - Vo (@ - U).
We arrange terms in (5.13) as follows
Ap(Hpe @) +2(1 4+ A)AL(Us - Ty @) + 4V, (U, - Ty @) - V. A
+ 2|UL 2|V AP +4(1 + AV (JUJ?) - V. A+ (1 + A)>A (|U |2)
=20 A,®+ [2(|U > —2)(® - U,) +2(1+ A)(1 - |U.>)] A
+2(|U.* = 2)|Va (@ - Us)|? + 2V (JUL?) - Vo [(@ - UL )2]+2|V <I>|2 (®- U2, (UL )
—2(1+A) (@ U)A(U) + 2V (|UJ?) - V(@ - UL)] (514

+ 4V, (U, Ty ®) - Vo A+ 2U Vo AP+ 4(1 + AV, (JUP) - Vo A+ (1+ A2 A ([ULJ?)
=20 A+ [2(|U.> = 2)(® - U.) +2(1 + A)(1 — [UH)] (Us - A, @ + 2V, 8 - VU, + @ - A,U,)

+ 2(|UL 2 = 2)|V4(® - U,) 2 + 2|V, ®)? +4[(® - U,) — (1 + AV (|UL)?) - V(@ - U,)

+2|U |V, AP + 4V, (Us -y @) - V, A+ 4(1 + AV, (JUL[%) - VA

+[(@-U.) — (1+ A)2AL(U)?).



38

J. WEI, Q. ZHANG, AND Y. ZHOU
Combining (5.13) and (5.14), we have
(PAU)AA+AUNA D+ T PAAD — (DAUL)AL(D-UL)
— 2 @A) [(1+ UL+ (U, - Ty @)] {2@ NS
+ 20U = 2)(@ - Us) +2(1 + A) (1 — [UJH)] (Us - Ay @ + 2V, 8 - VU, + @ - AU,)
+2(|UL2 = 2)| Vo (@ - U2+ 2|Va® 2+ 4[(® - U,) — (1 + AV ([UL]?) - V(@ - U,)
+2UL VAP + 4V, (U, - Ty ®) - VoA + 4(1 + AV, (U2 - V. A
+[(@-TL) - (1+ A)PA(U.P) |
+ AU NA R+ Ty P AN D — (PAUL) (Us - Ap® + 2V, @ - VU, + @ - ALUL)
— 27N O AU [(1+ AL+ (U. - Tyud)]

x {20 Ay @ + [2(|U7 —2)(@ - Uy) +2(1 + A)(1 — [U*)] (U, - A @)}
+ AU N DA+ Tt @AAD — (PAUL) (Us - Az @)

—2 Y @A) [(1+ AU + (U, - T @)

x { 200,12 = 2)(® - U.) + 21 + A)(1 — [U.|%)] 2V, - VU + @ - A,U.)
+2(|UL|? = 2)|Vo(® - U, + 2|V D2 +4[(D - U,) — (14 AV (|U.[2) - V(@ - U.)
+ 2|UL V2 AP + 4V, (U, - 2 ®) - Vo A+ 4(1+ A)V,(|ULJ%) - VoA

+[(@-U) = (1+ APA(U) )

— (B AU, 2V, @ - VU, + @ - A,U,)

= —27Y@AU,) [(1+ A)U.J>+ (U, -HU*lcb)}‘l 20 A0 +2(1+A—3-U,) (Us-A,®)]
+ AU A DD + T @A AP

—27 Y @A) [(1+ AU + (U, - T, @) {2 (1+A-9-U,)(2V,® - VU, + @ A,U,)
+ 2(|UL 12 = 2)| V(P - U)|? + 2|V ®|? + 4[(® - U,) — (1 + AV (|UL)?) - Vo (D - U,)

+ 2|U. VLA + 4V, (U, - T2 @) - Vo A+ 4(1+ AV, (|ULP) - VLA

H(@-U) -1+ A)]?AI(W*P)}.

(5.15)
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Combining (5.9), (5.10) and (5.15), we get

N(@]
= a{ {|vz [(1+ AUIP = [V UL +2V, [(1 4+ A)U.] - VT @ + |VIHU*L<I>|2} Ty, ®

FOVLAVLU, + (1 4+ A— 3 U,) AmU*}
- b{ 2 @AV [+ UL+ (U, Ty ®)] 7 20 A8 +2(1+ A— B -U,) (U, - A, )]
FAU A AD + T A AP
— 274 AU, [(1+ AU+ (Us -1y )] ! {2 (1+A-3-U,) 2V, -V, U, +®-A,U,)
+2(|U[* = 2)[Vo(@ - U +2[Vo®* +4[(@ - Us) — (1 + AV (|U.*) - V(@ - Us)
+ 2|U IV AP + 4V, (U, - Hya®) - Vo A+ 4(1+ AV, (|UL%) - V, A
(@ U = (L+ APA(U.1) )
— (s ® + AUL) A 2V, (@ - U) VU] + [A — (- U.)J® A AU,
+ 1y ® A (VL AVLUL) + (@ UL)? — 2A(® - UL)JUL A AU,

(L AU A [(L+ AU, + 29, AV, U] - 2(2 - U)U. A AU }
- b{(cb AU [+ AU + (U, Ty ®)] 7 [ @ A0+ (1+ A—®-U,) (U. - A, )]

— AU A AL® — (T @) A Aggq)}

ta {\vm [(1+ AU = VLU 42V, [(1+ AU -V, (T @) + |V, (. P) |2} . ®

+2V AV, U, +(1+A-D -U,) AU,

—-b

—27H @ AU [+ AU + (U. - HU*uI))]_l {2 (1+A—-3 -U,) 2V, -V, U, +®-AU,)
+ 2|02 = 2)[Vo(® - U)? +2[Vo®* +4[(@ - Us) — (1 4+ AV (|U*) - Vo(@ - Us)

+ 2|U. IV AP + 4V, (U, - i ®) - Vo A+ 4(1+ AV, (|UL%) - V. A

+[(@-U) = (1+ APA(U) |

— My ®+ AUL) A 2V (@ - U VLU + [A = (- U@ A AU,

+ 1y ® A (VL AVLUL) + (@ - Us)? — 2A(® - U)]UL A AU,

+ 1+ AU N1+ AA U+ 2V, AV, U, —2(® - U, U AN AU,

Since

2

kol
N | [
—

U0, A+ (1+ A)0y, U] - [00,® — U,0y, (U, - ®) — (U, - )0y, U.]

23 {100, A) U. - 0, @ + (14 A)0,, U - 0, 8] = s, (U - @) [[U.J20, A+ (1+ AYUL - 0, U]
k

Il
-

— (U ®) |00, A U. - 01, U + (1+ 4) 0, U] |

39

(5.16)
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and

V.. (. @)|° Z|8xk<1> Usl, (- UL) = (@ U.)0,, U,
k=1
then we obtain

N[2]
- b{(@/\U*) [+ AP+ (U, Tpa®)] 7 [0 A,0+ (1+ A= -U.) (U - A, ®)]

— AU, A A, — (T, @) A Awé}

|

+QZ{ Oy A) Uy - 0, ® + ADy, U, - 0, B] — Dy (Us - ®) [[U, 200, A+ (1 + AU, - 0y, U.]

IV APUL2 + 201+ AV, A - (U, - V,U,) + A2 + A) [V, U,

— (U, - ®) [(&EkA) U, - 05, U, + (1 + A) \@MU*F} }
2
+ ) (00, ® = Uiy, (2 Us) — (B Us)0y, Us|?
k=1

. ®

2(VoA+ U, - VU, +® -V, 8) VU, + AU, — 2 (U, - VoU,) Vol + (A= @ - U,) AIU*}
+2a[(VoUs - V@) @ — (@ - V@) VU, — 2a (Vo U, - Vo) (U - @)U,
— 26U, A (VU - V) & — (8 - V@) V,U,]

+b(@AU,) [(1+ AU + (Us - 2 D) A+ A-D-U)(2VLD - V,U)
—b(®AUL) (2V,@ - V,U,)

(5.17)

—b| =2 Y @A) [(1+ AU+ (U, - T, ®)] {2 14+A—d-U.) (@ AU,

+ 2(|ULJ? = 2)|V, (@ - UL) |? + 2|V, @ + 8[(® - U,) — (14 A)|(U. - V,U,) -V, (- U,)
+2|U PV AP +4[-2(® - U)U, - VUi + (1 = UV, (- Uy)] - Vo A

+8(1+ A) (Us - V,UL) - Ve A+ 2[(@-Uy) — (L+ AP (VLU +Us - AU }

+ 1y ® A (VL AVLUL) + [(@ - UL)? = 2A(@ - Uy) — 2(® - U,)| U A AU

+ (14 AU, A[AALU, + 2 (VoA + U, - VU, + @ - Vo ®) VU, + AU, — 2(U, - VoU,) VU,

+ 20AU, A [(® - V@) VU] .

5.3. Inner-outer gluing system. By U.,-operation (5.6), we put the terms in U, direction into E(z,t)U,.
Then using (5.17), a sufficient condition for a desired blow-up solution to exist is that (®Y) ) solve the

following gluing system
O Pout = B, Ay q>0ut +G in R*x (0,7),

5.18
Dot (2, 0) )+ Z Zcmn mn(z)  in RZ (519
m=1n=1
220,08 = (a — bWIA) [A 108+ 9,5 W 2el] - 29 ;) (WO ) 5w
(5.19)

42 (vymW[ﬂ V0 @};1) Wf} +HY  in Dag,
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where _ _
HUD .= {4 ) (5.20)

m?’

HY = )\?Q%{ (a = bUYIA) [V UV PIL 0 @out — 2Va (UY - @oye) VLUV
n HU[J-]L{ — 9@ + (a — bUVIA) [AIQ);U] 4 |VLUD 2] 2y, (UU] . @3&'}) szm} (5.21)
— o) — (0P o) }

Hl[il] = /\?Q—%‘ {2 (a - bU[j]A) { [VIUU] Ve (775%] Qv (DE;])} (Qw (PE;])

(@ 98) 5. (i o8] w0} 522

=2(a—bWVn) {[Vyme V0 (n%]q’i[ﬂ]ﬂ }) — [(I)i[i] -V (n%]@i[ﬁ]ﬂ VymW”]} ;
D2R = {(yat) | ‘y| < QR(t)v te (OvT)} (523)
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Mz

(1 m) —bUYIN) [V, U 2By — 2V, (UV) - Byyy) VLUV
1

N
n Z (1 _ 775?) { X *m) + (a— bUYA) [Am(ngjéém) I |V1U[ﬂl2n£§j@3“]

j=1

—92v, (Um ~nfjj<1>3“]) VxUm} _ 3tUm}

N
[4] i0; norlil —i0;  rlil
+ZnR (e“M1 +e ”M—1)C,1

j=1 i

<.
Il

>0 Qu, [(\ A+ A7) v el - ]

£300,{ — o
j=1

+ (a = oWUIA) [0l A + 2Vl v,k — (Wi o) (2v, v, W) | |

N
_ Zb — Uil A {A (n [J]q)o ) +n2Q,, A0 + Q. ( TN+ 2Vzn%]vm<1>i[i])
(5.24)
—2v, (U[j] 'cbout) Vv, Ul —2v, [ . ( J]Q%@[J] *[J])] v, UV }

N
+(a—bUN) S =2 V[0 (U - UT)] v, UV

N
Jj=1 k#j

N
i Z VU2 (0 — bUVIA) Z (ng]%@gﬁ] 4 ngz]q);m)
Jj=1 k#j
+ a(I)Z va[j] . va[k] + [((I) . U*) — A] agU*
ik
N
# 3o (0= U) [ 20 (9909, 800) 4 VU9 (U1 )

+ { — 0, (D) + (a — bUVIA) [Awég[ﬂ + VLU PRI — 2v, (Ulﬂ : <I>;W) vIU[ﬂ}

_ 5tU[j]} : Um}
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+b{(<I>/\U*) (14 AU+ (U, Ty )] [+ (1+ A= U)UL] - Ay (@ — Boyy)

— (AU* + HU*L (I)) A\ Ax ((I) - éout) }

{

+QZ{ (On, AV Us - 0, @ + ADy, U, - 0y, ®] — By, (Us - ®) [|U 200 A+ (1 + AU, - O, Us]

IV APUL? +2(1 + AV, A - (U, - VU, + A2 + A) [V,U,|?

— (U ®) [(00, A U. - 0, U + (1+ 4) 0, U] |
2
£ 100, ® = Uiy, (B U) = (@ U.) 0, Us|
k=1

HUj (p

2(VoA+ U, - VU, + OV, 8) VU, + AU, —2(U, - VoU,) VU + (A= @ - U,) AmU*}

+2(a — bUA) [(VaU, - Vi) ® — (& - V@) VU, ] — 2a (V,U, - V) (U, - DU,
N
-3 2o { [0 (i, 32)] (., 94) 529

[t 52) . (e 5] )

+b(® AU, [(1+A)|U*|2+(U*~HU*L<I>)]7 1+A-9.U,)(2V,® -V, U,)
—b(®AUL) (2V,® - V., U.)

—b| =271 (@ AU [(1+ AU + (U ~HU*L<I>)]_1 {2(1 +A-0-U,) (P AU

+2(|UL 2 = 2)|Vo (@ - U) |2 + 2|V, @2 +8[(® - U,) — (1 + A)|(U, - V,U,) - Vi (9 - U,)
+2U PV AP +4[-2(@ - U)U, - VUi + (1 = |U*)V, (- UL)] - Vo A

+8(1+ A) (U, - V,UL) - Ve A+ 2[(@-U) — (L+ AP (VLU +Us - AU }

+ e ® A (VL AVLUL) + [(©-UL)? = 2A(9 - U,) — 2(® - U,)| U A AU,

T+ (14 AU, AAAU, +2(VoA+ U, - VU, + & - Vo ®) Vo Uy + AU, — 2(U, - Vo U,) VU

+ 20AU, A [(D - VD) VU] + Eg(x, 1)U,
where =, (x,t) is given in (D.68) and Zg(x,t) is some scalar function due to U,-operation; My, M_; are given
n (4.42), (4.44) respectively;

Boy, == alz — bU. A +Bo v, (5.26)
I3 is 3 x 3 identity matrix,
i (@AUN[@+(1+A-D U,)U,]
Bow, == b[(1+ A)|UL+ (U. - T ®)] ' [(@AU)2 [@+ (1 + A~ -U)U.]| —b (AU, + . ) A

(®AU)3[@+(1+A—-U,)U,]

(5.27)

Bo.v, Ar®ous = b{((I) AU [(1+ AU + (U Ty ®)] 7 [ @+ (14 A= - U) U] - AyPon
(5.28)

— AU* A Arq)out — HU*L(I) N Ax(pout};
Z*(‘r) € 03(R2)7 ”Z*”CS(RQ) < CZ*7 [8112*1 + 8122*2 +1 (611Z*2 - 8122*1)] (q[ﬂ) 7é 0 (529)
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where Cz, < 1,j=1,2,...,N;
Omn € C*(R?), 9mnllc@z) < 2, Ymalqr) = Omren for m,k=1,2,...,N, n=1,2,3, (5.30)
=[1,0,0]", ey =[0,1,0]", e3 =[0,0,1]".
Denote I'g iy, as the fundamental solution of

of =Bg ., Af in R x (0,7). (5.31)
Cmn Will be chosen to such the following vanishings hold
N 3
To.u. **G) (g, T) + Cov. * Z.) (g, T) + Zcmn Tou, *Omn) (g, T) =0 for k=1,2,...,N, (5.32)

which will be useful in the gluing procedure.
For any f € C*(R?) satisfying ||f||csg2) < 0o, by (7.5), we have

Top, * ] < [Elosesy in B2 x (0.7). (5.33)
By [17, Theorem 1.2] and Bg 7, € C(R? x (0,7)) N L>°(R? x (0,7T)), we have
1Dz (Ta,v. # £)| + [ D2 (Ta,v. *£)| +10: To,u, )| S |[flosezy in R? x (0, 7). (5.34)
By W, estimate (see [17, Lemma 2.1]), we have

|Dw (F<I’,U* * f) (l‘,t) — D:r (F<I>,U* * f) ($*,t*)|

(1o — ol + V=)

By (5.34), for m,k=1,2,...,N, n=1,2,3, we have
‘(F<I>7U* * ﬁmn) (Qka T) - ﬁmn(‘]k” = |(F‘1>7U* * ﬂmn) (Qk> T) - 5mken| 5 T.

Thus we can find unique ¢, = Cmn [P, Us, G, Zi] = Cmn1+Cmna satistying (5.32), where ¢mn1 = ¢mn1[®, U, G], Cmnz =
Cmn?2 [@’ U*’ Z*] Satisfy

< C(Q)|[flles gy for 0<a <1, (2,8),(z.t.) € R? x (0,7T).

(5.35)

(F<I> U, * *g) (Qka ) + Cmnl (F<I>,U* * ﬁmn) (kaT) =0,

M=
Mw

Il
-

m n=1

(F@J]* * Z*) (qk,T) + Cmn?2 (F@7U* * ﬂmn) (qk,T) =0 for k= 1, 2, ey N

M=
Mw

Il
-
Il
-

with the following upper bounds
N N
lemn1| S Z |(To,u. **G) (qr, T)[ s |emn2| S Z| (La,v. * Zi) (@, T)| S |12+l o3 (m2) (5.36)
k=1 k=1
form=1,2,..., N,n=1,2,3.
In order to find a solution for (5.18), it suffices to solve the following fixed point problem:

N 3
7:3[(1)011‘5] = Ft’I>,U* **g[q)011t]+F<I>,U* * L4+ Z Z (Cmnl [(I)7 U., g[(pout]] + Can[(I)» U., Z*]) (F<I>,U* * 19mn) . (537)
m=1n=1
Denote
N 3
0% =Tou. xZe+ > Y Cmn2[®.Us, Z.] (Copu, * Onn) - (5.38)
m=1n=1

By (5.33), (5.34), (5.35) and (5.36), we have

s (’q)éh)t + ’qu)élu)t + ’Dg‘bélu)t + |0, ) <97 Aot || Zullcn r2),
R2 % (0,T)
‘D (I)E)lu)t( ) D ‘I’&t(ﬂﬁ*, *) (5.39)
Sup < 9_IC(C¥)A01||Z*HCS(]R2)

R2(0,T) ($—$*|+ /\t—t*|)

for a large constant Ay; > 1.



FINITE TIME BLOW-UP FOR LLG 45

5.4. Weighted topologies for the inner and outer problems. The topologies for the inner and outer
problems are listed in this section. Recall (5.3) and the form of (5.19). It is natural to introduce the new time
variable

T = T(t / A7A(s)ds + CrTAT?(0), 75(0) = 70 := CrTA*(0) (5.40)

with a constant C > 0 sufficiently large. Then 7;(¢) ~ |InT|=2(T — )~} In(T — ¢)|*, which implies
In(7;(t)) ~ [In(T = )|,  Au(t) ~ [InT| "7 Inm; .

e For the inner problems, we are going to measure their right hand sides and solutions under the following
norms respectively

. . —v 2+1
Hlzrnen = s )0 (1m0 1 )]

(y,75)€D2r
where 0 < ¢y < 1 is small and
|H(ya Tj) B H(y*v T*)|

[H] sup 7

(ye.m)€Q~ ((ym). 1) (Iy Yol + 175 = 72 )
where the symbol A, (7;) = A.(¢(7;)) is abused and
Dor={(y,7) | lyl <2R, 7 > 70},

o Q- (i) 8y T

_ Y y Yy (5.41)
Q™ ((y,15), |2‘) = {(z,s) |z —y| < |2|, max{r7 — % 7'0} <s <Tj}.
Denote
195 -0 1= sup (A7 (7)) | @0 07| + ) Dyl )| + 2 [ D30l wm)| )] (542)
2R

[4]
[@in:| .
in,v—60,l,Sin

I (R

| (5.43)
" n CC‘“’QTH(Q ((y,75), S)))] ’

125 st = 19 st + | @F] , (5.44)

in,v—60,l,Sin

+ Sint+1 |:D (I)ij]:|
csin B (Q ((y,my), 4)) W) Y

where 0 < ¢, < 1 and
0<dp<v<L (5.45)

Set Ro(t) = Ay %0/ (t), which will be used in the inner problem and orthogonal equations.
The inner problem will be solved in the following space.

Bi[fl] = {f | Hf”in,v—&o,l,cm <A, f- whl = 0}' (5-46)
e For the outer problem, we define the following weights to control the right hand side of the outer problem
4] (C] [4] —0 )‘1 7 —0o
of =R l<anmy 0 =T Om (nRj2<|o—qlil|<d,y 03 =T77% (5.47)
where 1
dy = §}r€r;$in|q[k] —q¢™], @+p-1<0, 0<O<1, 0<op<l. (5.48)
For a function f(z,t), we define the L>°-weighted norm
N -1
Iflleei= sup |30 (o 40l ) +os|  If( ). (5.49)

(z,t)eR?2x(0,T) j=1

Also, we define the L°°-weighted norm for ®q:
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|®
—1
= (ImTPAOTO)R0) + | Zollcsre)) | PoutllLoe (2 x (0,7))
—1
+ (A2(0) + | Zulles2) 1VaPout | Lo m2x (0,7))

—1
+ sup [[In(T = AR + (T = )| Zullcame)] [ Pout(2,t) — Pout (2, T)]
R2x (0,7 (5.50)

o —1
+ . Sl?pT) () [A*@(t) + (T —1t)>2 HZ*HCa(Rz)] IVie®out(2,t) — VaPout (2, T)|
2x (0,

+sup CHa) AP AORE) ™ + | Zellesge)]

-1 |V;cq>out(x7t) - qu)out(x*a t*)|

(1o = ol + V=)

under assumptions (C.1) for the parameters, where o € (0,1), C(a) could be unbounded as & — 1~ and the
last supremum is taken in the region

1
z,z, €ER? t t,€(0,T), |t—t. <=

1T =1,

The outer problem will be solved in

B o= {£ | [Es0.0 < Ao £, T) =0 for j=1,2,...,N} (5.51)
where A, > 1 will be determined later.

6. ORTHOGONAL EQUATIONS

In order to find inner solutions with sufficient space-time decay, we need to solve the orthogonal equations
for \;, v; and &V such that orthogonalities hold.

6. 1 Mode 0. The corresponding scalar form (3.7) is given in (9.18). Notice Zo.1(p;) = —%p;w,, and Zo.1(p;)p; =
Then

p]+1
2R0
i Mo(pj. t)Z0,1(ps)pidp;

2R, . 9
= A 1— R
/0 ! R
Lo (g)e—ivi(t)
Gy — pi(s)e 73
— b\
04 / t—s
a—zb)\1<1 )

4(a + b o) O (¢!
X{ (a 2 P (C) 1{CJ<1}+<(p§>)1{Cj>l}}d3]
o (¢
P2+1i 1{9<1}+<£;>3)1{<j>1}}d81
J

_|_
PP+1E - (py)®
3 (a B Zb))\_]_Re /t pj(s)e—":’)’j(t)
J 0 t—s
i (1 2 R /t pj(s)e—mj(t) 7(a+ib)p§ 0 (¢) L N 0( j—l) . ;
] o € 5 . —_— ) S
A b s 202 +1)F T () | OTT py) TY
2\ pie " p) i 405l + pi(el + 1) +1]} )
i+ B+ +DE T T+ (R )+

" py(s)e= 0 -307  0(() oY)
/0 J t—s 2(p? —|—]1)% * <pj>J3 Ly F W1{9>1} ds

) 1 70(3' 1 d
T | sy T s e

12(a+1ib)p]  O((

\ad\
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B [ —i; (t) 2Ro —3p? — 8p? (C)
_ -1 [ pils)e Py o0 ;
j /O t—s /0 2(p% +1)% BRPRE
‘. i 2R 2
B el 0()
/0 t—s /0 (p?+1)%+< i)’

"Bile)em @ 2 [T3a=ib)o}  0(G) 0(¢)
_ib)“il/ M/ 24+ b= g Sapds
T tes o PR (o | ST Ty e
Aatibpj  O(G)

" py(s)e (D p2h
/0 t—s /O { (p? +1) <PJ>

P iy; (t) 2Ro (a + Zb)p O (()
+A/Jtﬂ A { ;L 0L

2002+ 1) (pj)
/’f pi(s)e” /2“’“
0 t—s 0

(a+ib)pj  O(¢)
B B ol SO U AV AST RS A
0 [P] 1 !

oG
{<]<1}+7<p;>3 Lig>1y ¢ dpyds

oY)
Lig <y + R 1{<7>1}} dﬂde]

-1
+)\j Re

oY)
1{<J<1}+7<pj>3 Li¢,>1y ¢ dpjds

— (a—ib)A; 'Re

Lig <y + 7<p]> 1{<J>1}} dpjds

+ XjRe

(P2+1)2  (p)?
P+ E

=1 /Ot pj(?e::j(t) /;RO { [;Z:j;ip; + ?piijg i<y + O<'(Of>1)1{g>1}} dpjds
o me [ *” /fR°{ o+ gt s + i oo |
e[ [ G e G
e |
Oy v O TN
=y | ECe O PRI A
o, [ B /f“ o e

p
/t pi(s)e ) /2R° (a+ib)p;  O(¢)
0 t—s 0 (p5 + Dz (p)3

_ /230 22, e p /\_1/\'4,0;*[/)? + 0P +1)7 +1]
1 5 j J 1
o Lo+ +D20F+12 7 e+ (F + 1)) + 1)

+ }\jRe

0 (C’l)
Tig<y + Li¢;>1y ¢ dpjds

dp;
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tpi(s)e=i® 2R 1352 —8p1 O (()) oG
:xl/ M/ J J 211 + —2-1 dpjds
A P 22+ 1)F (o) | IS (g3 T T
t s (s)e=® [2Ro ([ (a2 + iab)(3p2 — dp* i
_ pj(s)e™™ (a® + 1ab)(3p p;) | O(¢) (C
+ A 'Re / Jif i |1 + 51 dpjds
s Rel ) ), @+ 1 P KRl
b (it () [2Ro b) (4p% — 392 - 0 (¢!
o B (s)e= (a+ib)(4p! = 303)  O(¢)) )
+ibA"'Re / ]7/ J _ J I 1, + J 71
/. (0} + D)% e R T S i
dpjdsl
. toy. —iv;(t) r2Ro —(a +1ib)p? o(G!
+)\J/ M\/ (CLQ 1 )IZ] (CJ) 1{C3<1} + M]‘{Cj>1} dpjds
o t—s o 2002 +1)5  (ps) (pj)

. Ly (s)e~™(t) [2hHo ib) pt o(¢h
pi(s)e ™ / (a+1i )pj 0 () ( J
+ AjRe /7 L+ 1 + 1, dp;ds
Tl t=s Uy (2415 (o) | ST (g3 e T

- /2Ro 2/\3-_1pje*iwp§? N /\_1/-\l4p?[p§ + pj(pf +1)2 4+ 1] i,
1 5 ; i T '
o e+ GF+ D05+ 7 T o+ (0 + 1205+ 1)*

e / pi(s)e” 10 /2R° —307 =8, 0(&)
7 Jo t—s 0 2(p?+1)% (pj)?

+ (a —ib)A; "

[ B
0 t—s 0

oG
1{(]<1}+ <pj]>3 1{(j>1} dpjds

—1

(a+1ib)(3p% — 4p?) 0
. =+ (CJ) 1{Cy<1} + <£ ,J>3 ) 1{Cj>1} dpjds
j

x Re

(P2 +1)3 (ps)?
U K ﬁj(s)e_iw(t) 2Ho —(a+ Zb)p] (CJ) 0 (C_l) ]
+)\j/0 t—s /0 { ( ) (pj) Lig<y + (p;) 1> dpjds

. to. —iy; (t) 2R b) 4 (C_ )
pi(s)e™" / (a+i ri  0(G)

+ A\;Re / A A + 1 + 1 dp;ds

N O R 1 R TN B 7 A
- /2R° 2\ pie= i pd A )-\_493*[0? +pi(p2 +1)% +1] i,

1 J 1 J
0 [ + (P2 +1)3](p2 +1)3 [pj + (0 +1)2](p3 + 1)
22 2

Recall (4.14), ¢; = 1(p5 + 1),1; = F=5. We will estimate spatial integral term by term.
Part 1: .

2Ry 73p278p4 (C) 0 ‘
J J J 1 + 7jl » dp
/0 { Z(pf + 1)% (p;)3 {¢G<1} (pj)? {¢>1} j

= (-14O(Ry® + 1;(In ;)1 <13) + 00 D, 51y

MoO(G)
f e =0

/2”“’ —30f — 8 O0(G)
o[22+ 1)F  (py)?

/ 271 (=322 — 8ah) (2% + 1) %dx = —1;
0

since for ¢; > 1,

for 1; < (4R%Z + 1)1

dpj = =1+ O(Ry? + 1;1In Ry)

where we used
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for (4R34 1)1 < <1,
1\
[ [ oty
0 202 +1)5 (p)®
(a +b)(3p7 — 495) | O(¢))

/2R0{ (pF + 1)2 {pj)?

O(RO + L]<IHL]>)1{L <1} + O( )1{Lj>1}

dpj /2R(J 0 (Cj_l) d,Oj =1+ O(L]<1n Lj>)
(2L;1—1)% <pj>3

Part 2:
-1

oY)
1{<J<1}+7<pjj>3 Lig>1y ¢ dpj

since for ¢; > 1,

2Ro () (gl) PN
/0 (pi)? dpy = Ol )
for 1; < (4RZ+ 1)1
(a+1ib)(3p3 —4p])  O()

(p2+1)% {pj)?

dpj = O(Ry™* 4 1;1In Ry)

2Rg
/0

where we used o0

/ (32° — 4a*)(2® +1)"Hdo = 0;
0
for (4Rg +1)~" <¢; <1,

11
/(zbj U (a3 —4p) | O(G)
; (P + 1) (0s)?

Part 3: Notice

2R
/O ({pi) ™ g,y + (p3) G 1> y) dpj = O(min {In Ry, (Ine;) )1, <1y + O )11

since for ¢; > 1,

2R, O(Cfl)
dp-—|—/ S Zdp; = O(1;(In ).
J (25171)% <pj>3 J (J< ]>)

2Ho 1 1 1
|7y = 0
for 1; < (4RZ+1)7!

2Ry
/ (pj) " "dp; = O(In Ry);
0
for (4R3+ 1) <1 < 1,

(25171)% 2Ro
(pj) " dp; + pi) ¢ Hdpy = O((Ingy)).
0 (

271-1)2
Thus
Mo fl-latibp}  0(¢)
5 lee; + 1 O(lnRy)1y,. <11 + O 1, o1y
J {2<p?+1>z (og) | =0 € DL<y + 005 )50
The counterpart in Re:
2Ro [ (a+1ib)p]  O(()
/o {(p§+1)f <p.7>J 1{“1” 1{<J>1} =011, <1y + O )11y

since for ¢; > 1,

2Ry
/0 (0:)20 (GY) dpy = O();

2Ry
/O (p)*dp; = O(1);

for 1; < (4RZ+1)7!

49
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for (4R34 1) < <1,

(251—1)% 2Ry
/ (p3) ~*dp; + /( e P0G dpy = O(L).

271-1)2
Part 4:

- /230 { 27 pje= i pl Al 4303 + ps(p3 + 1)% + 1]} N
0 [oj + (03 +1)2](p3 +1)2 77 o+ (pF +1)2](pF +1)*
, 5 . (4
= — A lpje " (3 —In4+ 0(30—2)> - A1 (5 - O(R52))
since [ 203z + (22 +1)2] N2 +1)"3de = 3 —Ind, [[° 42t fx? +x(a®+1)2 +1][z+ (22 +1) 2] (@2 + 1) Hde =
0.8.
In sum, we obtain
2Ry

Mo(pj,t)Z0,1(pj)pidp;
0

ty. —i7; (1)
- pjls)e - —
= Ajl/o ](t)—s [(F1+ OB ™ + 45 (Ineg)) L, <ny) + O )Ly, 5n] ds

+ (a—ib)A; 'Re

t —i7; ()
pj(s)e _ ~
/0 J(t)fs (O(Ry* + 1j(Inej)) 1y, <1y + O Dlgy,51y) ds

c [Ppi(s)e” i ® -
+ Aj[) % (O(lnRo)l{L]Su + O(Lj 1>1{Lj>1}) ds

. t(s)e (1) _
+ AjRe [/0 % (OM)1g, <1y + 005 )1p,>1y) ds}

/5 (4
B )\;1pj6—zvj <3 _ 1n4+0(352)) — Aj‘lAj <5 +O(RO‘2)> .

Next, we handle the influence from the outer couplings in the orthogonal equation. By (3.21) and (3.20), we
have

(a - ib)A;le_i’Yj ®) [aw1 ((Pout)l + azg ((I)out)Z +1 (azl (q)out)2 - 89:2 (q)out)l)] (q[j], O)

2Ry
X / pjws (pj)Zo0.1(p;)pidp; (6.3)
0
= (a - Z'b)Ajileiivj(t)(l + O(R(;Q)) [aa:l ((I)Out)l + 812 (éout)2 + 1 (a:vl (éout)2 - azg (q)out)l)] (q[j], 0)

. 2R 2Ry 4p3 _
since [ pwp, (05) 20 (pj)pidps = [y Gimmdes = 1+ O(Rg®).

6.2. Mode 1. Notice 21 1(p;) = —%ij and 21 1(pj)pj = #. Then
2o p; 2

2 2 dp;
pj+1pj+1 (6.4)

2R . . .
/0 (Ml(pjat) - M1(Pj7t)> Z11(pj)pidp; = —(& — ifg])&-_l/o
= — (& =i 1+ O(R?).
For the influence from the outer part, by (3.21) and (3.20),
2Ry
2(a — ib)A; ! (=0a, (Pout)s + 10r, (Pout)3) (¢V1,0) / wp, (p;) cosw(p;)Z1,1(p;)pidp;
0

, 2Ro —2p:(p? — 1
= 2= D (e (s + o)) (07,0) [ O
J

= O(RO_Q)(O‘ - Zb)>‘]_1 (=02, (Pout)3 + 10, (Pout)3) (q[j]’())

where we used [, %dm =0.

dp;
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6.3. Linear theory for the non-local equations. For notational simplicity, we shall drop the indices in the
parameters p;(t) = \je?%(®) for j = 1,..., N and just write p = \e'” in this section.

To introduce the space for the parameter function p(t), we recall the non-local operator By appears at mode
0 is of the approximate form

=A% .
gl = [ Has o).

-7 - S
For © € (0,1), w € R and a continuous function g : [-T,T] — C, we define the norm

lglle,= = sup (T =)~ [log(T = 1)[7|g(t)],
t

and for a € (0,1), m, @ € R, we define the semi-norm

5. = 500 (7 =)l (1 = )| ) =4

where the supremum is taken over s <t in [T, 7] such that ¢t — s < (T —t).

)

The following result was proved in [12, Proposition 6.5, Proposition 6.6] concerning the solvability of the
non-local operators.

Proposition 6.1. Let ag, § € (0, %), w € R. There is b > 0 such that if © € (0,b) and m < © — §, then for
a(t) : [0,T] — C satisfying
la(T)| > 0,
[C] 14+o—w (66)
T%|InT| la(-) — a(T)]le,w-1 + a] & m,w—1 < Ch,

for some o, Cy > 0, then, for T > 0 sufficiently small there exist two operators P and Ry so that p = Pla] :
[-T,T] — C satisfies

Bo[pl(t) = a(t) + Rolal(t), t€[0,T]

with
(Atag)a
In|InT]| (T —t)ymt—=
< 74+ T° N - 6, — P
[Rolal ()] < € (77 + 7075 o) = aDllomr + [elg mot ) i —y7=
Moreover,
Pla] = po,x + Pila] + P2[al,
with
r 1
= _ <
Do, (t) = K| 1nT|/t (T —5)F ds, t<T,
where k = kla|. Denote p1 = Pi[a], po = Pala]. Then the following bounds hold:
k= la(T)| (1+0(|InT|™")),
. , [T~ (In(|In T|))*
t) —pok(t) < )
|p1( ) Po, ( )l ¢ |1H(T—t)|3_a
) |InT|
<

0 <O (T30 + Jla() — a(T)|

@,wfl) ’

In|InT|
) D)

Proposition 6.1 gives an approximate inverse P of the operator By, so that given a(t) satisfying (6.6), p := P [a]
satisfies

182

Flgme= < C <| InT[= =375 4 7° 0w 1+ [a]z,m,w—1> '

Bolp] = a+ Rola], in [0,T],
for a small remainder Rgla].
We now impose constraints on the parameters such that contraction property in the non-local problem can
be obtained. Roughly speaking, when applying Proposition 6.1, the term a(t) is essentially from the outer
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solution. The vanishing and Holder properties are exactly the ones inherited from the weighted topology (5.50)
for the outer problem, namely

la(t) = a(T)] S A1) + (T = )21 Z.]| o ey,
la(t) — a(s)|

|t — s[o/? SAZONORD) ™ + 1 Ze]l o3 g2)-

So it is then natural to choose in the [] . & 1-seminorm

m:=min {0 —a(l — 3),0} =6 —a(l - 3), (6.8)
where we need o
@<§, 0—a(l-p)<0. (6.9)
In order for both |a(-) — a(T)||e,w-1, [a]2 m.w—1 to be finite, we need
w—-1-20<0, w—-1-2m<0. (6.10)
Also the assumption m < © — & in Proposition 6.1 implies
B<1/2, (6.11)

which is in the desired self-similar regime as we require before. Recall the estimate of Rg[a]. We require
@
m+(1+a0)5 > 0,

namely,

0<ap<1/2, 26—14ay>0, (6.12)
so that the vanishing order of Ro[a] as t — T is faster than the leading part a(t) itself. We then conclude that
with above choices of m, ag, 5, @, the remainder gains smallness

[Rola] ()] S A+ (6.13)
compare to the leading part a(t) itself, where
1
O<01<m+%—@. (6.14)

We will put the remainder in another piece of inner problem where the orthogonality condition is not satisfied,
where the extra smallness measured above by o7 is crucial to control the non-orthogonal part. Recall the linear
theory for the inner problem without orthogonality. For the inner solution solved from the right hand side
involving Rg[a] to be in the desired topology, we require

(1+ ag)a
2

In summary, the restrictions on the constants needed when dealing with the non-local reduced problem are
given by

1+0—a(l-8)+ —28 > v — 6. (6.15)

1 1
0<B<§, 20 < a, 0<0z0<§, 28— 1+ ag >0,

1+@—a(1—5)+%—2ﬁ>1/—50.

(6.16)

7. LINEAR THEORY FOR THE OUTER PROBLEM

7.1. Fundamental solution for the outer problem. Consider

Lu = Z AYD>DBy in RY

la|<1,|8]<1
where
D*=D{---DY, a= (a1, ,qq), u= (ul,-~~ ,un)T
and, for each o, 3, A*P = [A?j’8 (t, )]} =1 is an n x n real matrix-valued function.

The parabolic systems that we study are
uy = Lu. (7.1)
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Assume that |A%%| < A and satisfies Legendre-Hadamard ellipticity

D 07 A (1, 2)0 > M¢I? 6] (7:2)
loe|=|8]=1
for all (t,r) € R ¢ € RY and 6 € R™.
We use the symbol in [20] to give some basis definitions. Define the parabolic distance between X = (¢, )

and Y = (s,y) in R4+ by
X = ¥| = max {|z — yl, /It = sl }.
We define the (d + 1)-dimensional cylinders Q,.(X), Q;F(X), and @, (X), by
Q (X)={Y eRM .|y - X|<r}=(s— 7% 5+7%) x B.(x),
QN (X)=(s,s+7%) x By(z), and Q,(X)=(s—1r%5)x B.(2).
For X = (t,x) € R¥*! and r > 0, we define

A X) = f

Qr (X)
Then for a subset @ of R**!, we define

Wi (r, Q) :=sup{wi(r, X): X € Q} and wi(r):=wy(r,RI).
We say that A is of Dini mean oscillation in z over  and write A € DMOL(Q) if w} (7, Q) satisfies the Dini

condition .
/ WAl @) g oo (7.3)
0 T

Similarly, for X = (¢,2) € R¥! and » > 0, we define
A X) = [AGs) - Al dedyds
~(X) /Br(2)
Then for a subset @ of R?*!, we define
wia(r, Q) = sup {lwfi(r, X): X € Q} and |w[}(r) = w4 (r,RT).
We say that A is of Dini mean absolute oscillation in z over ) and write A € [DMO|(Q) if |w| (r, Q)

satisfies the Dini condition )
/ 7|M|A(T’Q> dr < +oo. (7.4)
0 '

|A(y,s) — A% ,.(s)|dyds, where A% (s):= ][ A(z,s)dz.
Br ()

We present some basic properties about DMO,(Q) and |DMO|(Q) in the following Lemma.

Lemma 7.1.

(1) IPMOL(Q) C DMOL(Q).

(2) If Vo f(z,t)| are uniformly bounded in Q, then f(z,t) is in [DMO|(Q).

(3) For all f,g € DMOL(Q)(IDMOI|x(Q)), ¢ € R, then f + g,cf € DMOL(Q)(IDMOI|(Q)).

(4) For f € |IDMO|(Q), then |f| € [DMOI(Q).

(5) For f € |IDMOI|(Q) and |f| > €9 > 0, then %, ,|f1? € IDMO|4(Q) with 0 < 0 < 1.

(6) For all f,g € IDMO|(Q) N L>(Q), then fg,|f|? € IDMO|,(Q) N L>®(Q) with § > 1.
Proof. The proof is straightforward by the definition. O

Assume the principal coefficients A%? € DMO,(R™"!). Then Theorem 1.3 in [20] can be generalized to

parabolic systems (7.1) (see [20]). Indeed, W?P estimate for parabolic systems is given in [18], which can be
used to generalize Lemma 2.2 in [20] to parabolic systems. Lemma 2.3 in [20], which is first given in Theorem
3.3 in [17] can be also generalized to parabolic systems.

Claim: for any § € (0,1), there exists a constant C' = C(d, A\, A, w) ,d) and a universal constant ¢ > 0 such
that for 0 <t —s <1,

(t —5) (10T (x, t,y, 5)| + |D*T(x,t,y,)|) + (t — s)2| DL (2, t,y, 5)| + [T(x,t,y, )|

2-5 7.5
SC’(tfs)*%efc(%) ()

3
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for s <ty <ty <s+1,

- 2-6
I(zq,t —D(za,t N —ef lzizyl _of lz2=yl
IT(x1,t1,y, 5) (w2,t2,y,5)| < Cla)(ts —s)~% l(tl - s)_%e <\/t17*5> + (tg _ s)_%e <«/t2—s> ‘| ;

(\901 — x| + /|t —t2|)

(7.6)
‘(D:I?F)(‘Tlvthy? S) - (DIF)(x27t27y7 S)‘
(|331 —xa| + /|t — t2|)
(7.7)

where « is an arbitrary number in (0, 1).
For |f] S 1, by (B.2),
ITx f] < 1.
Combining [17, Theorem 1.2], we have
Do (T )l + | D5 (T )] + 10, (T ) S 1.

Proof. By Theorem 3.2 in [17] and generalized version of Theorem 1.3 in [20], there exists a constant C' =
C(d, A\, A,w’} ,d) and a universal constant ¢ > 0 such that for 0 < ¢ —s <1,

(t - s)(|6tF(x,t7y, S)‘ + |D3’F($7t7y7 S)D + (t - s)%|DZF($7t7y7 S)l + |F(£L',t, Y, S)|
_d _g(lzzuly2-s
<C(t—s) 2e Vs
C,c > 0 will vary from line to line in the following calculation.
For any fixed ., t.,y, s, set p. = (t, — s)%. Consider T'(z, + p«2,t. + p27,y,s) as a function of z,7. For

p>n+2,seta1:1—%. Then

(7.8)

P TP (2 A+ pazsti + pET Y, ) Lr(B0,3)x (=2 ,0))
—c( |25 4psrz—y| )2_5

_ 4 —d VietoZr—s
(te —8)7 2 ||(te + p27 — 5) " Fe e (B(0,2)x(~3.0)

< {(t* — )t if o~y < (t - s)?

A

4
d+14ag 76(\w*—yl)2—5 1
Pl 2

(te — )~ e Vs if |z, —y| > (te— )
~ (e — 5) T (DT
where we have used 3
Z<t*_8) <t +pir—s<t,—s,
e +pez—yl [S1 if fa. —y| < (te—5)2
—— - . 1.
Vit +piT —s N% if |z, —y| > (t. —s)2

i I(DT) (@ + puzy b + P37, Y, 8) || Lo (B(0,2)x (— 2 ,0))

41 —C |zx+pxz—y| \2—5
_ o1 _4a+1 2 _
S(te=s8)" 2 [t +pim—5)" T e VUL B0, 1) x(—1.0))

_dtltay  _olme—yly2-6
< (te—s) 2 e i)

P~ HI(D?D) (@ + a2yt + P37, Y, 8) Lo (B0, 1) ¢ (— 1,0))

dzxtpxz—yl 2-5

1-ag _di2 oy
S(te—s) 2 |[(tatpir—5)" 7 e A 2o (B(0.3)x(~1.,0))

d+14oay \w*fy\)2—5
—&lton .

e A=

A

(e = s)

(Do) (21, 81,9, 8) = (Do) (@2, b, y, 8)|

sup <
(|21 — 22| + /|t1 — t2])™

1
—s)2 s
w1,02€B(xy, L5021y to € (b — 70 1)

_d+l4ag —c( |zx —yl )2—5
2 e Vik—s

(te = s)
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which implies that
|(D$F)(l‘1,t1,y, ) (D F)(x*a *7y75)| < (t —8)
(|21 — 2| + /[t — L)) -
1
for (z1,t1) € B(x,, L2592 X (te = B72, 1),
For (z1,t1) ¢ B(xx, @) X (t, — =22, t,), by (7.8), we have
|(D1F)(‘T1at1ay7 ) (D F)(x*7 *,y78)|

(‘$17$*|+\/|t17t al

|z — y\)2 B EN y\)g 5

S(t—s) F (-9 e TV g ()T e

_dtl4ag —¢( lzx —yl )2—5
2 e Vix—s

Similarly, we have

d+012 C(\rz—yg\)Q—a
VEx—5

‘F(xlatlayvs) 7F<x*at*7y78)‘ < (t . S)
(lor —zu| + V/[tn = L) ™~

1
for (1,11) € B(xa, B522) x (1, — B72.1,).

2
1
For (w1,t1) ¢ B(x., B=522) x (1, — &2, 1,), by (7.8), we get
D(z1,t — Dz, ts, Y, a o3~ ] leeyla—s
| (Ih 1ay78) (‘T Y S)‘ 5 (t* _ S)_Tz{(tl _ S) 5 (m) + (t* _ S)_ge (‘(\/t*iys)z }’
(lzy = @] + /[t — )22
where
2 — nt2 if g<n+2
Qo = 4 .
1—e¢eforanyec (0,1), if ¢g>n+2.

7.2. IDMO|4 property for the leading coefficients. Notice
ACOWLO) = 4ODO) _ 4T b7 A,
and for all other indices it is zero. Then
> P APt x) = |6 (al - bULN).
la|=|8]=1
Next

R D 07¢ePAP(t,2)0 | =R (07[|¢]*(al — bU.N)G))
loe|=|8]=1

= [¢]°*R (al6]® — 00" [U. A 6))

= [€]*R (al0]® — b(61 +i02)" [Us A (61 — i602)])

= €1 (al0]? = {67 [U. A 61] + 05 (U A 62]3})

= al¢*|0]*.
Recalling (5.26) and (5.27), we will prove the coefficients in Bg 17, belong to [DMO|,(R™T1) N L>°(R™F1).
Obviously, all components of U, are in L>(R"*1). We will prove that all components of U, belong to

IDMOJ,(R"*1). Then by Lemma 7.1, the multiplicity of finite many terms of the component of U, also belong
to IDMO|,(R™*1) automatically. Recall

. 1 Qy[j]
U[J](y) = e |:|y[j]|2 _1|

DI 11
where
20 W@ —g)  P—1 - mP - 2X3(1)
WP 1 Jz— @R+ X2 WP +1 Jz—el@P+ A1)~ Jo— @R+ A1)

It suffices to prove
A3(t) A () (x — €V(1))
|z — EVN() 2+ A3(t) [o — W (2)[2 4+ N3 ()

e |DMO,. (7.9)
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Proof of (7.9).
A2(s) - A2(s)
o = ISP +A2(s) [z — €0
< fw = 2|\}(s)

()7 + A7(s)
|z — ¢l

:)\2
()(

||z = €91(s)[?
‘_|_ |w_§[j](8)|
(lw = €Ul(s) |2 + A3 () (|2 —

2(s
< Jw — 2|\ (s) {(|w—§m(s)|2+/\2 ))
Then
T o =
200 B, |Jw — ED ()P + X2(s) |2 — EW(s)[* + A2(s)
< |w— 1 2.2 -
|w z][T(X)]{B(I) {|w )|+ ](5)> +
1
= |w_Z‘]f 7‘2][B (0)

— Jw — €V(s)?|
w —U1(s)[2 + A3 (5)) (|2 = €U ()2 + A3(s))
€W ()2 + A3 (s))

(|z eil(s)|® + A?(s))_l] .
X(s)

dzdwds

(’z — ¢l s)|2 + A?(s))l] dzdwds
~|w—z|r~ /t—7'2)\J( s)In (14 X7%(s) )ds

t T
\z| —1—)\2( )) dzds ~ |w — z|r 4/1577‘2 )\j(s)/o (02 4+ X3(s))  vdvds
y 2(s)r?) ds.
In order to get ll\—(t)

OGSy
s)In (1 + A7

€ |DMO|y, it suffices to prove the following integral is bounded.
/ *4/ dsdr—/ *4/
t—r2
—4
// Aj(s)In (14 A;2(s)r*) 1 (s 0rds
—(T-1)
/ +/ .. <1
t—(T—t) Jo

For the last “<”, we need the following estimate
For the first part, since T —t <T — s < 2(T

(7.10)

s)In 1+)\

( ) 2) I{SZt_rz}deT

/O)\z()/(‘k(s)

t—s)2

24 In(1 + 2%)dzds
Xj(s)

= = - t)a
t %(5)
fa¥O [
t—(T—t) (=2

t
4 1In( +22)dzds§/ A2
tjéz)2 t—(T—1)
t—=A3(t) t
A
t—(T—t) t—A2(t)

<1
X5 (0
A 24 In(1 + 2%)dzds
02%
<1
where ¢, ¢ > 0 are some constants and for the last “<”, we use the following estimate
t=A3(t) Ol
J _9 Xj(t)
Joug 0]
t—(T—t) c

1
(t 9)2
1

(r-02

2755

t—A3(t)
24 In(1 + 2 dzds < /
t7
VTR
~/ y “In(l+y°)dy <1
1

-2 (t—s)% =31 (t—s)%

)2 ) ds
Aj(t)
t _ x5t
0 [
t=X2(t) c

t—s
2(>\ (i)

2 In(1 + 2*)dzds < 1.
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For the second part, since T;S <t—s<T-—s,

t—(T—t) A;(S) t—(T—t) x; ey
A2(s) 1 274 n(1 4 2?)dzds < A2(s) “n(1 + 2?)dzds
J (t—s)2 J (T— 9)2
0 (=2 0
Aj(s) V2X;(s)
t*(T*t) T _ 1 T _ 1
< / /\],—2(5)(@)*3111 1+(@)2 ds
0 \@)\j (S) \ﬁ/\](s)

~ /Ot(Tt) () (T = )3 In (1 + (%)ﬁ ds < 1.
Next for i = 1,2,
(o) (wi =€) Ai(s) (2 - €(9)
=D +X2(s) |z = s+ X2(s)
(wi = €7(9)) (\z—smsﬁw $)) = (2= &) (Jw =€)+ 22(9))
(I = €05)* +22(5)) (I = €01(s) + X2 ()
2= &) +A2s+!Z—€“]<s>\(!w ()| + |2 = €M(s)))
(I = €05) > +23(5) (I = €01(s) + X2 ()

lw — 2| A\j( [(|w Ul )]2 + A?(s))_1 + <|Z _ g[ﬂ(s)f + A?(S))_l} )

Thus we conclude that % € |IDMO|x by the same reason as (7.10).

IN

w = 2| A;(s)

A

d

N
By Lemma 7.1(2), since (4.21), then > ®;V) € [DMO|_; for ®ou; € Boy defined in (5.51), then oy €
i=1
‘DMO|m7 ngq](x7t) € |DMO|1
By (5.44), one has

() et () (e et (55502

Sz = 2Pl AT (s).

in,v—do
Then for |x — z| <,
][ ][ m(s -'L') (I)m(S z)|dwdzds
7 (X) J Br(x)
t v—08p—1
v—8o—1 -1 v—38p—1 (T — )%
<rT /t_r2 rAL 77 (s)ds ~r~ | In TV ™% /t—r2 |1n(T—s)|2V*250*2d8

t
r_1| In T|_(l’_60_1) / (T — s)”_6°_1d8
t—r2

~ T In T[T (T — ¢4 92) 0% — (T — 1)V =%]
< |1HT|_(U_50_1)7“2V_260_1

which is Dini function when

1

In this case, ®;, € [DMO],.
In sum, by Lemma 7.1 and (5.1), under the assumption, we have (7.11).

® € |DMO|,. (7.12)
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Recalling the definition (5.4) for A, by (4.2), (7.12),|®| < 1 in (5.3) and Lemma 7.1, we have A € |[DMO|x.
By (5.5) and (5.3), we have |A| < 1. By the similar argument, the coefficients of Bg y, defined in (5.26) belong
to [DMOl.

8. SOLVING THE GLUING SYSTEM

e Recall the space (5.51) for solving the outer problem, we choose A, = 6A,1, where Ay is given in (5.39).
In order to find a solution for (5.18), it is equivalent to find a fixed point for (5.37).
One part of (5.37) has been handled in (5.39). For the remaining part, we define

N
(I)((3211)t =TI U, ¥ *g out + Z Z Cmnl (I) U*ag[ out]] (F<I>,U* * ﬁmn) (81)
m=1n=1

For ®Y) e BV j=1,2,... N, by Lemma D.1, (5.36), (5.33), (5.34), (5.35) and Proposition C.1 as well as the

previous estimate (5.39)7 we finally have

73[(I)Out] (b(()ltft + (I)<out € Bout- (8~2>
The regularity of parabolic system with DMO, coefficients are guaranteed by [17, Theorem 1.2]. Then Schauder
fixed point theorem implies the existence of (5.18).

e Due to the non-local feature at mode 0, we will only solve the non-local problem at leading order and
leave the remainder to another piece of inner problem without orthogonality at mode 0. The smallness in the
remainder is crucial to control the solution to the non-orthogonal inner problem, and this is the reason for the
parameter restriction (6.15). See also Proposition 9.3 and Proposition 6.1. In order to simplify the calculation,
we also put the mode 0 part of 7—[&] into the non-orthogonal version of the inner problem. More precisely, for
je{l,...,N}, (5.19) is split into the following two parts:

N300 = (a — bWUIA) [Aqu’ﬂ + [V, WU Pell —2v i, (Wm "I)ﬁ”) v, WV

+2 (V pWwh-v [jJ‘I’i[fl”) W[’q +HY MG - (Hfﬁ)
Y v (Cj,O C_l

o | | 8.3
22 (O ) 20y + e )y D Za (), (53
-1
= [Ro[‘bout](t) (/B n(y)Z&l(y)dy) n(ly[”l)zo,l(ly“]I)l in Dog,
2 C;l
N;0,@07 = (a— bWUIA) [Aym o + |V WP —2v ) (W“] "I’Ef]> VWb
Wl o el 0]
+2 (VymW Vi Pin )W } + ((Hln)c_,»,0> ! (8.4)
-1
35 [ Rofonl() ([ 1022, ) n(lyml)zm(ly“]l)] in Dap,
2 (C;l

where Ro[®ou](t) is given in Proposition 6.1 with m = © — a(1 — ) given in (6.8); !, ¢/ are given by

proposition 9.1:

i () = e 1) (y) = (/B n(y)ZS,l(y)dy>l/B (H[f'])cj’O(vaj)Zo,l(y)dy

(H[lj])cj,o

+ Ry O | 7,7 for 0 <ep<l+1,
v,l+2
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-1
) = S0P+ 1) == ([ wmztan) [ () )2y
2 2R

K

+ Ry 'O <Tj_l’

(1" + 7))

for 0<er <Il+1.
v,l4+2

j,l

By Proposition 6.1, we can find \;,v;, V! satisfying (5.3) to make

X5 (75 (1)) — Ro[@out] (t) ( /B n(y)zal(wdy)_ =0, (r;(t)=0.

Applying Proposition 9.1 to (8.3) and Lemma 9.3 to (8.4), under the parameter requirements (D.89), (D.91),
(D.93), 28+ dp — v < 0 and (6.16) , we have

2

o)+ ol e 5y

The compactness of this mapping guaranteed by the similar reason as solving the outer problem.

Combining restrictions for the outer problem (5.48), (7.11), (D.31), (C.1), for the inner and nonlocal problems
(5.45), (D.95), (6.16), we need to solve the following parameter inequality:
v—>5—3>0, O©+B+6—v<0, 38<1+6,
0<d<B<i Bl+1)-14v-06-0>0, ©+28-1<0, 28+ —v <0,
0<O<B,0<a<l, O+1-5-2<0, 0< oy,
B—00—5<0,1-00—(1+a)(1-p)<0, ©+200—-73<0, (8.5)
O<v<l, 0<il<l, v4+pl-1<0,
0<ap<3i, 28-1+ay>0,
140 —a(l— )+ dEe 9555 4.

This can be solved by using Mathematica. Indeed, sound choices satisfying all the restrictions are given by

1 1 14+06 B8—-0 1—-46

O<®<Z’ Z<B<T’ 0<og< 5 0<dy < YR

1 1-— —
1—2,6+60+®<u<1(3—4ﬁ+460+4®), '8+5g V+@<l<1

1 (8.6)
max{l—2ﬁ,2y—2(5o+2ﬁ—1—2@}<Ozo<§,
B—o0 2(v—00+20—-1—-0)

max{2@+1 25,20 20071—5’ ST r— <a<l.

Therefore, we have solved the inner-outer gluing system (5.18) and (5.19).

9. LINEAR THEORY FOR THE INNER PROBLEM

In this section, we study the key linear theory for inner problem (5.19). Since this section is pretty independent
of the other parts, we abuse R for more general cases. Recall (5.40), in time variable 7;, (5.19) is the usual
parabolic system. Since the inner problems for j = 1,2,..., N all have the same structure and they are

WMo

“localized”, we omit the subscripts or superscripts “;”, “;;1” in this section for brevity and all spatial derivative
is about y. Consider

(9-,—\11 = (a — bW/\) (Lm\IJ) + H n DR (9 1)
\Ij(y77-) . W(y) = H(y,T) . W(y) =0 in 'DR, :
where
Linf i= AL + [VW2E — 2V (W - £) VW + 2 (VW - VE) W, 0.2)

DRI

{(y,7) | 7 € (T0,00),y € Br(ry}» Br:={y|lyl < R(7)}.
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Throughout this section, we assume that v(7), R(7), Ro(7) € C'(79, 00) with the form

v(7) = apr® (In7)2(Inln7)% .- | R(7) = bor (In7)"2(Inln7)% - - - |
Ro(7) = cor (In7)2(Inln7)® -+, (1) >0, 1< Ry(r) < R(r) < 77,
v =0(r""), R =0(r"'R), R,=O0(r"Ry), (9.3)

z

2
Clo(r) <w(s) < Cuu(r) forall 7<s <27, with a constant C,, > 1, / v(s)ds = O(7v(T)).
70
2
where ag, bg,co > 0, a;,b;,¢c; € R, i =1,2,... and Ry is non-decreasing.
For brevity, we write v = v(7), R = R(1), Ry = Ro(7).

Suppose that U¢(y, 7), He(y, 7) have the following Fourier expansion,

2
Veln.r) = S nlp. e, o) = (2m) 7 [ welpe, r)e s

kez
o (9.4)
HC(yaT) = th(pa T)eikea hk(paT) - (2,”)71 HC(peievT)eiikedo'
keZ 0
Denote
Uy = (1/Jk(P7 T)eikg)(c—l ) Hy = (hk(p7 T)eike)c—l for k€ Z7 hT(y7T> = Z hk(paT)eikg' (95)
|k|>2
It is easy to see
(Wil = [¥rl,  [Hil = |hl- (9.6)
For ¢ € R and v(7) > 0 and vectorial complex-valued function f, the weighted topology are defined by
£ == sup o~ (T)(y) |E(y, T,
(y,7)€EDR
f - f ky Ix
[f]?v’[ = sup v71(7)<y>z+§ sup | (y”r) (y T )1‘ < O0<g¢xl1
(y,7)EDR (Y27 EQ™ ((w,7), %) (Iy — Y| + |7 — T*IE)
where R is a scalar function which could depend on 7. By (9.6), we have
lklte = 1Welles Akl = IHkl e (9.7)
The key inner linear theory is stated as follows.
Proposition 9.1. Consider
1 .
0. = (a = WA (L) 4 H + 3 M) Zias)) v D
& o (9.9)
lI/in(y?T) . W(y) = H(y7 T) : W(y> =0 in Dg,
where the Fourier expansion of H is given in (9.4). Suppose ||ho||f)€, ||h1||f)€, ||h_1||5f€71,
||hT||§,e’[H]§u,éH < oo withl < € <3, 0.1 >3,0<q<1, Ly >0, then there exists linear mappings

(Uin, co(7), c1(7)) = (Tin[H], Teo [Ro] (T), Tey [P1](T)) solving (9.8), where

ckm——( / n<y>2£,1<y>dy) [ memZia@ds+eal] for k=0,
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and c.i[hi] depends on hy linearly and satisfies c.p[hi] S RJEOU(T)HthEek with 0 < ¢g < £ — 1 sufficiently
small; Wiy, satisfies the following estimate in Dg /o

(y)* |[D*¥| + (y) [DY] + Y|
< Rov(r) () “Nhollife + Roo(r) () Il + o(r) () Il
1)(7')7'1_137Tl T fé v(s)ds if 3<ly<2

~ 9.9
+ th”fitl v(T)(InT)? 4+ 771 In7 [2 v(s)ds if 0_1=2 (0.9)
2

v(r)InT 4+ 771 fé v(s)ds if 6_1>2
2
+u(m)(y)* I H]E, -

The rest of this section is devoted to the proof of Proposition 9.1.

9.1. Complex-valued form of the inner linear equation. The following Lemma is applied for transforming
the inner problem from the parabolic system into the complex-scalar form.

Lemma 9.1. For Li, defined in (9.2) and U -W =0, we have

[(a = BWA) (LinP)]- W =0 (9.10)
and
[(a —bWA) (Lin V)] = (a — ib)Lin Ve, (9.11)
where . ) ) ) ) .
2cosw(p
Lin¥e = |0, + ;6,; + ?899 — p*2 +1 2 Do + TESE C (9.12)

Then (9.1) is equivalent to the complex equation
0; V¢ = (a—ib)LinV¢ + Hc in Dg. (9.13)

Under the Fourier expansion (9.4), then

Lin (e™1) = €™ Lyay, (9.14)
where a,f (k )2pt + (2K2 )p? + (k )2
o Opf o +1)“p* + (2 —6)p* + (k-1 i
Lif:=0pf + P +Vilp)f, Vilp):= 12 2 (9.15)
It follows that
0: V), = (a — bWA) (Lin V) + Hy (9.16)
1s equivalent to
Orihr, = (a —ib) Lraby, + hy. (9.17)

Proof. Set
U(y,7) = p1(y, 7)E1(y) + w2(y, 7)E2(y), thatis, Wc = 1 +ips.
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By (3.5), one has

A(p1Er) = (Ap1)EyL + 2V VE + 1 AE,

! 9, 9
= (Ap1)Er +2 <8p<p18pE1 + p269<p139E1> + o1 ((9pp + ?p i paf) B,

2
= (Ap1)Er — 20,01w,W + p—289<p1 coswkEy
2 1 1 .
+ 1 | —wpp,W —wi By — ;pr — p—z cosw(sinwW + coswEr)

cosZw 2 cosw
SRR e

w sin w cos w
+ [—prapgol — Q1 <w,,p + 7’) + p2>:| w

2cosw

1 1 1
= (appSOl =+ ;@1@1 + ?809801 - p2901> E, + 2 Opp1 E2

2 sin w cos w
+ (prapgol — p2g01) w

where we have used w,, + % — sinwcosw — () jp the last equality above. Similarly,

Thus

By

we have

p
A((ngg) = A(QDQ)EQ + 2VpoVE, + (,DQAEQ
1 1
= A(p)Eq — 2?89902(sinwW + coswE) — SDQEEQ

2 cosw 1 1 1 2sinw
= — 7899023[ + (8;)/34?2 + ;5p<p2 + ﬁ(’?ee@ - pgﬁﬂz) E; — e g2 W.

1 1 1 2cosw
AV = (3pp<P1 + ;5p<P1 + ?699901 - ;@1 - p239<02) E,

1 1 1 2cosw
+ <app902 + ;5p902 + ?306802 - ?902 + 2 30901) Es

2sinw 2 sin w cos w
+ (210/,3[,301 — p2 8.9g02 — p2 1> w.

8pW = wa17 89W = sin ’LUEQ, 8p\I! = (8p<p1)E1 + (8p(p2)E2 — (plpr,
00V = (Ogp1)Er + (Opp2) B2 + @1 coswEy — pa(sinwW + coswkE?),

1
2(VW - VIW =2 <8pW -0, + ?aew . 39\Il> w
= 2{wa1 (0pp1 E1 + 0pp2 By — wppo W)
1
+ ﬁ sinwEs - [Opp1E1 + OgpaEs 4+ @1 coswEs — o (sinwW + coswEy )] }W

1
=2 {wpapgol + p—z(sin wgps + sin w cos wwl)] w

2 sin w cos w 2sinw
= <p2<ﬁ1 +2w,0,p1 + p230<P2> w.
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Then
(a —bWA) (LipP)
1 1 1 2cosw
= (a—bWn) (3 P14+ =0pp1 + a1 — 51 — 89@2)
PR p* p*
1 1 1 2cosw
+ (8pp<p2 + 78,,@2 + —2899<p2 - P2+ 39(,01)
p p p p?
—|—< 2%coswsimw 20,p1w 2890 binw)W+ 8 (p1E1 + @2 F2)
——5 COs - 1Wp — —50pP2S 75 aho \P1il 2142
p? R (p* +1)?
2¢1 . 2 .
+ 7 coswsinw + 20,p1w, + p—289<p2 sinw | W
8 1 2 cosw
=<0 8 8 — - — —F0 E1 —bE
{ bpP1 + =01 + o1 + [(pQ 1 pQ} L 9@2} (aEy 2)
+{8g0+ 0,2 + 390—#{ 5 1}<p+2cosw8ga}(aE+bE)
2 + —0pp2 + — Ogop2 53— 3| P2 b1 2 1)-
pp p "’ P (P +1)2 p? P
Thus, we have (9.10) and (9.11). Then it follows that (9.1) is equivalent to (9.13).
It is straightforward to get (9.14) and (9.17). O
The linearly independent kernels Zj, 1, Zj 2 of £y in (9.15) satisfying the Wronskian W[Z}, 1, Zk 2] = p~ ! are
given as follows:
2 4p%(p* In(p)—1)—1
Z11(p) = 7, Z-1200) = p(‘fp?()p(zp-)‘rl)l)’ k=-1,
+4p° In 1
Z01(p) = 51, Zo2lp) = % . (9.18)
Zl,l(p) = p211_~__%a Zl,Z(p) = pkl(ppi_i,?7 ) k= 17
Zk,l(p) = S2+1a Zk,Q(P) = p2+ (2k+2 + + 2k 2) k 7é _1a07 L.
It is easy to see for k # —1,0,1,
pF i p 0 2 i ps0
Zkvl(p) ~ 11—k . ) Zk,Q(p) ~ k+1 . :
P if p— oo QPkﬁ if p—oo
Recall (3.7) and (9.4) and notice Zy1(p) = —3pw,. Then for mode 0,
(ho(psT))c-1 + Zo,1 + i (ho(p, T))c-1 - Zo2 = pwpho(p,7) = —220,1(p)ho(p, 7).
Notice 27 1(p) = —%wp. For mode 1,
(Ra(p, 7')61'9)@,1 - Z11 = Re(hyi(p, 7)e")w, cos 6 + Im(hy (p, 7)e" )w, sin 6,
(R (p, 7')61'9)([:,1 - Z12 = Re(hy1(p, 7)e")w, sin 6 — Tm(hy (p, 7)e)w, cos b,
whose equivalent complex form is given by
(h1(p, T)eie)(c—l “Z1a—1 (h1(P,T)€w)C71 ~Z1p = wehi(p,7) = =221 1(p)h1(p, 7).
The quadratic form corresponding to Ly in Bpg is defined as
R 2 4 2 2
kE+1 + (2k* — 6)p* + f
Qnats ) =2 [ [lgppp+ S OO0 b 2 P IET g, (9.19)
0 (p* + 1) p?

Specially,

R 2 2
Qro(f, f) =27r/ [8pr2 (pffl;rlg } pdp = 277/0 [|a f|2+ﬁ — 8)2|f|2} odp,

0 (p?+1
QR,l(f,f>=27r/0 [|af|2 (( ))lfﬂ pdp,

R 42 2 2
Qs =25 [ [i0a1+ 2 ] g =2 [ it 5 A2 ]
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SEE
||fX(BR):[2w / (|a 12 + 'f')pdp] ,
R % R
||fH3<BR>=<2w / apf|2pdp> ,||f||L2<BR>:<27r / |f|2pdp)

Xo(Br) = { (o) | F(R) =0, |Iflxma < o0}
There exists the Sobolev embedding Xo — L™ by Schwartz inequality from in [26, p 216]:

f
117 () < ||;||L2<BR>||3pf||L2(BR) < (pyy for f € Xo. (9.20)

For |k| > 2, it is easy to see

Define the following norms

1
2

Set

1% Br) < Qri(f; f)- (9.21)
For any complex function f, f = f1 + ifs where fi; and f, are real and imaginary parts. Qgri(f,f) =
Qrk(f1, f1) + Qrk(f2, f2). Thus we only need to consider the case that f is a real-valued function.
By [53, Lemma 4.2], Qg x(f, f) > 0 for all f € C?(Bg) N C(Bg) with f = 0 on 9Bg and Qgr(f, f) =0
implies f = 0.

9.2. Energy estimates. The analysis about the first eigenvalue of Qg j is given in the following Lemma.

Lemma 9.2. Let
QRk(f7f) fO’f’ k?él, AR71 i QRl(f7f)
) ey (B0} [1f1172p,)

ARk is attained by a real-valued function in Xo(Bg) for k # 1 and Hi(Bg) for k = 1. When R is large,
Aro~ (RPInR)™, Ag1~R™ Mg_12(RPInR)™', Api 2 |kPR™2 for |k| > 2.

)\R,k fO?” k=1.

1
fe€Xo(

Proof. For any complex-valued function f = f; +ifs where f; = Ref, fo = Imf,
Qrilf.f) _ Qralfi, /) + Qralfofa) o {QR,k(fl,fl) Qri(f, f2) } |

1 Boon i + 12l
Thus for k # 1,

||f1||2L2(BR) , Hf2||2L2(BR)

ARk = inf Qrrlf.f) | f € Xo(Bg)\{0}, fis real-valued
i,

The same argument can be applied to Ag ;.
Thus, we focus on real-valued functions in the next step. We choose a sequence f,, € Xo(Bgr) (fn € H}(Br)

if k=1) with anHL?(BR) =1and Qri(fn, fn) = ARk
Without loss of generality, we assume Qg k(fn, fn) < Arx + 1. By the definition (9.19),

R
| @t pdp S ams 1.
0
The Sobolev compact embedding theorem implies f,, — fo in L?(Bg) up to a subsequence.
For k # 1,
(E=1)° 2 (k410207 + (28
(P12 p2 VESE

R
Quei(fu fu) = 27 /0 [(apfnf + 6) fﬁ} odp.

Up to a subsequence, we have
R R
8 002 ( ) foo:| d hmlnf |:8 n2 ( ) fn:| d
/O[(pf) CESE: pdp < /O (Opfn)” + T 1)z 2| PP

R 1)2 2 2k2 _ 1)2 2 2k2 _
/ (k+)p2+(2k 6) .o 2 o= Tim (k+)p2+(2k 6)
0 (p*+1) n=oe Jo (p*+1)

frpdp
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Moreover,

/OR {(8pfoo)2 + Wf } pdp ~ C(R, k) /OR |:(3pfoo) + fz] odp.
Thus

Qrk(foor foo) S ARy | foollzzBr) =1, foo € Xo(Br),

which implies the minima Ag j is attained by f.
For k = 1, similarly, we choose a subsequence such that f, — fo in H}(BRr), fn — fe in L?(Bg).

R R Ry a2 Ko
| @utrtp <timint [~ @,10%00. [ 150 A2~ 1)

2
d,
R RSV

Then
Qra(foor foo) S Aray focllzzmn =1, foo € Hy(Br).
Thus fo attains Ag 1.

Next, we will use Lagrange multiplier for the real-valued minimum function fo to estimate Ag , k = —1,0, 1.
In order to avoid confusion, we denote wy, as the eigenfunction corresponding to the eigenvalue Ag j for every
mode &k with the normalization ||wy| z2(p,) = 1.

For k=0,

CoU)() = —)\Ryo’wo in BR, wo =0 on aBR
wyp is given by

wnlp) = Z02(p) [ (Ao () Zoa(s)sds + Z0a(p) [ AR () Zoa(s)sds — AnoZon(p)
where " ’
Ago = (30,1(R))7120,2(R)/ (= AR, 0wo(s))Z0,1(s)sds.
For0<p<1, ’
20200 | " w0(5) Z0.1()34s] S pwoll 2| Zoa 2y S 1,

R R 1
‘ZO,l(p)/ ’U.)o(S)ZO’Q(S)SdS| S |ZO 1 / ’U)O ZO 2 Sd8| + ‘ZO 1( )/ ’U)O(S)ZOVQ(S)SdS| g Rz,
P 1 P

|AR,020,1(p)| < |ARol S AroR*(InR)%.

Thus |[wol|2(5,) S AroR*(InR)%,
For p > 1,

p
||Zo72(p)/ wo(8)Z0,1(5)sds||L2(Br\B,) < Jwoll2a | 20,1 [l 22(Br) S R2(InR)?,

0
R 1
||Zo,1(P)/ wo(s)Z0,2(5)sds| L2 (Bp\51) S 1201022 (Br\By) W0l 2B\ B | 202 ]| L2 (Br\By) S RP(In R)?,
P

[Ar0Z01 (P L2(Br\B1) S AR0R*InR.
Thus when R is large, we have
1= |jwollr2(Bp) S Aro0R*InR.
On the other hand, when R is large,

115 2011|725, ~ IR,

Qro(nz 201,18 20,1) = (/ / )

- ﬁ; CENE Lt ]pd“/:

~ R2
where we used £2; = 0. Then we have

pt—6p% +1 (ngo,l)z

Z01))? +
(g Z01)) (p? +1)? p?

pdp

p —6p2+1 (2 201)?
(0p (nz 2o, 1))% + Z+1)2 = 1 pdp

2

Aro S(R*InR)™!
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For k=1,
ﬁlwl = 7)\R,1U}1 in BR, w1 =0 on 8BR.
w;y can reformulated as

wi(p) = Z1,2(p) /Op(—)\R,1w1(8))31,1(8)5d5 + 21.1(p) /R(—)\R,1w1(3))31,2(3)5d5 —Ara1Z11(p),  (9.22)
where R”
Ar1 = (zl’l(R))—lzl,Q(R)/ (=Ar,1w1(s))Z1,1(s)sds.
For 0 <p <1, ’
1Z1,2(p) /Op wi(s)Z1,1(s)sds| S (| p| + Dlfwill2)l1Z21,1l22(8,) S 1,

1

R R
\31,1(P)/ w1 (8)Z1,2(s)sds| < |Zl,1(ﬂ>/1 w1(8)21,2(s)sds| + \3171(P)/ w1 (8) 21 ,2(s)sds| < R?,

|Ar1Z11(p)| S |ARa| S Ara R
Thus ||wi]lz2(B,) < Ar1RY.
For p > 1,

p
||Zl72(P)/ w1 (8)Z1,1(5)sds|| r2(5p\ 1) < 1212l L2Bm\ o Wil 280 |1 211l 28Ry S R,
0

R
Hzl,l(P)/ w1 () Z12(8)sds]| L2 (m\B) S 1211022880 |lwillL2 Ba\Bo) 1212l L2 (Br\By) S R,
P

1Ar1Z11(0)IL2(Br\By) S AR R
Thus when R is large, we have
1= ||wi]lr2(Bn) S Ara R
On the other hand, when R is large,
In2 211022 ~ 1,

Zi1,a 2 §R8224(p2_1)22d
QR,l(Ug 1,1,7E 1,1) ~ ; + P (p(ng 1,1)) +W(U§ 1,1)°| pdp
> A(p* = 1) F 4" - 1)
_ 2 2 2 2
= /3 [(apzl,l) +W(ZL1) Pdl’+ﬁ§ (Op(nz214)) +W(Ug31,1) pdp
~ R4
where we used £1Z2;,; = 0. Thus
Ap1 SR
For k = —1,
E_lw_lzf)\ph_l’w_l in BR, w_1 =0 on 8BR.

w_1(p) can be written as

P R
wor(p) = Zo12(p) [ (An v (6)Z-1s (sl + Z1100) [ (“Amrwoa ()21 a()sds

- AR,—lzfl,l(P)

where R
AR,fl = (Z,Ll(R))_lz,l,g(R)/ (—)\R,,lwfl(S))Z,Ll(S)SdS.
0
For0<p<1,

P
12-1200) [ wr() 210 (6)sds] € p 2wl |21l S 1.
0
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R
Z04(p) [ a2 a5
P

R 1
< \Z_Ll(p)/ w_1(8)Z_12(s)sds| + |Z_171(p)/ w_1(8)Z_12(s)sds| S RInR,
1 P

|AR’,1Z,1’1(p)| 5 |AR‘ S /\R’,lRlnR.
Thus ||w—1||L2(Bl) S /\R7_1RlnR.
For p > 1,

p
||Z—1,2(P)/ w-1(s)Z2-1,1(5)sds| 2(Br\By) < 1212l 2Ba\By [W-1]2(Br) |2-1.1 ]l L2(BR) S R*In R,
0

R
HZ,Ll(p)/ w-1(8)Z2-1,2(8)sds| 2B\ By S 12-11ll22(Br\Boy [W-1]l 2B\ B Z-12 12 (BR\BY) S R*InR,
p

[ARZ_11(P)L2(Br\B1) S Ar—1R*In R.
Thus when R is large, we have
1= ||w_1||L2(BR) 5 /\R7_1R2 In R.

For |k| > 2,
2 [ |f|2 .
Qrr(f, f) 2 2mlk| o rdez KPR fl1Z2 (8-

U
Lemma 9.3. Consider
O- ¢ = (a — ib)ﬁmﬁk + h in Dg, (9 23)
(Z)k =0 on 87)3, ¢k(-,TQ) =0 in BR(.,-O), .
where R = R(1) > 1. Assume |h(-, T )||L2 (Br) = g(7),
TecfSS\R’k(x )—1 d < CfTS‘R,k . x -1 5\ 1
RE)” g(s)ds Se min § 7, (Ar,k) (Ark) " 9(7),
To
for any fixed constant ¢ > 0, where
Aro = (R*InR)™', Ap1=R"* AIp_1=(RImR), Igi=[k?R2,
for |k| > 2. Then we have the following estimates
) N 1/2
l6xCo Pl S [min {7, Ca) ™} Ca) 9] Jor k#1, (9.24)
. N 1/2
61 ¢ azy sy S [min {, Cr) ™} ) "o(n)] (9.25)
Furthermore, with the assumption ||h(-, T )||L1(BR) < U(r),
/ e’ 5‘Rv’*‘l(s)ds <el” ARk min {7’, (S\Ryk)*l} Wr) for |kl >2.
7o
Then we have
_ < 1/2
l6nCo )l S [min {7, Gas) 7 bir) + 9] for [k =2, (9.26)
In particular, by (9.24) and (9.25), we have
I¢0( T)llzoe(Br) S B® In RO eo(7)[|AII,
6-1( )l (Br) S BRI RO v(7)||RIIS,
6k (s )| oo () S k|72 R2Op0(T) Rl for k| >2
[61C. )z () < min{r?, B2} R0p c0(r)|
where
1 if £>1
Ore:={ (InR)z if (=1. (9.27)

Rt if £<1
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Proof. Multiplying ¢ and integrating by parts, we have
[ orndut (@- i)Quatonon) = [ hé.
Br Br
We take the real part for both parts.

%37 /BR |okl” + aQ . (S, Pr) = /B Re (hoy) -

R

By Lemma 9.2, we have

9, |¢k|2+ciR,k/ x 2 §2/

Br Bgr B

]| x|
R
By Young inequality, we have

o, [ loul? +cm/

Br Br Br

Since ¢r(-,70) = 0 in Bp(s,), we have
[ 1on Smin {r. ()} )90,
Br

70

due to [’ ecl” S‘Rvk(S\R’k)’lg(s)ds <ecl” Ark min {T, (S\R,k)’l} (S\R’k)’lg(T).
Next we will estimate Qg (¢, ¢r). Integrating (9.28) from 7 to 7 + 1, we have

s ([ areen- [ o) o [T anuonon = [ [ reind.

which derives
T7+1 B N
/ QR,k(dk, ¢x) S min {T» ()‘R,k)il} (Ark) " g(7).
So there exists 79 € (7,7 + 1) such that
Qror(@1: 61)(r0) S min {7, ()™ } ) (7).
We multiply Lx¢dr to (9.23) and integrate by parts.

6 < G) ™" / B2 S Gon)~"g(7).

- (k+1)[y|* + 2k = 6)|y|* + (k — 1) ¢0
_ VO, by - Vi —
gy | 0RO /B (2 +1)2
= (a —ib) / |Lror)? + Lrdrh.
Br Br

Taking the real part of the equation, we have

(k+ 1)yl + (262 — 6)ly|* + (k — 1)* ¢ [

1 1
- 20, Vor* — -0,
2 /BR' ol =50 W12

= Liow)? Re (Lrorh) .
G/BR| kPk| +/BR e (Lrdrh)
That is

0rQr.x(Ok, or) = *2@/

Br

|Lkon|? — 2/ Re (Lrdrh) .
Br
By Young inequality, we derive

0, Qr (6 1) < / P < g(r).

Br

Combing (9.30) and (9.32), we have
Qrk(Pr @) (T + 1) S min {T, (;\R,k)il} Arw) ' g(7).

Since 7 is arbitrary here, we get

Qr.k(¢r, &) (T) < min {T, (S\RJC)*I} Arx) " tg(r) if 7>7+1.

(9.28)

(9.29)

(9.30)

(9.31)

(9.32)

(9.33)
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For 7o <7 < 79+ 1, by (9.32) and ¢x(-,70) = 0 in Bg(,), we have
Qrk(Pr, 1) () S 9(7). (9.34)
Combing (9.20), (9.29) and (9.33), we have
; Tyl (5. \-1 1/2
lor (o) By S 10w Dlxma S [min {7, Q) ™} e Mg(m)] - for k£1,

1617 gy S [min {. Ge) ™} Gy a(r)]

For higher modes |k| > 2, we have another energy estimate.

1 _
557 /BR ok |* + aQr i (D, dr) =/ Re (how) < |7l LB |0kl Lo (Br)-

Br

Thanks to (9.21), ||f||§((BR) < Qri(f, f) for |k| > 2, combining (9.20) and Young inequality, we have

1 a
30 |okl* + 5 @r(Pr: d1) S P02 (B r)-
Br

Then we have

/BR |65|? < min {T, (XR,k)—l} I(r) (9.35)

since f:o e Arr(s)ds < e¢l” Ark min {7‘, (;\R7k)_1} () for |k| > 2.
By the same argument, we have

T7+1
% </BR lpr|2 (T + 1) — /BR |¢>k|2(7)) +a/T Qr.i(dr, dr)
T+1 _ T+1
= / /B e (how) < / IRll 21 (B |6 ]| Lo (B

/TTH QRk(Pr, dr) < min {T, (S\Ryk)*l} 1(7).

So there exists 79 € (7,7 + 1) such that

Q{68 81)(70) S min {7, () ™ 7).

which derives

Combing (9.32), we have
Qrox(r,60)(r +1) S min {7, () ™ }U(r) + g(7).

By the same argument above, we have

Qr.k(¢r, ¢r)(7) < min {T, (S\R,k)_l} Ir)+g(r) if 7> 7.
Thus, by (9.20) and (9.21), we have

65 Cs Pl () S low(x s S [min{r, (XR”“)_l}l(THg(T)T/Q for k=2
O
Consider 9
L erpanss o o

The solution is given by the Duhamel’s formula

u(z,7) = /T /]R2 I‘El(x —z,t—s)f(z,s)dzds. (9.37)
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Lemma 9.4. Consider 12
. 1
0:¢ = (a —ib) (6pp¢ + ;8p¢) - pg(b) + h(p,T)

where k > 0. Then we can find a solution ¢ given by

(Z)(pv ) krgk+2* (h|(yy|,k8)> . (938)

Proof. Set
o(p, ) = p*(p, 7).
Then

D) = (a— ib) (app«/) 4 2’“: ! pw) (z Me.7) (9.39)

which can be regarded as the heat equation in R?**2. Then 1) is given by

wlor) =T o (M52)),

lyl*
which satisfies (9.39) in weak sense and pointwise sense except at p = 0. (9.38) follows.

Lemma 9.5. Ford>2,2</{,<d and vy >0,

(lFEl‘ * (Ul(s)<z>7e*)) (yaTa TO) S 1{|y‘§7_%} ( sup 111(7’1)<y>27£* + Tﬁ% /5 111(8)d8>

T E[T/2,7]

14
<
—
—~~
V2]
~—
ISH
V2]
S——
=
|
o~
*

2
1 1
T yisrh) (T AR O /.

2
where ¢ > 0 depends on a.

Proof. Notice
(=)~ () (Lepen + 17y T ).
By [30, Lemma A.1],

_d _ lw? 2 4 _elul?
05 (01(8)1gz<1y) S 72T / vi(s)ds + sup ]vl(ﬁ) (1{y<1}+1{y|>1}y|2 de=e's )
% TE[T/2,T
and
_ _d
Thbes (el ™1 o) S 73T i) 5 ds

1 2—/4, 1
+ g o (10,0077 +

z d—¢
1 2—0, —d .
{|y|<ré}< sup - vi(m)(y)” " 4T / vi(s)s ds)

T1€[T/2,7]

+1 (r1) [y~ _d/; ()57 ds | e
1 sup  vi(m)|y T 2 2 v1(8)s™ 2 ds|e “ 7 .
{lyl>72} T €[T/2,7] 0

By [30, Lemma A.2], we have

i —L, < E ( —& Z)
IO 1{|z|>s%}>N<T 1) Ul(ﬁH/;O Ul(s)ds) Lwierhy™ s W)

T1E[T/2,7]

Collecting above estimates, we conclude the validity of this Lemma. U
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9.3. Higher modes |k| > 2. In order to analyze the case that the right hand side of the equation has singularity
at y = 0, given R = R(7), we introduce the norm

1Bl o= 81;11>U(T)_1 (X< [yl + Ly =13 191°) [R(y, 7)]-
R

Specially, if R(7) = oo, we use the notation ||h||fzhz. It is easy to have ||h||§0,e = Hh||vR’€; ||h||§el,z < ||hHZ}Z if
0> 05 |R|%, , > Hh||§€ if £, <0.

vl
Lemma 9.6. Consider
8T\I/k = (a — bW/\) (Lin\Ijk) + Hy @ Dg, \I/k(~,7'0) =0 in BR(.,.D)
where Hy, = (hk(p,T)eike)C,l, ||Hk||§,el,e < oo, 0 <4 <19, 1 <€ < 3. Then there exists a solution
Uy, = TE[Hy] which is a linear mapping about Hy, with the following estimate

IV, 7+ [Wrly, 7)| S COWR 1 Hill, o0(r) R (7)(y) > n(ly| + 2), (9.41)
where “<” is independent of k and C(£) could be unbounded as ¢ — 1 or 3. Moreover, ), - W = 0 and
e~ 0 (U}) . is radial in space.

Proof. For brevity, denote |[hg|| = [|h&|F,, , in this proof. Assume hi(p,7) = 0 in Df. Consider
(a = bWA) (LinGy) = Hi, where Gj = (gk(p,T)eike)
By Lemma 9.1, it is equivalent to considering
(a — ’ib) Ekgk = hk,

c-t-

where gi is given by
Zi2(p) fop Zia(r)hg(r, T)rdr + Z;1(p) fpoo Zy2(r)hi (r, T)rdr if k<=2
—Z2(p) fpoo Zi 1 (r)hi(r,)rdr — Z51(p) fop Za(r)hi(r,T)rdr  if k>2

We will estimate the upper bound of gy.
For k < -2, p <1,

gr(p;7) = (a +ib) {

‘Zk,z(/’) / " s (P i, v

P

< K i llo(r)pt? / P2h=t gy
0

k—01

3_
— |k e llo(r)ph

N P AT 2—4,
s~ ()

for 0 < /41 < 4.

‘Zk,l(p) /:O Z2(r)hy(r, )rdr

1 o]
<ottt ([ e+ [t
P 1

11—k pk_eﬁ_l 1
< k|7 p TF||h
S Ml | s+ =y

for 0 </¢; <4 and 1< ¢ <5 where C1(¢) — oo as £ — 1.

For k< -2, p>1,
p 1 P
‘zk,g(p) / Zo (P ha(r, P)rdr| < | g ()t ( / P2kt gy / r—f—kdr>
0 0 1

] < CLO k2 ello(r)p?

3 1 pl—k—e B B
< 1 k+1 < 2 2—¢
S o (== + =g ) S CoO Wielo(r)p
for 0 < ¢; <4 and 0 < ¢ < 3 where Cy(¢) — oo as £ — 3.
26a(0) [ Zralo)ntrs ] € g7 H o) [l
p p
1 p*t 2 2-¢
= k|7 ||k — < A -
1 Whalo(r) =7 S CalOH 2l o(r)e

for 1 < £ < 4 where C5(f) — 0o as £ — 1.
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Insum, for 0 < /1 <4,1<1<3, k<=2,
-2 S Ca(O)|k] || el (9.42)

o] 1
S B hwllo(r)pt! ( / =t tdr + / r*’“‘“dr)
1 P

1 1— p37k:7Z1

= k7 || (r)pht (k—M— T — i, 23—k + (1DP)1{41—3—k}) :

gk |

where Cy(¢) — oo as £ — 1 or 3.
Fork>2,p<1,0</¢,<3,0</0<4,

Z.2(p) /OO Zp1(r)hg(r, T)rdr
p

Then for k > 4,

Zr2(p) /Oo Zi 1 (r)hg(r, T)rdr

For k=3,¢, =0,

3—k—{;

<k hfo(r)ph? (k L2

| ~E?||h b
) R oY

‘Zk,z(p) /OO Z1(r)hi(r, m)rdr| < |[hillo(7)p* (I p).

Fork=3,0<(; <3,

[ee] —l 1
20ale) [ Zahalrryrdr] £ llo(r)g? (3744 ) € ()= ()
p

since pt — 1 = tp? In p for some 0 < 0 < 1.
Fork=2,0</; <1,
es} B 1— pl—fl
Zuale) [ Za bl £ Wnelo(r)p (2744 25 ) € lr)otin
p

For k=2,¢, =1,
|Zk,2(p)/ Zea (N (r, )rdr| < [hillo(m)p(27" = 1n.p) ~ [[hl|v(r)p(ln p).
P

Fork=2,1< <3,

%) p1—€1 -1
|Zk,2(P)/ Zpa(r)hi(r,T)rdr| < [lhe|lo(T)p (2_1 + gll) S [lhkllo(r)p* = (In p).
o

For the other part,

‘Zk,l(p) /Op 2 2(r)hy(r, T)rdr

2—01

P
< [lhxllo(r)pt" / Kl
0

p

= k_l ||hk||1}(7)m

~ k72 i |o(r)p* =

for 0 < /1 <209.
For k>2,p>1,

‘zk,g(p) / " 2 (), P

p

< kL lo(r)pt / rh=tdr
P
p2—l

= k*]-”thU(T)m

~ k72 hllo(7)p* ",

when 0 </ < 4.

L p
< g llo(r)p= 7k (/O k717,kledr+/1 klrk+2€dr)

k+3—¢

‘Zk,l(p) /Op Z2(r)hy(r, T)rdr

1
< ko)t ( L L

-2 2—/¢
T ) ~ e

when 0 < /7 <2.9,0</{<4.
In sum, for 0 < ¢ <2.9,0< ¢ <4, when k > 4,

1911950, —2,0—2 S k2| hll; (9.43)
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when k = 3,
(o)l hll; (9.44)

g3 oo
when k = 2,
19211%ex (1 —1)4 —1.0-2 S C(E)| ]| (9.45)

where € > 0 is arbitrarily small and C(¢€) is a constant depending on e.
Combining (9.42), (9.43), (9.44) and (9.45), for 0 < ¢; < 1.9, 1 < ¢ < 3, we have

IGEIIe -2 = llgr %52 < COIKI2(lhx]| for [k] > 2 (9.46)
where C'(¢) — oo as £ — 1 or 3.

Consider

{afcpk = (a — bWA) (Lin®;) + Gx in Dag, (0.47)

(I)kZO on 81)23, <I>k(-770):0 in B2R(7—0).

In order to find a solution ®; with the form & = (qﬁk (p, 7')6““9) by Lemma 9.1, it suffices to consider

(C—17

qj)k =0 on aDQR, ¢k(‘770) =0 in BQR(TO).
Recall (9.15). Set ¢r(p,7) = p*Hdr(p, 7). Then
~ . ~ a 7 _
{8~T¢k = (a - ’Lb) [8pp¢f + (2‘]6 - 1‘ + 1) pfk + W@k} |k 1] in Dy, (9'49)
¢k =0 on 8D2R, ¢)k('77-0) =0 in BQR(TO)-

By changing the variable, it is easy to transform (9.49) into a parabolic system in the parabolic cylinder for
which the spatial domain is independent of time. Then the existence follows by classical parabolic theory.
Applying Lemma 9.3 to (9.48), we have

60, Tl Lo By S K7 20(T) R (T) | grll 55— (9.50)

In order to improve the spatial decay of ¢y, we reformulate the equation (9.48) into the following form

2
{(’Mm = (a —ib) [ oo + ¢’“ %(bk] +3gr in Dag, (9.51)
¢r =0 on 9Dsr, ¢l ,To) =0 in Byp(ry)s
2
where gr = gr(p,7) := (a —ib) {Vk + %] bk + gk = (a — ib)wfpl)#k Ok + G-
Set dur(y, 7) = e/ FHD0%; (p, 7). Then (9.51) is equivalent to
Orpur, = (a — ib) Age pup, + € FH10G, in Dyp, (9.52)
¢«x =0 on 9Dar, ¢ur(,70) =0 in Byp(ry)- '
(9.52) can be regarded as a real-valued parabolic system in varying time domain. Combining [19, Theorem 3.2]
and [43, Lemma 2.26 and Remark 2.27][2], there exists a fundamental solution I's(z, y, ¢, s) for the homogeneous
part of (9.52) with the estimate
Klz—y|?
IPa(e,y, )| < N (£ =5) " e 50
and the positive constants N, x are independent of ¢, s. Then by scaling argument, we have
Klz—y 2
VDol yms)| S (E—s) e T (9.53)
and ¢.x can be written as
o) = [ [ T ) I 1] ) (9.54)
BZR(S)

where 6(z) = arctan(2*).

In order to utilize the special form of ¢!k+1)0g

AgePy(y,7) = /FTD05, in R2. (9.55)

Gk, we set g = 0 in DSy and want to find Py(y, ) satisfying

Set Pi(y,7) = e'®* DGy (p, 7). ,
- 1. . k+1
OppDk + ;appk (p)pk = Gk-
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Set pr = p|k+1‘]3k71(p, 7). It is equivalent to considering

~ 0.0 B ~
Dppbre1 + (2lk + 1 + 1) % — oIkt

Dr,1 is given by
P )
Pra(p,7) = —p_2|k+1‘/ u2lk+1‘_1/ rr‘lkH‘gk(r,T)drdu.
0 u

Notice
|Gkl S Lir<oryy K] (077 1p<ty + 07 " Lpn1y) 1okl +0(7) () llgello—a] -
Then

p %)
|13k71| S p72|k+1‘/ u2‘k+1‘71/ rlir<ar(r)}
0 u

y [Vﬂ (T—Z—\k—&-lll{rgl} i T—4—\k+1|1{r>1}> 61| + v(7) (7“_“”1‘1{@1} _|_7,2—£—\k+1\1{r>1}) Hgk”ﬁ?@%} drdu.

We estimate by Lemma A.1 that
P 0o
072|k+1|/ u2|k+1‘*1/ Lir<ar(r)yro(T) (Tﬁlkﬂll{@l} + T2747|k+1|1{T>1}) lgelloe—zdrdu
0 u

|k}|_2 (p2_|k+1|1{p§1} + p4_€_|k+1‘1{p>1}) for k<-4, k>2

S COVgrl75—2 § R(T) ((Inp)Lipcry + p'1gpsay) for k=—3
R*(T) (1{p§1} + Pl%l{p>1}) for k= -2
where for the cases k = —3, —2, we have used

2—2—\k+1\1{r>1 <

1r<or@r)r IS

R(T)r—1=* for k=-3
RY(r)r—'=¢  for k= -2.

By (9.50) and Lemma A.1,
P 00
p72|k+1\/ u2|k:+1\71/ 1 p<an(ry K] (T727|k+1|1{74§1}+T747|k+1|1{7ﬂ>1}> | ok |drdu
0 u

k|72 (p T peqy + p7 2 R FY L gy)  for k< —4, k>2
S K o(m) R (T)lgrlloS—2 § o721 gp<ry + o~ H(Inp) 1y for k= -3
p_ll{p51} + p_21{p>1} for k= -2.
|0,Pk,1| can also be bounded by Lemma A.1 similarly. As a result, for p < 2R(7),

&1~ 1Ok 1| + |Pr.n
k72 (0 F 1 peny + p7 ML yy), B < —4, B >2
=2 \ P <1y + P Ly, =3
P <ty 7 oy, k=2
Notice Py(y, ) = e*+D0plk+115, 1 (p, 7). Then

< C(Ov(r) R~ (1) gl

1
~ ~ |2 -2 2 2 ?
’ka‘ - (‘@Pk‘ +p? ‘%Pk‘ ) - (‘|k+ U™ Py P00k |+ p 72k + 12 ‘plkmm’l‘ )
S k4 1 Y (1| + [k + 1) pl 0o |)
B (0 Lpeny + 9 21 gpn1y), K< -4, k22

o=z 3 P <ty + 0 sy, k=-3
P L psy + P Loy k=-2
S KT OO RHT) (07 Lpery + 0 L)) gkll5—2-
By (9.54) and (9.55), we have

oy, 7) = _e—i(k“)e/ / V.Ta(y, 2,7,5) - VPy(z, s)dzds.
70 J BaRr(s)

< C(Ou(r)R*(7) | gk

N
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Combining (9.53), then

|¢k|</ / (t—5)" 3 e ’VPk 2 s)’dzds
BaRr(s)

_rly= zl _ _
S COIlEa [ [ = e R ) (1) + L ) el
2R(s)

which can be estimated by similar convolution estimate in R®. By the same argument in [30, Lemma A.1], we
have
|6kl S [kl COu(m) R ()|~ In(ly] + 2)llgkll35—s for 1< [y| <72 (9.56)
Combining (9.50) and (9.56), we have
@kl = [ox] S kI COu(T) R (1) {y) " n(|y| + 2) I gkll5%—o-
Applying [17, Theorem 1.2] and scaling argument to (9.47), we have
)*|D*@p| + ()| Dk + @k S C(Ow(r)R(7)(y) " ma(ly| + 2)|Grl|2—2 in Diryo. (9.57)

We take Uy, = (a — bWA) (Lin®x) and manipulate (a — bWA) Ly, to (9.47). Combining (9.57), (9.46) and then
scaling argument, we conclude (9.41). Recalling &) = (gbk(p, 7')(31"“))@_1 and applying Lemma 9.1, we have
(\Ijk)c == eike(a - Zb)ﬁkgf)k

O

Obviously, the ¥y, given in Lemma 9.6 loses some power of R(7) when |y| is small. We will construct a Uy,
with better estimate by another gluing procedure.

Proposition 9.2. Consider
0.V, = (a — bW/\) (Lin\Ifk) + Hr wn Dg, \I/k(-,To) =0 n BR(.,-O)

where Hy, = (hk(p,T)eikG)C_l, ||Hk||ﬁe < 00, 1 < £ < 3. There exists a solution Vy, = T[Hg] as a linear
mapping about Hy with the following estimate

Iy, )]+ [Py, 7) S COIK0(r) ) [ Hl
where C({) is given in Lemma 9.6. Moreover, Uy, - W =0 and e~ (U}) is radial in space.
Proof. Denote ||hy| = ||hx| ¢ and take hy = 0 in Df. By Lemma 9.1, it is equivalent to considering
Or Y = (a — ib) Lk + hy in Dg. (9.58)

Set ¢ (p, 7) = nr, (P)Vik(p: T) + Yok (p, T), where nr,(p) = 1(%-) and Ry is a large fixed constant independent
of 19, 7, k. In order to find a solution for (9.58), it suffices to con51der the following inner-outer system

2
O0rtho = (@ — 1b) [appwo,k + %apwo,k - (k:zl) wo,k} + J[to,k, Visk|Lp<ar(ryy in R? x (79,00), (9.59)
¢o}k("7'0) =0 in R2.
Ori = (a —ib) Lphin + K[thok] in Dagy, Yir(-,70) =0 in Bapg(ry) (9.60)

where
I ok, i) == (a —ib) (1 —nr,) {(k—i—) + Vi(p )} Yo + Ao[Yi k] + (1 — nry) I

(4k + 8)p* + 4k
(0% + 1%

+ Vi(p )] Yo + hi = (a —ib)

= (a - Zb) (1 - nRo)

(k+1)

Yok + Ao[Vi k] + (1 — Nry) ks

(4k + 8),0 + 4k
(p*+1)%p
. 1
AOW’z’,k] = (a —1b) [(apano + papﬁR[)) Yik + 23an03p1/)¢,k] :

Set U, k(y,7) = (wi’k(p,T)eike)C,l, that is, ¥;, = e~k (Ui - E1 41V, Ey). By Lemma 9.1, (9.60) is
equivalent to

0r Wik = (a—bWA) Lin¥;  + (K[tok]e™) ., in Dagy, Wik(,70) =0 in Bap(r). (9.61)

Ko = (a— ib) [ ok + .
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The linear theories of (9.59) and (9.61) are given by Lemma 9.4 and Lemma 9.6 respectively and we refor-
mulate (9.59) and (9.61) into the following form

Yo i(p, 7) = plF T [Fg\k+1|+2 * (|Z|_Ik+1|<][wo,kawi,k])] (p,7,70),

Ui k(y,7) = Tl [(Kthole™) ou] -

We will solve (1,5, ;) for (9.62) by the contraction mapping theorem.
By Lemma 9.6,

(9.62)

<y> ‘VEQTRO [(hkeike)cfl} < Diwi,k(p7 T)Hth»

+ |72 (),

where the constant D; > 1 is independent of k; for C'(¢) given in Lemma 9.6,
wi i (p,7) = C(O|k|"v(r) Ry~ In Ro(p) >,
Denote
Bik = {F(y,T) € C' (Bag,,R?) | F(y,7) = (e”‘“ef(p,T))(C,1 for some radial scalar function
flo,7) and (y)[VyF(y, 7)| + [F(y, 7)| < 2Dsw; x(p, T)Hhk“}-
For any \i/i)k € B, , denote QLi’k = g tk0 (\TJM -FE+ i\i'i)k - Eg). We will find a solution %, = 1/Jo,/c[1;i7k] of
(9.59) by the contraction mapping theorem. Let us estimate J[¢), , zﬁlk] term by term. Notice
8/)?;% = ‘e_ike (\i’i,k -0,E + By '3/3‘1’2‘71@ + i\i/i,k <0,y +iEs - 8p‘i’i,k)‘
Skl (p) 72 410,V k| S DiC(0) K|~ *0(r)RG ™" In Ro(p)~* || -

Then

~ 1 ~ ~
|A0 [wz,k“ = ‘ (6pp77R0 + paan()) 1/%',1@(07 T) + 28;9771%05,3%,1@(,0’ 7—)

S DiC(0) 1 py<p<are} k| 20(r) Ry In Ro||hye|| < DiC(0)|k| >R In Rov(7) (p) "Il

where 1 < ¢ < /. _ _
(1 =)kl S 1oz royo(m) (o) Nl S RGo(m) (o)~ ]|
By Lemma A.2,

k+1 h
P‘ “F2|k+1|+2

 (v(s) 2| 1() )

< wslp.r) = min { I 2or) (o1 + 71,0 [ ot

where (' is a constant independent of k. The spatial decay rate near p = 0 is restricted by the case k = —2. It
follows that

P g * {7 (Aol + (1= iy e | < DoDICORS™ 0,1 (p.7) ]

where the constant D, > 1 is independent of k.
Denote

Bow = { (0.7 | 1f (0.7 < 2D, DiC(ORS ™ o (p,7) i} -
For any o € Bok
(4k + 8)p? + 4k -~
(07 + 1772
< By *DoD,CORS ™ u(r) (o)~ .

_ i—0)/2 _9_7
(1R, o Lip<ancy| S KT DoDiCORS™20(r) (0) "2 1 o< peanimy Ihi

By the same convolution estimate above, with the small quantity Ry 2 when Ry is large,

p|k+llrg\k+1|+2 * (|Z|7|k+1|‘][¢~)o,kﬂ;i,k]) € Bo,k-

We can deduce the contraction mapping property by the same way.
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Now we have found a solution ¥, j = wo,kwi7k] € B, k. Let us estimate the following term in Dy, :
(4k + 8)p* + 4k

_o _ it _ 7
e Yok SIHIO+0) 20 2D, DiCORS ™2k ~20(r) (pLipery +0* 71 4 ) Il
_ i—2)/2 - _
< M D DCORS0(w) (07 ey + 071 ny) Il
By Lemma 9.6,
; o (4k +8)p* + 4k oR ; o\ (4k +8)p* + 4k
v 7—2Ro k0, _ b ( o 4 | TR kO b o
W VT {[e R I E | v o

< 7 DoDiRE w10, 7)
Since R(()Z_e)/ 2 provides small quantity when Ry is large, we have
TR [ (M KWonldinll) | € Bir.

The contraction property can be deduced by the same way. Thus we find a solution U; ;, = U, p[hi] € Bix.
Finally we find a solution (¢, ¥; ) for (9.59) and (9.61).
From the construction process and the topology of B; i, U; k[hi] = 0 if Ay, = 0, which deduces that ¥, [hy]
is a linear mapping about hy. By the similar argument, 1, x[hy] is also a linear mapping about hy. So does 9.
We will regard D,, D; and Ry as general constants hereafter. Reviewing the calculation process, we have

[T o ikl [Lp<anryy S COVEp) " ]l
Using (9.62) again, the upper bound of 1, can be improved to

oad 5 €O min {IH-20) (oL ipc +27 1, ) 07 [

0

T

v(s)ds} Pl
Combining the upper bound of v, ; and V; , we have
Ukl S COIRI20(r) (RS Xp) " *Lip<aro) + 7 Lizro<p<ariny) el S COIKI20(7)(0)> "l

in Dg. By scaling argument, the proof of proposition is concluded.

9.4. Mode 0.

Proposition 9.3. Consider
87\110 S (a — bW/\) (Lin\I/()) + H() mn DR,
\I’() =0 on (r“)'DR7 ‘1/0(-,7'0) =0 BR(TO)7

where Hy = (ho(p, T))c-1, ||H0||55 < oo. Then there exists a linear mapping Vo = TE[Ho| with the following

estimate
R’InR if £>1

[Wo| S [1Hollseo(m)(y) ™ { R2(InR):  if £=1.
R*>*mR if (<1
Moreover, Uo - W =0 and (Vo) is radial in space.

Proof. Denote ||ho|| = Hh0||ﬁ£. In order to find a solution with the form Wy = (¢o(p,7))c-1, by Lemma 9.1, it
is equivalent to considering

{@% = (a — ib)Lotbo + ho in Dg, (9.63)

Yo =0 on 0Dr, o(-;70) =0 in Bpr(r)-
The existence of (9.63) is deduced by the same argument as (9.48). By Lemma 9.3,
[o(s Tl Lo (Br) S R* I RO ev(7)l| ol
In order to improve the spatial decay, we reformulate (9.63) into the following form
{c‘wo = (a— ) (Bpptio + 20,00 — Zt0) +ho in Dp,

' (9.64)
Yo =0 on dDr, o(-,70) =0 in Bpr(r),
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where hg := (a — ib)ﬁiﬂo + hg. Set g = pth.o. Then (9.64) is equivalent to
0o = (@ — ib) Agathuo + |y| *ho in D,
Y0 =0 on ODg, vYu(-,70) =0 in Bp(r)

where we abuse the symbol Di = {(y,T) |y e RY, Jy| < R(T)} as the corresponding time-varying domain in
R* and similarly 0Dg, Bg(r,). By the same argument for deducing (9.54), the fundamental solution for (9.65)
is given by T'y(z,y,t,s) with the bound

(9.65)

_ Klez—y|?

ITu(z,y.t,s)| < (t—s) 2e” 7+ for a constant x > 0.

Then ~
ol = plbxol S p ‘F4 * * (\Z|_1|ho|1{|z|53(s)}>‘

(p)~1 if £>1

sR%nRaR,ev(Tm1||ho|+||ho||v<7>{(R(T))l_e+e<p>1_e N

(9.66)
R’2InR if £>1
~ |[hollo(r)(p) ' { R2(InR)%  if £=1
R**ImR if (<1
where we used
12172 T i< risyy S (R(s)) 27 (z) e
for ¢ <1 with a small fixed constant € > 0.
O
Next, we will give the linear theory with the orthogonal condition.
Lemma 9.7. Consider
0,V = (a — bW/\) (Lin\I’o) + Hy in Dg, \Ilo(', To) =0 BR(T())
where Hy = (ho(p,7))c-1, |Hol|}, < o0 with 1 < £ < 3 and the orthogonal condition
/ ho(y,7)20,1(y)dy =0 for all T € (19,00). (9.67)
Br(r

Then there exists a solution Vo = TE[Ho| as a linear mapping about Hy with the following estimate
W)V oy, )|+ [To(y, 7)| £ C(O)(T) R~ In R{y) > || Holl3},- (9.68)
Moreover, Vo - W =0 and (¥o) is radial in space.
Proof. This proof follows Lemma 9.6. Denote ||hg|| = ||h0||3g and assume hg = 0 in D$. We consider
(@ —bWA) (LinGo) = Hy where Go = (go(p,7))c-1 -
By Lemma 9.1, it is equivalent to considering
(a —ib) Logo = ho,

where gq is given by

P p
go(p, 7) = (a + ib) <Zo7g(p)/ ho(r,7) 201 (r)rdr — Zo7l(p)/ ho(r, T)Zo,g(’/’)’/’d’f‘) .
0 0
Then under the orthogonal condition (9.67), if 1 < ¢ < 3, we have
||G0||3?572 = ||90||3?472 S C(@HhoH' (9-69)

Next, let us consider

9.70
(I’QZO on angR, <I>0(-,7-0):O in BQR(TO)- ( )

By Lemma 9.3, there exists a solution ®; = ®([Go] with the form ®¢ = (¢o(p, 7))—1 for some scalar function
¢ and the estimate

{8T<I>0 = (G, — bW/\) (Linq)()) + Go in DQR,

[@o(y, 7)] S v(r) R~ In R(y)~(|Go

oo
v l—2"
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Applying [17, Theorem 1.2] and scaling argument to (9.70), we have
()?|D*®o| + (y)|DPo| + |@o| S v(r)R*“In R{y) [|Goll3%—2 in Dspyo- (9.71)
We take ¥ = (a — bWA) (Lin®o) and manipulate (a — bW A) Ly to (9.70). Combining (9.71), (9.69) and then
scaling argument, we conclude (9.68). Applying Lemma 9.1, we have (W) = (a — ib)Lodo.
O
Proposition 9.4. Consider
0:Wo = (a — bWA) (Lin¥o) + Ho + (co(T)n(p)Z20,1(p))c-1 i Dr, Yo(,70) =0 in Bpre)

where Hy = (ho(p,T))c-1, ||H0||f;e < oo with 1 < £ < 3. Then there exists a solution (¥, co) = (T¥[Ho), co[Ho)(T))
which is a linear mapping about Hy with the following estimate

(W) V| + [Wo] S C(£) In Rov(T) (R8_€<y>731{\y\§2R0} + <y>2%1{|y|>230}) ||H0||f;e,

Co[Ho](T)=—< / n(y)zal(wdy)_ [ .20y + ol

where Rg is given in (9.3); cwo[Ho| is a scalar function linearly depending on Hy and satisfies |c.o[Ho]| <
Ry “o(7)||Hollff, and 0 < e < £ —1 is a small constant independent of 7.

Proof. Denote ||hg|| = ||h0||§e and take hg = 0 in D%. By Lemma 9.1, in order to find a solution ¥q with the
form Wg = (¢o(p, T))c-1, it is equivalent to considering
070 = (a —ib)Lotho + ho + co(T)n(p)Z20,1(p) in Dr, ol(-,70) =0 in Bpg(r)

Set 1o = MR, (P)Vi,0(p;T) + Yo,0(p, ), Where nr,(p) = 1(£-). In order to find a solution 4o, it suffices to
consider the following inner-outer system

8‘rwo,O = (a - 'Lb) (8ppwo,0 + %6pwo,0 - p%wo,O) + J[wo,m ¢i,0]1{p§4R(T)} in RQ X (7-07 00)7 (9 72)
1/)0,0(',7'0) = 0 in R2,
Orio = (a — ib) Lobio + K[o,0] + co(T)n(p)Z20,1(p) in Dar,,  %io(-;70) =0 in Bagy(ry) (9.73)

where

( Zb)'(/}o 0

J[o,0,%i0) = (1 —1r,) YL + Ao[Yio] + (1 — g, )ho,

K[wo,O] =

. 1
Ag[ti0] = (a —ib) |:<8PP77R0 + paano) Yi0 + 20,MR,0pi0 | — Vi00:MR,-
Denote W; o(y,7) = (¥i,0)c-1, that is, ;0 = Wi 0 - By 4+ 9V, 0 - Eo. By Lemma 9.1, (9.73) is equivalent to
87\112-,0 = (a — bW/\) Lin\Ifi’o + (K[wo,o] + CO(T)n(p)ZO,l(p))C—l in DQRO, \I/i’o(~77'0) =0 in BQRO(TO) (974)

In order to meet the orthogonal condition (9.67) in Dag,, we take

co(7) = coltbo,0](1) = Co,1 ; Kto,0](y: 7) 20,1 (y)dy
_ 8(a —ib)o,0(y, 7)
= un [ (MG hatn)] 2000
where Co 1 := — ([, 1(y) 25 1 (y)dy) .

The linear theories of (9.72) and (9.74) are given by Lemma 9.4 and Lemma 9.7 respectively and we refor-
mulate (9.72) and (9.74) into the following form

Yoo(p,T) = p [Fh * ok (|Z‘71J[¢0,07wi,0])} (P, 75 70),
U 0(y,7) = Tor ™ [(K[tho,0] + coltbo,o(T)1(p) 20,1 (p)) 1] -

We will solve this system by the contraction mapping theorem.

(9.75)
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Denote H; := [ho + Coa (fBzRO ho(ym)ZO,l(y)dy) n(p)Zo,l(p)}C_l. It is easy to have ||HIH3]2° < kol
Inspired Lemma 9.7, if (H)c satisfies the orthogonal condition (9.67) in Dyp,, we have the following estimate

IV T IH (y, 7| + [ To, ™ [Hi](y, 7)| < Dywio(p, 7)[Boll,
where D; > 1 is a constant and
wio(p, ) :=v(T)RS " In Ry(p) 3.
Denote

Bio:= {F(y,T) € C' (Bag,,R?) | F(y,7) = (f(p,7))c—1 for some radial scalar function

s

fp,7) and (y)|Vy F(y, 7)| + |[F(y, 7)| < 2Diwi,O(P77')||h0||}-

For any \ili,o € B, 0, denote 1@’0 = ‘i’i,o B+ i\ili’o - Ey. We will find a solution v, o = Qﬂo’o[l[)i’o] of (9.59) by
the contraction mapping theorem. Let us estimate J[1), 0, 0] term by term. By (3.5),

‘8p'¢;i,0
S Wol(p) 2 + |V Wiol S Div(T) R In Ro{p) | holl-
Then by the assumption |9, Ro| = O(Ry "),
_ 1 _ _
| Ao[vi0]| < ‘ <5pp77R0 + paano) Vio + 20,mR, 0,0
S Dil{Rogpngo}U(T)R(T[ In Ry ||hol|
< DiRg " In Rov(r){p)~“|Iholl,

= “i’i,o 0By + By -0,V 0+ iV, - 0,F +iFy -9, ¢

+ 3,0/ 11|

where 1 < £ < /. _ _
(1 = nro)hol < Lipzropo(T){(p) " “Ilholl S RG“v(7)(p) Il ol

Notice
p ’Fi

It follows that

(@l S wanlp, ) = o)Ly [ uledst

[T« {1217 [Aolio] + (1 = nao Yo }| < DoDiRG 0 Rowao(p,7) ol

where D, > 1 is a constant.
Denote

Boo = { f(p.7) | |f(p,7)| < 2D, DiRE™ In Rowo,o(p, 7)Aol }
For any 1;070 € Bopo
_ 8
p?+1
< Ry DoD; R 1n Rou(7) (p) | hol-

‘(1 —1R,) ( E 1;0,01{;)<4R(T)}’ < DoDiRG™ In Ryv(7)(p) > “Liny<pcariry|hol

By the same convolution estimate above, with the small quantity Ry 2 when Ry is large,

Pri * % (|2\71J[7ﬁ/~10,071/~%,0]) € Boo.

We can deduce the contraction mapping property by the same way.
Now we have found a solution 1, o = 1,0[%i,0] € Bo,o. It follows that

84Po,0(t1,0] (3, 7)
(1+[y[?)?

Due to the choice of ¢o(7), hrr = K[1o.0[ti0]] + co[tho.o[thi0]l(T)n(p) Zo1(p) satisfies the orthogonal condition
(9.67) in Dap,. By Lemma 9.7, we have

I8(1 + p%) 2o 0[hi,0] + Co,1 / Z0.1(y)dyn(p) Zo1 ()25 < DoDiRG™ In Ro A

Bar,

To® [hu1) € By

since Rg_é In Ry provides small quantity when Ry is large.
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The contraction property can be deduced by the same way. Thus we find a solution ¥; o = U, o[ho] € Bi .
Finally we find a solution (1,0, ¥; ) for (9.72) and (9.74).

From the construction process and the topology of B; o, ¥;o[ho] = 0 if hy = 0, which deduces that 1; o[ho]
is a linear mapping about hg. By the similar argument, ¥, o[ho] and co[ho] are also linear mappings about hg.
So does 1.

We will regard D,,, D; as general constants hereafter. Since 1,,0[ho] € B, o, then

colho](T) = Co / ho(y, 7) 20,1 (y)dy + colho].

B:r,,

where c,[ho](7) is a linear mapping about kg and |c.o[ho]| S Rg_Z In Rov(T)||hol|-
Reviewing the calculation process, we have

|J[%0,0, Vi 0]l 1 p<ariry S In Rov(7)(p) || hol|.
Using (9.75) again, the upper bound of 1, o can be improved to

2—/¢ —¢ T
ool Stk (w1 s 4 [Coast ) .

0

Combining the upper bound of ¢, ¢ and ¥, o, we have
oy, 7)| S I Rov(7) (RG™“(y) " *Lyjyi<ame) + (0)* “L{jy>2m0)) lholl in Dr.

By scaling argument again, the proof of proposition is concluded.

9.5. Mode 1.
Proposition 9.5. Consider
0,V = (a - bW/\) (Lin\Ijl) + Hi1 in Dg,
\I/l =0 on 8DR, \111(',7'0) =0 wn BR(TO),

where Hy = (h1(p, T)ew)c,l, |Hy ||, < co. Then there exists a linear mapping W1 = T{§[H.] with the following
estimate )
(W1 (y, 7)| S min{r2, R} R*0k ev(7)(p) *| H1ll,-

Moreover, U1 - W =0 and e~ (1) is radial in space.

Proof. In order to find a solution ¥; with the form ¥; = (7,/11 (p, T)em)c_l, by Lemma 9.1, it is equivalent to
considering

Y1 =0 on 0Dgr, ¥i(-,70) =0 in Bpr)-
For brevity, denote ||| = [|h1]|}},. By Lemma 9.3,
[91C )l (1) S min{r?, R} R0 0(7)| . (9.76)
In order to get the L estimate, we reformulate the equation into the following form:
{fwl = (=) (95t + 30,01 ) + I in D,
1/11 =0 on aDR, 7/}1('77—0) =0 in BR(T(J)?

{ém/u = (a—ib)Lytp + by in D,

(9.77)

where hy = %d}l + hq. Then by [19, Corollary 6 and Remark 6],
By the similar argument for deducing (9.54), denote T's(x,y,t, s) as the fundamental solution of the homo-
geneous part of (9.77) with the estimate
_nle—y?

Ca(z,y,t,8) S N(t—s)"le” =

and the positive constants N, x are independent of ¢, s.

wl(:%T) = / FQ(yaszvT_ 1)¢1(Z,T— 1)d2+/ / F2(y,Z,T, S)ill(Z,S)dZdS
Br(r-1) 7—1J Br(s)
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Then

| To(y, 2, 7,7 — D1 (2,7 — 1)dz| S / e_ﬂ‘y_zlzh/)l(z, 7—1)|dz < min{T%,RQ}R29R7gU(T)||h1||
BRr(r—1) BRr(r-1)

by (9.76). Since ||ﬁ1(~,T)||L2 (Br) S min{T%,RQ}R29R7gU(T)||h1H,

/ / Ta(y, 2,7, 5)h(z, s)dzds / / (1 =) 1_”5 =
7—1J Br(s 7—1JBRr(s)
2n\y Z\
/ (r—s)" 1 / e~ dz ||h1('7 S)||L2(BR(S))d8
T—1 Br(s)

mm{fé,Rz}R%R,w(T)thH/ (r —5)"2 ~min{r?, R2Y R0 v(7)| 11 |-
T—1

hy(z, s)‘ dzds

IN

A

Therefore, we get
.1
[ () l[zee S min{r2, R} R*0R eo(7)||ha .
In order to get the spatial decay, we rewrite the equation into the following form:
(a+ib)0-t)1 = ppthr + 2091 — S +hy in Dp,
¢1 =0 on aDR» 1/)1('770) =0 in BR(T@))

where hy = (1,)2p+1+;§ L4p1 + hy. By similar argument in (9.66),
910,71 S 92T = (121 1 guirion )|
where )
To(z,y,t,8)| S (t—5)"° e~ for a constant & > 0.
Since
12212 +4 1 _ _ 1
IV <Z| 2m| |2|¢1(Z 281y |<R(s)})‘ S (0 1<ty + 03 1 ps1y) min{ 72, R} R*0R pv(7) || 1 |,

and

(p)Hnp) if £>4
|F6**(|Z|72|h1(za5)|1{|z|§R(s)})| 5v(7)||h1||(<lnp>1{pgl}+ <p>_€ if O<£<4>
RFe(p)=¢  if £<0

where we used [y|™2(|y]) ““1i<iyi<ns)y S R7T(|yl)727¢ for £ < 0 where the constant € > 0 can be chosen
arbitrarily small. Then we have

_ .1
[1(p, )| S (Lgp<ty + o~ 21 ps1y) min{r2, R*}R%0R ov(7)||he.
By the iteration of the above estimate, we gain

W1 (p,7)| S min{r 7, R2Y R0 00(r)(p) 2| ha .

U
Lemma 9.8. Consider
0.V, = (a — bW/\) (Lin\I’l) + Hy in Dg, \111(' To) =0 in BR(T())
where Hy = (hi(p,7)e )tc o [[H B " < 00 with 0 < £ <3 and the orthogonal condition
/ hi(y,7)Z11(y)dy =0 for all 7> 1p. (9.78)
Br(r)

Then there exists a solution Vi = T{E[H,]| which is a linear mapping about Hy with the following estimate
W)V, 7)] + W1 (y,7)] S C0) min{r2, R*}R* ™ v(7){p) *||Hul|ify in Dp.

Moreover, U1 - W =0 and e~ (V1) is radial in space.
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Proof. Denote ||hi]| = ||h1||ﬁe and set h; = 0 in D%. Consider
(a —bWA) (LinG1) = Hy where Gy = (gl(p, 7')6’0)@,1 .
By Lemma 9.1, it is equivalent to considering
(CL - Zb) ngl = hl,

where g; is given by

g1(p,7) = (a +1ib) <Zl,2(p) /Op ha(r,7)Z11(r)rdr — Z1.1(p) /Op ha(r, T)Zl,g(’/‘)’/‘d’l") )

with the following estimate
lg1l[5%e—2 S [[Pal for 0 <€ <4 (9.79)

In fact,
Z11(p) /P hy(r,7) 21 o(r)rdr So(r){p)> | if £ < 4.
For p <1, ’
Z2) [ 1a(r7) 2100 | S ol
For p > 1, by the orthogonal condition (9.7%),

p )
121.2(p) / ha(r, 7) 211 (r)rdr] = | Z1.2(p) / ha(r,7) 22 (Frdr] < o(r)(p)> || for £ 0.
0 P

Next, let us consider

‘I)l =0 on 8D2R, @1(-,7’0) =0 in B2R(To)-
Here @, is given by proposition 9.5 and has the estimate
[@1(p, 7)| S min{r?, R2}R* ‘0 (7) (p) 291135
when ¢ < 3. Take ¥y = (a — bWA) (Ljp ®1). Combining scaling argument and (9.79), we have
W)VY1(y, 7)| + [ Wiy, 7)| S min{r?, R*}R"o(7){p) ||| in Dg.

{87—q)1 = (a — bW/\) (Lin(‘pl) + Gl in DQR,

Proposition 9.6. Consider
37—\1/1 = (a — bW/\) (Lin\Ifl) + H1 + (61 (T)’I](p)ZLl(p)eie)C_l

where Hy = (hl(p,T)eia)C,l, ||H1H57€ < oo with 1 < ¢ < 3. Then there exists a solution (VU1,¢1) =
(T{#[H1), c1[H1)(T)) which is a linear mapping about Hy with the following estimate

WV Ty, 7)] + [Py, 7)| £ CORov(T) (R p) Lipzroy + (0)* Lpmarey) | Halle,

e [H)(r) = — ( /| 2 n(y)ziuy)dy)_l / )2y + ealfr)

where Ry is given in (9.3); cs1[Hi] is a scalar function linearly depending on Hy and satisfies |c.q[Hi]| <
Raev(’T)HHlHﬁg where 0 < e < £ —1 is a small constant independent of To.

in Dr, Vi(,70) =0 in Bp(r,)

Moreover, U1 - W =0 and e~ (¥1) is radial in space.

Proof. In order to find a solution ¥, with the form Wy = (¢1(p,7)e”)._,, by Lemma 9.1, it is equivalent to
considering

Orhr = (a —ib)L1vp1 + hy +c1(T)n(p)Z1,1(p) in Dr, 1(-,70) =0 in Bpr(ry).
Denote [|h1[| = [[h1]o,e and take hy = 0 in Df. Set v1(p, 7) = nro¥i,1(p, T) + ¥o,1(p, 7), where ng, = n(£-). In
order to find a solution 11, it suffices to consider the following inner-outer system
{ 0701 = (a —ib) (appwo,l + %8p1/10,1 - %1/10,1) + J[o,1, Vi1]l{p<arryy in R? X (79,00),
Yo,1(-,70) =0 in R2.
O-i1 = (a—ib) L1 + K[o1] +c1(T)n(p)Z11(p) in Daog,, %ii(-,70) =0 in BaRy(ro) (9.81)

(9.80)
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where

T, o] = (a — ib) (1 - o) (42 . v1<p>) Yo + Aolthia] + (1= iy )i

=<a—z’b><1—nRo>(”p 1

W’MJOI +A0[1/}z 1] (1 _nRo)hh

. 1
Aolthia] = (a— ib) [(apmo n paano) Gia(ps ) + 20,mme Oyt (9 7) | — Y5100,

Kloa] = (a—ib) (;‘ " v1<p>) Yo + Iy = (a— ib)%wo L4y

Set U, 1(y,7) = (eiawi’l(p,T))C,l, that is, ;1 = e~ (U;1 - By + iV, 1 - E2). By Lemma 9.1, (9.81) is equiva-
lent to

Vi1 = (a—bWA) LinWi1 + [(K[to1] + c1(T)n(p)Z11(p)) €], in Dag,, (9.82)
Ui 1(-,70) =0 in Bapgy(ry)

In order to meet the orthogonal condition (9.78) in Dag,, we take

2
A7) = eslioal(r) = Cus | {(aiw( P+ r) + (7] Zia(y)dy

ly|? +1)2[y|?
where C1 1 := — fB Zl L(y)dy) !

The linear theories of (9.80) and (9.82) are given by Lemma 9.4 and Lemma 9.8 respectively and we refor-
mulate (9.80) and (9.82) into the following form

Youlp) = p* [Tl x % (12172 o ¥ia]) | (.7 70),
Uiy, 7) = T [[(K o] + c1(T)n(p) 21.1(p)) €] 1] -

We will solve (1,1, ¥;1) by the contraction mapping theorem.
Denote H; := { {hl +Ci1 (meO h(y,T)ZLl(y)dy) n(p)ZLl(p)} ei‘g}c . It is easy to have ||H1||2R0 S Rl

Inspired Lemma 9.8, if e *(Hj)c satisfies the orthogonal condition (9.78) in Dag,, we have the following
estimate

(9.83)

W)y (TER () (g, )|+ ITER (), 7)] < Diwi (o 7)
where the constant D; > 1.
wii(p,7) = Ry o(r) (o).
Denote

Bii = {F(y,T) € C' (Bagy.R?) | F(y,7) = (¢" f(p,7))c, for some radial scalar function
Fp,7) and (WIVyF(y, 7 +F(y,7)| < 2Dswia(p, ) [ }.

For any @1-71 € B,,1, denote 1@-,1 = e ¥ (@21 - B+ Z\i/“ . Eg). We will find a solution v, = 1/)0,1[@!1-11] of
(9.80) by the contraction mapping theorem.
Let us estimate J[t),,1, %;,1] term by term. By (3.5),

‘aplii,l = ‘e_w (\i/i,l . 8pE1 + Fy - 8p\ifi’1 + i\i/iJ . 8,,E2 + iFs - 8,,\111"1)‘
S Tal(p) 72 + 1V Uil S DiRG (1) (p) * || -
Then by the assumption |9, Ro| = O(Ry"),

_ 1 _ _
| Ao[ia]| < ’(appnpoo + papURo> VYi1(p, T) + 20,mRy0pi1 (P, T)

+ |%i,1071R, |

S Dil{ry<p<aryv(T) Ry ‘Il S Lip>roy DiRy “v(m) ()~ |Ia,
where max{1,{ —1} < { < {.

(1= nro)hal S o> reyv()(0) U1l S Lips o Ro~v(t)(0) || Pa .
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By Lemma 9.5, for 1 < £ < 5,
pQ’ 6| * * (U(S)lZ\_2<2>1_'31{\z\2Ro<s>}) sz‘ 6] **

S wor(p ) = 0(T)p"L(p<ry + u(T)p* 1

(v() ()7

+ TU(T)pl_Z

{1<p<7’2} 1{p>‘r%}.

It follows that } ;
|20 [l =2 (Aolia] + (1 = )| | < DoDiRE (7o)t (o, 7)
where the constant D, > 1. Then we denote

Bow = {£p.7) | 11(p.7)| < 2DoDiR™ (ro)wor (p.7) [

For any 7721071 € Bo1,

120244 -

MLW%N ¢MH%MM4<DDR@ZU@rhﬁmﬁKmmﬂmH

CESI
S RG2DoDiRG " u(7)(p) =" |1 .

By Lemma 9.5, due to the small quantity provided by R, 2

P2FE; * % (|Z|_2J["/~}o,171;i,1]> € Bo1.

We can deduce the contraction mapping property by the same way. Thus we find a solution 1,1 = 1,1 [7]121] €
Bo1. Then in Dyg,, we have the following estimate:

12p? + 4 ~ -
G tor| S (A DD ) (e 0 )
S DoDiRg“(ro)o(r)(p) |1

When€§1+i;

2 . _
Cra (/B (12|y|J;4@bo,l[wi,ll(%7)31,1(y)dy> 1(p)Z1,1(p)| S DoDiRg™ " (r0)v(r) ()" [l .

lyl? +1)?|y[?

Due to the choice of ¢1(7), hrr := K [tho1[i1]]+c1[t001[0i1]](T)1(p) Z1.1(p) satisfies the orthogonal condition
(9.78) in Dag,. By Lemma 9.8, we have

TQRO [h[]] S Bi,l

due to the small quantity provided by Rg_é(To). The contraction property can be deduced by the same way.
Thus we find a solution ¥; 1 = ¥, 1[h1] € B; 1. Finally we find a solution (9,1, ¥; 1) for (9.80) and (9.82).
The linear dependence on h can be achieved similarly as the higher mode case.
We will regard D, D; as general constants hereafter. Since 1, 1[h1] € B, 1, then

q%ﬁﬂ=QgL b (9, 7) 200 (9)dy + 1[I

where c,1[h1] depends on hy linearly and |c.q[h1]| S Rgfev(T)thH.
Reviewing the calculation process, we have

| T W01, ¥i1]| Lip<ar(ryy S Rov(7){p) || hal|.

Iterating Lemma 9.5, the upper bound of 1,1 can be improved to
< 2—4
ol S Ro(o(r) (™1, 4. +70(r)p™
Combining the upper bound of 9, ; and ¥, ;, we have

U1 (y, 7)| S Rov(7) (Ry~(0) ™ "Lqp<aro) + (0)* Lipnarey) IMall in Dr.
By scaling argument, the proof of the proposition is concluded.

Al

{>T2}
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9.6. Mode —1. Consider
{(a + i) 60 (p,7) = L (p, 7,
énlp:70) = 9(p),
where 75 > 1,
(n—1)2 4n 8
RS R SRR VEL

o=t Loy
Assume g is a Schwalrtz function.
Set ¢n(p,7) = p~2 Ap(p, 7), then
(a+ib)drAn(p,7) = Lo An(p, ),
{An(n 70) = p29(p).

_1)2
where ﬁ = 8pp + 1 _2 (npzl) - P2+1 + (pzil)z.

Recall the generahzed eigenfunctions ®"(p, §) with respect to —L, is given by

—La®"(p, ) = €2 (p,£).
We multiply ®"(p, €) and integrate by parts. Then

{(a+¢b)aA( 7) = —EAn(E,7),
(& 10) = [ p2g(p)@"(p,&)dp,

where A,(¢,7) = [7° A_1(p,7)®"(p, £)dp. Thus
An(g,m) = eI AL (€ 7o),

By the distorted Fourier transform,

/0 An(6,7)" (p, €)pn(d£)

8

= /O e (T A, (€,0)" (p, €) pu (dE)

/Oo —(a=ib)ergn () ¢) /OO x%g(:zr)@n(%ﬁ)dxpn(df)

/ / (a—1ib) f‘rq)n(p g)(bn(x g)pn(d§)$2 ( )dl‘

By Duhamel’s principle,

/ / / (@a=DE(T=9) =37 (p, €)D" (x, € )} I (1, 5) pr (dE ) dixds. (9.84)

For n = —1, we summarize the results in [33, Section 4.3.2].

Proposition 9.7 ( [33]). For all p >0, £ >0, we have

o-1(po)| < 1P i s
7 £)|”{£‘4<£>‘1 i P> 1

O~ Y(p, &) has the following expansion:
1 (p,&) = 25" (p) + 02 Y (—07EY 2;(p%)
j=1

which converges absolutely, where @51(;)) = %. It converges uniformly if pfé remains bounded. Here
®;(u) > 0 are smooth functions of u > 0 satisfying
1
D (u) < =—
jlu) < M +u
and 1 (u) > Cll-%u for all u > 0 with some absolute constant ¢y > 0.

, forall w>0,j>1,
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The spectrum measure p_1(d€) of —L_1 is absolutely continuous on & > 0 with density

dp-1(§) 2
i

Proposition 9.8. Consider

(a+ib)a‘r¢fl(pv T) = ‘Cfld)fl(pv T) + h(p, T) in (Oa OO) X (7—0700)3
d-1(p,70) =0 in (0,00).

where 19 > 1, ||h[|S%, < oo, where £ > 3. Then the solution ¢_y = T_1[h], where T_1[h] is given by the linear
mapping (9. 84) wzth n = —1, satisfies the following estimate

o(r)rims 478 fi v(s)ds if £<2
2 T
s S I gy N +r*11n7f% (s)ds if £=2
o(r)InT 477 1f70 if £>2
v(T)Ti" 2—|—T% éffgo ()ds if £<2
RN, 307 Qo) () + 7 Hnr )[4 v(s)ds i 0=2.
v(T)TE 4774 fm v(s)ds if £>2
Moreover, assuming 2 < { < % and the orthogonality condition
/ My, 7)Z_11(y)dy =0 for all 7> 7, (9.85)
R2
we have the following estimate
o oo T [ u(s)ds if p<ri
[o—1(p, DI SHRIZE s >

5(”(7)7%75 +ris ffo v(s)ds) if p> 3

Proof. Without loss of generality, we assume ||A[|7%, = 1.
Estimate without orthogonality.

|¢_1<p,r>|sp*%/ / / 9B (p, €| (a, )| ()~ (€) dudds.

First, we consider

For F1,
1 €51 if <2
Fls/é 2$g<$>_2$%<$>_édf£< (In &) %f =2 for §§1.
0 1 if £>2
2 for £€>1
For F5,

where we used ¢ > %
Thus

€51 if 1< 2
(Ing) if =2 for (L1
1 if £>2 '
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Next, let us estimate

oo p% [ee]
P(p,7,s) := / e D (p, )| F(€)(€) dE = / + / =P+ Py
0 0 p%
First, let us estimate Py,

P st ? [T e IR e
0
For p > 1,
€51 if <2

1
1 02 >
P < p? / e" =) ey if (=2d¢
0

1 if £>2
pht it r—s<p? if £<2
1 0 1
pi(r—s)"2 if T—5> p
_3 . o 2
< Jlp e Br=ssp oo
p2(t—s) Hn(a(r —s))) if 7—5>p?
o if 7—5<p? if £>2
1 1
p2(r—s8)71  if T—s5> p?
by Lemma A.3.
For p < 1,
s [t [ , .
Pspt([ + [T opeerae,
0 1
where
! if r—s=1 for £ <2
(r—s)"2 if T—s>1
1 .
1 if T—s<1
—ab(r—5) P(£Y(E)2dE < = for =2
/0 € (€)(6)7de < (1 —s)"HIn(a(r — 5))) if r—s>1 o
1 if 7—s<1 for > 2
r
(r—s)™t if 1—s>1
by the same estimate above.
1 1 a(r—s)
2 2
/ T e IR (6)de < / TG~ ()T | T e
1 1 a(T—s)
p*% if 7—s5<p?
<{(r—s)1 if PP<7-s5<1.
(T—s)f%e’a(rz_'g) if 7—s>1

Thus for p < 1,
p if 7—5<p?

(T—S)_% if pP<7-5<1 for £ <2
5 if T—s>1

(r—s) Yn(a(r —s))) if T—s>1
P if 7—5<p?

p- if 7—s<p?
P < p2(r—s)"1 if p2<7-s5<1 for (=2.
1

p%(r—s)_% if p2<7'—8§1 for ¢ >2
3 Loif r—s>1
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Next, let us estimate Ps.

RS [ eI RO

o2

For p <1,
s [ eetrIae g e Hgten [ et haen rost [ e
. _1 . o < 2
< (r S)f s if 7 sfp.
(T1—s)"2e 27 if 7—s5>p?
For p > 1,

Py s ( /1 T /L)e—“ﬁ“-s)g-%<s>—1F<s><f>2d£.

We estimate

1 e 2 if 7T—s>1

[ e kg Re e 5 {ET e oy

by the same reason as above.

[ e g re et

02

&5l if 1<2
e =93 {lng)  if (=2d¢

A
\H

e 1 if £>2
1 if T—s<1
{(75)15 if 1<7—5<p? for £ <2
(T—s)%_ge_a(;rﬂ;s} if 7—s5>p?
1 if T—s<1
< {(TS)ZOH(CL(TS)» if 1<7—5<p? for ¢ =2
(r— )~ Hn(a(r —s))e” 5% if T—5> p?
1 if 7T—s<1
{(75)2 if 1<7—5<p? for £ > 2
(T—s)_%e_a(’;ﬂ?) it 7—s5>p?
by Lemma A.3.
Thus, for p > 1,
(’7’—8)% if T—s<1
{(Ts)iﬁ if 1<7—5<p? for ¢ <2
(T—s)i_ge_a(ZP;S) if 7—s5>p?
(7-_3)—% if T—s<1
P, < {(Ts) %<ln(a(775))> if 1<7—5<p? for £=2.
(r— )~ HIn(a(r — s))e W% if 75> p?
(’7’—8)_% if rT—s<1
(T—s)_% if 1<7—5<p? for ¢ > 2
(r—s)7%

e 47 if 7—s5>p?
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In sum, for p <1,
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(r—s)"2 if 7—5<p?
pi(r—s)"i i PP<r—s5<1 for £ <2
pi(r—s)"2 if T—s>1
(r—s)"2 if 7—s<p?
P < p2(r—s)7 % if pP<7—-s5<1 for £=2
pi(r—s) Yn(a(r —s))) if T—s>1
(r—s)"2 if 7—5<p?
pi(r—s)"i if pP<T—5<1 for £>2
pi(r—s)t  if T—s>1
For p > 1,
(r—s)"2 if 7—s<1
(r—s)i—% if 1<7—5<p? for £ <2
pi(r—s)"2 if T—s> p?
(r—s)"2 if 7—s<1
P << (r—s) 1 (In(a(r — 5))) if 1<7—s<p? for £=2
p2(r —s) Yn(a(r — ) if T—s5> p
(r—s)"2 if 7—s<1
(r—s)"4 if 1<7—5<p? for £>2
pri(r—s)"L  if T—s> p?
Now let us estimate ¢_;. For p <1,
T T—p r—1
ool St v [T [ P s
) T—p r—1 27__p2
S0 ) [ e has st [ ey s
7;0_1 v(s)(T — s)"2ds if £<2
+p? 7;0_1 v(s)(t — s) HIn(a(r — s)))ds  if £=2]
féofl v(s)(T — s)"tds if £>2
o(r)r "2 4772 fé v(s)ds if £<2
< u()p2 + p* { v(1)(InT)? —i—T‘llanéOTO v(s)ds if £=2
o(r)InT + 771 [2 v(s)ds if £>2
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For1<p< (%)%

oozl o[ womo

. o [(r—s)iz if £<2
St [ ostasrom [ { G- tnG - ) it (=2ds
-1 T (- )t if €>2
7__)02 (T—S)_g if €<2
+p2 / v(s) S (1 —s) " Hn(a(r — s))) if £=2ds]
70
2 (7- — 5)*1 if £>2
gt i peg [vrE T @ v(s)ds if £<2
< p*%v(T) +u(r) S (Inp) if £=2+Q v(T) ffz (Inz)z~tdz —‘rT_lthfé v(s)ds if £=2
1 if £>2 v(7) In(5 72 +r 1fm s)ds if £>2
1}(7‘)7‘1_% + 7'_% fl%Q ’U(S)ds if e <2
< So(r)((Inp —l—foan) “ldz) + 7 11anTO s)ds if (=2,
v(1)(In(z5z)) +77t ffo v(s)ds if £>2
For (3)2 <p <73,
. T T—1 T—p
oo St [+ [+ [ ePeds
T—1 T—p2 7'70
. 1 (7_5)% g if ¢<2
St [ ot [ o os i —s) i £=2ds
71 = (r—s)"d if £>2
r—p? (r—s)"2 if £<2
+p%/ v(s){ (r — 5)(In(a(r — )))  if £=2ds]
70
: (r—s)1 if £>2
ri-% if (<2 - ri=s if £<2
<p () +ou(r){ ri(lnT) if £=2 +/ v(s)ds < 7= (ln7) if £=2
i if ¢>2 7T 1 if 0> 2
? T3 if <2
+p? / v(s)ds< 7~ HIn7) if £=2]
E 71 if £>2
3% if ¢<2 : ri—s if ¢<2
<p () ri{nr)  if £=2+ v(s)ds{ 73 (ln7) if £=2]
- if (>2 7% T4 if £>2
TiS(r) + 75 [2 u(s)ds if <2

~ {nryo(r) + 7 YnT) [£ o(s)ds  if £=2.
o(r) + 771 2 v(s)ds if £>2
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Forp>7'%
T T—1
ol sot [+ [ P
- N [ it 0 <2
S P_%U(T)/ (T—S)_%ds‘f'ﬂ_%/ v(s){ (1 —s) 1 (ln(a(r —s))) if £=2ds
71 2 _3 .
: (r—s)71 if £>2
U(T)Ti_%-i-Ti_%f?0 v(s)ds if £<2
So(m)p 2 +p 3 {u(r)ri{lnT) + 7% (InT) fi v(s)ds if £=2
o(r)Ti 74 év(sds if £>2
U(T)Tgfg-FTi*%fé v(s)ds if £<2
<pt U(T)T%<ln7>+T_%<DT>f§ v(s)ds if £=2.
v(r)Ti 4774 T%v(sds if £>2

Estimate with orthogonality.
For one part,

p §|/T 1/ / e (@=DET=3)p =1 () £)D™ (m,f)x%h(axs)p,l(df)d:cds\ gv(T)(pél{pél}+p_%1{p>1}).

(9.86)
For the other part,

T—1
= p e / / / (== (p, ) (1, €)w 2 h(x, 8)p_1 (dE)duds|.

By the orthogonal condition (9.85), we have

F(&,s) _|/ x§x2hxsdx|—|/§ ' /,, —i)x%h(x,s)dﬂ

Firstly, by proposition 9.7, we have

5

¢ 2 s . I s . £- .
[ e - et sow [ oc%s:c2<ac>-‘*dac5v<s>{E orest

1+ a2 -2 if £€>1
when ¢ < 4.
Secondly,
1 < 5-1 i <
[, 77 @ 0t el S () 4<g>1/£%mz<m>edxw<s){§_i o

where we require ¢ > % to guarantee the integrability.
Thirdly, by (9.85),

T e s)d ot Sh(z, s)d
2 = — 2
/5—; 1+a2" (z, 5)dz /0 1+a2" (z, s)da,
where we require ¢ > 2. Then we have

0 5
/gl %x%h(z, s)dx
2

g7l if £<1
S v(s) {5—2 i e>1
Thus

£ _s
F(&,s) So(s)(€2  pecty + & Tliesy)
Next, let us estimate

Plp.rs)i= [ e (e ) ds/ / =Pt
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Let us estimate P;. For p

/ T el () 2 g e ~ a(o)p [T e g g

0

p% — if 7—s5<p?
%T—S -5 if T—8>p?
by Lemma A.3.
For p < 1,
s / e T pE ()RR (6, 5)(6) e
o[ / eI (e, 5) (€) e
%
S v(s)nd( / meitrghtag 4 [ emeseotag)
0 1
pt if 7—5<p?
Sos)p?{(r—s)"F i pP<r—s<1
(r—s)"% if r—s>1
since

h
2.
|
Q
g
3
o~
N
|
—
.
Iy
N
—N—
— =
\
v
S~—
|
[VEN
SN
SR
[
»w O
AVARIVAN
[ —

by Lemma A.3 and

|~
e
=
.
)

if 7—s5<p?

2 2
/,, e—“f“—s)§%d§~ (T—S)_% e ridy ~ (T—S)_% if PP<7—5<1.
! a(r=s) (T—s)_ge_a(?s) if T—s>1
Next, we will estimate P,. For p <1,
oofars -2 oo7a T—8)¢—%
PaSo(s) [ e Ie g e e ~ o) [ eI hag
i i
1
e v(s)(t —s)"2 if 7—35<p?
NU(S)(T—S)_f/ e ?273dz < (s)( ) | _alr—s) =7 .
L;;S) v(s)(T —s)"ze 27 if T—s> p2
For p > 1,
RS [ eI (€ 5) (6 = / /
1
p72
L £ 1
Sule)( [ eI Tag+ / e~osr=9)g= 4 dg)
=N 1
p2
(r—s)"2 it T—s<1
< v(s) (r—s)i~s if 1<7—5<p?
a(t—s)
(r—s)i~2e 47 if 7—s>p?
since )
[Tesoetae g 4T L TR
1 (T—s)"2e” " = if T—s>1
and
L 1 if 7—s<1
/ emar=9)gs—2ge < | (r—s)i% if 1<r—5<p’
a1 ) a(r—s)
o (r—s)i~2e 27 if 7—s5>p?

by Lemma A.3.
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In sum, for p <1,

v(s)(r — )2 if 7—s5<p?
Plp,m,8) SSu(s)pi(r—s)"1  if pPP<r—s<1.
5 £ .
v(s)pz(t—s)"2 if T—s>1
For p > 1,
(T—s)fé if T—s5<1
P(p,7,5) S v(s) (T*S)i7§ if 1<7—s5<p?.
pr(r—s5)"2 if T—s> p?

For p <1,
T—1 z
bagot [ eptr -9 s SR + [T ats)as)
70 70
For1<p< (g)%,
B . T—1 T—p
S p’f(/ +/ )P(7,s,p)ds
T—p2 %’

where we used ¢ < %
1 1
For ($)2 <p <72,

7P2 20
24 -£ 3
~o(T)p T2 v(s)ds
70
2
where we used /£ < %
For p > T%,
~ . [T 12 1 5_¢ 1 z
bast [ -9t s S et tE e ri [ Cugsas)

Y L
2 2

where we used £ < 5.
Combining (9.86), we conclude the estimate.
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APPENDIX A. SOME USEFUL ESTIMATES

Lemma A.1. Consider
—Au= f(z) in R",

where n >3, f(x) = f(|z|) is radial with the upper bound |f(x)| < |z| 7" Lyp<1y + 2| ' g1y, 1 <n, 1> 2.
u s given by

_ ; T — 2—n

where |S™71| is the volume of the unit sphere S"~1. Then
|| oo
u(w) = u(la) = o [ a0 [ by @)dbda
0 a

||
Ojzju = —|x\1*”/ f(a)a™ da.
0

Moreover,
| |1 1 |x|1 n |x|1 l
|(‘3mu| < n 1 1{|m‘<1} + 1 + e 1{|m|>1}. (A.l)
Specially, if f(il?) - ‘x|7111{|1‘\§1} + |£ZZ| 1{|5L‘|>1}} then fOT |IL" <1,
1 |z|2~h .
. Gl S <2
= —lnje if 11=2
u(x) (l — 2)(TL — 2) + ‘2 i (n—2)2 X Zf 1 5
e ~ Gememy i 2<h<n
for |z| > 1,
|x\27l—|x\27" .
w1 ) omn S 2<i<n
1 2|2~ 1n || ey
u(z) = —2(1—2+n—l)+ 2 if l=n
1 |96\27"—|3f|271

== if I>n

‘a:|2 1 ‘2 n Iw‘2—n

T 2)0 Dt e ooy Y 2<i<n
- |z n2 2n\$| + \9;\ > (niz + n—ll12 l if l=n
" |z)>~" |z~ ,
oyl crmyT e oy Bl = Ty M B
2! + (Li=D]z>" f 2<l<
CA0=D T =T (n=D E "
= |z| nizn\o:l + \J:Z\ . (n12 7111) if l=n
=e*" P! if 1>
(n—2)(n—1)(-n) _ (1~2)(-n) k "
Roughly speaking, for |z| <1,
] 7(217“1)1‘(”72) Zf ll <2
—1In |z 1 . _
u(zx) < e + nl_QlHJlr oz i hi=2
Ti—2)(n=11) if 2<li <m;

for || > 1,

|.’I:|27l

|.§U|2_n 1 1 22 n
< |z|""" In |z| T
u(x)_n_2 l—2+n—ll + if L=mn

T 2—n )
(l_lz)m Zf [ > n,

|x|27l |t‘27n

T2 T o2 i) if 2<l<n
o)z BT By
|x|27n |w‘27n

290 T Geom i if 1> n.
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Proof. Tt is easy to see that u is radial. By the removable singularity theorem for harmonic function (It is used
for the case 2 < l; < n) and maximum principle, we have

u(z) = u(|z]) = |a:|2”/m| a™ 3 /OO bf(b)dbda.
Denote r = |x|. Tt is straightforward to have 0 ’
o= [[w= [Torwwaas [T oo = [ rwt
for | f(z)| el Lqp<ay + 2] T gps1y, b <, 1> 2.

For r <1,
’I“n_ll

/T f(a)a"_lda‘ <
0

n—ll'

1 r
= ‘(/0 —|—/1 >f(a)a”1da
Thus we have (A.1).

Hereafter, we assume f(r) =r 111y + 771,09y Fora>1,

o0 oo (1,271
/ bf(b)db:/ btldb = T

where [ > 2 is required to ensure the integrability here.

For r > 1,

1 ,rnfl
_|_

< .
“n—-0 n-—1

/T fla)a" 'da
0

Fora <1,
- - L ) st (1—a?h) if 1 <2
/ bf(b)db:/ bl—ldb+/ bi-ligh = 5t Ina it h=2.
¢ ! ¢ s —1) if > 2
For r <1,

/Ora“ /aoo bf (b)dbda

1 2—1, :
Sr(l—a>h) i <2

T 1 2—1
= / ma"ﬁo’ +a"3{ -Ina if 1, =2da
i (@ =1 if > 2
rn—2 rr—l f l
STomoy | 2 tooem, =2
=) ~ Geom=y i 2<h<n
where we require [; < n to guarantee the integrability.
For r > 1, since
ok if 2<l<n

r 00 r an7171 (1-2)(n—1)
/ a"73/ bf(b)dbda = / da = { oo if l=n ,
1 a 1 [—2 "

1—rm—t :
m if Il>n



FINITE TIME BLOW-UP FOR LLG 97

/OT a3 /:o b/ (b)dbda
_ (/01 +/1T)a"—3 /:o bf(b)dbda

then

1 1 .
1 2=l (n—2)  (2=l1)(n—11) if ;<2
_ . T <
- (1-2)(n-2) + (=27 1 %f I, =2
=2)(n=h)  (1-2)(n-2) if 2<li<n
ur—gﬁ if 2<i<n
+{ s if 1=n
_an—l A
oSay i I>n
rrl .
1,1 1 oty i 2<i<n
= Inr . .
_n—2(5_2+n_l1)+ = ?fl—n
I if 1>n.

Lemma A.2. Consider

u(-,tg) =0 in R"
where n >4, |f(x,t)] < Cro(t)(lz] 1 Lp<ay + |2 Lgas13), b <n, 1> 2. u is given by
! n _lo—yl?
uet) = [ [ (e = s) 3y 0)duds.
tO n

Suppose that 0 < v(t) € Cl(tg,00), then for 2 <1 <n—2,1; <1, v'(t) > 0, we have

u(r,t) < Cy min{?v(t)g(r),%_l /tv(s)ds} in R"™ x (tp, 00);

to

{Btu =Au+ f(x,t) in R™ X (t,00)

for 2 <1 <n—-20<1 <I,J0E <0, —(v@) "t < Ctt, (v(t)™?! fg v(s)ds < Cut, tog >

2C, max{Ci(n,l),Cs(n,l1,1)}, we have

. n—2 /"
u(r,t) < Cymin {max {2,4(01,)2 }v(t)g(r)l{r<(20vcl(n$l))%t%}, 2r l/ v(s)ds} .

n—1 t
where 1
)= ——+—
Cl(n7 ) (l_2)(n_l>7
. Tmey  f <2
Ca(n,11,1) :m-i- ﬁ+ﬁ if i =2

7(l172)1(n7l1) Zf 2<li<n

—Ag = r—h 1<y + r*ll{r>1} is given by Lemma A.1.
Proof. Since
t _n _le—yl® _ _
\u(w,t)lﬁcf/t / [dr(t — )] 2 e = 0(s) (lyl ™" Lyyi<ay + ly1 ™ Lgyps1y) dyds,
o JR"

without loss of generality, we only need to consider the case f(z,t) = v(t)(|z| "1z <1y + 2] 1qz>13). With
this radial right hand side, it is ready to get that u(z,t) = u(|x|,t) is radial about the spatial variable.
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Denote r = |z, Lg Ag — 0g + v()(r 1<y + r_ll{r>1}). First we want to find a supersolution
s)ds with Dy > 2 in R™. Since A(r~!) = (1 4+ 2 —n)r~!=2, then

(]51(’/‘, t) Dl’l“_l ft
t
Loy = D1l(l4+2 —n) 472/ v(s)ds — Dlr*lv(t) +v(t) (r*lll{Tgl} +7r 1{T>1})

to

Drtyw),

S— —Tr v

t
<Dyl(l+2- n)r_l_2/ v(s)d
to
when [; <. Take D; =2. If 0 <[ <n —2, then L¢$; <0 in R™
t
u(r,t) < 2r_l/ v(s)ds in R™ x (tg,00).

to

X (tg,00). It follows

Next, we want to improve the estimate of « in the region |z| < t2. Set — g=r""1i<1y+77 151y, where

g > 01is given by Lemma A.1. For r > 1, [; <, we have
1
< 2—1 EEE——
g(r) < Ci(n,D)r==", Ci(n,1) = DD

For r <1,
1 if I3 <2
g(T) SCQ(TLJl,l) 1—1Inr if ll =2
r2=h if 2<1; <n
where
1 .
m if 1 <2
C 1,l) i = —F—— D N if 11 =2
2(”3 1, ) (l — 2)(77, — 2) + n—2 "il_ (n_2)2 1 1
(CEIC=n) if 2<li<n
Set ¢o = Douv(t)g(r) with Dy > 2. Then
Loy = — Dov(t)(r " 1pecqy + 17 1 gy) — Dot/ ()g(r) + 0(8) (r " 1gpcry + 17 1 psny)
D _ _
< = SO0 gy + 7 L sy) — Do (B)g(r)
v'(t)}

1 _ _
= Dag(r)v(t) _2g(r) (r lll{rél} +r ll{r>1}) - W
X (tg,00). Take Dy = 2. Then

u(r,t) < 2v(t)g(r) in R"™ x (to,

If v'(t) > 0, then Lo <0 in R™
00).

Thus for 2 <1 <n-—2,1; <I,v'(t) >0, we have
¢
u(r,t) < min{2v(t)g(r),2r‘l/ v(s)ds} in R™ x (tg,00).
to

=2, Soin r < 1y :=

For v'(t) < 0, we assume —Tt)) < Cyt~!. Then, for r > 1, 29(7‘) > (2C1(n,1))
(2C,C1(n, 1))~ 2t2,
LRGN — (201 (n, 1)) "1™ + Cpt ™' = (201 (n, 1)) 11~ 2(—1 + 201 (n, 1)Cor®t™1) < 0.
29(r) ()

For r <1, when l; > 0, ¢ty > 2C,C3(n,l,1), we have

rh v'(t)
S < —(205(n, 1, D))t +CutT <.

29(7”) ’U(t) — ( Q(n 1 )) + >~

We still need to ﬁnd D2 to guarantee @2(ro,t) > u(re,t). It suffices to ensure ¢o(ro,t) > ¢1(ro,t). That is

Dzrog(ro) > 2 ft
By Lemma A 1 we know
2-1
" in r>1.
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Since (v(t))~! f:o v(s)ds < Cyt, when tg > 2C,C1(n,l), i.e. 19 > 1, it suffices to ensure
I g !
D > 2C,t.
0T m—2) ©
That is
Dy > 4(C(v))*(1 = 2)(n — 2)Ci(n, 1) = 4(Cy)*(n — 1)} (n — 2).
Take Dy = max{2,4(C,)*(n — 1)~ (n — 2)}. So ¢2 is a supersolution of u in r g (2C Cl(n l)) % £z,
Thus for 2 <1 <n—2,0<1; <[, v({#) <0, —(v) () < Cpt1, fto s < Cyt, tg >
2C, max{Ci(n,l),Cs(n,l1,1)},
) t
< mi N0 4 .
u(r,t) < min {max {2,4(@,) o }v(t)g(r)l{r<(2CvC1(n}l))%t;}7 2r /to v(s)ds}
O
Lemma A.3. Assume fo “(Inx)’dx < oo, that is, a, b satisfy either a > —1 or a = —1 and b < —1. For
0§x0§x1<7, we have
(= Inap)® ] ~1
v ) 0 for 0<A<ay!
o (—lnazp)"*t — (—Inxzg)bt if a=-1,b< -1
-z 7@ b .
/ e (—=Inz)’dz < (nay 0 if a>-—1 _ 1
x a <A<
0 Na+1 (ln)\)b-‘rl _ (_ lnxo)b—'rl Zf a= _l,b <1 fo'r AT S Xy
(o F e s for A> gt
(A.2)
Specially, for a constant Cy, >0, 0 < 29 < ¢ where ¢; = min{%, C.}, we have
1 for 0<A<2
C .
R v (In A)° 0 if a>—1 .
1 dr < . 2<A<
/wo ¢ (n)’de 5§ 55t (InA)P* — (=Inzo)®tt if a=—-1,b< —1 Jor "o
(i\r:l-f)\—)lb -5 for A > xal
For xg =0,
c. 1 for 0<A<2
— Az 2% In \)® .
1 < (In )) _ .
/o et e s g [ Fa>-1 for 2< A< oo
(In AL if a=-1,b< 1
Proof. For 0 < \ < mfl
xr1 1
/ e 2z (—Inxz)’dr ~ / z%(—Inz)bde
xo Zo
A3
< 29T (= Inazp)® if a>-1 (4.3)
Yl (=Inz)PH — (=lnzg)ttt if a=-1,b< 1"
For \ > xal,
11)\
/ 7)\95 a 7111;17) dx >\a+1 / R efzza(lnAflnz>bdZ
xo o
b zoA
(;Ili)l if xa §A§m52 (A.4)
3z :
)\Hle 40 if)\zgcaz
ln)\ _1'0*
N )\a+1 e
In order to get the first 7 <”, one needs the following estimate.
If 21\ < Az, that is A < 272,
1o (In N> [o2A (In AP zx
“72%(In X\ — In2)’dz ~ 2%z < N A5
)\GH/%)\e z%(In nz)’dz et /xoj\e 2z S o 2 (A.5)



100 J. WEI, Q. ZHANG, AND Y. ZHOU

If zoA > A2, that is A > 2572,

1 “A —z_a b 1 _ 320X
)\aﬂ/zoA e #z%In A —1nz)’dz < et (A.6)
since —lnz; <InA—Inz <InA —In(zpA) < %,
1 if a< 1 if b<
¢ < 1 a70’ (In X —Inz)° < b 1 *0.
A if a>0 (In)) if b>0

If 2oA < A2 < 21, that is 272 <\ < 2572,

Lo () s
)\’IH/IOA e ?2%(In X\ —In2)’dz < ol € el

since by (A.5),

1

1 b
— e ?2%(InA —Inz)’dz <
)\a+1 ‘/130)\

b
oy,

and by (A.06),

! m*”lxl by < L ok
i e *2%(In A —lnz) 2 S yar® .

1
. .. _ _ _ 322 In\)? _zoX
With the restriction Laa< Zq 2, one has ﬁe T < (;+)1 ez .

For xfl <A< x617 we have

T b i
-z, .a b (111)\) 0 o=l
—1 dx < '
[ cmeyar s S +{(hu)b“—(—lrwco>”“ if a=-1,b<-1

0

Indeed, by (A.3),

1 (In\)® ; _
/)\ e—)\xxa(_ lna:)bda: < Na+1 if a> 1 :
o Tl (NP — (=lnze)ttt if a=-1,b< 1

and by (A.4),

“ In \)?
/ e Mzt (—Inxz)ldr < (;_& .

-

x
This complete the proof of general case (A.2).
For the special cases, if C, < %, by (A.2),

1 for 0< A< Ot
o .
e , (In A" 0 if a>—1 -1 —1
| i < ) for C;' <A<z
/To ‘ ! <nx> re AT (lnk)b-‘rl - (_ hlx())b-‘rl if a= _1ab <-1 ’
q\iilb e % for A > a5t
1 for 0<A<L2
0 if a>-—1
< ) Y for 2< A<yt
~ NaFT (In A)P*! — (= Inag)Pt? if a=-1,b< -1 SO
(i\iﬂb e for A > a;?

If C, > 3,
C. 3 C.
/ e Mz Inz)dr = (/ +/ e 2z (In x)°da.
To xo %

The first part can be estimated by the same way as above. For the second part,

N[>

C

/ e Mz (Inx)dr <e” 2.
1
2

This concludes the proof.
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APPENDIX B. CONVOLUTION ESTIMATES IN FINITE TIME

B.1. Preliminary. For s <tand ¢t <t, <T,

s <t—s<T-s for s<t—(T—1)
T—t<T-s<2(T-1) for s>t— (T —1) (B.1)
bos <t—s<t,—s for s <t—(t.—1) '
te—t<t,—s<2t,—t) for s>t—(t, —t).
Foranyz € R4, p>0,b>0and L >0,0< L; < Ly < 00,
(== y\
/ ey — a1, <y g0y dy
Rd
= Lgfg/ ecla==1"| 51701 1 1.dz
Rd {L1L72<|z|<La L™ 2}
d b
< [8-3 76‘1 z|P b —3)—0b
<48 /}R mind|2| =0, (L L~ H ™M,y d
4_5b clz|P b —1\—b
< Lz72 /Rde min{|z|7°, (L1 L ) }1{‘ \ngL*%}dZ
_ d_b —cl|z|P _1 b
=17 2{ paC [(LIL N Yty 1A {LlL*%<|z|SL2L*%}} dz} (B.2)
LaLy? if L<L?
L: 3 if b<d
<ln(§)> if b=d if L2<L<I3
< L=t if b>d
L=t if b<d
(In(£2)) if b=d if L>1I3
L=t if b>d
where & = (z — q)L™ 2.
Specially, for b > 0, Ly > CL > 0 where C > 0 is a constant,
(== yl d_—2b
/Rd e Ny — gLy gs v dy S LPLs (B.3)
Next we want to establish the basic calculation about time variable. Set
(t—s)2—dL7? if t—s<L?
(t—s)%_%_d* if b<d
(t—1s) d*(ln(tL_—f;» if b=d if L2 <t—s<1L3
g(s) =< | (t —s)~d-Ld7" if b>d
(t —s)~d=L37" if b<d
(t—s)""(In(£2)) if b=d if t—s> L5
(t —s)~d=L47" if b>d




102 J. WEI, Q. ZHANG, AND Y. ZHOU

andfor(S:O,d*<%—|—1,

(max{x,L%z})l_d*Lgfb it d. <1
(In(mfialy) gt if do=1
Lyt?rbmad if 1<d. <1+ %2
(In(72)) if do=1+43"
L{tembmad if d.>1+ %2
t * 2
/ gls)ds < ¢ ((max{e, L3 n(f2)) if d. <1
e (In(22x5ad)) (1n(£2)) if d, =1
L3272 if d.>1
(max{m,L%;)l_d*L‘ffb it d. <1
(In(mextslaly) = if d. =1
LdF2-b=2d if d,>1
and if § > 0,d, < 2 +1-9,
(max{z, L3})1=%—0Ld= if d, <1-9¢
Lyt?rbrade=20 if 1-0<d, <1+9%2-5
\ L4F2=b2d. =20 if do>1+4%b-9
o7 [ gl 4 [mate, 131 Sy if <10
t—x L%72d**26 if d* >1-—9§
(max{z, L3})'=&—0L4~b if d, <16
Lrerbradm2 if d,>1-96

Proof. For x < L%,
t
/ g(s)ds < x%+1—d*L1—b
t—x

under the assumption d, < g + 1.

if b<d

if b=d

if b>d.
if b<d
if b=d
if b>d.
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For L? <z < L3,

b<d+2—2d.
In() b=d+2-2d. if b<d
L4225 g 42— 2d,

{a:ld* (In(f)) if do<1

S LT 4 9] ()2 if d, =1 if b=d
L3272 if d,>1
gl=drd=tif d, <1
LgH’ln(L%) if d,=1 if b>d
L4r2=b=2d i g > 1

gatl=s—de p<d42—2d,
(In(7%)) b=d+2-2d. if b<d
LAH2b=2de s g4 9 - 2d,
o' () if do<1

~ <1n(%)>2 if dy=1 if b=d
L3272 if d,>1
gl 4=0 if do<1
L{*(n(f) if di=1 it b>d
Ldt2-bm2d if d,>1

where for b = d, we used

t—L? t _ s ﬁ :Elid* <1n([%)>
/ (t— s)_d* <ln(7)>ds = L%_Qd* / T ymds (Inz)dz < (ln(%))2
t—x 1 1 L272d*
1

if do<1
if do=1
if d, > 1.
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For = > L3,

A

/t; g(s

J. WEI, Q. ZHANG, AND Y. ZHOU

t t—L3
o f
t—L2 t—z

Lg+2—b—2d* b<d+2—2d,
(In(72))  b=d+2-2d,
LH2b=2d s g4 9 2d,
L3 (n(£2))  if do <1
(In(£2))? if d,=1
L3 if d,>1
L272d-pd=b if d, <1
LI In($2))  if do=1
Lil+27b72d* if d* > 1
Rl if d, <1
Lg*ban(%» if d,=1
Ld+2—b—2d* if 1<d, < 1+
(In(£2)) if do=1+9t
Ld+2 b—2d. if d*>1—|—%
21— d*<1n(% ) if dyo <1
(In(Z ) {1 n(2)) if de=1
L7~ 2d. if d,>1
gl-d- 4=t if d, <1
L{(ln () if do=1
Lilﬂ b—2d. i d,o>1

= rd=t i d, <1
if b<d In(#)L5~" i do =1
L4T2=b=2de i g, > 1
zt =% (In(£2)) if do<1
if b=d+4 ¢ In(s% )<1n(%)> if d,=1
L3~ 2. “(In(£2)) i dy>1
l—d Ld b if d* <1
if b>d ln( )Ldb if d, =1
Ly Qd*L‘f bt d, > 1
d .
? if b<d
if b=d
if b>d.

if b<d

it b=d

if b>d



Thus, for d, < % +1,

FINITE TIME BLOW-UP FOR LLG

da —
pe2tl=dep] b
patl-4—d.

(In( %))

#1 (n()
n(2))?
L%72d*

xl*d* Lil—b

L ln(£))
Ltf+27b72d*

xlfd*Lgfb
[Lzban(;g»
Lg+2—b—2d*
(In(£2))
Lt11+2—b—2d*

= <ln(% )

L%72d*

xl—d* Llli—b
L= ln(£))
L¢11+27b72d*

L,y

:)
(In(£)) (in( 22

b<d+2—2d.
b=d+2—2d.
L4225 g 42— 2d,

if b<d

if d, <1
if di=1
if dye>1
if de <1
if di=1
if de>1

if b=d

if b>d

if do<1

if do=1

if 1<d, <1442

if do=1+4%2

if do>1+4%0
if dio<1
if do=1
if dye>1

if d. <1

if do=1

if d.>1

if b<d

it b=d

if b>d

if x<IL3

if L3 <z <L}

it x> L3.
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Then
t
z*‘s/ g(s)ds
t—x
Lil+27b72d*725 lf 6 S d + 1— d* .
00 if5>§+1*d s
2 *
Lf21+2—b—2d*—25 if b<d+2-—2d, —26 b<dt2—2d
L2220 s g 42— 2d, — 20 )
L2720 1n( L2 if §<0
2_26<H(L1)> it os b=d+2—2d, if b<d
L] if >0
L;25Lii+2_b_2d* if § < 0
LT+2—b—2d*—2§ if §>0 b>d+2- 2d*
[,2—2d—26 1, (Lo if §<1—d,
>—2d 726< n(z)) 1 N if d. <1
< Ll * lf (5 > 1-— d*
~ L725 1 La\\2 if §<0
2_25<H(L1)> 1 = if d,=1 if b=d if L? <x<IL3
L] if >0
L—26L272d* if §<0
37211 1725 1 - it d.>1
Li =% if >0
L3472 if <1 —d,
e NS N
L—26Ld—b 1 Lo if §<0
2 (In(£2)) 1 = if d, =1 if b>d
L if >0
L2_26Lil+2_b_2d* if § < 0
L(11+2—b—2d*—26 if §>0 if d > 1




For z > L3,

t
z~? / 9(s)ds S
t—x

Specially, for § = 0,

t
/ g(s)ds <
t—x

FINITE TIME BLOW-UP FOR LLG

gl=d=0d=b if § <1 —d,

Ld+2 b— 2d*—25 if §>1—d,
ZWLEY if §<0
it 6>0
if 6§<0
if >0

[ 7§Ld+2 b—2d.
Ld+2 b—2d,—26
n(£2)) if §<0
L25lnL2> if >0
_5Ld+2 b 2d. if § S 0
26Ld+2 b—2d. it 5>0

Ldb2§

d_‘;ln—2>

L

<%)> it §<0

L2 it §>0
*5L22d 1f<$§0
if 6>0

if §<1—d,

if §>1—d,

ZWLITYif §<0

25Ldb n(42)) if §>0

_5Ld+2b2d

L2 25L2 2d .,
rl- d. —6Ld b
L2 2d*725Ld b

if §<0

25Ld+2 b—2d. lf (5>O

{L<1i+2b2d* it d, < % +1

00 if do>%+1
Lgl+2fb72d* if d, < 1_‘_%
(In(42)) if d, =1+ 452
Lil+2fb72d* if d, > 14+ %
Ly (In(£2))  if d. <1
(In(£2))? if di=1
L3272 if d,>1
L%‘Qd*LiH’ if d.<1
L (In(£2))  if do=1
L¢11+2—b—2d* if d,>1

if §<1—
L2 =2y (L)) if > 1—d,

if d, <1
if d,=1
if 1<d, <14+%2 if b<d
if do=1+%"
if d,>1+ 92
if de <1
if d,=1 if b=d
if dy>1
if d, <1
if d,=1 if b>d.
if d.>1
if <L?
if b<d
if b=d if L? <z <IL3,

if b>d
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For z > L3,
A if d, <1
(In( 2)>Ld boifd, =1
L42mbm2d. if 1<d,<14+%% if b<d
(In(#)) if d, =1+ 45%
. L4F2mb2d. if do>1+ 420
/ g(s)ds < pl=d <ln(—f)) if do<1
(In(£)(n(42) if d. =1 it b=d
L3~ 2d. if d,>1
A A if d, <1
(In(H)HLE" if de=1 it b>d.
L‘f“ b—2d. i d> 1
For 6 > 0,

L{tebm2dem20 i s<d 41—,

00 if 6>4¢+1—d.
Lg+27b72d**25 lf d* S 1_|_ % _ 6
L(1i+2—b—2d*—25 if d* >14 % -5

2-2d,—26 L :
L; <ln(L—f)> if 6<1—d,

if »<L?

. if b<d
x*‘s/ g(s)ds <
e if b=d if L? <z <L

L772dm20 if 0>1-d,
L272d*725Ld—b if5<1— d*
i2—b—2d, ~25 LT if b>d
L] * if 6>1-—d,
For z > L3,
17d*76Ld_b if <1-— ;
{xd+2—b—23 —25 1 o=1-d if do <1+ 43
L * if 0>1-—d,
oL , L, ifb<d
L72§Ld+27b72d* lf d* > 1 + %
de=9(] if §<1—d.
t {L2 2. g5<( (12>)> it o>1-d, !
x";/ g(s)ds < 58 1 Lass o if b=d
t—x Ly <1n(L—f)> if dy=1
Ly* Ly it d, >1
lmd=opd=tif §<1—d,
o admay s if d. <1
Ly “" =L} if 6>1-—d, .
98 rdb . Lo ) it b>d.
Ly ™ Li"(In(£2)) if do=1
Ly 20 pft2mbm2ds if d,>1
U
e Throughout this section, we assume
v(t) = Co(T)T —t)™ (In(T — t))™2 (InIn(T — t))™2 - - -, 1;(t) = Co(T)(T —t)** (In(T — t))*2 (In In(T — t))*= - - -
with finite terms multiplication and m;,k;; € Rfor ¢ = 1,2, j =1,2,.... And Ix(t) < C(T — t)2 where the
general constant C' is independent of T'.
Set

' —d —c(lzyl)2=2 —b
w(%t):/o v(s)(t — s) */Rd Vi =4l T L (s) < y—gl <o ()1 Y S
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Claim: for b >0, d, < 4 +1,

T2 zg—bl(s) if b<d
Wz, t) < /O v(s)(T =)~ S (2 if b=dds
197%(s) if b>d
(T —t) =197 )  if do <1
(In (sz(t§ >ld7b(t) if d.=1
2
15127072 (¢ if 1<d,<14+%2  if b<d
la(t) i d =14 d=b
0N R (B
MRl (7 if do>1+ 42
+o){ (T =)= (In(! <f ) if d, <1 .
(m(lT%(t; ){In (ll(t ) if d.=1 if b=4d
12724 (1) if do>1
(T —t)' =197 ()  if do <1
(ln(l% t>)>ld b(t) if d,=1 if b>d
jdr2=b=2d if do>1
Remark B.1. When b =0 < d, the cases d, = % — g +1 and d, > % - g + 1 are vacuum.
Proof. Since b > 0, by (B.2),
(t — )&= 170(s) if t—s<I2(s)
(t —s)2—3d if b<d
; (t—s)~ <1n(l%zss))> if b=d if 13(s) <t—s<I3(s)
va) S [ o le- i) s ds
0 (t — 5)~d-1970(s) if b<d
(t—s)"(n(E) if b=d if t—s>13(s)
t—s) %I (s i >
(t—5)"41{7"(s) fb>d
t—(T—t) t
- [ [ =rnem
0 t—(T—t)
where we used b > 0 in the first 7 <”.
For Py, since 152 <t —s < T —s, 13(s) < C(T — s),
Ty 197(s) if b<d
P N/ v(s)(T =)~ { (Im(2)) it b=dds. (B.7)
0

1970 (s) if b>d
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For Py, since T —t <T — s < 2(T — t),

(t—s)2=170(t) if t—s<I3()
(t—s)g—2—d if b<d
. (t— )~ (ln(l"‘%—(ts)» if b=d if B(t) <t—s<I3(t)
Py ~ v(t)/ (t —s)~%1970 (1) if b>d
IO (= s)~de1db () if b<d
(t—s) = (n(2R) if b=d if t—s5>B()
(t — )~ 197t if b>d
(T —t)'==19701)  if d. <1
(In(FEEis ") if do=
15272 (1) if 1<d, <1+t if b<d
(In(2)) if do=1+ 43
122 () if d, >1+ 950
< U(t) (T—t)l d. <1n ll(t))> if de <1
(In(EE)) () if do=1 if b=d
572 (1) it d.o>1
(T —t)'==19701)  if d. <1
<ln(12(t))>ld Yy if do=1 if b>d
[42=b=2de ) if d,>1

by (B.4) and I3(t) < C(T —t) when d, < 4 + 1.

eTForb>0,d. <%+1, by (B.3),

/t ; m/ —e(lzzly2=s by dnd
| U(S)( *S) Rde ° |y*Q| {y—ql>(T— 5)2} yds

t . , t—(T—t) t
S [e@u-gt @y te= [ e[
0 0 t—(T—t)

—(T—t) i_g b L[t iy
< v(s)(T —s)2~ " 2ds+o(t)(T —t)" 2 (t—s)2"%ds
0 (T—t)

o g 5 d_b
N/ v(s)(T — 8)2 %" 3ds + v(t)(T — ) ~=+5-3
0

t
~ / v(s)(T—s)%_d*_gds
0
for d, < % + 1.
B.2. Convolution about v(t)|z — q| ™1y, (1)<|z—q|<ia(t)}+ For

|f(z, )] < v(t)]e — gl "L, <lo—ql <t}

consider

v =T )= [ [ T s sdys

ds
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For d > 1,
b (T—t) ) zg—bl(s) if b<d
pladls [ e - E ) it b=dds
0 19-0(s) if b>d
(T —t)'=21372@)  if d<2
13t £){In(F55)) if d=2
1270(t) if d>2b<2 if b<d
lQ(t) . _
(In(8)) if b=2 (B.9)
270(t) if b>2
+o(t) (T-H" 3 In(E)  if d<2
(In(F=H)) (In (ﬁiEE ) if d=2 if b=d
1274(t) if d>2
(T —t)'=21970@)  if d<?2
570 (t)(In(% =) if d=2 if b> d.
270() if d>2
r(T—t) 1970 (s) if b<d
Vonls [ eT-s T i) i b—dds
0 1970(s) if b>d
L) (n(fg)  if d=1
() if d>1,b<1 |
’ fb<d
(In(20)) it b=1 ' (B.10)
1=0(t) if b>1
+o(t) S en 1o . :
(In(EZ)(In(H) it d=1 o
14 (t) if d>1
l%_b(t)ﬂn(lT%G’;)) if d=1 ——
() if d>1
[Y(x,t) — (2, T)
b (T—1) ) zg—bl(s) if b<d
< (Tft)/ () (T = )71 72 < (In(ED))  if b=dds
0 1970 (s) if b>d
170t if t—s<I3(t)
(t—s)"2 if b<d
. (t—s) "3 () i b=d if B(t) <t—s<B)
+ U(t)/ 19=2()(t —s)"2 if b>d ds
IO (i — 5) % it b<d (B.11)
<1n(§j§g)> t—s)"2  if b=d if t—s> 12(t)
19=2()(t —s)"2 if b>d
1970(t) if b<d
Fo(t)(T —t)' 2 <1n(§§§§;)> if b=d
1970 (t) if b>d
- ) 197°(s) if b<d
+/ (T —s)zv(s) <ln(§f8)) if b=dds.
! 190 (s) if b>d
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Forb>0,0<a<1,

o [T d+lta lgfb(s) it b<d
<o) |(T-n3 / o) (T = )~ 5= L () it b= dds
0 1970(s) if b>d
(111(%))[%_(’(1%) if d=1
1-b :
15 l<2t()t) ?f d>1b<1 $b<d
qngll(t)» if b=1
I77(t) it b>1
+u(t) 4 P e ) .
(In(EFE ) () if d=1 b
1=4(t) if d>1
<1n(§(t§)>l§*b(t) if d=1 G b d
1n=t) if d>1
r 1970 (s) if b<d
+ / o(s)(T — s)~ & <ln(§f8)) if b=dds.
! 190 () if b>d
Forb>0,0<a<landt<t, <T,
‘Vw(xat) - VQ/J(:L’*,t*”
b (T—1) 1970(s) if b<d
[eY _dtlta I2(s) .
< C(a) (|33 — o+t - t*|) l/ o(s)(T - )" 5= { () if b=dds
0 19-0(s) if b>d

et if b<1—a
t
+’U(){l}—“—b(t) if b>1—a

o 117ty if b<1-—a
(T — t.) 3 o(t.) ﬁ*a*b( )
1 (t*) if b>1—«
e (T—t.) 1975(s) if b<d
+ / o(s)(T = )" % $ (In()  if b=d ds].
t 1970 (s if b>d

)
(B.9) and (B.10) are derived by (7.5) and (B.6).
Proof of (B.11).

t—(T—1)
vle) =) = [ [ (Cts) =T T o) f s

tlp oy

(B.12)

(B.13)

t T
+/ / (F(w,t,yﬁ)—F(w7T,y7S))f(y78)dyd8—/ / D(x,T,y,s)f(y,s)dyds := I + I + I5.
t—(T—t) JRA t JRra
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By (7.5),

t—(T—1t) 1
is@-o [ [ [ 0r) @0+ (00T g9 0.9 dyds

t—(T—t) 1 4 e lz—y] e
S(T-t) /0 /Rd /0 Ot +(1-6)T — S]_l_ 2e ( v 9t+(1_9)T_S> v(s)|ly — Q|7b1{ll(s)§|y—q|§lz(s)}d0dyd5
2

t—(T—t) 4 —c( z—y] ) -5 b
5 (T — t) / ’U(S)(T — S) 2 /Rd e VT —s |y — q| 1{[1(S)S‘y,q|§12(s)}dyd8
0
b (T—t) ) 1970 (s) if b<d
g(T—w/" () (T = 8)71 72 < (In(E9))  if b=dds
0 1970(s) if b>d
where we used (B.2) in the last ”<” and 13(s) < C(T — s).

By (7.5),

t
L] < / / (T (@, t,9, )| + IT(x, T, 1, )1 (9 ) dyds
t—(T—t) JR4

lz—y]

t 4 e 2—6 _
5/ v(s)(t — s) 2/ e(7) |y = a| "L, () <y—ql<ta(s)} Y s
t—(T—t) R4

i 2-4§
_d —c lz—yl _
+/ v(s)(T — s) 2/ ) [y = al "L, ()< ly gl <ta () dyds
t—(T—t) Rd

t—s)2l7%(s) if t—s<I2(s)
(t—s)2=35 if b<d
. <1n(é_75))> if b=d if 13(s) <t—s<I3(s)
< / o(s)(t—s)"2  L12(s) if b>d ds
(T 1975 (s) if b<d
(In(E)) if b=d if t—s>I(s)
1970 (s) if b>d
. ) zg*bl(s)v if b<d
+/ v(s)(T—s)72 (ln(lfgzgﬁ if b=dds
=T 1975 (s) if b>d
I70(t) if t—s<Ui3(t)
(t—s)"5 if b<d
. (tfs)’%ﬂn(é_(f))) if b=d if 2(t) <t—s<I2(t)
< v(t)/ 1970 (1) (¢ — 5) "2 if b>d ds
O (1db iy ¢ s) 8 if b<d
(In(EINE—9)"2 if b=d if t—s>I3(t)
19=2)(t —s)"2 if b>d
1970(t) if b<d
)T — 1) 75 S (In(2W)) it b=d
1970 () if b>d

where we used (B.2) and [3(s) < C(T — s).



114

y (7.5) and (B.

|13|<// e
Rd

t

where we used 12(s) < O(T — s).

Proof of (B.12).
aﬂﬁi'l/}(l'vt) - aﬂﬁlw(mvT)

t
= / / (awir(x’t’yvs>_8a:ir z,T,y,
0 Rd

For I, by (7.7) and (B.2),
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< / (T - 5)~%u(s)

ld

(In

ld

T"(s)

bz( <)>
(765

)

)l - al”

if b<d
if b=dds
if b>d

_ \x y\
+(T—-s)"2e Bl ]

L] (T —1)2 / [yt ot
Rd
*v(s)ly —ql” 1{11 (s)<ly—al<la(s)} AYds
< Cla)(T —1t)%
(t—s)"21"(s)
(t—s)~% if b<d
: (t—9)"F (n(f)  if b=d
[/ ()T =) %t =)~ F 1 "(s) it b>d
0 (=)= 15"(s) if b<d
(t=9)~" T (E) i b=d
(t—s)"F 1) i b>d
: (T —5)~ 252150 (s) it b<d
+/ v(s) (T =)~ " (Im(2))  if b=dds
i (T —5)~ 55200 (s) it b>d
N t—(T—t) t
:C(a)(T—t)f(/ +/ )
0 t—(T—t)
=: C(a)(T — )% (In1 + I12).
For I 1, by (B.1),
t—(T—t) erin lg_bl(s)
g [ - )
° 1="(s)

sincet —s~t, —s~T—s2>13(s).

"L () <ly—al<ta(s)y dyds

T
S))f(ya S)dyds - /t Rd a:L’zF('T7 T’ Y, S)f(ya S)dyds

a1 -5

if t—s<I3(s)

if 12(s) <t—s<I3(s)
ds

if t—s>103(s)

if b<d
if b=dds
if b>d
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For 1127
(t—s)"2170(t) if t—s<I2(t)
(t—s)"273 if b<d
, (t—s)72 3 (In(fy)) i b=d if B() <t—s<B)
Ll R A (e et o N s
I (- sy -g1d ) if b<d
(t—s) 3 8(n(2)) it b=d i t—s>B()
(t—s)"2-2197() if b>d
(T —t)z=2137°(t) if b<d
+od)(T—1) "8 {(T— )i 5 (I(2R))  if b=d
(T — 1)z 2197°(1) if b>d
(In(FFENL ") if d=
() if d>1,b<1
(2, ch if b<d
n NG 1 =
N () if b>1
ST —)7F ¢ 60 - .
(b n(e@) i d=1
1) it d>1 T
1
In(Z=NE=0)  if d=1
{;nilft()t)» v ;f o it b>d.
1
where we used (B.4) in the last 7 <”.
For IQ,
T _d41 _ﬂ(\z*fy\)Zfé _p
12| < /t v(s)(T' —s)” 2 /Rde VI Y = a7 () < y—ql<ta(s)} Y ds
. (T — s)~ 5 1370(s) if b<d
< / vs){ (T =) 2 (n(22))  if b=dds
! (T — s)~“F1970(s) if b>d
by (B.2).

Proof of (B.13).
axid)(z’t) - 3z7¢(3€*,t*)

t ty

_ / / (00T (@, 1, . 8) — 00, (s, e,y 8)) (4, 5)dyds — / / 0o D(e, £, 8) (3, 5)dyds
0 Rd t Rd

= Il+I2.
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For I, by (7.7) and (B.2),
! o _pg(lz=uly2-s 1 _pg(leazuly2—s
|11|§(|$—$*|+v\t—t*|)a/ / (te—8) 5 [(t—8)" T e P 4 (1, — 5)" F e P
0 Jra

*0(8)[y — 4| 7" Ly, ()< y—ql<ta(s)) Ay ds

S Cle)(Jz — @] + VIt = t])7

(t—s)"217°(s) if t—s<I2(s)
(t—s)~ 5 if b<d
. (t—s)"F (k) i b=d if B(s)<t—s<I(s)
/ o)t — ) Lt — o) 5100 s) i b>d ds
0 (t — )~ 5180 (s) if b<d
(t—s)"F () if b=d i t—s>i3(s)
(t— )~ T 1970 (s) if b>d
(t, — s)~ =170 (s) if ¢, —s < 12(s)
(t, —s)~ "= if b<d
. (t*—s)—‘“l%ﬂn(f%(—;)) it b=d if 12(s) <t,—s<I3(s)
+/ v(s) (t, — s)~ T 1070 (s) if b>d ds]
0 (t, — s)~FF=1270(s) if b<d
(te— )" T (In(EY))  if b=d i t.— s> 3(s)
(t, — )~ 5100 (s) if b>d
t—(T—t) t—(t.—t) t
—Clae—ad +VE-E([ [ e[
0 t—(T—t) t—(t.—t)
=: C(a)(|z — x| + V|t = t.|)*(I11 + L2 + 113).
For I4,
B e [B0) i<
I1 < / v(s)(T —s)” 2 <ln(lf(s))> if b=dds
0 1970 (s) if b>d

sincet —s~t, —s~T—s2>13(s).
For I, by (B.2),
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(t—s)" = 170 () if t—s<I2(t)
(2 if b<d
_dtlta —s . .
b (tamt) (t—s) d+12+a <ln(l%(t))> if b=d if 13(t) <t—s<I3(t)
Iy < v(t)/t o (t—s)_d : 1970 (t) if b>d ds
~(T-0) (t—s)*;ialg’b(t) if b<d
(t—s)" "2 (W) if b=d i t—s>I13(1)
(t—s)~ =197 (1) if b>d
=)y if b<1-a
- if t,—t<I3(t
{l1 ety if b>1-a ' <50
1-b—a :
fbo<1—
L) iEbsloa e,
- > db>l-a if 12(t) < t, —t < 2(1)
1— _ . 1 E I
<o)< ) (¢t ft)l : ~{In(k5)) if b=d ! 2
(te —t) 2 1{70(1) if b>d
1970 (1) if b<d
(b =) S (I(2R))  if b=d if b, —t>13(t)
1970 (1) if b>d
1-b—« : <1—
= it 1. -t < B(t)
1 t) fb>l-a
1-b—«a : <1_
(Lo s v
1 —« .
< zl—ld—a(t) b if 12(t) < t,—t <I3(t)
1 -
e () if b>d
177 () if b<d
B (In(ERY)) it b=d if £, —t> 13
2 (t)<n(11(t)>> o= if b —t2>15(t)
B9t (1) if b>d
By if b<1—
~ople, WSt
L7 i b>1-a
where we used the following calculation in the second ”<”. For I3(t) < t. —t <I3(¢),
14 (t) R A () if b<d
—d—a . d+l4o _s
LW M) i b=d |9 t=9) T (i) if b=dds
1970 (¢) if b>d TR (- e if b>d
bt fbh<1
19t (1) it b<d 20 ibslma ey g
< pl-d—a(p) ) (p (2 £ b d (te —t) 2 if b>1—a
~ b (t) <n(ll(t))> o o=a+ N = fb=d
10 () it o>a |70 2 G 1
! (t, — ) =197 (1) if b>d
Bt if b<1-—
® o BOSETY i h<d
(te — 1) if b>1—a
l—d—a _ .
(te =) = (In(357) if b=d
(t, — )19 (1) if b>d

117
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where for b = d, we used

t—(ta—t) .

/ (t—s) a1t
t=13(t)

For t, —t < I3(t),

For 1137

L < o(t)(t. — 1) /

+o(t)(te —1t)”

J. WEI, Q. ZHANG, AND Y. ZHOU

15(1)
_ 3w a
<ln(§2 t8)>d8 _ l%_d_a(t) B0 _diito
0 o
L) i b<1l-a
L) i b>1—o
(t=s)"20"(t)
(t— s)*%*g i
(t—s)"2 2 (In(f5)  if
t—s *%7%1(1717 i ’
t—(t.—1) ( )_l_g isz( ) '
(t—s)7272070(1) if
(t o) Ein(i) i
(t—s)" 33190 (1) i
(t, — )2I7°(t)
(t**t)%fg 1f b<d
(t— 0 F (i) if b=d
28 (-2 ) b d
(to—0)3731570() i b<d
(te— )22 (n(2g)) if b=d
N0
(t, — )3 =219 (1) c b d

B=e=tt) b<1-a

< vt {li—a—b(t) b>1-a

where we used (B.5) in the last 7 <”.

For I,

</ " us)

by (B.2).

(te — ) 720" (s)
(ty —s)"273 if b<d
(t*fs)’%ﬂn(f%(*sf)) if b=d
(t, — )~ 1970(s) if b>d
(t, — s)*ﬁzg—b(s) if b<d
(te—8) "5 (I(2) it b=d
(t, — s)~ 5 1970(s) if b>d

When ¢, —t < (T —t)/2, then for s € (¢, t.),

It follows that

T—1

P

(Inz)dz < (t. — 1) (In( B ).

if t—s<I2(t)
b<d
b=d if B(t)<t—s<I3()
b>d ds
b<d
b=d if t—s>13(t)
b>d

if t,—t<I3(t)

if 3(t) <t —t<I3)

if t,—t>13(¢)

_B(\w*f’y|)276 -b
I A R TNCE P EROIL

if t,—s<I3(s)

if 12(s) <t.—s<I3(s)
ds

if t,—s>13(s)

—5 STt <T-s<2T—t)<AT -1




by (B.5).
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(

~+
*

(te — s
(te — s
(te — s
(te — s
(te — s
(te — s

When t,. —t > (T —t)/2,

g L (t) b<
|12‘ SJ (T - t*) U(t*) {l%ab(t*) b>
since . —5)-hi
(te —s)~

. (1, )

/ 4 Lt —s)-

to—(T—t,) (t — )"
(t. — )"
(t. — )"

S(T—-t)2v(2t, —T) {

g Iy 70(t)

~ (T - t*) U(t*) {l}ab(t*)

and .
(t, — )}

(te —s

te—(T—t.) (te—s

/ o) 4 (b — s

k (te — s

(te — s

(te — s

170(t) if t, —s <03t
)28 if b<d
)—%ﬂmq%p> if b=d if 2(t) <t —s <)
)= 1 (1) if b>d ds
)= 130 (1) if b<d
)TE (m(EH) i b=d if t.—s>B()
)=S0 (1) if b>d
b<1l—-a
b>1—a
La pte(Tt2) e lg_bfjl) if b<d
1_a+/t v(s$)(T —s)™ 2 gn(bll(s)» it b=dds
1970 (s) if b>d
0(s) if t,—s<I3(s)
173 if b<d
Fln(hg) i b=d i B(s) <t.—s<I(s)
A () if b>d ds
St (s) if b<d
Fm(EE)  if b=d if t.—s>13(s)
S0 (s) if b>d

B2t -T) b<1-a
n=e=t@2t, -T) b>1-a

if t, —s<I3(s)
if b<d
if b=d
if b>d
if b<d
if b=d
if b>d

if 12(s) <t.—s<I3(s)
ds

if t,—s>13(s)

if b<d
if b=dds
if b>d

119
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B.3. Convolution about v(t)|x — q|_b1{‘1_q‘2(T_t)%}. For

< _ _b

t
vt = [ [ Pt s)7(0.s)duds.
0 JR
Claim: for b>0,0<a<1,0<t<t, <T,

[z, )] <

consider

t

v(s)(T — (9)7%ds7

t
b+1

IV (z, )] < ; v(s)(T' = s)" = ds,

J
J

t—(T—1t) . ) T ,
(@, ) — o(z, T)| < (T — 1) /0 W(8)(T — 5)~ =4 ds + v()(T — )14 + /t o(s)(T — 5)~4ds, (B.14)
IVip(z,t) — Vip(z, T)|

a t=(T-t) 1+bto 1-b—a T 1+b .
< Cla)(T—1)% VO o(s)(T — 5)~ 2% (T — 1) +/t )T — )~ a5, 51D
\Vxl/J(l”at) - Vz¢($*7t*)|
a t=(T-1) 1+b 1-b—a
C(a) (Jo = 2l + VIt = L) VO v(s)(T =)™ 2 ds +u(t)(T — 1) = ] (B.16)

te 1+b
1y sz /t v(s)(T —s)” 7 ds.
Proof of (B.14).
t—(T—1t)
Y(x,t) —P(x,T) =/ / (T(2,t,y,8) = T(z,T,y,5))f(y, s)dyds
R
T
/ / (z,t,y,5) F(IaT,%S))f(ny)dde*/ / D(z,T,y,s)f(y,s)dyds := I + I> + I3.
(T—t) JRE t R4

By (7.5) and (B.3),

{—(T—1) 1
@0 [ [ [ om0+ (0 =0T )l olasayas

< (T t) Ld 7c< s )2—6 b
T—1t T—5s) "2 VT —s —q|7"1 dyd
S RO e ™ e

~

t—(T—%) \
< (T—t)/0 v(s)(T — s)" ' 2ds,

t le—y| )29
< P N A =) I dyd
12l 5 /t(Tt)U(S)( o) /]Rde |y —dl {ly—d|2(T 8)2} yas

4 —c(lz=yl )2 ’ —b
— T—s —
+ v(s)(T —s) 2 /d e \V ly — ¢ 1{\1/ o> (T—s)} }dyds

This concludes B 14). O
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Proof of (B. 15)

z,t) — 0y, ¥ (x, T)
T
/ / 0z, T(,t,y,5) — 8x¢F(fv,T,y,s))f(y,S)dyds*/ / 0z, Uz, T,y,8)f(y,s)dyds
t R4
=11+ Is.
For I, by (7.7),
1 o lezul )20 1 o le=wl )0
|| S Cla)(T —t)2 // —5) 2{155) Hhe <t—s) +(Tfs)*d%e (m)
]Rd
sols)ly—dl Ty g1y dYds

. t—(T—t) t .
= C(0) (T - ) (/ . )) = C(a) (T~ )% (s + I).
For Illa

t—(T—t) N _ (lz—yl )20  (lme—yl\278
It S / / (t—s) 2" [ (V) (=) ]U(S)Iy—ql‘bl
]Rd

s/o ()T — o)

by the same calculation in (B.8).
For I1o,since T —t <T — s < 2(T — t),

a d+1 _¢ w)27¢5 d+1 ,C(\I*fl)?*&
112_/ / T—5)"2|(t—s) 2z e \Vies + (T —s5)" 2 e “\vrs
(T—t) JR
xu(s)ly —q| ™"
2—-46

t
. d+1 _ef lz=ul
So)(T—t)" 2 t—s) 2 (v —q/™"1 dyd
ST —1) "‘/( t)( )" /Rde LR RER IR

(ly—al> (1)} W93

t 2—45
d+lta _ o lzx—yl
+o) (T —1t)” c(vT*f) —q¢™" dyd
v ) i / T—t /Rde lv =] {Iy—qlz(T—t)%} yas

1-b—a

S ()T - )

where we used (B.3) in the last 7 <”.
For I, by (B.3),

1+b

T T
_dtl = }S‘ —b _1tb
|I2] §/t v(s)(T —s)” 2 /Rde VT=s ) ly — q 1{\y—q\2(T g)Q}dyds /t v(s)(T —s)” = ds.

Proof of (B 16)
(z,t) — Op, (T, ts)

ta
/ (00 T(,1,9,5) — On,T (s sy, 8))F (y 8)dyds — / D0 D(e, tu, . 8) (3, 5)dyds
Rd t R4
=: 11 + Is.
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For I, by (7.7),
«
|| < C(a) (|x — T+ V|t — s )
2-5 o -5
/ / t, —s)"% {ts) =n ‘C('H) +(t*7s)*d%e Vo= ys‘) }
Rd

dyds

_ b
vy =T gy

o t—(T—t) t—(t.—t) t
:C(oz)(|:cf;l:*|+\/|t7t*|) (/ +/ +/ )
0 t—(T—t) t—(t.—t)
=: C(a) (|m—m*|+\/|t—t*|) (I11 + Lo + ©13).

FOI‘Ill7
(T=1) o _of lz=ul 2-9 _ef lzxzvl 2-4
In S / /t—s ””[ () et ]U(S)Iy—qlbl
Rd

< / Y ()T )

by the same calculation in (B.8).

(y—alz(T—s)s Y9

For 1127
t*(t*ft) dtlta |z—y]| 2-6 |zs —yl| 2=
Iy < w(t s e ) (=) —ql™"1 dyd
IQNU()/t (-1 /Rd( ®) {e e b=y sy WO
—(T— t) Rd 2 c c vy—1 {ly—al>(T—1)%} yas
S v()(T —t)

by the same calculation in (B.8) where we used o < 1.
For I13,since t, —t <t —s <2(tx —t), T -t <T — s <2(T - 1),

t a dt1 _of 2= y\>2 s d+1 _C(\w* y| 27?0
Iz = /75 - /Rd(t*—s)*f [(t—s)?e Viss +(ti—s)" 2 e Vo
_1—b
vy =dl ™y gy s
S o(t)(t, —t)" %2 /t t *%/ ()™ -b1 dud
v(t)(te — 1) 2 tH)( ) e oy —d T s oy y,dYds

(e )? Sy
o)t - / (fat) /Rd ‘y*‘” L ymazronty s

ST —6) 72 (¢

where we used (B.3) in the last ” 5”.
For I, by (B.3),

T lzx—yl
|| < / o(s)(te — )" /de (V=) ly—q|™"1
t R

< /t ) v(8)(te — s)_%(T - s)_gds

(ly—al> (1)} 993

tx
_b 1 1+b
S oI 1) E (e~ )31, npey +/t V(s)(T =)™ % dsly, _raey.

Indeed, when ¢, — ¢ < (T'—t)/2, then for s € (¢,t.),
T—1
- STt <T-s<2AT-t)<2T-1).

It follows that \ )
| Sv@)(T —1)72(t — t)2.
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When t,. —t > (T —t)/2,

/* W(s)(ts — 8) (T — )~ 4ds < v(2ts — TY(T 1.
to—(T—ts)

Nl

T3 () (T — )2 5.

1+b

o (T—t.) ) , to—(T—t4)
/ v(s)(t*—s)_f(T—s)_deN/ v(s)(T —s)” 2 ds
¢ ¢

since TQ_S <ty —s<T—s.

APPENDIX C. DERIVATION OF THE WEIGHTED TOPOLOGY FOR THE OUTER PROBLEM

Proposition C.1. For
N
= (Q[f] + Q[zjl) + 03,

j=1
suppose that

0<@<B<%O<a<L6+%—ﬂ—%<a

0<oo<p, B—JO—%<O, 1—oy—(1+a)(1—p) <0,

O+ 20— 6<0,
then we have

71 S [ TAZ (0)R(0),
Vo T f]] S A2(0),
T (@, t) = T f (2, T)| S (T = ) APHR,
Vo T3 )@, ) = Vo T f)(@, T)| S Cla)A?,
foro<t<t, <T, t,—t<XT-1),
VLT 1, 8) = VT3 ] (@t S Cla) (|2 = ol + V= 61) AZ@OOR) ().

Proof. Convolution estimate about 0. For

1S &7 = A0 OWR) ™ L,y <sa. my-

t—(T—t)
SRS /0 A2 (8)AR)TH(s)(T = 8) 7 (AR)* (s)ds + A2 (A R) ™ (ALR)?| In(T — 1)

t—(T—t)
- / N ()AL R(T — )~ ds + AN R| In(T — 1)
0

< A2 (0)(AR)(0)| InT|

provided
1+0-8>0.
t—(T—t) \
VT3] S / A2 (5)AR)TH(s)(T = 5)7 2 (A R)?(s)ds + A2 (AR) " AR
0
t—(T—t) ,
= [ REORGT -5 Hds 32 $A%(0)
0
provided

1 1
6<§,@+§—5>&

123
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7 f1(=, 1) = T[] (2, T

~

t—(T—t)
<(T-1) / 2O (5) (A R)(s)(T — )2 (A R)?(5)ds

oo [ ds

t—(T—t)

t 1 if t—s<(AR)%(t)
AR:Z2()(t—s)"t  if t—s> (MAR)%(t)

. (C.11)
+ A (AR)THAR)® + /t (T —5) 7" A2(5) (A R) ' (5)(A. R)* (s)ds

t—(T—t) T
S@=0 [ REARENT =) s+ A ARIT = 0]+ [ (T =) AR

S A2(AR)| In(T — 1)

provided
0<p-6<1 (C.12)

VT (@) = VT[], T

_3ta
2

t—(T—t)
< Cla) [(T—1)% /0 MO (8)(AR) "1 (s)(T — ) (AR)%(s)ds + N2 (\.R) "' \.R

T 3
n /t AO(5)(AR)“L(s)(T — 5)~ % (\.R)2(s)ds (C.13)

[ Lot (T sia T .
=Cla) [(T—1)2 /0 NO(s)MR)(s)(T —5)" 2 ds+ N2 | + /t MO (s)(A\R)(s)(T — s)"2ds

< Cla)x?
provided
1 1 «
0<a<1,6<§,0<@+§—6<5. (C.14)
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ForO<a<landO0<t<t,<T,
VTS [f1(@,t) = VT[], )]

< Cla) <|x N /- t:|>a [/Oum

_ 34a
2

)
A2 (8)AR)H(s)(T = 5) 7 = (AR)*(s)ds
+ /\f?(t)(A*R)_l(t)(A*R)l_a(t)]

F gy (= ) EAOE) R) L (1) (A R) 2 02)

te—(T—t.) ,
" / XO(5)(AR) 1 (s)(T — 5) <A*R>2<s>ds]

(C.15)
o[ pt=(T-1) .
= Cla) (lo—al + VIE=ED) [ [ ORI — ) ds £ AR ()
0
[ . tu—(T—ty) .
Ty [(T—£)EAO (L) (LR () + / 2O (s) A R) (3)(T — .9)24
2 t
< C(a) (o =zl + VIE=1]) AC@OOR) (1)
T r [(T = £)FAS () R) (1) + A (ONR)(O(T — 1)
< C(a) <|x — x|+ V]t — t*|> MO (H)(AR)™*(t) + g, oz (T — t) 2 A (L) (MR) (L)
provided
1 «Q 1
| e+z-f<gi<yp (C.16)
Convolution estimate about g5’
Recall 05! = T~ 22z s mejo—qli <4, Consider
1—00|,. _ ,li]|—2 l—oo|,. _ 4li]|—2
A= AT = a1 pgicaronby T = T s g <ayy
Then
t—(T—t) t
TS [ AT =) (T = s)ds + (T = 0+ [ A ()T - ) s
0 0 (0.17)
SAT(0)(InT)2
t—(T—t) . t .
VTS [ AT =) T = 9)lds 4 AR [ A (s) (T - ) s
0 0 (018)
S AT(0)(AR)H0)
provided
1
op < fB< 7 (C.19)



126 J. WEL Q. ZHANG, AND Y. ZHOU
73 )@, t) = T3], T)]
t—(T—t)
< (T—t)/ A9 (s)(T — ) 2| In(T — s)|ds
0

v /t {(A*R)Q if t—s<(AR)2() s
t

—1 t—s 3 2
+ AL In(T — t)| + / (T — 8) " *AL790(s)| In(T — s)|ds
t
t—(T—t) T
+(T—-1) / A0 () (T — 5)2ds + A7 + / A0 (s (T — 5)"tds
0 t
SALT (T —t)
provided
1
0<og<l, B<=. (C.21)

2
where we used

t=(AR)%(t) o f— s B ew ool . B o
/t (t—s) <1n(7()\*R)2(t))>d8_/1 27 (Inz)dz = O(In*(T —1)).

—(T—-t)
For0 < a <1,
VT [f(,t) = VT2 f)(2, T))

t—(T—1) e
So@ |-t [ NG - (- s)ds + AR
0

S Cla) S C@A" (AR

(C.22)
provided
1 1 o
- -, B—= —. C.23
6<2>0-0<2a/8 UO<2 ( )
where we used the following estimate in the last "<”: If 1 — o¢ — HTQ < 0, then

t—(T—t) .
(T-1)% / AT () (T — 8) 72 (T — 8)|ds S AL77(T = )73 In(T — )] < AL (A R) ™!
0

Where€=OWhen1—00—1+T°‘<Oand0<€<%—ﬁwhenl—ao—#:O;

IflfUOfHTa>O,then

_34a

t—(T—t)
(T 1)t / M=o (s)(T — )%

Whenﬁ<é,ﬁ—00<%.

(T — s)|ds < (T — )5 AL (0)T~ =" | InT| < AL (A, R) ™!
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ForO<a<landO0<t<t,<T,

C(o) (jo—aul + VT 1]) [/0

VT [, 8) = VT (@, )]
< ) (Jo =l + V= 1)

t=(T—1) 3+a
/O ANT()T — 5)7 7= [In(T = s)|ds + A7 (t)()\*R)la(t)]

te—(T—14) 5
+1{t*>%} (T—t*)%/\i—oo(t*)(/\*R)—l—a(t*)+/ )\i_go(s)(T—5)_2|1D(T_5)|d3]
t

l1—«
2

M ()T — )5 (T — 5)ds + X7 <t><A*R>1a(t)]

o [ pt=(T=1) bia _
C() (o = @l + VIE= 1] Vo AL=90(5)(T = 5)~ 5% ds + AL=70 (£) (T — 1)

Ty
S T / A7 (s)(T — 5)~ds
t

t—(T—t)

Tl

N to—(T—ty) 5
(T — £) AT (L) R) ™ (k) + / A= ()(T = 5)~ 3 In(T s>|ds]
+1{t*>¥}/*Aiigo(s)(T*S)fgdS
Cla) (Jo = wal + VIE— 1) A0 OR) 0 0)

te—(T—1t4) .
T gy (T = 0) AT () AR) % () + / Ai-%(s)(T—s>-%|1n<T—s>|ds]
t

T
Pl [ NRG@ - s
t

(C.24)
provided
1
B<§,1—ao—(1+a)(1—5)<0 (C.25)
where we used the following estimate in the last 7<”: If 1 — o¢ — H'To‘ <0,
(T t) 3+ 14
[ @ - o) s S AT - ) < AT R )
0
where € =0 when 1 — 09 — 142 <0 and 0 < e < (1 + @)(3 — 8) when 1 — 09 — 122 = 0;
If1—09— 1—}-?& >0,
(T t) 3+a 1o
[ @ - ) s S A O <l LR) 0
0
when 8 < 1,1 —09— (1+a)(1—3)<0.
Convolution estimate about ps3.
Recall 93 = T~7°. Consider
1< 1=1 <= + Lja> v}
Then
T3NS T (C.26)
VT S T3 (C.27)

T3 )@, t) = T [f)(@, T) < (T = 1) In(T = 1)]. (C.28)

~
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ForO<a<1,
VTR (2, ) = VT, T))

o

N t—(T—t) Lia .
< C(a) (T—t)f/ (T — 8) 5 ds + (T — 1)}
0

ForO<a<landO<t<t, <T,
VTS [, t) = VT[] (s, )]

< o) (ko =zl +ViE— ) [/0

t=(T=1) 1fo 1—a
(T—s5)""2ds+(T—-¢t)2

Ty
+ 1 o1y {(Tt*)éJr/ (Ts)éds}
t
¥ 1-a 1
S0 (Jo =zl + VIE=R]) T + 1, e (T - D)%,
In sum, for
N 4 4
S (o0 +68) + s
j=1

combining (C.7), (C.17) and (C.26), we have

T AL S AL 0) (A R)(O) I T + T2 A= (0)(InT)? + T =70 < A2 (0)(AR)(0)| InT|

where in the last “<”, we require
O +200— <0, o9 >0.
Combining (C.9), (C.18) and (C.27), we have
VLTS A S A2(0) + T A7 (0) (A R) 71 (0) + T2 77 S A2(0)

where in the last “<” we used

1
O+200—06<0, 00>0, <.

2
Combining (C.11), (C.20) and (C.28), then

T f)ant) = T3 A1 D] S A OR) (T = )]+ T\ WA (T = ) + T~°(T = ) In(T — )

S A2(AR)| In(T — 1)
where in the last “<” we used
O +200— <0, o9 >0.
Combining (C.13), (C.22) and (C.29), then

VT, 8) = VI, T S Cla) A9 + T2\ =0 (A R) ™+ 70T 5% (T 1)

= C(a)A® [1 £ T2\ (\,R)~! 4 T—o0T*3*(T — t)%—@] < O(@)\®
where in the last “<” we used
O+200 - <0, 03 <0, @+ao—%<0.
Combining (C.15), (C.24), (C.30), then for 0 <t <t, < T, t, —t < 3 (T — 1),
VTS [fl(@, 1) = VT [f](2s, )]

< 0() (jo — 2l + VI £1) T ROOOR) () + TN (L R) (1) + T0T

= C(a) (Jo =2l + M)“ A (£) (A R) ™ (t)
X [1 + TN O (Y (N R) () + T O0T 2" A Q(t)(A*R)“(t)}

< C(a) (lo =zl + VI - m)a AO (1) (ALR) ™ (t)

< C(a)T =5 (T - 1)%.

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C.37)

(C.38)

(C.39)
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where in the last 7 <” we used

1 1
O+200—-8<0, ©—a(l—75) <0, @+Uo—§—a(§—ﬁ) < 0. (C.40)
Collecting (C.8), (C.10), (C.12), (C.14), (C.16), (C.19), (C.21), (C.23), (C.25), (C.32), (C.34), (C.36), (C.38)
and (C.40), we conclude the restrictions (C.1) on the parameters.

O
APPENDIX D. ESTIMATES OF G AND H,;

D.1. Estimates for terms involving @, @Eﬁ In this section, we first derive some estimates for ®qu¢, Pin
that will be used frequently in the estimate of G.
For &, € Bows and all j =1,2,..., N

|(I)out(z7t)‘ = |q)out(z7t) - q)out(xaT) + (pout(xaT) - (pout(q[j]aT”
S ®Poutllzoa [[ (T = ATTHORE) + (T = )| Zulles ey + o — 4" (A(0) + | Zu | s 2y ] -

)

Thus
‘(I)out |

S 1@z 0.0 min {|In(T = YN OR() + (T = )] Zulosiay + _int o =g (A(0) + 1 Ze s

EEREE)

I TASTHO)R(0) + |1 Zullos e }

(D.1)
which implies
N
[Pout| < Z1{\zfq[j]|<3dq}||(I)out||ﬁ,@,a
Jj=1
< [[In(T = AT RE) + (T = )| Zsllosray + 2 = 71 (A2 (0) + | Zalca e )]
o+1(( (D.2)
+ LN ((o—gli)jz3a, 3 [ Poutllz.0,0 ([ TIATTHO)R(O) + (| 2 flos (r2))
N
5 1{|x_q[j]|<3dq}||@0ut||ﬁ’®,a (‘ In(T — t)‘)‘?—HR + Ajpj) + 1{m§y=1{|x—q[j]|23dq}} Hq)outnﬂ,@,oc'
=1
y (5. 0)7 we have
Vo] < @ (A2(0) + 1 Zullcssmy) - (D.3)
By (5.44) and (4.21), one has
[ — D] = Z (nQn, @5 1 6) + s . 1))
N
S 0 (R IOEEL s X ) T ) (2l ez + T 2 L )] (D-4)

—

<.

N
S { {|lz—qlil|<3X. R} (||‘I> 15, s A% +)\*<Pj>> + 1{3A*R<\x—q[ﬂ|<3dq}/\*<Pj>} .

j=1

<.

By (5.44), we get
Vo (@, @67 0) | = [0 V. (@, 08 W7.0) + @y, @7 )Vl
< 77%])\;1||q)in‘|i[zl],u—60,l)‘i_60 <C‘/m>_l_1 + ()‘jR)_ll{)\jRg\x_g[j]|§2>\jR}||q>in||i[£,u—6o,l)‘i_60 <ym>_l (D'5)

. s e
1{|qu[j]\§3)\*R}Hq)i[£||i117'/—507l/\: ¢ 1<Pj> L
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By (4.21), we have
’Vr (n([jqu (I)Sm (rj’ t)) ) = ’n([jjlvzq)é[j](rja t) + (I)Sm (rj7 t)vzngj

[4] 3
S My T2 g, <lo—elil|<2d,} S Lijaqlil|<3a,)-
Combining (D.5) and (D.6), we have

|vz ((I) - q)out)| S

-

[5] v—adp—1 —1-1
[1{\x—qm|§3>\*R} <||q)in||iil,u—60,l>\* *={ps) +1) {3)\ R<|z—qlil|<3d,} (D.7)
Jj=1

N

Am(q)_‘bout):ZAJC( Q’Y] m( 2 t)+77 (I) ](T],t))

Jj=1

I
Mz

|:771J%]Az (Q'Yj (I)El] (y[j]vt)) + QVZn%]vi (Q”/J(b[]]( )) + Q’YJ 1n( ) t)A nR]
1

A0 (1, 8) + 29, V0 (1, 1) + 057y ) A
By (4.21) and (5.44), it holds that

<.
Il

|A ((I)_(I)out>|
N
S 3 [ATHIBEIE o A )T SR Ly e Ay IR, A ()1
=1
_ e v_6 _
+ (A R) 21{,\jR§|m75[11\§2>\jR}||¢’i[il]||i[;],ufsg,z/\* °y) !+l /\ Hpj) 1+t1{dq§\17§[j]|§2dq}:|

A
] =

v—04 —l— —
(1{“ —elil<an, R} 2||(I)1n|51],u—60,l)‘* “pj) I+ A Hpp) ™! 1jo—elil<2a, })
1

<.
I

A
Mz

(L a—qtincon. iy (1B, X720 ™2 4 A7 o) ™) + A7 000) ™ Lo rclomabi <30} -

j=1
(D.8)
Combining (D.2) and (D.4), we have
N
01 S D0 [ (14 IPoutllom + IPENE 500 ) Ljamgtiican.my (2™ (00) ™+ Alps) + [In(T = DIASIR)
j=1
+ 1{3A R<|z—qlil|<3d,} (L + [®Poutllz.0.0) ()‘*<pj> + [In(T — t)|>‘*®+1R)}
L fa—gb) 234,13 |1 Poutlz.0.0-
(D.9)
Integrating (D.3), (D.7) and (D.13), we have
V@
N
S Y {1 anconmy (10wl s AT o) T+ 1 0 (A2(0) + 1 Z.llea e
j=1
+ 1{3)\*R<|x—q[j]‘<3dq} [1 + ||(I) ()‘?(0) + ||Z*||C3(R2))] } ( )
D.10
+ 1{ﬁ§:1{‘z—q[j]|23dq}}||¢ (A2(0) + 1 Zx [l en =)

N

S { {lz—qlil| <3, R} (1 + (@

+||¢[J]||my 5o )(A:—60—1<pj>7171+1)
1

<.
Il

Lisn, Rejo—qlil<sa,y (LT 11® : )} + l{mé\’zl{\qu[j]\23dq}}||q)out||ﬁ,@,a-
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Recalling (5.1) yields
N

D Q2 | UL —Zn[’]Qw o (U U, (D.11)
Jj=1 j=1
which implies

SRR AR o

j=1
By (D.12), (4.21) and (D.2), we obtain

=

{|z—qli]|<3X. R} ||(I)in Hj[i],y—éo,z)‘:_50+1 <pj>_l‘ (D-12)

|(I) U|_ ZnRQ%@[J] (U U[J] +Z77 *[J] U*+q)out'U*
Jj=1

j=1
N
S L amcan ORS00 00) ™ 4 M)
j=1
+ [Pouclls o0 [1I(T = ONTHORE) + (T = )1 Z. | os(az) + o = 07| (A2(0) + | Zullese))] |
1{3)\*R<|:1:fq[j]\<3dq} [)‘* (i) + [ Poutlz,0,0 <| In(T" — t)|>‘>?+1R + Ajpj)] ]
+ L (o3, | Poullz0.0 (I TIATHO)R(0) + |1 2. oo xs))
N
SN (1+llfboutllﬁ,e,w||<I’£ﬁ||£iﬂ,y,50 ) toaili<an ) A0 T+ Aulpg) + [In(T — ASHR)
j=1

+ 1{3)\*R<|x7q[j]‘<3dq} (1+[® ) (| In(T — ) AP R + Aj <Pj>) + 1{ﬁ§y:1{leq[j]|23dq}}Hq)outhL@,w

(D.13)
By (5.44) and (D.5), we have
. i 0o =0 (o)« (.0 e, 00
=y
i1 So—1,, \—l—1 L] s ! (D-14)
1{\1 q[j]|<3)\ R} (/\ ||(I)] ||1nu do,l )\V_ o <pj> +)‘ ||q)1n| 1?’1,u760,l)\:_ 0<pJ>_)
L4 1amqlilj<sa, R}H‘I’ ||1ny 50,1 AT
(4.21) and (D.6) imply
N (D.15)
Lo qlilj<sa,y |1+ (Zﬂl{z 2oy +t|In T 11{z§2t}) Z )‘ml<pm>2]
m=1

S e qlil|<sd,)-
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By (D.2), (D.3) and (D.33), we have

|vm ( out * )| - out : VmU* + U* : vrq)out

A

-1
Z;lﬂz—qm\adqﬁ* ()72 H L (o qliljz3d, 13

N
X { Z 1{|1:7q[j]‘<3dq}||¢)0ut||ﬁ7®7a (| In(T" - t)|)‘?+lR + /\jpj) + l{mfl{lzq[j]>3dq}}||¢’out||ﬁ,®,a} (D.16)
j=1

+ 1 Poutllgo.0 (A2(0) + 1 Zellca(re))

N
D Leglilcsa |1
j=1

+ Lo (gl aa, | Poutllzon (A2 (0) + 1 Zullcse)) -
Combining (D.14), (D.15) and (D.16), we have
V. (@ U.)|

A

(Im(T = AT R{p;) "% +1)

N
S Z [1{\$_q[j]|§3>\*R} (1 + [[Poutllz, 0,0 + ||(I)i[ﬁ||£i1],u—60,l> (| In(T — t)|>‘?R<pj>72 + 1) (D.17)

©
1{3}\*R<‘$7q[j]|<3dq} (1 + ||‘I)out||1i,®,a)} + l{ﬁ_ﬁv:l{hfq[j]|23dq}}|“pout”ﬁ,®,a ()‘* (O) + ||Z*||03(R2)) .

D.2. Estimate of V,A. Recall V,A given in (5.12). This subsection is devoted to the proof of the following
Claim.
Claim: Suppose

1
O<p, O6+4-1<0, 5<§, O+ [+ 200 —2v <0,

(D.18)
30<140, O+4+F+400—4r+1<0, O0+5B—-1)+d—v—-2<0.
Then for € > 0 sufficiently small, we have
N 4
VoA= — U, VU, — q>.vm<1>+o<z (1 + 1 Poutlls0.0 + 1@l 2, s | ) {omalll <30 )
x (AFIAEOLR) ™ + Alp)))
(D.19)

4
Lion e toailicsa,y (1 [@oullz0.0)" (I I(T — AR + Aj<pj>)]

4
+ l{ﬁle{‘zfq[j]lzfidq}} (1 + [|Pout[lt,0,0) ) :

Proof of (D.19). Let us simplify (5.12) first
My @ = |@f + (JU.]° = 2) (@-0.), U, Ty @ = (1 [U.]2) (@ T.),
where
N N , ‘
=Y g Qo (U. —UY) + Y " nilog - U, + @y - U
Jj=1 j=
Then
V. (s ®?) = 20 -V, 0 +2(@ - U,)2 U, - V,U, +2 (|U*|2 - 2) (@-U,)V, (®-U.),
Vo (Us - My ®) = (1= |[UJ?) Vo (@ UL) = 2(® - U,) Uy - VU
By (5.5), (4.2) and (5.3), we have
L+ AU+ (U, Ty @) = 1+ AU + (1= U@ -Us) =1+ 0 (A + @),
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which implies
(L 4+ AU + (U, Ty )]

Thus we obtain
Ved=—(1+0 (A +12]%))

X {(1 + AU, VU, + &V, &+ (8- U2 U, -V, U, + (|U*|2 - 2) (@-U,)V,(®-U,)

o [+ AP+ A U@ U)] T =140 (A + [27).

+ (14 A) [(1 = [0.2) Vo (@-U.) —2(@- U U, - V,U.] }

- —(1+0(x +|<I>|2)){[1+A(2+A)—2(1+A)(<I>«U*)+(<I>-U*)2} U, VU, +®-V,®
+ (j0.P =2) (@ (<I>-U*)+(1+A)(1—|U*|2)Vm(<1’-U*)}

- {[1+A2+A )= 201+ A) (- U,) + (@-U*)2]U*-VmU*+<I>-Vz<I>
+ (10 =2) (@ U) Va (@ U) + (14 4) (1= |U.) V. (2 U.) }
+0(n+[0P) { [1+ 4@+ 4) -2+ 4) (@ U.) + (@ V)| 0. V.U +0 V.8
+ (|0 =2) (2 U.) Vo (@ U) + (14 4) (1= |U.2) V.o (@ - U.) }

= U VU= (140 (0 +[82) [-201+ 4) (@ 02) + (2 U.)%] 0. - V..
+O0 M+ @)U VoU — (1+0 (A +[27)) @V,
—(1+0 (A +19]?)) (|U*|2 - 2) (®-U,)V, (®-U,)
—(1+O0 M+ 2P) (1 +A4) (1 |U*) Ve (@ U.)

= —U, VU + (20 - U, +O (A + @) U, - VU — (140 (A +[2%)) @ -V, @
— (10 (O +12P)) (JU.F ~2) (@ U.) V. (@ UL)

—(1+O0 (N +27) 1+ A4) (1—|UJ?*) Va (- Us)
where we have used A(2 + A) = O(\, + |®|?) by (5.5).

133

(D.20)

(D.21)
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By (D.9) and (D.13), we have
|® - U.| + A\ + |®]?

N
=D

(14 1Poutllso0 + IPENEL, 5, 1) jam gt jcon. mp { AL 0) ™ + Aulps) + 1 In(T = AT R

F Lisa Relo—qli|<3d,} (1 + | Poutllz.0.0) (I I(T = AT R + )\j<pj>)1
LN (o= 230, | Pont 1.0,

|m 5 )2

in,v—0g,

L glil<an. gy (A2 200) 720+ X2 {p) + | In(T — )| 2AZ° T2 R?)

2
Ly, clogiesayy (U [@oullzo.0) (Rls)? + [ In(T — 2A29+2R2)

N
+ Z |: (1 + ||q)out||ﬁ 0,0 + H(I)ln
J=1

2
LN flo—gbl2ad,3y (1 [Poutllz0.0)

A

. . 2
Z[(H||<1>out||ﬂ,@,a+||<I>£ﬁ||£ily_50,l) tomabl<sn.my (AZ72200) ™+ Alpg) + [ In(T — H)ACHR)

j=1
+ 150, Rejo—qbil|<3a,y (1T [Poutllz.0.0)° (Aelps) + |In(T = 1) AT R) }

2
+1 {NN {lo— qlil|>3d, }}( +||(I’out||ﬁ,®7a) .

(D.22)
Notice ASHAO (A, R)~! = AST %P Then using (D.37) and (D.22), we get
(090, + 0 (1. + o)
N , 2
< Z{ (1 + [ Poutllg, 0.0 + Hq)inHi[ﬁ,u—éo,l) {|lz—qlil|<3\. R} [A V) T A(py)
j=1
+ (T = AT+ R{py) ]
{3)\ R<|z—qlil|<3d,} ( + H(I)out”?i,@,oz)2 (/\*<pj>71 + |ln(T - t)|>‘?+1R<pj>72) }

(D.23)

2
L (a—qlil|z3a,y 1+ 12 o) A

>

j=1

A

2
(1 + ||(I)011t| 1,0, + ||(I)1n||1n v—34g l) {|z— q |<3)\ R}Ai+1>\@()\ R)

2 _
1{3>\*R<\zfq[j]|<3dq} (1 + ”‘I)out”ﬁ,@ﬂ) )‘*<Pj> 1]

0.a) A2

L (a—glil|>3a,y 1+ 12

for some € > 0 where in the last 7 <”, we require

1
O<fB, O+5+200—-2vr<0, O©+5-1<0, 6<§. (D.24)
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By (D.9) and (D.10), it follows that
|O (A + [2]%) @ -V, D|

N
3
< {Z [(1+]1 1B, 5) Lgeginicnny

Jj=1

(A7 (o) 4 K)o I AR

3
T 150, refo—glil|<3a,y (1 + [ Poutllg,0.0) (A () + 1 In(T — ) PAICT R?) }

3
+ 1{m§y:1{\z—q[j]|23dq}} (L +[[Poutllg.0,a) }

N
X {Z (]- + ||q)out||ﬁ,9,a + ‘|¢i[£||£g7y—607l) |: {|z— q[J]\<3)\ R} ()\ v—ado— 1<pj>fl71 + 1)
j=1

1{3,\*R<|w_q[j]\<3dq} (1+ ||(I)out||ﬁ,@,a)} + l{m;\’l{m_q[j]|23dq}}||q)out|ﬂ,@,a} (D.25)

A
WE

4
{(1 + (| Poutlg,6,0 + |95 Hm v—3o, l) L jaeqlil|<3x. R}

.
Il

x Aft”*“‘”’*l 23 (p)® N0 ()2 [In(T — )AL 09O+ Y

4
{3X.R<|z—qlil|<3d,} (1 + ||(I)out||ti,@,a) (X:’ <pj>3 + | ln(T - t)‘3)‘i’®+3R3) ]

HA*—‘

4
1{ﬂf:1{\zfqm|zsdq}} (14 [1Poutl1.0.0)

AN

N

4
Z |:(1 + H(I)OUt”ﬁ 0,a + ||(I)1I1H1n v—340,l ) {|z— q \<3)\ R})\E-i_l)\*e()\*]%)_:l
Jj=1

+ Ly ncjeqbljesa,y (1 [Poulle.a)’ (A(p)? + | In(T = £)PAIOFR?) }
F LN (aglil 23,y (1T [Poucllze, o)
where for the last ” <", we require
O+8+40)—4r+1<0, ©64+48<3, O+83B-1)+dh—-v—2<0. (D.26)
Combining (D.13) and (D.17), we have
(- U.) Vg (2 V)

s

j=1

(1+]® F IR, 500) Lagiiizanmy (A7 03) ™ Aulpy) + (T = ) AOHLR)

o) (I(T = AR + Xi(p;))

1{3)\*R<|93—q[j]\<3dq} (1+][@

+1{ﬁ§%{|mq[ﬂ|>sdq}}|¢°ut||ﬂv®aa}

N
<A [Lgeamnemnny (1 1Pouillson + 1951EL, s, o) (1(T = O)ACR(p;) 72+ 1)
j=1

+ Lian, neo—qtili<sdyy (1 [Poutllso.0) | + 1 (o gtiizaa|12outls.0 (2(0) + 12 lose)) |
N
_]:1

< (II(T = )AL FOR(p) ™ 4 N {py) + (T = )ATT Rpy) ™ + [ In(T — )220 R?)

2
(1 + ||(b0ut||ﬁ,@ at ||q)1n ||1n v—30p,l ) 1{|z_q[j]\§3)\*R}

Lo neto—ail<sag 1+ 1@outll20.0)% (1I(T = DIASTR + A (p;))

2
LN (a—qll 230,13 |1 Poutllz 0,0
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Thus we obtain
[(®-U.)V, (®-U.,)|
N

<2

Jj=1

§ 2
£,0,0 ||(bin||i[i1],u75o,l) Lo glilj<an. gy ATAZOLR) T+ Au(p))

(1 + ||(I)0ut
(D.27)
+ (1 + ”(I)out

2
t0.0)” Lisn. nefe_gbilj<sa,y (1T =TT R+ X (p;)) ]

2

+ (I[Poutllg,0,a) 1{m§>’=1{\x_q[j] |>3d,}}

provided
0-0<0, 38<1+06. (D.28)
By (4.2) and (D.17), one has

|(1=|U.]*) Vy (@ U

>

j=1

A

(1 + [1Poutllg.0.0 + H(I)in”i[i],y—éo,l) L{jo—qlil|<sr. R} (| In 7|~ In(T — 1)

+ | In(T — t)|A}<+@R(t)<pj>*2) + 1igy, mefrqllj<3a,) M (1F ||<I>outu,e,a)]

(D.29)
T LN (o—gli)>3d,1) M [Poutlz.0.0

>

j=1

N

(1 + ||‘I’out||ﬁ7®,a + H(I)iIlHi[i],ufég,l> 1{|x7q[j]|§3)\*R}Ai+1A*6(A*R)_1

+ 1{3>\*R<|x_q[j]\<3dq})‘* 1+ 1 Poutllg.0.0) | + 1{ﬁf:1{\z—q[j]|>3dq}})‘*||‘I>out||ﬁ,®7a

provided
1
O+ 4 <1, ﬂ<§. (D.30)

Combining (D.23), (D.25), (D.27) and (D.29), we conclude the validity of (D.19) under the assumptions (D.18)
for the parameters, and these are from (D.24), (D.26), (D.28) and (D.30).
(]

D.3. Estimate of G.

Lemma D.1. Suppose ||(I)i[z1]‘|in7v—6o,l < Cyy, for j=1,2,..., N, under the parameter assumptions

1
O<pB, O+8+6—-v<0, 38<1+06, 60<ﬂ<§, Bl+1)—1+v—-56-06>0,
O4+28-1<0, dy<v, 28400 —-v<0, O+B+1+36 —3v<0, (D.31)
O+ B +45) —4v+1<0.

Then for € > 0 sufficiently small,
1G]l ST (D.32)
where || - ||« s defined in (5.49).

Proof. First, we prepare some useful formulas here.

N N

IVoUs| S Z A;1<Pj>72 S Z 1{|I7q[j]|<3dq}/\;1</3j>72 + 1{m§\’:1{\w7q[j]\23dq}}>‘*- (D.33)
j=1 j=1
N

|AwU*| S Z /\*_2<Pj>_4 S Z 1{|qu[j]|<3dq})‘:2<9j>_4 + 1{m;\’:1{\z7q[j]\23dq}}/\i- (D.34)

Jj=1 j=1
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N
U - V.U = > (UM -U) -V SO eI ) 2 (D.35)
J=1k#j J=1k#j
For fixed j = 1,2,..., N, we have

Ljo—qlil|<3d,} U - VaUi| S 1o—qlilj<3d,} )‘;1<Pj>_2 Z<Pk>_1 + Z Z (o) T A (o) 2

k#j m#j k#m

Lol j<sayy | 0722 D0 D (o6 ™| ~ L gbitcaa,y ((00) 72+ Aclo) ™) (D-36)
m#j k#m

-2
1{|(E—q[j]|<3dq}<pj> 5

2
Lan, (lz—qlil|23d,) U - VaUa S A

and thus
N

Us - VaUu S D110 ilj<aag (00) 7> + Lo o glil 530, X (D.37)
j=1
Notice

N N
Z VU2 (U9 —0,)| < Z A2 ()t Z(mc)*l.
j=1

j=1 k£

Lo qlml|<3a, }ZA (i)™ D o)™ S L gimijcaa,y | A lom) T+ DS AT o

k#j iEm kg
Lijo—qglml|<3a,} ()\* (pm) ™+ X2 {pm) ")

N
LN (gl >3d,}) SN ™D o) TS AL

=1 k£
Thus we have
N N
SOVLUIP (U U SN0 o)
j=1 j=1 k£

(D.38)

N
Z . —4

e dlj<sa,y A (03) 78+ X0 ™) + Ly (o gbjpaa,1) A
]:

Notice
Vo Ul? + U - AU
N 2 N
= ji:vam <—C&-§:|VwUU”%ﬂﬂ
Jj=1 j=1
N 2
= ZVzU[ﬂ *ZW il ZN U9 (U, — Y. g
Jj=1 j=1
N
=Y > v, Ul v, Uk - Z VLUV (U, — UW) - Ul
J=1k#j j=1
Then

V.02

N
Zz/\ 1)‘ (pi)~ pk 2+ ZZ p] pk 1-
J=1k#j

J=1k#j
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More explicitly, one has

2
L1 glilj<sa ) |[VaUl? + Ui - AIU*|

S 1{|a:7q[j]\<3dq}(ZAj_lA]; (pi)~ +Z ZA "N om) " pk) 2
oy ks ke
+Z>‘ pJ 4 + Z Z /\m ,Om pk> 1)
k#j m#j k#m
S1 {lz—qlil|<3d,} p] 2+ Z Z Pk 2+ <pj>_4+ Z Z /\z<pk>_1
m#j k#m m#j k#m
Lo qil <3,y ((03) 72+ A7) ™),
2 2
Lo gt z8a,3y [VaUsl” + Us - DU S Lo o )50, n Ao
and thus
N
[IV2U2 4+ U - 8oV S 3 Lo gitjesagy (03) 77 FAT00) ™) + L (ramgbil 230,102 (D-39)

j=1
N 2
U A AU = U A ST VU U S ST A 200,070 (o) 7
i=1 i=1 k#9 (D.40)
N
S Z 1{‘x—q[j]|<3dq} (/\;1<Pj>_4 + Ai(/’j>_1) + 1{ﬂ§y=1{|x—q[j]‘23dq}}>\i
=1

j
where we have used (D.38) in the last “<”.
e By (D.1) and (D.3), we have

(1= ) (a = U R) [[VaUY PR = 2V, (U - Do) VU]
1isa, /2y (A7 2005 ™ [ Pout] + [V Pou| A7 (05) %)
Lo qlilj >, m/2y | outllz0.
X {)\]-_2<Pj>74 [[I0(T = )N R(E) + (T — t)[| Zillosmey + Ajp (A2 (0) + | Zo]| s (re)) ]
+ (A200) + |1 Zellcs ) A (p3) 72 (D.A1)
S 1{\17,1[1‘]|2>\*R/2}||‘I>out||ﬁ,®,a
{72 [1I(T — OO R + (T — DA 2R 2| Zull ey + X5 B (A2(0) + 1 Ze losee)
+ (A2(0) + 1 Z.llenn) A (p5) 72}

TE( [4] +Q3>

2

L ja—qli

IZANRZA

A
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.
(1= i) { = 2 @p") + (a = UVIA) [Au (i @p?) + V.U 2 g
—92v, (Um '7753<I>3[j]) VIU[J']] _ 5‘tU“]H
— (1 - nggg) { — 00,9 — &5 + (a —bUVIA) [nd A, 057 4+ 2V, v, ag + gAY
+ VLU 77 Bl 9 (Um .q);m) de v, Ul — V (Um orl ) VIU]'} _ 9,u! }
= | (1) { 00y + (a = UV (A, 050 + 9,020 - 29, (U1 @f) v, 01|
_ 8tUUJ} —(1— ni{])atU[” T (1 _ nﬁ]) { o:9, 77d + (a— bUYIA) [va[alvgcq)g[jl TSN 77[”
2 (o) g
S L, nefo—ell<2d) (A; o) ™% + 1Ml ()1 + 1€91)
100 isayy [(5 Pl Hal) 007+ 25 1000 %) + L, ooy
S (Lo mpasiomaiony + Lo actomdilicaay) ) M7= 07172 4 L0 ynciom i <sa,y (AR +1€91)
+ 1 ell|>d,) [(W‘\ + Aj\ﬁﬂ) + Ajléljll] + 14 <jo—elil|<2dy)
ST (Q[1j] + o5 + 93)
provided

O<p (D.42)

where we have used (4.47), (4.8) and (4.21) in the first “<”.
e By (4.43) and (4.45), we have

77%] (eiej]\;[l[j] + efiejM[le)w [J]|£ | < T

e Since |4;] < (T — 1)~ |9 < O(Ry?), one has
Qs [0 o 05 1E) - @l — 4,508
for € > 0 sufficiently small provided

Snp (T =) @uwllf s AT S T

in,v—do,l

O+ +B8—v<0. (D.43)

@y, {~lomy + (a = swin) [@l A + 29, w0l + W ol (<2v.nf v, W) |}
= |- obom + (a - oW [08 Ay + 29, VL0l + WO ol (—2v,a v, W) |

, —¢lil il g — gl (\R)
! v r—¢ . J
2kl (V) ( MR NETTNR MR

A , - o €l - o — £l _
o= o) [a0u ) an) (T80 ) 200 () (T8 ) A el Dt

. . _ T — g[j] B )
—2 (Wi ell) (\R) (Vi) ( v ) el
S 1@l s Loy R<lo—elil|<an; Ry [(T— £) IO () T (A R) AL (gl !
+GR)TIATIALT () T (G R)TIAT ) TEA <ym>_l]

j —2yv—60 p—1
NH‘I)i[;]||in,vf5o7l1{>\jR§\z_g[j]|§2AjR}()‘jR) AMTPRT ST 0
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provided

60<6<%, v—>+pl—(1-03)> 0. (D.45)

(U. — U A {Az (77[ ](I)*m) +0PQ,, ALY + Q. ( I + 2V, iV, (5[]1)
— 2V, (U[J'] . (I)out) sz[J'] — 2V, [UU] . (n%]Q’)’j (I)El] + n([jjq)(’;[j])} V£U[j]}

= (U, —UY) A {Aw (o) - 2v, (00 piles?) v, U
+Q,, ( A + 2V, 08V, q>[”) (WU] -@f{;) Vo v, U]

+ Q. A,00 — 2y, (Wm ‘P[i]) VLU — 2, (U1 o) VLUV }
where by (4.21), it follows that
’(U* — U A {Aw (nf{j@?;“]) _9v, (Um ,ngl(p;[j]) vam”
] (U = U9 A |05, + 2V$nd1v USRI
9 (Um : q;(*;[ﬂ) VoV, Ub — 2] (Um v, ) V.U — 2] (@gm : VIUW) vam} ’
S A (L0 o) T AT ) T2 A o)A (05) ) gy <aa,y S Te0s.
(U = U) [, (@A +29,nfV,0l)) 2 (Wi o)) Vonf v, 09|

OY Al + 2V, kv, ol (W[j],q)gl]) Vo2 v, Wl
by the similar estimate in (D.44).

<)\ 01

(U= U") A [, Ap0l] — 29, (Wi o) v,ut]|

=2 ‘(U* — U A [Qw A, @ =2V, (W“] ‘I’l[i]) Vme“]”

— ;2 ‘(U* —U9) A [y, Ayl — 2 (W0 0l + @bl v 5w ) v, U] )
el<an, my s 1l s A0 W) 72 S T
provided
O+ f+d—v <0 (D.46)
[ ]

(U* _ U[j]) A [Vm (U[j] . @Out) VIU[j]:I — (U* _ U[j]) A [(U[j] VP ous + Pout - va[J]) VIU[J']}
S D (o) 7 (IVa@out| + [@out| A7 2 (o) 7"

D (o) T Vaout) S (o) M IPoutllz 0.0 (A (0) + [ Ze]lcs(zy) S Tos.
k#£j k#j
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By (D.1), we have

1S (o) 1@l A 05 S I @oucllzoany S AN 2 (ps)
k#j gl

x [| (T~ )PEHORE) + (T~ )| Zllseny + b o= g (A2(0) + | Zu |esee)

S [[Poutlls.0 anR] Z )‘k)\
k#j

x [[In(T = )N O R(E) + (T — )| Zull s ey + (MR + €9 = q7) (A2(0) + (|1 Zu]| o2 rey) ]
S N1Poutllz.0.0m A () AR (I TIAD (0) + (| 24| oo g2 )
ST
provided
26+6 —1<0. (D.47)
For all k # j,

B (1= (o) @ous A2 0) ™
S I @ouillsoany (1= ) (o) 722 (I TN O)R(0) + 1 Z. oo )
STl
(1 - 775?) (1 - n%]) () ™ot |A; % (p)
S Moo (1=n8") (1= ) Ao = g1~ o = 1= (| InTIAS T O) R(0) + 1| Zu o s
ST (Qg] + Qs)
since
Lo gt <ap | oo (1 =) (1- A3|x — "o = g~ (TS (O)R(O0) + | Zuloss))
< e (1-nf) (1-
S Tfos,
1o gl <ayy [ Boucllso0 (1= 1)
1{\1_q[11\§dq}H(I)outHﬁ,@,a (1 r )
< T,

ANR) T (IInTIXSTH(0)R(0) + | Zs [l o3 me) )

—
d
=

—ql*l|<d,}

1= ) X = g e = g (I TS ) R(O) + | Zeloae)

L= ) AR — 772 (IImTIAZHH () R(0) + || Zu | e r2))

(] 4]
(1 - 1{\m7q[k]|§dq} Lo qli i11<d, }) |© (1 —r ) (1 - 771%)
e — e — I (TSP ORO) + | Z o) S Tt

e For
(a — bU.A) —2Zv (U, —U")]v,uv

it suffices to estimate
Vs [(I) . (U* _ U[j])] va[j] _ [(U* _ U[j]) V., 0+® -V, (U* _ U[j])] va[j]'
Then for any fixed j,
|Vz [(I). (U* _ U[J‘])] VIU[J”

S IV k)T 1R AT k)| A i)
k#j k#j
S VB ()™ (min{{p;), (ox) D) " + @] D (min{{p;), {ox)}) >

Py Py
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since

() (pr) 2 At min{(p;), (o)} for j# k.
Proof of (D.48). For |z — &Vl] < M , then (px) ~ A7, which implies
(03} (pr) ~ A pj) ~ A min {{py), (pr)} -

[3] _¢lk]
For |z — ¢ < W, similarly, we have
(p)(px) ~ At min{{p;), (pr)} -
) [9] _¢lk] 7] _¢l
For |33_§[J]|>|5J2£ | and |x—§[k]|>|5 25 \7

(i) (pr) ~ A%z — |z — €M 2 AT min {{p;), (pr)} -

For k # j, by (D.1) and (D.4), we have

|@| (min {(p;), (o)} "> £ T3
By (D.3) and (4.21), we have

V@] (o)~ (min{(p;), (pr)}) "
S {py) ™" (min {{py), (o) }) [H‘Poucl

100 (A2(0) + 1 Zullcsr2))

N
—1 v—0 —1-1
Y (1{\z—s[m]|§2AmR} 1Pl s, AL (om) T+ 1{|m—5[m1|squ}”

m=1
N
(3 die)
m=1
provided
O+8+4+d—v<O0.
[ ]

N
(a=b0.7)§ =23V, (U937 (nfQq 0l + ey | v,00
j= k#3j
For k # j, we get

7. 00 (e, )] v
_ {n%ﬂ (Wm V0 4 . VEWU]) i (Wm ,@i[ﬁ]) v, [k]] v, Ul

WQ] (Wm NV @+ ] 'Aj_lvyme) + (Wm "I’i[ﬁ]) Vxny%]] AV, U
”(I)inHi[fl],u—zso,l)‘:_éo [1{\x—g[k]\g2)\kR} (A k)™ 4 o) TN ) T)

+ (o) AR R) ! Lo Rr<|am 5k]\<2)\kR}}>‘ (pj)

~ 1, el \<2,\kR}H<I)m||mu soa % (O How) T+ (k) TIA) A

v—6 —l- —
{\m—f[k]\SQ)\kR}H(I)iHHin,ufSo,l)‘* ’ (<Pk> Sy {Pr) l)‘i)
Teg[lk]

N

N 2/\

when
b < 128
and by (4.21),

’Vx (U[j] .ngjq) ) v, Ul

S Al (jael)<2a,y ST 08

_H(Um *[k)Vnd + ] (U[j],vzq)é[k] oM. v, Ul )]vam

(D.48)

(D.49)

(D.50)
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N
NIV (a - 0UA) Y ( K., o 4+ dq@g[k]) .
J=1 k#j

For k # j,

"VIUU]FW[};]Q% (I)Kcl S )‘2773 ||(I)1nH1n v— 51)\”_50 <pk>_l S Tegllk]

and by (4.21),
[VaUY Png, @51 S X7 S T0s.
e By (D.1), (D.4) and (D.48),

a® Y VU VUM S 101D AT ) A k) T2 S 11D (min{(py), (o)) 7 S Te0s
J#k Jj#k Jj#k
e By (5.5), (4.8) and (D.22),
N
1@ 0.) ~ AU £ (12Ul + A+ 122) D2 [+ Bl (o)™ + 47 910)~2
j=1

2

2
{Z 1+||(I)out||ﬁ®a+Hq) ||1n1/ 60,)

L glilj<sn. ry (A2 7200 ™+ Aulpy) + | In(T = ) A2 R)
L+ [ @outlls,0)” (Mulps) + [ I0(T = ) ASTIR) |

1{3)\*R<|x—q[j]\<3dq} (

N
+ Lo (o—gbiljzsa,3) 1+ [ @outlls0.0)° } > (A7 1+ Hal 4+ 2711 4!

j=1
N .
Z Q[f] + 03
Jj=1
provided
O + B+ 25 — 2v < 0. (D.51)
[ )

+ { _ 6t((1>0[J]) + (a _ bU[j]/\) {Awq%[j] + |VIU[j]|2(bz‘)[j] — 2V, (U[j] *[J]> V. U[J]i|

_ atUU]} , Um}.

For above terms, we first estimate

77%] (U[j] _ U*) (vzw[j] VI(I)E;])‘

’A.‘Qnm U —U,) (Vy[-]WU] -V, @i[{l])
M) 72| Pin ||

N

)\J_ {lz— ¢ld |<2>\ R}
v—38p—1 —1-3
~ 1{\x_g[j]|§2,\j3}||‘I)in||in,u—50,1)‘* o <Pj>

ST

00 py)

in,v—4¢,l

when
O+5+8—-v<O. (D.52)
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Secondly, by (D.2),

77%] (U[j] — U*) |V, U2 (U[ﬂ .@wt)
S 1 Poutlls 0,0 A (o3} AR (I TIAL(0) + |1 Ze oo es)) < T 0

provided
0+26—-1<0. (D.53)
Thirdly, by (4.40), we obtain
77%] (U[j] _ U*) {{ _ at(@s[ﬂ) + (a _ bU[j]/\) [AE(I)S[J'] + |V$U[j]|2(1)s[j] — 2V, (U[J] ) V., Ul }

S A (€910 ™ + I 00 72) S Tes.

_ 8tUUJ} , Um}

e By (D.20), we have
(@ AT [(1+ AU+ (U T ®)] T [+ (1+ A= -U) U] - Ay (B — Do)
— (AU, + Ty @) A A, (D — Do)
=(@AU)(1+O0 A+ [@P)[@+(1+A—2 U)U] Ay (® — Pouy)
—[AU, + @ — (- U)U] A Ay (B — Do)
= (AU [Us - Ay (= Pout)] — A Ay (P — Pous)
+(@AU)[@+(A—D -U,) U] Ap ( — Pout)
+(@AUDO (M +[2P)[@+(1+A—T-U,) U] Ay (@ — Pout)
= [AU. = (2 - U)U A Ay (D — Do) -
For above terms, we estimate by (5.5)
(PAU) B4 (A= -U,) U] Ay (® — Do)
+(@AU)O M+ (2P [ @4+ (1+A—D-U,) U] Ay (P — Pout)
= [AU. = (2 - U)UJ A Ay (® = Pouy)
S (A+ |<1>|2 + 1@ Us) [A (@ — Pout)| -
Using (D.22) and (D.8), we have
(A 127 + 12 Us]) [ A (@ — Pour)|

N
2
< {Z[(H|<1>out||n,@,a+||q>[”|m 501) Lioatiizonry (A2 0p) ™ 4 X (o) + (T = AT+ R)

Liss, Rejo—qlilj<sa,y (1T [ @outllz.0.0)" (\elpy) + [ In(T = ) ACHR) ]

2
T 1{m§y:1{|m—q[j]|23dq}} (1 + ||(I)out||ﬁ,@7a) }
[4] v—G8o— —i— - - - -
x Z [ {lz—qll|<3X. R} (||<I>m||1; v N i) T+ A ) 1) + A ei) 11{3A*R<\w—qlﬂ|<3dq}}
=1

N
3
~> [ (1 + [1Poutllg.0.0 + ||(I)i[i1]||i[;],u—5o,l> 1o qglil|<s. R} ()\3,, 2ot )+ A2 (p))?
i=1

+ (T — INCF2R{p;) + [In(T — )AZ =200 Rip )= 4 | In(T — 1) AO*2R(p;)
+ | IH(T - t)|2)‘2®+2R2) + 1{3)\*R<|$—q[j]|<3dq} (1 + ||(I)0utHﬁ,@,oz)2:| 5 TGQS'
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We need more refined estimates for the other part. Recalling (5.1), we have
(PAU) Ui Ay (P — Dout)] — PAAL (D — Doyt)
= —DPA{AL (P — Pout) — [Us - Ap (D — Dpy)] Us }

N
= = | e + Bou | A AL (@ = @one) = [Us - Ay (@ = Douy)] U}
j=1

N
=D E Q2 AU Ap (@~ ou)] U — [Us - Ay (@ — Dout)] U }
j=1

N
= QB A { A (B = D) — [UV - Ay (B — Do) UV}
j=1

By (4.21) and (D.2), one has

N
Z 77([12] CI)S[J] + (I)out
j=1

M-

<

1{‘zfq[j]|<3dq} [/\j<Pj> + [[Poutl3,0,a (| In(T" — HAZHR + )‘jpj)] T l{ﬂle{lzfq[j]\ngq}}H‘I’out”maw

1

J

(D.54)
Then using (D.8), we get

N
DB+ Roue | A AL (B~ Bout) — [Us - Ay (B — Bour)] U}
Jj=1

A

Lol i<sayy [29400) + 1 @outllto.a (| (T = AT R+ Ajp;)] + Lan (a—qlil|z3d,1) | Poutllz.0,0

Jj=1

-

1l —80—2/, \—1-2 —1/,\—1 —1/,\—1
{1{|m7q[j]\g3>\*R} (||(I)i[ill||i[ﬁ,,/750,l)\: ;) + A {pj) ) + A {pj) 1{3>\*R<|x7q[j]|<3dq}
1

N
M=

P 2
[1{z—q[j]§3A*R} (1 + [|Poutllz.0,0 + H(I)El] Hi[il],u—zso,l)

1
X (AT o) T L (T = )AL R(py) T 4 [ In(T — ) AP R(ps) )

<
Il

+ (1 + [[Poutllz.0.0) Lizx. peju—qlil|<ad,}

N
ST o +os
j=1

provided
@+ﬂ+50*1/<0, 26+507V<0 (D55)
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By (D.8) and (5.44), we have
]an% A[UD - Ay (@ = Do) U = [U, - Ay (B — Douy)]

= !n“m DAL ~0.) - As (@ = Bou)] U + U - A (@ = Bou)] (U9 = U.)}

(P[J]

2/\

|A ((I) - (I)out)|

v—04 -1
1{\z_q[jl\§3>\*3} ||(I)m||£i],y750,z/\* °(p5)
N
V—80—2) \—l—-2 | y—1/ \—1 “1, -1
X Z[ {|lz—q!Fl|<3X. R} (HCI) ||1nu 80,1 )‘* 0 <pk> +>‘* <pk> )+>‘* <pk> 1{3)\*R<|w_q[k]‘<3dq}i|
k=1

S Ly qlil|<sr. R} (1 + 1925, s, ) (AZV =200 (py) 722 4 A% () ) S T
provided
O+ B+ 25, — 2v < 0. (D.56)
Notice

N5 Q, PIA{ AL (@ — Poue) — [UV - A, (@ — Boue)] UV}
is a vector parallel with UUl. That is,
N0 Qqy, @A { Ay (@ — Dout) — [UT - Ay (@ — oe)] UM} = 0 () UV

where .
1f;(x, )] = ’Qw DI A LAy (B — Do) — [UV - Ay (B — Doy)] U[jl}‘ .

By U.-operation, we only need to estimate the following term.
il fi (e, t) (UP = U)| €

by the same calculations as the above terms under the assumptions (D.56) on the parameters.
Under the parameter assumptions (D.18), by (D.19) and (D.33), we have

(VoA + U, - VU, + &V, @) V,U,|

s

Jj=1

2 (P = Pout)| S Teg[ljl

. 4
(1 + ||(I)out||ﬁ,@,a + H(Din”i[ﬁu—éo,l) 1{\x—q[j]|§3A*R} ()‘i+1)‘?(>‘*R)_1 + )\*<pj>)

4
+ Liaa. Refo—qlil <34, (1 F 1 Pout[l1.0.0) (In(T =) AST R+ i ()

N
4 —2
LN (a—glil|>3a,y (1 + 12 ) } D Lol <A 0372 LN (am gl 530, M
j=1

N
> o+ o5
j=1

(D.57)

N
(A=®-U) AU, == (A-2-U,) ) |V, UPUY
j=1
By U.-operation and (5.5), it suffices to estimate

N N
(A=@-U) Y VLU (U = U) [ S (A #1917 + 12 Ul) DA77 D {ow) ™!
j=1

j=1 k£

which will be dealt with uniformly in (D.58) later.
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e By (D.20), one has

S
S

‘(cp AU [+ DU + (U, Tpa®)] T (14 A= -U,) (29,8 - V,U.) — (D AUL) 2V, - V,U.)
‘(@ AU (140 (M + |82 + (2 - U.)* (2V,@ - V,U,) — (B AT.) 2V, - V,U.)

|| (A + [®]* + |® - UL|) [Vo® - VU]

(A + 12 + (@ UL)) | [V U + (A + @ + |© - Us]) [@] [V, D

which will be controlled by (D.58) and (D.60) later.

Vo APUL? +2(1 + AV, A - (U, - V,U,) + A2 + A) |V, U, >

2
+2%° { [(Oay A) Uy - 0y ® + ADy, Uy - 0, B] — By (Us - ®) [[Us 200 A+ (1 + AU, - 0y, U.]
k=1

— (U - ®) [0, A) Us - 00, U+ (1+ A) 0, U] }

+ D100, ® = Uy, (- U) = (@ V)05, U
k=1

+

- b[— 271 @ AUL) [(1+ AU + (UL -HU*ch)]’1 {2(1 +A-®-U,)(®-AU,)

+2(|UL 2 = 2)|V, (@ - U,) |2 + 2|V, ®|? +8[(® - U,) — (1 + A)|(Us - Vo Us,) - Vo (@ - U,)
+2)U PV, AP +4[-2(@ - U)U. - VUi + (1 = |UJ*)V, (- UL)] - Vo A

+8(1+ A) (U, - V,oU,) - VoA +2[(® - UL) — (1+ A)? (VLU + Us - AU }

— (e ®+ AU A2V, (9 - U.) VUl + [A = (@ UL)@ A AU
+ 1y ® A2V AVLUL) + (@ UL)? = 24(® - U,) — 2(0 - U,)] Us A AU

T+ (14 AU, A[AAU, +2(Vo A+ U, - VU, + & - Vo ®) VU, + AU, — 2(U, - Vo U, ) VU

+ 20AU, A [(® - V@) V,U,]

147
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< <|VxA|2 VAl [Us - VoUsl + (A + |82 VUL

+ VoA Vo] + (A + @) Vo ULV | + [V Al Ve (Ui - @) + |Us - ViU [V (Us
+ |V A||U, - Vo UL | U, - ®| + |V U U, - @
+ Vo 4|V, (@ U) 2+ |9 U2V, U.2) @

T |q>|< D . i v, U2y
j=1
+ Ve (@-UL) P+ Vo @ + |U. - VULV (@ UL) |
+ VAP + 1@ - U ||Us - Vo Ul [V Al 4+ M| Ve (@ - UL || V2 Al
+|U, - VUl [V Al + ||V UL 2 + U, - AxU*])

+ A + @) Ve (- U [VaUs| + (A + |22 + |2 - Us|) [ A AU
+ 0] |V AV, U, | + (@ - U, | |Us A AU

+ (A + |22 U A AU + Ui A AU —2(Us - V,UL) VU

+ (Ve A+ U, VUi + -V, ®)V, U,

+ (A + %) || VL || VUi

S Ve API®] + (A + [0 + |U. - @) [0 (17,0, +4,U.])

N
UL - VUl |®] + (Vo220 + |@ ) VLUV PUY @] + || VLU + U - AU | @]
j=1
+ (A + @) [V (@ - U [VaUs| + @] Vo AV UL + (A + @7 + U - @) [Us A AL UL
+ U AALU, —2(U, - Vo U) VU] + (Ve A+ U, - VU, + @ -V, 0) V,.U,|

S (ot 121+ (U~ @) [J2] (IVaUf” + 185041 ) + U A AU ]

N
UL - VoUl 2 |®] + (Vo220 + |© Y VLUV PUY @] + || VLU + U - AU @]
j=1
+ (O + [0)) [Va (B - U [VoUs| + 8] (U, - VoU,) VoUs | + 8] |(® - Vo) V, U, |
N
U A [AU = 2(Us - VoU) VU] + O(T) [ Do + 03|

Jj=1

where in the last “<”, we require (D.18) and then by (D.19),

Vo AP|®| S U - VoU* [®] + |9V, | + T<0s,
D] |V AV, Us| < 19| |(Vod + U, - VU, + & - V,8) V, U, |
1B (U, - VoU) VoU, | + | @] [(® - Vo @) VU,

and |(V, A+ U, -V, Ui+ ® -V, ®)V,U,| has been controlled by (D.57).

)|
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e Combining (D.33), (D.34), (D.40), (D.22) and (D.9), we then obtain

(e + 1012 + (U, - 0]) [1@] (IVaTl* + [8,0.1) + U A AU

N N
A+ [P + U @)) [ 11D A0 ™+ D A7) ™D (i)™

S
j=1 j=1 k#j
S ([0 +|U. - 2)
N
—2 —4 —1 —4 2 -1 2 3
XD L egcsay (BT ™+ A7 o) ™+ 22000) ™) + Ly | (1o qbil 234,y (121AF +22)
j=1
N 2
5{§:[O+H@mmea+n@”uyaw)1W”MKmm}0"2%@> + Aulpy) + |In(T — AT R)
j=1
2
1ol sy (1 [ Boucls.0)” (s (p3) + (T — A1 R) |
2
g o asags (0 o |
N
<A [Leainemnny (1 1Pouillso. + 1951, 5, )
j=1
< (A7) T A (o) TP+ (T — AT R(p) )
+ g ncto-gili<aag (1 1@ouliow) 03] + L o gptiza ) (12oulioa? +42) |
N R 3
S S (1 1Pouillson + 1B, —s00) T e gtii<or ny
j=1
x (AB=300=2 (T — )| AL FO IR + [ In(T — ¢)[*A29R?)
3 —
+ 1o, neto—qbil|<sayy (1 F [outlls0.0)’ (p) ﬂ
+1{mN {lz—qlil|>3d, }} ( +||‘I’out||n,ea N 201 + 03
(D.58)
provided
O+p+14+35p—-3vr<0, 28+5—v<0, 38<1+6. (D.59)

e By (D.37), we get

U, - V.U.|* |®| < T*0s.
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150
[ ]
V. ®[*|2|
N
< 1413 U ) . \2v—260-2 ), \ =22 | {
~ Z + [[Poutllg,0,0 + [|Piy ||in,u750,l {|lz—qlil|<3X. R} ( * (pj) + )
j=1
2
+ Lo, recfa—gilcaayy (L [@oullzo.0)? | + 1{ﬂ;~vl{|mq[ﬂ>3dq}}||‘1’0ut||§,®va}
N
X { Z { (1 + [[®outllz,0,0 + ||‘I)i[ﬁ||£i1],y—5o,z) L{jo—qlil|<sr. B} (A% "H 4+ Alps) + | In(T — ) AT R)
Jj=1
+1ign, nefogblj<sa,) (1T [Poutllse.) (Aelpy) + (T = ) AT R) ]
LN {la—all23d,}} ‘pout”m@va}
N
. 3
N Z [ (1 + ||(I>out||ﬁ,@7a + H(I)i[il]ni[;],u—éo,l) 1{|z_q[j]\§3>\*R} ()‘* <pj> + )\iu—?)éo—z + | In(T — t)\)\z”_Q‘s""'@_lR)

=1

<

3
+ 3. R<|z—qlil|<3d,} (I+ ||(I)0ut||ti’@,a) ()‘*<Pj> + [In(T - t)‘)‘g?—HR)} + 1{ﬁ§v=1{\m—q[j]|23dq}}Hq)outng,@,a

L
N .
ST ol +os
j=1
(D.60)

provided
@+ﬂ+1+350—3y<0, 5+(5(]—V<0. (D61)

e By (D.38), we have

N N N
¢)~Z|V$UU]|2UU] |®| < Z'V”UUU”Q(D' (U[j] ~U,)||®| + Z|V$U“]|Q¢’-U* |®|
j=1

j=1 j=1

N N N ,

SIBPY A2 0) ™) ok) T+ (@ UL (@D A (p) P ST D ol + 03
Jj=1 k#j j=1 j=1

where the last step is derived by the same way as (D.58) under the parameter assumption (D.59).
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e By (D.39) and (D.9), we get
[[VoU? + U, - AU |®|

N

-2 —1,, \—4 2
S Z 1{\1_q[j]|<3dq} (<Pj> + A p) ) + A*l{ﬂévzlﬂw—q[j]\z?)dq}}
i=1

N
X {Z [ (1 + ||(I)out||ﬁ 0,0t H(pm”m v—380,1 ) 1{|x—q[j]‘§3)\*R} ()‘:_60 <Pj>_l + )\*<Pj> + |ln(T - t)|)‘§)+1R)

j=1

Lannctooaicany (1 [Bontllz0.) (e (p3) + (T — A1 R) |
F 1N (o gliljzsa, 13112 o}
N

S+ IPolsom + 1REIE, —500) Lo gican my AL + (T = )ATR)
j=1

AN

T 13, refo—qlil|<3a,) (1 + [ Poutllz,0.0)

x (w(p) ™+ 1I0(T = AT R{p;) 2 + ()~ + | In(T — ) AOR{p;) )|

N
F LN (lo—qbl| 234, }}/\ | Poutllt,0,0 ST° Zg[ly] + 0

(D.62)
provided

O+ B+ —v<O0. (D.63)
e Combining (D.9), (D.17) and (D.33), one has
(A + @) [V (- U VU]
N

< (S04 1o

+ ||(I>[J]||m v—380,1 ) l{lz—q[j]‘gz‘})\*R} ()‘:_60 <Pj>_l + s <pj> + | In(T — t)|>‘?+1R)

1{3>\*R<\1_q[j]|<3dq} (1 + [ ®Poutllt,0,0) (>‘*<Pj> + [In(T" — t)|)‘?+1R) ]

T LN (le—qlil 23,1} (A 4 [[Poutllg,0,0) }

N
X {Z {1{|w—q[ﬂ\s3x*R} (1 +I®
=1

j=

ORI, ) (1(T = N R(p;) 2 +1)

Lisn. refoqlil|<aa,y (1 F H‘I’outHu,@,a)] F1an (o glil 234, )} [Poutllz0.0 (A200) + 1 Zullos =) }
N
—1
D Uoglil s s (00) ™2 Lo (o bl 530, M
=1

. . 2
(14 12ouillso.0 + 1R, 500) L ginican, my (1T = O HOTLR 4 [In(T — ) PAZ R?)

A
M=

1

+ Liax. Refo—glil|<sa,} (1 [@outllz.0.0)* ((0) ™"+ |I(T = )AC R(p;)~?) }

<.
Il

+ L (gl jzaa, M (1 |1 Poucllz0.0)* < Zé’l + 03

provided
286+d00—v <0, 36<1+0. (D.64)
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e By (D.33) and (D.37), we have
1B (U, - VoU,) VU, |

N
=" (Zl{z al[<3d, P3) " F LN o gl 530,)
J
N
2
X D Lomili<aa A 40372 L (o gloljza0, M
Jj=1

N
=11 D Lo s A o) T+ Ly gl paa p | ST D0t +os

which is obtained by the same calculation as in (D.62) under the parameter assumption (D.63).
e By (D.9), (D.10) and (D.33), we get

‘(I)| ‘((I) : VxCI)) va*l

N R . 2

SIS (14 19eulion + 1RSI, 500) e giiiconry
j=1
X (V220 ()24 X2, [In(T — PR R?)

 Lsn e gl gy (L F [ Bowllzo.0) (2(0)% + [In(T — 1)2A29+2R2)

2
+ 1 (o 33,33 1 PoutlF .0 }

N
v—03p— —l—
D (L aiennry (1 [ @outllzon + 1981, 5, ) 2 o)) +1)

j=1

(1+[® ) )] + 1{m;_v:1{|z_q[j]\zgdq}}||q)out||ﬁ,®7a}

1{3>\*R<|x—q[j]\<3dq}

—1, -2
D L omgilicaan e 00 72 L an (om gl z30, M
=1

N
S Z { (1 +[|@ + ||(I)[J]||m Ve se l>3 {|z Do (/\iy735072 + | In(T — t)|2)\3(~)+u750R2)
j=1
F Lisn, rejo—qlil|<3d,} 1+ , ) )\*} + 1%;21{‘%(1[].]‘23%}}/\*||¢)0ut||§7@7(1
N
Z o + o3
j=1
provided

O+p+1+30p—-3vr<0, 38<O+1+v—27d. (D.65)
e By (D.83), we have

N
U, A [AUL =2 (U, -V, U) VU ST Z( ) +Qm) t s

j=1
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e Consider

2(a —bUA) | (VoU, - Vo) & — (D V,®) V,U,
([0 7. (@, 02)] (1,28 — [ @s,002) - 7. (n2r,02)] 02
{[vov. v (0, 93)] (1h0n, o) - [ (i, 0) - v. (., o) | v.00)
([0 9. (s, 98)] (@ 88) - [(10-,95) - 9. (i, 080) | w0}

ot S0 i) 10 92) ) - )] 07)
j=1

ﬁﬁ@bWW{me 5 i, )] (i 2) - (o) i, )] w0,

We estimate by (D.5) that
k)] i) o e o) i t)

( 9Q., m) ‘n“ Q,, oY

20—2§ —21—1 ]
< 1{|ac qlil|<3X\.R} (H‘I’lnnmu 30,1 ) A °<Pj> 5T€Q1j-

'MZ

<
I
—

n
M=

<.
Il
Jan

M-

<.
Il
—

wrvameVxﬁ@@QM@@@m
2 b
Lo qlilj<3r, B} (H‘I)m”mu 5 l) A3v7260—1<pj>72173 STEQ[f]

provided
(D.66)

O+ 8 +2)—2v<0.
By the property of cut-off function,

N N N
j=1 j=1
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Then by (D.33) and (D.10), it follows that

N . .
(va* . vxq)) D — va:U* : vx ZUR Q'yj 1n Z 77%]@% (I)El]

N N

N
= |[(VolUe - Vo®) | @ =3 ng Q@ | + |Vl Vo | @ = 3 nflQq @) || | D 0@y, @3
J=1 j=1 j=1

N
—1, -2
D gl As (0072 LN (gl 230, M

S
j=1
N
X [{Z {lo—qll| <37, R} (1 + 1 Poutllz.0.0 + IR, 5. ) (AL )T 1)
j=1
*Lion i< (U [ @outll0.0) | + L 1ol 0,11 |Poutll20.0
X Z [(1 + [[Poutlt,0,a) 1{\x7q[j]\§3>\*3} (A*<Pj> + | In(T — t)|>\?+1R)
j=1
F L cpoailienny (U [Poullze.0) (o) + (T~ DA R)
+1{ﬂf=1{|x—q[ﬂzsdq}}”‘bout”ﬁ’@’Q}
N
+ { Z [1{\1_(][1”53,\*3} (14 [[Poutllz,0.a)
j=1
F L iax. Refoqbil|<3a,) (1 F ||<I’out||ﬂ,®,a)} + l{ﬂyzl{qu[j]\Zqu}}”q)OutHﬂ,97a}
v—30, —
Z 1{\wfq[j1\§3A*R}H‘I>[J]||m S ]
j=1
N
—1
S| 20 Legtiicsap A 007 L (o gli 230,y M
j=1
N . . 2
x { S0+ I@oulsom + 1PN, 500) L a g con. my (Melps) + [In(T = DA HOR)
j=1
2
1{3)\*R<|x—q[j]|<3dq} (1 + [ ®Poutllt,0,0) ()\*<Pj> + [In(T - t)|)‘?+1R) ] + 1{m§fl{|m_q[j]|23dq}}|(I)out”i,(—),a}
N .
> o +os
j=1
provided

26+ g —v < 0. (D.67)
The other terms in this collection can be dealt in the same way.

e Before proceeding, we take a closer look at —A,U, and V. (|U.|?)V,U.
In the single bubble case N = 1, then —A,U, can be neglected by the U,-operation and V. (|U,.|?)V.U.
vanishes automatically. But for case of multiple bubbles, the phenomenon is different, and interactions appear

here.
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Recall (3.12). Claim:

N
AU, = = SV UL
j=1
N
_ ZZ {16175%]/\].‘2@(@ F 1) gl) — g¥| 2 [ 4] +l( ] q[k])} RICTESIST)

_ 1617%])\;2(/)? 1) 73 [ql — ¥ { (4] qgk] .(qg] _ q[;]” e—i('y;@—'yj)eié)j}67l

J

2

S (o8 + &) + oa| —Zi(a )0,

J=1

for some scalar function =;(x,t) when

0+26—-1<0.
Under the assumption (D.69), then
V. (U VU, =2 (U, - V,U,) V.U,
N
= Z Z {16,7%)\]_—2/)?(,0? + 1) 3Nl — g™ |~ [qgﬂ g™ 4 (qg] _ q[sz)} e (rm=75) g—i6;

J=1m#j
— 160220 + 1) Al — g7 [ — g =i (o) — g | e e |
J

N
> (9[1” - 9“]) + 03

j=1
Proof of (D.68).
N N N
Z V.UV 2UY) = Z VUV 2 ( —U, + U*) - Z VUV |2 (U[j] _ U*) + Z V.UV 2U.
j=1 j=1 j=1 j=1
where
N N
Z |VZU[J']‘2 (U[j] _ U*) < Z)\J 2 [J] 42 [k]
j=1 j=1 k#j
Then

1 j=1 j=1 ki

A
—
I
Ss
AR

j=1 j=1k
N ) N N

S -2 | | AR e g7 | = AR Zn[“ 2 le—a”l”
j=1 j=1 j=1 =1

|z — ¢ o — g™t < max{|z — ¢!, |z — ¢ T1Y for j #£ k.

N N N
1— Zn%] Z v il (U[J] Zn[ Z )\j—2<y[j]>—4 Z<y[k]>—1
=
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For any fixed j=1,...,N

)

[J] Z V. yli |2 Ul — *) < 77%] [J] 44 Z /\ Z<y[k]>71
j=1 m#j k#m
S (M) T AT T ) S mg At

This estimate is too rough that can not be controlled by the outer topology More sophisticated analysis will
be applied. Indeed,

|VIUU]|2 (U[J'] _ U*)

_ ; _ T
—2X7 IV U (192 + 1) 71 Qs [, 87, 1]

k)
4 T
_ _16/\;2([)?_1_1)—2 Z(pi+1)—l |:e7«’Yk <y[1k] +Zy£k]) 7_1] )
k#j
Then
S VLU (U -0 =0 ST o0 [ o)+ S A | = afo02) (0, S TV
m#j m#j k#m,j
[J]|v Ul |2( _U*) =

. X T
—16mg A (o + )Y (o + D)7 [e”’“ (yﬁk] + @y[g’“]) : —1}

k#j
and for k # j,

P = A%l — €92 = 02 [l — €9 2 — ) - (€11 — ¢

) + ‘5[7’] _ f[k]|2]
= ,\;2|§m _ 5[’“]\2 {1 + |€V) — 5[k]|72 UI _ 5[11|2 +2(z — ¢Vl . (W) — g[k])] }
Then
—1 i _ ] B ‘ ‘ ‘ »
(P2 +1)7 = NZED) — |72 {1 4 (W) — |72 [A2 4 |2 — €0V 4 2(x — €U - (D) — ¢y]}
Specially,
ng (b +1) =0\ — W72 (140 (A + \jR)) (D.72)
which implies
U%]IVmU[j]IQ (Ulj] _ U*)
; T
— 16PN 202 + 1) 72 DA — €172 (14 0 (AR + A R)) e (o i) 1] (D.73)
k#j
Notice | | | |
ot ing! = ol 6 - (o - )]
= MAT it AT [ — el i (e - b))
Then by (3.14), we have
' 2 (=0 +vk—; 2p;
(o )= = (1 gne [68 o) comm)
J
- 2 o 2p;
=\ 1o | 1— —— [%(w vg)] j bt
et (1 e o] 2 (o7

2 .
+ A (1 - Re) {[gﬁ” — ¢+
p; +1
T
[ <y[1k1 Jriyge]) 771] -

J
2p? ) p?—1 2p; ) ) .

R =) | — —1 bl _ ¢l bl _ e\ Si(=0+ve—;
AjAg p?_ilRe [e (ve 7)} p%—l—l X p?—ilRe{[&] +Z<52] & )}6( T 7)}.
Then

/N

bl — gﬂ)} ei(*(’.ﬁwfv_;')}?

2
o L p;—1

Re |:( +14 )61( 0;+vk 'YJ):| _
v P41
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ni Myt [IVchml2 UV = U]},

= — 16N (07 + 1) 72 NIV = €M7 (140 (A} + AjR))
k#j

2 P 2,
x [ijklpj (1 b 1Re> [e“%—%)} + e )
J

(- 1Re) (fr-t+s(e- )] }]

J

— 1622+ 1) SO NI — €972 (14 0 (X2 + \R)) (D.75)
k#j
— 2 i(ve—; 2p;
x {Aﬂ'/\klf’j (1_ 2+1Re> [0 +p§4:1}
— 160 A2 (0] + 1) Y MleP = €M7 (140 (AR + \R))
k#j
2 Ul _ elbl 4 o [ ¢li] ~0;47e—7)
O R CR) E
where ,
‘16n5§1A;2(p§ + 1)) MY = M2 (140 (A + AR))
k]
B 92 I 20 , B U
X {/\j)\klpj (1—p2+1Re> {e (e “’-7)} +p2_ifl}‘§77%]</’j> SST Q[1]]7
’1677%])\] 2+ 1) 72 Alél — €972 (0 (A7 + \R))
k#j
2 Gl _ el o (eli] —0; 47k =) ‘< e bl
(1 teame) {fe et o (-] o} s
provided
©+28-1<0. (D.76)

. ~ . ~ 2 - O
— 167203 + 1)) aele? - €] <1p2_ +1Re) (|6 -l +i (b — )] et}
k£ i

| | 2 - 0 (0,40
+ 160702 (0F +1)72 Y Mela® — g7 (1 p2_+1Re> ([ =7+ i (a8 - af") | Ot
ki j

SR T (T — ) (p;)* < T}

(D.77)
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— 160N (2 + 1)) " Aklg¥! -

Kt
= — 1672205 + D7) Mg — g
K
+ 1605 A2 (05 + 1) 72 Y Mla — g
ki
% {[qgﬂ ¢ +i (
= — 1605 A0 (05 + 1) Melg —
k#j
+ 167][]])\ pr+17? Z Aelgl! —
ki

q[;])} ei('yk—'yj)e—i@j + {qgjl
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g™ ‘—2 (1 _

¥ [QE”

2 . .
Re {[ bl _ gl H( bl _ [k])} el(_ej‘f"Yk—’Yj)}
pg + 1 > q1 qs ds
g +Z( £ qg“])} et =5) g—i0;
[k]‘—2

k]

g (qéal q[k])} e—im_w)ewj}

[q[l] gl +i (qéﬂ — qé’“])} /(=) =13

' (qg]

k] _

k
- q )

— g )} e~ —73) o105

k]‘ 2{

(D.78)

which will be put into mode 1 and mode —1, respectively.

For the projection in UL,

we calculate

[j]lv U[j]|2 (U[J'] — U, ) .yl
= — 162N (07 + )72 NV = EH2 (140 (A2 + AjR))
k#j
2p? ) p?—1 2p; ; , )
« [t J { Z(’Yk-—’Yj):| _ -1 iR, {[ bl _ el ( [l _ [k])} 1(—%-*—%—%)}}.
[Jkp?Jrl € P21 kp?+1e 1 —& +i(& &) |e
(D.79)
Thus by U,-operation,
‘n%]IVzU“]\Q [(UY —©,) - UV (U9 — U*)’ <o)t < T,
In sum, we conclude the validity of (D.68). O

Proof of (D.70).

N
2(U, -V,U,) VU, =2 (Z U, -V, U™

-2 iz

By (D.71), we have

N
) Z VwU[m]
m=1

k=1

N
(UM~ U) - V.UM | Y v, Ut

m=1

N N
Zn“] SN (UM —U) - V,UM | Y v, Ut
k=1 n#k m=1
i) e e A A
< J
- Z” ;%;m—qlnum—qku?m—q[mlv
N N A
5 Z"[J] ;;C;l% nmax {|z — ¢! |z — ¢~ 1}|x g¥| |z — WEm]|2
N
< an SR 2|x—q[m]|2N ZQQ + 03

m=1
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For any fixed j =1,2,..., N,

N
ng (DY (UM = Us) - v, UM | Y v U <l ST,

k=1 n#k m#j
77R Z Z U[n] VUM | v, U] < m[é] < Teg[lj]
k#j n#k

Thus we only need to focus on

277%’] Z (U[m] _ Uoo) ~V$Um va[j]

m#j
For m # j,
2
2 (U = Us) - 0, U] 0, (UM,
k=1
2
[(U[m] _ Uoo) _va[j]] v, Ul = > [(U[m] _ Uoo) -0, UL ] O, (UVD)y
k=1
2
> (UM = Us) - 02, U] 05, (UL
k=1
2
=22y [(U[m] ~U.) 8@/5]qu @yLJ]Um
k=1
Notice 9 Py 0.
0 )= 10, + L8y, = cos0;0,, S0, 5.
J 7l J i%p; —
wh oy Ay hi (D.80)
ap; 00 ) cos b '
0 171 = —4700; + 570, =sin0;0,, + 2.0,
ve dys3 Oy3 Pj
Then
15 G _ 8005 5 G _ sinb; 1]
amef = cost;0, U — o 09, U = cos 0w, Q~, By sinw(p;)Q~, Es
! J J
= = 2(p2 + 1) (cos0,Q, B! + sin 6,01, BY') -
. . 0; 0s 6, '
ay[j]U[]] = sin6;0,,UY + COpS 719y UV = sin 6w, Q,, B} EV 4+ o smw(pJ)Q%Em
2 J J

= =22+ 1) (sin6;Qq, BV — c0s6,Q., ES).
Thus

2
AIQZ [(U[m] ~Us) 0 U]UU]} 9 UV
=1

Y Y

= 4); ? 2{ [ U[m] oo . (COS 0;Q~, Egﬂ +sin 0;Q,, Egj])} (cos 0;Q~, E{j] + sin HjQWEg])
[< ~Usx) - (sm@ QB — cost; Q%E“l)] (sin 0,5, BY — cos 0,0, ') |
= 4 pJ 4 1 —2 { [ U[m] ny E[J]:| ny [(U[M] _ Uoo) . nyng]} Q’Yj Egj]} ]

Notice
T ) - T
U —Use = 201 P +1)7 Qe [ 987, -1]" = 205 + 17 e (o + ) 1]
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Then it follows that

<)\]2 3 [ (Ut — .9 [J]Um] 9 []U[J]>

k=1 C;

_ 4)\;2(05 + 1)—2 {(U[m] _ Uoo) . Q’Yngj] 4 (U[m] _ UOO) . Q’Yng]]

. T
=8\ 2 (pf + 1) 20, + 1) (Hmm {6”’“ (y + Zy[m]) : 1} >
Cj

Re [emmfw)} 20
;1

p
TPV (1 - p;HRe) [ e v (& —&bm)] ei”f‘*%”)}]

where we have used (D.74) in the last “=".
We estimate

) 2 ) 20
2202 + 1) (0%, + DT ANy [ 1— e | [el0m—)] 4 2L
Py + 1 Pj

_ -2/ 2 -2/ 2 —1 -1
=8\ "(p; +1) (o + 1) lAjAm P; <1 RS

(| SR e TS T

By (D.72), one has

207802 (07 + 1) (on + 1) 7N, ( Re> ([ e +i (8 - g)] eicortam—}
+ AjR))
x (1 - p?i 1Re> {[ L (g glml)] i(=0;+7m— m}.

Notice that
167575 2An (2 +1)721€9 = €71]720 (A2, + \;R)

2 ; ml el m I R ; _ .
% <1p2.+1Re> de]*d 1+Z(€£ﬂ7§£ ])}6( 8, 4+vm vj)}‘sn%1R<pj> 4 < el
J

2
p; +1
= 160F A 2 A (05 + 1) 72(E9 — €M7 (140 (A,

provided
0+28-1<0. (D.82)

j — — 5 m]|— 2 j m . j m i(—06.; e~
167577 A (92 + 1) 2l — ¢m] =2 <1p2+1Re> ([ - +i (€8 - b)) e-trtm—}
= 169207202 (0% + 1) Amlg? — |72 g — gl i () — )] om0

— 16027203 + 1) Anlg?! — g2 g — i — i (" — g ) | e O e 4 O(T) o,
by the same estimate as in (D.77) and (D.78), which will be assigned into mode 1 and mode —1.

U
Under the parameter assumption (D.69), combining (D.68) and (D.70), we have
N . .
AU, —2(U. - V,U) VU = O(T) | (dfl + ggﬂ) + o3| - Ei(z, t)U.. (D.83)
j=1

Combining (D.18), (D.42), (D.43), (D.45), (D.46), (D.47), (D.49), (D.50), (D.51), (D.52), (D.53), (D.55),
(D.56), (D.59), (D.61), (D.63), (D.64), (D.65), (D.66), (D.67) and (D.69), we get the parameter requirement
(D.31).

(]
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D.4. Estimate of HUl. For |z — U] < 2)\;R, by (5.50), we have
‘D1<1>0ut(m, £) = Dy®ous (g, T)‘
- ‘Dx@out(x,t) = Du®out (q7, ) + Da®ous (g7, 1) — Dy®ous(q [ﬂ,T)‘
S 2oz {C@) NEOOLORE) ™ + | Zullosen] o - a7 (D-84)
+C(a) PO + (T = )% | Zull s }

S I®outlls0.aCle) A2 (1) + (T = )2 (| Z.]| oo )] -
By (5.29) and (D.84), when T is sufficiently small, we have

[6:1:1 ((I)out)1 + awz ((bout)Q +1 (am ((I)out)z - axz (q)out)1)] (q[jlvT) 7é 0.
By (D.84), we have

‘Aglpjwij (pj)e_i’yj{ [8931 ((I)out)l + a’w (cI)Ollt)2 +1i (aﬂvl (cI)Ollt)2 - 8902 ((I)‘mt)lﬂ (.T,t)
- [8961 (q)out)1 + am ((pout)z +i (am ((bout)z - azz ((I)out)1)] (q[j],T)H
+ ‘)Clwm (pj) cosw(p;) {[— L (Pout)s + 10z, (Pout)s] (2, 1) = [0z, (Pout)3 + 10z, (Pout)s) (¢, T)}|

‘)\ pj W]{ [8 out - 8302 ( 0ut)2 - i (awl (‘I)out)z + 89;2 ((I)out>1)] (x,t)
— [0, (Pout)y = Doy (Pou)y = i (Da; (Pout)s + Ory (Pout)y)] (67,7) }
< /\{1<Pj>_2||‘1’out||ﬁ,®,a0(a) A2 + (T = )| Zillos rey ] -
(D.85)
Recall HU! defined in (5.20). By (D.5),
HE S NP g0 0 X227 () 72 S N (py) 2 (D.86)
provided
200 < v. (D87)
Denote
27
[4] ) — (27) 1 [5] 10, —ik0; jp . [4] _ ik0; [4]
(), o= m [ () (s pe an,, () I; ().,
By (4.41), (3.20) and (D.85), we get
(M) o o S22 07+ ALl ™ 25 01) ™ Vo, T)|
+27H00) 2l Poutllze.aCla) (A + (T = )21 2. ]| 05 ) }
(D.88)

S A0 7+ X)) P Poutllz.0.0 (A2 (0) + (1 Z4lca (e2))
+ A (03) P Poutllz0,0C () [A + (T = )% | Zu| oo o))
S N py) !
for |p;] < 3R and € > 0 sufficiently small provided
0<v<l, 0<I<l v=O0+8l-1<0, v—S+Bl-1<0, (D.89)
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By (4.43), (3.20) and (D.85),

!( e

1SR o) 72 + A7 (0 [ Vaous (¥, )|

5 0) 2l Poutllze.aCla) [A2 (1) + (T — )% || Zu]|os (g2 } (D.90)
S |€“]|)\ (i) 72+ Xulp) Pl Poutllgo.0 (AL (0) + 1| 24|02 e)) .
+ X (05) 21 Poutllg,0,0C () [AL + (T = )% || Z. || 03 (m2)]
S A p)
provided
v+ Bl—1<0. (D.91)
By (D.85),
(#"). 1‘ S A0i) 21 ®outlls0,0C (@) A2 + (T = )3 (| 22| e (D-92)
-
By (5.40) and Proposition 9.1, Tin[(HV'). ] € Biy provided
'E
v Bl—b—1<0. (D.93)
By (3.20) and (D.85), we have
11] 2f\—=1, \-3 j
‘(Hlj )Cj,T S )‘*{)‘j <pj> ’vzq)out(q[]];T)|
4 ) 2 Cl0) (1) + (T = )% | Zulloae)) |
(D.94)

S Ao P ®outllz.0.0 ()\@(0) +1Z: s wey)
+ X {03) 2 Poutllz0,0C @) D + (T = 1) | Zelco(ze)]
S A py) 2!
provided the same parameter assumption (D.89) holds.
In summary, collecting (D.87), (D.89), (D.91) and (D.93), the parameter restrictions for bounding HU! are

given by
200<v<l, O0<i<l, v+pl-1<0. (D.95)

Holder estimate for U, Recall that HU) = H}' + #Y) where #{ and H} given in (5.21) and (5.22),
respectively. For the C2-regularity of the inner solutions, the Holder continuity in (yU!, 7;) of H; is needed (see
Proposition 9.1).

Notice for Q ¢ R% x R,

[fg]ccH ) = [f}C&H (Q)HQHL‘X’(Q) + g ]CcH (Q)||f||L°°(Q)~
For brevity, we denote Q, := Q~ ((y, ), |g|) defined in (5.41). From (5.44), we have

500 () 3]
€ 1 193 () D [P

(7] 5] g [7]
+ ||(I)iz1 ||L°°(Qy)||vy[j] (771% (I)ifa) HLOO(Qy) [vy[ﬂw[g]}cm (Qy) (D.96)

3] & 9]
‘Loo (Qy ){vy[j] (77R (I)im)}cgH (Q )

iy 1\ —3—21—g; ] ’
5)\2(” o)<y[J]> 3-21 g”“(”@i[il]‘lin,yfﬁo,lﬂin) :

e Holder continuity of the coupling terms from the outer problem

+ |V,

|(I>1n

y[] m ||L°C(Qy)

/\?Qw{ (a—bUVIA) [|VUYPTH 12 @oue — 2V (UP! - @oye) VU] }
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For p; given in Proposition 6.1,

pj } [L} 1
[|p [ sn L PN ||pj||oo |p oo s + H|PJ‘ H [Pj oo
A7 (t(m) - )\Tl(t(S))|
5 A*(T]) sup ] : ‘T' _ S|CHJ/2 + )‘ 1(TJ)[pJ]C§H,§TH
SE(maX{TJ‘—#,TQ},Tj> J
T, — 8 _
< Al In? 7 sup ||i<H|/2 + A 1(Tj)[pj]C<H,<TH
9€<ma{ bl } ) TS
E x{7; 5 5T0 )
_sm
SA()r P A AT )] e sp
since 7; ~ m‘*j(%t—t) Also, we have
il g = il s
. |7; — 5]
S Ai(tm))npj(wnoo sup P—
4] |75 — sl
sE max{TJ—T,To},TJ>
< RN E 15Ol
and thus
[ﬂ} — [&}
Ipjldcsn 8 L[ Josp?
S Mty n? (D.97)
_sH
STt Int
SERRCCNI S
From (D.97), we then have
P‘?Q% {(a _ bU[J’]/\) |:|VIU[j]‘2HU[j]L(I)out — 2V, (U[j] . (I)out) VIU[j]} }] .
coH T
l3112 Pj
o] [ M AT PRCERE RS (LALA FRL S i
&H o &{ bl 2} AN UIY U | e |V, @ M[L}
il el (19 UE] g+ A DI o U e Vool [5] oy

AN U o 21720

C“H
A DIV @oulo [ 2 U[ﬂvymvm]cm,%
feauiy | a o -
A0 PO IR0 + 2o )] 07) @il 0.0
Lo DT OROIIT — )|+ (T = D)1 Zullos(w) + M (00,02 0) + 1 Zul|s(3)] [@ontls0.0

T T XO(0) + 1 Zullos )] 1 @outll 0.0
+ AT EO )2 OO NORE) ™ + || Zellos @) 1®out 11,0,
1> 2=ex [AO( )+ 11 Zellos gy || ®

ALy




J. WEI, Q. ZHANG, AND Y. ZHOU

164
provided
a > <q,
1+0 -5 +aB>0, (D.98)
O+1-38+°4>v,
1—v—pl>0.

Therefore, under the restriction (D.98), the coupling terms from the outer problem are in the desired weighted
Holder space.
e Estimate of
]LS[j]
. ( = 0 @3) + (a = bUIA) [A, @Y + VLUV PRp) — 2w, (U0 o) w,ub] 8tU[j]).

Collecting the estimates in subsection 4.2.2, we have
Sl
= — 0(P;) + (a — bUxA) A, 00 — 9,U
—b(UY —Us) A A + a|V, U205 + bV, UV 2o A UV
+ (a—bUVIA) [—wz (v @) v,u]
ONTLEL L il AT (£ bl N T
i &7y j (&’ — &y )}q)g]}e“gj,o}

(5] . g ld]
= Hg ! P]a [ 2 2
pr+1)3 (r; +1) P +1

(
2 -1y 2
iP5 ] i NPT a0 o7
I AT PR
(p2+1)z 70 (1) o)

Zb)|: 2 pjl 28ijj ([)J] + 2J jé Zj(I)([)J] (2 ])(P[J]:| 7,Gjao]
(pj +1) (P2 +1)2 (g 1)?
. H —2i;p; 2051 A0 [20; + (0 +1)§]} 10, 4+77) 4A§1XJP§]T+5M
[oj + (03 + 12102 +1)2 oy + (pF +1)2] (0} +1)? "+ 1)? !
—92h _ _ . . ) T 8a\72p? . T
A& ), —(AL® ), p. [( A1), — i(A, DY ) 71(9j+’yj)}i| [ i Pi gl 0 }
er?—i—l[( 0 )2 —( o )1 piRe | (( 0 )2 —i( 0 )1)e + (P2 +1)3 ge’,0
82 o . » T
e [~ D@, =6 = (@)1, ~2piRe [ (@) — i@ ), ) e ] |
J
8X; (303 — p}) P _—
S e+ DT o] (0,58 -10,55).
i i

where the expressions for (j, oY BZ]@[J] 02,z ®Y can be found in (4.14), (4.15), (4.16), (4.17), respectively.

In order to get a desired Holder property in yU!, we consider a slight variant of the above expression for SU!

denoted by SV, for which the term @g] is replaced by a “regularized” version

(i)([)j] = _)‘]p]/o IZ]( ) (CJ)

Here another choice is by the standard Duhamel’s form. The difference <I>O]] — i)g] actually leaves a smaller

error. Indeed, the difference is given by

(Ajpj—zj)/o ]Z]() Ko(Gj)ds p+\/,07+1/ ot i€

and we see there is extra A; which carries smallness. So in the non-local reduced problem, the errors produced
Ul is regular in the spatial variable yU!, we only need to

¢j)ds,

by the difference is of smaller order. Now since II,(; .S



consider its Holder property in 7;. A typical model to consider is the Holder in 7; for the non-local term
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t=A3(t)
/

which is from the non-local expression for i)g I, Recall

Then we have

where

Here

dr;

dt
_/t—ki(t) pj(s)d
—as
/o t—s cor/?

A2(t)

= /1_t pj(ti)dz
0 1—-=2

cy/?

A3y

fl )
0

Pj(s)d&
t—s

= A7),

55 (4(7;)2) T
PREIDZdz — =) P22 dz

= sup
se (max{‘rj —# ,To},Tj>

|7j — slon/2

CA2er) _AJee)
/1 () / T py(Hs)2)
17>\_?(t(‘fj)) ) 17x3<t<s>> ) ]
LT milem)a) [T Bltr)2) —hi(t(s)2)
| fi e 1—2 o 1—2
t(s)
X(1(s)H(7;) s CRg
S T; ts) 2%
SJ ”p”oo In d + [p]ﬁ mwTE[t(T') _t(s)]a/2/ dz
! t(s)\3(t(75)) e ! 0 1-2
A3 (t(s))t(7y)
S 1D lloo |In - + [Bila m.T[t(r;) — t(s)]*/2.
! t(s)A3(¢(75)) e ’

1;§+2;2)

/ Za/2d 22%+12Fl(1,%+
1—-2 a+2

For the first term we have

sup

sE (max{rjfg,m},‘rj>

sup

A

SE (max{rj — # JT0 )T

= sup

sE (max{n—#,m},q)

125 ]l sup
1)

AN

sE maX{ijyT,T(]},Tj

. — 2
< IBslleor; 72,

~ O(1) for z<1.

i AZ(#(s)t(75)
155100 [ 555702037

|7j — slon/2

) HT-3)
15500 hl%jT,%)

) |7j — s[on/?

HpJ”OO In Te_1

|7j — slon/2

TTj—l ‘

R

8(1 —9) +Tj6
)

165



166

J. WEI, Q. ZHANG, AND Y. ZHOU

where we have used |yU|? < 7; by our choice of R. One has roughly

1 1
tHr:) —t a/2 ~ o
| (Tj) (S)| 5 Tj
so for the second term
[Bslg m=T[t(r) — t(s)]/ _qpoe=sH
¥ — < [D:]a € 3
bupm ‘Tj — S|<H/2 ~ [pg]i,m@T T;
< (max{T"_yTvTo}J) ‘

where we have used

a > Gy.

Collecting above estimates, we have

t=A2(t) .
] pils . . _
[ J—— MS] < (I3l + sl g )75 7
0 s csH /2
i

Using this together with the Holder property of £V in 7;, we conclude that IS SVl is in the desired weighted
Holder space similarly as before.
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