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Abstract. We construct finite time blow-up solutions to the Landau-Lifshitz-Gilbert equation (LLG) from R2

into S2 {
ut = a(∆u + |∇u|2u)− bu ∧∆u in R2 × (0, T ),

u(·, 0) = u0 ∈ S2 in R2,

where a2 + b2 = 1, a > 0, b ∈ R. Given any prescribed N points in R2 and small T > 0, we prove that there
exists regular initial data such that the solution blows up precisely at these points at finite time t = T , taking

around each point the profile of sharply scaled degree 1 harmonic map with the type II blow-up speed

‖∇u‖L∞ ∼
| ln(T − t)|2

T − t
as t→ T.

The proof is based on the parabolic inner-outer gluing method, developed in [12] for Harmonic Map Flow

(HMF). However, substantial difficulties arise due to the coupling between HMF and Schrodinger Map Flow
(SMF) in LLG, and such coupling produces both dissipative (a > 0) and dispersive (b 6= 0) features. A direct

consequence of the presence of dispersion is the lack of maximum principle for suitable quantities, which makes

the analysis more delicate even at the linearized level. The dispersion cannot be treated perturbatively even
in the dissipation-dominating case a/|b| >> 1, and one has to include this as part of the leading order. To

overcome these difficulties, we make use of two key technical ingredients: first, for the inner problem we employ

the tool of distorted Fourier transform, as developed by Krieger, Miao, Schlag and Tataru [34, 35]. Second,
the linear theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental

solution of parabolic system in non-divergence form with coefficients of Dini mean oscillation in space (DMOx),

which was proved by Dong, Kim and Lee [20] recently.
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1. Introduction

Let M be a m-dimensional Riemannian manifold of the metric g and S2 be the 2-sphere embedded in R3.
The Landau-Lifshitz-Gilbert equation (LLG) on M is given by{

ut = −au ∧ (u ∧∆Mu)− bu ∧∆Mu in M× (0, T )

u(·, 0) = u0 ∈ S2 in M,
(1.1)

where a2 + b2 = 1, a ≥ 0, b ∈ R, ∆Mu = 1√
g∂xβ (gαβ

√
g∂xαu) is the Laplace-Beltrami operator and u =

(u1, u2, u3) is a 3-vector with normalized length which is a mapping u(x, t) :M× (0, T )→ S2. First formulated
by Landau and Lifshitz [36] in 1935, LLG (1.1) is an important system modeling the effects of a magnetic
field on ferromagnetic materials in micromagnetics, and it describes the evolution of spin fields in continuum
ferromagnetism. See also Gilbert [22]. LLG (1.1) can be viewed as a bridge between the harmonic map flow
(HMF) when a = 1, b = 0 and the Schrödinger map flow (SMF) when a = 0, b = −1.

In the context of HMF, Struwe [51] proved the existence and uniqueness of weak solution with at most finitely
many singular points when M is a Riemann surface. See [21] for further generalizations and [9, 52] for higher
dimensional cases. Chang, Ding and Ye [7] first proved the existence of finite time blow-up solutions for HMF
from disk into S2. See also [8, 10, 16, 37, 45, 47, 54, 57] and the references therein. In [55], van den Berg,
Hulshof and King used formal analysis to predict the existence of blow-up solutions with quantized rates

λk(t) ∼ |T − t|k

| ln(T − t)|
2k

2k−1

, k ∈ N+ (1.2)

for the two-dimensional HMF into S2. For the case M = R2 and the target manifold is a revolution surface,
using degree 1 harmonic map Q1 as the building block, Raphaël and Schweyer [48, 49] constructed finite time
blow-up solutions with rates (1.2) for all k ≥ 1 in the equivariant class, where the initial data can be taken
arbitrarily close to Q1 in the energy-critical topology. For the case that M⊂ R2 is a general bounded domain,
Dávila, del Pino and Wei [12] constructed solutions which blow up at finite many points with the type II rate
(1.2) for k = 1, and they further investigated the stability and reverse bubbling phenomena. The construction
in [12] can be generalized to the case M = R2.

On the other hand, for SMF with M = R2, Merle, Raphaël and Rodnianski [41] constructed the finite time
blow-up solution with the rate (1.2) for k = 1 in the 1-equivariant class. Analogous to the results in Krieger-
Schlag-Tataru [32] for wave maps, Perelman [44] constructed finite time blow-up solutions with continuous rates.
See also [3, 4, 5, 6, 29] and the references therein for the global well-posedness results and the dynamics of SMF
near ground state.
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For LLG, in the case M = R3, a > 0, Alouges and Soyeur [1] proved the existence of weak solutions for
(1.1) and constructed infinitely many weak solutions. The existence for the weak solution to LLG has been
established by Guo and Hong [23, Theorem 4.2] whenM is a closed Riemannian manifold with m ≥ 3, while for
the case that M is a closed Riemannian surface, the weak solution was shown to be unique and regular except
for at most finitely many points [23, Theorem 3.13]. WhenM = R2 and the target manifold is a smooth closed
surface embedded in R3, approximation by discretization was used in [31] to construct a solution of LLG which
is smooth away from a two-dimensional locally finite Hausdorff measure. In general, one cannot expect good
partial regularity results for weak solutions in the higher dimensional case m ≥ 3 without further regularity or
energy minimizing assumptions. See the famous example by Rivière [50], where weakly harmonic maps from

the ball B3 ⊂ R3 into S2 were constructed for which the singular set Sing u is the closed ball B3, and this
result can be generalized to higher dimensions. In a similar spirit to the existence results for partially regular
solution for HMF in higher dimensions of Chen and Struwe [9], Melcher [39] proved that for M = Rm (m = 3)
there exists a global weak solution whose singular set has finite 3-dimensional parabolic Hausdorff measure.
Later, this result was generalized to m ≤ 4 by Wang [58]. With the additional stability assumption for the weak
solution, for m ≤ 4, Moser [42] proved better estimate for the singular set. The partial regularity of LLG (1.1)
for m ≥ 5 still remains open.

ForM = Rm, the global existence, uniqueness and decay properties for the solution of (1.1) were established
by Melcher [40] for m ≥ 3 with initial data u0 close to a fixed point in S2 in the Lm norm. Lin, Lai and
Wang [38] generalized the result to Morrey space and m ≥ 2. For u0 away from a fixed point in S2 with BMO
semi-norm sufficiently small, Gutiérrez and de Laire [27] proved the global existence, uniqueness and regularity
results for LLG.

The study of the dynamics for LLG with initial data close to harmonic maps is of special significance and can
provide hints on the mechanism of singularity formation. A series of works by Gustafson, Tsai and collaborators
[24, 25, 26] are devoted to the behavior of the solutions to LLG with M = R2 with initial data u0 close to the
harmonic map in the n-equivariant class. They found, among other things, that there is no finite time blow-up
for LLG and HMF with u0 close to n-equivariant harmonic maps for n ≥ 3 and n = 2, respectively. See [26,
Theorem 1.1], [26, Theorem 1.2].

The singularity formation for LLG is an important and challenging topic. For the case thatM is a compact
manifold with or without boundary in dimensions m = 3, 4, Ding and Wang [15] obtained the existence of a
smooth finite time blow-up solution for LLG. For M ⊂ R2, as an analogue of Qing [46] for HMF, Harpes [28]
gave descriptions of solutions to LLG (1.1) near the singular points. For the energy critical case that M is
a disk in R2, in an interesting paper [56], van den Berg and Williams predicted the existence of finite time
blow-up by formal asymptotic analysis supported with numerical simulations. For M = R2, Xu and Zhao [59]
rigorously constructed a finite time blow-up solution to (1.1) in the 1-equivariant class.

In this paper, we consider the case with target manifold S2,M = R2, and positive damping parameter a > 0.
LLG (1.1) can then be written as{

ut = a(∆u+ |∇u|2u)− bu ∧∆u in R2 × (0, T ),

u(·, 0) = u0 ∈ S2 in R2.
(1.3)

We are interested in the case of multiple bubbles to LLG (1.3) in the general non-radially symmetric setting.
Our construction is based on the following degree 1 profile

W (y) =
1

|y|2 + 1

 2y1

2y2

|y|2 − 1

 , y = (y1, y2) ∈ R2,

and clearly

QγW

(
x− ξ
λ

)
solves the stationary equation of LLG (1.3) for any ξ ∈ R2, λ > 0, and any γ-rotation matrix around z-axis

Qγ :=

cos γ − sin γ 0

sin γ cos γ 0

0 0 1

 .
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Let us define U∞ = (0, 0, 1)T . Our main result is stated as follows.

Theorem 1. For any prescribed N distinct points q[j] ∈ R2, j = 1, 2, . . . , N , N ∈ Z+ and T sufficiently small,
there exists initial data u0 such that the gradient of the solution u to LLG (1.3) with a > 0 blows up at these N
points at finite time t = T . More precisely, the solution u takes the sharply scaled degree 1 profile around each
point q[j]

u(x, t) = −(N − 1)U∞ +

N∑
j=1

QγjW

(
x− ξ[j]

λj

)
+ Φper

with

λj(t) = κ∗j
| lnT |(T − t)
| ln(T − t)|2

(1 + o(1)), ξ[j](t) = q[j](1 + o(1)), γj(t) = γ∗j (1 + o(1)) as t→ T

for some κ∗j = κ∗j (a, b) ∈ R+, γ∗j ∈ R, o(1)→ 0 as t→ T and Φper of smaller order.

Remark 1.1.

• The positivity of the Gilbert damping parameter (a) plays a crucial role in our construction.
• The bubbling solution at multiple points constructed in Theorem 1 is type II, and for j = 1, . . . , N ,

|∇u(q[j], t)| ∼ | ln(T − t)|2

| lnT |(T − t)
as t→ T.

Moreover, the dependence of the blow-up speed λj on the parameters a and b in (1.3) is in κ∗j , which is
of order 1.

• The perturbative term Φper in Theorem 1 is constructed in carefully designed weighted topologies. See
Section 5.4.

The proof of Theorem 1 is based on the parabolic inner-outer gluing method, which was recently developed
in [11] and [12] to investigate the singularity formation for evolution PDEs. See also [13, 14] for elliptic
analogues developed earlier. Our study of the singularity formation for LLG is motivated by the one for HMF
[12]. However, substantial difficulties arise due to the coupling between HMF and SMF in LLG (1.3), and such
coupling produces both dissipative (a > 0) and dispersive (b 6= 0) features. A direct consequence of the presence
of dispersion is the lack of maximum principle for suitable quantities, which makes the analysis more delicate
even at the linearized level. The dispersion cannot be treated perturbatively even in the dissipation-dominating
case a/|b| � 1, and one has to include this as part of the leading order. In our inner-outer gluing construction,
new linear theories for both inner and outer problems need to be developed, taking into account the dispersion.

The new linear theory for the inner problem is developed by analyzing each Fourier mode, which is the Fourier
expansion of the complex form on each tangent plane of the bubble on S2. Due to the absence of maximum
principle, we first employ energy methods to get rough upper bounds for each mode. In order to refine the
bounds and get better pointwise decay estimates, we perform another gluing procedure, called re-gluing process,
at all the modes except mode −1. The re-gluing process was first used in the analysis of linearization of HMF
at mode 0 in [12], and here we generalize this technique to all other modes except mode −1. For mode −1,
using above method does give a solution, but this solution gets deteriorated in the innermost region and is not
sufficient for the gluing to implement. Instead, we utilize the techniques of distorted Fourier transform for the
dealing of mode −1. The use of distorted Fourier transform is motivated by a recent work of Krieger, Miao
and Schlag [34] on the stability of blow-up for wave maps beyond the equivariant class. See also [32, 33, 35] by
Krieger, Miao, Schlag, Tataru, and the references therein. Using the distorted Fourier transform, we develop
linear theory at mode −1 with or without orthogonality conditions. The version with orthogonality removes the
logarithmic loss compared to the one without orthogonality. See Section 9.6 for more details. In this paper, for
mode −1, we only use the one without orthogonality since the introduction of two new modulation parameters
will further complicate the interactions, and we control the logarithmic loss by Hölder properties inherited from
the equations.

The outer problem turns out to be a quasi-linear parabolic system in non-divergence form. Different from
the linearized outer problem in HMF, the one in LLG is a coupled system, and thus cannot be solved compo-
nentwisely. The coefficients of the coupled system for the linearized outer problem is in fact part of the blow-up
profile. So one cannot expect good Hölder continuity in the coefficients and has to work in certain weaker class.
The linear theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental
solution of parabolic system in non-divergence form with coefficients of Dini mean oscillation in space (DMOx),
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which was proved by Dong, Kim and Lee [20] recently. We introduce Dini mean absolute oscillation in space
(|DMO|x), which is a subspace of DMOx. Under some weak assumptions, the functions in |DMO|x are closed
under arithmetic (see Lemma 7.1). This property makes it easier to achieve that the leading coefficients of the
outer problem belong to |DMO|x.

Another aspect in the construction is the dealing of slow decaying errors, usually present in lower dimensional
problems. The improvement of these slow decaying errors involves finding good global/non-local corrections,
which in turn make the dynamics for the parameters in the corresponding mode non-local. In the context of
LLG, the mode with slow decaying error that we shall deal with is mode 0, which corresponds to the invariance of
scaling and rotation around z-axis. To capture the precise blow-up dynamics, the non-local correction at mode
0 should be rather explicit. But due to the aforementioned structure of the outer problem, one cannot improve
the error by solving the linearized system directly and has to extract part of the parabolic system instead. It
turns out that the combination of the new error produced by the non-local correction and the remainder in the
parabolic system together make the non-local equations for the scaling parameter λ and rotational parameter
γ a well-structured complex system. See Section 6.1.

The construction of multiple bubbles also involves analyzing complicated interactions, and this reflects in the
analysis on the tangent plane of each bubble. On the other hand, the ansatz for the solution u with multiple
bubbles needs to be carefully chosen as the unit-length of the map |u| = 1 should be kept for all space-times.
This further produces delicate interactions. Fortunately, we are able to control these in some well-designed
topologies thanks to subtle cancellations as well as a trick that we call U∗-operation (see (5.6)), which simplifies
analysis. This trick first appeared in [12] in the case of single bubble for HMF.

The rest of this paper is devoted to the proof of Theorem 1.

2. Sketch of the construction

Due to the complexities and technicalities in the construction, we sketch a roadmap of the major steps in
this section.

• Ansatz of multiple bubbles

The construction begins with a careful choice of first approximation. Since the target is the 2-sphere, one
has to choose some profile for multiple bubbles which is relatively reasonable to analyze. Here we choose

U∗ = −(N − 1)U∞ +

N∑
j=1

QγjW

(
x− ξ[j]

λj

)
:= −(N − 1)U∞ +

N∑
j=1

U [j]

as the first approximation. Notice that |U∗| ≈ 1 at any space-times as those bubbles are essentially separated.
Based on U∗, we then look for solution to LLG in the form

u(x, t) = (1 +A)U∗ + Φ− (Φ · U∗)U∗ (2.1)

for some perturbation term Φ and scalar A. Here the purpose of the scalar A, depending on Φ, is to preserve
the unit-length of the map u(x, t) for any (x, t) ∈ R2 × (0, T ). So here part of the interactions between bubbles
get encoded in the scalar A. Let us denote the error of u as

S(u) := −ut + a(∆xu+ |∇xu|2u)− bu ∧∆xu.

An important observation here is that instead of solving S(u) = 0, we only need to solve

S(u) = Ξ(x, t)U∗ (2.2)

for some scalar function Ξ. Indeed, since |u| = 1 is kept for all t ∈ (0, T ) and u = U∗+ w̃ where the perturbation
w̃ is uniformly small, then

Ξ(U∗ · u) = S(u) · u = −1

2
∂t(|u|2) +

a

2
∆|u|2 = 0.

Thus Ξ ≡ 0 follows from U∗ ·u ≥ δ0 > 0. (5.6) provides us the flexibility to adjust the error terms in U∗ direction,
and we will call this U∗-operation throughout this paper. This operation can simplify analysis especially for the
dealing of multiple bubbles.

• Slow decaying errors and non-local corrections by approximate parabolic system
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The error S(U∗) contains slowing decaying terms

N∑
j=1

E [j]0 /∈ L2(R2)

which correspond to the re-scaling and rotation around z-axis. To improve the spatial decay of the error at
remote region, we add well-designed global/non-local corrections around each bubble. Since the operator

−∂t + (a− bU [j]∧)∆x

depends on the blow-up profile U j as well as the parameters λj , γj and ξ[j], one cannot expect explicit represen-
tation formula apriori without knowing the blow-up dynamics. We consider instead an approximate parabolic
operator

−∂t + (a− bU∞∧)∆x

and add correction Φ∗[j]0 around each bubble U [j] with

−∂tΦ∗[j]0 + (a− bU∞∧)∆xΦ∗[j]0 + E [j]0 ≈ 0.

Then the new error with corrections is given by those created by Φ∗[j]0 and the remainder b(U∞−U [j])∧∆xΦ∗[j]0 .
This is rather important in the analysis of the non-local reduced problems.

• Formulation of the inner-outer gluing system

We next look for the perturbation Φ in (2.1) consisting of inner and outer parts with non-local corrections
added

Φ(x, t) =

N∑
j=1

(
η[j]R (x, t)QγjΦ

[j]

in (y[j], t) + η[j]dq (x, t)Φ
∗[j]
0

)
+ Φout(x, t)

where Φ[j]

in is on the tangent plane of U [j], η[j]R and η[j]dq are suitable cut-off functions near q[j]. Then u solving

LLG implies a coupled inner-outer gluing system for Φ[j]

in and Φout, j = 1, . . . , N
λ2
j∂tΦ

[j]

in =
(
a− bW [j]∧

) [
∆y[j]Φ

[j]

in + |∇y[j]W
[j]|2Φ[j]

in + 2
(
∇y[j]W

[j] · ∇y[j]Φ
[j]

in

)
W [j]

]
+H[j][Φ[j]

in ,Φout, λj , γj , ξ
[j]] in D2R,

∂tΦout = BΦ,U∗∆xΦout + G[Φ[j]

in ,Φout, λj , γj , ξ
[j]] in R2 × (0, T ),

where W [j] is the j-th bubble expressed in the rescaled variable y[j] = x−ξ[j]
λj

, the right hand sides H[j], G
consists of the error terms, couplings and nonlinear terms depending on the parameters λj , γj , ξ

[j], and BΦ,U∗

is a matrix, defined in (5.26), that involves the perturbation Φ and the blow-up profile U∗.

For the full system above, finding blow-up of LLG at multiple points now gets reduced to finding well-behaved
inner and outer profiles such that gluing procedure can be implemented. In other words, we need to devise
appropriate weighted topologies in which the gluing system becomes weakly coupled and thus can be solved
by fixed point arguments. For the outer problem, we make use of the sub-Guassian estimate recently proved
in [20]. For the inner problem, good solutions with sufficient decay in space and time can only be captured
with careful choices of the parameters λj , γj , ξ

[j]. We shall develop linear theory for the inner problems with
orthogonality conditions, and these orthogonalities in turn determine the blow-up dynamics.

• Solving the inner problem

The linear theory for the inner problem is established by analyzing each Fourier mode. Decomposing the
complex form in Fourier modes, one obtains the linearized operator at mode k of the form

λ2
j∂t − (a− ib)

(
∂ρjρj +

∂ρj
ρj
− (k + 1)2ρ4 + (2k2 − 6)ρ2 + (k − 1)2

(ρ2 + 1)2

1

ρ2

)
, (2.3)

where ρj = |y[j]|. Then for all the modes k ∈ Z\{−1}, good inner solutions are found by the following

Step 1: we first use energy methods to get a rough pointwise upper bounds for the inner solutions φk;
Step 2: next we use Duhamel’s formula to refine the pointwise bounds and further gain decay estimates;
Step 3: finally we perform re-gluing procedure to obtain better estimates in the innermost region.
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As mentioned earlier, the treatment for mode k = −1 is different from the techniques that we employ for all
the other modes. The reason is the following: as one can see from (2.3), mode −1 can be roughly viewed
as a problem in 2D, which is worse than any other mode as one cannot gain spatial decay in Step 2 above.
Fortunately, it turns out that the use of distorted Fourier transform can give us almost the optimal bound.

• Non-local reduced problems

The development of linear theory for the inner problem relies on orthogonalities which are achieved by
adjusting modulation parameters λj , γj , ξ

[j]. The dynamics for ξ[j] turns out to be governed by an ODE, which

is relatively straightforward to solve. However, the non-local feature in the corrections Φ∗[j]0 gets inherited by
the mode 0 (λj and γj) of each bubble as the corrections are essentially for mode 0. Here one might expect
the complex system involving both λj and γj is a rather sophisticated form due to the presence of dispersion.

Fortunately, it turns out that the contribution of both Φ∗[j]0 and the remainder b(U∞ − U [j]) ∧∆xΦ∗[j]0 in the
orthogonal equation at mode 0 results in the following well-ordered non-local problem� t−λ2

j (t)

0

ṗj(s)

t− s
ds ∼ O(1),

where pj(t) = λj(t)e
iγj(t). This λj-γj system was first found and handled in the context of HMF [12]. Surpris-

ingly, this comes with a similar form in LLG with the presence of dispersion.

• Solving the outer problem

The linear theory for the outer problem is done by using the sub-Gaussian estimate for the linearized parabolic
system proved in [20], where DMOx-regularity is required for the entries in the matrix BΦ,U∗ . The dependence on
Φ in the matrix shall be dealt with via Schauder fixed point theorem, and the key thing here is the dependence
on the blow-up profile U∗. In fact, to ensure DMOx-regularity in U∗, type II blow-up rate plays a crucial rule.
In other words, if U∗ carries type I blow-up rate, then the matrix involving U∗ is no longer DMOx. See Section
7.2.

3. Notations and preliminaries

We list in this section some notations and preliminaries that we shall use repeatedly throughout this paper.

• We assume a . b if there exists a positive constant C such that a ≤ Cb. Denote a ∼ b if a . b . a. All
constants stated in the paper are independent of T .

• For any c ∈ R, we use the notation c− to denote a constant less than c and can be chosen close to c
arbitrarily.

• For f ∈ Cm(Rd), the symbol Dk
xf with k ∈ {0, 1, . . .m} is used to denote ∂k1x1

∂k2x2
· · · ∂kdxdf for some

d∑
j=1

kj = k. We will omit the subscript “x” and adopt Dkf if no ambiguity.

• Write the indicator function 1Ω of a set Ω as

1Ω(x) =

{
1 if x ∈ Ω

0 if x /∈ Ω
.

• Set η(x) as a smooth cut-off function satisfying 0 ≤ η(x) ≤ 1 and

η(x) =

{
1 if |x| ≤ 1

0 if |x| ≥ 2
.

• Denote Γ\d as the fundamental solution of

∂tu = (a− ib)∆u in Rd

and Γ\d is given by

Γ\d(x, t) = (a− ib)− d2 (4πt)
− d2 e−

|x|2
4(a−ib)t (3.1)

where (a− ib)− d2 = e−iθ
d
2 if a− ib = eiθ.

It is easy to have

|Γ\d(x, t)| . t
− d2 e−

a|x|2
4t .
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Given a fundamental solution Γ(x, y, t, s) for a parabolic system and some admissible functions f(x),
h(x, t), denote

(Γ ∗ f)(x, t, s) :=

�
Rd

Γ(x, y, t, s)f(y)dy, (Γ ∗ ∗h)(x, t, t0) :=

� t

t0

�
Rd

Γ(x, y, t, s)h(y, s)dyds.

• For any vector a = (a1, a2, a3)T ∈ R3, where ”T” means the transpose of matrix. It is equivalent to
regarding a = (a1 + ia2, a3)T .

• For any matrix A = (aij)n×m, denote |A| = (
n∑
i=1

m∑
j=1

|aij |2)
1
2 . Specially, for a ∈ C, |a| is the usual

absolute value.
• For any smooth function f(x, t) and x = x(t) depending on t smoothly, denote ∂tf(x(t), t) = (∂tf)(x(t), t)

and ∂t(f(x(t), t)) = (∂tf)(x(t), t) + x′(t) · (∇xf)(x(t), t).
• For f ∈ C1(R2,R), ~v ∈ C1(R2,R3), denote

∇f∇~v =
[
∇f · ∇v1, ∇f · ∇v2, ∇f · ∇v3

]T
.

Denote a1

a2

a3

 ·
b11 b12

b21 b22

b31 b32

 =
[
a1b11 + a2b21 + a3b31, a1b12 + a2b22 + a3b32

]
.

We consider the Landau-Lifshitz-Gilbert equation given in (1.3). Let W be the least energy harmonic map

W (y) =
1

|y|2 + 1

 2y1

2y2

|y|2 − 1

 , y ∈ R2,

which solves the stationary equation of LLG (1.3). Since we shall consider the case of multiple bubbles, subscripts
or superscripts “j”, “[j]” will be used to distinguish different bubbles and their associated tangent planes. In
the (rescaled) polar coordinates around ξ[j] ∈ R2

y[j] =
x− ξ[j]

λj
= ρje

iθj , x = ξ[j] + λjρje
iθj , θj = arctan

(
x2 − ξ[j]2

x1 − ξ[j]1

)
we can write for j = 1, 2, . . . , N ,

W [j] := W (y[j]) =

cos θj sinw(ρj)
sin θj sinw(ρj)

cosw(ρj)

 :=

[
eiθj sinw(ρj)

cosw(ρj)

]
(3.2)

with
w(ρj) = π − 2 arctan(ρj),

and we have

wρj = − 2

ρ2
j + 1

, sinw(ρj) = −ρjwρj =
2ρj
ρ2
j + 1

, cosw(ρj) =
ρ2
j − 1

ρ2
j + 1

, |∇y[j]W (y[j])|2 = 2w2
ρj =

8

(ρ2
j + 1)2

.

We denote the Frenet basis associated to W [j] as

E[j]

1 =

cos θj cosw(ρj)
sin θj cosw(ρj)
− sinw(ρj)

 :=

[
eiθj cosw(ρj)
− sinw(ρj)

]
, E[j]

2 =

− sin θj
cos θj

0

 :=

[
ieiθj

0

]
, (3.3)

so
W [j] ∧ E[j]

1 = E[j]

2 , W [j] ∧ E[j]

2 = −E[j]

1 , E[j]

1 ∧ E
[j]

2 = W [j]. (3.4)
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It is direct to check that in the polar coordinates x = ξ[j] + λjρje
iθj , λjρj = rj = |x− ξ[j]|,

∂ρjW
[j] = wρjE

[j]

1 , ∂ρjρjW
[j] = wρjρjE

[j]

1 − w2
ρjW

[j], ∂θjW
[j] = sinw(ρj)E

[j]

2 ,

∂θjθjW
[j] = − sinw(ρj)

(
sinw(ρj)W

[j] + cosw(ρj)E
[j]

1

)
,

∂ρjE
[j]

1 = −wρjW [j], ∂ρjρjE
[j]

1 = −wρjρjW [j] − w2
ρjE

[j]

1 , ∂θjE
[j]

1 = cosw(ρj)E
[j]

2 ,

∂θjθjE
[j]

1 = − cosw(ρj)
(

sinw(ρj)W
[j] + cosw(ρj)E

[j]

1

)
,

∂ρjE
[j]

2 = ∂ρjρjE
[j]

2 = 0, ∂θjE
[j]

2 = − sinw(ρj)W
[j] − cosw(ρj)E

[j]

1 , ∂θjθjE
[j]

2 = −E[j]

2 .

(3.5)

The linearization of the harmonic map operator around W [j] is the elliptic operator

L[j]

W [φ] := ∆y[j]φ+ |∇y[j]W
[j]|2φ+ 2

(
∇y[j]W

[j] · ∇y[j]φ
)
W [j], (3.6)

whose kernel functions are given by

Z [j]

0,1(y[j]) = ρjwρj (ρj)E
[j]

1 (y[j]),

Z [j]

0,2(y[j]) = ρjwρj (ρj)E
[j]

2 (y[j]),

Z [j]

1,1(y[j]) = wρj (ρj)[cos θjE
[j]

1 (y[j]) + sin θjE
[j]

2 (y[j])],

Z [j]

1,2(y[j]) = wρj (ρj)[sin θjE
[j]

1 (y[j])− cos θjE
[j]

2 (y[j])],

Z [j]

−1,1(y[j]) = ρ2
jwρj (ρj)[cos θjE

[j]

1 (y[j])− sin θjE
[j]

2 (y[j])],

Z [j]

−1,2(y[j]) = ρ2
jwρj (ρj)[sin θjE

[j]

1 (y[j]) + cos θjE
[j]

2 (y[j])].

(3.7)

We see that
L[j]

W [Z [j]
p,q] = 0 for p = ±1, 0, q = 1, 2.

Clearly,

U [j](x, t) := QγjW

(
x− ξ[j]

λj

)
(3.8)

solves the harmonic map equation, where Qγj is the γj-rotation matrix around z-axis

Qγj :=

cos γj − sin γj 0

sin γj cos γj 0

0 0 1

 . (3.9)

For f = [f1, f2, f3]T , we have

Qγj f =
[
Re
(
eiγj (f1 + if2)

)
, Im

(
eiγj (f1 + if2)

)
, f3

]
. (3.10)

By basic linear algebra, (M f) ∧ (Mg) = (detM)(M−1)T (f ∧ g) where M is a 3 × 3 matrix and (M−1)T is
the transpose of the inverse, f ,g ∈ R3. Specially, (Qγj f) ∧ (Qγjg) = Qγj (f ∧ g). Combining this with (3.4), we
have

U [j] ∧ (QγjE
[j]

1 ) = QγjE
[j]

2 , U [j] ∧ (QγjE
[j]

2 ) = −QγjE
[j]

1 , (QγjE
[j]

1 ) ∧ (QγjE
[j]

2 ) = U [j]. (3.11)

For the purpose of dealing linearization near concentration zones, it will be convenient to use complex
notations as all the analysis will be done on the associated tangent plane. For any f ∈ R3 satisfying f ·U [j] = 0,
we define the equivalent complex form of f as

fCj := f · (QγjE
[j]

1 ) + i f · (QγjE
[j]

2 ).

For any complex-valued function f , we define

fC−1
j

:= (Ref)QγjE
[j]

1 + (Imf)QγjE
[j]

2 . (3.12)

By (3.11),

U [j] ∧ fC−1
j

= (Ref)QγjE
[j]

2 − (Imf)QγjE
[j]

1 = (if)C−1
j
. (3.13)

Similarly, for any g ∈ R3 satisfying g ·W [j] = 0, the equivalent complex form of f is defined as

gCj := g · E[j]

1 + ig · E[j]

2 .
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Notice for any f = [f1, f2, f3]
T ∈ R3,(

ΠU [j]⊥f
)
Cj

=

(
1− 2

ρ2
j + 1

Re

)[
(f1 + if2) e−i(θj+γj)

]
− 2ρj
ρ2
j + 1

f3,

f · U [j] =
2ρj
ρ2
j + 1

Re
[
(f1 + if2) e−i(θj+γj)

]
+
ρ2
j − 1

ρ2
j + 1

f3.

(3.14)

The linearization around U [j] is given by

LU [j] [φ] := ∆xφ+ |∇xU [j]|2φ+ 2(∇xU [j] · ∇xφ)U [j]. (3.15)

It is easy to have

LU [j] [Qγj f(y[j])] = λ−2
j QγjLW [j] [f(y[j])], where y[j] =

x− ξ[j]

λj
.

In the sequel, it is of significance to compute the action of L[j]

U on functions whose value is orthogonal to U [j]

pointwisely. For any f ,g ∈ R3, we define

Πg⊥f := f − (f · g)g. (3.16)

Specially, when |g| = 1, Πg⊥ is the usual orthogonal projection on g⊥.
We now give several useful formulas whose proof is similar to that of [12, Section 3]. For any vector-valued

function f : R2 → R3, we set

L̃U [j] [f ] := |∇xU [j]|2ΠU [j]⊥f − 2∇x(f · U [j])∇xU [j] (3.17)

with

∇x(f · U [j])∇xU [j] =

2∑
k=1

∂xk(f · U [j])∂xkU
[j].

Similarly, we set
L̃W [j] [f ] := |∇y[j]W

[j]|2ΠW [j]⊥f − 2∇y[j](f ·W
[j])∇y[j]W

[j].

Then it is straightforward to get

L̃U [j] [Qγj f(y[j])] = λ−2
j Qγj L̃W [j] [f(y[j])].

LU [j] [ΠU [j]⊥f ] = ΠU [j]⊥∆xf + L̃U [j] [f ].

For f = [f1, f2, f3]T , we have

L̃U [j] [Qγj f ]

= λ−1
j

{
ρjw

2
ρj (ρj)(∂x1

f1 + ∂x2
f2)− 2wρj (ρj) cosw(ρj)(cos θj∂x1

f3 + sin θj∂x2
f3)

+ ρjw
2
ρj (ρj) [cos(2θj)(∂x1

f1 − ∂x2
f2) + sin(2θj)(∂x2

f1 + ∂x1
f2)]

}
QγjE

[j]

1

+ λ−1
j

{
− ρjw2

ρj (ρj)(∂x2
f1 − ∂x1

f2)− 2wρj (ρj) cosw(ρj)(sin θj∂x1
f3 − cos θj∂x2

f3)

+ ρjw
2
ρj (ρj) [sin(2θj)(∂x1

f1 − ∂x2
f2)− cos(2θj)(∂x2

f1 + ∂x1
f2)]

}
QγjE

[j]

2

= λ−1
j

{
ρjw

2
ρj (ρj)(∂x1

f1 + ∂x2
f2)− eiθjwρj (ρj) cosw(ρj)(∂x1

f3 − i∂x2
f3)

− e−iθjwρj (ρj) cosw(ρj)(∂x1
f3 + i∂x2

f3) + e2iθj
1

2
ρjw

2
ρj (ρj) [(∂x1

f1 − ∂x2
f2)− i(∂x2

f1 + ∂x1
f2)]

+ e−2iθj
1

2
ρjw

2
ρj (ρj) [(∂x1

f1 − ∂x2
f2) + i(∂x2

f1 + ∂x1
f2)]

}
QγjE

[j]

1

+ λ−1
j

{
− ρjw2

ρj (ρj)(∂x2
f1 − ∂x1

f2) + eiθjwρj (ρj) cosw(ρj)(∂x2
f3 + i∂x1

f3)

+ e−iθjwρj (ρj) cosw(ρj)(∂x2
f3 − i∂x1

f3)− e2iθj
1

2
ρjw

2
ρj (ρj) [(∂x2

f1 + ∂x1
f2) + i(∂x1

f1 − ∂x2
f2)]

+ e−2iθj
1

2
ρjw

2
ρj (ρj) [−(∂x2

f1 + ∂x1
f2) + i(∂x1

f1 − ∂x2
f2)]

}
QγjE

[j]

2 .
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Then the corresponding complex form is given by

(L̃U [j] [Qγj f ])Cj = λ−1
j

{
ρjw

2
ρj (ρj) [(∂x1

f1 + ∂x2
f2)− i(∂x2

f1 − ∂x1
f2)]

+ eiθj2wρj (ρj) cosw(ρj)(−∂x1f3 + i∂x2f3) + e2iθjρjw
2
ρj (ρj) [(∂x1f1 − ∂x2f2)− i(∂x2f1 + ∂x1f2)]

}
.

(3.18)

Specially,
(L̃U [j] [f ])Cj = (L̃U [j] [f ])Cj ,0 + eiθj (L̃U [j] [f ])Cj ,1 + e2iθj (L̃U [j] [f ])Cj ,2, (3.19)

where

(L̃U [j] [f ])Cj ,0 := λ−1
j ρjw

2
ρj (ρj)

[
∂x1

(Q−γj f)1 + ∂x2
(Q−γj f)2 − i

(
∂x2

(Q−γj f)1 − ∂x1
(Q−γj f)2

)]
= λ−1

j ρjw
2
ρj (ρj)e

−iγj [∂x1
f1 + ∂x2

f2 + i (∂x1
f2 − ∂x2

f1)] ,

(L̃U [j] [f ])Cj ,1 := 2λ−1
j wρj (ρj) cosw(ρj)

(
−∂x1(Q−γj f)3 + i∂x2(Q−γj f)3

)
= 2λ−1

j wρj (ρj) cosw(ρj) (−∂x1
f3 + i∂x2

f3) ,

(L̃U [j] [f ])Cj ,2 := λ−1
j ρjw

2
ρj (ρj)

[
∂x1

(Q−γj f)1 − ∂x2
(Q−γj f)2 − i

(
∂x2

(Q−γj f)1 + ∂x1
(Q−γj f)2

)]
= λ−1

j ρjw
2
ρj (ρj)e

iγj [∂x1
f1 − ∂x2

f2 − i (∂x1
f2 + ∂x2

f1)] ,

(3.20)

where we have used

∂x1(Q−γj f)1 + ∂x2(Q−γj f)2 − i
(
∂x2(Q−γj f)1 − ∂x1(Q−γj f)2

)
= ∂x1Re

[
e−iγj (f1 + if2)

]
+ ∂x2Im

[
e−iγj (f1 + if2)

]
− i∂x2Re

[
e−iγj (f1 + if2)

]
+ i∂x1Im

[
e−iγj (f1 + if2)

]
= e−iγj [∂x1 (f1 + if2)− i∂x2 (f1 + if2)] = e−iγj [∂x1f1 + ∂x2f2 + i (∂x1f2 − ∂x2f1)] ,

∂x1
(Q−γj f)1 − ∂x2

(Q−γj f)2 − i
(
∂x2

(Q−γj f)1 + ∂x1
(Q−γj f)2

)
= ∂x1

Re
[
e−iγj (f1 + if2)

]
− ∂x2

Im
[
e−iγj (f1 + if2)

]
− i∂x2

Re
[
e−iγj (f1 + if2)

]
− i∂x1

Im
[
e−iγj (f1 + if2)

]
= eiγj [∂x1

f1 − ∂x2
f2 − i (∂x1

f2 + ∂x2
f1)] .

By (3.11),

Q−γj
{(
a− bU [j]∧

) [
|∇xU [j]|2ΠU [j]⊥Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]}
= Q−γj

[(
a− bU [j]∧

)
L̃U [j] [Φout]

]
= Q−γj

[(
a− bU [j]∧

){
Re

[(
L̃U [j] [Φout]

)
Cj

]
QγjE

[j]

1 + Im

[(
L̃U [j] [Φout]

)
Cj

]
QγjE

[j]

2

}]
= Re

[(
L̃U [j] [Φout]

)
Cj

](
aE[j]

1 − bE
[j]

2

)
+ Im

[(
L̃U [j] [Φout]

)
Cj

](
aE[j]

2 + bE[j]

1

)
.

Thus, {
Q−γj

[(
a− bU [j]∧

)
L̃U [j] [Φout]

]}
Cj

= (a− ib)
(
L̃U [j] [Φout]

)
Cj

= (a− ib)
[(
L̃U [j] [Φout]

)
Cj ,0

+ eiθj
(
L̃U [j] [Φout]

)
Cj ,1

+ e2iθj
(
L̃U [j] [Φout]

)
Cj ,2

] (3.21)

where we used (3.19) in the last equality.

4. Approximations and improvement

4.1. First approximation. We consider the case of multiple N bubbles for any N ∈ Z+. We take the
approximation

U∗(x, t) := −(N − 1)U∞ +

N∑
j=1

U [j](x, t), x ∈ R2, (4.1)
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where U [j] is defined in (3.8) and U∞ = [0, 0, 1]T . Notice that

|U∗| = 1 +O(

N∑
j=1

λj) when min
k 6=m
|ξ[k] − ξ[m]| > 0. (4.2)

Let us denote the error
S(u) := −ut + a(∆xu+ |∇xu|2u)− bu ∧∆xu.

The error of the approximate solution is

S(U∗) = −
N∑
j=1

∂tU
[j] + a(∆xU∗ + |∇xU∗|2U∗)− bU∗ ∧∆xU∗.

Notice

− ∂tU [j] = E [j]0 + E [j]1 , E [j]0 := −λ̇j∂λjU [j] − γ̇j∂γjU [j], E [j]1 := −ξ̇[j]1 ∂ξ[j]1

U [j] − ξ̇[j]2 ∂ξ[j]2

U [j] (4.3)

where 

∂λjU
[j](x) = −λ−1

j QγjZ
[j]

0,1(y[j]),

∂γjU
[j](x) = −QγjZ

[j]

0,2(y[j]),

∂
ξ
[j]
1

U [j](x) = −λ−1
j QγjZ

[j]

1,1(y[j]),

∂
ξ
[j]
2

U [j](x) = −λ−1
j QγjZ

[j]

1,2(y[j])

with Z [j]
p,q, E

[j]

1 , E[j]

2 given in (3.7), (3.3), respectively. It is straightforward to see

E [j]0 = Qγj

(
λ−1
j λ̇jZ

[j]

0,1(y[j]) + γ̇jZ
[j]

0,2(y[j])
)

= ρjwρj (ρj)Qγj

(
λ−1
j λ̇jE

[j]

1 + γ̇jE
[j]

2

)
=
−2ρj
ρ2
j + 1

[(
λ−1
j λ̇j cosw(ρj) + iγ̇j

)
ei(θj+γj)

−λ−1
j λ̇j sinw(ρj)

]
,

(4.4)

(E [j]0 )Cj =
−2ρj
ρ2
j + 1

(
λ−1
j λ̇j + iγ̇j

)
, (4.5)

E [j]1 = ξ̇[j]1 λ
−1
j QγjZ1,1(y[j]) + ξ̇[j]2 λ

−1
j QγjZ1,2(y[j])

= ξ̇[j]1 λ
−1
j Qγjwρj

(
cos θjE

[j]

1 + sin θjE
[j]

2

)
+ ξ̇[j]2 λ

−1
j Qγjwρj

(
sin θjE

[j]

1 − cos θjE
[j]

2

)
= λ−1

j wρj

(
ξ̇[j]1 cos θj + ξ̇[j]2 sin θj

)
QγjE

[j]

1 + λ−1
j wρj

(
ξ̇[j]1 sin θj − ξ̇[j]2 cos θj

)
QγjE

[j]

2

=
−2λ−1

j

ρ2
j + 1

Re
[(
ξ̇[j]1 − iξ̇

[j]

2

)
eiθj
]
QγjE

[j]

1 −
2λ−1

j

ρ2
j + 1

Im
[(
ξ̇[j]1 − iξ̇

[j]

2

)
eiθj
]
QγjE

[j]

2 ,

(4.6)

(E [j]1 )Cj =
−2λ−1

j (ξ̇[j]1 − iξ̇
[j]

2 )

ρ2
j + 1

eiθj . (4.7)

Combining (4.4) and (4.6), we have

|∂tU [j]| .
(
λ−1
j |λ̇j |+ |γ̇j |

)
〈ρj〉−1 + λ−1

j |ξ̇
[j]|〈ρj〉−2. (4.8)

Notice that S(U∗) contains errors E [j]0 with slow decay in space, which is not in L2(R2). We shall introduce
global corrections to improve the error.



FINITE TIME BLOW-UP FOR LLG 13

4.2. Global corrections by parabolic systems. In this part, we will transfer slow decay terms by parabolic
systems.

Around each bubble, the slow decaying error of (4.4) is given by

E [j]0 ≈ −
2

zj

[
ṗj(t)e

iθj

0

]
,

where
zj = (λ2

j (t) + r2
j )

1/2, rj = |x[j]|, x[j] = x− ξ[j](t), pj(t) = λj(t)e
iγj(t).

We aim to find global corrections Φ∗[j]0 (rj , t) such that

−∂t(Φ∗[j]0 ) + (a− bU∞∧) ∆xΦ∗[j]0 − 2

zj

[
ṗj(t)e

iθj

0

]
≈ 0

with the form

Φ∗[j]0 (rj , t) :=
r2
j

r2
j + λ2

j

[
Φ[j]

0 (
√
r2
j + λ2

j , t)e
iθj

0

]
=

[
ρ2j
ρ2j+1

Φ[j]

0 (zj , t)e
iθj

0

]
. (4.9)

Formally, the approximate calculation is the following

∆x

[
Φ[j]

0 e
iθj

0

]
≈

[(
∂zjzjΦ

[j]

0 + z−1
j ∂zjΦ

[j]

0 − z
−2
j Φ[j]

0

)
eiθj

0

]
.

Since for any v1, v2 ∈ R,

(a− bU∞∧)

v1

v2

0

 =

Re [(a− ib)(v1 + iv2)]
Im [(a− ib)(v1 + iv2)]

0

 , (4.10)

we then have

− ∂t(Φ∗[j]0 ) + (a− bU∞∧) ∆xΦ∗[j]0 − 2

zj

[
ṗj(t)e

iθj

0

]
≈

[
−∂tΦ[j]

0 e
iθj + (a− ib)

(
∂zjzjΦ

[j]

0 + z−1
j ∂zjΦ

[j]

0 − z
−2
j Φ[j]

0

)
eiθj

0

]
− 2

zj

[
ṗj(t)e

iθj

0

]
.

For this reason, we choose Φ[j]

0 (zj , t) to solve

(a+ ib)∂tΦ
[j]

0 = ∂zjzjΦ
[j]

0 +
1

zj
∂zjΦ

[j]

0 −
1

z2
j

Φ[j]

0 −
2(a+ ib)ṗj(t)

zj
. (4.11)

The special choice of
r2j

r2j+λ2
j
Φ[j]

0 (
√
r2
j + λ2

j , t) aims to avoid singular (in space) terms when calculating new errors.

To analyze (4.11), first we look for self-similar profile to

(a+ ib)∂tϕ
[j]

0 = ∂zjzjϕ
[j]

0 +
1

zj
∂zjϕ

[j]

0 −
1

z2
j

ϕ[j]

0 +
1

zj

with
ϕ[j]

0 (zj , t) = t1/2q0(
zj
t1/2

).

Then q0 satisfies

q′′0 (ξj) +

(
1

ξj
+
a+ ib

2
ξj

)
q′0(ξj)−

(
1

ξ2
j

+
a+ ib

2

)
q0(ξj) +

1

ξj
= 0, ξj =

zj
t1/2

.

Observe that ξj is a homogeneous solution, so we have a solution

q0(ξj) = ξj

� ∞
ξj

e−
a+ib

4 η2

η3
dη

� η

0

se
a+ib

4 s2ds =
2ξj
a+ ib

� ∞
ξj

1− e− a+ib4 η2

η3
dη,

and

|q0(ξj)| .

{
−ξj ln ξj , ξj → 0,

ξ−1
j , ξj →∞.
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Then by Duhamel’s formula, one has a solution to (4.11)

Φ[j]

0 (zj , t) =

� t

0

ġj(s)ϕ
[j]

0 (zj , t− s)ds+ gj(0)ϕ[j]

0 (zj , t) =

� t

0

gj(s)∂tϕ
[j]

0 (zj , t− s)ds

=

� t

0

gj(s)
1

a+ ib

1− e−
a+ib

4

z2j
t−s

zj
ds,

where gj(t) = −2(a+ ib)ṗj(t). Rearranging terms, one has

Φ[j]

0 (zj , t) = −zj
� t

0

ṗj(s)

t− s
K0(

z2
j

t− s
)ds, (4.12)

where

K0(ζj) = 2
1− e−

(a+ib)ζj
4

ζj
, ζj =

z2
j

t− s
.

It is straightforward to compute

K0(ζj) =

(
a+ ib

2
+O (ζj)

)
1{ζj≤1} +

(
2ζ−1
j +O

(
ζ−1
j e−

a
4 ζj
))

1{ζj>1}

=

(
a+ ib

2
+O (ζj)

)
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1},

K0ζj (ζj) =

[
−
(
a+ ib

4

)2

+O (ζj)

]
1{ζj≤1} +

(
−2ζ−2

j +O
(
ζ−1
j e−

a
4 ζj
))

1{ζj>1}

=

[
−
(
a+ ib

4

)2

+O (ζj)

]
1{ζj≤1} +O

(
ζ−2
j

)
1{ζj>1},

ζjK0ζj (ζj) = O (ζj) 1{ζj≤1} +O
(
ζ−1
j

)
1{ζj>1},

K0ζjζj (ζj) =

[
2

3

(
a+ ib

4

)3

+O (ζj)

]
1{ζj≤1} +

(
4ζ−3
j +O

(
ζ−1
j e−

a
4 ζj
))

1{ζj>1}

=

[
2

3

(
a+ ib

4

)3

+O (ζj)

]
1{ζj≤1} +O

(
ζ−3
j

)
1{ζj>1}

ζ2
jK0ζjζj (ζj) = O

(
ζ2
j

)
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}.

(4.13)

For

ζj =
z2
j

t− s
=
λ2
j (t)(ρ

2
j + 1)

t− s
= ιj(ρ

2
j + 1), ιj :=

λ2
j (t)

t− s
, (4.14)

Φ[j]

0 (zj , t) = −zj
� t

0

ṗj(s)

t− s
K0(ζj)ds = −λj(ρ2

j + 1)
1
2

� t

0

ṗj(s)

t− s
K0(ζj)ds, (4.15)

∂zjΦ
[j]

0 (zj , t) = −
� t

0

ṗj(s)

t− s
(K0(

z2
j

t− s
) +

2z2
j

t− s
K0ζj (

z2
j

t− s
))ds

= −
� t

0

ṗj(s)

t− s
(
K0(ζj) + 2ζjK0ζj (ζj)

)
ds,

(4.16)

∂zjzjΦ
[j]

0 (zj , t) = −
� t

0

ṗj(s)

t− s
(

2zj
t− s

K0ζj (
z2
j

t− s
) +

4zj
t− s

K0ζj (
z2
j

t− s
) +

4z3
j

(t− s)2
K0ζjζj (

z2
j

t− s
))ds

= − z−1
j

� t

0

ṗj(s)

t− s
(6ζjK0ζj (ζj) + 4ζ2

jK0ζjζj (ζj))ds

= − λ−1
j (ρ2

j + 1)−
1
2

� t

0

ṗj(s)

t− s
(
6ζjK0ζj (ζj) + 4ζ2

jK0ζjζj (ζj)
)
ds.

(4.17)
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4.2.1. The upper bound of the nonlocal terms. Since |ṗ| . |λ̇∗| and (4.13),

|Φ[j]

0 | . zj
� t

0

|λ̇∗(s)|
t− s

(
1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)
ds,

|∂zjΦ
[j]

0 | .
� t

0

|λ̇∗(s)|
t− s

(
1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)
ds,

|∂zjzjΦ
[j]

0 | . z
−1
j

� t

0

|λ̇∗(s)|
t− s

(
O(ζj)1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)
ds.

(4.18)

Claim: � t

0

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}
) ∣∣
ζj=z2j (t−s)−1ds

.



t| lnT |−1z−2
j , z2

j ≥ t
| lnT |−1〈ln( t

z2j
)〉, t ≤ T

2 ,

1− | lnT |
| ln(2(T−t))| + |λ̇∗(t)|〈ln(T−t

z2j
)〉, t > T

2 , z
2
j < T − t,

1− | lnT |
| ln(T−t+z2j )| + | lnT |(ln zj)−2, t > T

2 , z
2
j ≥ T − t,

z2
j < t

. 1{z2j<t} + t| lnT |−1z−2
j 1{z2j≥t}.

(4.19)

By (4.18) and (4.19), we have

|Φ[j]

0 |+ zj |∂zjΦ
[j]

0 |+ z2
j |∂zjzjΦ

[j]

0 | . zj1{z2j<t} + t| lnT |−1z−1
j 1{z2j≥t}. (4.20)

Recalling (4.9), (4.23), (4.25) and using (4.20), we have

|Φ∗[j]0 |+ zj |∇xΦ∗[j]0 |+ z2
j |∆xΦ∗[j]0 | . zj1{z2j<t} + t| lnT |−1z−1

j 1{z2j≥t}. (4.21)

Proof of Claim (4.19). Denote

g(zj , t) :=

� t

0

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}
) ∣∣
ζj=z2j (t−s)−1ds.

For z2
j ≥ t,

g(zj , t) = z−2
j

� t

0

|λ̇∗(s)|ds ∼ z−2
j | lnT |

� t

0

| ln(T − s)|−2ds ∼ t| lnT |−1z−2
j

since if t ≤ T
2 , � t

0

| ln(T − s)|−2ds ∼ t| lnT |−2;

if T
2 < t ≤ T ,

� t

0

| ln(T − s)|−2ds =

(� T
2

0

+

� t

T
2

)
| ln(T − s)|−2ds ∼ T | lnT |−2 +

� T
2

T−t
(ln z)−2dz ∼ T | lnT |−2 ∼ t| lnT |−2.

For z2
j < t,

g(zj , t) =

� t−z2j

0

|λ̇∗(s)|
t− s

ds+ z−2
j

� t

t−z2j
|λ̇∗(s)|ds.

If t ≤ T
2 ,

g(zj , t) ∼ | lnT |−1〈ln(
t

z2
j

)〉.

If t > T
2 and z2

j < T − t,

g(zj , t) ∼ 1− | lnT |
| ln(2(T − t))|

+ |λ̇∗(t)|(ln(
T − t
z2
j

) + 1)
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since� t−z2j

0

|λ̇∗(s)|
t− s

ds =

(� t−(T−t)

0

+

� t−z2j

t−(T−t)

)
|λ̇∗(s)|
t− s

ds ∼
� t−(T−t)

0

|λ̇∗(s)|
T − s

ds+ |λ̇∗(t)|
� t−z2j

t−(T−t)

1

t− s
ds

∼ | lnT |
� t−(T−t)

0

1

(T − s)| ln(T − s)|2
ds+ |λ̇∗(t)| ln(

T − t
z2
j

)

= 1− | lnT |
| ln(2(T − t))|

+ |λ̇∗(t)| ln(
T − t
z2
j

),

z−2
j

� t

t−z2j
|λ̇∗(s)|ds ∼ |λ̇∗(t)|.

If t > T
2 and T − t ≤ z2

j < t,

g(zj , t) . 1− | lnT |
| ln(T − t+ z2

j )|
+ | lnT |(ln zj)−2

since � t−z2j

0

|λ̇∗(s)|
t− s

ds ∼
� t−z2j

0

|λ̇∗(s)|
T − s

ds ∼ | lnT |
� t−z2j

0

1

(T − s)| ln(T − s)|2
ds = 1− | lnT |

| ln(T − t+ z2
j )|
,

z−2
j

� t

t−z2j
|λ̇∗(s)|ds ∼ z−2

j | lnT |
� t

t−z2j
(ln(T − s))−2ds = z−2

j | lnT |
� T−t+z2j

T−t
(ln v)−2dv

. z−2
j | lnT |(T − t+ z2

j )(ln(T − t+ z2
j ))−2 ∼ | lnT |(ln zj)−2.

Collecting above estimates, we get the first part of (4.19).
Specially, for z2

j < t, t ≤ T
2 ,

t > z2
j & (

| lnT |(T − t)
| ln(T − t)|2

)2 ∼ T 2| lnT |−2.

Thus

| lnT |−1〈ln(
t

z2
j

)〉 . 1.

For z2
j < t, t > T

2 , z
2
j < T − t,

|λ̇∗(t)|〈ln(
T − t
z2
j

)〉 . | lnT |
| ln(T − t)|2

〈ln(
T − t
λ2
∗(t)

)〉 . 1.

Thus we have the second part of (4.19).
�

4.2.2. New errors produced by the global corrections. Next we calculate the new errors produced by Φ∗[j]0 defined
in (4.9), that is,

S [j] := − ∂t(Φ∗[j]0 ) +
(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

= − ∂t(Φ∗[j]0 ) + (a− bU∞∧) ∆xΦ∗[j]0 − ∂tU [j]

− b
(
U [j] − U∞

)
∧∆xΦ∗[j]0 + a|∇xU [j]|2Φ∗[j]0 + b|∇xU [j]|2Φ∗[j]0 ∧ U [j]

+
(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
.

We present some formulas we will use frequently.

zj =
√
r2
j + λ2

j =
√
|x− ξ[j](t)|2 + λ2

j (t), ∂rj (
√
r2
j + λ2

j ) =
rj√

r2
j + λ2

j

, ∂rjrj (
√
r2
j + λ2

j ) =
λ2
j

(r2
j + λ2

j )
3
2

,

∂t(
√
r2
j + λ2

j ) =
λ̇jλj − ξ̇[j] · (x− ξ[j])√

r2
j + λ2

j

,



FINITE TIME BLOW-UP FOR LLG 17

∂rj (
r2
j

r2
j + λ2

j

) =
2λ2

jrj

(r2
j + λ2

j )
2
, ∂rjrj (

r2
j

r2
j + λ2

j

) = 2λ2
j

λ2
j − 3r2

j

(r2
j + λ2

j )
3
,

∂t(
r2
j

r2
j + λ2

j

) = −
2λ2

j ξ̇
[j] · (x− ξ[j]) + 2λ̇jλjr

2
j

(r2
j + λ2

j )
2

,

θj = arctan(
x2 − ξ[j]2

x1 − ξ[j]1

), ∂tθj =
−ξ̇[j]2 (x1 − ξ[j]1 ) + ξ̇[j]1 (x2 − ξ[j]2 )

r2
j

.

∂t(
r2
j

r2
j + λ2

j

Φ[j]

0 (zj , t)) =
r2
j

r2
j + λ2

j

(∂tΦ
[j]

0 +
λ̇jλj − ξ̇[j] · (x− ξ[j])√

r2
j + λ2

j

∂zjΦ
[j]

0 )

−
2λ2

j ξ̇
[j] · (x− ξ[j]) + 2λ̇jλjr

2
j

(r2
j + λ2

j )
2

Φ[j]

0 ,

∂rj (
r2
j

r2
j + λ2

j

Φ[j]

0 (zj , t)) =
r2
j

r2
j + λ2

j

∂zjΦ
[j]

0

rj√
r2
j + λ2

j

+
2λ2

jrj

(r2
j + λ2

j )
2

Φ[j]

0 ,

∂rjrj (
r2
j

r2
j + λ2

j

Φ[j]

0 (zj , t))

=
r4
j

(r2
j + λ2

j )
2
∂zjzjΦ

[j]

0 +
r2
j

r2
j + λ2

j

∂zjΦ
[j]

0

λ2
j

(r2
j + λ2

j )
3
2

+ 2λ2
j

λ2
j − 3r2

j

(r2
j + λ2

j )
3

Φ[j]

0 +
4λ2

jrj

(r2
j + λ2

j )
2
∂zjΦ

[j]

0

rj√
r2
j + λ2

j

.

∂rjΦ
∗[j]
0 =

[ 2λ2
jrj

(r2j+λ2
j )

2 Φ[j]

0 (zj , t) +
r3j

(r2j+λ2
j )

3
2
∂zjΦ

[j]

0 (zj , t)
]
eiθj

0


=

[ 2λ−1
j ρj

(ρ2j+1)2
Φ[j]

0 (zj , t) +
ρ3j

(ρ2j+1)
3
2
∂zjΦ

[j]

0 (zj , t)
]
eiθj

0

 ,
∂θjΦ

∗[j]
0 =

[
r2j

r2j+λ2
j
Φ[j]

0 (zj , t)ie
iθj

0

]
=

[
ρ2j
ρ2j+1

Φ[j]

0 (zj , t)ie
iθj

0

]
.

(4.22)

It follows that

|∇xΦ∗[j]0 |2 = |∇x[j]Φ
∗[j]
0 |2 = |∂rjΦ

∗[j]
0 |2 + r−2

j |∂θjΦ
∗[j]
0 |2

=

∣∣∣∣∣ 2λ−1
j ρj

(ρ2
j + 1)2

Φ[j]

0 (zj , t) +
ρ3
j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 (zj , t)

∣∣∣∣∣
2

+ λ−2
j ρ−2

j

∣∣∣∣∣ ρ2
j

ρ2
j + 1

Φ[j]

0 (zj , t)

∣∣∣∣∣
2

.
(4.23)
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Then recalling (4.9), we have

− ∂t(Φ∗[j]0 ) =
[
− ∂t

( r2
j

r2
j + λ2

j

Φ[j]

0 (zj , t)e
iθj
)
, 0
]T

=
[ −r2

j

r2
j + λ2

j

[
∂tΦ

[j]

0 +
λ̇jλj − ξ̇[j] · (x− ξ[j])√

r2
j + λ2

j

∂zjΦ
[j]

0

]
eiθj +

2λ2
j ξ̇

[j] · (x− ξ[j]) + 2λ̇jλjr
2
j

(r2
j + λ2

j )
2

Φ[j]

0 e
iθj

−
r2
j

r2
j + λ2

j

Φ[j]

0 i
−ξ̇[j]2 (x1 − ξ[j]1 ) + ξ̇[j]1 (x2 − ξ[j]2 )

r2
j

eiθj , 0
]T

=
[{ −r2

j

r2
j + λ2

j

∂tΦ
[j]

0 −
r2
j [λ̇jλj − ξ̇[j] · (x− ξ[j])]

(r2
j + λ2

j )
3
2

∂zjΦ
[j]

0 +
[2λ2

j ξ̇
[j] · (x− ξ[j]) + 2λ̇jλjr

2
j

(r2
j + λ2

j )
2

− i−ξ̇
[j]

2 (x1 − ξ[j]1 ) + ξ̇[j]1 (x2 − ξ[j]2 )

r2
j + λ2

j

]
Φ[j]

0

}
eiθj , 0

]T
=
[{ −ρ2

j

ρ2
j + 1

∂tΦ
[j]

0 +
ρ2
j (ξ̇

[j] · y[j] − λ̇j)
(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
[2λ−1

j (ξ̇[j] · y[j] + λ̇jρ
2
j )

(ρ2
j + 1)2

+
iλ−1
j (ξ̇[j]2 y

[j]

1 − ξ̇
[j]

1 y
[j]

2 )

ρ2
j + 1

]
Φ[j]

0

}
eiθj , 0

]T
.

(4.24)

•

∆xΦ∗[j]0 = ∆x[j]Φ
∗[j]
0 =

[(
∂rjrj +

1

rj
∂rj +

1

r2
j

∂θjθj
)( r2

j

r2
j + λ2

j

Φ[j]

0 (zj , t)e
iθj
)
, 0
]T

=
[[ r4

j

(r2
j + λ2

j )
2
∂zjzjΦ

[j]

0 +
r2
j

r2
j + λ2

j

∂zjΦ
[j]

0

λ2
j

(r2
j + λ2

j )
3
2

+ 2λ2
j

λ2
j − 3r2

j

(r2
j + λ2

j )
3

Φ[j]

0 +
4λ2

jrj

(r2
j + λ2

j )
2
∂zjΦ

[j]

0

rj√
r2
j + λ2

j

]
eiθj

+
[ r2

j

r2
j + λ2

j

∂zjΦ
[j]

0

1√
r2
j + λ2

j

+
2λ2

j

(r2
j + λ2

j )
2

Φ[j]

0

]
eiθj − 1

r2
j + λ2

j

Φ[j]

0 e
iθj , 0

]T
=
[{ r4

j

(r2
j + λ2

j )
2
∂zjzjΦ

[j]

0 +
[ 5λ2

jr
2
j

(r2
j + λ2

j )
5
2

+
r2
j

(r2
j + λ2

j )
3
2

]
∂zjΦ

[j]

0 +
[4λ4

j − 4λ2
jr

2
j

(r2
j + λ2

j )
3
− 1

r2
j + λ2

j

]
Φ[j]

0

}
eiθj , 0

]T
=
[{ ρ4

j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +
[ 5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

+
λ−1
j ρ2

j

(ρ2
j + 1)

3
2

]
∂zjΦ

[j]

0 +
[4λ−2

j (1− ρ2
j )

(ρ2
j + 1)3

−
λ−2
j

ρ2
j + 1

]
Φ[j]

0

}
eiθj , 0

]T
.

(4.25)
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• By (4.24), (4.25) and (4.10), we have

− ∂t(Φ∗[j]0 ) + (a− bU∞∧) ∆xΦ∗[j]0 − ∂tU [j]

=
[{ −ρ2

j

ρ2
j + 1

∂tΦ
[j]

0 +
ρ2
j (ξ̇

[j] · y[j] − λ̇j)
(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
[2λ−1

j (ξ̇[j] · y[j] + λ̇jρ
2
j )

(ρ2
j + 1)2

+
iλ−1
j (ξ̇[j]2 y

[j]

1 − ξ̇
[j]

1 y
[j]

2 )

ρ2
j + 1

]
Φ[j]

0

}
eiθj , 0

]T
+
[
(a− ib)

{[ ρ2
j

ρ2
j + 1

−
ρ2
j

(ρ2
j + 1)2

]
∂zjzjΦ

[j]

0 +
[ 5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

+
λ−1
j ρ2

j

(ρ2
j + 1)

3
2

]
∂zjΦ

[j]

0

+
[4λ−2

j (1− ρ2
j )

(ρ2
j + 1)3

−
λ−2
j

(ρ2
j + 1)2

−
λ−2
j ρ2

j

(ρ2
j + 1)2

]
Φ[j]

0

}
eiθj , 0

]T
+ E [j]0 + E [j]1

=
[{ ξ̇[j] · y[j]ρ2

j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
[2λ−1

j ξ̇[j] · y[j]

(ρ2
j + 1)2

+
iλ−1
j (ξ̇[j]2 y

[j]

1 − ξ̇
[j]

1 y
[j]

2 )

ρ2
j + 1

]
Φ[j]

0

}
eiθj , 0

]T
+
[[ −λ̇jρ2

j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
2λ−1

j λ̇jρ
2
j

(ρ2
j + 1)2

Φ[j]

0

]
eiθj , 0

]T
+
[
(a− ib)

[ −ρ2
j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +
5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

∂zjΦ
[j]

0 +
λ−2
j (3− 5ρ2

j )

(ρ2
j + 1)3

Φ[j]

0

]
eiθj , 0

]T
+ E [j]0 +

[2λ−1
j ṗj(t)ρ

2
j

(ρ2
j + 1)

3
2

eiθj , 0
]T

+ E [j]1 ,

(4.26)

where we have used (4.11) in the last equality.
Also we have

ξ̇[j] · y[j] = 2−1ρj

[
(ξ̇[j]1 − iξ̇

[j]

2 )eiθj + (ξ̇[j]1 + iξ̇[j]2 )e−iθj
]
,

ξ̇[j]2 y
[j]

1 − ξ̇
[j]

1 y
[j]

2 = 2−1ρj

[
(ξ̇[j]2 + iξ̇[j]1 )eiθj + (ξ̇[j]2 − iξ̇

[j]

1 )e−iθj
]
,

(4.27)

E [j]0 +
[2λ−1

j ṗj(t)ρ
2
j

(ρ2
j + 1)

3
2

eiθj , 0
]T

= E [j]0 +
[2(λ−1

j λ̇j + iγ̇j)ρ
2
je
i(θj+γj)

(ρ2
j + 1)

3
2

, 0
]T

= − 2ρj
ρ2
j + 1

[[
λ−1
j λ̇j(1−

2

ρ2
j + 1

) + iγ̇j
]
ei(θj+γj),−

2λ−1
j λ̇jρj

ρ2
j + 1

]T
+
[ 2ρ2

j

(ρ2
j + 1)

3
2

(λ−1
j λ̇j + iγ̇j)e

i(θj+γj), 0
]T

=
[
−

2ρj(λ
−1
j λ̇j + iγ̇j)e

i(θj+γj)

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

+
4ρjλ

−1
j λ̇je

i(θj+γj)

(ρ2
j + 1)2

,
4ρ2
jλ
−1
j λ̇j

(ρ2
j + 1)2

]T
=
[{ −2iγ̇jρj

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

+
2λ−1

j λ̇jρj [2ρj + (ρ2
j + 1)

1
2 ]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)2

}
ei(θj+γj),

4λ−1
j λ̇jρ

2
j

(ρ2
j + 1)2

]T
.

Then by (3.14),(
ΠU [j]⊥

(
E [j]0 +

[2λ−1
j ṗj(t)ρ

2
j

(ρ2
j + 1)

3
2

eiθj , 0
]T))

Cj

=

(
1− 2

ρ2
j + 1

Re

){
−2iγ̇jρj

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

+
2λ−1

j λ̇jρj [2ρj + (ρ2
j + 1)

1
2 ]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)2

}
−

8λ−1
j λ̇jρ

3
j

(ρ2
j + 1)3

=
−2iγ̇jρj

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

− λ−1
j λ̇j

4ρ4
j + 6ρ3

j (ρ
2
j + 1)

1
2 + 4ρ2

j + 2ρj(ρ
2
j + 1)

1
2

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)3

=
−2(λ−1

j λ̇j + iγ̇j)ρj

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

− λ−1
j λ̇j

4ρ2
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)3
,

(4.28)
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E [j]0 +

[2λ−1
j ṗj(t)ρ

2
j

(ρ2
j + 1)

3
2

eiθj , 0
]T)

· U [j] = 4λ−1
j λ̇jρ

2
j

{
2ρj + (ρ2

j + 1)
1
2

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)3
+

ρ2
j − 1

(ρ2
j + 1)3

}
. (4.29)

•
− b(U [j] − U∞) ∧∆xΦ∗[j]0

=
−2b

|y[j]|2 + 1

[
y[j]1 cos γj − y[j]2 sin γj , y

[j]

1 sin γj + y[j]2 cos γj ,−1
]T
∧∆xΦ∗[j]0

=
−2b

ρ2
j + 1

[
(∆xΦ∗[j]0 )2,−(∆xΦ∗[j]0 )1, (y

[j]

1 cos γj − y[j]2 sin γj)(∆xΦ∗[j]0 )2 − (y[j]1 sin γj + y[j]2 cos γj)(∆xΦ∗[j]0 )1

]T
=
−2b

ρ2
j + 1

[
(∆xΦ∗[j]0 )2,−(∆xΦ∗[j]0 )1, ρjRe

[(
(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

] ]T
(4.30)

where in the last equality, we have used the following formula. For any a1, a2 ∈ R,(
y[j]1 cos γj − y[j]2 sin γj

)
a1 −

(
y[j]1 sin γj + y[j]2 cos γj

)
a2 = ρj (a1 cos(θj + γj)− a2 sin(θj + γj))

= ρjRe
[
(a1 − ia2)e−i(θj+γj)

]
= ρjIm

[
(a2 + ia1)e−i(θj+γj)

]
.

(4.31)

Then by (3.14), we have(
ΠU [j]⊥

[
−b(U [j] − U∞) ∧∆xΦ∗[j]0

])
Cj

=
−2b

ρ2
j + 1

{(
1− 2

ρ2
j + 1

Re

)[(
(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

]
− 2ρj
ρ2
j + 1

ρjRe
[(

(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

]}
=

2ib

ρ2
j + 1

(
(∆xΦ∗[j]0 )1 + i(∆xΦ∗[j]0 )2

)
e−i(θj+γj)

=
2ib

ρ2
j + 1

{
ρ4
j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +

[
5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

+
λ−1
j ρ2

j

(ρ2
j + 1)

3
2

]
∂zjΦ

[j]

0 +

[
4λ−2

j (1− ρ2
j )

(ρ2
j + 1)3

−
λ−2
j

ρ2
j + 1

]
Φ[j]

0

}
eiγj

=
2ib

ρ2
j + 1

[
ρ4
j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +
λ−1
j (ρ4

j + 6ρ2
j )

(ρ2
j + 1)

5
2

∂zjΦ
[j]

0 −
λ−2
j (ρ4

j + 6ρ2
j − 3)

(ρ2
j + 1)3

Φ[j]

0

]
eiγj

=

[
2ibρ4

j

(ρ2
j + 1)3

∂zjzjΦ
[j]

0 +
2ibλ−1

j (ρ4
j + 6ρ2

j )

(ρ2
j + 1)

7
2

∂zjΦ
[j]

0 −
2ibλ−2

j (ρ4
j + 6ρ2

j − 3)

(ρ2
j + 1)4

Φ[j]

0

]
eiγj

(4.32)

where we have used (4.25). [
−b(U [j] − U∞) ∧∆xΦ∗[j]0

]
· U [j]

=
−2b

ρ2
j + 1

{ 2ρj
ρ2
j + 1

Re
[(

(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

]
+
ρ2
j − 1

ρ2
j + 1

ρjRe
[(

(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

]}
=
−2bρj
ρ2
j + 1

Im
[(

(∆xΦ∗[j]0 )1 + i(∆xΦ∗[j]0 )2

)
e−i(θj+γj)

]
.

(4.33)

•

a|∇xU [j]|2Φ∗[j]0 = aλ−2
j |∇y[j]U

[j]|2Φ∗[j]0 =
[ 8aλ−2

j ρ2
j

(ρ2
j + 1)3

Φ[j]

0 e
iθj , 0

]T
.
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Then (
ΠU [j]⊥

(
a|∇xU [j]|2Φ∗[j]0

))
C

=
8aλ−2

j ρ2
j

(ρ2
j + 1)3

(
1− 2

ρ2
j + 1

Re

)
(Φ[j]

0 e
−iγj ),

(
a|∇xU [j]|2Φ∗[j]0

)
· U [j] =

16aλ−2
j ρ3

j

(ρ2
j + 1)4

Re(Φ[j]

0 e
−iγj ).

(4.34)

•

b|∇xU [j]|2Φ∗[j]0 ∧ U [j] =
8bλ2

j

(r2
j + λ2

j )
2

Φ∗[j]0 ∧ U [j]

=
8bλ2

j

(r2
j + λ2

j )
2

Φ∗[j]0 ∧ 1

1 + |y[j]|2
[
2y[j]1 cos γj − 2y[j]2 sin γj , 2y

[j]

1 sin γj + 2y[j]2 cos γj , |y[j]|2 − 1
]T

=
8bλ−2

j

(ρ2
j + 1)3

[
(ρ2
j − 1)(Φ∗[j]0 )2,−(ρ2

j − 1)(Φ∗[j]0 )1,(
2y[j]1 sin γj + 2y[j]2 cos γj

)
(Φ∗[j]0 )1 −

(
2y[j]1 cos γj − 2y[j]2 sin γj

)
(Φ∗[j]0 )2

]T
=

8bλ−2
j

(ρ2
j + 1)3

[
(ρ2
j − 1)(Φ∗[j]0 )2,−(ρ2

j − 1)(Φ∗[j]0 )1,−2ρjRe
[(

(Φ∗[j]0 )2 − i(Φ∗[j]0 )1

)
e−i(θj+γj)

] ]T

(4.35)

where we have used (4.31) in the last equality.
It is easy to see (

b|∇xU [j]|2Φ∗[j]0 ∧ U [j]
)
· U [j] = 0.

By (3.14), we get (
b|∇xU [j]|2Φ∗[j]0 ∧ U [j]

)
Cj

=
8bλ−2

j

(ρ2
j + 1)3

{(
1− 2

ρ2
j + 1

Re

)[
(ρ2
j − 1)

(
(Φ∗[j]0 )2 − i(Φ∗[j]0 )1

)
e−i(θj+γj)

]
+

2ρj
ρ2
j + 1

2ρjRe
[(

(Φ∗[j]0 )2 − i(Φ∗[j]0 )1

)
e−i(θj+γj)

]}
=

8bλ−2
j

(ρ2
j + 1)3

(
ρ2
j − 1 + 2Re

) [(
(Φ∗[j]0 )2 − i(Φ∗[j]0 )1

)
e−i(θj+γj)

]
=

8bλ−2
j

(ρ2
j + 1)3

(
ρ2
j − 1 + 2Re

) [
−i

ρ2
j

ρ2
j + 1

Φ[j]

0 e
iθje−i(θj+γj)

]

=
−8ibλ−2

j ρ2
j (ρ

2
j − 1)

(ρ2
j + 1)4

Φ[j]

0 e
−iγj +

16bλ−2
j ρ2

j

(ρ2
j + 1)4

Im
(

Φ[j]

0 e
−iγj

)
=
−8ibλ−2

j ρ2
j

(ρ2
j + 1)3

Φ[j]

0 e
−iγj +

16ibλ−2
j ρ2

j

(ρ2
j + 1)4

Re
(

Φ[j]

0 e
−iγj

)
=
−8ibλ−2

j ρ2
j

(ρ2
j + 1)3

(
1− 2

ρ2
j + 1

Re

)(
Φ[j]

0 e
−iγj

)
,

(4.36)

where we have used (4.9) in the third equality.
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• By (4.22), we calculate

− 2∇x(Φ∗[j]0 · U [j])∇xU [j] = −2∇x[j](Φ
∗[j]
0 · U [j])∇x[j]U

[j]

= − 2∂rj (Φ
∗[j]
0 · U [j])∂rjU

[j] − 2r−2
j ∂θj (Φ

∗[j]
0 · U [j])∂θjU

[j]

= − 2
(
∂rjΦ

∗[j]
0 · U [j] + Φ∗[j]0 · ∂rjU [j]

)
∂rjU

[j] − 2r−2
j

(
∂θjΦ

∗[j]
0 · U [j] + Φ∗[j]0 · ∂θjU [j]

)
∂θjU

[j]

= − 2
(
∂rjΦ

∗[j]
0 · U [j] + Φ∗[j]0 · λ−1

j wρjQγjE
[j]

1

)
λ−1
j wρjQγjE

[j]

1

− 2r−2
j

(
∂θjΦ

∗[j]
0 · U [j] + Φ∗[j]0 · sinw(ρj)QγjE

[j]

2

)
sinw(ρj)QγjE

[j]

2

= − 2
{[[ 2λ−1

j ρj

(ρ2
j + 1)2

Φ[j]

0 +
ρ3
j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0

]
eiθj , 0

]T
· U [j]

+
[ ρ2

j

ρ2
j + 1

Φ[j]

0 e
iθj , 0

]T
· λ−1

j wρjQγjE
[j]

1

}
λ−1
j wρjQγjE

[j]

1

− 2r−2
j

([ ρ2
j

ρ2
j + 1

Φ[j]

0 ie
iθj , 0

]T
· U [j] +

[ ρ2
j

ρ2
j + 1

Φ[j]

0 e
iθj , 0

]T
· sinw(ρj)QγjE

[j]

2

)
sinw(ρj)QγjE

[j]

2

= − 2

{
Re

{[
2λ−1

j ρj

(ρ2
j + 1)2

Φ[j]

0 +
ρ3
j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0

]
sinw(ρj)e

−iγj

}

+
λ−1
j ρ2

jwρj
ρ2
j + 1

Re
(

Φ[j]

0 cosw(ρj)e
−iγj

)}
λ−1
j wρjQγjE

[j]

1

− 2r−2
j

[
ρ2
j

ρ2
j + 1

Re(Φ[j]

0 sinw(ρj)ie
−iγj ) +

ρ2
j sinw(ρj)

ρ2
j + 1

Im(Φ[j]

0 e
−iγj )

]
sinw(ρj)QγjE

[j]

2

=

[
8λ−2

j (3ρ2
j − ρ4

j )

(ρ2
j + 1)4

Re(Φ[j]

0 e
−iγj ) +

8λ−1
j ρ4

j

(ρ2
j + 1)

7
2

Re(∂zjΦ
[j]

0 e
−iγj )

]
QγjE

[j]

1

(4.37)

where we have used

∂rjU
[j] = λ−1

j ∂ρjU
[j] = λ−1

j wρjQγjE
[j]

1 , ∂θjU
[j] = sinw(ρj)QγjE

[j]

2 .

It is easy to see {(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]}
· U [j] = 0.

By (3.11), one has(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
=

[
8λ−2

j (3ρ2
j − ρ4

j )

(ρ2
j + 1)4

Re(Φ[j]

0 e
−iγj ) +

8λ−1
j ρ4

j

(ρ2
j + 1)

7
2

Re(∂zjΦ
[j]

0 e
−iγj )

](
aQγjE

[j]

1 − bQγjE
[j]

2

)
.

(4.38)
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In summary, by (3.14), (4.27), and (4.26), (4.28), (4.29), (4.6), (4.32), (4.33), (4.34), (4.36), (4.38), we
conclude that

S [j] · U [j]

=
2ρj
ρ2
j + 1

Re

{{ ξ̇[j] · y[j]ρ2
j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +

[
2λ−1

j ξ̇[j] · y[j]

(ρ2
j + 1)2

+
iλ−1
j (ξ̇[j]2 y

[j]

1 − ξ̇
[j]

1 y
[j]

2 )

ρ2
j + 1

]
Φ[j]

0

+
−λ̇jρ2

j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
2λ−1

j λ̇jρ
2
j

(ρ2
j + 1)2

Φ[j]

0

+ (a− ib)

[
−ρ2

j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +
5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

∂zjΦ
[j]

0 +
λ−2
j (3− 5ρ2

j )

(ρ2
j + 1)3

Φ[j]

0

]}
e−iγj

}

+ 4λ−1
j λ̇jρ

2
j

{
2ρj + (ρ2

j + 1)
1
2

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)3
+

ρ2
j − 1

(ρ2
j + 1)3

}

− 2bρj
ρ2
j + 1

Im
[(

(∆xΦ∗[j]0 )1 + i(∆xΦ∗[j]0 )2

)
e−i(θj+γj)

]
+

16aλ−2
j ρ3

j

(ρ2
j + 1)4

Re(Φ[j]

0 e
−iγj ).

(4.39)

By (4.20), (4.21), we have

|S [j] · U [j]| . |ξ̇[j]|〈ρj〉−1 + |λj |−1〈ρj〉−2, (4.40)

and (
ΠU [j]⊥S [j]

)
Cj

=
[
(ξ̇[j]1 − iξ̇

[j]
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0

]}
e−iγj

}

−
2(λ−1

j λ̇j + iγ̇j)ρj
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j ρ2

j

(ρ2
j + 1)3

(
1− 2

ρ2
j + 1

Re

)(
Φ[j]
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=

(
1− 2

ρ2
j + 1
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1
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j λ̇j

4ρ2
j [ρ

2
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Then by (4.15), (4.16), (4.17), we get

=

(
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){
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� t
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j ρ2
j

(ρ2
j + 1)

5
2

� t

0
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t− s
K0(ζj)ds

− (a− ib)
8λ−1
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+
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K0(ζj) + 2ζjK0ζj (ζj)
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ṗj(s)e
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where

M [j]
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ṗj(s)e−iγj(t)

t− s

[
6K0(ζj)

(ρ2
j + 1)

7
2

+
8(2ρ4

j + 3ρ2
j )ζjK0ζj (ζj)

(ρ2
j + 1)

7
2

+
8ρ4
jζ

2
jK0ζjζj (ζj)

(ρ2
j + 1)

7
2

]
ds

}

− (a− ib)λ−1
j

(
1− 2

ρ2
j + 1

Re

)[� t

0
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where we have used (4.13).
Then by (4.19), it follows that
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ṗj(s)e
−iγj(t)

t− s

[(
a+ ib

2
+O (ζj)

)
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

]
ds

)

= − (ξ̇[j]1 − iξ̇
[j]

2 )
2λ−1

j

ρ2
j + 1

+ M̃ [j]

1 (ρj , t)
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where we have used (4.13) and

M̃ [j]

1 (ρj , t) := −(ξ̇[j]1 − iξ̇
[j]

2 )

{(
1− 2

ρ2
j + 1

Re

)[� t

0

ṗj(s)e
−iγj(t)

t− s

×

{[
(a+ ib)(ρ3

j + 2ρj)

4(ρ2
j + 1)

3
2

+O (ζj)

]
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

}
ds

]}
− (iξ̇[j]1 + ξ̇[j]2 )

×

(
i+

2

ρ2
j + 1

Im

)[� t

0

ṗj(s)e
−iγj(t)

t− s

{[
(a+ ib)ρj

4(ρ2
j + 1)

1
2

+O (ζj)

]
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

}
ds

]
.

(4.42)

Then by (4.19), one has

|M̃ [j]

1 | . |ξ̇[j]|
� t

0

|λ̇j(s)|
t− s

(
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

)
ds . |ξ̇[j]|, |M [j]

1 | . |ξ̇[j]|λ−1
∗ 〈ρj〉−2 + |ξ̇[j]|. (4.43)

M [j]

−1(ρj , t)

:= − (ξ̇[j]1 + iξ̇[j]2 )

[(
1− 2

ρ2
j + 1

Re

){� t

0

ṗj(s)e
−iγj(t)

t− s

[
(ρ3
j + 2ρj)K0(ζj)

2(ρ2
j + 1)

3
2

+
ρ3
jζjK0ζj (ζj)

(ρ2
j + 1)

3
2

]
ds

}]

− (ξ̇[j]2 − iξ̇
[j]

1 )
ρj

2(ρ2
j + 1)

1
2

(
i+

2

ρ2
j + 1

Im

)(� t

0

ṗj(s)e
−iγj(t)

t− s
K0(ζj)ds

)
.

(4.44)

By (4.13) and (4.19), we get

|M [j]

−1| . (|ξ̇[j]1 |+ |ξ̇
[j]

2 |)
� t

0

|λ̇∗(s)|
t− s

(
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

)
ds . |ξ̇[j]|. (4.45)

As a result of (4.41), (4.43) and (4.45), we have∣∣(ΠU [j]⊥S [j]
)
C

∣∣ . λ−1
∗ 〈ρj〉−3 + |λ̇∗|〈ρj〉−1 + |ξ̇[j]|

(
λ−1
∗ 〈ρj〉−2 + 1

)
. (4.46)

Integrating (4.40) and (4.46), we have∣∣S [j]
∣∣ . λ−1

∗ 〈ρj〉−2 + |λ̇∗|〈ρj〉−1 + |ξ̇[j]|. (4.47)

5. Gluing system

In this section, we formulate the inner–outer gluing system such that solution with desired asymptotics can
be found.

5.1. Ansatz for the multi-bubble solution u. We look for solution u of the form

u = (1 +A)U∗ + Φ− (Φ · U∗)U∗,

Φ(x, t) =

N∑
j=1

(
η[j]R (x, t)QγjΦ

[j]

in (y[j], t) + η[j]dq (x, t)Φ
∗[j]
0 (rj , t)

)
+ Φout(x, t)

(5.1)

where Φ[j]

in (y[j], t) ·W [j] = 0 for all t ∈ (0, T ), j = 1, 2, . . . , N ; η is smooth cut-off function,

η(s) =

{
1, for s < 1,

0, for s > 2,
η[j]R (x, t) = η

(
x− ξ[j](t)
λj(t)R(t)

)
, η[j]dq (x, t) = η

(
x− ξ[j](t)

dq

)
, (5.2)

dq :=
1

9
min
k 6=m
|q[k] − q[m]|.

where A is a scalar function, Φ[j]

in and Φout will be solved in the inner-outer system, Φ∗[j]0 (rj , t) is defined in
(4.12).
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Set pj(t) = λj(t)e
iγj(t). Throughout this paper, we choose the following ansatzes for all j = 1, 2, . . . , N ,

C−1
λ λ∗(t) ≤ |pj(t)| = λj(t) ≤ Cλλ∗(t) with λ∗(t) =

| lnT |(T − t)
ln2(T − t)

,

C−1
λ

| lnT |
ln2(T − t)

≤ |ṗj(t)| ≤ Cλ
| lnT |

ln2(T − t)
, |γ̇j(t)| . Cγ(T − t)−1, |ξ̇j(t)| ≤ Cξλ

εξ
∗ (t),

R(t) = λ−β∗ (t), |Φ| � 1

(5.3)

where Cλ ≥ 1, Cξ > 0, Cγ > 0; εξ > 0 is small; 0 < β < 1 will be chosen later; Φ[j]

in solves the inner problem
near each bubble U [j], while Φout handles the region away from the concentration zones. Notice that

η[j]dq ≡ 1 in |x− ξ[j](t)| ≤ 2λj(t)R(t).

Suitable A will be chosen in (5.1) to make |u| = 1. Indeed,

|u|2 = 1⇐⇒ (1 +A)2|U∗|2 + 2(1 +A)(Φ · U∗)(1− |U∗|2) + |Φ− (Φ · U∗)U∗|2 = 1

⇐⇒ (1 +A)2 + 2(1 +A)
(Φ · U∗)(1− |U∗|2)

|U∗|2
=

1− |Φ− (Φ · U∗)U∗|2

|U∗|2

⇐⇒
[
1 +A+

(Φ · U∗)(1− |U∗|2)

|U∗|2

]2

=
1− |Φ− (Φ · U∗)U∗|2

|U∗|2
+

[
(Φ · U∗)(1− |U∗|2)

|U∗|2

]2

.

We take

A =

{
1 +

1− |U∗|2 − |Φ− (Φ · U∗)U∗|2

|U∗|2
+

[
(Φ · U∗)(1− |U∗|2)

|U∗|2

]2
} 1

2

− 1− (Φ · U∗)(1− |U∗|2)

|U∗|2
. (5.4)

By (4.2) and (5.3), we have

A =
(
1 +O(λ∗ + |Φ|2) +O(λ2

∗|Φ|2)
) 1

2 − 1 +O(λ∗|Φ|) = O(λ∗ + λ∗|Φ|+ |Φ|2) = O(λ∗ + |Φ|2) (5.5)

under the assumption |Φ| � 1 in (5.3).
One important insight is that we only need to solve

S(u) = Ξ(x, t)U∗ (5.6)

for some scalar function Ξ. Indeed, since |u| = 1 is kept for all t ∈ (0, T ) and u = U∗+ w̃ where the perturbation
w̃ is uniformly small, then

Ξ(U∗ · u) = S(u) · u = −1

2
∂t(|u|2) +

a

2
∆|u|2 = 0.

Thus Ξ ≡ 0 follows from U∗ · u ≥ δ0 > 0. (5.6) provides us the flexibility to adjust the error terms in U∗
direction and we will call this U∗-operation throughout this paper.

We compute

−∂tΦ = − ∂tΦout −
2∑
j=1

∂t(Φ
∗[j]
0 ) +

2∑
j=1

η[j]R Qγj

[
−∂tΦ[j]

in +
(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

−
2∑
j=1

∂tη
[j]

R QγjΦ
[j]

in ,

∆xΦ = ∆Φout +

2∑
j=1

∆xΦ∗[j]0 +

2∑
j=1

η[j]R Qγj∆xΦ[j]

in +

2∑
j=1

Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R · ∇xΦ[j]

in

)
where we have used ∂t(Qγj ) = γ̇jJQγj = γ̇jQγjJ ,

J :=

0 −1 0
1 0 0
0 0 0

 . (5.7)

Notice
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•
U∗∆xA+ (1 +A)∆xU∗ + 2∇xA∇xU∗ + ∆x [Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 [(1 +A)U∗ + Φ− (Φ · U∗)U∗]
= ∆x [Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]

+
{

2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2
}

[Φ− (Φ · U∗)U∗]

+ 2∇xA∇xU∗ + (1 +A)∆xU∗

+ U∗

[
∆xA+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 (1 +A)

]
= ∆x [Φ− (Φ · U∗)U∗] + |∇xU∗|2 [Φ− (Φ · U∗)U∗] + 2 {∇xU∗ · ∇x [Φ− (Φ · U∗)U∗]}U∗

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{

2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2
}

[Φ− (Φ · U∗)U∗]

+ 2∇xA∇xU∗ + (1 +A)∆xU∗

+ U∗

{
∆xA+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 (1 +A)− 2∇xU∗ · ∇x [Φ− (Φ · U∗)U∗]

}
= ∆xΦ− 2∇x(Φ · U∗)∇xU∗ + |∇xU∗|2 Φ

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{

2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2
}

[Φ− (Φ · U∗)U∗]

+ 2∇xA∇xU∗ + [1 +A− (Φ · U∗)] ∆xU∗

+ U∗

{
∆xA+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)

}
.

•
[(1 +A)U∗ + Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]

= [Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗]

+ [(1 +A)U∗] ∧∆x [Φ− (Φ · U∗)U∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]
+ (1 +A)U∗ ∧∆x [(1 +A)U∗]

= [Φ− (Φ · U∗)U∗] ∧∆xU∗ + U∗ ∧∆x [Φ− (Φ · U∗)U∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]
+ (1 +A)U∗ ∧∆x [(1 +A)U∗]

= Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗)∇xU∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]
+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗.
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Next we calculate

S(u)

= − U∗∂tA− (1 +A)∂tU∗ − ∂tΦ + (Φ · U∗)∂tU∗ + U∗∂t(Φ · U∗)

+ a
{
U∗∆xA+ (1 +A)∆xU∗ + 2∇xA · ∇xU∗ + ∆x[Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 [(1 +A)U∗ + Φ− (Φ · U∗)U∗]
}

− b [(1 +A)U∗ + Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]
= − (1 +A)∂tU∗ − ∂tΦ + (Φ · U∗)∂tU∗ + U∗ [∂t(Φ · U∗)− ∂tA]

+ a
{

∆xΦ− 2∇x(Φ · U∗)∇xU∗ + |∇xU∗|2 Φ

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{

2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2
}

[Φ− (Φ · U∗)U∗]

+ 2∇xA∇xU∗ + [1 +A− (Φ · U∗)] ∆xU∗

+ U∗

{
∆xA+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)

}}
− b
{

Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗)∇xU∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]
+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]

+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗

}
= − ∂tΦ + a

{
∆xΦ− 2∇x(Φ · U∗)∇xU∗ + |∇xU∗|2 Φ

}
− b {Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗)∇xU∗]}

− ∂tU∗ + (Φ · U∗)∂tU∗ +N [Φ] + B[Φ]U∗

= − ∂tΦ + (a− bU∗∧) [∆xΦ− 2∇x(Φ · U∗)∇xU∗] + a |∇xU∗|2 Φ− bΦ ∧∆xU∗

− ∂tU∗ + (Φ · U∗)∂tU∗ +N [Φ] + B[Φ]U∗

= − ∂tΦ + (a− bU∗∧) [∆xΦ− 2∇x(Φ · U∗)∇xU∗] + aΦ

N∑
j=1

|∇xU [j]|2 + bΦ ∧
N∑
j=1

|∇xU [j]|2U [j]

− ∂tU∗ + aΦ
∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + B[Φ]U∗

= − ∂tΦ + (a− bU∗∧) [∆xΦ− 2∇x(Φ · U∗)∇xU∗] +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
Φ

− ∂tU∗ + aΦ
∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + B[Φ]U∗

= − ∂tΦ + (a− bU∗∧)

∆xΦ− 2

N∑
j=1

∇x
[
Φ ·
(
U [j] + U∗ − U [j]

)]
∇xU [j]

+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
Φ

− ∂tU∗ + aΦ
∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + Ξ[Φ]U∗

(5.8)
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= − ∂tΦ + (a− bU∗∧)

∆xΦ− 2

N∑
j=1

∇x
(
Φ · U [j]

)
∇xU [j]

+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
Φ

− ∂tU∗ + (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + B[Φ]U∗

= − ∂tΦout −
N∑
j=1

∂t(η
[j]

dq
Φ∗[j]0 ) +

N∑
j=1

η[j]R Qγj

[
−∂tΦ[j]

in +
(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

−
N∑
j=1

∂tη
[j]

R QγjΦ
[j]

in

+ (a− bU∗∧)

{
∆xΦout +

N∑
j=1

∆x(η[j]dqΦ
∗[j]
0 ) +

N∑
j=1

η[j]R Qγj∆xΦ[j]

in +

N∑
j=1

Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R · ∇xΦ[j]

in

)

− 2

N∑
j=1

∇x

{
U [j] ·

[
N∑
k=1

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ Φout

]}
∇xU [j]

}

+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

) [ N∑
k=1

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ Φout

]

− ∂tU∗ + (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + Ξ[Φ]U∗
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= − ∂tΦout + (a− bU∗∧) ∆xΦout +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
Φout

−
N∑
j=1

∂t(η
[j]

dq
Φ∗[j]0 ) +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
η[j]dqΦ

∗[j]
0

−
N∑
j=1

η[j]R Qγj∂tΦ
[j]

in +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
η[j]R QγjΦ

[j]

in

+

N∑
j=1

η[j]R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

−
N∑
j=1

∂tη
[j]

R QγjΦ
[j]

in

+
N∑
j=1

[
a− b

(
U [j] + U∗ − U [j]

)
∧
]{

∆x(η[j]dqΦ
∗[j]
0 ) + η[j]R Qγj∆xΦ[j]

in +Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R · ∇xΦ[j]

in

)

− 2∇x
(
U [j] · Φout

)
∇xU [j] − 2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in + η[j]dqΦ
∗[j]
0

)]
∇xU [j]

}

− ∂tU∗ + (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ (a− bU∗∧)

−2

N∑
j=1

∇x

U [j] ·
∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)∇xU [j]


+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + Ξ[Φ]U∗
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= − ∂tΦout + (a− bU∗∧) ∆xΦout +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
Φout

+

N∑
j=1

(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φout

)
∇xU [j]

]
−

N∑
j=1

∂t(η
[j]

dq
Φ∗[j]0 ) +

N∑
j=1

(
a− bU [j]∧

)
∆x(η[j]dqΦ

∗[j]
0 ) +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
η[j]dqΦ

∗[j]
0

+

N∑
j=1

(
a− bU [j]∧

) [
−2∇x

(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

]

−
N∑
j=1

η[j]R Qγj∂tΦ
[j]

in +

N∑
j=1

(
a− bU [j]∧

)
η[j]R Qγj∆xΦ[j]

in +

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)
η[j]R QγjΦ

[j]

in

+
N∑
j=1

(
a− bU [j]∧

){
−2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}

+

N∑
j=1

η[j]R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

−
N∑
j=1

∂tη
[j]

R QγjΦ
[j]

in +

N∑
j=1

(
a− bU [j]∧

) [
Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R · ∇xΦ[j]

in

)]

− ∂tU∗ −
N∑
j=1

b
(
U∗ − U [j]

)
∧

{
∆x(η[j]dqΦ

∗[j]
0 ) + η[j]R Qγj∆xΦ[j]

in +Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R · ∇xΦ[j]

in

)

− 2∇x
(
U [j] · Φout

)
∇xU [j] − 2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in + η[j]dqΦ
∗[j]
0

)]
∇xU [j]

}

+ (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ (a− bU∗∧)

−2

N∑
j=1

∇x

U [j] ·
∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)∇xU [j]


+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + (Φ · U∗)∂tU∗ +N [Φ] + Ξ[Φ]U∗
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= − ∂tΦout + (a− bU∗∧) ∆xΦout

+

N∑
j=1

(
1− η[j]R

) (
a− bU [j]∧

) [
|∇xU [j]|2Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]
+

N∑
j=1

(
1− η[j]R

){
− ∂t(η[j]dqΦ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η[j]dqΦ

∗[j]
0 ) + |∇xU [j]|2η[j]dqΦ

∗[j]
0

− 2∇x
(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

]
− ∂tU [j]

}
+

N∑
j=1

η[j]R Qγj

{
− ∂tΦ[j]

in + λ−2
j

(
a− bW [j]∧

) [
∆y[j]Φ

[j]

in + |∇y[j]W
[j]|2Φ[j]

in − 2∇y[j]
(
W [j] · Φ[j]

in

)
∇y[j]W

[j]

+ 2
(
∇y[j]W

[j] · ∇y[j]Φ
[j]

in

)
W [j]

]
+Q−γj

{(
a− bU [j]∧

) [
|∇xU [j]|2ΠU [j]⊥Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]}
+Q−γjΠU [j]⊥

{
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}}

+

N∑
j=1

η[j]R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

+

N∑
j=1

Qγj

{
−Φ[j]

in∂tη
[j]

R +
(
a− bW [j]∧

) [
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in −
(
W [j] · Φ[j]

in

)(
2∇xη[j]R∇xW

[j]
)]}

−
N∑
j=1

b
(
U∗ − U [j]

)
∧

{
∆x(η[j]dqΦ

∗[j]
0 ) + η[j]R Qγj∆xΦ[j]

in +Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in

)

− 2∇x
(
U [j] · Φout

)
∇xU [j] − 2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in + η[j]dqΦ
∗[j]
0

)]
∇xU [j]

}

+ (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ (a− bU∗∧)

−2

N∑
j=1

∇x

U [j] ·
∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)∇xU [j]


+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗

+

N∑
j=1

η[j]R
(
U [j] − U∗ + U∗

){
− 2a

(
∇xW [j] · ∇xΦ[j]

in

)
+ a|∇xU [j]|2

(
U [j] · Φout

)
+
{
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
· U [j]

}
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where
N [Φ]

:= a
{{
|∇x [(1 +A)U∗]|2 − |∇xU∗|2 + 2∇x [(1 +A)U∗] · ∇xΠU⊥∗

Φ +
∣∣∇xΠU⊥∗

Φ
∣∣2}ΠU⊥∗

Φ

+ 2∇xA∇xU∗ + [1 +A− (Φ · U∗)] ∆xU∗

}
− b
{

ΠU⊥∗
Φ ∧∆x (AU∗) +AU∗ ∧∆xΠU⊥∗

Φ + ΠU⊥∗
Φ ∧∆xΠU⊥∗

Φ

+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗

}
,

(5.9)

Ξ[Φ] := ∂t(Φ · U∗)− ∂tA

+ a
{

∆xA+ |∇x [(1 +A)U∗ + Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)
}
.

5.2. Simplification of N [Φ]. In this part, we will simplify the nonlinear terms and extract ∆xΦ in N [Φ] for
later purpose.

ΠU⊥∗
Φ ∧∆x (AU∗) +AU∗ ∧∆xΠU⊥∗

Φ + ΠU⊥∗
Φ ∧∆xΠU⊥∗

Φ

= [Φ− (Φ · U∗)U∗] ∧ [(∆xA)U∗ +A∆xU∗ + 2∇xA∇xU∗]
+AU∗ ∧∆x[Φ− (Φ · U∗)U∗] + [Φ− (Φ · U∗)U∗] ∧∆x[Φ− (Φ · U∗)U∗]

= (Φ ∧ U∗)∆xA+ ΠU⊥∗
Φ ∧ [A∆xU∗ + 2∇xA∇xU∗]

+AU∗ ∧∆xΦ−AU∗ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗)∇xU∗]
+ ΠU⊥∗

Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)−ΠU⊥∗
Φ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗)∇xU∗]

= (Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

+ ΠU⊥∗
Φ ∧ (A∆xU∗ + 2∇xA∇xU∗)−AU∗ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗)∇xU∗]

−ΠU⊥∗
Φ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗)∇xU∗]

= (Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

+ ΠU⊥∗
Φ ∧ [2∇xA∇xU∗ − 2∇x(Φ · U∗)∇xU∗]−AU∗ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗)∇xU∗]

+ [A− (Φ · U∗)]Φ ∧∆xU∗ + [(Φ · U∗)2 −A(Φ · U∗)]U∗ ∧∆xU∗

= (Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

− (ΠU⊥∗
Φ +AU∗) ∧ [2∇x(Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) + [(Φ · U∗)2 − 2A(Φ · U∗)]U∗ ∧∆xU∗,

(5.10)

where
∆x(Φ · U∗) = U∗ ·∆xΦ + 2∇xΦ · ∇xU∗ + Φ ·∆xU∗.

Next, we give explicit formula for ∇xA and ∆xA, with interactions of bubbles encoded. Due to the choice
of (5.1), |u| = 1 is equivalent to

(1 +A)2|U∗|2 + 2(1 +A)
(
U∗ ·ΠU⊥∗

Φ
)

+ |ΠU⊥∗
Φ|2 = 1. (5.11)

Taking ∇x for (5.11), we get

2(1 +A)|U∗|2∇xA+ (1 +A)2∇x(|U∗|2) +∇x(|ΠU⊥∗
Φ|2) + 2(1 +A)∇x(U∗ ·ΠU⊥∗

Φ) + 2(U∗ ·ΠU⊥∗
Φ)∇xA = 0.

So

∇xA = −
(1 +A)2∇x(|U∗|2) +∇x(|ΠU⊥∗

Φ|2) + 2(1 +A)∇x(U∗ ·ΠU⊥∗
Φ)

2(1 +A)|U∗|2 + 2(U∗ ·ΠU⊥∗
Φ)

. (5.12)

Taking ∆x for (5.11), we have

(1 +A)2∆x(|U∗|2) + |U∗|2∆x[(1 +A)2] + 2∇x(|U∗|2) · ∇x[(1 +A)2] + 2(1 +A)∆x

(
U∗ ·ΠU⊥∗

Φ
)

+ 2
(
U∗ ·ΠU⊥∗

Φ
)

∆xA+ 4∇x
(
U∗ ·ΠU⊥∗

Φ
)
· ∇xA+ ∆x(|ΠU⊥∗

Φ|2) = 0,

i.e.,

(1 +A)2∆x(|U∗|2) + |U∗|2
[
2(1 +A)∆xA+ 2|∇xA|2

]
+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ 2(1 +A)∆x

(
U∗ ·ΠU⊥∗

Φ
)

+ 2
(
U∗ ·ΠU⊥∗

Φ
)

∆xA+ 4∇x
(
U∗ ·ΠU⊥∗

Φ
)
· ∇xA+ ∆x

(
|ΠU⊥∗

Φ|2
)

= 0.
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Thus, we have

∆xA = − 2−1
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[
∆x

(
|ΠU⊥∗

Φ|2
)

+ 2(1 +A)∆x

(
U∗ ·ΠU⊥∗

Φ
)

+ 4∇x
(
U∗ ·ΠU⊥∗

Φ
)
· ∇xA+ 2|U∗|2|∇xA|2 + 4(1 +A)∇x(|U∗|2) · ∇xA+ (1 +A)2∆x(|U∗|2)

]
.

(5.13)

We further expand

∆x(|ΠU⊥∗
Φ|2) = ∆x

[
|Φ|2 + (|U∗|2 − 2)(Φ · U∗)2

]
= 2Φ ·∆xΦ + (|U∗|2 − 2)∆x[(Φ · U∗)2]

+ 2∇x(|U∗|2) · ∇x[(Φ · U∗)2] + 2|∇xΦ|2 + (Φ · U∗)2∆x(|U∗|2)

= 2Φ ·∆xΦ + 2(|U∗|2 − 2)
[
(Φ · U∗)∆x(Φ · U∗) + |∇x(Φ · U∗)|2

]
+ 2∇x(|U∗|2) · ∇x[(Φ · U∗)2] + 2|∇xΦ|2 + (Φ · U∗)2∆x(|U∗|2)

and
∆x(U∗ ·ΠU⊥∗

Φ) = ∆x[(1− |U∗|2)(Φ · U∗)]
= (1− |U∗|2)∆x(Φ · U∗)− (Φ · U∗)∆x(|U∗|2)− 2∇x(|U∗|2) · ∇x(Φ · U∗).

We arrange terms in (5.13) as follows

∆x(|ΠU⊥∗
Φ|2) + 2(1 +A)∆x(U∗ ·ΠU⊥∗

Φ) + 4∇x(U∗ ·ΠU⊥∗
Φ) · ∇xA

+ 2|U∗|2|∇xA|2 + 4(1 +A)∇x(|U∗|2) · ∇xA+ (1 +A)2∆x(|U∗|2)

= 2Φ ·∆xΦ +
[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
∆x(Φ · U∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2∇x(|U∗|2) · ∇x[(Φ · U∗)2] + 2|∇xΦ|2 + (Φ · U∗)2∆x(|U∗|2)

− 2(1 +A)
[
(Φ · U∗)∆x(|U∗|2) + 2∇x(|U∗|2) · ∇x(Φ · U∗)

]
+ 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 2|U∗|2|∇xA|2 + 4(1 +A)∇x(|U∗|2) · ∇xA+ (1 +A)2∆x(|U∗|2)

= 2Φ ·∆xΦ +
[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
(U∗ ·∆xΦ + 2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA
+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2).

(5.14)
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Combining (5.13) and (5.14), we have

(Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

= − 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2Φ ·∆xΦ

+
[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
(U∗ ·∆xΦ + 2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)
}

+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ− (Φ ∧ U∗) (U∗ ·∆xΦ + 2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

= − 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

×
{

2Φ ·∆xΦ +
[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
(U∗ ·∆xΦ)

}
+AU∗ ∧∆xΦ + ΠU⊥∗

Φ ∧∆xΦ− (Φ ∧ U∗) (U∗ ·∆xΦ)

− 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

×
{ [

2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)
]

(2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)
}

− (Φ ∧ U∗) (2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

= − 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[2Φ ·∆xΦ + 2 (1 +A− Φ · U∗) (U∗ ·∆xΦ)]

+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ

− 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)
}
.

(5.15)
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Combining (5.9), (5.10) and (5.15), we get

N [Φ]

= a
{{
|∇x [(1 +A)U∗]|2 − |∇xU∗|2 + 2∇x [(1 +A)U∗] · ∇xΠU⊥∗

Φ +
∣∣∇xΠU⊥∗

Φ
∣∣2}ΠU⊥∗

Φ

+ 2∇xA∇xU∗ + (1 +A− Φ · U∗) ∆xU∗

}
− b
{
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[2Φ ·∆xΦ + 2 (1 +A− Φ · U∗) (U∗ ·∆xΦ)]

+AU∗ ∧∆xΦ + ΠU⊥∗
Φ ∧∆xΦ

− 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)
}

− (ΠU⊥∗
Φ +AU∗) ∧ [2∇x(Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) + [(Φ · U∗)2 − 2A(Φ · U∗)]U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [(1 +A)∆xU∗ + 2∇xA∇xU∗]− 2(Φ · U∗)U∗ ∧∆xU∗

}
= b
{

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[Φ ·∆xΦ + (1 +A− Φ · U∗) (U∗ ·∆xΦ)]

−AU∗ ∧∆xΦ−
(
ΠU⊥∗

Φ
)
∧∆xΦ

}
+ a

[{
|∇x [(1 +A)U∗]|2 − |∇xU∗|2 + 2∇x [(1 +A)U∗] · ∇x

(
ΠU⊥∗

Φ
)

+
∣∣∇x (ΠU⊥∗

Φ
)∣∣2}ΠU⊥∗

Φ

+ 2∇xA∇xU∗ + (1 +A− Φ · U∗) ∆xU∗

]

− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (2∇xΦ · ∇xU∗ + Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥∗

Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)
}

− (ΠU⊥∗
Φ +AU∗) ∧ [2∇x(Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) + [(Φ · U∗)2 − 2A(Φ · U∗)]U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [(1 +A)∆xU∗ + 2∇xA∇xU∗]− 2(Φ · U∗)U∗ ∧∆xU∗

]

(5.16)

Since

2∇x [(1 +A)U∗] · ∇x
(
ΠU⊥∗

Φ
)

= 2

2∑
k=1

[U∗∂xkA+ (1 +A)∂xkU∗] · [∂xkΦ− U∗∂xk (U∗ · Φ)− (U∗ · Φ)∂xkU∗]

= 2

2∑
k=1

{
[(∂xkA)U∗ · ∂xkΦ + (1 +A)∂xkU∗ · ∂xkΦ]− ∂xk (U∗ · Φ)

[
|U∗|2∂xkA+ (1 +A)U∗ · ∂xkU∗

]
− (U∗ · Φ)

[
(∂xkA)U∗ · ∂xkU∗ + (1 +A) |∂xkU∗|

2
]}
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and ∣∣∇x (ΠU⊥∗
Φ
)∣∣2 =

2∑
k=1

|∂xkΦ− U∗∂xk (Φ · U∗)− (Φ · U∗)∂xkU∗|
2
,

then we obtain

N [Φ]

= b
{

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1 [

Φ ·∆xΦ + (1 +A− Φ · U∗) (U∗ ·∆xΦ)
]

−AU∗ ∧∆xΦ−
(
ΠU⊥∗

Φ
)
∧∆xΦ

}
+ a

{[
|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2

2∑
k=1

{
[(∂xkA)U∗ · ∂xkΦ +A∂xkU∗ · ∂xkΦ]− ∂xk (U∗ · Φ)

[
|U∗|2∂xkA+ (1 +A)U∗ · ∂xkU∗

]
− (U∗ · Φ)

[
(∂xkA)U∗ · ∂xkU∗ + (1 +A) |∂xkU∗|

2
]}

+

2∑
k=1

|∂xkΦ− U∗∂xk (Φ · U∗)− (Φ · U∗)∂xkU∗|
2

]
ΠU⊥∗

Φ

+ 2 (∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗ + ∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗ + (A− Φ · U∗) ∆xU∗

}
+ 2a [(∇xU∗ · ∇xΦ) Φ− (Φ · ∇xΦ)∇xU∗]− 2a (∇xU∗ · ∇xΦ) (U∗ · Φ)U∗

− 2bU∗ ∧ [(∇xU∗ · ∇xΦ) Φ− (Φ · ∇xΦ)∇xU∗]

+ b(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

(1 +A− Φ · U∗) (2∇xΦ · ∇xU∗)
− b(Φ ∧ U∗) (2∇xΦ · ∇xU∗)

− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4

[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]
2 (|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥∗

Φ +AU∗) ∧ [2∇x (Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) +

[
(Φ · U∗)2 − 2A(Φ · U∗)− 2(Φ · U∗)

]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗ + ∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]

]
+ 2bAU∗ ∧ [(Φ · ∇xΦ)∇xU∗] .

(5.17)

5.3. Inner-outer gluing system. By U∗-operation (5.6), we put the terms in U∗ direction into Ξ(x, t)U∗.

Then using (5.17), a sufficient condition for a desired blow-up solution to exist is that (Φ[j]

in ,Φout) solve the
following gluing system

∂tΦout = BΦ,U∗∆xΦout + G in R2 × (0, T ),

Φout(x, 0) = Z∗(x) +

N∑
m=1

3∑
n=1

cmnϑmn(x) in R2.
(5.18)

λ2
j∂tΦ

[j]

in =
(
a− bW [j]∧

) [
∆y[j]Φ

[j]

in + |∇y[j]W
[j]|2Φ[j]

in − 2∇y[j]
(
W [j] · Φ[j]

in

)
∇y[j]W

[j]

+ 2
(
∇y[j]W

[j] · ∇y[j]Φ
[j]

in

)
W [j]

]
+H[j] in D2R,

(5.19)
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where
H[j] := H[j]

1 +H[j]

in , (5.20)

H[j]

1 := λ2
jQ−γj

{(
a− bU [j]∧

) [
|∇xU [j]|2ΠU [j]⊥Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]
+ ΠU [j]⊥

{
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
−
(
eiθjM̃ [j]

1 + e−iθjM [j]

−1

)
C−1
j

}
,

(5.21)

H[j]

in := λ2
jQ−γj

{
2
(
a− bU [j]∧

){ [
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
QγjΦ

[j]

in

)
−
[(
QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}}
= 2

(
a− bW [j]∧

){[
∇y[j]W

[j] · ∇y[j]
(
η[j]R Φ[j]

in

)]
Φ[j]

in −
[
Φ[j]

in · ∇y[j]
(
η[j]R Φ[j]

in

)]
∇y[j]W

[j]
}

;

(5.22)

D2R := {(y, t) | |y| ≤ 2R(t), t ∈ (0, T )} . (5.23)
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G :=

N∑
j=1

(
1− η[j]R

) (
a− bU [j]∧

) [
|∇xU [j]|2Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]
+

N∑
j=1

(
1− η[j]R

){
− ∂t(η[j]dqΦ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η[j]dqΦ

∗[j]
0 ) + |∇xU [j]|2η[j]dqΦ

∗[j]
0

− 2∇x
(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

]
− ∂tU [j]

}
+

N∑
j=1

η[j]R

(
eiθjM̃ [j]

1 + e−iθjM [j]

−1

)
C−1
j

+

N∑
j=1

η[j]R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]

+

N∑
j=1

Qγj

{
− Φ[j]

in∂tη
[j]

R

+
(
a− bW [j]∧

) [
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in −
(
W [j] · Φ[j]

in

)(
2∇xη[j]R∇xW

[j]
)]}

−
N∑
j=1

b
(
U∗ − U [j]

)
∧

{
∆x(η[j]dqΦ

∗[j]
0 ) + η[j]R Qγj∆xΦ[j]

in +Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in

)

− 2∇x
(
U [j] · Φout

)
∇xU [j] − 2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in + η[j]dqΦ
∗[j]
0

)]
∇xU [j]

}

+ (a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]


+ (a− bU∗∧)

−2

N∑
j=1

∇x

U [j] ·
∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)∇xU [j]


+

N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
+ aΦ

∑
j 6=k

∇xU [j] · ∇xU [k] + [(Φ · U∗)−A] ∂tU∗

+

N∑
j=1

η[j]R
(
U [j] − U∗

) [
− 2a

(
∇xW [j] · ∇xΦ[j]

in

)
+ a|∇xU [j]|2

(
U [j] · Φout

)
+
{
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
· U [j]

]

(5.24)
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+ b
{

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

−
(
AU∗ + ΠU⊥∗

Φ
)
∧∆x (Φ− Φout)

}
+ a

{[
|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2

2∑
k=1

{
[(∂xkA)U∗ · ∂xkΦ +A∂xkU∗ · ∂xkΦ]− ∂xk (U∗ · Φ)

[
|U∗|2∂xkA+ (1 +A)U∗ · ∂xkU∗

]
− (U∗ · Φ)

[
(∂xkA)U∗ · ∂xkU∗ + (1 +A) |∂xkU∗|

2
]}

+

2∑
k=1

|∂xkΦ− U∗∂xk (Φ · U∗)− (Φ · U∗)∂xkU∗|
2

]
ΠU⊥∗

Φ

+ 2 (∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗ + ∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗ + (A− Φ · U∗) ∆xU∗

}
+ 2 (a− bU∗∧) [(∇xU∗ · ∇xΦ) Φ− (Φ · ∇xΦ)∇xU∗]− 2a (∇xU∗ · ∇xΦ) (U∗ · Φ)U∗

−
N∑
j=1

2
(
a− bU [j]∧

){ [
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}
+ b(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

(1 +A− Φ · U∗) (2∇xΦ · ∇xU∗)
− b(Φ ∧ U∗) (2∇xΦ · ∇xU∗)

− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4

[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]
2 (|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥∗

Φ +AU∗) ∧ [2∇x (Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) +

[
(Φ · U∗)2 − 2A(Φ · U∗)− 2(Φ · U∗)

]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗ + ∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]

]
+ 2bAU∗ ∧ [(Φ · ∇xΦ)∇xU∗] + ΞG(x, t)U∗,

(5.25)

where Ξ1(x, t) is given in (D.68) and ΞG(x, t) is some scalar function due to U∗-operation; M̃1,M−1 are given
in (4.42), (4.44) respectively;

BΦ,U∗ := aI3 − bU∗ ∧+B̃Φ,U∗ , (5.26)

I3 is 3× 3 identity matrix,

B̃Φ,U∗ := b
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

(Φ ∧ U∗)1 [Φ + (1 +A− Φ · U∗)U∗]
(Φ ∧ U∗)2 [Φ + (1 +A− Φ · U∗)U∗]
(Φ ∧ U∗)3 [Φ + (1 +A− Φ · U∗)U∗]

− b (AU∗ + ΠU⊥∗
Φ
)
∧,

(5.27)

B̃Φ,U∗∆xΦout = b
{

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[Φ + (1 +A− Φ · U∗)U∗] ·∆xΦout

−AU∗ ∧∆xΦout −ΠU⊥∗
Φ ∧∆xΦout

}
;

(5.28)

Z∗(x) ∈ C3(R2), ‖Z∗‖C3(R2) < CZ∗ , [∂x1Z∗1 + ∂x2Z∗2 + i (∂x1Z∗2 − ∂x2Z∗1)] (q[j]) 6= 0 (5.29)
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where CZ∗ � 1, j = 1, 2, . . . , N ;

ϑmn ∈ C3(R2), ‖ϑmn‖C3(R2) ≤ 2, ϑmn(qk) = δmken for m, k = 1, 2, . . . , N, n = 1, 2, 3, (5.30)

e1 = [1, 0, 0]T , e2 = [0, 1, 0]T , e3 = [0, 0, 1]T .

Denote ΓΦ,U∗ as the fundamental solution of

∂tf = BΦ,U∗∆xf in R2 × (0, T ). (5.31)

cmn will be chosen to such the following vanishings hold

(ΓΦ,U∗ ∗ ∗G) (qk, T ) + (ΓΦ,U∗ ∗ Z∗) (qk, T ) +

N∑
m=1

3∑
n=1

cmn (ΓΦ,U∗ ∗ ϑmn) (qk, T ) = 0 for k = 1, 2, . . . , N, (5.32)

which will be useful in the gluing procedure.
For any f ∈ C3(R2) satisfying ‖f‖C3(R2) <∞, by (7.5), we have

|ΓΦ,U∗ ∗ f | . ‖f‖C3(R2) in R2 × (0, T ). (5.33)

By [17, Theorem 1.2] and BΦ,U∗ ∈ C(R2 × (0, T )) ∩ L∞(R2 × (0, T )), we have

|Dx (ΓΦ,U∗ ∗ f)|+
∣∣D2

x (ΓΦ,U∗ ∗ f)
∣∣+ |∂t (ΓΦ,U∗ ∗ f)| . ‖f‖C3(R2) in R2 × (0, T ). (5.34)

By W 1,2
p estimate (see [17, Lemma 2.1]), we have

|Dx (ΓΦ,U∗ ∗ f) (x, t)−Dx (ΓΦ,U∗ ∗ f) (x∗, t∗)|(
|x− x∗|+

√
|t− t∗|

)α . C(α)‖f‖C3(R2) for 0 < α < 1, (x, t), (x∗, t∗) ∈ R2 × (0, T ).

(5.35)
By (5.34), for m, k = 1, 2, . . . , N , n = 1, 2, 3, we have

|(ΓΦ,U∗ ∗ ϑmn) (qk, T )− ϑmn(qk)| = |(ΓΦ,U∗ ∗ ϑmn) (qk, T )− δmken| . T.
Thus we can find unique cmn = cmn[Φ, U∗,G, Z∗] = cmn1+cmn2 satisfying (5.32), where cmn1 = cmn1[Φ, U∗,G], cmn2 =
cmn2[Φ, U∗, Z∗] satisfy

(ΓΦ,U∗ ∗ ∗G) (qk, T ) +

N∑
m=1

3∑
n=1

cmn1 (ΓΦ,U∗ ∗ ϑmn) (qk, T ) = 0,

(ΓΦ,U∗ ∗ Z∗) (qk, T ) +

N∑
m=1

3∑
n=1

cmn2 (ΓΦ,U∗ ∗ ϑmn) (qk, T ) = 0 for k = 1, 2, . . . , N

with the following upper bounds

|cmn1| .
N∑
k=1

|(ΓΦ,U∗ ∗ ∗G) (qk, T )| , |cmn2| .
N∑
k=1

|(ΓΦ,U∗ ∗ Z∗) (qk, T )| . ‖Z∗‖C3(R2) (5.36)

for m = 1, 2, . . . , N , n = 1, 2, 3.
In order to find a solution for (5.18), it suffices to solve the following fixed point problem:

To[Φout] := ΓΦ,U∗∗∗G[Φout]+ΓΦ,U∗∗Z∗+
N∑
m=1

3∑
n=1

(cmn1[Φ, U∗,G[Φout]] + cmn2[Φ, U∗, Z∗]) (ΓΦ,U∗ ∗ ϑmn) . (5.37)

Denote

Φ(1)
out := ΓΦ,U∗ ∗ Z∗ +

N∑
m=1

3∑
n=1

cmn2[Φ, U∗, Z∗] (ΓΦ,U∗ ∗ ϑmn) . (5.38)

By (5.33), (5.34), (5.35) and (5.36), we have

sup
R2×(0,T )

(∣∣∣Φ(1)
out

∣∣∣+
∣∣∣DxΦ(1)

out

∣∣∣+
∣∣∣D2

xΦ(1)
out

∣∣∣+
∣∣∣∂tΦ(1)

out

∣∣∣) ≤ 9−1Λo1‖Z∗‖C3(R2),

sup
R2×(0,T )

∣∣∣DxΦ(1)
out(x, t)−DxΦ(1)

out(x∗, t∗)
∣∣∣(

|x− x∗|+
√
|t− t∗|

)α ≤ 9−1C(α)Λo1‖Z∗‖C3(R2)

(5.39)

for a large constant Λo1 ≥ 1.
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5.4. Weighted topologies for the inner and outer problems. The topologies for the inner and outer
problems are listed in this section. Recall (5.3) and the form of (5.19). It is natural to introduce the new time
variable

τj = τj(t) :=

� t

0

λ−2
j (s)ds+ CτTλ

−2
∗ (0), τj(0) = τ0 := CτTλ

−2
∗ (0) (5.40)

with a constant Cτ > 0 sufficiently large. Then τj(t) ∼ | lnT |−2(T − t)−1| ln(T − t)|4, which implies

ln(τj(t)) ∼ | ln(T − t)|, λ∗(t) ∼ | lnT |−1τ−1
j | ln τj |

2.

• For the inner problems, we are going to measure their right hand sides and solutions under the following
norms respectively

‖H‖ν,2+l,ςH := sup
(y,τj)∈D2R

[
λ−ν∗ (τj)〈y〉2+l

(
|H(y, τj)|+ 〈y〉ςH [H]

CςH,
ςH
2 (Q−((y,τj),

|y|
2 ))

)]
,

where 0 < ςH < 1 is small and

[H]
CςH,

ςH
2 (Q−((y,τj),

|y|
2 ))

:= sup
(y∗,τ∗)∈Q−((y,τj),

|y|
2 )

|H(y, τj)−H(y∗, τ∗)|(
|y − y∗|+ |τj − τ∗|

1
2

)ςH
where the symbol λ∗(τj) = λ∗(t(τj)) is abused and

D2R := {(y, τj) | |y| < 2R, τj > τ0} ,

Q−((y, τj),
|y|
2

) :=

{
(z, s) | |z − y| < |y|

2
, max

{
τj −

|y|
2
, τ0

}
< s < τj

}
.

(5.41)

Denote

‖Φ[j]

in‖in,ν−δ0,l := sup
D2R

[
λ−ν+δ0
∗ (τj)〈y〉l

( ∣∣∣Φ[j]

in (y, τj)
∣∣∣+ 〈y〉

∣∣∣DyΦ[j]

in (y, τj)
∣∣∣+ 〈y〉2

∣∣∣D2
yΦ[j]

in (y, τj)
∣∣∣ )], (5.42)

[
Φ[j]

in

]
in,ν−δ0,l,ςin

:= sup
D2R

[
λ−ν+δ0
∗ (τj)〈y〉l

(
〈y〉ςin

[
Φ[j]

in

]
Cςin,

ςin
2 (Q−((y,τj),

|y|
2 ))

+ 〈y〉ςin+1
[
DyΦ[j]

in

]
Cςin,

ςin
2 (Q−((y,τj),

|y|
2 ))

)]
,

(5.43)

‖Φ[j]

in‖in,ν−δ0,l,ςin := ‖Φ[j]

in‖in,ν−δ0,l +
[
Φ[j]

in

]
in,ν−δ0,l,ςin

, (5.44)

where 0 < ςin < 1 and
0 < δ0 < ν < 1. (5.45)

Set R0(t) = λ
−δ0/6
∗ (t), which will be used in the inner problem and orthogonal equations.

The inner problem will be solved in the following space.

B[j]

in :=
{
f | ‖f‖in,ν−δ0,l,ςin ≤ Λin, f ·W [j] = 0

}
. (5.46)

• For the outer problem, we define the following weights to control the right hand side of the outer problem

%[j]1 := λΘ
∗ (λ∗R)−11{|x−q[j]|≤3λ∗R}, %[j]2 := T−σ0

λ1−σ0
∗

|x− q[j]|2
1{λ∗R/2≤|x−q[j]|≤dq}, %3 := T−σ0 . (5.47)

where

dq :=
1

9
min
k 6=m
|q[k] − q[m]|, Θ + β − 1 < 0, 0 < Θ < 1, 0 < σ0 < 1. (5.48)

For a function f(x, t), we define the L∞-weighted norm

‖f‖∗∗ := sup
(x,t)∈R2×(0,T )

 N∑
j=1

(
%[j]1 + %[j]2

)
+ %3

−1

|f(x, t)|. (5.49)

Also, we define the L∞-weighted norm for Φout:
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‖Φout‖],Θ,α

:=
(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)−1 ‖Φout‖L∞(R2×(0,T ))

+
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)−1 ‖∇xΦout‖L∞(R2×(0,T ))

+ sup
R2×(0,T )

[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2)

]−1 |Φout(x, t)− Φout(x, T )|

+ sup
R2×(0,T )

C−1(α)
[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

]−1 |∇xΦout(x, t)−∇xΦout(x, T )|

+ supC−1(α)
[
λΘ
∗ (t)(λ∗(t)R(t))−α + ‖Z∗‖C3(R2)

]−1 |∇xΦout(x, t)−∇xΦout(x∗, t∗)|(
|x− x∗|+

√
|t− t∗|

)α

(5.50)

under assumptions (C.1) for the parameters, where α ∈ (0, 1), C(α) could be unbounded as α → 1− and the
last supremum is taken in the region

x, x∗ ∈ R2, t, t∗ ∈ (0, T ), |t− t∗| <
1

4
(T − t).

The outer problem will be solved in

Bout :=
{
f | ‖f‖],Θ,α ≤ Λo, f(q[j], T ) = 0 for j = 1, 2, . . . , N

}
(5.51)

where Λo ≥ 1 will be determined later.

6. Orthogonal equations

In order to find inner solutions with sufficient space-time decay, we need to solve the orthogonal equations
for λj , γj and ξ[j] such that orthogonalities hold.

6.1. Mode 0. The corresponding scalar form (3.7) is given in (9.18). Notice Z0,1(ρj) = − 1
2ρjwρj and Z0,1(ρj)ρj =

ρ2j
ρ2j+1

. Then

� 2R0

0

M0(ρj , t)Z0,1(ρj)ρjdρj

=

� 2R0

0

{
λ−1
j

(
1− 2

ρ2
j + 1

Re

)[� t

0

ṗj(s)e
−iγj(t)

t− s

{[
−3ρ2

j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
ds

]

− ibλ−1
j

� t

0

ṗj(s)e−iγj(t)

t− s

{[
3(a− ib)ρ2

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
ds

− (a− ib)λ−1
j

(
1− 2

ρ2
j + 1

Re

)[� t

0

ṗj(s)e
−iγj(t)

t− s

×

{[
4(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
ds

]

− (a− ib)λ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

{[
12(a+ ib)ρ4

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
ds

]

+ λ̇j

(
1− 2

ρ2
j + 1

Re

)[� t

0

ṗj(s)e
−iγj(t)

t− s

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
ds

]

−
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

− λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj
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= λ−1
j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

+ λ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
3ρ2
j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉5

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉5

1{ζj>1}

}
dρjds

]

− ibλ−1
j

� t

0

ṗj(s)e−iγj(t)

t− s

� 2R0

0

{[
3(a− ib)ρ2

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

− (a− ib)λ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
4(a+ ib)ρ4

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ λ̇j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
dρjds

+ λ̇jRe

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

−
� 2R0

0

{
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

+ λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj

= λ−1
j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

+ λ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
3ρ2
j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉5

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉5

1{ζj>1}

}
dρjds

]

− ibλ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
3(a+ ib)ρ2

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ bλ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
3(ia− b)ρ2

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

− aλ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
4(a+ ib)ρ4

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ ibλ−1
j Re

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
4(a+ ib)ρ4

j

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ λ̇j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
dρjds

+ λ̇jRe

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

−
� 2R0

0

{
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

+ λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj
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= λ−1
j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

+ λ−1
j Re

[ � t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a2 + iab)(3ρ2

j − 4ρ4
j )

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ ibλ−1
j Re

[ � t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)(4ρ4

j − 3ρ2
j )

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}

dρjds

]

+ λ̇j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
dρjds

+ λ̇jRe

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

−
� 2R0

0

{
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

+ λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj

= λ−1
j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

+ (a− ib)λ−1
j

× Re

[ � t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)(3ρ2

j − 4ρ4
j )

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

+ λ̇j

� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
dρjds

+ λ̇jRe

[� t

0

ṗj(s)e
−iγj(t)

t− s

� 2R0

0

{[
(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρjds

]

−
� 2R0

0

{
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

+ λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj .

Recall (4.14), ζj = ιj(ρ
2
j + 1), ιj =

λ2
j (t)

t−s . We will estimate spatial integral term by term.
Part 1: � 2R0

0

{[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρj

=
(
−1 +O(R−2

0 + ιj〈ln ιj〉)1{ιj≤1}
)

+O(ι−1
j )1{ιj>1}

since for ιj > 1, � 2R0

0

O
(
ζ−1
j

)
〈ρj〉3

dρj = O(ι−1
j );

for ιj < (4R2
0 + 1)−1,

� 2R0

0

[
−3ρ2

j − 8ρ4
j

2(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
dρj = −1 +O(R−2

0 + ιj lnR0)

where we used � ∞
0

2−1(−3x2 − 8x4)(x2 + 1)−
7
2 dx = −1;
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for (4R2
0 + 1)−1 ≤ ιj ≤ 1,
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(3x2 − 4x4)(x2 + 1)−
9
2 dx = 0;

for (4R2
0 + 1)−1 ≤ ιj ≤ 1,

� (2ι−1
j −1)

1
2

0

[
(a+ ib)(3ρ2

j − 4ρ4
j )

(ρ2
j + 1)

9
2

+
O (ζj)

〈ρj〉3

]
dρj +

� 2R0

(2ι−1
j −1)

1
2

O
(
ζ−1
j

)
〈ρj〉3

dρj = O(ιj〈ln ιj〉).

Part 3: Notice� 2R0

0

(
〈ρj〉−11{ζj≤1} + 〈ρj〉−1ζ−1

j 1{ζj>1}
)
dρj = O(min {lnR0, 〈ln ιj〉})1{ιj≤1} +O(ι−1

j )1{ιj>1} (6.1)

since for ιj ≥ 1, � 2R0

0

〈ρj〉−1ζ−1
j dρj = O(ι−1

j );

for ιj ≤ (4R2
0 + 1)−1, � 2R0

0

〈ρj〉−1dρj = O(lnR0);

for (4R2
0 + 1)−1 < ιj < 1,

� (2ι−1
j −1)

1
2

0

〈ρj〉−1dρj +

� 2R0

(2ι−1
j −1)

1
2

〈ρj〉−1ζ−1
j dρj = O(〈ln ιj〉).

Thus� 2R0

0

{[
−(a+ ib)ρ4

j

2(ρ2
j + 1)

5
2

+
O (ζj)

〈ρj〉

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉

1{ζj>1}

}
dρj = O(lnR0)1{ιj≤1} +O(ι−1

j )1{ιj>1}.

The counterpart in Re:� 2R0

0

{[
(a+ ib)ρ4

j

(ρ2
j + 1)

7
2

+
O (ζj)

〈ρj〉3

]
1{ζj≤1} +

O
(
ζ−1
j

)
〈ρj〉3

1{ζj>1}

}
dρj = O(1)1{ιj≤1} +O(ι−1

j )1{ιj>1}

since for ιj > 1, � 2R0

0

〈ρj〉−3O
(
ζ−1
j

)
dρj = O(ι−1

j );

for ιj < (4R2
0 + 1)−1, � 2R0

0

〈ρj〉−3dρj = O(1);
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for (4R2
0 + 1)−1 ≤ ιj ≤ 1,

� (2ι−1
j −1)

1
2

0

〈ρj〉−3dρj +

� 2R0

(2ι−1
j −1)

1
2

〈ρj〉−3O
(
ζ−1
j

)
dρj = O(1).

Part 4:

−
� 2R0

0

{
2λ−1

j ṗje
−iγjρ3

j

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
5
2

+ λ−1
j λ̇j

4ρ4
j [ρ

2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)4

}
dρj

= − λ−1
j ṗje

−iγj
(

5

3
− ln 4 +O(R−2

0 )

)
− λ−1

j λ̇j

(
4

5
+O(R−2

0 )

)
since

�∞
0

2x3[x+(x2 +1)
1
2 ]−1(x2 +1)−

5
2 dx = 5

3− ln 4,
�∞

0
4x4[x2 +x(x2 +1)

1
2 +1][x+(x2 +1)

1
2 ]−1(x2 +1)−4dx =

0.8.
In sum, we obtain� 2R0

0

M0(ρj , t)Z0,1(ρj)ρjdρj

= λ−1
j

� t

0

ṗj(s)e
−iγj(t)

t− s
[(
−1 +O(R−2

0 + ιj〈ln ιj〉)1{ιj≤1}
)

+O(ι−1
j )1{ιj>1}

]
ds

+ (a− ib)λ−1
j Re

[ � t

0

ṗj(s)e
−iγj(t)

t− s
(
O(R−4

0 + ιj〈ln ιj〉)1{ιj≤1} +O(ι−1
j )1{ιj>1}

)
ds

]

+ λ̇j

� t

0

ṗj(s)e
−iγj(t)

t− s
(
O(lnR0)1{ιj≤1} +O(ι−1

j )1{ιj>1}
)
ds

+ λ̇jRe

[� t

0

ṗj(s)e
−iγj(t)

t− s
(
O(1)1{ιj≤1} +O(ι−1

j )1{ιj>1}
)
ds

]
− λ−1

j ṗje
−iγj

(
5

3
− ln 4 +O(R−2

0 )

)
− λ−1

j λ̇j

(
4

5
+O(R−2

0 )

)
.

(6.2)

Next, we handle the influence from the outer couplings in the orthogonal equation. By (3.21) and (3.20), we
have

(a− ib)λ−1
j e−iγj(t) [∂x1

(Φout)1 + ∂x2
(Φout)2 + i (∂x1

(Φout)2 − ∂x2
(Φout)1)] (q[j], 0)

×
� 2R0

0

ρjw
2
ρj (ρj)Z0,1(ρj)ρjdρj

= (a− ib)λ−1
j e−iγj(t)(1 +O(R−2

0 )) [∂x1
(Φout)1 + ∂x2

(Φout)2 + i (∂x1
(Φout)2 − ∂x2

(Φout)1)] (q[j], 0)

(6.3)

since
� 2R0

0
ρjw

2
ρj (ρj)Z0,1(ρj)ρjdρj =

� 2R0

0

4ρ3j
(ρ2j+1)3

dρj = 1 +O(R−2
0 ).

6.2. Mode 1. Notice Z1,1(ρj) = − 1
2wρj and Z1,1(ρj)ρj =

ρj
ρ2j+1

. Then

� 2R0

0

(
M1(ρj , t)− M̃1(ρj , t)

)
Z1,1(ρj)ρjdρj = −(ξ̇[j]1 − iξ̇

[j]

2 )λ−1
j

� 2R0

0

ρj
ρ2
j + 1

2

ρ2
j + 1

dρj

= − (ξ̇[j]1 − iξ̇
[j]

2 )λ−1
j (1 +O(R−2

0 )).

(6.4)

For the influence from the outer part, by (3.21) and (3.20),

2(a− ib)λ−1
j (−∂x1(Φout)3 + i∂x2(Φout)3) (q[j], 0)

� 2R0

0

wρj (ρj) cosw(ρj)Z1,1(ρj)ρjdρj

= 2(a− ib)λ−1
j (−∂x1

(Φout)3 + i∂x2
(Φout)3) (q[j], 0)

� 2R0

0

−2ρj(ρ
2
j − 1)

(ρ2
j + 1)3

dρj

= O(R−2
0 )(a− ib)λ−1

j (−∂x1
(Φout)3 + i∂x2

(Φout)3) (q[j], 0)

(6.5)

where we used
�∞

0
−2x(x2−1)

(x2+1)3 dx = 0.
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6.3. Linear theory for the non-local equations. For notational simplicity, we shall drop the indices in the
parameters pj(t) = λje

iγj(t) for j = 1, . . . , N and just write p = λeiγ in this section.
To introduce the space for the parameter function p(t), we recall the non-local operator B0 appears at mode

0 is of the approximate form

B0[p] =

� t−λ2

−T

ṗ(s)

t− s
ds +O

(
‖ṗ‖∞

)
.

For Θ ∈ (0, 1), $ ∈ R and a continuous function g : [−T, T ]→ C, we define the norm

‖g‖Θ,$ = sup
t∈[−T,T ]

(T − t)−Θ| log(T − t)|$|g(t)|,

and for α ∈ (0, 1), m, $ ∈ R, we define the semi-norm

[g]α
2 ,m,$

= sup (T − t)−m| log(T − t)|$ |g(t)− g(s)|
(t− s)α2

,

where the supremum is taken over s ≤ t in [−T, T ] such that t− s ≤ 1
10 (T − t).

The following result was proved in [12, Proposition 6.5, Proposition 6.6] concerning the solvability of the
non-local operators.

Proposition 6.1. Let α0,
α
2 ∈ (0, 1

2 ), $ ∈ R. There is [ > 0 such that if Θ ∈ (0, [) and m ≤ Θ − α
2 , then for

a(t) : [0, T ]→ C satisfying {
|a(T )| > 0,

TΘ| lnT |1+σ−$‖a(·)− a(T )‖Θ,$−1 + [a]α
2 ,m,$−1 ≤ C1,

(6.6)

for some σ, C1 > 0, then, for T > 0 sufficiently small there exist two operators P and R0 so that p = P[a] :
[−T, T ]→ C satisfies

B0[p](t) = a(t) +R0[a](t), t ∈ [0, T ]

with

|R0[a](t)| ≤ C
(
Tσ + TΘ ln | lnT |

| lnT |
‖a(·)− a(T )‖Θ,$−1 + [a]α

2 ,m,$−1

) (T − t)m+
(1+α0)α

2

| ln(T − t)|$
.

Moreover,

P[a] = p0,κ + P1[a] + P2[a],

with

p0,κ(t) = κ| lnT |
� T

t

1

| ln(T − s)|2
ds, t ≤ T,

where κ = κ[a]. Denote p1 = P1[a], p2 = P2[a]. Then the following bounds hold:

κ = |a(T )|
(
1 +O(| lnT |−1)

)
,

|ṗ1(t)− ṗ0,κ(t)| ≤ C | lnT |
1−σ (ln(| lnT |))2

| ln(T − t)|3−σ
,

|p̈1(t)| ≤ C | lnT |
| ln(T − t)|3(T − t)

,

‖ṗ2‖Θ,$ ≤ C
(
T

1
2 +σ−Θ + ‖a(·)− a(T )‖Θ,$−1

)
,

[ṗ]α
2 ,m,$

≤ C
(
| lnT |$−3T [−m−

α
2 + TΘ ln | lnT |

| lnT |
‖a(·)− a(T )‖Θ,$−1 + [a]α

2 ,m,$−1

)
.

(6.7)

Proposition 6.1 gives an approximate inverse P of the operator B0, so that given a(t) satisfying (6.6), p := P [a]
satisfies

B0[p] = a+R0[a], in [0, T ],

for a small remainder R0[a].
We now impose constraints on the parameters such that contraction property in the non-local problem can

be obtained. Roughly speaking, when applying Proposition 6.1, the term a(t) is essentially from the outer
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solution. The vanishing and Hölder properties are exactly the ones inherited from the weighted topology (5.50)
for the outer problem, namely

|a(t)− a(T )| . λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2),

|a(t)− a(s)|
|t− s|α/2

. λΘ
∗ (t)(λ∗(t)R(t))−α + ‖Z∗‖C3(R2).

So it is then natural to choose in the [·]α
2 ,m,$−1-seminorm

m := min {Θ− α(1− β), 0} = Θ− α(1− β), (6.8)

where we need
Θ <

α

2
, Θ− α(1− β) < 0. (6.9)

In order for both ‖a(·)− a(T )‖Θ,$−1, [a]α
2 ,m,$−1 to be finite, we need

$ − 1− 2Θ < 0, $ − 1− 2m < 0. (6.10)

Also the assumption m ≤ Θ− α
2 in Proposition 6.1 implies

β ≤ 1/2, (6.11)

which is in the desired self-similar regime as we require before. Recall the estimate of R0[a]. We require

m+ (1 + α0)
α

2
> Θ,

namely,
0 < α0 < 1/2, 2β − 1 + α0 > 0, (6.12)

so that the vanishing order of R0[a] as t→ T is faster than the leading part a(t) itself. We then conclude that
with above choices of m, α0,

α
2 , $, the remainder gains smallness

|R0[a](t)| . λΘ+σ1
∗ (6.13)

compare to the leading part a(t) itself, where

0 < σ1 < m+
(1 + α0)α

2
−Θ. (6.14)

We will put the remainder in another piece of inner problem where the orthogonality condition is not satisfied,
where the extra smallness measured above by σ1 is crucial to control the non-orthogonal part. Recall the linear
theory for the inner problem without orthogonality. For the inner solution solved from the right hand side
involving R0[a] to be in the desired topology, we require

1 + Θ− α(1− β) +
(1 + α0)α

2
− 2β > ν − δ0. (6.15)

In summary, the restrictions on the constants needed when dealing with the non-local reduced problem are
given by

0 < β <
1

2
, 2Θ < α, 0 < α0 <

1

2
, 2β − 1 + α0 > 0,

1 + Θ− α(1− β) +
(1 + α0)α

2
− 2β > ν − δ0.

(6.16)

7. Linear theory for the outer problem

7.1. Fundamental solution for the outer problem. Consider

Lu =
∑

|α|≤1,|β|≤1

AαβDαDβu in Rd

where
Dα = Dα1

1 · · ·D
αd
d , α = (α1, · · · , αd), u = (u1, · · · , un)T

and, for each α, β, Aαβ = [Aαβij (t, x)]ni,j=1 is an n× n real matrix-valued function.
The parabolic systems that we study are

ut = Lu. (7.1)
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Assume that |Aαβ | ≤ Λ and satisfies Legendre-Hadamard ellipticity∑
|α|=|β|=1

θT ξαξβAαβ(t, x)θ ≥ λ|ξ|2|θ|2 (7.2)

for all (t, x) ∈ Rd+1, ξ ∈ Rd, and θ ∈ Rn.
We use the symbol in [20] to give some basis definitions. Define the parabolic distance between X = (t, x)

and Y = (s, y) in Rd+1 by

|X − Y | = max
{
|x− y|,

√
|t− s|

}
.

We define the (d+ 1)-dimensional cylinders Qr(X), Q+
r (X), and Q−r (X), by

Qr(X) = {Y ∈ Rd+1 : |Y −X| < r} = (s− r2, s+ r2)×Br(x),

Q+
r (X) = (s, s+ r2)×Br(x), and Q−r (X) = (s− r2, s)×Br(x).

For X = (t, x) ∈ Rd+1 and r > 0, we define

ωx
A(r,X) :=

 
Q−r (X)

|A(y, s)− Āx
x,r(s)| dyds, where Āx

x,r(s) :=

 
Br(x)

A(z, s) dz.

Then for a subset Q of Rd+1, we define

ωx
A(r,Q) := sup {ωx

A(r,X) : X ∈ Q} and ωx
A(r) := ωx

A(r,Rd+1).

We say that A is of Dini mean oscillation in x over Q and write A ∈ DMOx(Q) if ωx
A(r,Q) satisfies the Dini

condition � 1

0

ωx
A(r,Q)

r
dr < +∞. (7.3)

Similarly, for X = (t, x) ∈ Rd+1 and r > 0, we define

|ω|xA(r,X) :=

 
Q−r (X)

 
Br(x)

|A(y, s)−A(z, s)| dzdyds

Then for a subset Q of Rd+1, we define

|ω|xA(r,Q) := sup {|ω|xA(r,X) : X ∈ Q} and |ω|xA(r) := |ω|xA(r,Rd+1).

We say that A is of Dini mean absolute oscillation in x over Q and write A ∈ |DMO|x(Q) if |ω|xA(r,Q)
satisfies the Dini condition � 1

0

|ω|xA(r,Q)

r
dr < +∞. (7.4)

We present some basic properties about DMOx(Q) and |DMO|x(Q) in the following Lemma.

Lemma 7.1.

(1) |DMO|x(Q) ⊂ DMOx(Q).
(2) If |∇xf(x, t)| are uniformly bounded in Q, then f(x, t) is in |DMO|x(Q).
(3) For all f, g ∈ DMOx(Q)(|DMO|x(Q)), c ∈ R, then f + g, cf ∈ DMOx(Q)(|DMO|x(Q)).
(4) For f ∈ |DMO|x(Q), then |f | ∈ |DMO|x(Q).
(5) For f ∈ |DMO|x(Q) and |f | ≥ ε0 > 0, then 1

f , , |f |
θ ∈ |DMO|x(Q) with 0 < θ < 1.

(6) For all f, g ∈ |DMO|x(Q) ∩ L∞(Q), then fg, |f |θ ∈ |DMO|x(Q) ∩ L∞(Q) with θ > 1.

Proof. The proof is straightforward by the definition. �

Assume the principal coefficients Aαβ ∈ DMOx(Rn+1). Then Theorem 1.3 in [20] can be generalized to
parabolic systems (7.1) (see [20]). Indeed, W 2,p estimate for parabolic systems is given in [18], which can be
used to generalize Lemma 2.2 in [20] to parabolic systems. Lemma 2.3 in [20], which is first given in Theorem
3.3 in [17] can be also generalized to parabolic systems.

Claim: for any δ ∈ (0, 1), there exists a constant C = C(d, λ,Λ, ωx
A, δ) and a universal constant c > 0 such

that for 0 < t− s ≤ 1,

(t− s)
(
|∂tΓ(x, t, y, s)|+ |D2Γ(x, t, y, s)|

)
+ (t− s) 1

2 |DΓ(x, t, y, s)|+ |Γ(x, t, y, s)|

≤ C(t− s)− d2 e−c
(
|x−y|√
t−s

)2−δ

;
(7.5)
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for s < t1 < t2 ≤ s+ 1,

|Γ(x1, t1, y, s)− Γ(x2, t2, y, s)|(
|x1 − x2|+

√
|t1 − t2|

)α ≤ C(α)(t2 − s)−
α
2

[
(t1 − s)−

d
2 e
−c

(
|x1−y|√
t1−s

)2−δ

+ (t2 − s)−
d
2 e
−c

(
|x2−y|√
t2−s

)2−δ]
;

(7.6)
|(DxΓ)(x1, t1, y, s)− (DxΓ)(x2, t2, y, s)|(

|x1 − x2|+
√
|t1 − t2|

)α
≤ C(α)(t2 − s)−

α
2

[
(t1 − s)−

d+1
2 e
−c

(
|x1−y|√
t1−s

)2−δ

+ (t2 − s)−
d+1
2 e
−c

(
|x2−y|√
t2−s

)2−δ]
,

(7.7)

where α is an arbitrary number in (0, 1).

For |f | . 1, by (B.2),
|Γ ∗ f | . 1.

Combining [17, Theorem 1.2], we have

|Dx (Γ ∗ f)|+
∣∣D2

x (Γ ∗ f)
∣∣+ |∂t (Γ ∗ f)| . 1.

Proof. By Theorem 3.2 in [17] and generalized version of Theorem 1.3 in [20], there exists a constant C =
C(d, λ,Λ, ωx

A, δ) and a universal constant c > 0 such that for 0 < t− s ≤ 1,

(t− s)(|∂tΓ(x, t, y, s)|+ |D2
xΓ(x, t, y, s)|) + (t− s) 1

2 |DxΓ(x, t, y, s)|+ |Γ(x, t, y, s)|

≤ C(t− s)− d2 e−c(
|x−y|√
t−s )2−δ

.
(7.8)

C, c > 0 will vary from line to line in the following calculation.
For any fixed x∗, t∗, y, s, set ρ∗ = (t∗ − s)

1
2 . Consider Γ(x∗ + ρ∗z, t∗ + ρ2

∗τ, y, s) as a function of z, τ . For
p > n+ 2, set α1 = 1− n+2

p . Then

ρ−1−α1
∗ ‖Γ(x∗ + ρ∗z, t∗ + ρ2

∗τ, y, s)‖Lp(B(0, 12 )×(− 1
4 ,0))

. (t∗ − s)−
1+α1

2 ‖(t∗ + ρ2
∗τ − s)−

d
2 e
−c
(
|x∗+ρ∗z−y|√
t∗+ρ2∗τ−s

)2−δ
‖Lp(B(0, 12 )×(− 1

4 ,0))

.

{
(t∗ − s)−

d+1+α1
2 if |x∗ − y| ≤ (t∗ − s)

1
2

(t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ

if |x∗ − y| > (t∗ − s)
1
2

∼ (t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ

,

where we have used
3

4
(t∗ − s) ≤ t∗ + ρ2

∗τ − s ≤ t∗ − s,

|x∗ + ρ∗z − y|√
t∗ + ρ2

∗τ − s

{
. 1 if |x∗ − y| ≤ (t∗ − s)

1
2

∼ |x∗−y|√
t∗−s

if |x∗ − y| > (t∗ − s)
1
2
.

ρ−α1
∗ ‖(DΓ)(x∗ + ρ∗z, t∗ + ρ2

∗τ, y, s)‖Lp(B(0, 12 )×(− 1
4 ,0))

. (t∗ − s)−
α1
2 ‖(t∗ + ρ2

∗τ − s)−
d+1
2 e
−c( |x∗+ρ∗z−y|√

t∗+ρ2∗τ−s
)2−δ

‖Lp(B(0, 12 )×(− 1
4 ,0))

. (t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ

.

ρ1−α1
∗ ‖(D2Γ)(x∗ + ρ∗z, t∗ + ρ2

∗τ, y, s)‖Lp(B(0, 12 )×(− 1
4 ,0))

. (t∗ − s)
1−α1

2 ‖(t∗ + ρ2
∗τ − s)−

d+2
2 e
−c( |x∗+ρ∗z−y|√

t∗+ρ2∗τ−s
)2−δ

‖Lp(B(0, 12 )×(− 1
4 ,0))

. (t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ

.

sup

x1,x2∈B(x∗,
(t∗−s)

1
2

2 ),t1,t2∈(t∗− t∗−s4 ,t∗)

|(DxΓ)(x1, t1, y, s)− (DxΓ)(x2, t2, y, s)|
(|x1 − x2|+

√
|t1 − t2|)α1

. (t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ
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which implies that

|(DxΓ)(x1, t1, y, s)− (DxΓ)(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α1

. (t∗ − s)−
d+1+α1

2 e
−c( |x∗−y|√

t∗−s
)2−δ

for (x1, t1) ∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗).

For (x1, t1) /∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗), by (7.8), we have

|(DxΓ)(x1, t1, y, s)− (DxΓ)(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α1

. (t∗ − s)−
α1
2

{
(t1 − s)−

d+1
2 e
−c( |x1−y|√

t1−s
)2−δ

+ (t∗ − s)−
d+1
2 e
−c( |x∗−y|√

t∗−s
)2−δ}

.

Similarly, we have
|Γ(x1, t1, y, s)− Γ(x∗, t∗, y, s)|

(|x1 − x∗|+
√
|t1 − t∗|)α2

. (t∗ − s)−
d+α2

2 e
−c( |x∗−y|√

t∗−s
)2−δ

for (x1, t1) ∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗).

For (x1, t1) /∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗), by (7.8), we get

|Γ(x1, t1, y, s)− Γ(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α2

. (t∗ − s)−
α2
2

{
(t1 − s)−

d
2 e
−c( |x1−y|√

t1−s
)2−δ

+ (t∗ − s)−
d
2 e
−c( |x∗−y|√

t∗−s
)2−δ}

,

where

α2 =

{
2− n+2

q if q < n+ 2

1− ε for any ε ∈ (0, 1), if q ≥ n+ 2.

�

7.2. |DMO|x property for the leading coefficients. Notice

A(1,0)(1,0) = A(0,1)(0,1) = aI − bU∗∧,
and for all other indices it is zero. Then∑

|α|=|β|=1

ξαξβAαβ(t, x) = |ξ|2(aI − bU∗∧).

Next

<

 ∑
|α|=|β|=1

θT ξαξβAαβ(t, x)θ̄

 = <
(
θT [|ξ|2(aI − bU∗∧)θ̄]

)
= |ξ|2<

(
a|θ|2 − bθT [U∗ ∧ θ̄]

)
= |ξ|2<

(
a|θ|2 − b(θ1 + iθ2)T [U∗ ∧ (θ1 − iθ2)]

)
= |ξ|2

(
a|θ|2 − b{θT1 [U∗ ∧ θ1] + θT2 [U∗ ∧ θ2]}

)
= a|ξ|2|θ|2.

Recalling (5.26) and (5.27), we will prove the coefficients in BΦ,U∗ belong to |DMO|x(Rn+1) ∩ L∞(Rn+1).
Obviously, all components of U∗ are in L∞(Rn+1). We will prove that all components of U∗ belong to

|DMO|x(Rn+1). Then by Lemma 7.1, the multiplicity of finite many terms of the component of U∗ also belong
to |DMO|x(Rn+1) automatically. Recall

U [j](y) =
1

|y[j]|2 + 1

[
2y[j]

|y[j]|2 − 1

]
,

where

2y[j]

|y[j]|2 + 1
=

2λj(t)(x− ξ[j](t))
|x− ξ[j](t)|2 + λ2

j (t)
,
|y[j]|2 − 1

|y[j]|2 + 1
=
|x− ξ[j](t)|2 − λ2

j (t)

|x− ξ[j](t)|2 + λ2
j (t)

= 1−
2λ2

j (t)

|x− ξ[j](t)|2 + λ2
j (t)

.

It suffices to prove
λ2
j (t)

|x− ξ[j](t)|2 + λ2
j (t)

,
λj(t)(x− ξ[j](t))
|x− ξ[j](t)|2 + λ2

j (t)
∈ |DMO|x. (7.9)
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Proof of (7.9).∣∣∣∣∣ λ2
j (s)

|w − ξ[j](s)|2 + λ2
j (s)

−
λ2
j (s)

|z − ξ[j](s)|2 + λ2
j (s)

∣∣∣∣∣ = λ2
j (s)

∣∣|z − ξ[j](s)|2 − |w − ξ[j](s)|2∣∣(
|w − ξ[j](s)|2 + λ2

j (s)
) (
|z − ξ[j](s)|2 + λ2

j (s)
)

≤ |w − z|λ2
j (s)

∣∣z − ξ[j](s)∣∣+
∣∣w − ξ[j](s)∣∣(

|w − ξ[j](s)|2 + λ2
j (s)

) (
|z − ξ[j](s)|2 + λ2

j (s)
)

. |w − z|λj(s)
[(∣∣w − ξ[j](s)∣∣2 + λ2

j (s)
)−1

+
(∣∣z − ξ[j](s)∣∣2 + λ2

j (s)
)−1

]
.

Then  
Q−r (X)

 
Br(x)

∣∣∣∣∣ λ2
j (s)

|w − ξ[j](s)|2 + λ2
j (s)

−
λ2
j (s)

|z − ξ[j](s)|2 + λ2
j (s)

∣∣∣∣∣ dzdwds
. |w − z|

 
Q−r (X)

 
Br(x)

λj(s)

[(∣∣w − ξ[j](s)∣∣2 + λ2
j (s)

)−1

+
(∣∣z − ξ[j](s)∣∣2 + λ2

j (s)
)−1

]
dzdwds

∼ |w − z|
 t

t−r2

 
Br(x)

λj(s)
(∣∣z − ξ[j](s)∣∣2 + λ2

j (s)
)−1

dzds

≤ |w − z|
 t

t−r2

 
Br(0)

λj(s)
(
|z|2 + λ2

j (s)
)−1

dzds ∼ |w − z|r−4

� t

t−r2
λj(s)

� r

0

(
v2 + λ2

j (s)
)−1

vdvds

∼ |w − z|r−4

� t

t−r2
λj(s) ln

(
1 + λ−2

j (s)r2
)
ds.

(7.10)

In order to get
λ2
j (t)

|x−ξ[j](t)|2+λ2
j (t)
∈ |DMO|x, it suffices to prove the following integral is bounded.

� 1

0

r−4

� t

t−r2
λj(s) ln

(
1 + λ−2

j (s)r2
)
dsdr =

� 1

0

r−4

� t

0

λj(s) ln
(
1 + λ−2

j (s)r2
)
1{s≥t−r2}dsdr

=

� t

0

� 1

0

r−4λj(s) ln
(
1 + λ−2

j (s)r2
)
1
{r≥(t−s)

1
2 }
drds =

� t

0

λ−2
j (s)

� 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds

=

� t

t−(T−t)
+

� t−(T−t)

0

· · · . 1.

For the last “.”, we need the following estimate.
For the first part, since T − t ≤ T − s ≤ 2(T − t),

� t

t−(T−t)
λ−2
j (s)

� 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds .
� t

t−(T−t)
λ−2
j (t)

� c1
λj(t)

c2
(t−s)

1
2

λj(t)

z−4 ln(1 + z2)dzds

=

� t−λ2
j (t)

t−(T−t)
+

� t

t−λ2
j (t)

· · · . 1

where c1, c2 > 0 are some constants and for the last “.”, we use the following estimate.
� t−λ2

j (t)

t−(T−t)
λ−2
j (t)

� c1
λj(t)

c2
(t−s)

1
2

λj(t)

z−4 ln(1 + z2)dzds .
� t−λ2

j (t)

t−(T−t)
λ−2
j (t)(

(t− s) 1
2

λj(t)
)−3 ln

(
1 + (

(t− s) 1
2

λj(t)
)2

)
ds

∼
� (T−t)

1
2

λj(t)

1

y−2 ln(1 + y2)dy . 1,

� t

t−λ2
j (t)

λ−2
j (t)

� c1
λj(t)

c2
(t−s)

1
2

λj(t)

z−4 ln(1 + z2)dzds . 1.
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For the second part, since T−s
2 ≤ t− s ≤ T − s,

� t−(T−t)

0

λ−2
j (s)

� 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds ≤
� t−(T−t)

0

λ−2
j (s)

� 1
λj(s)

(T−s)
1
2√

2λj(s)

z−4 ln(1 + z2)dzds

.
� t−(T−t)

0

λ−2
j (s)(

(T − s) 1
2

√
2λj(s)

)−3 ln

(
1 + (

(T − s) 1
2

√
2λj(s)

)2

)
ds

∼
� t−(T−t)

0

λj(s)(T − s)−
3
2 ln

(
1 + (

(T − s) 1
2

√
2λj(s)

)2

)
ds . 1.

Next for i = 1, 2,∣∣∣∣∣∣
λj(s)

(
wi − ξ[j]i (s)

)
|w − ξ[j](s)|2 + λ2

j (s)
−

λj(s)
(
zi − ξ[j]i (s)

)
|z − ξ[j](s)|2 + λ2

j (s)

∣∣∣∣∣∣
= λj(s)

∣∣∣∣∣∣
(
wi − ξ[j]i (s)

)(∣∣z − ξ[j](s)∣∣2 + λ2
j (s)

)
−
(
zi − ξ[j]i (s)

)(∣∣w − ξ[j](s)∣∣2 + λ2
j (s)

)
(
|w − ξ[j](s)|2 + λ2

j (s)
)(
|z − ξ[j](s)|2 + λ2

j (s)
)

∣∣∣∣∣∣
≤ |w − z|λj(s)

∣∣z − ξ[j](s)∣∣2 + λ2
j (s) +

∣∣z − ξ[j](s)∣∣ (∣∣w − ξ[j](s)∣∣+
∣∣z − ξ[j](s)∣∣)(

|w − ξ[j](s)|2 + λ2
j (s)

)(
|z − ξ[j](s)|2 + λ2

j (s)
)

. |w − z|λj(s)
[(∣∣w − ξ[j](s)∣∣2 + λ2

j (s)
)−1

+
(∣∣z − ξ[j](s)∣∣2 + λ2

j (s)
)−1

]
.

Thus we conclude that
λj(t)(x−ξ[j](t))
|x−ξ[j](t)|2+λ2

j (t)
∈ |DMO|x by the same reason as (7.10).

�

By Lemma 7.1(2), since (4.21), then
N∑
j=1

Φ∗[j]0 ∈ |DMO|x; for Φout ∈ Bout defined in (5.51), then Φout ∈

|DMO|x; η[j]dq (x, t) ∈ |DMO|x.

By (5.44), one has∣∣∣∣η(x− ξ[j](s)λj(s)R(s)

)
QγjΦ

[j]

in

(
x− ξ[j](s)
λj(s)

, s

)
− η

(
z − ξ[j](s)
λj(s)R(s)

)
QγjΦ

[j]

in

(
z − ξ[j](s)
λj(s)

, s

)∣∣∣∣
. λ−1

∗ (s)|x− z|‖Φin‖[j]in,ν−δ0,lλ
ν−δ0
∗ (s).

Then for |x− z| ≤ r,  
Q−r (X)

 
Br(x)

|Φin(s, x)− Φin(s, z)| dxdzds

. r−2

� t

t−r2
rλν−δ0−1
∗ (s)ds ∼ r−1| lnT |ν−δ0−1

� t

t−r2

(T − s)ν−δ0−1

| ln(T − s)|2ν−2δ0−2
ds

. r−1| lnT |−(ν−δ0−1)

� t

t−r2
(T − s)ν−δ0−1ds

∼ r−1| lnT |−(ν−δ0−1)
[
(T − t+ r2)ν−δ0 − (T − t)ν−δ0

]
. | lnT |−(ν−δ0−1)r2ν−2δ0−1

which is Dini function when

ν − δ0 −
1

2
> 0. (7.11)

In this case, Φin ∈ |DMO|x.
In sum, by Lemma 7.1 and (5.1), under the assumption, we have (7.11).

Φ ∈ |DMO|x. (7.12)
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Recalling the definition (5.4) for A, by (4.2), (7.12),|Φ| � 1 in (5.3) and Lemma 7.1, we have A ∈ |DMO|x.
By (5.5) and (5.3), we have |A| � 1. By the similar argument, the coefficients of BΦ,U∗ defined in (5.26) belong
to |DMO|x.

8. Solving the gluing system

• Recall the space (5.51) for solving the outer problem, we choose Λo = 6Λo1, where Λo1 is given in (5.39).
In order to find a solution for (5.18), it is equivalent to find a fixed point for (5.37).
One part of (5.37) has been handled in (5.39). For the remaining part, we define

Φ(2)
out := ΓΦ,U∗ ∗ ∗G[Φout] +

N∑
m=1

3∑
n=1

cmn1[Φ, U∗,G[Φout]] (ΓΦ,U∗ ∗ ϑmn) . (8.1)

For Φ[j]

in ∈ B
[j]

in , j = 1, 2, . . . , N , by Lemma D.1, (5.36), (5.33), (5.34), (5.35) and Proposition C.1 as well as the
previous estimate (5.39), we finally have

To[Φout] = Φ(1)
out + Φ(2)

out ∈ Bout. (8.2)

The regularity of parabolic system with DMOx coefficients are guaranteed by [17, Theorem 1.2]. Then Schauder
fixed point theorem implies the existence of (5.18).

• Due to the non-local feature at mode 0, we will only solve the non-local problem at leading order and
leave the remainder to another piece of inner problem without orthogonality at mode 0. The smallness in the
remainder is crucial to control the solution to the non-orthogonal inner problem, and this is the reason for the
parameter restriction (6.15). See also Proposition 9.3 and Proposition 6.1. In order to simplify the calculation,

we also put the mode 0 part of H[j]

in into the non-orthogonal version of the inner problem. More precisely, for
j ∈ {1, . . . , N}, (5.19) is split into the following two parts:

λ2
j∂tΦ

[j1]

in =
(
a− bW [j]∧

) [
∆y[j]Φ

[j1]

in + |∇y[j]W
[j]|2Φ[j1]

in − 2∇y[j]
(
W [j] · Φ[j1]

in

)
∇y[j]W

[j]

+ 2
(
∇y[j]W

[j] · ∇y[j]Φ
[j1]

in

)
W [j]

]
+H[j]

1 +H[j]

in −
((
H[j]

in

)
Cj ,0

)
C−1
j

+ λ2
j

(
c[j]0 (τj(t))η(|y[j]|)Z0,1(|y[j]|) + eiθjc[j]1 (τj(t))η(|y[j]|)Z1,1(|y[j]|)

)
C−1
j

− λj

[
R0[Φout](t)

(�
B2

η(y)Z2
0,1(y)dy

)−1

η(|y[j]|)Z0,1(|y[j]|)

]
C−1
j

in D2R,

(8.3)

λ2
j∂tΦ

[j2]

in =
(
a− bW [j]∧

) [
∆y[j]Φ

[j2]

in + |∇y[j]W
[j]|2Φ[j2]

in − 2∇y[j]
(
W [j] · Φ[j2]

in

)
∇y[j]W

[j]

+ 2
(
∇y[j]W

[j] · ∇y[j]Φ
[j2]

in

)
W [j]

]
+

((
H[j]

in

)
Cj ,0

)
C−1
j

+ λj

[
R0[Φout](t)

(�
B2

η(y)Z2
0,1(y)dy

)−1

η(|y[j]|)Z0,1(|y[j]|)

]
C−1
j

in D2R,

(8.4)

where R0[Φout](t) is given in Proposition 6.1 with m = Θ − α(1 − β) given in (6.8); c[j]0 , c[j]1 are given by
proposition 9.1:

c[j]0 (τj) = c[j]0 [H[j]

1 ](τj) = −
(�

B2

η(y)Z2
0,1(y)dy

)−1 �
B2R0

(
H[j]

1

)
Cj ,0

(y, τj)Z0,1(y)dy

+R−ε00 O

(
τ−νj

∥∥∥∥(H[j]

1

)
Cj ,0

∥∥∥∥
ν,l+2

)
for 0 < ε0 < l + 1,



FINITE TIME BLOW-UP FOR LLG 59

c[j]1 (τj) = c[j]1 [H[j]

1 +H[j]

in ](τj) = −
(�

B2

η(y)Z2
1,1(y)dy

)−1 �
B2R0

(
H[j]

1 +H[j]

in

)
Cj ,1

(y, τj)Z1,1(y)dy

+R−ε10 O

(
τ−νj

∥∥∥∥(H[j]

1 +H[j]

in

)
Cj ,1

∥∥∥∥
v,l+2

)
for 0 < ε1 < l + 1.

By Proposition 6.1, we can find λj , γj , ξ
[j] satisfying (5.3) to make

λjc
[j]

0 (τj(t))−R0[Φout](t)

(�
B2

η(y)Z2
0,1(y)dy

)−1

= 0, c[j]1 (τj(t)) = 0.

Applying Proposition 9.1 to (8.3) and Lemma 9.3 to (8.4), under the parameter requirements (D.89), (D.91),
(D.93), 2β + δ0 − ν < 0 and (6.16) , we have

Φ[j1]

in + Φ[j2]

in ∈ B
[j]

in .

The compactness of this mapping guaranteed by the similar reason as solving the outer problem.
Combining restrictions for the outer problem (5.48), (7.11), (D.31), (C.1), for the inner and nonlocal problems

(5.45), (D.95), (6.16), we need to solve the following parameter inequality:

ν − δ0 − 1
2 > 0, Θ + β + δ0 − ν < 0, 3β < 1 + Θ,

0 < δ0 < β < 1
2 , β(l + 1)− 1 + ν − δ0 −Θ > 0, Θ + 2β − 1 < 0, 2β + δ0 − ν < 0,

0 < Θ < β, 0 < α < 1, Θ + 1
2 − β −

α
2 < 0, 0 < σ0,

β − σ0 − α
2 < 0, 1− σ0 − (1 + α)(1− β) < 0, Θ + 2σ0 − β < 0,

0 < ν < 1, 0 < l < 1, ν + βl − 1 < 0,

0 < α0 <
1
2 , 2β − 1 + α0 > 0,

1 + Θ− α(1− β) + (1+α0)α
2 − 2β > ν − δ0.

(8.5)

This can be solved by using Mathematica. Indeed, sound choices satisfying all the restrictions are given by

0 < Θ <
1

4
,

1

4
< β <

1 + Θ

4
, 0 < σ0 <

β −Θ

2
, 0 < δ0 <

1− 4Θ

4
,

1− 2β + δ0 + Θ < ν <
1

4
(3− 4β + 4δ0 + 4Θ) ,

1− β + δ0 − ν + Θ

β
< l < 1

max {1− 2β, 2ν − 2δ0 + 2β − 1− 2Θ} < α0 <
1

2
,

max

{
2Θ + 1− 2β, 2β − 2σ0,

β − σ0

1− β
,

2(ν − δ0 + 2β − 1−Θ)

2β + α0 − 1

}
< α < 1.

(8.6)

Therefore, we have solved the inner-outer gluing system (5.18) and (5.19).

9. Linear theory for the inner problem

In this section, we study the key linear theory for inner problem (5.19). Since this section is pretty independent
of the other parts, we abuse R for more general cases. Recall (5.40), in time variable τj , (5.19) is the usual
parabolic system. Since the inner problems for j = 1, 2, . . . , N all have the same structure and they are
“localized”, we omit the subscripts or superscripts “j”, “[j]” in this section for brevity and all spatial derivative
is about y. Consider {

∂τΨ = (a− bW∧) (LinΨ) +H in DR
Ψ(y, τ) ·W (y) = H(y, τ) ·W (y) = 0 in DR,

(9.1)

where
Linf := ∆f + |∇W |2f − 2∇ (W · f)∇W + 2 (∇W · ∇f)W, (9.2)

DR :=
{

(y, τ) | τ ∈ (τ0,∞), y ∈ BR(τ)

}
, BR := {y | |y| ≤ R(τ)} .
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Throughout this section, we assume that v(τ), R(τ), R0(τ) ∈ C1(τ0,∞) with the form

v(τ) = a0τ
a1(ln τ)a2(ln ln τ)a3 · · · , R(τ) = b0τ

b1(ln τ)b2(ln ln τ)b3 · · · ,

R0(τ) = c0τ
c1(ln τ)c2(ln ln τ)c3 · · · , v(τ) > 0, 1� R0(τ)� R(τ)� τ

1
2 ,

v′ = O(τ−1v), R′ = O(τ−1R), R′0 = O(τ−1R0),

C−1
v v(τ) ≤ v(s) ≤ Cvv(τ) for all τ ≤ s ≤ 2τ, with a constant Cv > 1,

� τ
2

τ0
2

v(s)ds = O(τv(τ)).

(9.3)

where a0, b0, c0 > 0, ai, bi, ci ∈ R, i = 1, 2, . . . and R0 is non-decreasing.
For brevity, we write v = v(τ), R = R(τ), R0 = R0(τ).
Suppose that ΨC(y, τ), HC(y, τ) have the following Fourier expansion,

ΨC(y, τ) =
∑
k∈Z

ψk(ρ, τ)eikθ, ψk(ρ, τ) = (2π)−1

� 2π

0

ΨC(ρeiθ, τ)e−ikθdθ,

HC(y, τ) =
∑
k∈Z

hk(ρ, τ)eikθ, hk(ρ, τ) = (2π)−1

� 2π

0

HC(ρeiθ, τ)e−ikθdθ.

(9.4)

Denote

Ψk =
(
ψk(ρ, τ)eikθ

)
C−1 , Hk =

(
hk(ρ, τ)eikθ

)
C−1 for k ∈ Z; h>(y, τ) :=

∑
|k|≥2

hk(ρ, τ)eikθ. (9.5)

It is easy to see
|Ψk| = |ψk|, |Hk| = |hk|. (9.6)

For ` ∈ R and v(τ) > 0 and vectorial complex-valued function f , the weighted topology are defined by

‖f‖Rv,` := sup
(y,τ)∈DR

v−1(τ)〈y〉`|f(y, τ)|,

[f ]Rς,v,` := sup
(y,τ)∈DR

v−1(τ)〈y〉`+ς sup
(y∗,τ∗)∈Q−((y,τ),

|y|
2 )

|f(y, τ)− f(y∗, τ∗)|(
|y − y∗|+ |τ − τ∗|

1
2

)ς , 0 < ς < 1

where R is a scalar function which could depend on τ . By (9.6), we have

‖ψk‖Rv,` = ‖Ψk‖Rv,`, ‖hk‖Rv,` = ‖Hk‖Rv,`. (9.7)

The key inner linear theory is stated as follows.

Proposition 9.1. Consider ∂τΨ = (a− bW∧) (LinΨ) +H +

(
1∑
k=0

eikθck(τ)η(|y|)Zk,1(|y|)
)

C−1

in DR,

Ψin(y, τ) ·W (y) = H(y, τ) ·W (y) = 0 in DR,
(9.8)

where the Fourier expansion of H is given in (9.4). Suppose ‖h0‖Rv,`, ‖h1‖Rv,`, ‖h−1‖Rv,`−1
,

‖h>‖Rv,`, [H]Rς,v,`H < ∞ with 1 < ` < 3, `−1 > 3
2 , 0 < ς < 1, `H > 0, then there exists linear mappings

(Ψin, c0(τ), c1(τ)) = (Tin[H], Tc0 [h0](τ), Tc1 [h1](τ)) solving (9.8), where

ck(τ) = −
(�

B2

η(y)Z2
k,1(y)dy

)−1 �
B2R0

hk(y, τ)Zk,1(y)dy + c∗k[hk] for k = 0, 1
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and c∗k[hk] depends on hk linearly and satisfies c∗k[hk] . R−ε00 v(τ)‖hk‖Rv,`k with 0 < ε0 < ` − 1 sufficiently
small; Ψin satisfies the following estimate in DR/2

〈y〉2
∣∣D2Ψ

∣∣+ 〈y〉 |DΨ|+ |Ψ|

. R5
0v(τ)〈y〉2−`‖h0‖Rv,` +R6

0v(τ)〈y〉2−`‖h1‖Rv,` + v(τ)〈y〉2−`‖h>‖Rv,`

+ ‖h−1‖Rv,`−1


v(τ)τ1− `−1

2 + τ−
`−1
2

� τ
2
τ0
2

v(s)ds if 3
2 < `−1 < 2

v(τ)(ln τ)2 + τ−1 ln τ
� τ

2
τ0
2

v(s)ds if `−1 = 2

v(τ) ln τ + τ−1
� τ

2
τ0
2

v(s)ds if `−1 > 2

+ v(τ)〈y〉2−`H [H]Rς,v,`H .

(9.9)

The rest of this section is devoted to the proof of Proposition 9.1.

9.1. Complex-valued form of the inner linear equation. The following Lemma is applied for transforming
the inner problem from the parabolic system into the complex-scalar form.

Lemma 9.1. For Lin defined in (9.2) and Ψ ·W = 0, we have

[(a− bW∧) (LinΨ)] ·W = 0 (9.10)

and
[(a− bW∧) (LinΨ)]C = (a− ib)LinΨC, (9.11)

where

LinΨC :=

[
∂ρρ +

1

ρ
∂ρ +

1

ρ2
∂θθ −

1

ρ2
+ i

2 cosw(ρ)

ρ2
∂θ +

8

(ρ2 + 1)2

]
ΨC. (9.12)

Then (9.1) is equivalent to the complex equation

∂τΨC = (a− ib)LinΨC +HC in DR. (9.13)

Under the Fourier expansion (9.4), then

Lin

(
eikθψk

)
= eikθLkψk, (9.14)

where

Lkf := ∂ρρf +
∂ρf

ρ
+ Vk(ρ)f, Vk(ρ) := − (k + 1)2ρ4 + (2k2 − 6)ρ2 + (k − 1)2

(ρ2 + 1)2

1

ρ2
. (9.15)

It follows that
∂τΨk = (a− bW∧) (LinΨk) +Hk (9.16)

is equivalent to
∂τψk = (a− ib)Lkψk + hk. (9.17)

Proof. Set
Ψ(y, τ) = ϕ1(y, τ)E1(y) + ϕ2(y, τ)E2(y), that is, ΨC = ϕ1 + iϕ2.
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By (3.5), one has

∆(ϕ1E1) = (∆ϕ1)E1 + 2∇ϕ1∇E1 + ϕ1∆E1

= (∆ϕ1)E1 + 2

(
∂ρϕ1∂ρE1 +

1

ρ2
∂θϕ1∂θE1

)
+ ϕ1

(
∂ρρ +

∂ρ
ρ

+
∂θθ
ρ2

)
E1

= (∆ϕ1)E1 − 2∂ρϕ1wρW +
2

ρ2
∂θϕ1 coswE2

+ ϕ1

[
−wρρW − w2

ρE1 −
1

ρ
wρW −

1

ρ2
cosw(sinwW + coswE1)

]
=

[
∆ϕ1 − ϕ1

(
w2
ρ +

cos2 w

ρ2

)]
E1 +

2 cosw

ρ2
∂θϕ1E2

+

[
−2wρ∂ρϕ1 − ϕ1

(
wρρ +

wρ
ρ

+
sinw cosw

ρ2

)]
W

=

(
∂ρρϕ1 +

1

ρ
∂ρϕ1 +

1

ρ2
∂θθϕ1 −

1

ρ2
ϕ1

)
E1 +

2 cosw

ρ2
∂θϕ1E2

+

(
−2wρ∂ρϕ1 −

2 sinw cosw

ρ2
ϕ1

)
W

where we have used wρρ +
wρ
ρ −

sinw cosw
ρ2 = 0 in the last equality above. Similarly,

∆(ϕ2E2) = ∆(ϕ2)E2 + 2∇ϕ2∇E2 + ϕ2∆E2

= ∆(ϕ2)E2 − 2
1

ρ2
∂θϕ2(sinwW + coswE1)− ϕ2

1

ρ2
E2

= − 2 cosw

ρ2
∂θϕ2E1 +

(
∂ρρϕ2 +

1

ρ
∂ρϕ2 +

1

ρ2
∂θθϕ2 −

1

ρ2
ϕ2

)
E2 −

2 sinw

ρ2
∂θϕ2W.

Thus

∆Ψ =

(
∂ρρϕ1 +

1

ρ
∂ρϕ1 +

1

ρ2
∂θθϕ1 −

1

ρ2
ϕ1 −

2 cosw

ρ2
∂θϕ2

)
E1

+

(
∂ρρϕ2 +

1

ρ
∂ρϕ2 +

1

ρ2
∂θθϕ2 −

1

ρ2
ϕ2 +

2 cosw

ρ2
∂θϕ1

)
E2

+

(
−2wρ∂ρϕ1 −

2 sinw

ρ2
∂θϕ2 −

2 sinw cosw

ρ2
ϕ1

)
W.

By
∂ρW = wρE1, ∂θW = sinwE2, ∂ρΨ = (∂ρϕ1)E1 + (∂ρϕ2)E2 − ϕ1wρW,

∂θΨ = (∂θϕ1)E1 + (∂θϕ2)E2 + ϕ1 coswE2 − ϕ2(sinwW + coswE1),

we have

2(∇W · ∇Ψ)W = 2

(
∂ρW · ∂ρΨ +

1

ρ2
∂θW · ∂θΨ

)
W

= 2
{
wρE1 · (∂ρϕ1E1 + ∂ρϕ2E2 − wρϕ1W )

+
1

ρ2
sinwE2 · [∂θϕ1E1 + ∂θϕ2E2 + ϕ1 coswE2 − ϕ2(sinwW + coswE1)]

}
W

= 2

[
wρ∂ρϕ1 +

1

ρ2
(sinw∂θϕ2 + sinw coswϕ1)

]
W

=

(
2 sinw cosw

ρ2
ϕ1 + 2wρ∂ρϕ1 +

2 sinw

ρ2
∂θϕ2

)
W.
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Then

(a− bW∧) (LinΨ)

= (a− bW∧)

[(
∂ρρϕ1 +

1

ρ
∂ρϕ1 +

1

ρ2
∂θθϕ1 −

1

ρ2
ϕ1 −

2 cosw

ρ2
∂θϕ2

)
E1

+

(
∂ρρϕ2 +

1

ρ
∂ρϕ2 +

1

ρ2
∂θθϕ2 −

1

ρ2
ϕ2 +

2 cosw

ρ2
∂θϕ1

)
E2

+

(
−2ϕ1

ρ2
cosw sinw − 2∂ρϕ1wρ −

2

ρ2
∂θϕ2 sinw

)
W +

8

(ρ2 + 1)2
(ϕ1E1 + ϕ2E2)

+

(
2ϕ1

ρ2
cosw sinw + 2∂ρϕ1wρ +

2

ρ2
∂θϕ2 sinw

)
W

]

=

{
∂ρρϕ1 +

1

ρ
∂ρϕ1 +

1

ρ2
∂θθϕ1 +

[
8

(ρ2 + 1)2
− 1

ρ2

]
ϕ1 −

2 cosw

ρ2
∂θϕ2

}
(aE1 − bE2)

+

{
∂ρρϕ2 +

1

ρ
∂ρϕ2 +

1

ρ2
∂θθϕ2 +

[
8

(ρ2 + 1)2
− 1

ρ2

]
ϕ2 +

2 cosw

ρ2
∂θϕ1

}
(aE2 + bE1) .

Thus, we have (9.10) and (9.11). Then it follows that (9.1) is equivalent to (9.13).
It is straightforward to get (9.14) and (9.17). �

The linearly independent kernels Zk,1,Zk,2 of Lk in (9.15) satisfying the Wronskian W [Zk,1,Zk,2] = ρ−1 are
given as follows: 

Z−1,1(ρ) = ρ2

ρ2+1 , Z−1,2(ρ) = 4ρ2(ρ2 ln(ρ)−1)−1
4ρ2(ρ2+1) , k = −1,

Z0,1(ρ) = ρ
ρ2+1 , Z0,2(ρ) = ρ4+4ρ2 ln(ρ)−1

2ρ(ρ2+1) , k = 0,

Z1,1(ρ) = 1
ρ2+1 , Z1,2(ρ) = ρ4+4ρ2+4 ln(ρ)

4(ρ2+1) , k = 1,

Zk,1(ρ) = ρ1−k

ρ2+1 , Zk,2(ρ) = ρk−1

ρ2+1 ( ρ4

2k+2 + ρ2

k + 1
2k−2 ), k 6= −1, 0, 1.

(9.18)

It is easy to see for k 6= −1, 0, 1,

Zk,1(ρ) ∼

{
ρ1−k if ρ→ 0

ρ−1−k if ρ→∞
, Zk,2(ρ) ∼

{
ρk−1

2k−2 if ρ→ 0
ρk+1

2k+2 if ρ→∞
.

Recall (3.7) and (9.4) and notice Z0,1(ρ) = − 1
2ρwρ. Then for mode 0,

(h0(ρ, τ))C−1 · Z0,1 + i (h0(ρ, τ))C−1 · Z0,2 = ρwρh0(ρ, τ) = −2Z0,1(ρ)h0(ρ, τ).

Notice Z1,1(ρ) = − 1
2wρ. For mode 1,(

h1(ρ, τ)eiθ
)
C−1 · Z1,1 = Re(h1(ρ, τ)eiθ)wρ cos θ + Im(h1(ρ, τ)eiθ)wρ sin θ,(

h1(ρ, τ)eiθ
)
C−1 · Z1,2 = Re(h1(ρ, τ)eiθ)wρ sin θ − Im(h1(ρ, τ)eiθ)wρ cos θ,

whose equivalent complex form is given by(
h1(ρ, τ)eiθ

)
C−1 · Z1,1 − i

(
h1(ρ, τ)eiθ

)
C−1 · Z1,2 = wρh1(ρ, τ) = −2Z1,1(ρ)h1(ρ, τ).

The quadratic form corresponding to Lk in BR is defined as

QR,k(f, f) = 2π

� R

0

[
|∂ρf |2 +

(k + 1)2ρ4 + (2k2 − 6)ρ2 + (k − 1)2

(ρ2 + 1)2

|f |2

ρ2

]
ρdρ. (9.19)

Specially,

QR,0(f, f) = 2π

� R

0

[
|∂ρf |2 +

ρ4 − 6ρ2 + 1

(ρ2 + 1)2

|f |2

ρ2

]
ρdρ = 2π

� R

0

[
|∂ρf |2 +

|f |2

ρ2
− 8

(ρ2 + 1)2
|f |2

]
ρdρ,

QR,1(f, f) = 2π

� R

0

[
|∂ρf |2 +

4(ρ2 − 1)

(ρ2 + 1)2
|f |2

]
ρdρ,

QR,−1(f, f) = 2π

� R

0

[
|∂ρf |2 +

−4ρ2 + 4

(ρ2 + 1)2

|f |2

ρ2

]
ρdρ = 2π

� R

0

[
|∂ρf |2 + 4

|f |2

ρ2
− 4ρ2 + 12

(ρ2 + 1)2
|f |2

]
ρdρ.
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Define the following norms

‖f‖X(BR) =

[
2π

� R

0

(
|∂ρf |2 +

|f |2

ρ2

)
ρdρ

] 1
2

,

‖f‖H1
0 (BR) =

(
2π

� R

0

|∂ρf |2ρdρ

) 1
2

, ‖f‖L2(BR) =

(
2π

� R

0

|f |2ρdρ

) 1
2

.

Set

X0(BR) =
{
f(ρ)

∣∣∣ f(R) = 0, ‖f‖X(BR) <∞
}
.

There exists the Sobolev embedding X0 → L∞ by Schwartz inequality from in [26, p 216]:

‖f‖2L∞(BR) ≤ ‖
f

ρ
‖L2(BR)‖∂ρf‖L2(BR) ≤ ‖f‖2X(BR) for f ∈ X0. (9.20)

For |k| ≥ 2, it is easy to see
‖f‖2X(BR) ≤ QR,k(f, f). (9.21)

For any complex function f , f = f1 + if2 where f1 and f2 are real and imaginary parts. QR,k(f, f) =
QR,k(f1, f1) +QR,k(f2, f2). Thus we only need to consider the case that f is a real-valued function.

By [53, Lemma 4.2], QR,k(f, f) ≥ 0 for all f ∈ C2(BR) ∩ C(B̄R) with f = 0 on ∂BR and QR,k(f, f) = 0
implies f ≡ 0.

9.2. Energy estimates. The analysis about the first eigenvalue of QR,k is given in the following Lemma.

Lemma 9.2. Let

λR,k = inf
f∈X0(BR)\{0}

QR,k(f, f)

‖f‖2L2(BR)

for k 6= 1, λR,1 = inf
f∈H1

0 (BR)\{0}

QR,1(f, f)

‖f‖2L2(BR)

for k = 1.

λR,k is attained by a real-valued function in X0(BR) for k 6= 1 and H1
0 (BR) for k = 1. When R is large,

λR,0 ∼ (R2 lnR)−1, λR,1 ∼ R−4, λR,−1 & (R2 lnR)−1, λR,k & |k|2R−2 for |k| ≥ 2.

Proof. For any complex-valued function f = f1 + if2 where f1 = Ref , f2 = Imf ,

QR,k(f, f)

‖f‖2L2(BR)

=
QR,k(f1, f1) +QR,k(f2, f2)

‖f1‖2L2(BR) + ‖f2‖2L2(BR)

≥ min

{
QR,k(f1, f1)

‖f1‖2L2(BR)

,
QR,k(f2, f2)

‖f2‖2L2(BR)

}
.

Thus for k 6= 1,

λR,k = inf

{
QR,k(f, f)

‖f‖2L2(BR)

| f ∈ X0(BR)\{0}, f is real-valued

}
.

The same argument can be applied to λR,1.
Thus, we focus on real-valued functions in the next step. We choose a sequence fn ∈ X0(BR) (fn ∈ H1

0 (BR)
if k = 1) with ‖fn‖L2(BR) = 1 and QR,k(fn, fn)→ λR,k.

Without loss of generality, we assume QR,k(fn, fn) ≤ λR,k + 1. By the definition (9.19),� R

0

(∂ρfn)2ρdρ . λR,k + 1.

The Sobolev compact embedding theorem implies fn → f∞ in L2(BR) up to a subsequence.
For k 6= 1,

QR,k(fn, fn) = 2π

� R

0

[
(∂ρfn)2 +

(k − 1)2

(ρ2 + 1)2

f2
n

ρ2
+

(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2
n

]
ρdρ.

Up to a subsequence, we have� R

0

[
(∂ρf∞)2 +

(k − 1)2

(ρ2 + 1)2

f2
∞
ρ2

]
ρdρ ≤ lim inf

n→∞

� R

0

[
(∂ρfn)2 +

(k − 1)2

(ρ2 + 1)2

f2
n

ρ2

]
ρdρ,

� R

0

(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2
∞ρdρ = lim

n→∞

� R

0

(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2
nρdρ.
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Moreover, � R

0

[
(∂ρf∞)2 +

(k − 1)2

(ρ2 + 1)2

f2
∞
ρ2

]
ρdρ ∼ C(R, k)

� R

0

[
(∂ρf∞)2 +

f2
∞
ρ2

]
ρdρ.

Thus
QR,k(f∞, f∞) ≤ λR,k, ‖f∞‖L2(BR) = 1, f∞ ∈ X0(BR),

which implies the minima λR,k is attained by f∞.
For k = 1, similarly, we choose a subsequence such that fn ⇀ f∞ in H1

0 (BR), fn → f∞ in L2(BR).� R

0

(∂ρf∞)2ρdρ ≤ lim inf
n→∞

� R

0

(∂ρfn)2ρdρ,

� R

0

4(ρ2 − 1)

(ρ2 + 1)2
f2
∞ρdρ = lim

n→∞

� R

0

4(ρ2 − 1)

(ρ2 + 1)2
f2
nρdρ.

Then
QR,1(f∞, f∞) ≤ λR,1, ‖f∞‖L2(BR) = 1, f∞ ∈ H1

0 (BR).

Thus f∞ attains λR,1.
Next, we will use Lagrange multiplier for the real-valued minimum function f∞ to estimate λR,k, k = −1, 0, 1.

In order to avoid confusion, we denote wk as the eigenfunction corresponding to the eigenvalue λR,k for every
mode k with the normalization ‖wk‖L2(BR) = 1.

For k = 0,
L0w0 = −λR,0w0 in BR, w0 = 0 on ∂BR.

w0 is given by

w0(ρ) = Z0,2(ρ)

� ρ

0

(−λR,0f(s))Z0,1(s)sds+ Z0,1(ρ)

� R

ρ

(−λR,0f(s))Z0,2(s)sds−AR,0Z0,1(ρ)

where

AR,0 = (Z0,1(R))−1Z0,2(R)

� R

0

(−λR,0w0(s))Z0,1(s)sds.

For 0 ≤ ρ ≤ 1,

|Z0,2(ρ)

� ρ

0

w0(s)Z0,1(s)sds| . ρ−1‖w0‖L2(Bρ)‖Z0,1‖L2(Bρ) . 1,

|Z0,1(ρ)

� R

ρ

w0(s)Z0,2(s)sds| ≤ |Z0,1(ρ)

� R

1

w0(s)Z0,2(s)sds|+ |Z0,1(ρ)

� 1

ρ

w0(s)Z0,2(s)sds| . R2,

|AR,0Z0,1(ρ)| . |AR,0| . λR,0R2(lnR)
1
2 .

Thus ‖w0‖L2(B1) . λR,0R2(lnR)
1
2 .

For ρ ≥ 1,

‖Z0,2(ρ)

� ρ

0

w0(s)Z0,1(s)sds‖L2(BR\B1) ≤ ‖Z0,2‖L2(BR\B1)‖w0‖L2(BR)‖Z0,1‖L2(BR) . R
2(lnR)

1
2 ,

‖Z0,1(ρ)

� R

ρ

w0(s)Z0,2(s)sds‖L2(BR\B1) . ‖Z0,1‖L2(BR\B1)‖w0‖L2(BR\B1)‖Z0,2‖L2(BR\B1) . R
2(lnR)

1
2 ,

‖AR,0Z0,1(ρ)‖L2(BR\B1) . λR,0R
2 lnR.

Thus when R is large, we have
1 = ‖w0‖L2(BR) . λR,0R

2 lnR.

On the other hand, when R is large,

‖ηR
2
Z0,1‖2L2(BR) ∼ lnR,

QR,0(ηR
2
Z0,1, ηR

2
Z0,1) =

(� R
2

0

+

� R

R
2

)[
(∂ρ(ηR

2
Z0,1))2 +

ρ4 − 6ρ2 + 1

(ρ2 + 1)2

(ηR
2
Z0,1)2

ρ2

]
ρdρ

=

� ∞
R
2

[
(∂ρZ0,1)2 +

ρ4 − 6ρ2 + 1

(ρ2 + 1)2

(Z0,1)2

ρ2

]
ρdρ+

� R

R
2

[
(∂ρ(ηR

2
Z0,1))2 +

ρ4 − 6ρ2 + 1

(ρ2 + 1)2

(ηR
2
Z0,1)2

ρ2

]
ρdρ

∼ R−2,

where we used LZ0,1 = 0. Then we have

λR,0 . (R2 lnR)−1.
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For k = 1,
L1w1 = −λR,1w1 in BR, w1 = 0 on ∂BR.

w1 can reformulated as

w1(ρ) = Z1,2(ρ)

� ρ

0

(−λR,1w1(s))Z1,1(s)sds+ Z1,1(ρ)

� R

ρ

(−λR,1w1(s))Z1,2(s)sds−AR,1Z1,1(ρ), (9.22)

where

AR,1 = (Z1,1(R))−1Z1,2(R)

� R

0

(−λR,1w1(s))Z1,1(s)sds.

For 0 ≤ ρ ≤ 1,

|Z1,2(ρ)

� ρ

0

w1(s)Z1,1(s)sds| . (| ln ρ|+ 1)‖w1‖L2(Bρ)‖Z1,1‖L2(Bρ) . 1,

|Z1,1(ρ)

� R

ρ

w1(s)Z1,2(s)sds| ≤ |Z1,1(ρ)

� R

1

w1(s)Z1,2(s)sds|+ |Z1,1(ρ)

� 1

ρ

w1(s)Z1,2(s)sds| . R3,

|AR,1Z1,1(ρ)| . |AR,1| . λR,1R4.

Thus ‖w1‖L2(B1) . λR,1R4.
For ρ ≥ 1,

‖Z1,2(ρ)

� ρ

0

w1(s)Z1,1(s)sds‖L2(BR\B1) ≤ ‖Z1,2‖L2(BR\B1)‖w1‖L2(BR)‖Z1,1‖L2(BR) . R
3,

‖Z1,1(ρ)

� R

ρ

w1(s)Z1,2(s)sds‖L2(BR\B1) . ‖Z1,1‖L2(BR\B1)‖w1‖L2(BR\B1)‖Z1,2‖L2(BR\B1) . R
3,

‖AR,1Z1,1(ρ)‖L2(BR\B1) . λR,1R
4.

Thus when R is large, we have
1 = ‖w1‖L2(BR) . λR,1R

4.

On the other hand, when R is large,
‖ηR

2
Z1,1‖2L2(BR) ∼ 1,

QR,1(ηR
2
Z1,1, ηR

2
Z1,1) ∼

(� R
2

0

+

� R

R
2

)[
(∂ρ(ηR

2
Z1,1))2 +

4(ρ2 − 1)

(ρ2 + 1)2
(ηR

2
Z1,1)2

]
ρdρ

=

� ∞
R
2

[
(∂ρZ1,1)2 +

4(ρ2 − 1)

(ρ2 + 1)2
(Z1,1)2

]
ρdρ+

� R

R
2

[
(∂ρ(ηR

2
Z1,1))2 +

4(ρ2 − 1)

(ρ2 + 1)2
(ηR

2
Z1,1)2

]
ρdρ

∼ R−4,

where we used L1Z1,1 = 0. Thus

λR,1 . R
−4.

For k = −1,
L−1w−1 = −λR,−1w−1 in BR, w−1 = 0 on ∂BR.

w−1(ρ) can be written as

w−1(ρ) = Z−1,2(ρ)

� ρ

0

(−λR,−1w−1(s))Z−1,1(s)sds+ Z−1,1(ρ)

� R

ρ

(−λR,−1w−1(s))Z−1,2(s)sds

−AR,−1Z−1,1(ρ)

where

AR,−1 = (Z−1,1(R))−1Z−1,2(R)

� R

0

(−λR,−1w−1(s))Z−1,1(s)sds.

For 0 ≤ ρ ≤ 1,

|Z−1,2(ρ)

� ρ

0

w−1(s)Z−1,1(s)sds| . ρ−2‖w−1‖L2(Bρ)‖Z−1,1‖L2(Bρ) . 1,
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|Z−1,1(ρ)

� R

ρ

w−1(s)Z−1,2(s)sds|

≤ |Z−1,1(ρ)

� R

1

w−1(s)Z−1,2(s)sds|+ |Z−1,1(ρ)

� 1

ρ

w−1(s)Z−1,2(s)sds| . R lnR,

|AR,−1Z−1,1(ρ)| . |AR| . λR,−1R lnR.

Thus ‖w−1‖L2(B1) . λR,−1R lnR.
For ρ ≥ 1,

‖Z−1,2(ρ)

� ρ

0

w−1(s)Z−1,1(s)sds‖L2(BR\B1) ≤ ‖Z−1,2‖L2(BR\B1)‖w−1‖L2(BR)‖Z−1,1‖L2(BR) . R
2 lnR,

‖Z−1,1(ρ)

� R

ρ

w−1(s)Z−1,2(s)sds‖L2(BR\B1) . ‖Z−1,1‖L2(BR\B1)‖w−1‖L2(BR\B1)‖Z−1,2‖L2(BR\B1) . R
2 lnR,

‖ARZ−1,1(ρ)‖L2(BR\B1) . λR,−1R
2 lnR.

Thus when R is large, we have
1 = ‖w−1‖L2(BR) . λR,−1R

2 lnR.

For |k| ≥ 2,

QR,k(f, f) & 2π|k|2
� R

0

|f |2

ρ2
ρdρ ≥ |k|2R−2‖f‖2L2(BR).

�

Lemma 9.3. Consider {
∂τφk = (a− ib)Lkφk + h in DR,
φk = 0 on ∂DR, φk(·, τ0) = 0 in BR(τ0),

(9.23)

where R = R(τ) ≥ 1. Assume ‖h(·, τ)‖2L2(BR) . g(τ),� τ

τ0

ec
� s λ̃R,k(λ̃R,k)−1g(s)ds . ec

� τ λ̃R,k min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ),

for any fixed constant c > 0, where

λ̃R,0 = (R2 lnR)−1, λ̃R,1 = R−4, λ̃R,−1 = (R2 lnR)−1, λ̃R,k = |k|2R−2,

for |k| ≥ 2. Then we have the following estimates

‖φk(·, τ)‖L∞(BR) .
[
min

{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ)

]1/2
for k 6= 1, (9.24)

‖φ1(·, τ)‖H1
0 (BR) .

[
min

{
τ, (λ̃R,1)−1

}
(λ̃R,1)−1g(τ)

]1/2
. (9.25)

Furthermore, with the assumption ‖h(·, τ)‖2L1(BR) . l(τ),� τ

τ0

ec
� s λ̃R,k l(s)ds . ec

� τ λ̃R,k min
{
τ, (λ̃R,k)−1

}
l(τ) for |k| ≥ 2.

Then we have

‖φk(·, τ)‖L∞(BR) .
[
min

{
τ, (λ̃R,k)−1

}
l(τ) + g(τ)

]1/2
for |k| ≥ 2, (9.26)

In particular, by (9.24) and (9.25), we have

‖φ0(·, τ)‖L∞(BR) . R2 lnRθR,`v(τ)‖h‖Rv,`
‖φ−1(·, τ)‖L∞(BR) . R2 lnRθR,`v(τ)‖h‖Rv,`
‖φk(·, τ)‖L∞(BR) . |k|−2R2θR,`v(τ)‖h‖Rv,` for |k| ≥ 2

‖φ1(·, τ)‖H1
0 (BR) . min{τ 1

2 , R2}R2θR,`v(τ)‖h‖Rv,`
where

θR,` :=


1 if ` > 1

(lnR)
1
2 if ` = 1

R1−` if ` < 1

. (9.27)
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Proof. Multiplying φ̄k and integrating by parts, we have�
BR

∂τφkφ̄k + (a− ib)QR,k(φk, φk) =

�
BR

hφ̄k.

We take the real part for both parts.

1

2
∂τ

�
BR

|φk|2 + aQR,k(φk, φk) =

�
BR

Re
(
hφ̄k

)
. (9.28)

By Lemma 9.2, we have

∂τ

�
BR

|φk|2 + cλ̃R,k

�
BR

|φk|2 ≤ 2

�
BR

|h||φk|.

By Young inequality, we have

∂τ

�
BR

|φk|2 + cλ̃R,k

�
BR

|φk|2 . (λ̃R,k)−1

�
BR

|h|2 . (λ̃R,k)−1g(τ).

Since φk(·, τ0) = 0 in BR(τ0), we have�
BR

|φk|2 . min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ), (9.29)

due to
� τ
τ0
ec

� s λ̃R,k(λ̃R,k)−1g(s)ds . ec
� τ λ̃R,k min

{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ).

Next we will estimate QR,k(φk, φk). Integrating (9.28) from τ to τ + 1, we have

1

2

(�
BR

|φk|2(τ + 1)−
�
BR

|φk|2(τ)

)
+ a

� τ+1

τ

QR,k(φk, φk) =

� τ+1

τ

�
BR

Re
(
hφ̄k

)
,

which derives � τ+1

τ

QR,k(φk, φk) . min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ).

So there exists τ0 ∈ (τ, τ + 1) such that

QR,k(φk, φk)(τ0) . min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ). (9.30)

We multiply Lkφk to (9.23) and integrate by parts.

−
�
BR

∇∂τφk · ∇φ̄k −
�
BR

(k + 1)2|y|4 + (2k2 − 6)|y|2 + (k − 1)2

(|y|2 + 1)2

φ̄k∂τφk
|y|2

= (a− ib)
�
BR

|Lkφk|2 +

�
BR

Lkφkh.

Taking the real part of the equation, we have

− 1

2
∂τ

�
BR

|∇φk|2 −
1

2
∂τ

�
BR

(k + 1)2|y|4 + (2k2 − 6)|y|2 + (k − 1)2

(|y|2 + 1)2

|φk|2

|y|2

= a

�
BR

|Lkφk|2 +

�
BR

Re
(
Lkφkh

)
.

That is

∂τQR,k(φk, φk) = −2a

�
BR

|Lkφk|2 − 2

�
BR

Re
(
Lkφkh

)
. (9.31)

By Young inequality, we derive

∂τQR,k(φk, φk) .
�
BR

|h|2 . g(τ). (9.32)

Combing (9.30) and (9.32), we have

QR,k(φk, φk)(τ + 1) . min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ).

Since τ is arbitrary here, we get

QR,k(φk, φk)(τ) . min
{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ) if τ > τ0 + 1. (9.33)
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For τ0 ≤ τ ≤ τ0 + 1, by (9.32) and φk(·, τ0) = 0 in BR(τ0), we have

QR,k(φk, φk)(τ) . g(τ). (9.34)

Combing (9.20), (9.29) and (9.33), we have

‖φk(·, τ)‖L∞(BR) . ‖φk(·, τ)‖X(BR) .
[
min

{
τ, (λ̃R,k)−1

}
(λ̃R,k)−1g(τ)

]1/2
for k 6= 1,

‖φ1(·, τ)‖H1
0 (BR) .

[
min

{
τ, (λ̃R,1)−1

}
(λ̃R,1)−1g(τ)

]1/2
.

For higher modes |k| ≥ 2, we have another energy estimate.

1

2
∂τ

�
BR

|φk|2 + aQR,k(φk, φk) =

�
BR

Re
(
hφ̄k

)
≤ ‖h‖L1(BR)‖φk‖L∞(BR).

Thanks to (9.21), ‖f‖2X(BR) ≤ QR,k(f, f) for |k| ≥ 2, combining (9.20) and Young inequality, we have

1

2
∂τ

�
BR

|φk|2 +
a

2
QR,k(φk, φk) . ‖h‖2L1(BR).

Then we have �
BR

|φk|2 . min
{
τ, (λ̃R,k)−1

}
l(τ) (9.35)

since
� τ
τ0
ec

� s λ̃R,k l(s)ds . ec
� τ λ̃R,k min

{
τ, (λ̃R,k)−1

}
l(τ) for |k| ≥ 2.

By the same argument, we have

1

2

(�
BR

|φk|2(τ + 1)−
�
BR

|φk|2(τ)

)
+ a

� τ+1

τ

QR,k(φk, φk)

=

� τ+1

τ

�
BR

Re
(
hφ̄k

)
≤
� τ+1

τ

‖h‖L1(BR)‖φk‖L∞(BR)

which derives � τ+1

τ

QR,k(φk, φk) . min
{
τ, (λ̃R,k)−1

}
l(τ).

So there exists τ0 ∈ (τ, τ + 1) such that

QR,k(φk, φk)(τ0) . min
{
τ, (λ̃R,k)−1

}
l(τ).

Combing (9.32), we have

QR,k(φk, φk)(τ + 1) . min
{
τ, (λ̃R,k)−1

}
l(τ) + g(τ).

By the same argument above, we have

QR,k(φk, φk)(τ) . min
{
τ, (λ̃R,k)−1

}
l(τ) + g(τ) if τ ≥ τ0.

Thus, by (9.20) and (9.21), we have

‖φk(·, τ)‖L∞(BR) . ‖φk(·, τ)‖X(BR) .
[
min

{
τ, (λ̃R,k)−1

}
l(τ) + g(τ)

]1/2
for |k| ≥ 2.

�

Consider {
∂τu = (a− ib)∆u+ f, in R2 × (τ0,∞)

u(x, τ0) = 0, in R2.
(9.36)

The solution is given by the Duhamel’s formula

u(x, τ) =

� τ

τ0

�
R2

Γ\d(x− z, t− s)f(z, s)dzds. (9.37)
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Lemma 9.4. Consider

∂τφ = (a− ib)
(
∂ρρφ+

1

ρ
∂ρφ−

k2

ρ2
φ

)
+ h(ρ, τ)

where k ≥ 0. Then we can find a solution φ given by

φ(ρ, τ) = ρkΓ\2k+2 ∗ ∗
(
h(y, s)

|y|k

)
. (9.38)

Proof. Set
φ(ρ, τ) = ρkψ(ρ, τ).

Then

∂τψ = (a− ib)
(
∂ρρψ +

2k + 1

ρ
∂ρψ

)
+
h(ρ, τ)

ρk
, (9.39)

which can be regarded as the heat equation in R2k+2. Then ψ is given by

ψ(x, τ) = Γ\2k+2 ∗ ∗
(
h(y, s)

|y|k

)
,

which satisfies (9.39) in weak sense and pointwise sense except at ρ = 0. (9.38) follows.
�

Lemma 9.5. For d > 2, 2 < `∗ < d and v1 ≥ 0,

(
|Γ\d| ∗ ∗

(
v1(s)〈z〉−`∗

))
(y, τ, τ0) . 1

{|y|≤τ
1
2 }

(
sup

τ1∈[τ/2,τ ]

v1(τ1)〈y〉2−`∗ + τ−
`∗
2

� τ
2

τ0
2

v1(s)ds

)

+ 1
{|y|>τ

1
2 }

(
τ sup
τ1∈[τ/2,τ ]

v1(τ1) +

� τ
2

τ0
2

v1(s)ds

)
|y|−`∗

(9.40)

where c > 0 depends on a.

Proof. Notice

v1(s)〈z〉−`∗ ∼ v1(s)
(
1{|z|≤1} + |z|−`∗1

{1<|z|≤τ
1
2 }

+ |z|−`∗1
{|z|>τ

1
2 }

)
.

By [30, Lemma A.1],

|Γ\d| ∗ ∗
(
v1(s)1{|z|≤1}

)
. τ−

d
2 e−c

|y|2
τ

� τ
2

τ0
2

v1(s)ds+ sup
τ1∈[τ/2,τ ]

v1(τ1)

(
1{|y|≤1} + 1{|y|>1}|y|2−de−c

|y|2
τ

)
,

and

|Γ\d| ∗ ∗
(
v1(s)|z|−`∗1

{1<|z|≤s
1
2 }

)
. τ−

d
2 e−c

|y|2
τ

� τ
2

τ0
2

v1(s)s
d−`∗

2 ds

+ sup
τ1∈[τ/2,τ ]

v1(τ1)

(
1
{|y|≤τ

1
2 }
〈y〉2−`∗ + 1

{|y|>τ
1
2 }
|y|2−de−c

|y|2
τ τ

d−`∗
2

)

∼ 1
{|y|≤τ

1
2 }

(
sup

τ1∈[τ/2,τ ]

v1(τ1)〈y〉2−`∗ + τ−
d
2

� τ
2

τ0
2

v1(s)s
d−`∗

2 ds

)

+ 1
{|y|>τ

1
2 }

(
sup

τ1∈[τ/2,τ ]

v1(τ1)|y|2−dτ
d−`∗

2 + τ−
d
2

� τ
2

τ0
2

v1(s)s
d−`∗

2 ds

)
e−c

|y|2
τ .

By [30, Lemma A.2], we have

|Γ\d| ∗ ∗
(
v1(s)〈z〉−`∗1

{|z|>s
1
2 }

)
.

(
τ sup
τ1∈[τ/2,τ ]

v1(τ1) +

� τ
2

τ0
2

v1(s)ds

)(
1
{|y|≤τ

1
2 }
τ−

`∗
2 + 1

{|y|>τ
1
2 }
|y|−`∗

)
.

Collecting above estimates, we conclude the validity of this Lemma. �
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9.3. Higher modes |k| ≥ 2. In order to analyze the case that the right hand side of the equation has singularity
at y = 0, given R = R(τ), we introduce the norm

‖h‖Rv,`1,` := sup
DR

v(τ)−1
(
1{|y|≤1}|y|`1 + 1{|y|>1}|y|`

)
|h(y, τ)|.

Specially, if R(τ) = ∞, we use the notation ‖h‖∞v,`1,`. It is easy to have ‖h‖Rv,0,` = ‖h‖Rv,`; ‖h‖Rv,`1,` ≤ ‖h‖
R
v,` if

`1 > 0; ‖h‖Rv,`1,` ≥ ‖h‖
R
v,` if `1 < 0.

Lemma 9.6. Consider

∂τΨk = (a− bW∧) (LinΨk) +Hk in DR, Ψk(·, τ0) = 0 in BR(τ0)

where Hk =
(
hk(ρ, τ)eikθ

)
C−1 , ‖Hk‖Rv,`1,` < ∞, 0 ≤ `1 ≤ 1.9, 1 < ` < 3. Then there exists a solution

Ψk = T Rkr [Hk] which is a linear mapping about Hk with the following estimate

〈y〉|∇Ψk(y, τ)|+ |Ψk(y, τ)| . C(`)|k|−2‖Hk‖Rv,`1,`v(τ)R5−`(τ)〈y〉−3 ln(|y|+ 2), (9.41)

where “.” is independent of k and C(`) could be unbounded as ` → 1 or 3. Moreover, Ψk · W = 0 and
e−ikθ (Ψk)C is radial in space.

Proof. For brevity, denote ‖hk‖ = ‖hk‖Rv,`1,` in this proof. Assume hk(ρ, τ) = 0 in DcR. Consider

(a− bW∧) (LinGk) = Hk where Gk =
(
gk(ρ, τ)eikθ

)
C−1 .

By Lemma 9.1, it is equivalent to considering

(a− ib)Lkgk = hk,

where gk is given by

gk(ρ, τ) = (a+ ib)

{
Zk,2(ρ)

� ρ
0
Zk,1(r)hk(r, τ)rdr + Zk,1(ρ)

�∞
ρ
Zk,2(r)hk(r, τ)rdr if k ≤ −2

−Zk,2(ρ)
�∞
ρ
Zk,1(r)hk(r, τ)rdr −Zk,1(ρ)

� ρ
0
Zk,2(r)hk(r, τ)rdr if k ≥ 2

.

We will estimate the upper bound of gk.
For k ≤ −2, ρ ≤ 1, ∣∣∣∣Zk,2(ρ)

� ρ

0

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . |k|−1‖hk‖v(τ)ρk−1

� ρ

0

r2−k−`1dr

= |k|−1‖hk‖v(τ)ρk−1 ρ3−k−`1

3− k − `1
∼ |k|−2‖hk‖v(τ)ρ2−`1

for 0 ≤ `1 ≤ 4.∣∣∣∣Zk,1(ρ)

� ∞
ρ

Zk,2(r)hk(r, τ)rdr

∣∣∣∣ . ρ1−k‖hk‖v(τ)

(� 1

ρ

|k|−1rk−`1dr +

� ∞
1

|k|−1rk+2−`dr

)
. |k|−1ρ1−k‖hk‖v(τ)

[
ρk−`1+1

`1 − (k + 1)
+

1

`− (k + 3)

]
. C1(`)|k|−2‖hk‖v(τ)ρ2−`1

for 0 ≤ `1 ≤ 4 and 1 < ` ≤ 5 where C1(`)→∞ as `→ 1.
For k ≤ −2, ρ ≥ 1,∣∣∣∣Zk,2(ρ)

� ρ

0

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . |k|−1‖hk‖v(τ)ρk+1

(� 1

0

r2−k−`1dr +

� ρ

1

r−`−kdr

)
. |k|−1‖hk‖v(τ)ρk+1

(
1

3− k − `1
+

ρ1−k−`

1− k − `

)
. C2(`)|k|−2‖hk‖v(τ)ρ2−`

for 0 ≤ `1 ≤ 4 and 0 ≤ ` < 3 where C2(`)→∞ as `→ 3.

|Zk,1(ρ)

� ∞
ρ

Zk,2(r)hk(r, τ)rdr| . ρ−1−k‖hk‖v(τ)

� ∞
ρ

|k|−1rk+2−`dr

= |k|−1‖hk‖v(τ)
ρ2−`

`− (k + 3)
. C3(`)|k|−2‖hk‖v(τ)ρ2−`

for 1 < ` ≤ 4 where C3(`)→∞ as `→ 1.
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In sum, for 0 ≤ `1 ≤ 4, 1 < l < 3, k ≤ −2,

‖gk‖∞v,`1−2,`−2 . C4(`)|k|−2‖hk‖ (9.42)

where C4(`)→∞ as `→ 1 or 3.
For k ≥ 2, ρ ≤ 1, 0 ≤ `1 ≤ 3, 0 ≤ ` ≤ 4,∣∣∣∣Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . k−1‖hk‖v(τ)ρk−1

(� ∞
1

r−k−`dr +

� 1

ρ

r2−k−`1dr

)
= k−1‖hk‖v(τ)ρk−1

(
1

k + `− 1
+

1− ρ3−k−`1

3− k − `1
1{`1 6=3−k} + (− ln ρ)1{`1=3−k}

)
.

Then for k ≥ 4,∣∣∣∣Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . k−1‖hk‖v(τ)ρk−1

(
k−1 +

ρ3−k−`1

k + `1 − 3

)
∼ k−2‖hk‖v(τ)ρ2−`1 .

For k = 3, `1 = 0, ∣∣∣∣Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . ‖hk‖v(τ)ρ2〈ln ρ〉.

For k = 3, 0 < `1 ≤ 3,

|Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr| . ‖hk‖v(τ)ρ2

(
3−1 +

ρ−`1 − 1

`1

)
. ‖hk‖v(τ)ρ2−`1〈ln ρ〉

since ρt − 1 = tρθt ln ρ for some 0 ≤ θ ≤ 1.
For k = 2, 0 ≤ `1 < 1,

|Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr| . ‖hk‖v(τ)ρ

(
2−1 +

1− ρ1−`1

1− `1

)
. ‖hk‖v(τ)ρ〈ln ρ〉.

For k = 2, `1 = 1,

|Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr| . ‖hk‖v(τ)ρ(2−1 − ln ρ) ∼ ‖hk‖v(τ)ρ〈ln ρ〉.

For k = 2, 1 < `1 ≤ 3,

|Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr| . ‖hk‖v(τ)ρ

(
2−1 +

ρ1−`1 − 1

`1 − 1

)
. ‖hk‖v(τ)ρ2−`1〈ln ρ〉.

For the other part, ∣∣∣∣Zk,1(ρ)

� ρ

0

Zk,2(r)hk(r, τ)rdr

∣∣∣∣ . ‖hk‖v(τ)ρ1−k
� ρ

0

k−1rk−`1dr

= k−1‖hk‖v(τ)
ρ2−`1

k + 1− `1
∼ k−2‖hk‖v(τ)ρ2−`1

for 0 ≤ `1 ≤ 2.9.
For k ≥ 2, ρ ≥ 1, ∣∣∣∣Zk,2(ρ)

� ∞
ρ

Zk,1(r)hk(r, τ)rdr

∣∣∣∣ . k−1‖hk‖v(τ)ρk+1

� ∞
ρ

r−k−`dr

= k−1‖hk‖v(τ)
ρ2−`

k + `− 1
∼ k−2‖hk‖v(τ)ρ2−`,

when 0 ≤ ` ≤ 4.∣∣∣∣Zk,1(ρ)

� ρ

0

Zk,2(r)hk(r, τ)rdr

∣∣∣∣ . ‖hk‖v(τ)ρ−1−k
(� 1

0

k−1rk−`1dr +

� ρ

1

k−1rk+2−`dr

)
. k−1‖hk‖v(τ)ρ−1−k

(
1

k + 1− `1
+

ρk+3−`

k + 3− `

)
∼ k−2‖hk‖v(τ)ρ2−`,

when 0 ≤ `1 ≤ 2.9, 0 ≤ ` ≤ 4.
In sum, for 0 ≤ `1 ≤ 2.9, 0 ≤ ` ≤ 4, when k ≥ 4,

‖gk‖∞v,`1−2,`−2 . k
−2‖hk‖; (9.43)
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when k = 3,
‖g3‖∞v,ε+`1−2,`−2 . C(ε)‖hk‖; (9.44)

when k = 2,
‖g2‖∞v,ε+(`1−1)+−1,`−2 . C(ε)‖hk‖ (9.45)

where ε > 0 is arbitrarily small and C(ε) is a constant depending on ε.
Combining (9.42), (9.43), (9.44) and (9.45), for 0 ≤ `1 ≤ 1.9, 1 < ` < 3, we have

‖Gk‖∞v,`−2 = ‖gk‖∞v,`−2 . C(`)|k|−2‖hk‖ for |k| ≥ 2 (9.46)

where C(`)→∞ as `→ 1 or 3.
Consider {

∂τΦk = (a− bW∧) (LinΦk) +Gk in D2R,

Φk = 0 on ∂D2R, Φk(·, τ0) = 0 in B2R(τ0).
(9.47)

In order to find a solution Φk with the form Φk =
(
φk(ρ, τ)eikθ

)
C−1 , by Lemma 9.1, it suffices to consider{

∂τφk = (a− ib)Lkφk + gk in D2R,

φk = 0 on ∂D2R, φk(·, τ0) = 0 in B2R(τ0).
(9.48)

Recall (9.15). Set φk(ρ, τ) = ρ|k−1|φ̃k(ρ, τ). Then{
∂τ φ̃k = (a− ib)

[
∂ρρφ̃k + (2|k − 1|+ 1)

∂ρφ̃k
ρ + −4kρ2+8−4k

(ρ2+1)2 φ̃k

]
+ gk

ρ|k−1| in D2R,

φ̃k = 0 on ∂D2R, φ̃k(·, τ0) = 0 in B2R(τ0).
(9.49)

By changing the variable, it is easy to transform (9.49) into a parabolic system in the parabolic cylinder for
which the spatial domain is independent of time. Then the existence follows by classical parabolic theory.

Applying Lemma 9.3 to (9.48), we have

‖φk(·, τ)‖L∞(B2R(τ)) . |k|
−2v(τ)R5−`(τ)‖gk‖∞v,`−2. (9.50)

In order to improve the spatial decay of φk, we reformulate the equation (9.48) into the following form{
∂τφk = (a− ib)

[
∂ρρφk +

∂ρφk
ρ − (k+1)2

ρ2 φk

]
+ g̃k in D2R,

φk = 0 on ∂D2R, φk(·, τ0) = 0 in B2R(τ0),
(9.51)

where g̃k = g̃k(ρ, τ) := (a− ib)
[
Vk + (k+1)2

ρ2

]
φk + gk = (a− ib) (4k+8)ρ2+4k

(ρ2+1)2
1
ρ2φk + gk.

Set φ∗k(y, τ) = ei(k+1)θφk(ρ, τ). Then (9.51) is equivalent to{
∂τφ∗k = (a− ib)∆R2φ∗k + ei(k+1)θ g̃k in D2R,

φ∗k = 0 on ∂D2R, φ∗k(·, τ0) = 0 in B2R(τ0).
(9.52)

(9.52) can be regarded as a real-valued parabolic system in varying time domain. Combining [19, Theorem 3.2]
and [43, Lemma 2.26 and Remark 2.27][2], there exists a fundamental solution Γ2(x, y, t, s) for the homogeneous
part of (9.52) with the estimate

|Γ2(x, y, t, s)| ≤ N (t− s)−1
e−

κ|x−y|2
t−s

and the positive constants N , κ are independent of t, s. Then by scaling argument, we have

|∇yΓ2(x, y, τ, s)| . (t− s)−
3
2 e−

κ|x−y|2
t−s . (9.53)

and φ∗k can be written as

φ∗k(y, τ) =

� τ

τ0

�
B2R(s)

Γ2(y, z, τ, s)ei(k+1)θ(z)g̃k(|z|, s)dzds (9.54)

where θ(z) = arctan( z2z1 ).

In order to utilize the special form of ei(k+1)θg̃k, we set g̃k = 0 in Dc2R and want to find P̃k(y, τ) satisfying

∆R2 P̃k(y, τ) = ei(k+1)θg̃k in R2. (9.55)

Set P̃k(y, τ) = ei(k+1)θp̃k(ρ, τ).

∂ρρp̃k +
1

ρ
∂ρp̃k −

(k + 1)2

ρ2
p̃k = g̃k.
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Set p̃k = ρ|k+1|p̃k,1(ρ, τ). It is equivalent to considering

∂ρρp̃k,1 + (2|k + 1|+ 1)
∂ρp̃k,1
ρ

= ρ−|k+1|g̃k.

p̃k,1 is given by

p̃k,1(ρ, τ) = −ρ−2|k+1|
� ρ

0

u2|k+1|−1

� ∞
u

rr−|k+1|g̃k(r, τ)drdu.

Notice
|g̃k| . 1{r≤2R(τ)}

[
|k|
(
ρ−21{ρ≤1} + ρ−41{ρ>1}

)
|φk|+ v(τ)〈ρ〉2−`‖gk‖∞v,`−2

]
.

Then

|p̃k,1| . ρ−2|k+1|
� ρ

0

u2|k+1|−1

� ∞
u

r1{r≤2R(τ)}

×
[
|k|
(
r−2−|k+1|1{r≤1} + r−4−|k+1|1{r>1}

)
|φk|+ v(τ)

(
r−|k+1|1{r≤1} + r2−`−|k+1|1{r>1}

)
‖gk‖∞v,`−2

]
drdu.

We estimate by Lemma A.1 that

ρ−2|k+1|
� ρ

0

u2|k+1|−1

� ∞
u

1{r≤2R(τ)}rv(τ)
(
r−|k+1|1{r≤1} + r2−`−|k+1|1{r>1}

)
‖gk‖∞v,`−2drdu

. C(`)v(τ)‖gk‖∞v,`−2


|k|−2

(
ρ2−|k+1|1{ρ≤1} + ρ4−`−|k+1|1{ρ>1}

)
for k ≤ −4, k ≥ 2

R(τ)
(
〈ln ρ〉1{ρ≤1} + ρ1−`1{ρ>1}

)
for k = −3

R2(τ)
(
1{ρ≤1} + ρ1−`1{ρ>1}

)
for k = −2

where for the cases k = −3,−2, we have used

1{r≤2R(τ)}r
2−`−|k+1|1{r>1} .

{
R(τ)r−1−` for k = −3

R2(τ)r−1−` for k = −2.

By (9.50) and Lemma A.1,

ρ−2|k+1|
� ρ

0

u2|k+1|−1

� ∞
u

r1{r≤2R(τ)}|k|
(
r−2−|k+1|1{r≤1} + r−4−|k+1|1{r>1}

)
|φk|drdu

. |k|−1v(τ)R5−`(τ)‖gk‖∞v,`−2


|k|−2

(
ρ−|k+1|1{ρ≤1} + ρ−2−|k+1|1{ρ>1}

)
for k ≤ −4, k ≥ 2

ρ−21{ρ≤1} + ρ−4〈ln ρ〉1{ρ>1} for k = −3

ρ−11{ρ≤1} + ρ−21{ρ>1} for k = −2.

|∂ρp̃k,1| can also be bounded by Lemma A.1 similarly. As a result, for ρ ≤ 2R(τ),

|k|−1ρ|∂ρp̃k,1|+ |p̃k,1|

. C(`)v(τ)R5−`(τ)‖gk‖∞v,`−2


|k|−2

(
ρ−|k+1|1{ρ≤1} + ρ−1−|k+1|1{ρ>1}

)
, k ≤ −4, k ≥ 2

ρ−21{ρ≤1} + ρ−31{ρ>1}, k = −3

ρ−11{ρ≤1} + ρ−21{ρ>1}, k = −2.

Notice P̃k(y, τ) = ei(k+1)θρ|k+1|p̃k,1(ρ, τ). Then∣∣∣∇P̃k∣∣∣ =

(∣∣∣∂ρP̃k∣∣∣2 + ρ−2
∣∣∣∂θP̃k∣∣∣2) 1

2

=

(∣∣∣|k + 1|ρ|k+1|−1p̃k,1 + ρ|k+1|∂ρp̃k,1

∣∣∣2 + ρ−2|k + 1|2
∣∣∣ρ|k+1|p̃k,1

∣∣∣2) 1
2

. |k + 1|ρ|k+1|−1
(
|p̃k,1|+ |k + 1|−1ρ|∂ρp̃k,1|

)
. C(`)v(τ)R5−`(τ)‖gk‖∞v,`−2


|k|−1

(
ρ−11{ρ≤1} + ρ−21{ρ>1}

)
, k ≤ −4, k ≥ 2

ρ−11{ρ≤1} + ρ−21{ρ>1}, k = −3

ρ−11{ρ≤1} + ρ−21{ρ>1}, k = −2

. |k|−1C(`)v(τ)R5−`(τ)
(
ρ−11{ρ≤1} + ρ−21{ρ>1}

)
‖gk‖∞v,`−2.

By (9.54) and (9.55), we have

φk(y, τ) = −e−i(k+1)θ

� τ

τ0

�
B2R(s)

∇zΓ2(y, z, τ, s) · ∇P̃k(z, s)dzds.
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Combining (9.53), then

|φk| .
� τ

τ0

�
B2R(s)

(t− s)−
3
2 e−

κ|y−z|2
t−s

∣∣∣∇P̃k(z, s)
∣∣∣ dzds

. |k|−1C(`)‖gk‖∞v,`−2

� τ

τ0

�
B2R(s)

(t− s)−
3
2 e−

κ|y−z|2
t−s v(s)R5−`(s)

(
|z|−21{|z|≤1} + |z|−31{|z|>1}

)
|z|dzds,

which can be estimated by similar convolution estimate in R3. By the same argument in [30, Lemma A.1], we
have

|φk| . |k|−1C(`)v(τ)R5−`(τ)|y|−1 ln(|y|+ 2)‖gk‖∞v,`−2 for 1 ≤ |y| ≤ τ 1
2 . (9.56)

Combining (9.50) and (9.56), we have

|Φk| = |φk| . |k|−1C(`)v(τ)R5−`(τ)〈y〉−1 ln(|y|+ 2)‖gk‖∞v,`−2.

Applying [17, Theorem 1.2] and scaling argument to (9.47), we have

〈y〉2|D2Φk|+ 〈y〉|DΦk|+ |Φk| . C(`)v(τ)R5−`(τ)〈y〉−1 ln(|y|+ 2)‖Gk‖∞v,`−2 in D3R/2. (9.57)

We take Ψk = (a− bW∧) (LinΦk) and manipulate (a− bW∧)Lin to (9.47). Combining (9.57), (9.46) and then
scaling argument, we conclude (9.41). Recalling Φk =

(
φk(ρ, τ)eikθ

)
C−1 and applying Lemma 9.1, we have

(Ψk)C = eikθ(a− ib)Lkφk.
�

Obviously, the Ψk given in Lemma 9.6 loses some power of R(τ) when |y| is small. We will construct a Ψk

with better estimate by another gluing procedure.

Proposition 9.2. Consider

∂τΨk = (a− bW∧) (LinΨk) +Hk in DR, Ψk(·, τ0) = 0 in BR(τ0)

where Hk =
(
hk(ρ, τ)eikθ

)
C−1 , ‖Hk‖Rv,` < ∞, 1 < ` < 3. There exists a solution Ψk = T Rk [Hk] as a linear

mapping about Hk with the following estimate

〈y〉|∇Ψk(y, τ)|+ |Ψk(y, τ)| . C(`)|k|−2v(τ)〈y〉2−`‖Hk‖Rv,`
where C(`) is given in Lemma 9.6. Moreover, Ψk ·W = 0 and e−ikθ (Ψk)C is radial in space.

Proof. Denote ‖hk‖ = ‖hk‖Rv,` and take hk = 0 in DcR. By Lemma 9.1, it is equivalent to considering

∂τψk = (a− ib)Lkψk + hk in DR. (9.58)

Set ψk(ρ, τ) = ηR0(ρ)ψi,k(ρ, τ) +ψo,k(ρ, τ), where ηR0(ρ) = η( ρ
R0

) and R0 is a large fixed constant independent

of τ0, τ , k. In order to find a solution for (9.58), it suffices to consider the following inner-outer system{
∂τψo,k = (a− ib)

[
∂ρρψo,k + 1

ρ∂ρψo,k −
(k+1)2

ρ2 ψo,k

]
+ J [ψo,k, ψi,k]1{ρ≤4R(τ)} in R2 × (τ0,∞),

ψo,k(·, τ0) = 0 in R2.
(9.59)

∂τψi,k = (a− ib)Lkψi,k +K[ψo,k] in D2R0
, ψi,k(·, τ0) = 0 in B2R(τ0) (9.60)

where

J [ψo,k, ψi,k] := (a− ib) (1− ηR0
)

[
(k + 1)2

ρ2
+ Vk(ρ)

]
ψo,k +A0[ψi,k] + (1− ηR0)hk

= (a− ib) (1− ηR0)
(4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψo,k +A0[ψi,k] + (1− ηR0)hk,

K[ψo,k] := (a− ib)
[

(k + 1)2

ρ2
+ Vk(ρ)

]
ψo,k + hk = (a− ib) (4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψo,k + hk,

A0[ψi,k] := (a− ib)
[(
∂ρρηR0

+
1

ρ
∂ρηR0

)
ψi,k + 2∂ρηR0

∂ρψi,k

]
.

Set Ψi,k(y, τ) =
(
ψi,k(ρ, τ)eikθ

)
C−1 , that is, ψi,k = e−ikθ (Ψi,k · E1 + iΨi,k · E2). By Lemma 9.1, (9.60) is

equivalent to

∂τΨi,k = (a− bW∧)LinΨi,k +
(
K[ψo,k]eikθ

)
C−1 in D2R0

, Ψi,k(·, τ0) = 0 in B2R(τ0). (9.61)



76 J. WEI, Q. ZHANG, AND Y. ZHOU

The linear theories of (9.59) and (9.61) are given by Lemma 9.4 and Lemma 9.6 respectively and we refor-
mulate (9.59) and (9.61) into the following form

ψo,k(ρ, τ) = ρ|k+1|
[
Γ\2|k+1|+2 ∗

(
|z|−|k+1|J [ψo,k, ψi,k]

)]
(ρ, τ, τ0),

Ψi,k(y, τ) = T 2R0

kr

[(
K[ψo,k]eikθ

)
C−1

]
.

(9.62)

We will solve (ψo,k,Ψi,k) for (9.62) by the contraction mapping theorem.
By Lemma 9.6,

〈y〉
∣∣∣∇T 2R0

kr

[(
hke

ikθ
)
C−1

]∣∣∣+
∣∣∣T 2R0

kr

[(
hke

ikθ
)
C−1

]∣∣∣ ≤ Diwi,k(ρ, τ)‖hk‖,

where the constant Di ≥ 1 is independent of k; for C(`) given in Lemma 9.6,

wi,k(ρ, τ) := C(`)|k|−2v(τ)R5−`
0 lnR0〈ρ〉−3.

Denote

Bi,k :=
{
F (y, τ) ∈ C1

(
B2R0

,R3
)
| F (y, τ) =

(
eikθf(ρ, τ)

)
C−1 for some radial scalar function

f(ρ, τ) and 〈y〉|∇yF (y, τ)|+ |F (y, τ)| ≤ 2Diwi,k(ρ, τ)‖hk‖
}
.

For any Ψ̃i,k ∈ Bi,k, denote ψ̃i,k = e−ikθ
(

Ψ̃i,k · E1 + iΨ̃i,k · E2

)
. We will find a solution ψo,k = ψo,k[ψ̃i,k] of

(9.59) by the contraction mapping theorem. Let us estimate J [ψo,k, ψ̃i,k] term by term. Notice∣∣∣∂ρψ̃i,k∣∣∣ =
∣∣∣e−ikθ (Ψ̃i,k · ∂ρE1 + E1 · ∂ρΨ̃i,k + iΨ̃i,k · ∂ρE2 + iE2 · ∂ρΨ̃i,k

)∣∣∣
. |Ψ̃i,k|〈ρ〉−2 + |∂ρΨ̃i,k| . DiC(`)|k|−2v(τ)R5−`

0 lnR0〈ρ〉−4‖hk‖.
Then

|A0[ψ̃i,k]| =
∣∣∣∣(∂ρρηR0

+
1

ρ
∂ρηR0

)
ψ̃i,k(ρ, τ) + 2∂ρηR0

∂ρψ̃i,k(ρ, τ)

∣∣∣∣
. DiC(`)1{R0≤ρ≤2R0}|k|

−2v(τ)R−`0 lnR0‖hk‖ . DiC(`)|k|−2R
˜̀−`
0 lnR0v(τ)〈ρ〉−˜̀‖hk‖,

where 1 < ˜̀< `.
|(1− ηR0

)hk| . 1{ρ≥R0}v(τ)〈ρ〉−`‖hk‖ . R
˜̀−`
0 v(τ)〈ρ〉−˜̀‖hk‖.

By Lemma A.2,

ρ|k+1|
∣∣∣Γ\2|k+1|+2

∣∣∣ ∗ (v(s)|z|−|k+1|〈z〉−˜̀
)

. wo,k(ρ, τ) := min

{
|k|−2v(τ)

(
ρ1{ρ≤1} + ρ2−˜̀

1
{1<ρ≤C1τ

1
2 }

)
, ρ−

˜̀
� τ

τ0

v(s)ds

}
where C1 is a constant independent of k. The spatial decay rate near ρ = 0 is restricted by the case k = −2. It
follows that∣∣∣ρ|k+1|Γ\2|k+1|+2 ∗

{
|z|−|k+1|

[
A0[ψ̃i,k] + (1− ηR0)hk

]}∣∣∣ ≤ DoDiC(`)R
(˜̀−`)/2
0 wo,k(ρ, τ)‖hk‖

where the constant Do ≥ 1 is independent of k.
Denote

Bo,k :=
{
f(ρ, τ) | |f(ρ, τ)| ≤ 2DoDiC(`)R

(˜̀−`)/2
0 wo,k(ρ, τ)‖hk‖

}
.

For any ψ̃o,k ∈ Bo,k∣∣∣∣(1− ηR0
)

(4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψ̃o,k1{ρ≤4R(τ)}

∣∣∣∣ . |k|−1DoDiC(`)R
(˜̀−`)/2
0 v(τ)〈ρ〉−2−˜̀

1{R0≤ρ≤4R(τ)}‖hk‖

. R−2
0 DoDiC(`)R

(˜̀−`)/2
0 v(τ)〈ρ〉−˜̀‖hk‖.

By the same convolution estimate above, with the small quantity R−2
0 when R0 is large,

ρ|k+1|Γ\2|k+1|+2 ∗
(
|z|−|k+1|J [ψ̃o,k, ψ̃i,k]

)
∈ Bo,k.

We can deduce the contraction mapping property by the same way.
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Now we have found a solution ψo,k = ψo,k[ψ̃i,k] ∈ Bo,k. Let us estimate the following term in D2R0 :∣∣∣∣ (4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψo,k

∣∣∣∣ . |k|(1 + ρ)−2ρ−2DoDiC(`)R
(˜̀−`)/2
0 |k|−2v(τ)

(
ρ1{ρ≤1} + ρ2−˜̀

1
{1<ρ≤C1τ

1
2 }

)
‖hk‖

. |k|−1DoDiC(`)R
(˜̀−`)/2
0 v(τ)

(
ρ−11{ρ≤1} + ρ−`1

{1<ρ≤C1τ
1
2 }

)
‖hk‖.

By Lemma 9.6,

〈y〉
∣∣∣∣∇yT 2R0

kr

{[
eikθ(a− ib) (4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψo,k

]
C−1

}∣∣∣∣+

∣∣∣∣T 2R0

kr

{[
eikθ(a− ib) (4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
ψo,k

]
C−1

}∣∣∣∣
. |k|−1DoDiR

(˜̀−`)/2
0 wi,k(ρ, τ)‖hk‖.

Since R
(˜̀−`)/2
0 provides small quantity when R0 is large, we have

T 2R0

kr

[(
eikθK[ψo,k[ψ̃i,k]]

)
C−1

]
∈ Bi,k.

The contraction property can be deduced by the same way. Thus we find a solution Ψi,k = Ψi,k[hk] ∈ Bi,k.
Finally we find a solution (ψo,k,Ψi,k) for (9.59) and (9.61).

From the construction process and the topology of Bi,k, Ψi,k[hk] = 0 if hk = 0, which deduces that Ψi,k[hk]
is a linear mapping about hk. By the similar argument, ψo,k[hk] is also a linear mapping about hk. So does ψk.

We will regard Do, Di and R0 as general constants hereafter. Reviewing the calculation process, we have

|J [ψo,k, ψi,k]|1{ρ≤4R(τ)} . C(`)v(τ)〈ρ〉−`‖hk‖.
Using (9.62) again, the upper bound of ψo,k can be improved to

|ψo,k| . C(`) min

{
|k|−2v(τ)

(
ρ1{ρ≤1} + ρ2−`1

{1<ρ≤C1τ
1
2 }

)
, ρ−`

� τ

τ0

v(s)ds

}
‖hk‖.

Combining the upper bound of ψo,k and Ψi,k, we have

|Ψk| . C(`)|k|−2v(τ)
(
R5−`

0 〈ρ〉−31{ρ≤2R0} + ρ2−`1{2R0<ρ≤2R(τ)}
)
‖hk‖ . C(`)|k|−2v(τ)〈ρ〉2−`‖hk‖

in DR. By scaling argument, the proof of proposition is concluded.
�

9.4. Mode 0.

Proposition 9.3. Consider {
∂τΨ0 = (a− bW∧) (LinΨ0) +H0 in DR,
Ψ0 = 0 on ∂DR, Ψ0(·, τ0) = 0 in BR(τ0),

where H0 = (h0(ρ, τ))C−1 , ‖H0‖Rv,` < ∞. Then there exists a linear mapping Ψ0 = T R00 [H0] with the following
estimate

|Ψ0| . ‖H0‖Rv,`v(τ)〈y〉−1


R2 lnR if ` > 1

R2(lnR)
3
2 if ` = 1

R3−` lnR if ` < 1

.

Moreover, Ψ0 ·W = 0 and (Ψ0)C is radial in space.

Proof. Denote ‖h0‖ = ‖h0‖Rv,`. In order to find a solution with the form Ψ0 = (ψ0(ρ, τ))C−1 , by Lemma 9.1, it
is equivalent to considering {

∂τψ0 = (a− ib)L0ψ0 + h0 in DR,
ψ0 = 0 on ∂DR, ψ0(·, τ0) = 0 in BR(τ0).

(9.63)

The existence of (9.63) is deduced by the same argument as (9.48). By Lemma 9.3,

‖ψ0(·, τ)‖L∞(BR) . R
2 lnRθR,`v(τ)‖h0‖.

In order to improve the spatial decay, we reformulate (9.63) into the following form{
∂τψ0 = (a− ib)

(
∂ρρψ0 + 1

ρ∂ρψ0 − 1
ρ2ψ0

)
+ h̃0 in DR,

ψ0 = 0 on ∂DR, ψ0(·, τ0) = 0 in BR(τ0),
(9.64)



78 J. WEI, Q. ZHANG, AND Y. ZHOU

where h̃0 := (a− ib) 8
(ρ2+1)2ψ0 + h0. Set ψ0 = ρψ∗0. Then (9.64) is equivalent to{

∂τψ∗0 = (a− ib)∆R4ψ∗0 + |y|−1h̃0 in DR,
ψ∗0 = 0 on ∂DR, ψ∗0(·, τ0) = 0 in BR(τ0)

(9.65)

where we abuse the symbol DR =
{

(y, τ) | y ∈ R4, |y| ≤ R(τ)
}

as the corresponding time-varying domain in

R4 and similarly ∂DR, BR(τ0). By the same argument for deducing (9.54), the fundamental solution for (9.65)
is given by Γ4(x, y, t, s) with the bound

|Γ4(x, y, t, s)| . (t− s)−2
e−

κ|x−y|2
t−s for a constant κ > 0.

Then

|ψ0| = ρ|ψ∗0| . ρ
∣∣∣Γ4 ∗ ∗

(
|z|−1|h̃0|1{|z|≤R(s)}

)∣∣∣
. R2 lnRθR,`v(τ)〈ρ〉−1‖h0‖+ ‖h0‖v(τ)

{
〈ρ〉−1 if ` > 1

(R(τ))1−`+ε〈ρ〉1−ε if ` ≤ 1

∼ ‖h0‖v(τ)〈ρ〉−1


R2 lnR if ` > 1

R2(lnR)
3
2 if ` = 1

R3−` lnR if ` < 1

(9.66)

where we used
|z|−1〈z〉−`1{|z|≤R(s)} . (R(s))1−`+ε|z|−1〈z〉−1−ε

for ` ≤ 1 with a small fixed constant ε > 0.
�

Next, we will give the linear theory with the orthogonal condition.

Lemma 9.7. Consider

∂τΨ0 = (a− bW∧) (LinΨ0) +H0 in DR, Ψ0(·, τ0) = 0 in BR(τ0)

where H0 = (h0(ρ, τ))C−1 , ‖H0‖Rv,` <∞ with 1 < ` < 3 and the orthogonal condition�
BR(τ)

h0(y, τ)Z0,1(y)dy = 0 for all τ ∈ (τ0,∞). (9.67)

Then there exists a solution Ψ0 = T R0r [H0] as a linear mapping about H0 with the following estimate

〈y〉|∇Ψ0(y, τ)|+ |Ψ0(y, τ)| . C(`)v(τ)R5−` lnR〈y〉−3‖H0‖Rv,`. (9.68)

Moreover, Ψ0 ·W = 0 and (Ψ0)C is radial in space.

Proof. This proof follows Lemma 9.6. Denote ‖h0‖ = ‖h0‖Rv,` and assume h0 = 0 in DcR. We consider

(a− bW∧) (LinG0) = H0 where G0 = (g0(ρ, τ))C−1 .

By Lemma 9.1, it is equivalent to considering

(a− ib)L0g0 = h0,

where g0 is given by

g0(ρ, τ) = (a+ ib)

(
Z0,2(ρ)

� ρ

0

h0(r, τ)Z0,1(r)rdr −Z0,1(ρ)

� ρ

0

h0(r, τ)Z0,2(r)rdr

)
.

Then under the orthogonal condition (9.67), if 1 < ` < 3, we have

‖G0‖∞v,`−2 = ‖g0‖∞v,`−2 . C(`)‖h0‖. (9.69)

Next, let us consider {
∂τΦ0 = (a− bW∧) (LinΦ0) +G0 in D2R,

Φ0 = 0 on ∂D2R, Φ0(·, τ0) = 0 in B2R(τ0).
(9.70)

By Lemma 9.3, there exists a solution Φ0 = Φ0[G0] with the form Φ0 = (φ0(ρ, τ))C−1 for some scalar function
φ0 and the estimate

|Φ0(y, τ)| . v(τ)R5−` lnR〈y〉−1‖G0‖∞v,`−2.
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Applying [17, Theorem 1.2] and scaling argument to (9.70), we have

〈y〉2|D2Φ0|+ 〈y〉|DΦ0|+ |Φ0| . v(τ)R5−` lnR〈y〉−1‖G0‖∞v,`−2 in D3R/2. (9.71)

We take Ψ0 = (a− bW∧) (LinΦ0) and manipulate (a− bW∧)Lin to (9.70). Combining (9.71), (9.69) and then
scaling argument, we conclude (9.68). Applying Lemma 9.1, we have (Ψ0)C = (a− ib)L0φ0.

�

Proposition 9.4. Consider

∂τΨ0 = (a− bW∧) (LinΨ0) +H0 + (c0(τ)η(ρ)Z0,1(ρ))C−1 in DR, Ψ0(·, τ0) = 0 in BR(τ0)

where H0 = (h0(ρ, τ))C−1 , ‖H0‖Rv,` <∞ with 1 < ` < 3. Then there exists a solution (Ψ0, c0) = (T R0 [H0], c0[H0](τ))
which is a linear mapping about H0 with the following estimate

〈y〉|∇Ψ0|+ |Ψ0| . C(`) lnR0v(τ)
(
R5−`

0 〈y〉−31{|y|≤2R0} + 〈y〉2−`1{|y|>2R0}
)
‖H0‖Rv,`,

c0[H0](τ) = −
(�

B2

η(y)Z2
0,1(y)dy

)−1 �
B2R0

h(y, τ)Z0,1(y)dy + c∗0[H0],

where R0 is given in (9.3); c∗0[H0] is a scalar function linearly depending on H0 and satisfies |c∗0[H0]| .
R−ε0 v(τ)‖H0‖Rv,` and 0 < ε < `− 1 is a small constant independent of τ0.

Proof. Denote ‖h0‖ = ‖h0‖Rv,` and take h0 = 0 in DcR. By Lemma 9.1, in order to find a solution Ψ0 with the

form Ψ0 = (ψ0(ρ, τ))C−1 , it is equivalent to considering

∂τψ0 = (a− ib)L0ψ0 + h0 + c0(τ)η(ρ)Z0,1(ρ) in DR, ψ0(·, τ0) = 0 in BR(τ0)

Set ψ0 = ηR0(ρ)ψi,0(ρ, τ) + ψo,0(ρ, τ), where ηR0(ρ) = η( ρ
R0

). In order to find a solution ψ0, it suffices to
consider the following inner-outer system{

∂τψo,0 = (a− ib)
(
∂ρρψo,0 + 1

ρ∂ρψo,0 −
1
ρ2ψo,0

)
+ J [ψo,0, ψi,0]1{ρ≤4R(τ)} in R2 × (τ0,∞),

ψo,0(·, τ0) = 0 in R2,
(9.72)

∂τψi,0 = (a− ib)L0ψi,0 +K[ψo,0] + c0(τ)η(ρ)Z0,1(ρ) in D2R0
, ψi,0(·, τ0) = 0 in B2R0(τ0) (9.73)

where

J [ψo,0, ψi,0] = (1− ηR0)
8(a− ib)ψo,0

(1 + ρ2)2
+A0[ψi,0] + (1− ηR0)h0,

K[ψo,0] =
8(a− ib)ψo,0

(1 + ρ2)2
+ h0,

A0[ψi,0] = (a− ib)
[(
∂ρρηR0 +

1

ρ
∂ρηR0

)
ψi,0 + 2∂ρηR0

∂ρψi,0

]
− ψi,0∂τηR0

.

Denote Ψi,0(y, τ) = (ψi,0)C−1 , that is, ψi,0 = Ψi,0 · E1 + iΨi,0 · E2. By Lemma 9.1, (9.73) is equivalent to

∂τΨi,0 = (a− bW∧)LinΨi,0 + (K[ψo,0] + c0(τ)η(ρ)Z0,1(ρ))C−1 in D2R0
, Ψi,0(·, τ0) = 0 in B2R0(τ0) (9.74)

In order to meet the orthogonal condition (9.67) in D2R0 , we take

c0(τ) = c0[ψo,0](τ) := C0,1

�
B2R0

K[ψo,0](y, τ)Z0,1(y)dy

= C0,1

�
B2R0

[
8(a− ib)ψo,0(y, τ)

(1 + |y|2)2
+ h0(y, τ)

]
Z0,1(y)dy

where C0,1 := −(
�
B2
η(y)Z2

0,1(y)dy)−1.

The linear theories of (9.72) and (9.74) are given by Lemma 9.4 and Lemma 9.7 respectively and we refor-
mulate (9.72) and (9.74) into the following form

ψo,0(ρ, τ) = ρ
[
Γ\4 ∗ ∗

(
|z|−1J [ψo,0, ψi,0]

)]
(ρ, τ, τ0),

Ψi,0(y, τ) = T 2R0
0r

[
(K[ψo,0] + c0[ψo,0](τ)η(ρ)Z0,1(ρ))C−1

]
.

(9.75)

We will solve this system by the contraction mapping theorem.
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Denote HI :=
[
h0 + C0,1

(�
B2R0

h0(y, τ)Z0,1(y)dy
)
η(ρ)Z0,1(ρ)

]
C−1

. It is easy to have ‖HI‖2R0

v,` . ‖h0‖.
Inspired Lemma 9.7, if (HI)C satisfies the orthogonal condition (9.67) in D2R0

, we have the following estimate

〈y〉|∇T 2R0
0r [HI ](y, τ)|+ |T 2R0

0r [HI ](y, τ)| ≤ Diwi,0(ρ, τ)‖h0‖,
where Di ≥ 1 is a constant and

wi,0(ρ, τ) := v(τ)R5−`
0 lnR0〈ρ〉−3.

Denote

Bi,0 :=
{
F (y, τ) ∈ C1

(
B2R0

,R3
)
| F (y, τ) = (f(ρ, τ))C−1 for some radial scalar function

f(ρ, τ) and 〈y〉|∇yF (y, τ)|+ |F (y, τ)| ≤ 2Diwi,0(ρ, τ)‖h0‖
}
.

For any Ψ̃i,0 ∈ Bi,0, denote ψ̃i,0 = Ψ̃i,0 · E1 + iΨ̃i,0 · E2. We will find a solution ψo,0 = ψo,0[ψ̃i,0] of (9.59) by

the contraction mapping theorem. Let us estimate J [ψo,0, ψ̃i,0] term by term. By (3.5),∣∣∣∂ρψ̃i,0∣∣∣ =
∣∣∣Ψ̃i,0 · ∂ρE1 + E1 · ∂ρΨ̃i,0 + iΨ̃i,0 · ∂ρE2 + iE2 · ∂ρΨ̃i,0

∣∣∣
. |Ψ̃i,0|〈ρ〉−2 + |∇yΨ̃i,0| . Div(τ)R5−`

0 lnR0〈ρ〉−4‖h0‖.

Then by the assumption |∂τR0| = O(R−1
0 ),

|A0[ψ̃i,0]| ≤
∣∣∣∣(∂ρρηR0

+
1

ρ
∂ρηR0

)
ψ̃i,0 + 2∂ρηR0

∂ρψ̃i,0

∣∣∣∣+ |ψ̃i,0||∂τηR0
|

. Di1{R0≤ρ≤2R0}v(τ)R−`0 lnR0‖h0‖

. DiR
˜̀−`
0 lnR0v(τ)〈ρ〉−˜̀‖h0‖,

where 1 < ˜̀< `.
|(1− ηR0)h0| . 1{ρ≥R0}v(τ)〈ρ〉−`‖h0‖ . R

˜̀−`
0 v(τ)〈ρ〉−˜̀‖h0‖.

Notice

ρ
∣∣∣Γ\4∣∣∣ ∗ ∗(v(s)|z|−1〈z〉−˜̀

) . wo,0(ρ, τ) := v(τ)〈ρ〉2−˜̀
1
{ρ≤τ

1
2 }

+ ρ−
˜̀
� τ

τ0

v(s)ds1
{ρ>τ

1
2 }
.

It follows that ∣∣∣ρΓ\4 ∗ ∗
{
|z|−1

[
A0[ψ̃i,0] + (1− ηR0

)h0

]}∣∣∣ ≤ DoDiR
˜̀−`
0 lnR0wo,0(ρ, τ)‖h0‖,

where Do ≥ 1 is a constant.
Denote

Bo,0 :=
{
f(ρ, τ) | |f(ρ, τ)| ≤ 2DoDiR

˜̀−`
0 lnR0wo,0(ρ, τ)‖h0‖

}
.

For any ψ̃o,0 ∈ Bo,0∣∣∣∣(1− ηR0)
8

(ρ2 + 1)2
ψ̃o,01{ρ≤4R(τ)}

∣∣∣∣ . DoDiR
˜̀−`
0 lnR0v(τ)〈ρ〉−2−˜̀

1{R0≤ρ≤4R(τ)}‖h0‖

. R−2
0 DoDiR

˜̀−`
0 lnR0v(τ)〈ρ〉−˜̀‖h0‖.

By the same convolution estimate above, with the small quantity R−2
0 when R0 is large,

ρΓ\4 ∗ ∗
(
|z|−1J [ψ̃o,0, ψ̃i,0]

)
∈ Bo,0.

We can deduce the contraction mapping property by the same way.
Now we have found a solution ψo,0 = ψo,0[ψ̃i,0] ∈ Bo,0. It follows that

‖8(1 + ρ2)−2ψo,0[ψ̃i,0] + C0,1

�
B2R0

8ψo,0[ψ̃i,0](y, τ)

(1 + |y|2)2
Z0,1(y)dyη(ρ)Z0,1(ρ)‖2R0

v,` . DoDiR
˜̀−`
0 lnR0‖h‖.

Due to the choice of c0(τ), hII := K[ψo,0[ψ̃i,0]] + c0[ψo,0[ψ̃i,0]](τ)η(ρ)Z0,1(ρ) satisfies the orthogonal condition
(9.67) in D2R0

. By Lemma 9.7, we have

T 2R0
0r [hII ] ∈ Bi,0

since R
˜̀−`
0 lnR0 provides small quantity when R0 is large.
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The contraction property can be deduced by the same way. Thus we find a solution Ψi,0 = Ψi,0[h0] ∈ Bi,0.
Finally we find a solution (ψo,0,Ψi,0) for (9.72) and (9.74).

From the construction process and the topology of Bi,0, Ψi,0[h0] = 0 if h0 = 0, which deduces that ψi,0[h0]
is a linear mapping about h0. By the similar argument, ψo,0[h0] and c0[h0] are also linear mappings about h0.
So does ψ0.

We will regard Do, Di as general constants hereafter. Since ψo,0[h0] ∈ Bo,0, then

c0[h0](τ) = C0,1

�
B2R0

h0(y, τ)Z0,1(y)dy + c∗0[h0].

where c∗0[h0](τ) is a linear mapping about h0 and |c∗0[h0]| . R ˜̀−`
0 lnR0v(τ)‖h0‖.

Reviewing the calculation process, we have

|J [ψo,0, ψi,0]|1{ρ≤4R(τ)} . lnR0v(τ)〈ρ〉−`‖h0‖.
Using (9.75) again, the upper bound of ψo,0 can be improved to

|ψo,0| . lnR0

(
v(τ)〈ρ〉2−`1

{ρ≤τ
1
2 }

+ ρ−`
� τ

τ0

v(s)ds1
{ρ>τ

1
2 }

)
‖h0‖.

Combining the upper bound of ψo,0 and Ψi,0, we have

|Ψ0(y, τ)| . lnR0v(τ)
(
R5−`

0 〈y〉−31{|y|≤2R0} + 〈y〉2−`1{|y|>2R0}
)
‖h0‖ in DR.

By scaling argument again, the proof of proposition is concluded.
�

9.5. Mode 1.

Proposition 9.5. Consider {
∂τΨ1 = (a− bW∧) (LinΨ1) +H1 in DR,
Ψ1 = 0 on ∂DR, Ψ1(·, τ0) = 0 in BR(τ0),

where H1 =
(
h1(ρ, τ)eiθ

)
C−1 , ‖H1‖Rv,` <∞. Then there exists a linear mapping Ψ1 = T R10 [H1] with the following

estimate
|Ψ1(y, τ)| . min{τ 1

2 , R2}R2θR,`v(τ)〈ρ〉−2‖H1‖Rv,`.
Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.

Proof. In order to find a solution Ψ1 with the form Ψ1 =
(
ψ1(ρ, τ)eiθ

)
C−1 , by Lemma 9.1, it is equivalent to

considering {
∂τψ1 = (a− ib)L1ψ1 + h1 in DR,
ψ1 = 0 on ∂DR, ψ1(·, τ0) = 0 in BR(τ0).

For brevity, denote ‖h1‖ = ‖h1‖Rv,`. By Lemma 9.3,

‖ψ1(·, τ)‖H1
0 (BR) . min{τ 1

2 , R2}R2θR,`v(τ)‖h1‖. (9.76)

In order to get the L∞ estimate, we reformulate the equation into the following form:{
∂τψ1 = (a− ib)

(
∂ρρψ1 + 1

ρ∂ρψ1

)
+ ĥ1 in DR,

ψ1 = 0 on ∂DR, ψ1(·, τ0) = 0 in BR(τ0),
(9.77)

where ĥ1 = −4ρ2+4
(ρ2+1)2ψ1 + h1. Then by [19, Corollary 6 and Remark 6],

By the similar argument for deducing (9.54), denote Γ2(x, y, t, s) as the fundamental solution of the homo-
geneous part of (9.77) with the estimate

|Γ2(x, y, t, s)| ≤ N(t− s)−1e−
κ|x−y|2
t−s

and the positive constants N , κ are independent of t, s.

ψ1(y, τ) =

�
BR(τ−1)

Γ2(y, z, τ, τ − 1)ψ1(z, τ − 1)dz +

� τ

τ−1

�
BR(s)

Γ2(y, z, τ, s)ĥ1(z, s)dzds
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Then

|
�
BR(τ−1)

Γ2(y, z, τ, τ − 1)ψ1(z, τ − 1)dz| .
�
BR(τ−1)

e−κ|y−z|
2

|ψ1(z, τ − 1)|dz . min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖

by (9.76). Since ‖ĥ1(·, τ)‖L2(BR) . min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖,∣∣∣∣∣

� τ

τ−1

�
BR(s)

Γ2(y, z, τ, s)ĥ(z, s)dzds

∣∣∣∣∣ .
� τ

τ−1

�
BR(s)

(τ − s)−1e−
κ|y−z|2
τ−s

∣∣∣ĥ1(z, s)
∣∣∣ dzds

≤
� τ

τ−1

(τ − s)−1

(�
BR(s)

e−
2κ|y−z|2
τ−s dz

) 1
2

‖ĥ1(·, s)‖L2(BR(s))ds

. min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖

� τ

τ−1

(τ − s)− 1
2 ∼ min{τ 1

2 , R2}R2θR,`v(τ)‖h1‖.

Therefore, we get

‖ψ1(·, τ)‖L∞ . min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖.

In order to get the spatial decay, we rewrite the equation into the following form:{
(a+ ib)∂τψ1 = ∂ρρψ1 + 1

ρ∂ρψ1 − 4
ρ2ψ1 + h̃1 in DR,

ψ1 = 0 on ∂DR, ψ1(·, τ0) = 0 in BR(τ0),

where h̃1 = 12ρ2+4
(ρ2+1)2

1
ρ2ψ1 + h1. By similar argument in (9.66),

|ψ1(ρ, τ)| . ρ2
∣∣∣Γ6 ∗ ∗

(
|y|−2|h̃1|1{|y|≤R(s)}

)∣∣∣ .
where

|Γ6(x, y, t, s)| . (t− s)−3
e−

κ|x−y|2
t−s for a constant κ > 0.

Since∣∣∣∣Γ6 ∗ ∗
(
|z|−2 12|z|2 + 4

(|z|2 + 1)2

1

|z|2
|ψ1(z, s)|1{|z|≤R(s)}

)∣∣∣∣ . (ρ−21{ρ≤1} + ρ−3.91{ρ>1}) min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖,

and ∣∣Γ6 ∗ ∗
(
|z|−2|h1(z, s)|1{|z|≤R(s)}

)∣∣ . v(τ)‖h1‖
(
〈ln ρ〉1{ρ≤1} +


〈ρ〉−4〈ln ρ〉 if ` ≥ 4

〈ρ〉−` if 0 < ` < 4

R−`+ε〈ρ〉−ε if ` ≤ 0

)
where we used |y|−2〈|y|〉−`1{1<|y|≤R(s)} . R−`+ε〈|y|〉−2−ε for ` ≤ 0 where the constant ε > 0 can be chosen
arbitrarily small. Then we have

|ψ1(ρ, τ)| . (1{ρ≤1} + ρ−1.91{ρ>1}) min{τ 1
2 , R2}R2θR,`v(τ)‖h1‖.

By the iteration of the above estimate, we gain

|ψ1(ρ, τ)| . min{τ 1
2 , R2}R2θR,`v(τ)〈ρ〉−2‖h1‖.

�

Lemma 9.8. Consider

∂τΨ1 = (a− bW∧) (LinΨ1) +H1 in DR, Ψ1(·, τ0) = 0 in BR(τ0)

where H1 =
(
h1(ρ, τ)eiθ

)
C−1 , ‖H1‖Rv,` <∞ with 0 < ` < 3 and the orthogonal condition�

BR(τ)

h1(y, τ)Z1,1(y)dy = 0 for all τ ≥ τ0. (9.78)

Then there exists a solution Ψ1 = T R1r [H1] which is a linear mapping about H1 with the following estimate

〈y〉|∇Ψ1(y, τ)|+ |Ψ1(y, τ)| . C(`) min{τ 1
2 , R2}R5−`v(τ)〈ρ〉−4‖H1‖Rv,` in DR.

Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.
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Proof. Denote ‖h1‖ = ‖h1‖Rv,` and set h1 = 0 in DcR. Consider

(a− bW∧) (LinG1) = H1 where G1 =
(
g1(ρ, τ)eiθ

)
C−1 .

By Lemma 9.1, it is equivalent to considering

(a− ib)L1g1 = h1,

where g1 is given by

g1(ρ, τ) = (a+ ib)

(
Z1,2(ρ)

� ρ

0

h1(r, τ)Z1,1(r)rdr −Z1,1(ρ)

� ρ

0

h1(r, τ)Z1,2(r)rdr

)
,

with the following estimate
‖g1‖∞v,`−2 . ‖h1‖ for 0 < ` < 4. (9.79)

In fact,

Z1,1(ρ)

� ρ

0

h1(r, τ)Z1,2(r)rdr . v(τ)〈ρ〉2−`‖h1‖ if ` < 4.

For ρ ≤ 1,

|Z1,2(ρ)

� ρ

0

h1(r, τ)Z1,1(r)rdr| . v(τ)‖h1‖.

For ρ ≥ 1, by the orthogonal condition (9.78),

|Z1,2(ρ)

� ρ

0

h1(r, τ)Z1,1(r)rdr| = |Z1,2(ρ)

� ∞
ρ

h1(r, τ)Z1,1(r)rdr| . v(τ)〈ρ〉2−`‖h1‖ for ` > 0.

Next, let us consider {
∂τΦ1 = (a− bW∧) (LinΦ1) +G1 in D2R,

Φ1 = 0 on ∂D2R, Φ1(·, τ0) = 0 in B2R(τ0).

Here Φ1 is given by proposition 9.5 and has the estimate

|Φ1(ρ, τ)| . min{τ 1
2 , R2}R5−`v(τ)〈ρ〉−2‖g1‖∞v,`−2

when ` < 3. Take Ψ1 = (a− bW∧) (LinΦ1). Combining scaling argument and (9.79), we have

〈y〉|∇Ψ1(y, τ)|+ |Ψ1(y, τ)| . min{τ 1
2 , R2}R5−`v(τ)〈ρ〉−4‖h1‖ in DR.

�

Proposition 9.6. Consider

∂τΨ1 = (a− bW∧) (LinΨ1) +H1 +
(
c1(τ)η(ρ)Z1,1(ρ)eiθ

)
C−1 in DR, Ψ1(·, τ0) = 0 in BR(τ0)

where H1 =
(
h1(ρ, τ)eiθ

)
C−1 , ‖H1‖Rv,` < ∞ with 1 < ` < 3. Then there exists a solution (Ψ1, c1) =

(T R1 [H1], c1[H1](τ)) which is a linear mapping about H1 with the following estimate

〈y〉|∇yΨ1(y, τ)|+ |Ψ1(y, τ)| . C(`)R0v(τ)(R6−`
0 〈ρ〉−41{ρ≤2R0} + 〈ρ〉2−`1{ρ>2R0})‖H1‖Rv,`,

c1[H1](τ) = −
(�

B2

η(y)Z2
1,1(y)dy

)−1 �
B2R0

h1(y, τ)Z1,1(y)dy + c∗1[H1](τ)

where R0 is given in (9.3); c∗1[H1] is a scalar function linearly depending on H1 and satisfies |c∗1[H1]| .
R−ε0 v(τ)‖H1‖Rv,` where 0 < ε < `− 1 is a small constant independent of τ0.

Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.

Proof. In order to find a solution Ψ1 with the form Ψ1 =
(
ψ1(ρ, τ)eiθ

)
C−1 , by Lemma 9.1, it is equivalent to

considering

∂τψ1 = (a− ib)L1ψ1 + h1 + c1(τ)η(ρ)Z1,1(ρ) in DR, ψ1(·, τ0) = 0 in BR(τ0).

Denote ‖h1‖ = ‖h1‖v,` and take h1 = 0 in DcR. Set ψ1(ρ, τ) = ηR0ψi,1(ρ, τ) + ψo,1(ρ, τ), where ηR0 = η( ρ
R0

). In
order to find a solution ψ1, it suffices to consider the following inner-outer system{

∂τψo,1 = (a− ib)
(
∂ρρψo,1 + 1

ρ∂ρψo,1 −
4
ρ2ψo,1

)
+ J [ψo,1, ψi,1]1{ρ≤4R(τ)} in R2 × (τ0,∞),

ψo,1(·, τ0) = 0 in R2.
(9.80)

∂τψi,1 = (a− ib)L1ψi,1 +K[ψo,1] + c1(τ)η(ρ)Z1,1(ρ) in D2R0
, ψi,1(·, τ0) = 0 in B2R0(τ0) (9.81)
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where

J [ψo,1, ψi,1] = (a− ib) (1− ηR0)

(
4

ρ2
+ V1(ρ)

)
ψo,1 +A0[ψi,1] + (1− ηR0)h1

= (a− ib) (1− ηR0
)

12ρ2 + 4

(ρ2 + 1)2ρ2
ψo,1 +A0[ψi,1] + (1− ηR0

)h1,

A0[ψi,1] = (a− ib)
[(
∂ρρηR0

+
1

ρ
∂ρηR0

)
ψi,1(ρ, τ) + 2∂ρηR0

∂ρψi,1(ρ, τ)

]
− ψi,1∂τηR0

,

K[ψo,1] = (a− ib)
(

4

ρ2
+ V1(ρ)

)
ψo,1 + h1 = (a− ib) 12ρ2 + 4

(ρ2 + 1)2ρ2
ψo,1 + h1.

Set Ψi,1(y, τ) =
(
eiθψi,1(ρ, τ)

)
C−1 , that is, ψi,1 = e−iθ (Ψi,1 · E1 + iΨi,1 · E2). By Lemma 9.1, (9.81) is equiva-

lent to {
∂τΨi,1 = (a− bW∧)LinΨi,1 +

[
(K[ψo,1] + c1(τ)η(ρ)Z1,1(ρ)) eiθ

]
C−1 in D2R0

,

Ψi,1(·, τ0) = 0 in B2R0(τ0)

(9.82)

In order to meet the orthogonal condition (9.78) in D2R0
, we take

c1(τ) = c1[ψo,1](τ) := C1,1

�
B2R0

[
(a− ib) 12|y|2 + 4

(|y|2 + 1)2|y|2
ψo,1(y, τ) + h1(y, τ)

]
Z1,1(y)dy

where C1,1 := −(
�
B2
η(y)Z2

1,1(y)dy)−1.

The linear theories of (9.80) and (9.82) are given by Lemma 9.4 and Lemma 9.8 respectively and we refor-
mulate (9.80) and (9.82) into the following form

ψo,1(ρ, τ) = ρ2
[
Γ\6 ∗ ∗

(
|z|−2J [ψo,1, ψi,1]

)]
(ρ, τ, τ0),

Ψi,1(y, τ) = T 2R0
1r

[[
(K[ψo,1] + c1(τ)η(ρ)Z1,1(ρ)) eiθ

]
C−1

]
.

(9.83)

We will solve (ψo,1,Ψi,1) by the contraction mapping theorem.

Denote HI :=
{[
h1 + C1,1

(�
B2R0

h(y, τ)Z1,1(y)dy
)
η(ρ)Z1,1(ρ)

]
eiθ
}
C−1

. It is easy to have ‖HI‖2R0

v,` . ‖h1‖.
Inspired Lemma 9.8, if e−iθ(HI)C satisfies the orthogonal condition (9.78) in D2R0

, we have the following
estimate

〈y〉|∇y
(
T 2R0

1r [HI ]
)

(y, τ)|+ |T 2R0
1r [HI ](y, τ)| ≤ Diwi,1(ρ, τ)‖h1‖,

where the constant Di ≥ 1.
wi,1(ρ, τ) := R7−`

0 v(τ)〈ρ〉−4.

Denote

Bi,1 :=
{
F (y, τ) ∈ C1

(
B2R0 ,R3

)
| F (y, τ) =

(
eiθf(ρ, τ)

)
C−1 for some radial scalar function

f(ρ, τ) and 〈y〉|∇yF (y, τ)|+ |F (y, τ)| ≤ 2Diwi,1(ρ, τ)‖h1‖
}
.

For any Ψ̃i,1 ∈ Bi,1, denote ψ̃i,1 = e−iθ
(

Ψ̃i,1 · E1 + iΨ̃i,1 · E2

)
. We will find a solution ψo,1 = ψo,1[Ψ̃i,1] of

(9.80) by the contraction mapping theorem.

Let us estimate J [ψo,1, ψ̃i,1] term by term. By (3.5),∣∣∣∂ρψ̃i,1∣∣∣ =
∣∣∣e−iθ (Ψ̃i,1 · ∂ρE1 + E1 · ∂ρΨ̃i,1 + iΨ̃i,1 · ∂ρE2 + iE2 · ∂ρΨ̃i,1

)∣∣∣
. |Ψ̃i,1|〈ρ〉−2 + |∇yΨ̃i,1| . DiR

7−`
0 v(τ)〈ρ〉−5‖h1‖.

Then by the assumption |∂τR0| = O(R−1
0 ),

|A0[ψ̃i,1]| ≤
∣∣∣∣(∂ρρηR0

+
1

ρ
∂ρηR0

)
ψ̃i,1(ρ, τ) + 2∂ρηR0

∂ρψ̃i,1(ρ, τ)

∣∣∣∣+ |ψi,1∂τηR0
|

. Di1{R0≤ρ≤2R0}v(τ)R1−`
0 ‖h1‖ . 1{ρ≥R0}DiR

˜̀−`
0 v(τ)〈ρ〉1−˜̀‖h1‖,

where max{1, `− 1} < ˜̀< `.

|(1− ηR0)h1| . 1{ρ≥R0}v(t)〈ρ〉−`‖h1‖ . 1{ρ≥R0}R
˜̀−`
0 v(t)〈ρ〉−˜̀‖h1‖.
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By Lemma 9.5, for 1 < ˜̀< 5,

ρ2
∣∣∣Γ\6∣∣∣ ∗ ∗(v(s)|z|−2〈z〉1−˜̀

1{|z|≥R0(s)}

)
. ρ2

∣∣∣Γ\6∣∣∣ ∗ ∗(v(s)〈z〉−1−˜̀
)

. wo,1(ρ, τ) := v(τ)ρ21{ρ≤1} + v(τ)ρ3−˜̀
1
{1<ρ≤τ

1
2 }

+ τv(τ)ρ1−˜̀
1
{ρ>τ

1
2 }
.

It follows that ∣∣∣ρ2Γ\6 ∗ ∗
[
|y|−2(A0[ψ̃i,1] + (1− ηR0)h1)

]∣∣∣ ≤ DoDiR
˜̀−`
0 (τ0)wo,1(ρ, τ)‖h1‖

where the constant Do ≥ 1. Then we denote

Bo,1 :=
{
f(ρ, τ) | |f(ρ, τ)| ≤ 2DoDiR

˜̀−`
0 (τ0)wo,1(ρ, τ)‖h1‖

}
.

For any ψ̃o,1 ∈ Bo,1,∣∣∣∣(1− ηR0
)

12ρ2 + 4

(ρ2 + 1)2ρ2
ψ̃o,11{ρ≤4R(τ)}

∣∣∣∣ . DoDiR
˜̀−`
0 v(τ)〈ρ〉−1−˜̀

1{R0≤ρ≤4R(τ)}‖h1‖

. R−2
0 DoDiR

˜̀−`
0 v(τ)〈ρ〉1−˜̀‖h1‖.

By Lemma 9.5, due to the small quantity provided by R−2
0 ,

ρ2Γ\6 ∗ ∗
(
|z|−2J [ψ̃o,1, ψ̃i,1]

)
∈ Bo,1.

We can deduce the contraction mapping property by the same way. Thus we find a solution ψo,1 = ψo,1[ψ̃i,1] ∈
Bo,1. Then in D2R0

, we have the following estimate:∣∣∣∣ 12ρ2 + 4

(ρ2 + 1)2ρ2
ψo,1

∣∣∣∣ . (1 + ρ)−2ρ−2DoDiR
˜̀−`
0 (τ0)v(τ)

(
ρ21{ρ≤1} + ρ3−˜̀

1
{1<ρ≤τ

1
2 }

)
‖h1‖

. DoDiR
˜̀−`
0 (τ0)v(τ)〈ρ〉−`‖h1‖

when ` ≤ 1 + l̃;∣∣∣∣∣C1,1

(�
B2R0

12|y|2 + 4

(|y|2 + 1)2|y|2
ψo,1[ψ̃i,1](y, τ)Z1,1(y)dy

)
η(ρ)Z1,1(ρ)

∣∣∣∣∣ . DoDiR
˜̀−`
0 (τ0)v(τ)〈ρ〉−`‖h1‖.

Due to the choice of c1(τ), hII := K[ψo,1[ψ̃i,1]]+c1[ψo,1[ψ̃i,1]](τ)η(ρ)Z1,1(ρ) satisfies the orthogonal condition
(9.78) in D2R0

. By Lemma 9.8, we have

T 2R0
1r [hII ] ∈ Bi,1

due to the small quantity provided by R
˜̀−`
0 (τ0). The contraction property can be deduced by the same way.

Thus we find a solution Ψi,1 = Ψi,1[h1] ∈ Bi,1. Finally we find a solution (ψo,1,Ψi,1) for (9.80) and (9.82).
The linear dependence on h can be achieved similarly as the higher mode case.
We will regard Do, Di as general constants hereafter. Since ψo,1[h1] ∈ Bo,1, then

c1[h1](τ) = C1,1

�
B2R0

h1(y, τ)Z1,1(y)dy + c∗1[h1]

where c∗1[h1] depends on h1 linearly and |c∗1[h1]| . R ˜̀−`
0 v(τ)‖h1‖.

Reviewing the calculation process, we have

|J [ψo,1, ψi,1]|1{ρ≤4R(τ)} . R0v(τ)〈ρ〉−`‖h1‖.
Iterating Lemma 9.5, the upper bound of ψo,1 can be improved to

|ψo,1| . R0(v(τ)〈ρ〉2−`1
{ρ≤τ

1
2 }

+ τv(τ)ρ−`1
{ρ>τ

1
2 }

)‖h1‖.

Combining the upper bound of ψo,1 and Ψi,1, we have

|Ψ1(y, τ)| . R0v(τ)
(
R6−`

0 〈ρ〉−41{ρ≤2R0} + 〈ρ〉2−`1{ρ>2R0}
)
‖h1‖ in DR.

By scaling argument, the proof of the proposition is concluded.
�
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9.6. Mode −1. Consider {
(a+ ib)∂τφn(ρ, τ) = Lnφn(ρ, τ),

φn(ρ, τ0) = g(ρ),

where τ0 ≥ 1,

Ln = ∂ρρ +
1

ρ
∂ρ −

(n− 1)2

ρ2
− 4n

ρ2 + 1
+

8

(ρ2 + 1)2
,

Assume g is a Schwartz function.
Set φn(ρ, τ) = ρ−

1
2An(ρ, τ), then {

(a+ ib)∂τAn(ρ, τ) = L̃nAn(ρ, τ),

An(ρ, τ0) = ρ
1
2 g(ρ).

where L̃n = ∂ρρ + 1
4ρ
−2 − (n−1)2

ρ2 − 4n
ρ2+1 + 8

(ρ2+1)2 .

Recall the generalized eigenfunctions Φn(ρ, ξ) with respect to −L̃n is given by

−L̃nΦn(ρ, ξ) = ξΦn(ρ, ξ).

We multiply Φn(ρ, ξ) and integrate by parts. Then{
(a+ ib)∂τ Ân(ξ, τ) = −ξÂn(ξ, τ),

Ân(ξ, τ0) =
�∞

0
ρ

1
2 g(ρ)Φn(ρ, ξ)dρ,

where Ân(ξ, τ) =
�∞

0
A−1(ρ, τ)Φn(ρ, ξ)dρ. Thus

Ân(ξ, τ) = e−(a−ib)ξτ Ân(ξ, τ0).

By the distorted Fourier transform,

An(ρ, τ) =

� ∞
0

Ân(ξ, τ)Φn(ρ, ξ)ρn(dξ)

=

� ∞
0

e−(a−ib)ξτ Ân(ξ, 0)Φn(ρ, ξ)ρn(dξ)

=

� ∞
0

e−(a−ib)ξτΦn(ρ, ξ)

� ∞
0

x
1
2 g(x)Φn(x, ξ)dxρn(dξ)

=

� ∞
0

� ∞
0

e−(a−ib)ξτΦn(ρ, ξ)Φn(x, ξ)ρn(dξ)x
1
2 g(x)dx.

By Duhamel’s principle,

φn(ρ, τ) =

� τ

τ0

� ∞
0

� ∞
0

e−(a−ib)ξ(τ−s)ρ−
1
2 Φn(ρ, ξ)Φn(x, ξ)x

1
2hn(x, s)ρn(dξ)dxds. (9.84)

For n = −1, we summarize the results in [33, Section 4.3.2].

Proposition 9.7 ( [33]). For all ρ ≥ 0, ξ ≥ 0, we have∣∣Φ−1(ρ, ξ)
∣∣ . {ρ 5

2 〈ρ〉−2 if ρ2ξ ≤ 1

ξ−
1
4 〈ξ〉−1 if ρ2ξ > 1

.

Φ−1(ρ, ξ) has the following expansion:

Φ−1(ρ, ξ) = Φ−1
0 (ρ) + ρ

1
2

∞∑
j=1

(−ρ2ξ)jΦj(ρ
2),

which converges absolutely, where Φ−1
0 (ρ) = ρ

5
2

1+ρ2 . It converges uniformly if ρξ
1
2 remains bounded. Here

Φj(u) ≥ 0 are smooth functions of u ≥ 0 satisfying

Φj(u) ≤ 1

j!

u

1 + u
, for all u ≥ 0, j ≥ 1,

and Φ1(u) ≥ c1 u
1+u for all u ≥ 0 with some absolute constant c1 > 0.
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The spectrum measure ρ−1(dξ) of −L̃−1 is absolutely continuous on ξ ≥ 0 with density

dρ−1(ξ)

dξ
∼ 〈ξ〉2.

Proposition 9.8. Consider{
(a+ ib)∂τφ−1(ρ, τ) = L−1φ−1(ρ, τ) + h(ρ, τ) in (0,∞)× (τ0,∞),

φ−1(ρ, τ0) = 0 in (0,∞).

where τ0 ≥ 1, ‖h‖∞v,` < ∞, where ` > 3
2 . Then the solution φ−1 = T−1[h], where T−1[h] is given by the linear

mapping (9.84) with n = −1, satisfies the following estimate

|φ−1(ρ, τ)| . ‖h‖∞v,`1{ρ≤τ 1
2 }


v(τ)τ1− `2 + τ−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)(ln τ)2 + τ−1 ln τ
� τ

2
τ0
2

v(s)ds if ` = 2

v(τ) ln τ + τ−1
� τ

2
τ0
2

v(s)ds if ` > 2

+ ‖h‖∞v,`1{ρ>τ 1
2 }
ρ−

1
2


v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)τ
1
4 〈ln τ〉+ τ−

3
4 〈ln τ〉

� τ
2
τ0
2

v(s)ds if ` = 2

v(τ)τ
1
4 + τ−

3
4

� τ
2
τ0
2

v(s)ds if ` > 2

.

Moreover, assuming 2 < ` < 5
2 and the orthogonality condition�

R2

h(y, τ)Z−1,1(y)dy = 0 for all τ > τ0, (9.85)

we have the following estimate

|φ−1(ρ, τ)| . ‖h‖∞v,`

v(τ)〈ρ〉2−` + τ−
`
2

� τ
2
τ0
2

v(s)ds if ρ ≤ τ 1
2

ρ−
1
2 (v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2
τ0
2

v(s)ds) if ρ > τ
1
2

.

Proof. Without loss of generality, we assume ‖h‖∞v,` = 1.
Estimate without orthogonality.

|φ−1(ρ, τ)| . ρ− 1
2

� τ

τ0

v(s)

� ∞
0

� ∞
0

e−aξ(τ−s)|Φ−1(ρ, ξ)||Φ−1(x, ξ)|x 1
2 〈x〉−`〈ξ〉2dxdξds.

First, we consider

F (ξ) :=

� ∞
0

|Φ−1(x, ξ)|x 1
2 〈x〉−`dx =

� ξ−
1
2

0

+

� ∞
ξ−

1
2

· · · := F1 + F2.

For F1,

F1 .
� ξ−

1
2

0

x
5
2 〈x〉−2x

1
2 〈x〉−`dx .



ξ
`
2−1 if ` < 2

〈ln ξ〉 if ` = 2

1 if ` > 2

for ξ ≤ 1

ξ−2 for ξ > 1

.

For F2,

F2 .
� ∞
ξ−

1
2

ξ−
1
4 〈ξ〉−1x

1
2 〈x〉−`dx .

{
ξ
`
2−1 if ξ ≤ 1

ξ−
5
4 if ξ > 1

,

where we used ` > 3
2 .

Thus

F (ξ) .



ξ
`
2−1 if ` < 2

〈ln ξ〉 if ` = 2

1 if ` > 2

for ξ ≤ 1

ξ−
5
4 for ξ > 1

.



88 J. WEI, Q. ZHANG, AND Y. ZHOU

Next, let us estimate

P (ρ, τ, s) :=

� ∞
0

e−aξ(τ−s)|Φ−1(ρ, ξ)|F (ξ)〈ξ〉2dξ =

� 1
ρ2

0

+

� ∞
1
ρ2

· · · := P1 + P2.

First, let us estimate P1,

P1 . ρ
5
2 〈ρ〉−2

� 1
ρ2

0

e−aξ(τ−s)F (ξ)〈ξ〉2dξ.

For ρ ≥ 1,

P1 . ρ
1
2

� 1
ρ2

0

e−aξ(τ−s)


ξ
`
2−1 if ` < 2

〈ln ξ〉 if ` = 2

1 if ` > 2

dξ

.



{
ρ

1
2−` if τ − s ≤ ρ2

ρ
1
2 (τ − s)− `2 if τ − s > ρ2

if ` < 2{
ρ−

3
2 〈ln ρ〉 if τ − s ≤ ρ2

ρ
1
2 (τ − s)−1〈ln(a(τ − s))〉 if τ − s > ρ2

if ` = 2{
ρ−

3
2 if τ − s ≤ ρ2

ρ
1
2 (τ − s)−1 if τ − s > ρ2

if ` > 2

by Lemma A.3.
For ρ < 1,

P1 . ρ
5
2 (

� 1

0

+

� 1
ρ2

1

)e−aξ(τ−s)F (ξ)〈ξ〉2dξ,

where

� 1

0

e−aξ(τ−s)F (ξ)〈ξ〉2dξ .



{
1 if τ − s ≤ 1

(τ − s)− `2 if τ − s > 1
for ` < 2{

1 if τ − s ≤ 1

(τ − s)−1〈ln(a(τ − s))〉 if τ − s > 1
for ` = 2{

1 if τ − s ≤ 1

(τ − s)−1 if τ − s > 1
for ` > 2

by the same estimate above.
� 1

ρ2

1

e−aξ(τ−s)F (ξ)〈ξ〉2dξ .
� 1

ρ2

1

e−aξ(τ−s)ξ
3
4 dξ ∼ (τ − s)− 7

4

� a(τ−s)
ρ2

a(τ−s)
e−zz

3
4 dz

.


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)− 7
4 if ρ2 < τ − s ≤ 1

(τ − s)− 7
4 e−

a(τ−s)
2 if τ − s > 1

.

Thus for ρ < 1,

P1 .




ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)− `2 if τ − s > 1

for ` < 2


ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1〈ln(a(τ − s))〉 if τ − s > 1

for ` = 2


ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1 if τ − s > 1

for ` > 2

.
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Next, let us estimate P2.

P2 .
� ∞

1
ρ2

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1F (ξ)〈ξ〉2dξ.

For ρ ≤ 1,

P2 .
� ∞

1
ρ2

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1ξ−

5
4 〈ξ〉2dξ ∼

� ∞
1
ρ2

e−aξ(τ−s)ξ−
1
2 dξ ∼ (τ − s)− 1

2

� ∞
a(τ−s)
ρ2

e−zz−
1
2 dz

.

{
(τ − s)− 1

2 if τ − s ≤ ρ2

(τ − s)− 1
2 e
− a(τ−s)

2ρ2 if τ − s > ρ2
.

For ρ > 1,

P2 . (

� ∞
1

+

� 1

1
ρ2

)e−aξ(τ−s)ξ−
1
4 〈ξ〉−1F (ξ)〈ξ〉2dξ.

We estimate � ∞
1

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1F (ξ)〈ξ〉2dξ .

{
(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 1
2 e−

a(τ−s)
2 if τ − s > 1

by the same reason as above.

� 1

1
ρ2

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1F (ξ)〈ξ〉2dξ

.
� 1

1
ρ2

e−aξ(τ−s)ξ−
1
4


ξ
`
2−1 if ` < 2

〈ln ξ〉 if ` = 2

1 if ` > 2

dξ

.




1 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

(τ − s) 1
4−

`
2 e
− a(τ−s)

2ρ2 if τ − s > ρ2

for ` < 2


1 if τ − s ≤ 1

(τ − s)− 3
4 〈ln(a(τ − s))〉 if 1 < τ − s ≤ ρ2

(τ − s)− 3
4 〈ln(a(τ − s))〉e−

a(τ−s)
2ρ2 if τ − s > ρ2

for ` = 2


1 if τ − s ≤ 1

(τ − s)− 3
4 if 1 < τ − s ≤ ρ2

(τ − s)− 3
4 e
− a(τ−s)

2ρ2 if τ − s > ρ2

for ` > 2

by Lemma A.3.
Thus, for ρ > 1,

P2 .




(τ − s)− 1

2 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

(τ − s) 1
4−

`
2 e
− a(τ−s)

4ρ2 if τ − s > ρ2

for ` < 2


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 3
4 〈ln(a(τ − s))〉 if 1 < τ − s ≤ ρ2

(τ − s)− 3
4 〈ln(a(τ − s))〉e−

a(τ−s)
4ρ2 if τ − s > ρ2

for ` = 2


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 3
4 if 1 < τ − s ≤ ρ2

(τ − s)− 3
4 e
− a(τ−s)

4ρ2 if τ − s > ρ2

for ` > 2

.
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In sum, for ρ ≤ 1,

P .




(τ − s)− 1

2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)− `2 if τ − s > 1

for ` < 2


(τ − s)− 1

2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1〈ln(a(τ − s))〉 if τ − s > 1

for ` = 2


(τ − s)− 1

2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1 if τ − s > 1

for ` > 2

.

For ρ > 1,

P .




(τ − s)− 1

2 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)− `2 if τ − s > ρ2

for ` < 2


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 3
4 〈ln(a(τ − s))〉 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−1〈ln(a(τ − s))〉 if τ − s > ρ2

for ` = 2


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 3
4 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−1 if τ − s > ρ2

for ` > 2

.

Now let us estimate φ−1. For ρ ≤ 1,

|φ−1(ρ, τ)| . ρ− 1
2 (

� τ

τ−ρ2
+

� τ−ρ2

τ−1

+

� τ−1

τ0
2

)v(s)P (ρ, τ, s)ds

. ρ−
1
2 [v(τ)

� τ

τ−ρ2
(τ − s)− 1

2 ds+ v(τ)ρ
5
2

� τ−ρ2

τ−1

(τ − s)− 7
4 ds

+ ρ
5
2


� τ−1
τ0
2

v(s)(τ − s)− `2 ds if ` < 2� τ−1
τ0
2

v(s)(τ − s)−1〈ln(a(τ − s))〉ds if ` = 2� τ−1
τ0
2

v(s)(τ − s)−1ds if ` > 2

]

. v(τ)ρ
1
2 + ρ2


v(τ)τ1− `2 + τ−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)(ln τ)2 + τ−1 ln τ
� τ0

2
τ0
2

v(s)ds if ` = 2

v(τ) ln τ + τ−1
� τ

2
τ0
2

v(s)ds if ` > 2

.
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For 1 < ρ ≤ ( τ2 )
1
2 ,

|φ−1(ρ, τ)| . ρ− 1
2 (

� τ

τ−1

+

� τ−1

τ−ρ2
+

� τ−ρ2

τ0
2

)v(s)P (s)ds

. ρ−
1
2 [v(τ)

� τ

τ−1

(τ − s)− 1
2 ds+ v(τ)

� τ−1

τ−ρ2


(τ − s) 1

4−
`
2 if ` < 2

(τ − s)− 3
4 〈ln(a(τ − s))〉 if ` = 2

(τ − s)− 3
4 if ` > 2

ds

+ ρ
1
2

� τ−ρ2

τ0
2

v(s)


(τ − s)− `2 if ` < 2

(τ − s)−1〈ln(a(τ − s))〉 if ` = 2

(τ − s)−1 if ` > 2

ds]

. ρ−
1
2 v(τ) + v(τ)


ρ2−` if ` < 2

〈ln ρ〉 if ` = 2

1 if ` > 2

+


v(τ)τ1− `2 + τ−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)
� τ

2

ρ2 〈ln z〉z
−1dz + τ−1 ln τ

� τ
2
τ0
2

v(s)ds if ` = 2

v(τ) ln( τ
2ρ2 ) + τ−1

� τ
2
τ0
2

v(s)ds if ` > 2

.


v(τ)τ1− `2 + τ−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)(〈ln ρ〉+
� τ

2

ρ2 〈ln z〉z
−1dz) + τ−1 ln τ

� τ
2
τ0
2

v(s)ds if ` = 2

v(τ)〈ln( τ
2ρ2 )〉+ τ−1

� τ
2
τ0
2

v(s)ds if ` > 2

.

For ( τ2 )
1
2 ≤ ρ ≤ τ 1

2 ,

|φ−1(ρ, τ)| . ρ− 1
2 (

� τ

τ−1

+

� τ−1

τ−ρ2
+

� τ−ρ2

τ0
2

)v(s)P (s)ds

. ρ−
1
2 [v(τ)

� τ

τ−1

(τ − s)− 1
2 ds+

� τ−1

τ−ρ2
v(s)


(τ − s) 1

4−
`
2 if ` < 2

(τ − s)− 3
4 〈ln(a(τ − s))〉 if ` = 2

(τ − s)− 3
4 if ` > 2

ds

+ ρ
1
2

� τ−ρ2

τ0
2

v(s)


(τ − s)− `2 if ` < 2

(τ − s)−1〈ln(a(τ − s))〉 if ` = 2

(τ − s)−1 if ` > 2

ds]

. ρ−
1
2 [v(τ) + v(τ)


τ

5
4−

`
2 if ` < 2

τ
1
4 〈ln τ〉 if ` = 2

τ
1
4 if ` > 2

+

� τ
2

τ−ρ2
v(s)ds


τ

1
4−

`
2 if ` < 2

τ−
3
4 〈ln τ〉 if ` = 2

τ−
3
4 if ` > 2

+ ρ
1
2

� τ−ρ2

τ0
2

v(s)ds


τ−

`
2 if ` < 2

τ−1〈ln τ〉 if ` = 2

τ−1 if ` > 2

]

. ρ−
1
2 [v(τ)


τ

5
4−

`
2 if ` < 2

τ
1
4 〈ln τ〉 if ` = 2

τ
1
4 if ` > 2

+

� τ
2

τ0
2

v(s)ds


τ

1
4−

`
2 if ` < 2

τ−
3
4 〈ln τ〉 if ` = 2

τ−
3
4 if ` > 2

]

∼


τ1− `2 v(τ) + τ−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

〈ln τ〉v(τ) + τ−1〈ln τ〉
� τ

2
τ0
2

v(s)ds if ` = 2

v(τ) + τ−1
� τ

2
τ0
2

v(s)ds if ` > 2

.
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For ρ ≥ τ 1
2 ,

|φ−1(ρ, τ)| . ρ− 1
2 (

� τ

τ−1

+

� τ−1

τ0
2

)v(s)P (s)ds

. ρ−
1
2 v(τ)

� τ

τ−1

(τ − s)− 1
2 ds+ ρ−

1
2

� τ−1

τ0
2

v(s)


(τ − s) 1

4−
`
2 if ` < 2

(τ − s)− 3
4 〈ln(a(τ − s))〉 if ` = 2

(τ − s)− 3
4 if ` > 2

ds

. v(τ)ρ−
1
2 + ρ−

1
2


v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)τ
1
4 〈ln τ〉+ τ−

3
4 〈ln τ〉

� τ
2
τ0
2

v(s)ds if ` = 2

v(τ)τ
1
4 + τ−

3
4

� τ
2
τ0
2

v(s)ds if ` > 2

. ρ−
1
2


v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2
τ0
2

v(s)ds if ` < 2

v(τ)τ
1
4 〈ln τ〉+ τ−

3
4 〈ln τ〉

� τ
2
τ0
2

v(s)ds if ` = 2

v(τ)τ
1
4 + τ−

3
4

� τ
2
τ0
2

v(s)ds if ` > 2

.

Estimate with orthogonality.
For one part,

ρ−
1
2 |
� τ

τ−1

� ∞
0

� ∞
0

e−(a−ib)ξ(τ−s)Φ−1(ρ, ξ)Φ−1(x, ξ)x
1
2h(x, s)ρ−1(dξ)dxds| . v(τ)(ρ

1
2 1{ρ≤1} + ρ−

1
2 1{ρ>1}).

(9.86)
For the other part,

φ̃−1 := ρ−
1
2 |
� τ−1

τ0

� ∞
0

� ∞
0

e−(a−ib)ξ(τ−s)Φ−1(ρ, ξ)Φ−1(x, ξ)x
1
2h(x, s)ρ−1(dξ)dxds|.

By the orthogonal condition (9.85), we have

F (ξ, s) := |
� ∞

0

Φ−1(x, ξ)x
1
2h(x, s)dx| = |(

� ξ−
1
2

0

+

� ∞
ξ−

1
2

)(Φ−1(x, ξ)− x
5
2

1 + x2
)x

1
2h(x, s)dx|

Firstly, by proposition 9.7, we have

|
� ξ−

1
2

0

(Φ−1(x, ξ)− x
5
2

1 + x2
)x

1
2h(x, s)dx| . v(s)

� ξ−
1
2

0

x
5
2

1 + x2
x2ξx

1
2 〈x〉−`dx . v(s)

{
ξ
`
2−1 if ξ ≤ 1

ξ−2 if ξ ≥ 1

when ` < 4.
Secondly,

|
� ∞
ξ−

1
2

Φ−1(x, ξ)x
1
2h(x, s)dx| . v(s)ξ−

1
4 〈ξ〉−1

� ∞
ξ−

1
2

x
1
2 〈x〉−`dx ∼ v(s)

{
ξ
`
2−1 if ξ ≤ 1

ξ−
5
4 if ξ ≥ 1

where we require ` > 3
2 to guarantee the integrability.

Thirdly, by (9.85), � ∞
ξ−

1
2

x
5
2

1 + x2
x

1
2h(x, s)dx = −

� ξ−
1
2

0

x
5
2

1 + x2
x

1
2h(x, s)dx,

where we require ` > 2. Then we have∣∣∣∣∣
� ∞
ξ−

1
2

x
5
2

1 + x2
x

1
2h(x, s)dx

∣∣∣∣∣ . v(s)

{
ξ
`
2−1 if ξ ≤ 1

ξ−2 if ξ ≥ 1
.

Thus
F (ξ, s) . v(s)(ξ

`
2−11{ξ≤1} + ξ−

5
4 1{ξ>1}).

Next, let us estimate

P (ρ, τ, s) :=

� ∞
0

e−aξ(τ−s)|Φ−1(ρ, ξ)|F (ξ, s)〈ξ〉2dξ =

� 1
ρ2

0

+

� ∞
1
ρ2

· · · := P1 + P2.
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Let us estimate P1. For ρ ≥ 1,

P1 . v(s)

� 1
ρ2

0

e−aξ(τ−s)ρ
5
2 〈ρ〉−2ξ

`
2−1〈ξ〉2dξ ∼ v(s)ρ

1
2

� 1
ρ2

0

e−aξ(τ−s)ξ
`
2−1dξ

. v(s)

{
ρ

1
2−` if τ − s ≤ ρ2

ρ
1
2 (τ − s)− `2 if τ − s > ρ2

by Lemma A.3.
For ρ < 1,

P1 .
� 1

ρ2

0

e−aξ(τ−s)ρ
5
2 〈ρ〉−2F (ξ, s)〈ξ〉2dξ

∼ ρ
5
2 (

� 1

0

+

� 1
ρ2

1

)e−aξ(τ−s)F (ξ, s)〈ξ〉2dξ

. v(s)ρ
5
2 (

� 1

0

e−aξ(τ−s)ξ
`
2−1dξ +

� 1
ρ2

1

e−aξ(τ−s)ξ
3
4 dξ)

. v(s)ρ
5
2


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)− 7
4 if ρ2 < τ − s ≤ 1

(τ − s)− `2 if τ − s > 1

since � 1

0

e−aξ(τ−s)ξ
`
2−1dξ .

{
1 if τ − s ≤ 1

(τ − s)− `2 if τ − s > 1

by Lemma A.3 and

� 1
ρ2

1

e−aξ(τ−s)ξ
3
4 dξ ∼ (τ − s)− 7

4

� a(τ−s)
ρ2

a(τ−s)
e−zz

3
4 dz ∼


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)− 7
4 if ρ2 < τ − s ≤ 1

(τ − s)− 7
4 e−

a(τ−s)
2 if τ − s > 1

.

Next, we will estimate P2. For ρ ≤ 1,

P2 . v(s)

� ∞
1
ρ2

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1ξ−

5
4 〈ξ〉2dξ ∼ v(s)

� ∞
1
ρ2

e−aξ(τ−s)ξ−
1
2 dξ

∼ v(s)(τ − s)− 1
2

� ∞
a(τ−s)
ρ2

e−zz−
1
2 dz .

{
v(s)(τ − s)− 1

2 if τ − s ≤ ρ2

v(s)(τ − s)− 1
2 e
− a(τ−s)

2ρ2 if τ − s > ρ2
.

For ρ > 1,

P2 .
� ∞

1
ρ2

e−aξ(τ−s)ξ−
1
4 〈ξ〉−1F (ξ, s)〈ξ〉2dξ =

� 1

1
ρ2

+

� ∞
1

· · ·

. v(s)(

� 1

1
ρ2

e−aξ(τ−s)ξ
`
2−

5
4 dξ +

� ∞
1

e−aξ(τ−s)ξ−
1
2 dξ)

. v(s)


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

(τ − s) 1
4−

`
2 e
− a(τ−s)

4ρ2 if τ − s > ρ2

since � ∞
1

e−aξ(τ−s)ξ−
1
2 dξ .

{
(τ − s)− 1

2 if τ − s ≤ 1

(τ − s)− 1
2 e−

a(τ−s)
2 if τ − s > 1

,

and

� 1

1
ρ2

e−aξ(τ−s)ξ
`
2−

5
4 dξ .


1 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

(τ − s) 1
4−

`
2 e
− a(τ−s)

2ρ2 if τ − s > ρ2

by Lemma A.3.



94 J. WEI, Q. ZHANG, AND Y. ZHOU

In sum, for ρ ≤ 1,

P (ρ, τ, s) .


v(s)(τ − s)− 1

2 if τ − s ≤ ρ2

v(s)ρ
5
2 (τ − s)− 7

4 if ρ2 < τ − s ≤ 1

v(s)ρ
5
2 (τ − s)− `2 if τ − s > 1

.

For ρ > 1,

P (ρ, τ, s) . v(s)


(τ − s)− 1

2 if τ − s ≤ 1

(τ − s) 1
4−

`
2 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)− `2 if τ − s > ρ2

.

Finally, we will estimate φ̃−1. Obviously,

φ̃−1 . ρ
− 1

2

� τ−1

τ0
2

P (τ, s, ρ)ds.

For ρ ≤ 1,

φ̃−1 . ρ
− 1

2

� τ−1

τ0
2

v(s)ρ
5
2 (τ − s)− `2 ds . ρ2(v(τ) + τ−

`
2

� τ
2

τ0
2

v(s)ds).

For 1 < ρ ≤ ( τ2 )
1
2 ,

φ̃−1 . ρ−
1
2 (

� τ−1

τ−ρ2
+

� τ−ρ2

τ0
2

)P (τ, s, ρ)ds

. ρ−
1
2 (v(τ)

� τ−1

τ−ρ2
(τ − s) 1

4−
`
2 ds+ (

� τ−ρ2

τ
2

+

� τ
2

τ0
2

)v(s)ρ
1
2 (τ − s)− `2 ds)

. v(τ)ρ2−` + τ−
`
2

� τ
2

τ0
2

v(s)ds

where we used ` < 5
2 .

For ( τ2 )
1
2 < ρ ≤ τ 1

2 ,

φ̃−1 . ρ−
1
2 (

� τ−1

τ−ρ2
+

� τ−ρ2

τ0
2

)P (τ, s, ρ)ds

. ρ−
1
2 (

� τ−1

τ−ρ2
v(s)(τ − s) 1

4−
`
2 ds+

� τ−ρ2

τ0
2

v(s)ρ
1
2 (τ − s)− `2 ds)

. ρ−
1
2 (v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2

τ−ρ2
v(s)ds+ ρ

1
2 τ−

`
2

� τ−ρ2

τ0
2

v(s)ds)

∼ v(τ)ρ2−` + τ−
`
2

� τ
2

τ0
2

v(s)ds

where we used ` < 5
2 .

For ρ > τ
1
2 ,

φ̃−1 . ρ
− 1

2

� τ−1

τ0
2

v(s)(τ − s) 1
4−

`
2 ds . ρ−

1
2 (v(τ)τ

5
4−

`
2 + τ

1
4−

`
2

� τ
2

τ0
2

v(s)ds)

where we used ` < 5
2 .

Combining (9.86), we conclude the estimate.
�
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Appendix A. Some useful estimates

Lemma A.1. Consider
−∆u = f(x) in Rn,

where n ≥ 3, f(x) = f(|x|) is radial with the upper bound |f(x)| . |x|−l11{|x|≤1} + |x|−l1{|x|>1}, l1 < n, l > 2.
u is given by

u(x) =
1

(n− 2)|Sn−1|

�
Rn
|x− y|2−nf(y)dy,

where |Sn−1| is the volume of the unit sphere Sn−1. Then

u(x) = u(|x|) = |x|2−n
� |x|

0

an−3

� ∞
a

bf(b)dbda.

∂|x|u = −|x|1−n
� |x|

0

f(a)an−1da.

Moreover,

|∂|x|u| .
|x|1−l1
n− l1

1{|x|≤1} +

(
|x|1−n

n− l1
+
|x|1−l

n− l

)
1{|x|>1}. (A.1)

Specially, if f(x) = |x|−l11{|x|≤1} + |x|−l1{|x|>1}, then for |x| ≤ 1,

u(x) =
1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) −
|x|2−l1

(2−l1)(n−l1) if l1 < 2
− ln |x|
n−2 + 1

(n−2)2 if l1 = 2
|x|2−l1

(l1−2)(n−l1) −
1

(l1−2)(n−2) if 2 < l1 < n

,

for |x| ≥ 1,

u(x) =
|x|2−n

n− 2
(

1

l − 2
+

1

n− l1
) +


|x|2−l−|x|2−n

(l−2)(n−l) if 2 < l < n
|x|2−n ln |x|

n−2 if l = n
|x|2−n−|x|2−l

(l−2)(l−n) if l > n

=


|x|2−l

(l−2)(n−l) + |x|2−n
(n−2)(n−l1) −

|x|2−n
(n−2)(n−l) if 2 < l < n

|x|2−n ln |x|
n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1 ) if l = n
|x|2−n

(n−2)(l−n) + |x|2−n
(n−2)(n−l1) −

|x|2−l
(l−2)(l−n) if l > n

=


|x|2−l

(l−2)(n−l) + (l1−l)|x|2−n
(n−2)(n−l1)(n−l) if 2 < l < n

|x|2−n ln |x|
n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1 ) if l = n
(l−l1)|x|2−n

(n−2)(n−l1)(l−n) −
|x|2−l

(l−2)(l−n) if l > n

.

Roughly speaking, for |x| ≤ 1,

u(x) ≤ 1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) if l1 < 2
− ln |x|
n−2 + 1

(n−2)2 if l1 = 2
|x|2−l1

(l1−2)(n−l1) if 2 < l1 < n;

for |x| ≥ 1,

u(x) ≤ |x|
2−n

n− 2

(
1

l − 2
+

1

n− l1

)
+


|x|2−l

(l−2)(n−l) if 2 < l < n
|x|2−n ln |x|

n−2 if l = n
|x|2−n

(l−2)(l−n) if l > n,

u(x) ≥


|x|2−l

(l−2)(n−2) + |x|2−n
(n−2)(n−l1) if 2 < l < n

|x|2−n ln |x|
n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1 ) if l = n
|x|2−n

(l−2)(n−2) + |x|2−n
(n−2)(n−l1) if l > n.
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Proof. It is easy to see that u is radial. By the removable singularity theorem for harmonic function (It is used
for the case 2 ≤ l1 < n) and maximum principle, we have

u(x) = u(|x|) = |x|2−n
� |x|

0

an−3

� ∞
a

bf(b)dbda.

Denote r = |x|. It is straightforward to have

∂ru = (2− n)r1−n
� r

0

an−3

� ∞
a

bf(b)dbda+ r−1

� ∞
r

bf(b)db = −r1−n
� r

0

f(a)an−1da.

for |f(x)| . |x|−l11{|x|≤1} + |x|−l1{|x|>1}, l1 < n, l > 2.
For r ≤ 1, ∣∣∣∣� r

0

f(a)an−1da

∣∣∣∣ . rn−l1

n− l1
.

For r > 1, ∣∣∣∣� r

0

f(a)an−1da

∣∣∣∣ =

∣∣∣∣(� 1

0

+

� r

1

)
f(a)an−1da

∣∣∣∣ . 1

n− l1
+
rn−l

n− l
.

Thus we have (A.1).
Hereafter, we assume f(r) = r−l11{r≤1} + r−l1{r>1}. For a ≥ 1,� ∞

a

bf(b)db =

� ∞
a

b1−ldb =
a2−l

l − 2
,

where l > 2 is required to ensure the integrability here.
For a ≤ 1,

� ∞
a

bf(b)db =

� ∞
1

b1−ldb+

� 1

a

b1−l1db =
1

l − 2
+


1

2−l1 (1− a2−l1) if l1 < 2

− ln a if l1 = 2
1

l1−2 (a2−l1 − 1) if l1 > 2

.

For r ≤ 1, � r

0

an−3

� ∞
a

bf(b)dbda

=

� r

0

1

l − 2
an−3 + an−3


1

2−l1 (1− a2−l1) if l1 < 2

− ln a if l1 = 2
1

l1−2 (a2−l1 − 1) if l1 > 2

da

=
rn−2

(l − 2)(n− 2)
+


rn−2

(2−l1)(n−2) −
rn−l1

(2−l1)(n−l1) if l1 < 2
rn−2(− ln r)

n−2 + rn−2

(n−2)2 if l1 = 2
rn−l1

(l1−2)(n−l1) −
rn−2

(l1−2)(n−2) if 2 < l1 < n

,

where we require l1 < n to guarantee the integrability.
For r ≥ 1, since

� r

1

an−3

� ∞
a

bf(b)dbda =

� r

1

an−1−l

l − 2
da =


rn−l−1

(l−2)(n−l) if 2 < l < n
ln r
n−2 if l = n

1−rn−l
(l−2)(l−n) if l > n

,
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then � r

0

an−3

� ∞
a

bf(b)dbda

= (

� 1

0

+

� r

1

)an−3

� ∞
a

bf(b)dbda

=
1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) −
1

(2−l1)(n−l1) if l1 < 2
1

(n−2)2 if l1 = 2
1

(l1−2)(n−l1) −
1

(l1−2)(n−2) if 2 < l1 < n

+


rn−l−1

(l−2)(n−l) if 2 < l < n
ln r
n−2 if l = n

1−rn−l
(l−2)(l−n) if l > n

=
1

n− 2
(

1

l − 2
+

1

n− l1
) +


rn−l−1

(l−2)(n−l) if 2 < l < n
ln r
n−2 if l = n

1−rn−l
(l−2)(l−n) if l > n.

�

Lemma A.2. Consider {
∂tu = ∆u+ f(x, t) in Rn × (t0,∞)

u(·, t0) = 0 in Rn

where n > 4, |f(x, t)| ≤ Cfv(t)(|x|−l11{|x|≤1} + |x|−l1{|x|>1}), l1 < n, l > 2. u is given by

u(x, t) =

� t

t0

�
Rn

(4π(t− s))−n2 e−
|x−y|2
4(t−s) f(y, s)dyds.

Suppose that 0 < v(t) ∈ C1(t0,∞), then for 2 < l ≤ n− 2, l1 ≤ l, v′(t) ≥ 0, we have

u(r, t) ≤ Cf min

{
2v(t)g(r), 2r−l

� t

t0

v(s)ds

}
in Rn × (t0,∞);

for 2 < l ≤ n − 2, 0 ≤ l1 ≤ l, v′(t) < 0, −(v(t))−1v′(t) ≤ Cvt
−1, (v(t))−1

� t
t0
v(s)ds ≤ Cvt, t0 ≥

2Cv max{C1(n, l), C2(n, l1, l)}, we have

u(r, t) ≤ Cf min

{
max

{
2, 4(Cv)

2n− 2

n− l

}
v(t)g(r)1

{r≤(2CvC1(n,l))−
1
2 t

1
2 }
, 2r−l

� t

t0

v(s)ds

}
.

where

C1(n, l) :=
1

(l − 2)(n− l)
,

C2(n, l1, l) :=
1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) if l1 < 2
1

n−2 + 1
(n−2)2 if l1 = 2

1
(l1−2)(n−l1) if 2 < l1 < n

.

−∆g = r−l11{r≤1} + r−l1{r>1} is given by Lemma A.1.

Proof. Since

|u(x, t)| ≤ Cf
� t

t0

�
Rn

[4π(t− s)]−
n
2 e−

|x−y|2
4(t−s) v(s)

(
|y|−l11{|y|≤1} + |y|−l1{|y|>1}

)
dyds,

without loss of generality, we only need to consider the case f(x, t) = v(t)(|x|−l11{|x|≤1} + |x|−l1{|x|>1}). With
this radial right hand side, it is ready to get that u(x, t) = u(|x|, t) is radial about the spatial variable.
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Denote r = |x|, Lg = ∆g − ∂tg + v(t)(r−l11{r≤1} + r−l1{r>1}). First we want to find a supersolution

φ1(r, t) = D1r
−l � t

t0
v(s)ds with D1 ≥ 2 in Rn. Since ∆(r−l) = l(l + 2− n)r−l−2, then

Lφ1 = D1l(l + 2− n)r−l−2

� t

t0

v(s)ds−D1r
−lv(t) + v(t)

(
r−l11{r≤1} + r−l1{r>1}

)
≤ D1l(l + 2− n)r−l−2

� t

t0

v(s)ds− D1

2
r−lv(t),

when l1 ≤ l. Take D1 = 2. If 0 ≤ l ≤ n− 2, then Lφ1 ≤ 0 in Rn × (t0,∞). It follows

u(r, t) ≤ 2r−l
� t

t0

v(s)ds in Rn × (t0,∞).

Next, we want to improve the estimate of u in the region |x| . t 1
2 . Set −∆g = r−l11{r≤1}+r−l1{r>1}, where

g > 0 is given by Lemma A.1. For r ≥ 1, l1 ≤ l, we have

g(r) ≤ C1(n, l)r2−l, C1(n, l) :=
1

(l − 2)(n− l)
.

For r ≤ 1,

g(r) ≤ C2(n, l1, l)


1 if l1 < 2

1− ln r if l1 = 2

r2−l1 if 2 < l1 < n

where

C2(n, l1, l) :=
1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) if l1 < 2
1

n−2 + 1
(n−2)2 if l1 = 2

1
(l1−2)(n−l1) if 2 < l1 < n

.

Set φ2 = D2v(t)g(r) with D2 ≥ 2. Then

Lφ2 = −D2v(t)(r−l11{r≤1} + r−l1{r>1})−D2v
′(t)g(r) + v(t)(r−l11{r≤1} + r−l1{r>1})

≤ − D2

2
v(t)(r−l11{r≤1} + r−l1{r>1})−D2v

′(t)g(r)

= D2g(r)v(t)

[
− 1

2g(r)
(r−l11{r≤1} + r−l1{r>1})−

v′(t)

v(t)

]
.

If v′(t) ≥ 0, then Lφ2 ≤ 0 in Rn × (t0,∞). Take D2 = 2. Then

u(r, t) ≤ 2v(t)g(r) in Rn × (t0,∞).

Thus for 2 < l ≤ n− 2, l1 ≤ l, v′(t) ≥ 0, we have

u(r, t) ≤ min{2v(t)g(r), 2r−l
� t

t0

v(s)ds} in Rn × (t0,∞).

For v′(t) < 0, we assume −v
′(t)
v(t) ≤ Cvt

−1. Then, for r > 1, r−l

2g(r) ≥ (2C1(n, l))−1r−2. So in r ≤ r0 :=

(2CvC1(n, l))−
1
2 t

1
2 ,

− r−l

2g(r)
− v′(t)

v(t)
≤ −(2C1(n, l))−1r−2 + Cvt

−1 = (2C1(n, l))−1r−2(−1 + 2C1(n, l)Cvr
2t−1) ≤ 0.

For r ≤ 1, when l1 ≥ 0, t0 ≥ 2CvC2(n, l1, l), we have

− r−l1

2g(r)
− v′(t)

v(t)
≤ −(2C2(n, l1, l))

−1 + Cvt
−1 ≤ 0.

We still need to find D2 to guarantee φ2(r0, t) ≥ u(r0, t). It suffices to ensure φ2(r0, t) ≥ φ1(r0, t). That is

D2r
l
0g(r0) ≥ 2(v(t))−1

� t
t0
v(s)ds.

By Lemma A.1, we know

g(r) ≥ r2−l

(l − 2)(n− 2)
in r ≥ 1.
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Since (v(t))−1
� t
t0
v(s)ds ≤ Cvt, when t0 ≥ 2CvC1(n, l), i.e. r0 ≥ 1, it suffices to ensure

D2r
l
0

r2−l
0

(l − 2)(n− 2)
≥ 2Cvt.

That is
D2 ≥ 4(C(v))2(l − 2)(n− 2)C1(n, l) = 4(Cv)

2(n− l)−1(n− 2).

Take D2 = max{2, 4(Cv)
2(n− l)−1(n− 2)}. So φ2 is a supersolution of u in r ≤ (2CvC1(n, l))−

1
2 t

1
2 .

Thus for 2 < l ≤ n − 2, 0 ≤ l1 ≤ l, v′(t) < 0, −(v(t))−1v′(t) ≤ Cvt
−1, (v(t))−1

� t
t0
v(s)ds ≤ Cvt, t0 ≥

2Cv max{C1(n, l), C2(n, l1, l)},

u(r, t) ≤ min

{
max

{
2, 4(Cv)

2n− 2

n− l

}
v(t)g(r)1

{r≤(2CvC1(n,l))−
1
2 t

1
2 }
, 2r−l

� t

t0

v(s)ds

}
.

�

Lemma A.3. Assume
� 1

0
xa〈lnx〉bdx < ∞, that is, a, b satisfy either a > −1 or a = −1 and b < −1. For

0 ≤ x0 ≤ x1 ≤ 1
2 , we have

� x1

x0

e−λxxa(− lnx)bdx .



{
xa+1

1 (− lnx1)b if a > −1

(− lnx1)b+1 − (− lnx0)b+1 if a = −1, b < −1
for 0 ≤ λ ≤ x−1

1

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)b+1 if a = −1, b < −1
for x−1

1 ≤ λ ≤ x−1
0

(lnλ)b

λa+1 e
− x0λ2 for λ ≥ x−1

0

.

(A.2)
Specially, for a constant C∗ > 0, 0 ≤ x0 ≤ c1 where c1 = min{ 1

2 , C∗}, we have

� C∗

x0

e−λxxa〈lnx〉bdx .


1 for 0 ≤ λ ≤ 2

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)b+1 if a = −1, b < −1
for 2 ≤ λ ≤ x−1

0

(lnλ)b

λa+1 e
− x0λ2 for λ ≥ x−1

0

.

For x0 = 0,

� C∗

0

e−λxxa〈lnx〉bdx .


1 for 0 ≤ λ ≤ 2{

(lnλ)b

λa+1 if a > −1

(lnλ)b+1 if a = −1, b < −1
for 2 ≤ λ <∞

.

Proof. For 0 ≤ λ ≤ x−1
1 , � x1

x0

e−λxxa(− lnx)bdx ∼
� x1

x0

xa(− lnx)bdx

.

{
xa+1

1 (− lnx1)b if a > −1

(− lnx1)b+1 − (− lnx0)b+1 if a = −1, b < −1
.

(A.3)

For λ ≥ x−1
0 , � x1

x0

e−λxxa(− lnx)bdx =
1

λa+1

� x1λ

x0λ

e−zza(lnλ− ln z)bdz

.

{
(lnλ)b

λa+1 e
− x0λ2 if x−1

0 ≤ λ ≤ x−2
0

1
λa+1 e

− 3x0λ
4 if λ ≥ x−2

0

.
(lnλ)b

λa+1
e−

x0λ
2 .

(A.4)

In order to get the first ”.”, one needs the following estimate.

If x1λ ≤ λ
1
2 , that is λ ≤ x−2

1 ,

1

λa+1

� x1λ

x0λ

e−zza(lnλ− ln z)bdz ∼ (lnλ)b

λa+1

� x1λ

x0λ

e−zzadz .
(lnλ)b

λa+1
e−

x0λ
2 . (A.5)
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If x0λ ≥ λ
1
2 , that is λ ≥ x−2

0 ,

1

λa+1

� x1λ

x0λ

e−zza(lnλ− ln z)bdz .
1

λa+1
e−

3x0λ
4 , (A.6)

since − lnx1 ≤ lnλ− ln z ≤ lnλ− ln(x0λ) ≤ lnλ
2 ,

za .

{
1 if a ≤ 0

λa if a > 0
, (lnλ− ln z)b .

{
1 if b ≤ 0

(lnλ)b if b > 0
.

If x0λ ≤ λ
1
2 ≤ x1λ, that is x−2

1 ≤ λ ≤ x−2
0 ,

1

λa+1

� x1λ

x0λ

e−zza(lnλ− ln z)bdz .
(lnλ)b

λa+1
e−

x0λ
2 ,

since by (A.5),

1

λa+1

� λ
1
2

x0λ

e−zza(lnλ− ln z)bdz .
(lnλ)b

λa+1
e−

x0λ
2 ,

and by (A.6),

1

λa+1

� x1λ

λ
1
2

e−zza(lnλ− ln z)bdz .
1

λa+1
e−

3λ
1
2

4 .

With the restriction x−1
0 ≤ λ ≤ x−2

0 , one has 1
λa+1 e

− 3λ
1
2

4 . (lnλ)b

λa+1 e
− x0λ2 .

For x−1
1 ≤ λ ≤ x−1

0 , we have
� x1

x0

e−λxxa(− lnx)bdx .
(lnλ)b

λa+1
+

{
0 if a > −1

(lnλ)b+1 − (− lnx0)b+1 if a = −1, b < −1
.

Indeed, by (A.3),
� 1

λ

x0

e−λxxa(− lnx)bdx .

{
(lnλ)b

λa+1 if a > −1

(lnλ)1+b − (− lnx0)1+b if a = −1, b < −1
,

and by (A.4), � x1

1
λ

e−λxxa(− lnx)bdx .
(lnλ)b

λa+1
.

This complete the proof of general case (A.2).
For the special cases, if C∗ ≤ 1

2 , by (A.2),

� C∗

x0

e−λxxa〈lnx〉bdx .


1 for 0 ≤ λ ≤ C−1

∗

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)b+1 if a = −1, b < −1
for C−1

∗ ≤ λ ≤ x−1
0

(lnλ)b

λa+1 e
− x0λ2 for λ ≥ x−1

0

.


1 for 0 ≤ λ ≤ 2

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)b+1 if a = −1, b < −1
for 2 ≤ λ ≤ x−1

0

(lnλ)b

λa+1 e
− x0λ2 for λ ≥ x−1

0

.

If C∗ ≥ 1
2 , � C∗

x0

e−λxxa〈lnx〉bdx = (

� 1
2

x0

+

� C∗

1
2

)e−λxxa〈lnx〉bdx.

The first part can be estimated by the same way as above. For the second part,� C∗

1
2

e−λxxa〈lnx〉bdx . e−λ2 .

This concludes the proof.
�
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Appendix B. Convolution estimates in finite time

B.1. Preliminary. For s ≤ t and t ≤ t∗ ≤ T ,
T−s

2 ≤ t− s ≤ T − s for s ≤ t− (T − t)
T − t ≤ T − s ≤ 2(T − t) for s ≥ t− (T − t)
t∗−s

2 ≤ t− s ≤ t∗ − s for s ≤ t− (t∗ − t)
t∗ − t ≤ t∗ − s ≤ 2(t∗ − t) for s ≥ t− (t∗ − t).

(B.1)

For any x ∈ Rd, p > 0, b ≥ 0 and L > 0, 0 ≤ L1 ≤ L2 ≤ ∞,�
Rd
e
−c( |x−y|√

L
)p |y − q|−b1{L1≤|y−q|≤L2}dy

= L
d
2−

b
2

�
Rd
e−c|x̃−z|

p

|z|−b1
{L1L

− 1
2≤|z|≤L2L

− 1
2 }
dz

≤ L
d
2−

b
2

�
Rd
e−c|x̃−z|

p

min{|z|−b, (L1L
− 1

2 )−b}1
{|z|≤L2L

− 1
2 }
dz

≤ L
d
2−

b
2

�
Rd
e−c|z|

p

min{|z|−b, (L1L
− 1

2 )−b}1
{|z|≤L2L

− 1
2 }
dz

= L
d
2−

b
2

{�
Rd
e−c|z|

p
[
(L1L

− 1
2 )−b1

{|z|≤L1L
− 1

2 }
+ |z|−b1

{L1L
− 1

2<|z|≤L2L
− 1

2 }

]
dz

}

.



L
d
2L−b1 if L ≤ L2

1
L
d
2−

b
2 if b < d

〈ln( L
L2

1
)〉 if b = d

Ld−b1 if b > d

if L2
1 < L ≤ L2

2
Ld−b2 if b < d

〈ln(L2

L1
)〉 if b = d

Ld−b1 if b > d

if L > L2
2

(B.2)

where x̃ = (x− q)L− 1
2 .

Specially, for b ≥ 0, L3 ≥ CL > 0 where C > 0 is a constant,�
Rd
e
−c( |x−y|√

L
)p |y − q|−b1{|y−q|≥√L3}dy . L

d
2L
− b2
3 . (B.3)

Next we want to establish the basic calculation about time variable. Set

g(s) =



(t− s) d2−d∗L−b1 if t− s ≤ L2
1

(t− s) d2− b2−d∗ if b < d

(t− s)−d∗〈ln( t−s
L2

1
)〉 if b = d

(t− s)−d∗Ld−b1 if b > d

if L2
1 < t− s ≤ L2

2
(t− s)−d∗Ld−b2 if b < d

(t− s)−d∗〈ln(L2

L1
)〉 if b = d

(t− s)−d∗Ld−b1 if b > d

if t− s > L2
2.

Claim: for δ > 0, if d
2 + 1 > d∗ >

d
2 + 1− δ,

x−δ
� t

t−x
g(s)ds ≤ ∞,
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and for δ = 0, d∗ <
d
2 + 1,

� t

t−x
g(s)ds .





(max{x, L2
2})1−d∗Ld−b2 if d∗ < 1

〈ln(
max{x,L2

2}
L2

2
)〉Ld−b2 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


(max{x, L2

2})1−d∗〈ln(L2

L1
)〉 if d∗ < 1

〈ln(
max{x,L2

2}
L2

1
)〉〈ln(L2

L1
)〉 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


(max{x, L2

2})1−d∗Ld−b1 if d∗ < 1

〈ln(
max{x,L2

2}
L2

1
)〉Ld−b1 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d.

(B.4)

and if δ > 0, d∗ ≤ d
2 + 1− δ,

x−δ
� t

t−x
g(s)ds .




(max{x, L2

2})1−d∗−δLd−b2 if d∗ ≤ 1− δ
Ld+2−b−2d∗−2δ

2 if 1− δ < d∗ ≤ 1 + d−b
2 − δ

Ld+2−b−2d∗−2δ
1 if d∗ > 1 + d−b

2 − δ
if b < d

{
(max{x, L2

2})1−d∗−δ〈ln(L2

L1
)〉 if d∗ ≤ 1− δ

L2−2d∗−2δ
1 if d∗ > 1− δ

if b = d{
(max{x, L2

2})1−d∗−δLd−b1 if d∗ ≤ 1− δ
Ld+2−b−2d∗−2δ

1 if d∗ > 1− δ
if b > d.

(B.5)

Proof. For x ≤ L2
1, � t

t−x
g(s)ds . x

d
2 +1−d∗L−b1

under the assumption d∗ <
d
2 + 1.
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For L2
1 < x ≤ L2

2,
� t

t−x
g(s)ds = (

� t

t−L2
1

+

� t−L2
1

t−x
)g(s)ds

. Ld+2−b−2d∗
1 +




x
d
2 +1− b2−d∗ b < d+ 2− 2d∗

ln( x
L2

1
) b = d+ 2− 2d∗

Ld+2−b−2d∗
1 b > d+ 2− 2d∗

if b < d


x1−d∗〈ln( x

L2
1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

Ld−b1 ln( x
L2

1
) if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

∼




x
d
2 +1− b2−d∗ b < d+ 2− 2d∗

〈ln( x
L2

1
)〉 b = d+ 2− 2d∗

Ld+2−b−2d∗
1 b > d+ 2− 2d∗

if b < d


x1−d∗〈ln( x

L2
1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

Ld−b1 〈ln( x
L2

1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

where for b = d, we used

� t−L2
1

t−x
(t− s)−d∗〈ln(

t− s
L2

1

)〉ds = L2−2d∗
1

� x

L2
1

1

z−d∗〈ln z〉dz .


x1−d∗〈ln( x

L2
1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1.
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For x > L2
2,
� t

t−x
g(s)ds = (

� t

t−L2
2

+

� t−L2
2

t−x
)g(s)ds

.




Ld+2−b−2d∗

2 b < d+ 2− 2d∗

〈ln(L2

L1
)〉 b = d+ 2− 2d∗

Ld+2−b−2d∗
1 b > d+ 2− 2d∗

if b < d


L2−2d∗

2 〈ln(L2

L1
)〉 if d∗ < 1

〈ln(L2

L1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


L2−2d∗

2 Ld−b1 if d∗ < 1

Ld−b1 〈ln(L2

L1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

+




x1−d∗Ld−b2 if d∗ < 1

ln( x
L2

2
)Ld−b2 if d∗ = 1

Ld+2−b−2d∗
2 if d∗ > 1

if b < d


x1−d∗〈ln(L2

L1
)〉 if d∗ < 1

ln( x
L2

2
)〈ln(L2

L1
)〉 if d∗ = 1

L2−2d∗
2 〈ln(L2

L1
)〉 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

ln( x
L2

2
)Ld−b1 if d∗ = 1

L2−2d∗
2 Ld−b1 if d∗ > 1

if b > d

∼





x1−d∗Ld−b2 if d∗ < 1

Ld−b2 〈ln( x
L2

2
)〉 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


x1−d∗〈ln(L2

L1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉〈ln(L2

L1
)〉 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

Ld−b1 〈ln( x
L2

1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d.
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Thus, for d∗ <
d
2 + 1,

� t

t−x
g(s)ds .



x
d
2 +1−d∗L−b1 if x ≤ L2

1


x
d
2 +1− b2−d∗ b < d+ 2− 2d∗

〈ln( x
L2

1
)〉 b = d+ 2− 2d∗

Ld+2−b−2d∗
1 b > d+ 2− 2d∗

if b < d


x1−d∗〈ln( x

L2
1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

Ld−b1 〈ln( x
L2

1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

if L2
1 < x ≤ L2

2





x1−d∗Ld−b2 if d∗ < 1

Ld−b2 〈ln( x
L2

2
)〉 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


x1−d∗〈ln(L2

L1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉〈ln(L2

L1
)〉 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

Ld−b1 〈ln( x
L2

1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

if x > L2
2.
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Then

x−δ
� t

t−x
g(s)ds

.



{
Ld+2−b−2d∗−2δ

1 if δ ≤ d
2 + 1− d∗

∞ if δ > d
2 + 1− d∗

if x ≤ L2
1



{
Ld+2−b−2d∗−2δ

2 if b ≤ d+ 2− 2d∗ − 2δ

Ld+2−b−2d∗−2δ
1 if b > d+ 2− 2d∗ − 2δ

b < d+ 2− 2d∗{
L−2δ

2 〈ln(L2

L1
)〉 if δ ≤ 0

L−2δ
1 if δ > 0

b = d+ 2− 2d∗{
L−2δ

2 Ld+2−b−2d∗
1 if δ ≤ 0

Ld+2−b−2d∗−2δ
1 if δ > 0

b > d+ 2− 2d∗

if b < d



{
L2−2d∗−2δ

2 〈ln(L2

L1
)〉 if δ ≤ 1− d∗

L2−2d∗−2δ
1 if δ > 1− d∗

if d∗ < 1{
L−2δ

2 〈ln(L2

L1
)〉2 if δ ≤ 0

L−2δ
1 if δ > 0

if d∗ = 1{
L−2δ

2 L2−2d∗
1 if δ ≤ 0

L2−2d∗−2δ
1 if δ > 0

if d∗ > 1

if b = d



{
L2−2d∗−2δ

2 Ld−b1 if δ ≤ 1− d∗
Ld+2−b−2d∗−2δ

1 if δ > 1− d∗
if d∗ < 1{

L−2δ
2 Ld−b1 〈ln(L2

L1
)〉 if δ ≤ 0

Ld−b−2δ
1 if δ > 0

if d∗ = 1{
L−2δ

2 Ld+2−b−2d∗
1 if δ ≤ 0

Ld+2−b−2d∗−2δ
1 if δ > 0

if d∗ > 1

if b > d

if L2
1 < x ≤ L2

2.
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For x > L2
2,

x−δ
� t

t−x
g(s)ds .





{
x1−d∗−δLd−b2 if δ ≤ 1− d∗
Ld+2−b−2d∗−2δ

2 if δ > 1− d∗
if d∗ < 1{

x−δ〈ln( x
L2

2
)〉Ld−b2 if δ ≤ 0

Ld−b−2δ
2 if δ > 0

if d∗ = 1{
x−δLd+2−b−2d∗

2 if δ ≤ 0

Ld+2−b−2d∗−2δ
2 if δ > 0

if 1 < d∗ < 1 + d−b
2{

x−δ〈ln(L2

L1
)〉 if δ ≤ 0

L−2δ
2 〈ln(L2

L1
)〉 if δ > 0

if d∗ = 1 + d−b
2{

x−δLd+2−b−2d∗
1 if δ ≤ 0

L−2δ
2 Ld+2−b−2d∗

1 if δ > 0
if d∗ > 1 + d−b

2

if b < d



{
x1−d∗−δ〈ln(L2

L1
)〉 if δ ≤ 1− d∗

L2−2d∗−2δ
2 〈ln(L2

L1
)〉 if δ > 1− d∗

if d∗ < 1{
x−δ〈ln( x

L2
1
)〉〈ln(L2

L1
)〉 if δ ≤ 0

L−2δ
2 〈ln(L2

L1
)〉2 if δ > 0

if d∗ = 1{
x−δL2−2d∗

1 if δ ≤ 0

L−2δ
2 L2−2d∗

1 if δ > 0
if d∗ > 1

if b = d



{
x1−d∗−δLd−b1 if δ ≤ 1− d∗
L2−2d∗−2δ

2 Ld−b1 if δ > 1− d∗
if d∗ < 1{

x−δ〈ln( x
L2

1
)〉Ld−b1 if δ ≤ 0

L−2δ
2 Ld−b1 〈ln(L2

L1
)〉 if δ > 0

if d∗ = 1{
x−δLd+2−b−2d∗

1 if δ ≤ 0

L−2δ
2 Ld+2−b−2d∗

1 if δ > 0
if d∗ > 1

if b > d.

Specially, for δ = 0,

� t

t−x
g(s)ds .



{
Ld+2−b−2d∗

1 if d∗ ≤ d
2 + 1

∞ if d∗ >
d
2 + 1

if x ≤ L2
1


Ld+2−b−2d∗

2 if d∗ < 1 + d−b
2

〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


L2−2d∗

2 〈ln(L2

L1
)〉 if d∗ < 1

〈ln(L2

L1
)〉2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


L2−2d∗

2 Ld−b1 if d∗ < 1

Ld−b1 〈ln(L2

L1
)〉 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

if L2
1 < x ≤ L2

2,
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For x > L2
2,

� t

t−x
g(s)ds .





x1−d∗Ld−b2 if d∗ < 1

〈ln( x
L2

2
)〉Ld−b2 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


x1−d∗〈ln(L2

L1
)〉 if d∗ < 1

〈ln( x
L2

1
)〉〈ln(L2

L1
)〉 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b1 if d∗ < 1

〈ln( x
L2

1
)〉Ld−b1 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d.

For δ > 0,

x−δ
� t

t−x
g(s)ds .



{
Ld+2−b−2d∗−2δ

1 if δ ≤ d
2 + 1− d∗

∞ if δ > d
2 + 1− d∗

if x ≤ L2
1

{
Ld+2−b−2d∗−2δ

2 if d∗ ≤ 1 + d−b
2 − δ

Ld+2−b−2d∗−2δ
1 if d∗ > 1 + d−b

2 − δ
if b < d{

L2−2d∗−2δ
2 〈ln(L2

L1
)〉 if δ ≤ 1− d∗

L2−2d∗−2δ
1 if δ > 1− d∗

if b = d{
L2−2d∗−2δ

2 Ld−b1 if δ ≤ 1− d∗
Ld+2−b−2d∗−2δ

1 if δ > 1− d∗
if b > d

if L2
1 < x ≤ L2

2.

For x > L2
2,

x−δ
� t

t−x
g(s)ds .





{
x1−d∗−δLd−b2 if δ ≤ 1− d∗
Ld+2−b−2d∗−2δ

2 if δ > 1− d∗
if d∗ < 1 + d−b

2

L−2δ
2 〈ln(L2

L1
)〉 if d∗ = 1 + d−b

2

L−2δ
2 Ld+2−b−2d∗

1 if d∗ > 1 + d−b
2

if b < d



{
x1−d∗−δ〈ln(L2

L1
)〉 if δ ≤ 1− d∗

L2−2d∗−2δ
2 〈ln(L2

L1
)〉 if δ > 1− d∗

if d∗ < 1

L−2δ
2 〈ln(L2

L1
)〉2 if d∗ = 1

L−2δ
2 L2−2d∗

1 if d∗ > 1

if b = d



{
x1−d∗−δLd−b1 if δ ≤ 1− d∗
L2−2d∗−2δ

2 Ld−b1 if δ > 1− d∗
if d∗ < 1

L−2δ
2 Ld−b1 〈ln(L2

L1
)〉 if d∗ = 1

L−2δ
2 Ld+2−b−2d∗

1 if d∗ > 1

if b > d.

�

• Throughout this section, we assume

v(t) = Cv(T )(T − t)m1(ln(T − t))m2(ln ln(T − t))m3 · · · , li(t) = C2(T )(T − t)ki1(ln(T − t))ki2(ln ln(T − t))ki3 · · ·

with finite terms multiplication and mj , kij ∈ R for i = 1, 2, j = 1, 2, . . . . And l2(t) ≤ C(T − t) 1
2 where the

general constant C is independent of T .
Set

ψ(x, t) =

� t

0

v(s)(t− s)−d∗
�
Rd
e
−c( |x−y|√

t−s )2−δ |y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds.
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Claim: for b ≥ 0, d∗ <
d
2 + 1,

ψ(x, t) .
� t−(T−t)

0

v(s)(T − s)−d∗


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)





(T − t)1−d∗ ld−b2 (t) if d∗ < 1

〈ln( T−t
l22(t)

)〉ld−b2 (t) if d∗ = 1

ld+2−b−2d∗
2 (t) if 1 < d∗ < 1 + d−b

2

〈ln( l2(t)
l1(t) )〉 if d∗ = 1 + d−b

2

ld+2−b−2d∗
1 (t) if d∗ > 1 + d−b

2

if b < d


(T − t)1−d∗〈ln( l2(t)

l1(t) )〉 if d∗ < 1

〈ln( T−t
l21(t)

)〉〈ln( l2(t)
l1(t) )〉 if d∗ = 1

l2−2d∗
1 (t) if d∗ > 1

if b = d


(T − t)1−d∗ ld−b1 (t) if d∗ < 1

〈ln( T−t
l21(t)

)〉ld−b1 (t) if d∗ = 1

ld+2−b−2d∗
1 (t) if d∗ > 1

if b > d

.

(B.6)

Remark B.1. When b = 0 < d, the cases d∗ = d
2 −

b
2 + 1 and d∗ >

d
2 −

b
2 + 1 are vacuum.

Proof. Since b ≥ 0, by (B.2),

ψ(x, t) .
� t

0

v(s)



(t− s) d2−d∗ l−b1 (s) if t− s ≤ l21(s)
(t− s) d2− b2−d∗ if b < d

(t− s)−d∗〈ln( t−s
l21(s)

)〉 if b = d

(t− s)−d∗ ld−b1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)−d∗ ld−b2 (s) if b < d

(t− s)−d∗〈ln( l2(s)
l1(s) )〉 if b = d

(t− s)−d∗ ld−b1 (s) if b > d

if t− s > l22(s)

ds

=

� t−(T−t)

0

+

� t

t−(T−t)
· · · =: P1 + P2

where we used b ≥ 0 in the first ”≤”.
For P1, since T−s

2 ≤ t− s ≤ T − s, l22(s) ≤ C(T − s),

P1 ∼
� t−(T−t)

0

v(s)(T − s)−d∗


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds. (B.7)
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For P2, since T − t ≤ T − s ≤ 2(T − t),

P2 ∼ v(t)

� t

t−(T−t)



(t− s) d2−d∗ l−b1 (t) if t− s ≤ l21(t)
(t− s) d2− b2−d∗ if b < d

(t− s)−d∗〈ln( t−s
l21(t)

)〉 if b = d

(t− s)−d∗ ld−b1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)−d∗ ld−b2 (t) if b < d

(t− s)−d∗〈ln( l2(t)
l1(t) )〉 if b = d

(t− s)−d∗ ld−b1 (t) if b > d

if t− s > l22(t)

ds

. v(t)





(T − t)1−d∗ ld−b2 (t) if d∗ < 1

〈ln( T−t
l22(t)

)〉ld−b2 (t) if d∗ = 1

ld+2−b−2d∗
2 (t) if 1 < d∗ < 1 + d−b

2

〈ln( l2(t)
l1(t) )〉 if d∗ = 1 + d−b

2

ld+2−b−2d∗
1 (t) if d∗ > 1 + d−b

2

if b < d


(T − t)1−d∗〈ln( l2(t)

l1(t) )〉 if d∗ < 1

〈ln( T−t
l21(t)

)〉〈ln( l2(t)
l1(t) )〉 if d∗ = 1

l2−2d∗
1 (t) if d∗ > 1

if b = d


(T − t)1−d∗ ld−b1 (t) if d∗ < 1

〈ln( T−t
l21(t)

)〉ld−b1 (t) if d∗ = 1

ld+2−b−2d∗
1 (t) if d∗ > 1

if b > d

by (B.4) and l22(t) ≤ C(T − t) when d∗ <
d
2 + 1.

�

• For b ≥ 0, d∗ <
d
2 + 1, by (B.3),� t

0

v(s)(t− s)−d∗
�
Rd
e
−c( |x−y|√

t−s )2−δ |y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

.
� t

0

v(s)(t− s) d2−d∗(T − s)− b2 ds =

� t−(T−t)

0

+

� t

t−(T−t)
· · ·

.
� t−(T−t)

0

v(s)(T − s) d2−d∗− b2 ds+ v(t)(T − t)− b2
� t

t−(T−t)
(t− s) d2−d∗ds

∼
� t−(T−t)

0

v(s)(T − s) d2−d∗− b2 ds+ v(t)(T − t)1−d∗+ d
2−

b
2

∼
� t

0

v(s)(T − s) d2−d∗− b2 ds

(B.8)

for d∗ <
d
2 + 1.

B.2. Convolution about v(t)|x− q|−b1{l1(t)≤|x−q|≤l2(t)}. For

|f(x, t)| ≤ v(t)|x− q|−b1{l1(t)≤|x−q|≤l2(t)},

consider

ψ(x, t) = T out
d [f ] :=

� t

0

�
Rd

Γ(x, t, y, s)f(y, s)dyds.



FINITE TIME BLOW-UP FOR LLG 111

For d ≥ 1,

|ψ(x, t)| .
� t−(T−t)

0

v(s)(T − s)− d2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)





(T − t)1− d2 ld−b2 (t) if d < 2

l2−b2 (t)〈ln( T−t
l22(t)

)〉 if d = 2

l2−b2 (t) if d > 2, b < 2

〈ln( l2(t)
l1(t) )〉 if b = 2

l2−b1 (t) if b > 2

if b < d


(T − t)1− d2 〈ln( l2(t)

l1(t) )〉 if d < 2

〈ln( T−t
l21(t)

)〉〈ln( l2(t)
l1(t) )〉 if d = 2

l2−d1 (t) if d > 2

if b = d


(T − t)1− d2 ld−b1 (t) if d < 2

l2−b1 (t)〈ln( T−t
l21(t)

)〉 if d = 2

l2−b1 (t) if d > 2

if b > d.

(B.9)

|∇ψ(x, t)| .
� t−(T−t)

0

v(s)(T − s)−
d+1
2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)




l1−b2 (t)〈ln( T−t

l22(t)
)〉 if d = 1

l1−b2 (t) if d > 1, b < 1

〈ln( l2(t)
l1(t) )〉 if b = 1

l1−b1 (t) if b > 1

if b < d

{
〈ln( T−t

l21(t)
)〉〈ln( l2(t)

l1(t) )〉 if d = 1

l1−d1 (t) if d > 1
if b = d{

l1−b1 (t)〈ln( T−t
l21(t)

)〉 if d = 1

l1−b1 (t) if d > 1
if b > d.

(B.10)

|ψ(x, t)− ψ(x, T )|

. (T − t)
� t−(T−t)

0

v(s)(T − s)−1− d2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)

� t

t−(T−t)



l−b1 (t) if t− s ≤ l21(t)
(t− s)− b2 if b < d

(t− s)− d2 〈ln( t−s
l21(t)

)〉 if b = d

ld−b1 (t)(t− s)− d2 if b > d

if l21(t) < t− s ≤ l22(t)


ld−b2 (t)(t− s)− d2 if b < d

〈ln( l2(t)
l1(t) )〉(t− s)− d2 if b = d

ld−b1 (t)(t− s)− d2 if b > d

if t− s > l22(t)

ds

+ v(t)(T − t)1− d2


ld−b2 (t) if b < d

〈ln( l2(t)
l1(t) )〉 if b = d

ld−b1 (t) if b > d

+

� T

t

(T − s)− d2 v(s)


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds.

(B.11)
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For b ≥ 0, 0 < α < 1,

|∇ψ(x, t)−∇ψ(x, T )|

. C(α)

[
(T − t)α2

� t−(T−t)

0

v(s)(T − s)−
d+1+α

2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)




〈ln( T−t

l22(t)
)〉l1−b2 (t) if d = 1

l1−b2 (t) if d > 1, b < 1

〈ln( l2(t)
l1(t) )〉 if b = 1

l1−b1 (t) if b > 1

if b < d

{
〈ln( T−t

l21(t)
)〉〈ln( l2(t)

l1(t) )〉 if d = 1

l1−d1 (t) if d > 1
if b = d{

〈ln( T−t
l21(t)

)〉l1−b1 (t) if d = 1

l1−b1 (t) if d > 1
if b > d.

]

+

� T

t

v(s)(T − s)−
d+1
2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds.

(B.12)

For b ≥ 0, 0 < α < 1 and t < t∗ ≤ T ,

|∇ψ(x, t)−∇ψ(x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [ � t−(T−t)

0

v(s)(T − s)−
d+1+α

2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

+ v(t)

{
l1−α−b2 (t) if b ≤ 1− α
l1−α−b1 (t) if b > 1− α

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 v(t∗)

{
l1−α−b2 (t∗) if b ≤ 1− α
l1−α−b1 (t∗) if b > 1− α

+

� t∗−(T−t∗)

t

v(s)(T − s)−
d+1
2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

]
.

(B.13)

(B.9) and (B.10) are derived by (7.5) and (B.6).

Proof of (B.11).

ψ(x, t)− ψ(x, T ) =

� t−(T−t)

0

�
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds

+

� t

t−(T−t)

�
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds−
� T

t

�
Rd

Γ(x, T, y, s)f(y, s)dyds := I1 + I2 + I3.
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By (7.5),

|I1| . (T − t)
� t−(T−t)

0

�
Rd

� 1

0

|(∂tΓ)(x, θt+ (1− θ)T, y, s)| |f(y, s)|dyds

. (T − t)
� t−(T−t)

0

�
Rd

� 1

0

[θt+ (1− θ)T − s]−1− d2 e
−c

(
|x−y|√

θt+(1−θ)T−s

)2−δ

v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dθdyds

. (T − t)
� t−(T−t)

0

v(s)(T − s)−1− d2
�
Rd
e
−c

(
|x−y|√
T−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

. (T − t)
� t−(T−t)

0

v(s)(T − s)−1− d2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

where we used (B.2) in the last ”.” and l22(s) ≤ C(T − s).
By (7.5),

|I2| .
� t

t−(T−t)

�
Rd

(|Γ(x, t, y, s)|+ |Γ(x, T, y, s)|)|f(y, s)|dyds

.
� t

t−(T−t)
v(s)(t− s)− d2

�
Rd
e
−c

(
|x−y|√
t−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

+

� t

t−(T−t)
v(s)(T − s)− d2

�
Rd
e
−c

(
|x−y|√
T−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

.
� t

t−(T−t)
v(s)(t− s)− d2



(t− s) d2 l−b1 (s) if t− s ≤ l21(s)
(t− s) d2− b2 if b < d

〈ln( t−s
l21(s)

)〉 if b = d

ld−b1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

if t− s > l22(s)

ds

+

� t

t−(T−t)
v(s)(T − s)− d2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

. v(t)

� t

t−(T−t)



l−b1 (t) if t− s ≤ l21(t)
(t− s)− b2 if b < d

(t− s)− d2 〈ln( t−s
l21(t)

)〉 if b = d

ld−b1 (t)(t− s)− d2 if b > d

if l21(t) < t− s ≤ l22(t)


ld−b2 (t)(t− s)− d2 if b < d

〈ln( l2(t)
l1(t) )〉(t− s)− d2 if b = d

ld−b1 (t)(t− s)− d2 if b > d

if t− s > l22(t)

ds

+ v(t)(T − t)1− d2


ld−b2 (t) if b < d

〈ln( l2(t)
l1(t) )〉 if b = d

ld−b1 (t) if b > d

where we used (B.2) and l22(s) ≤ C(T − s).
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By (7.5) and (B.2),

|I3| .
� T

t

�
Rd

(T − s)− d2 e−c
(
|x−y|√
T−s

)2−δ

v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

.
� T

t

(T − s)− d2 v(s)


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

where we used l22(s) ≤ C(T − s).
�

Proof of (B.12).

∂xiψ(x, t)− ∂xiψ(x, T )

=

� t

0

�
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x, T, y, s))f(y, s)dyds−
� T

t

�
Rd
∂xiΓ(x, T, y, s)f(y, s)dyds

=: I1 + I2.

For I1, by (7.7) and (B.2),

|I1| . (T − t)α2
� t

0

�
Rd

(T − s)−α2
[
(t− s)−

d+1
2 e
−β(

|x−y|√
t−s )2−δ

+ (T − s)−
d+1
2 e
−β(

|x−y|√
T−s )2−δ]

∗ v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

. C(α)(T − t)α2

[ � t

0

v(s)(T − s)−α2



(t− s)− 1
2 l−b1 (s) if t− s ≤ l21(s)

(t− s)− b+1
2 if b < d

(t− s)− d+1
2 〈ln( t−s

l21(s)
)〉 if b = d

(t− s)− d+1
2 ld−b1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)− d+1

2 ld−b2 (s) if b < d

(t− s)− d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(t− s)− d+1
2 ld−b1 (s) if b > d

if t− s > l22(s)

ds

+

� t

0

v(s)


(T − s)− d+1+α

2 ld−b2 (s) if b < d

(T − s)− d+1+α
2 〈ln( l2(s)

l1(s) )〉 if b = d

(T − s)− d+1+α
2 ld−b1 (s) if b > d

ds

]

= C(α)(T − t)α2 (

� t−(T−t)

0

+

� t

t−(T−t)
· · · )

=: C(α)(T − t)α2 (I11 + I12).

For I11, by (B.1),

I11 .
� t−(T−t)

0

v(s)(T − s)−
d+1+α

2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

since t− s ∼ t∗ − s ∼ T − s & l22(s).
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For I12,

I12 . v(t)(T − t)−α2
� t

t−(T−t)



(t− s)− 1
2 l−b1 (t) if t− s ≤ l21(t)

(t− s)− 1
2−

b
2 if b < d

(t− s)− 1
2−

b
2 〈ln( t−s

l21(t)
)〉 if b = d

(t− s)− 1
2−

d
2 ld−b1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)− 1

2−
d
2 ld−b2 (t) if b < d

(t− s)− 1
2−

d
2 〈ln( l2(t)

l1(t) )〉 if b = d

(t− s)− 1
2−

d
2 ld−b1 (t) if b > d

if t− s > l22(t)

ds

+ v(t)(T − t)−α2


(T − t) 1

2−
d
2 ld−b2 (t) if b < d

(T − t) 1
2−

d
2 〈ln( l2(t)

l1(t) )〉 if b = d

(T − t) 1
2−

d
2 ld−b1 (t) if b > d

. v(t)(T − t)−α2




〈ln( T−t

l22(t)
)〉l1−b2 (t) if d = 1

l1−b2 (t) if d > 1, b < 1

〈ln( l2(t)
l1(t) )〉 if b = 1

l1−b1 (t) if b > 1

if b < d

{
〈ln( T−t

l21(t)
)〉〈ln( l2(t)

l1(t) )〉 if d = 1

l1−d1 (t) if d > 1
if b = d{

〈ln( T−t
l21(t)

)〉l1−b1 (t) if d = 1

l1−b1 (t) if d > 1
if b > d.

where we used (B.4) in the last ”.”.
For I2,

|I2| .
� T

t

v(s)(T − s)−
d+1
2

�
Rd
e
−β(

|x∗−y|√
T−s )2−δ |y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

.
� T

t

v(s)


(T − s)− d+1

2 ld−b2 (s) if b < d

(T − s)− d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(T − s)− d+1
2 ld−b1 (s) if b > d

ds

by (B.2).
�

Proof of (B.13).

∂xiψ(x, t)− ∂xiψ(x∗, t∗)

=

� t

0

�
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x∗, t∗, y, s))f(y, s)dyds−
� t∗

t

�
Rd
∂xiΓ(x∗, t∗, y, s)f(y, s)dyds

=: I1 + I2.
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For I1, by (7.7) and (B.2),

|I1| . (|x− x∗|+
√
|t− t∗|)α

� t

0

�
Rd

(t∗ − s)−
α
2

[
(t− s)−

d+1
2 e
−β(

|x−y|√
t−s )2−δ

+ (t∗ − s)−
d+1
2 e
−β(

|x∗−y|√
t∗−s

)2−δ]
∗ v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

. C(α)(|x− x∗|+
√
|t− t∗|)α

[

� t

0

v(s)(t∗ − s)−
α
2



(t− s)− 1
2 l−b1 (s) if t− s ≤ l21(s)

(t− s)− b+1
2 if b < d

(t− s)− d+1
2 〈ln( t−s

l21(s)
)〉 if b = d

(t− s)− d+1
2 ld−b1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)− d+1

2 ld−b2 (s) if b < d

(t− s)− d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(t− s)− d+1
2 ld−b1 (s) if b > d

if t− s > l22(s)

ds

+

� t

0

v(s)



(t∗ − s)−
1+α
2 l−b1 (s) if t∗ − s ≤ l21(s)

(t∗ − s)−
b+1+α

2 if b < d

(t∗ − s)−
d+1+α

2 〈ln( t∗−s
l21(s)

)〉 if b = d

(t∗ − s)−
d+1+α

2 ld−b1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+1+α
2 ld−b2 (s) if b < d

(t∗ − s)−
d+1+α

2 〈ln( l2(s)
l1(s) )〉 if b = d

(t∗ − s)−
d+1+α

2 ld−b1 (s) if b > d

if t∗ − s > l22(s)

ds
]

= C(α)(|x− x∗|+
√
|t− t∗|)α(

� t−(T−t)

0

+

� t−(t∗−t)

t−(T−t)
+

� t

t−(t∗−t)
· · · )

=: C(α)(|x− x∗|+
√
|t− t∗|)α(I11 + I12 + I13).

For I11,

I11 .
� t−(T−t)

0

v(s)(T − s)−
d+1+α

2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

since t− s ∼ t∗ − s ∼ T − s & l22(s).
For I12, by (B.2),
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I12 . v(t)

� t−(t∗−t)

t−(T−t)



(t− s)− 1+α
2 l−b1 (t) if t− s ≤ l21(t)

(t− s)− b+1+α
2 if b < d

(t− s)− d+1+α
2 〈ln( t−s

l21(t)
)〉 if b = d

(t− s)− d+1+α
2 ld−b1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)− d+1+α

2 ld−b2 (t) if b < d

(t− s)− d+1+α
2 〈ln( l2(t)

l1(t) )〉 if b = d

(t− s)− d+1+α
2 ld−b1 (t) if b > d

if t− s > l22(t)

ds

. v(t)



{
l1−b−α2 (t) if b ≤ 1− α
l1−b−α1 (t) if b > 1− α

if t∗ − t ≤ l21(t)

{
l1−b−α2 (t) if b ≤ 1− α
(t∗ − t)

1−b−α
2 if b > 1− α

if b < d

(t∗ − t)
1−d−α

2 〈ln( t∗−t
l21(t)

)〉 if b = d

(t∗ − t)
1−d−α

2 ld−b1 (t) if b > d

if l21(t) < t∗ − t ≤ l22(t)

(t∗ − t)
1−d−α

2


ld−b2 (t) if b < d

〈ln( l2(t)
l1(t) )〉 if b = d

ld−b1 (t) if b > d

if t∗ − t ≥ l22(t)

. v(t)



{
l1−b−α2 (t) if b ≤ 1− α
l1−b−α1 (t) if b > 1− α

if t∗ − t ≤ l21(t)

{
l1−b−α2 (t) if b ≤ 1− α
l1−b−α1 (t) if b > 1− α

if b < d

l1−d−α1 (t) if b = d

l1−b−α1 (t) if b > d

if l21(t) < t∗ − t ≤ l22(t)


l1−b−α2 (t) if b < d

l1−d−α2 (t)〈ln( l2(t)
l1(t) )〉 if b = d

l1−d−α2 (t)ld−b1 (t) if b > d

if t∗ − t ≥ l22(t)

∼ v(t)

{
l1−b−α2 (t) if b ≤ 1− α
l1−b−α1 (t) if b > 1− α

where we used the following calculation in the second ”.”. For l21(t) < t∗ − t ≤ l22(t),

l1−d−α2 (t)


ld−b2 (t) if b < d

〈ln( l2(t)
l1(t) )〉 if b = d

ld−b1 (t) if b > d

+

� t−(t∗−t)

t−l22(t)


(t− s)− b+1+α

2 if b < d

(t− s)− d+1+α
2 〈ln( t−s

l21(t)
)〉 if b = d

(t− s)− d+1+α
2 ld−b1 (t) if b > d

ds

. l1−d−α2 (t)


ld−b2 (t) if b < d

〈ln( l2(t)
l1(t) )〉 if b = d

ld−b1 (t) if b > d

+



{
l1−b−α2 (t) if b ≤ 1− α
(t∗ − t)

1−b−α
2 if b > 1− α

if b < d

(t∗ − t)
1−d−α

2 〈ln( t∗−t
l21(t)

)〉 if b = d

(t∗ − t)
1−d−α

2 ld−b1 (t) if b > d

∼



{
l1−b−α2 (t) if b ≤ 1− α
(t∗ − t)

1−b−α
2 if b > 1− α

if b < d

(t∗ − t)
1−d−α

2 〈ln( t∗−t
l21(t)

)〉 if b = d

(t∗ − t)
1−d−α

2 ld−b1 (t) if b > d
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where for b = d, we used

� t−(t∗−t)

t−l22(t)

(t− s)−
d+1+α

2 〈ln(
t− s
l21(t)

)〉ds = l1−d−α1 (t)

� l22(t)

l21(t)

t∗−t
l21(t)

z−
d+1+α

2 〈ln z〉dz . (t∗ − t)
1−d−α

2 〈ln(
t∗ − t
l21(t)

)〉.

For t∗ − t ≤ l21(t), {
l1−b−α2 (t) if b ≤ 1− α
l1−b−α1 (t) if b > 1− α.

For I13,

I13 . v(t)(t∗ − t)−
α
2

� t

t−(t∗−t)



(t− s)− 1
2 l−b1 (t) if t− s ≤ l21(t)

(t− s)− 1
2−

b
2 if b < d

(t− s)− 1
2−

b
2 〈ln( t−s

l21(t)
)〉 if b = d

(t− s)− 1
2−

d
2 ld−b1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)− 1

2−
d
2 ld−b2 (t) if b < d

(t− s)− 1
2−

d
2 〈ln( l2(t)

l1(t) )〉 if b = d

(t− s)− 1
2−

d
2 ld−b1 (t) if b > d

if t− s > l22(t)

ds

+ v(t)(t∗ − t)−
α
2



(t∗ − t)
1
2 l−b1 (t) if t∗ − t ≤ l21(t)

(t∗ − t)
1
2−

b
2 if b < d

(t∗ − t)
1
2−

b
2 〈ln( t∗−t

l21(t)
)〉 if b = d

(t∗ − t)
1
2−

d
2 ld−b1 (t) if b > d

if l21(t) < t∗ − t ≤ l22(t)


(t∗ − t)

1
2−

d
2 ld−b2 (t) if b < d

(t∗ − t)
1
2−

d
2 〈ln( l2(t)

l1(t) )〉 if b = d

(t∗ − t)
1
2−

d
2 ld−b1 (t) if b > d

if t∗ − t > l22(t)

. v(t)

{
l1−α−b2 (t) b ≤ 1− α
l1−α−b1 (t) b > 1− α

where we used (B.5) in the last ”.”.
For I2,

|I2| .
� t∗

t

v(s)(t∗ − s)−
d+1
2

�
Rd
e
−β(

|x∗−y|√
t∗−s

)2−δ |y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

.
� t∗

t

v(s)



(t∗ − s)−
1
2 l−b1 (s) if t∗ − s ≤ l21(s)

(t∗ − s)−
1
2−

b
2 if b < d

(t∗ − s)−
d+1
2 〈ln( t∗−s

l21(s)
)〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+1
2 ld−b2 (s) if b < d

(t∗ − s)−
d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if t∗ − s > l22(s)

ds

by (B.2).
When t∗ − t ≤ (T − t)/2, then for s ∈ (t, t∗),

T − t
2
≤ T − t∗ ≤ T − s ≤ 2(T − t∗) ≤ 2(T − t).

It follows that
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|I2| . v(t)

� t∗

t∗−(t∗−t)



(t∗ − s)−
1
2 l−b1 (t) if t∗ − s ≤ l21(t)

(t∗ − s)−
1
2−

b
2 if b < d

(t∗ − s)−
d+1
2 〈ln( t∗−s

l21(t)
)〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (t) if b > d

if l21(t) < t∗ − s ≤ l22(t)


(t∗ − s)−

d+1
2 ld−b2 (t) if b < d

(t∗ − s)−
d+1
2 〈ln( l2(t)

l1(t) )〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (t) if b > d

if t∗ − s > l22(t)

ds

. (t∗ − t)
α
2 v(t)

{
l1−α−b2 (t) b ≤ 1− α
l1−α−b1 (t) b > 1− α

by (B.5).
When t∗ − t > (T − t)/2,

|I2| . (T − t∗)
α
2 v(t∗)

{
l1−α−b2 (t∗) b ≤ 1− α
l1−α−b1 (t∗) b > 1− α

+

� t∗−(T−t∗)

t

v(s)(T − s)−
d+1
2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

since

� t∗

t∗−(T−t∗)
v(s)



(t∗ − s)−
1
2 l−b1 (s) if t∗ − s ≤ l21(s)

(t∗ − s)−
1
2−

b
2 if b < d

(t∗ − s)−
d+1
2 〈ln( t∗−s

l21(s)
)〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+1
2 ld−b2 (s) if b < d

(t∗ − s)−
d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if t∗ − s > l22(s)

ds

. (T − t∗)
α
2 v(2t∗ − T )

{
l1−α−b2 (2t∗ − T ) b ≤ 1− α
l1−α−b1 (2t∗ − T ) b > 1− α

∼ (T − t∗)
α
2 v(t∗)

{
l1−α−b2 (t∗) b ≤ 1− α
l1−α−b1 (t∗) b > 1− α

,

and

� t∗−(T−t∗)

t

v(s)



(t∗ − s)−
1
2 l−b1 (s) if t∗ − s ≤ l21(s)

(t∗ − s)−
1
2−

b
2 if b < d

(t∗ − s)−
d+1
2 〈ln( t∗−s

l21(s)
)〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+1
2 ld−b2 (s) if b < d

(t∗ − s)−
d+1
2 〈ln( l2(s)

l1(s) )〉 if b = d

(t∗ − s)−
d+1
2 ld−b1 (s) if b > d

if t∗ − s > l22(s)

ds

.
� t∗−(T−t∗)

t

v(s)(T − s)−
d+1
2


ld−b2 (s) if b < d

〈ln( l2(s)
l1(s) )〉 if b = d

ld−b1 (s) if b > d

ds

since T−s
2 ≤ t∗ − s ≤ T − s and l22(s) . T − s.

�
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B.3. Convolution about v(t)|x− q|−b1
{|x−q|≥(T−t)

1
2 }

. For

|f(x, t)| ≤ v(t)|x− q|−b1
{|x−q|≥(T−t)

1
2 }

consider

ψ(x, t) =

� t

0

�
Rd

Γ(x, t, y, s)f(y, s)dyds.

Claim: for b ≥ 0, 0 < α < 1, 0 ≤ t < t∗ ≤ T ,

|ψ(x, t)| .
� t

0

v(s)(T − s)− b2 ds,

|∇ψ(x, t)| .
� t

0

v(s)(T − s)−
b+1
2 ds,

|ψ(x, t)− ψ(x, T )| . (T − t)
� t−(T−t)

0

v(s)(T − s)−1− b2 ds+ v(t)(T − t)1− b2 +

� T

t

v(s)(T − s)− b2 ds, (B.14)

|∇ψ(x, t)−∇ψ(x, T )|

. C(α) (T − t)
α
2

[� t−(T−t)

0

v(s)(T − s)−
1+b+α

2 ds+ v(t)(T − t)
1−b−α

2

]
+

� T

t

v(s)(T − s)−
1+b
2 ds.

(B.15)

|∇xψ(x, t)−∇xψ(x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

v(s)(T − s)−
1+b+α

2 ds+ v(t)(T − t)
1−b−α

2

]

+ 1{t∗>T+t
2 }

� t∗

t

v(s)(T − s)−
1+b
2 ds.

(B.16)

Proof of (B.14).

ψ(x, t)− ψ(x, T ) =

� t−(T−t)

0

�
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds

+

� t

t−(T−t)

�
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds−
� T

t

�
Rd

Γ(x, T, y, s)f(y, s)dyds := I1 + I2 + I3.

By (7.5) and (B.3),

|I1| . (T − t)
� t−(T−t)

0

�
Rd

� 1

0

|(∂tΓ)(x, θt+ (1− θ)T, y, s)||f(y, s)|dθdyds

. (T − t)
� t−(T−t)

0

v(s)(T − s)−1− d2
�
Rd
e
−c

(
|x−y|√
T−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

. (T − t)
� t−(T−t)

0

v(s)(T − s)−1− b2 ds,

|I2| .
� t

t−(T−t)
v(s)(t− s)− d2

�
Rd
e
−c

(
|x−y|√
t−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

+

� t

t−(T−t)
v(s)(T − s)− d2

�
Rd
e
−c

(
|x−y|√
T−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

. v(t)(T − t)1− b2 ,

|I3| .
� T

t

�
Rd

(T − s)− d2 e−c
(
|x−y|√
T−s

)2−δ

v(s)|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds .

� T

t

v(s)(T − s)− b2 ds.

This concludes (B.14). �



FINITE TIME BLOW-UP FOR LLG 121

Proof of (B.15).

∂xiψ(x, t)− ∂xiψ(x, T )

=

� t

0

�
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x, T, y, s))f(y, s)dyds−
� T

t

�
Rd
∂xiΓ(x, T, y, s)f(y, s)dyds

=: I1 + I2.

For I1, by (7.7),

|I1| . C(α)(T − t)α2
� t

0

�
Rd

(T − s)−α2
[
(t− s)−

d+1
2 e
−c

(
|x−y|√
t−s

)2−δ

+ (T − s)−
d+1
2 e
−c

(
|x−y|√
T−s

)2−δ]
∗ v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

= C(α) (T − t)
α
2

(� t−(T−t)

0

+

� t

t−(T−t)
· · ·

)
=: C(α) (T − t)

α
2 (I11 + I12).

For I11,

I11 .
� t−(T−t)

0

�
Rd

(t− s)−
d+1+α

2

[
e
−c

(
|x−y|√
t−s

)2−δ

+ e
−c

(
|x∗−y|√
t−s

)2−δ]
v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

.
� t−(T−t)

0

v(s)(T − s)−
1+b+α

2 ds

by the same calculation in (B.8).
For I12, since T − t ≤ T − s ≤ 2(T − t),

I12 =

� t

t−(T−t)

�
Rd

(T − s)−α2
[
(t− s)−

d+1
2 e
−c

(
|x−y|√
t−s

)2−δ

+ (T − s)−
d+1
2 e
−c

(
|x∗−y|√
T−s

)2−δ]
∗ v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

. v(t)(T − t)−α2
� t

t−(T−t)
(t− s)−

d+1
2

�
Rd
e
−c

(
|x−y|√
t−s

)2−δ

|y − q|−b1
{|y−q|≥(T−t)

1
2 }
dyds

+ v(t)(T − t)−
d+1+α

2

� t

t−(T−t)

�
Rd
e
−c

(
|x∗−y|√
T−t

)2−δ

|y − q|−b1
{|y−q|≥(T−t)

1
2 }
dyds

. v(t)(T − t)
1−b−α

2

where we used (B.3) in the last ”.”.
For I2, by (B.3),

|I2| .
� T

t

v(s)(T − s)−
d+1
2

�
Rd
e
−c

(
|x∗−y|√
T−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds .

� T

t

v(s)(T − s)−
1+b
2 ds.

�

Proof of (B.16).

∂xiψ(x, t)− ∂xiψ(x∗, t∗)

=

� t

0

�
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x∗, t∗, y, s))f(y, s)dyds−
� t∗

t

�
Rd
∂xiΓ(x∗, t∗, y, s)f(y, s)dyds

=: I1 + I2.
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For I1, by (7.7),

|I1| . C(α)
(
|x− x∗|+

√
|t− t∗|

)α
×
� t

0

�
Rd

(t∗ − s)−
α
2

[
(t− s)−

d+1
2 e
−c

(
|x−y|√
t−s

)2−δ

+ (t∗ − s)−
d+1
2 e
−c

(
|x∗−y|√
t∗−s

)2−δ]
∗ v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

= C(α)
(
|x− x∗|+

√
|t− t∗|

)α(� t−(T−t)

0

+

� t−(t∗−t)

t−(T−t)
+

� t

t−(t∗−t)
· · ·

)
=: C(α)

(
|x− x∗|+

√
|t− t∗|

)α
(I11 + I12 + I13).

For I11,

I11 .
� t−(T−t)

0

�
Rd

(t− s)−
d+1+α

2

[
e
−c

(
|x−y|√
t−s

)2−δ

+ e
−c

(
|x∗−y|√
t−s

)2−δ]
v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

.
� t−(T−t)

0

v(s)(T − s)−
1+b+α

2 ds

by the same calculation in (B.8).
For I12,

I12 . v(t)

� t−(t∗−t)

t−(T−t)

�
Rd

(t− s)−
d+1+α

2

[
e
−c

(
|x−y|√
t−s

)2−δ

+ e
−c

(
|x∗−y|√
t−s

)2−δ]
|y − q|−b1

{|y−q|≥(T−t)
1
2 }
dyds

≤ v(t)

� t

t−(T−t)

�
Rd

(t− s)−
d+1+α

2

[
e
−c

(
|x−y|√
t−s

)2−δ

+ e
−c

(
|x∗−y|√
t−s

)2−δ]
|y − q|−b1

{|y−q|≥(T−t)
1
2 }
dyds

. v(t)(T − t)
1−b−α

2

by the same calculation in (B.8) where we used α < 1.
For I13, since t∗ − t ≤ t∗ − s ≤ 2(t∗ − t), T − t ≤ T − s ≤ 2(T − t),

I13 =

� t

t−(t∗−t)

�
Rd

(t∗ − s)−
α
2

[
(t− s)−

d+1
2 e
−c

(
|x−y|√
t−s

)2−δ

+ (t∗ − s)−
d+1
2 e
−c

(
|x∗−y|√
t∗−s

)2−δ]
∗ v(s)|y − q|−b1

{|y−q|≥(T−s)
1
2 }
dyds

. v(t)(t∗ − t)−
α
2

� t

t−(t∗−t)
(t− s)−

d+1
2

�
Rd
e
−c

(
|x−y|√
t−s

)2−δ

|y − q|−b1
{|y−q|≥(T−t)

1
2 }
dyds

+ v(t)(t∗ − t)−
d+1+α

2

� t

t−(t∗−t)

�
Rd
e
−c

(
|x∗−y|√
t∗−t

)2−δ

|y − q|−b1
{|y−q|≥(T−t)

1
2 }
dyds

. v(t)(T − t)− b2 (t∗ − t)
1−α
2

where we used (B.3) in the last ”.”.
For I2, by (B.3),

|I2| .
� t∗

t

v(s)(t∗ − s)−
d+1
2

�
Rd
e
−c

(
|x∗−y|√
t∗−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

.
� t∗

t

v(s)(t∗ − s)−
1
2 (T − s)− b2 ds

. v(t)(T − t)− b2 (t∗ − t)
1
2 1{t∗≤T+t

2 }
+

� t∗

t

v(s)(T − s)−
1+b
2 ds1{t∗>T+t

2 }
.

Indeed, when t∗ − t ≤ (T − t)/2, then for s ∈ (t, t∗),

T − t
2
≤ T − t∗ ≤ T − s ≤ 2(T − t∗) ≤ 2(T − t).

It follows that
|I2| . v(t)(T − t)− b2 (t∗ − t)

1
2 .
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When t∗ − t > (T − t)/2,� t∗

t∗−(T−t∗)
v(s)(t∗ − s)−

1
2 (T − s)− b2 ds . v(2t∗ − T )(T − t∗)

1
2−

b
2 ∼ v(t∗)(T − t∗)

1
2−

b
2 .

� t∗−(T−t∗)

t

v(s)(t∗ − s)−
1
2 (T − s)− b2 ds ∼

� t∗−(T−t∗)

t

v(s)(T − s)−
1+b
2 ds

since T−s
2 ≤ t∗ − s ≤ T − s.

�

Appendix C. Derivation of the weighted topology for the outer problem

Proposition C.1. For

|f | .
N∑
j=1

(
%[j]1 + %[j]2

)
+ %3,

suppose that

0 < Θ < β <
1

2
, 0 < α < 1, Θ +

1

2
− β − α

2
< 0,

0 < σ0 < β, β − σ0 −
α

2
< 0, 1− σ0 − (1 + α)(1− β) < 0,

Θ + 2σ0 − β < 0,

(C.1)

then we have
|T out

2 [f ]| . | lnT |λΘ+1
∗ (0)R(0), (C.2)

|∇xT out
2 [f ]| . λΘ

∗ (0), (C.3)

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| . | ln(T − t)|λΘ+1
∗ R, (C.4)

|∇xT out
2 [f ](x, t)−∇xT out

2 [f ](x, T )| . C(α)λΘ
∗ , (C.5)

for 0 < t < t∗ ≤ T , t∗ − t < 1
4 (T − t),

|∇xT out
2 [f ](x, t)−∇xT out

2 [f ](x∗, t∗)| . C(α)
(
|x− x∗|+

√
|t− t∗|

)α
λΘ
∗ (t)(λ∗R)−α(t). (C.6)

Proof. Convolution estimate about %[j]1 . For

|f | . %[j]1 := λΘ
∗ (λ∗R)−11{|x−q[j]|≤3λ∗R},

T out
2 [f ] .

� t−(T−t)

0

λΘ
∗ (s)(λ∗R)−1(s)(T − s)−1(λ∗R)2(s)ds+ λΘ

∗ (λ∗R)−1(λ∗R)2| ln(T − t)|

=

� t−(T−t)

0

λΘ
∗ (s)λ∗R(T − s)−1ds+ λΘ

∗ λ∗R| ln(T − t)|

. λΘ
∗ (0)(λ∗R)(0)| lnT |

(C.7)

provided
1 + Θ− β > 0. (C.8)

|∇xT out
2 [f ]| .

� t−(T−t)

0

λΘ
∗ (s)(λ∗R)−1(s)(T − s)− 3

2 (λ∗R)2(s)ds+ λΘ
∗ (λ∗R)−1λ∗R

=

� t−(T−t)

0

λΘ
∗ (s)(λ∗R)(s)(T − s)− 3

2 ds+ λΘ
∗ . λ

Θ
∗ (0)

(C.9)

provided

β <
1

2
, Θ +

1

2
− β > 0. (C.10)
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|T out
2 [f ](x, t)− T out

2 [f ](x, T )|

. (T − t)
� t−(T−t)

0

λΘ
∗ (s)(λ∗R)−1(s)(T − s)−2(λ∗R)2(s)ds

+ λΘ
∗ (λ∗R)−1

� t

t−(T−t)

{
1 if t− s ≤ (λ∗R)2(t)

(λ∗R)2(t)(t− s)−1 if t− s > (λ∗R)2(t)
ds

+ λΘ
∗ (λ∗R)−1(λ∗R)2 +

� T

t

(T − s)−1λΘ
∗ (s)(λ∗R)−1(s)(λ∗R)2(s)ds

. (T − t)
� t−(T−t)

0

λΘ
∗ (s)(λ∗R)(s)(T − s)−2ds+ λΘ

∗ (λ∗R)| ln(T − t)|+
� T

t

(T − s)−1λΘ
∗ (s)(λ∗R)(s)ds

. λΘ
∗ (λ∗R)| ln(T − t)|

(C.11)

provided
0 < β −Θ < 1. (C.12)

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )|

. C(α)

[
(T − t)α2

� t−(T−t)

0

λΘ
∗ (s)(λ∗R)−1(s)(T − s)−

3+α
2 (λ∗R)2(s)ds+ λΘ

∗ (λ∗R)−1λ∗R

]

+

� T

t

λΘ
∗ (s)(λ∗R)−1(s)(T − s)− 3

2 (λ∗R)2(s)ds

= C(α)

[
(T − t)α2

� t−(T−t)

0

λΘ
∗ (s)(λ∗R)(s)(T − s)−

3+α
2 ds+ λΘ

∗

]
+

� T

t

λΘ
∗ (s)(λ∗R)(s)(T − s)− 3

2 ds

. C(α)λΘ
∗

(C.13)

provided

0 < α < 1, β <
1

2
, 0 < Θ +

1

2
− β < α

2
. (C.14)
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For 0 < α < 1 and 0 < t < t∗ ≤ T ,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [ � t−(T−t)

0

λΘ
∗ (s)(λ∗R)−1(s)(T − s)−

3+α
2 (λ∗R)2(s)ds

+ λΘ
∗ (t)(λ∗R)−1(t)(λ∗R)1−α(t)

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λΘ
∗ (t∗)(λ∗R)−1(t∗)(λ∗R)1−α(t∗)

+

� t∗−(T−t∗)

t

λΘ
∗ (s)(λ∗R)−1(s)(T − s)− 3

2 (λ∗R)2(s)ds

]

= C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

λΘ
∗ (s)(λ∗R)(s)(T − s)−

3+α
2 ds+ λΘ

∗ (t)(λ∗R)−α(t)

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λΘ
∗ (t∗)(λ∗R)−α(t∗) +

� t∗−(T−t∗)

t

λΘ
∗ (s)(λ∗R)(s)(T − s)− 3

2 ds

]
. C(α)

(
|x− x∗|+

√
|t− t∗|

)α
λΘ
∗ (t)(λ∗R)−α(t)

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λΘ
∗ (t∗)(λ∗R)−α(t∗) + λΘ

∗ (t)(λ∗R)(t)(T − t)− 1
2

]
. C(α)

(
|x− x∗|+

√
|t− t∗|

)α
λΘ
∗ (t)(λ∗R)−α(t) + 1{t∗>T+t

2 }
(T − t∗)

α
2 λΘ
∗ (t∗)(λ∗R)−α(t∗)

(C.15)

provided

Θ +
1

2
− β < α

2
, β <

1

2
. (C.16)

Convolution estimate about %[j]2 .

Recall %[j]2 = T−σ0 λ
1−σ0
∗

|x−q[j]|2
1{λ∗R≤|x−q[j]|≤dq}. Consider

|f | ≤ λ1−σ0
∗ |x− q[j]|−21

{λ∗R≤|x−q[j]|≤(T−t)
1
2 }

+ λ1−σ0
∗ |x− q[j]|−21

{(T−t)
1
2<|x−q[j]|≤dq}

.

Then

T out
2 [f ] .

� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−1| ln(T − s)|ds+ λ1−σ0

∗ | ln(T − t)|2 +

� t

0

λ1−σ0
∗ (s)(T − s)−1ds

. λ1−σ0
∗ (0)(lnT )2.

(C.17)

|∇T out
2 [f ]| .

� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)− 3

2 | ln(T − s)|ds+ λ1−σ0
∗ (λ∗R)−1 +

� t

0

λ1−σ0
∗ (s)(T − s)− 3

2 ds

. λ1−σ0
∗ (0)(λ∗R)−1(0)

(C.18)

provided

σ0 < β <
1

2
. (C.19)
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|T out
2 [f ](x, t)− T out

2 [f ](x, T )|

. (T − t)
� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−2| ln(T − s)|ds

+ λ1−σ0
∗

� t

t−(T−t)

{
(λ∗R)−2 if t− s ≤ (λ∗R)2(t)

(t− s)−1〈ln( t−s
(λ∗R)2(t) )〉 if (λ∗R)2(t) < t− s ≤ T − t

ds

+ λ1−σ0
∗ | ln(T − t)|+

� T

t

(T − s)−1λ1−σ0
∗ (s)| ln(T − s)|ds

+ (T − t)
� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−2ds+ λ1−σ0

∗ +

� T

t

λ1−σ0
∗ (s)(T − s)−1ds

. λ1−σ0
∗ ln2(T − t)

(C.20)

provided

0 < σ0 < 1, β <
1

2
. (C.21)

where we used� t−(λ∗R)2(t)

t−(T−t)
(t− s)−1〈ln(

t− s
(λ∗R)2(t)

)〉ds =

� T−t
(λ∗R)2(t)

1

z−1〈ln z〉dz = O(ln2(T − t)).

For 0 < α < 1,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )|

. C(α)

[
(T − t)α2

� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (λ∗R)−1

]

+

� T

t

λ1−σ0
∗ (s)(T − s)− 3

2 | ln(T − s)|ds

+ C(α) (T − t)
α
2

[� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 ds+ λ1−σ0

∗ (T − t)
−1−α

2

]
+

� T

t

λ1−σ0
∗ (s)(T − s)− 3

2 ds

. C(α)

[
(T − t)α2

� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (λ∗R)−1

]
. C(α)λ1−σ0

∗ (λ∗R)−1

(C.22)
provided

β <
1

2
, σ0 <

1

2
, β − σ0 <

α

2
. (C.23)

where we used the following estimate in the last ”.”: If 1− σ0 − 1+α
2 ≤ 0, then

(T − t)α2
� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds . λ1−σ0

∗ (T − t)− 1
2−ε| ln(T − t)| � λ1−σ0

∗ (λ∗R)−1

where ε = 0 when 1− σ0 − 1+α
2 < 0 and 0 < ε < 1

2 − β when 1− σ0 − 1+α
2 = 0;

If 1− σ0 − 1+α
2 > 0, then

(T − t)α2
� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds . (T − t)α2 λ1−σ0

∗ (0)T−
1+α
2 | lnT | � λ1−σ0

∗ (λ∗R)−1

when β < 1
2 , β − σ0 <

α
2 .
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For 0 < α < 1 and 0 < t < t∗ ≤ T ,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (t)(λ∗R)−1−α(t)

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λ1−σ0
∗ (t∗)(λ∗R)−1−α(t∗) +

� t∗−(T−t∗)

t

λ1−σ0
∗ (s)(T − s)− 3

2 | ln(T − s)|ds

]

+ C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 ds+ λ1−σ0

∗ (t)(T − t)
−1−α

2

]

+ 1{t∗>T+t
2 }

� t∗

t

λ1−σ0
∗ (s)(T − s)− 3

2 ds

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (t)(λ∗R)−1−α(t)

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λ1−σ0
∗ (t∗)(λ∗R)−1−α(t∗) +

� t∗−(T−t∗)

t

λ1−σ0
∗ (s)(T − s)− 3

2 | ln(T − s)|ds

]

+ 1{t∗>T+t
2 }

� t∗

t

λ1−σ0
∗ (s)(T − s)− 3

2 ds

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α
λ1−σ0
∗ (t)(λ∗R)−1−α(t)

+ 1{t∗>T+t
2 }

[
(T − t∗)

α
2 λ1−σ0
∗ (t∗)(λ∗R)−1−α(t∗) +

� t∗−(T−t∗)

t

λ1−σ0
∗ (s)(T − s)− 3

2 | ln(T − s)|ds

]

+ 1{t∗>T+t
2 }

� t∗

t

λ1−σ0
∗ (s)(T − s)− 3

2 ds

(C.24)
provided

β <
1

2
, 1− σ0 − (1 + α)(1− β) < 0 (C.25)

where we used the following estimate in the last ”.”: If 1− σ0 − 1+α
2 ≤ 0,

� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 ds . λ1−σ0

∗ (t)(T − t)−
1+α
2 −ε � λ1−σ0

∗ (t)(λ∗R)−1−α(t)

where ε = 0 when 1− σ0 − 1+α
2 < 0 and 0 < ε < (1 + α)( 1

2 − β) when 1− σ0 − 1+α
2 = 0;

If 1− σ0 − 1+α
2 > 0,
� t−(T−t)

0

λ1−σ0
∗ (s)(T − s)−

3+α
2 ds . λ1−σ0

∗ (0)T−
1+α
2 � λ1−σ0

∗ (t)(λ∗R)−1−α(t)

when β < 1
2 , 1− σ0 − (1 + α)(1− β) < 0.

Convolution estimate about %3.
Recall %3 = T−σ0 . Consider

|f | ≤ 1 = 1{|x|≤
√
T−t} + 1{|x|>

√
T−t}.

Then
|T out
d [f ]| . T. (C.26)

|∇T out
d [f ]| . T 1

2 . (C.27)

|T out
d [f ](x, t)− T out

d [f ](x, T )| . (T − t)| ln(T − t)|. (C.28)
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For 0 < α < 1,

|∇T out
d [f ](x, t)−∇T out

d [f ](x, T )|

. C(α)

[
(T − t)α2

� t−(T−t)

0

(T − s)−
1+α
2 ds+ (T − t) 1

2

]
. C(α)T

1−α
2 (T − t)α2 .

(C.29)

For 0 < α < 1 and 0 < t < t∗ ≤ T ,

|∇T out
d [f ](x, t)−∇T out

d [f ](x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [� t−(T−t)

0

(T − s)−
1+α
2 ds+ (T − t)

1−α
2

]

+ 1{t∗>T+t
2 }

[
(T − t∗)

1
2 +

� t∗

t

(T − s)− 1
2 ds

]
. C(α)

(
|x− x∗|+

√
|t− t∗|

)α
T

1−α
2 + 1{t∗>T+t

2 }
(T − t) 1

2 .

(C.30)

In sum, for

|f | .
N∑
j=1

(
%[j]1 + %[j]2

)
+ %3,

combining (C.7), (C.17) and (C.26), we have

|T out
d [f ]| . λΘ

∗ (0)(λ∗R)(0)| lnT |+ T−σ0λ1−σ0
∗ (0)(lnT )2 + T 1−σ0 . λΘ

∗ (0)(λ∗R)(0)| lnT | (C.31)

where in the last “.”, we require
Θ + 2σ0 − β < 0, σ0 > 0. (C.32)

Combining (C.9), (C.18) and (C.27), we have

|∇xT out
2 [f ]| . λΘ

∗ (0) + T−σ0λ1−σ0
∗ (0)(λ∗R)−1(0) + T

1
2−σ0 . λΘ

∗ (0) (C.33)

where in the last “.” we used

Θ + 2σ0 − β < 0, σ0 > 0, β <
1

2
. (C.34)

Combining (C.11), (C.20) and (C.28), then

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| . λΘ
∗ (λ∗R)| ln(T − t)|+ T−σ0λ1−σ0

∗ ln2(T − t) + T−σ0(T − t)| ln(T − t)|
. λΘ

∗ (λ∗R)| ln(T − t)|
(C.35)

where in the last “.” we used
Θ + 2σ0 − β < 0, σ0 > 0. (C.36)

Combining (C.13), (C.22) and (C.29), then

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )| . C(α)
[
λΘ
∗ + T−σ0λ1−σ0

∗ (λ∗R)−1 + T−σ0T
1−α
2 (T − t)α2

]
= C(α)λΘ

∗

[
1 + T−σ0λ1−σ0−Θ

∗ (λ∗R)−1 + T−σ0T
1−α
2 (T − t)α2−Θ

]
. C(α)λΘ

∗

(C.37)

where in the last “.” we used

Θ + 2σ0 − β < 0, Θ− α

2
< 0, Θ + σ0 −

1

2
< 0. (C.38)

Combining (C.15), (C.24), (C.30), then for 0 < t < t∗ ≤ T , t∗ − t < 1
4 (T − t),

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|

. C(α)
(
|x− x∗|+

√
|t− t∗|

)α [
λΘ
∗ (t)(λ∗R)−α(t) + T−σ0λ1−σ0

∗ (t)(λ∗R)−1−α(t) + T−σ0T
1−α
2

]
= C(α)

(
|x− x∗|+

√
|t− t∗|

)α
λΘ
∗ (t)(λ∗R)−α(t)

×
[
1 + T−σ0λ1−σ0−Θ

∗ (t)(λ∗R)−1(t) + T−σ0T
1−α
2 λ−Θ
∗ (t)(λ∗R)α(t)

]
. C(α)

(
|x− x∗|+

√
|t− t∗|

)α
λΘ
∗ (t)(λ∗R)−α(t)

(C.39)
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where in the last ”.” we used

Θ + 2σ0 − β < 0, Θ− α(1− β) < 0, Θ + σ0 −
1

2
− α(

1

2
− β) < 0. (C.40)

Collecting (C.8), (C.10), (C.12), (C.14), (C.16), (C.19), (C.21), (C.23), (C.25), (C.32), (C.34), (C.36), (C.38)
and (C.40), we conclude the restrictions (C.1) on the parameters.

�

Appendix D. Estimates of G and Hj

D.1. Estimates for terms involving Φout, Φ[j]

in . In this section, we first derive some estimates for Φout, Φin

that will be used frequently in the estimate of G.
For Φout ∈ Bout and all j = 1, 2, . . . , N ,

|Φout(x, t)| =
∣∣Φout(x, t)− Φout(x, T ) + Φout(x, T )− Φout(q

[j], T )
∣∣

. ‖Φout‖],Θ,α
[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) + |x− q[j]|
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
.

Thus

|Φout|

. ‖Φout‖],Θ,α min
{
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) + inf
j=1,...,N

|x− q[j]|
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
,

| lnT |λΘ+1
∗ (0)R(0) + ‖Z∗‖C3(R2)

}
,

(D.1)
which implies

|Φout| .
N∑
j=1

1{|x−q[j]|<3dq}‖Φout‖],Θ,α

×
[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) + |x− q[j]|
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
.

N∑
j=1

1{|x−q[j]|<3dq}‖Φout‖],Θ,α
(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α.

(D.2)

By (5.50), we have
|∇xΦout| ≤ ‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
. (D.3)

By (5.44) and (4.21), one has

|Φ− Φout| =

∣∣∣∣∣∣
N∑
j=1

(
η[j]R QγjΦ

[j]

in (y[j], t) + η[j]dqΦ
∗[j]
0 (rj , t)

)∣∣∣∣∣∣
.

N∑
j=1

[
η[j]R ‖Φ

[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l + η[j]dq

(
zj1{z2j<t} + t| lnT |−1z−1

j 1{z2j≥t}

)]

.
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l + λ∗〈ρj〉

)
+ 1{3λ∗R<|x−q[j]|<3dq}λ∗〈ρj〉

]
.

(D.4)

By (5.44), we get∣∣∣∇x (η[j]R QγjΦ[j]

in (y[j], t)
)∣∣∣ =

∣∣∣η[j]R∇x (QγjΦ[j]

in (y[j], t)
)

+QγjΦ
[j]

in (y[j], t)∇xη[j]R
∣∣∣

. η[j]R λ
−1
j ‖Φin‖[j]in,ν−δ0,lλ

ν−δ0
∗ 〈y[j]〉−l−1 + (λjR)−11{λjR≤|x−ξ[j]|≤2λjR}‖Φin‖[j]in,ν−δ0,lλ

ν−δ0
∗ 〈y[j]〉−l

. 1{|x−q[j]|≤3λ∗R}‖Φ
[j]

in‖in,ν−δ0,lλ
ν−δ0−1
∗ 〈ρj〉−l−1.

(D.5)
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By (4.21), we have ∣∣∣∇x (η[j]dqΦ∗[j]0 (rj , t)
)∣∣∣ =

∣∣∣η[j]dq∇xΦ∗[j]0 (rj , t) + Φ∗[j]0 (rj , t)∇xη[j]dq
∣∣∣

. η[j]dq + t
1
2 1{dq≤|x−ξ[j]|≤2dq} . 1{|x−q[j]|<3dq}.

(D.6)

Combining (D.5) and (D.6), we have

|∇x (Φ− Φout)| .
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
‖Φin‖[j]in,ν−δ0,lλ

ν−δ0−1
∗ 〈ρj〉−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq}

]
. (D.7)

∆x (Φ− Φout) =

N∑
j=1

∆x

(
η[j]R QγjΦ

[j]

in (y[j], t) + η[j]dqΦ
∗[j]
0 (rj , t)

)

=

N∑
j=1

[
η[j]R ∆x

(
QγjΦ

[j]

in (y[j], t)
)

+ 2∇xη[j]R∇x
(
QγjΦ

[j]

in (y[j], t)
)

+QγjΦ
[j]

in (y[j], t)∆xη
[j]

R

+ η[j]dq∆xΦ∗[j]0 (rj , t) + 2∇xη[j]dq∇xΦ∗[j]0 (rj , t) + Φ∗[j]0 (rj , t)∆xη
[j]

dq

]
.

By (4.21) and (5.44), it holds that

|∆x (Φ− Φout) |

.
N∑
j=1

[
η[j]R λ

−2
j ‖Φ

[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈y[j]〉−l−2 + (λjR)−11{λjR≤|x−ξ[j]|≤2λjR}λ

−1
j ‖Φ

[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈y[j]〉−l−1

+ (λjR)−21{λjR≤|x−ξ[j]|≤2λjR}‖Φ
[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈y[j]〉−l + η[j]dqλ

−1
j 〈ρj〉

−1 + t1{dq≤|x−ξ[j]|≤2dq}

]
.

N∑
j=1

(
1{|x−ξ[j]|≤2λjR}λ

−2
j ‖Φ

[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l−2 + λ−1

j 〈ρj〉
−11{|x−ξ[j]|≤2dq}

)

.
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0−2
∗ 〈ρj〉−l−2 + λ−1

∗ 〈ρj〉−1
)

+ λ−1
∗ 〈ρj〉−11{3λ∗R<|x−q[j]|<3dq}

]
.

(D.8)
Combining (D.2) and (D.4), we have

|Φ| .
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α.
(D.9)

Integrating (D.3), (D.7) and (D.13), we have

|∇xΦ|

.
N∑
j=1

{
1{|x−q[j]|≤3λ∗R}

[
‖Φin‖[j]in,ν−δ0,lλ

ν−δ0−1
∗ 〈ρj〉−l−1 + 1 + ‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
+ 1{3λ∗R<|x−q[j]|<3dq}

[
1 + ‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)] }
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
.

N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
λν−δ0−1
∗ 〈ρj〉−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α.

(D.10)
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Recalling (5.1) yields  N∑
j=1

η[j]R QγjΦ
[j]

in

 · U∗ =

N∑
j=1

η[j]R QγjΦ
[j]

in ·
(
U∗ − U [j]

)
, (D.11)

which implies∣∣∣∣∣∣
 N∑
j=1

η[j]R QγjΦ
[j]

in

 · U∗
∣∣∣∣∣∣ .

N∑
j=1

η[j]R

∣∣∣Φ[j]

in

∣∣∣λ∗ . N∑
j=1

1{|x−q[j]|≤3λ∗R}‖Φin‖[j]in,ν−δ0,lλ
ν−δ0+1
∗ 〈ρj〉−l. (D.12)

By (D.12), (4.21) and (D.2), we obtain

|Φ · U∗| =

∣∣∣∣∣∣
N∑
j=1

η[j]R QγjΦ
[j]

in ·
(
U∗ − U [j]

)
+

N∑
j=1

η[j]dqΦ
∗[j]
0 · U∗ + Φout · U∗

∣∣∣∣∣∣
.

N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

{
‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0+1
∗ 〈ρj〉−l + λ∗〈ρj〉

+ ‖Φout‖],Θ,α
[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) + |x− q[j]|
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)] }
+ 1{3λ∗R<|x−q[j]|<3dq}

[
λ∗〈ρj〉+ ‖Φout‖],Θ,α

(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)] ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
.

N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0+1
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α.

(D.13)

By (5.44) and (D.5), we have∣∣∣∇x [η[j]R QγjΦ[j]

in ·
(
U∗ − U [j]

)]∣∣∣ =

∣∣∣∣∣ (U∗ − U [j]
)
· ∇x

(
η[j]R QγjΦ

[j]

in

)
+

∑
k 6=j

∇xU [k]

 · η[j]R QγjΦ[j]

in

∣∣∣∣∣
. 1{|x−q[j]|≤3λ∗R}

(
λ∗‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0−1
∗ 〈ρj〉−l−1 + λ∗‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l

)
. 1{|x−q[j]|≤3λ∗R}‖Φ

[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l−1.

(D.14)

(4.21) and (D.6) imply∣∣∣∇x (η[j]dqΦ∗[j]0 · U∗
)∣∣∣ =

∣∣∣∣∣U∗ · ∇x (η[j]dqΦ∗[j]0

)
+ η[j]dqΦ

∗[j]
0 · ∇xU∗

∣∣∣∣∣
. 1{|x−q[j]|<3dq}

[
1 +

(
zj1{z2j<t} + t| lnT |−1z−1

j 1{z2j≥t}

) N∑
m=1

λ−1
m 〈ρm〉−2

]
. 1{|x−q[j]|<3dq}.

(D.15)
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By (D.2), (D.3) and (D.33), we have

|∇x (Φout · U∗)| =

∣∣∣∣∣Φout · ∇xU∗ + U∗ · ∇xΦout

∣∣∣∣∣
.

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


×

{
N∑
j=1

1{|x−q[j]|<3dq}‖Φout‖],Θ,α
(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}
+ ‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
.

N∑
j=1

1{|x−q[j]|<3dq}‖Φout‖],Θ,α
(
| ln(T − t)|λΘ

∗ R〈ρj〉−2 + 1
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
.

(D.16)

Combining (D.14), (D.15) and (D.16), we have

|∇x (Φ · U∗)|

.
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
| ln(T − t)|λΘ

∗ R〈ρj〉−2 + 1
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
.

(D.17)

D.2. Estimate of ∇xA. Recall ∇xA given in (5.12). This subsection is devoted to the proof of the following
Claim.

Claim: Suppose

Θ < β, Θ + β − 1 < 0, β <
1

2
, Θ + β + 2δ0 − 2ν < 0,

3β < 1 + Θ, Θ + β + 4δ0 − 4ν + 1 < 0, Θ + β(3− l) + δ0 − ν − 2 < 0.
(D.18)

Then for ε > 0 sufficiently small, we have

∇xA = − U∗ · ∇xU∗ − Φ · ∇xΦ +O

(
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)4

1{|x−q[j]|≤3λ∗R}

×
(
λε+1
∗ λΘ

∗ (λ∗R)−1 + λ∗〈ρj〉
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
4 (| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
4

)
.

(D.19)

Proof of (D.19). Let us simplify (5.12) first

|ΠU⊥∗
Φ|2 = |Φ|2 +

(
|U∗|2 − 2

)
(Φ · U∗)2

, U∗ ·ΠU⊥∗
Φ =

(
1− |U∗|2

)
(Φ · U∗) ,

where

Φ · U∗ =

N∑
j=1

η[j]R QγjΦ
[j]

in ·
(
U∗ − U [j]

)
+

N∑
j=1

η[j]dqΦ
∗[j]
0 · U∗ + Φout · U∗.

Then

∇x
(
|ΠU⊥∗

Φ|2
)

= 2Φ · ∇xΦ + 2 (Φ · U∗)2
U∗ · ∇xU∗ + 2

(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) ,

∇x
(
U∗ ·ΠU⊥∗

Φ
)

=
(
1− |U∗|2

)
∇x (Φ · U∗)− 2 (Φ · U∗)U∗ · ∇xU∗.

By (5.5), (4.2) and (5.3), we have

(1 +A)|U∗|2 + (U∗ ·ΠU⊥∗
Φ) = (1 +A)|U∗|2 + (1− |U∗|2)(Φ · U∗) = 1 +O

(
λ∗ + |Φ|2

)
,



FINITE TIME BLOW-UP FOR LLG 133

which implies[
(1 +A)|U∗|2 + (U∗ ·ΠU⊥∗

Φ)
]−1

=
[
(1 +A)|U∗|2 + (1− |U∗|2)(Φ · U∗)

]−1
= 1 +O

(
λ∗ + |Φ|2

)
. (D.20)

Thus we obtain

∇xA = −
(
1 +O

(
λ∗ + |Φ|2

))
×
{

(1 +A)2U∗ · ∇xU∗ + Φ · ∇xΦ + (Φ · U∗)2
U∗ · ∇xU∗ +

(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗)

+ (1 +A)
[(

1− |U∗|2
)
∇x (Φ · U∗)− 2 (Φ · U∗)U∗ · ∇xU∗

] }
= −

(
1 +O

(
λ∗ + |Φ|2

)){ [
1 +A(2 +A)− 2(1 +A) (Φ · U∗) + (Φ · U∗)2

]
U∗ · ∇xU∗ + Φ · ∇xΦ

+
(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

}
= −

{[
1 +A(2 +A)− 2(1 +A) (Φ · U∗) + (Φ · U∗)2

]
U∗ · ∇xU∗ + Φ · ∇xΦ

+
(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

}
+O

(
λ∗ + |Φ|2

){ [
1 +A(2 +A)− 2(1 +A) (Φ · U∗) + (Φ · U∗)2

]
U∗ · ∇xU∗ + Φ · ∇xΦ

+
(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

}
= − U∗ · ∇xU∗ −

(
1 +O

(
λ∗ + |Φ|2

)) [
−2(1 +A) (Φ · U∗) + (Φ · U∗)2

]
U∗ · ∇xU∗

+O
(
λ∗ + |Φ|2

)
U∗ · ∇xU∗ −

(
1 +O

(
λ∗ + |Φ|2

))
Φ · ∇xΦ

−
(
1 +O

(
λ∗ + |Φ|2

)) (
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗)

−
(
1 +O

(
λ∗ + |Φ|2

))
(1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

= − U∗ · ∇xU∗ +
(
2Φ · U∗ +O

(
λ∗ + |Φ|2

))
U∗ · ∇xU∗ −

(
1 +O

(
λ∗ + |Φ|2

))
Φ · ∇xΦ

−
(
1 +O

(
λ∗ + |Φ|2

)) (
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗)

−
(
1 +O

(
λ∗ + |Φ|2

))
(1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

(D.21)

where we have used A(2 +A) = O(λ∗ + |Φ|2) by (5.5).
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By (D.9) and (D.13), we have

|Φ · U∗|+ λ∗ + |Φ|2

.
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

{
λν−δ0+1
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
}

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

+

N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

× 1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0
∗ 〈ρj〉−2l + λ2

∗〈ρj〉2 + | ln(T − t)|2λ2Θ+2
∗ R2

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2 (
λ2
∗〈ρj〉2 + | ln(T − t)|2λ2Θ+2

∗ R2
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2
.

(D.22)

Notice λε+1
∗ λΘ

∗ (λ∗R)−1 = λε+Θ+β
∗ . Then using (D.37) and (D.22), we get∣∣(2Φ · U∗ +O

(
λ∗ + |Φ|2

))
U∗ · ∇xU∗

∣∣
.

N∑
j=1

{(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}

[
λ2ν−2δ0
∗ 〈ρj〉−l−2 + λ∗〈ρj〉−1

+ | ln(T − t)|λΘ+1
∗ R〈ρj〉−2

]
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2 (
λ∗〈ρj〉−1 + | ln(T − t)|λΘ+1

∗ R〈ρj〉−2
)}

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2
λ2
∗

.
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}λ
ε+1
∗ λΘ

∗ (λ∗R)−1

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2
λ∗〈ρj〉−1

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)

2
λ2
∗

(D.23)

for some ε > 0 where in the last ”.”, we require

Θ < β, Θ + β + 2δ0 − 2ν < 0, Θ + β − 1 < 0, β <
1

2
. (D.24)
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By (D.9) and (D.10), it follows that∣∣O (λ∗ + |Φ|2
)

Φ · ∇xΦ
∣∣

.

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)3

1{|x−q[j]|≤3λ∗R}

×
(
λ3ν−3δ0
∗ 〈ρj〉−3l + λ3

∗〈ρj〉3 + | ln(T − t)|3λ3Θ+3
∗ R3

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

3 (
λ3
∗〈ρj〉3 + | ln(T − t)|3λ3Θ+3

∗ R3
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
3

}

×

{
N∑
j=1

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) [
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ 〈ρj〉−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)4

1{|x−q[j]|≤3λ∗R}

×
(
λ4ν−4δ0−1
∗ + λ3

∗〈ρj〉3 + λν−δ0+2
∗ 〈ρj〉2−l + | ln(T − t)|3λν−δ0+3Θ+2

∗ R3
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
4 (
λ3
∗〈ρj〉3 + | ln(T − t)|3λ3Θ+3

∗ R3
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
4

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)4

1{|x−q[j]|≤3λ∗R}λ
ε+1
∗ λΘ

∗ (λ∗R)−1

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
4 (
λ3
∗〈ρj〉3 + | ln(T − t)|3λ3Θ+3

∗ R3
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
4

(D.25)

where for the last ”.”, we require

Θ + β + 4δ0 − 4ν + 1 < 0, Θ + 4β < 3, Θ + β(3− l) + δ0 − ν − 2 < 0. (D.26)

Combining (D.13) and (D.17), we have

|(Φ · U∗)∇x (Φ · U∗)|

.

{
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0+1
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}

×
{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
| ln(T − t)|λΘ

∗ R〈ρj〉−2 + 1
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)}
.

N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}

×
(
| ln(T − t)|λν−δ0+1+Θ

∗ R〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1
∗ R〈ρj〉−1 + | ln(T − t)|2λ2Θ+1

∗ R2
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖2],Θ,α.



136 J. WEI, Q. ZHANG, AND Y. ZHOU

Thus we obtain

|(Φ · U∗)∇x (Φ · U∗)|

.
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
λε+1
∗ λΘ

∗ (λ∗R)−1 + λ∗〈ρj〉
)

+ (1 + ‖Φout‖],Θ,α)
2
1{3λ∗R<|x−q[j]|<3dq}

(
| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ (‖Φout‖],Θ,α)
2
1{∩Nj=1{|x−q[j]|≥3dq}}

(D.27)

provided
Θ− β < 0, 3β < 1 + Θ. (D.28)

By (4.2) and (D.17), one has∣∣(1− |U∗|2)∇x (Φ · U∗)
∣∣

.
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
| lnT |−1| ln(T − t)|2λ∗

+ | ln(T − t)|λ1+Θ
∗ R(t)〈ρj〉−2

)
+ 1{3λ∗R<|x−q[j]|<3dq}λ∗ (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|>3dq}}λ∗‖Φout‖],Θ,α

.
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}λ

ε+1
∗ λΘ

∗ (λ∗R)−1

+ 1{3λ∗R<|x−q[j]|<3dq}λ∗ (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|>3dq}}λ∗‖Φout‖],Θ,α

(D.29)

provided

Θ + β < 1, β <
1

2
. (D.30)

Combining (D.23), (D.25), (D.27) and (D.29), we conclude the validity of (D.19) under the assumptions (D.18)
for the parameters, and these are from (D.24), (D.26), (D.28) and (D.30).

�

D.3. Estimate of G.

Lemma D.1. Suppose ‖Φ[j]

in‖in,ν−δ0,l ≤ Cin for j = 1, 2, . . . , N , under the parameter assumptions

Θ < β, Θ + β + δ0 − ν < 0, 3β < 1 + Θ, δ0 < β <
1

2
, β(l + 1)− 1 + ν − δ0 −Θ > 0,

Θ + 2β − 1 < 0, δ0 < ν, 2β + δ0 − ν < 0, Θ + β + 1 + 3δ0 − 3ν < 0,

Θ + β + 4δ0 − 4ν + 1 < 0.

(D.31)

Then for ε > 0 sufficiently small,
‖G‖∗∗ . T ε. (D.32)

where ‖ · ‖∗∗ is defined in (5.49).

Proof. First, we prepare some useful formulas here.

|∇xU∗| .
N∑
j=1

λ−1
∗ 〈ρj〉−2 .

N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗. (D.33)

|∆xU∗| .
N∑
j=1

λ−2
∗ 〈ρj〉−4 .

N∑
j=1

1{|x−q[j]|<3dq}λ
−2
∗ 〈ρj〉−4 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ

2
∗. (D.34)
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|U∗ · ∇xU∗| =

∣∣∣∣∣∣
N∑
j=1

∑
k 6=j

(
U [k] − U∞

)
· ∇xU [j]

∣∣∣∣∣∣ .
N∑
j=1

∑
k 6=j

〈ρk〉−1λ−1
j 〈ρj〉

−2. (D.35)

For fixed j = 1, 2, . . . , N , we have

1{|x−q[j]|<3dq} |U∗ · ∇xU∗| . 1{|x−q[j]|<3dq}

λ−1
j 〈ρj〉

−2
∑
k 6=j

〈ρk〉−1 +
∑
m 6=j

∑
k 6=m

〈ρk〉−1λ−1
m 〈ρm〉−2


. 1{|x−q[j]|<3dq}

〈ρj〉−2 + λ∗
∑
m 6=j

∑
k 6=m

〈ρk〉−1

 ∼ 1{|x−q[j]|<3dq}
(
〈ρj〉−2 + λ∗〈ρj〉−1

)
∼ 1{|x−q[j]|<3dq}〈ρj〉

−2,

1∩Nj=1{|x−q[j]|≥3dq} |U∗ · ∇xU∗| . λ
2
∗,

(D.36)

and thus

|U∗ · ∇xU∗| .
N∑
j=1

1{|x−q[j]|<3dq}〈ρj〉
−2 + 1{∩Nj=1|x−q[j]|≥3dq}λ

2
∗. (D.37)

Notice ∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ .
N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1.

1{|x−q[m]|<3dq}

N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1 . 1{|x−q[m]|<3dq}

λ−1
∗ 〈ρm〉−4 +

∑
j 6=m

λ2
∗

∑
k 6=j

〈ρk〉−1


. 1{|x−q[m]|<3dq}

(
λ−1
∗ 〈ρm〉−4 + λ2

∗〈ρm〉−1
)
,

1{∩Nm=1{|x−q[m]|≥3dq}}

N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1 . λ3
∗.

Thus we have ∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ .
N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1

.
N∑
j=1

1{|x−q[j]|<3dq}
(
λ−1
∗ 〈ρj〉−4 + λ2

∗〈ρj〉−1
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ
3
∗.

(D.38)

Notice
|∇xU∗|2 + U∗ ·∆xU∗

=

∣∣∣∣∣∣
N∑
j=1

∇xU [j]

∣∣∣∣∣∣
2

− U∗ ·
N∑
j=1

|∇xU [j]|2U [j]

=

∣∣∣∣∣∣
N∑
j=1

∇xU [j]

∣∣∣∣∣∣
2

−
N∑
j=1

|∇xU [j]|2 −
N∑
j=1

|∇xU [j]|2
(
U∗ − U [j]

)
· U [j]

=

N∑
j=1

∑
k 6=j

∇xU [j] · ∇xU [k] −
N∑
j=1

|∇xU [j]|2
(
U∗ − U [j]

)
· U [j].

Then ∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ . N∑

j=1

∑
k 6=j

λ−1
j λ−1

k 〈ρj〉
−2〈ρk〉−2 +

N∑
j=1

∑
k 6=j

λ−2
j 〈ρj〉

−4〈ρk〉−1.
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More explicitly, one has

1{|x−q[j]|<3dq}
∣∣|∇xU∗|2 + U∗ ·∆xU∗

∣∣
. 1{|x−q[j]|<3dq}

(∑
k 6=j

λ−1
j λ−1

k 〈ρj〉
−2〈ρk〉−2 +

∑
m6=j

∑
k 6=m

λ−1
m λ−1

k 〈ρm〉
−2〈ρk〉−2

+
∑
k 6=j

λ−2
j 〈ρj〉

−4〈ρk〉−1 +
∑
m 6=j

∑
k 6=m

λ−2
m 〈ρm〉−4〈ρk〉−1

)

. 1{|x−q[j]|<3dq}

〈ρj〉−2 +
∑
m6=j

∑
k 6=m

〈ρk〉−2 + λ−1
∗ 〈ρj〉−4 +

∑
m 6=j

∑
k 6=m

λ2
∗〈ρk〉−1


∼ 1{|x−q[j]|<3dq}

(
〈ρj〉−2 + λ−1

∗ 〈ρj〉−4
)
,

1{∩Nj=1{|x−q[j]|≥3dq}}
∣∣|∇xU∗|2 + U∗ ·∆xU∗

∣∣ . 1{∩Nj=1{|x−q[j]|≥3dq}}λ
2
∗,

and thus∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ . N∑

j=1

1{|x−q[j]|<3dq}
(
〈ρj〉−2 + λ−1

∗ 〈ρj〉−4
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ
2
∗. (D.39)

|U∗ ∧∆xU∗| =

∣∣∣∣∣∣U∗ ∧
N∑
j=1

∣∣∇xU [j]
∣∣2 U [j]

∣∣∣∣∣∣ .
N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρj〉−1

.
N∑
j=1

1{|x−q[j]|<3dq}
(
λ−1
∗ 〈ρj〉−4 + λ2

∗〈ρj〉−1
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ
3
∗

(D.40)

where we have used (D.38) in the last “.”.
• By (D.1) and (D.3), we have∣∣∣(1− η[j]R

) (
a− bU [j]∧

) [
|∇xU [j]|2Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]∣∣∣
. 1{|x−q[j]|≥λ∗R/2}

(
λ−2
j 〈ρj〉

−4 |Φout|+ |∇xΦout|λ−1
j 〈ρj〉

−2
)

. 1{|x−q[j]|≥λ∗R/2}‖Φout‖],Θ,α

×
{
λ−2
j 〈ρj〉

−4
[
| ln(T − t)|λΘ+1

∗ R(t) + (T − t)‖Z∗‖C3(R2) + λjρj
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
+
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
λ−1
j 〈ρj〉

−2
}

. 1{|x−q[j]|≥λ∗R/2}‖Φout‖],Θ,α

×
{
〈ρj〉−2

[
| ln(T − t)|λΘ−1

∗ R−1 + (T − t)λ−2
j R−2‖Z∗‖C3(R2) + λ−1

j R−1
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
+
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
λ−1
j 〈ρj〉

−2
}

. T ε
(
%[j]2 + %3

)
.

(D.41)
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• ∣∣∣ (1− η[j]R
){
− ∂t(η[j]dqΦ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η[j]dqΦ

∗[j]
0 ) + |∇xU [j]|2η[j]dqΦ

∗[j]
0

− 2∇x
(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

]
− ∂tU [j]

}∣∣∣
=
∣∣∣ (1− η[j]R

){
− η[j]dq∂tΦ

∗[j]
0 − Φ∗[j]0 ∂tη

[j]

dq
+
(
a− bU [j]∧

) [
η[j]dq∆xΦ∗[j]0 + 2∇xη[j]dq∇xΦ∗[j]0 + Φ∗[j]0 ∆xη

[j]

dq

+ |∇xU [j]|2η[j]dqΦ
∗[j]
0 − 2

(
U [j] · Φ∗[j]0

)
∇xη[j]dq∇xU

[j] − 2η[j]dq∇x
(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}∣∣∣
=
∣∣∣ (1− η[j]R

)
η[j]dq

{
− ∂tΦ∗[j]0 +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
− (1− η[j]dq )∂tU

[j] +
(

1− η[j]R
){
− Φ∗[j]0 ∂tη

[j]

dq
+
(
a− bU [j]∧

) [
2∇xη[j]dq∇xΦ∗[j]0 + Φ∗[j]0 ∆xη

[j]

dq

− 2
(
U [j] · Φ∗[j]0

)
∇xη[j]dq∇xU

[j]
]}∣∣∣

. 1{λjR≤|x−ξ[j]|≤2dq}

(
λ−1
∗ 〈ρj〉−2 + |λ̇∗|〈ρj〉−1 + |ξ̇[j]|

)
+ 1{|x−ξ[j]|≥dq}

[(
λ−1
j |λ̇j |+ |γ̇j |

)
〈ρj〉−1 + λ−1

j |ξ̇
[j]|〈ρj〉−2

]
+ 1{dq≤|x−ξ[j]|≤2dq}

.
(
1{λjR/2≤|x−q[j]|≤λjR} + 1{λjR<|x−q[j]|≤3dq}

)
λ∗|x− q[j]|−2 + 1{λjR/2≤|x−q[j]|≤3dq}

(
|λ̇∗|R−1 + |ξ̇[j]|

)
+ 1{|x−ξ[j]|≥dq}

[(
|λ̇j |+ λj |γ̇j |

)
+ λj |ξ̇[j]|

]
+ 1{dq≤|x−ξ[j]|≤2dq}

. T ε
(
%[j]1 + %[j]2 + %3

)
provided

Θ < β (D.42)

where we have used (4.47), (4.8) and (4.21) in the first “.”.
• By (4.43) and (4.45), we have∣∣∣∣η[j]R (eiθjM̃ [j]

1 + e−iθjM [j]

−1

)
C−1
j

∣∣∣∣ . η[j]R |ξ̇[j]| . T ε%1.

• Since |γ̇j | . (T − t)−1, |ξ̇[j]| . O(R−2
0 ), one has∣∣∣η[j]R Qγj [(λ−1

j λ̇jy
[j] + λ−1

j ξ̇[j]
)
· ∇y[j]Φ

[j]

in − γ̇jJΦ[j]

in

]∣∣∣ . η[j]R (T − t)−1‖Φin‖[j]in,ν−δ0,lλ
ν−δ0
∗ . T ε%[j]1

for ε > 0 sufficiently small provided
Θ + δ0 + β − ν < 0. (D.43)

• ∣∣∣Qγj {−Φ[j]

in∂tη
[j]

R +
(
a− bW [j]∧

) [
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in +W [j] · Φ[j]

in

(
−2∇xη[j]R∇xW

[j]
)]}∣∣∣

=
∣∣∣−Φ[j]

in∂tη
[j]

R +
(
a− bW [j]∧

) [
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in +W [j] · Φ[j]

in

(
−2∇xη[j]R∇xW

[j]
)]∣∣∣

=
∣∣∣Φ[j]

in (∇η)

(
x− ξ[j]

λjR

)
·

(
ξ̇[j]

λjR
+
x− ξ[j]

λjR

(λjR)′

λjR

)

+
(
a− bW [j]∧

) [
Φ[j]

in (λjR)−2 (∆η)

(
x− ξ[j]

λjR

)
+ 2(λjR)−1 (∇η)

(
x− ξ[j]

λjR

)
λ−1
j ∇y[j]Φ

[j]

in

− 2
(
W [j] · Φ[j]

in

)
(λjR)−1 (∇η)

(
x− ξ[j]

λjR

)
λ−1
j ∇y[j]W

[j]
]∣∣∣

. ‖Φin‖[j]in,ν−δ0,l1{λjR≤|x−ξ[j]|≤2λjR}

[
(T − t)−1λν−δ0∗ 〈y[j]〉−l + (λjR)−2λν−δ0∗ 〈y[j]〉−l

+ (λjR)−1λ−1
j λν−δ0∗ 〈y[j]〉−l−1 + (λjR)−1λ−1

j 〈y
[j]〉−2λν−δ0∗ 〈y[j]〉−l

]
∼ ‖Φ[j]

in‖in,ν−δ0,l1{λjR≤|x−ξ[j]|≤2λjR}(λjR)−2λν−δ0∗ R−l . T ε%1

(D.44)



140 J. WEI, Q. ZHANG, AND Y. ZHOU

provided

δ0 < β <
1

2
, ν − δ0 + βl − (1− β) > Θ. (D.45)

• (
U∗ − U [j]

)
∧

{
∆x

(
η[j]dqΦ

∗[j]
0

)
+ η[j]R Qγj∆xΦ[j]

in +Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in

)
− 2∇x

(
U [j] · Φout

)
∇xU [j] − 2∇x

[
U [j] ·

(
η[j]R QγjΦ

[j]

in + η[j]dqΦ
∗[j]
0

)]
∇xU [j]

}

=
(
U∗ − U [j]

)
∧

{
∆x

(
η[j]dqΦ

∗[j]
0

)
− 2∇x

(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

+Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in

)
− 2

(
W [j] · Φ[j]

in

)
∇xη[j]R∇xU

[j]

+ η[j]R Qγj∆xΦ[j]

in − 2η[j]R∇x
(
W [j] · Φ[j]

in

)
∇xU [j] − 2∇x

(
U [j] · Φout

)
∇xU [j]

}
,

where by (4.21), it follows that∣∣∣(U∗ − U [j]
)
∧
[
∆x

(
η[j]dqΦ

∗[j]
0

)
− 2∇x

(
U [j] · η[j]dqΦ

∗[j]
0

)
∇xU [j]

]∣∣∣
=
∣∣∣ (U∗ − U [j]

)
∧
[
Φ∗[j]0 ∆xη

[j]

dq
+ 2∇xη[j]dq∇xΦ∗[j]0 + η[j]dq∆xΦ∗[j]0

− 2
(
U [j] · Φ∗[j]0

)
∇xη[j]dq∇xU

[j] − 2η[j]dq

(
U [j] · ∇xΦ∗[j]0

)
∇xU [j] − 2η[j]dq

(
Φ∗[j]0 · ∇xU [j]

)
∇xU [j]

]∣∣∣
. λ∗

(
1 + λ−1

j 〈ρj〉
−1 + λ−1

∗ 〈ρj〉−2 + λj〈ρj〉λ−2
∗ 〈ρj〉−4

)
1{|x−qj |≤3dq} . T

ε%3.

• ∣∣∣(U∗ − U [j]
)
∧
[
Qγj

(
Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in

)
− 2

(
W [j] · Φ[j]

in

)
∇xη[j]R∇xU

[j]
]∣∣∣

. λ∗

∣∣∣Φ[j]

in ∆xη
[j]

R + 2∇xη[j]R∇xΦ[j]

in − 2
(
W [j] · Φ[j]

in

)
∇xη[j]R∇xW

[j]
∣∣∣ . T ε%1

by the similar estimate in (D.44).
• ∣∣∣(U∗ − U [j]

)
∧ η[j]R

[
Qγj∆xΦ[j]

in − 2∇x
(
W [j] · Φ[j]

in

)
∇xU [j]

]∣∣∣
= λ−2

j

∣∣∣(U∗ − U [j]
)
∧ η[j]R

[
Qγj∆y[j]Φ

[j]

in − 2∇y[j]
(
W [j] · Φ[j]

in

)
∇y[j]U

[j]
]∣∣∣

= λ−2
j

∣∣∣(U∗ − U [j]
)
∧ η[j]R

[
Qγj∆y[j]Φ

[j]

in − 2
(
W [j] · ∇y[j]Φ

[j]

in + Φ[j]

in · ∇y[j]W
[j]
)
∇y[j]U

[j]
]∣∣∣

. 1{|x−ξ[j]|≤2λjR}λ
−1
∗ ‖Φin‖[j]in,ν−δ0,lλ

ν−δ0
∗ 〈y[j]〉−l−2 . T ε%1

provided
Θ + β + δ0 − ν < 0. (D.46)

• (
U∗ − U [j]

)
∧
[
∇x
(
U [j] · Φout

)
∇xU [j]

]
=
(
U∗ − U [j]

)
∧
[(
U [j] · ∇xΦout + Φout · ∇xU [j]

)
∇xU [j]

]
.
∑
k 6=j

〈ρk〉−1
(
|∇xΦout|+ |Φout|λ−2

j 〈ρj〉
−4
)
,

where ∑
k 6=j

〈ρk〉−1|∇xΦout| .
∑
k 6=j

〈ρk〉−1‖Φout‖],Θ,α
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
. T ε%3.
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By (D.1), we have

η[j]R
∑
k 6=j

〈ρk〉−1|Φout|λ−2
j 〈ρj〉

−4 . ‖Φout‖],Θ,αη[j]R
∑
k 6=j

λkλ
−2
j 〈ρj〉

−4

×
[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) + inf
m=1,...,N

|x− q[m]|
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
. ‖Φout‖],Θ,αη[j]R

∑
k 6=j

λkλ
−2
j 〈ρj〉

−4

×
[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)‖Z∗‖C3(R2) +
(
λjR+ |ξ[j] − q[j]|

) (
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)]
. ‖Φout‖],Θ,αη[j]R λ

−1
∗ 〈ρj〉−4λ∗R

(
| lnT |λΘ

∗ (0) + ‖Z∗‖C3(R2)

)
. T ε%[j]1

provided
2β + Θ− 1 < 0. (D.47)

For all k 6= j,

η[k]R

(
1− η[j]R

)
〈ρk〉−1|Φout|λ−2

j 〈ρj〉
−4

. ‖Φout‖],Θ,αη[k]R
(

1− η[j]R
)
〈ρk〉−1λ2

j

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. T ε%[k]1 .(

1− η[k]R
)(

1− η[j]R
)
〈ρk〉−1|Φout|λ−2

j 〈ρj〉
−4

. ‖Φout‖],Θ,α
(

1− η[k]R
)(

1− η[j]R
)
λ3
∗|x− q[k]|−1|x− q[j]|−4

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. T ε

(
%[j]2 + %3

)
since

1{|x−q[k]|≤dq}‖Φout‖],Θ,α
(

1− η[k]R
)(

1− η[j]R
)
λ3
∗|x− q[k]|−1|x− q[j]|−4

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. ‖Φout‖],Θ,α1{|x−q[k]|≤dq}

(
1− η[k]R

)(
1− η[j]R

)
λ3
∗(λkR)−1

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. T ε%3,

1{|x−q[j]|≤dq}‖Φout‖],Θ,α
(

1− η[k]R
)(

1− η[j]R
)
λ3
∗|x− q[k]|−1|x− q[j]|−4

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. 1{|x−q[j]|≤dq}‖Φout‖],Θ,α

(
1− η[k]R

)(
1− η[j]R

)
λ∗R

−2|x− q[j]|−2
(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. T ε%[j]2 , (

1− 1{|x−q[k]|≤dq} − 1{|x−q[j]|≤dq}

)
‖Φout‖],Θ,α

(
1− η[k]R

)(
1− η[j]R

)
× λ3
∗|x− q[k]|−1|x− q[j]|−4

(
| lnT |λΘ+1

∗ (0)R(0) + ‖Z∗‖C3(R2)

)
. T ε%3.

• For

(a− bU∗∧)

−2

N∑
j=1

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j]

 ,

it suffices to estimate

∇x
[
Φ ·
(
U∗ − U [j]

)]
∇xU [j] =

[(
U∗ − U [j]

)
· ∇xΦ + Φ · ∇x

(
U∗ − U [j]

)]
∇xU [j].

Then for any fixed j, ∣∣∇x [Φ · (U∗ − U [j]
)]
∇xU [j]

∣∣
.

|∇xΦ|
∑
k 6=j

〈ρk〉−1 + |Φ|
∑
k 6=j

λ−1
∗ 〈ρk〉−2

λ−1
∗ 〈ρj〉−2

. |∇xΦ| 〈ρj〉−1
∑
k 6=j

(min {〈ρj〉, 〈ρk〉})−1
+ |Φ|

∑
k 6=j

(min {〈ρj〉, 〈ρk〉})−2
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since
〈ρj〉〈ρk〉 & λ−1

∗ min {〈ρj〉, 〈ρk〉} for j 6= k. (D.48)

Proof of (D.48). For |x− ξ[j]| ≤ |ξ
[j]−ξ[k]|

2 , then 〈ρk〉 ∼ λ−1
∗ , which implies

〈ρj〉〈ρk〉 ∼ λ−1
∗ 〈ρj〉 ∼ λ−1

∗ min {〈ρj〉, 〈ρk〉} .

For |x− ξ[k]| ≤ |ξ
[j]−ξ[k]|

2 , similarly, we have

〈ρj〉〈ρk〉 ∼ λ−1
∗ min {〈ρj〉, 〈ρk〉} .

For |x− ξ[j]| > |ξ[j]−ξ[k]|
2 and |x− ξ[k]| > |ξ[j]−ξ[k]|

2 ,

〈ρj〉〈ρk〉 ∼ λ−2
∗ |x− ξ[j]||x− ξ[k]| & λ−1

∗ min {〈ρj〉, 〈ρk〉} .
�

For k 6= j, by (D.1) and (D.4), we have

|Φ| (min {〈ρj〉, 〈ρk〉})−2 . T ε%3.

By (D.3) and (4.21), we have

|∇xΦ| 〈ρj〉−1 (min {〈ρj〉, 〈ρk〉})−1

. 〈ρj〉−1 (min {〈ρj〉, 〈ρk〉})−1
[
‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
+

N∑
m=1

(
1{|x−ξ[m]|≤2λmR}λ

−1
m ‖Φin‖[m]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρm〉−l−1 + 1{|x−ξ[m]|≤2dq}

) ]
. T ε

(
N∑
m=1

%[m]

1 + %3

)
provided

Θ + β + δ0 − ν < 0. (D.49)

•

(a− bU∗∧)

−2

N∑
j=1

∇x

U [j] ·
∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)∇xU [j]

 .

For k 6= j, we get

∇x
[
U [j] ·

(
η[k]R QγkΦ[k]

in

)]
∇xU [j]

=
[
η[k]R

(
W [j] · ∇xΦ[k]

in + Φ[k]

in · ∇xW
[j]
)

+
(
W [j] · Φ[k]

in

)
∇xη[k]R

]
∇xU [j]

=
[
η[k]R

(
W [j] · λ−1

k ∇y[k]Φ
[k]

in + Φ[k]

in · λ
−1
j ∇y[j]W

[j]
)

+
(
W [j] · Φ[k]

in

)
∇xη[k]R

]
λ−1
j ∇y[j]U

[j]

. ‖Φin‖[k]in,ν−δ0,lλ
ν−δ0
∗

[
1{|x−ξ[k]|≤2λkR}

(
λ−1
k 〈ρk〉

−l−1 + 〈ρk〉−lλ−1
j 〈ρj〉

−2
)

+ 〈ρk〉−l(λkR)−11{λkR≤|x−ξ[k]|≤2λkR}

]
λ−1
j 〈ρj〉

−2

∼ 1{|x−ξ[k]|≤2λkR}‖Φin‖[k]in,ν−δ0,lλ
ν−δ0
∗

(
λ−1
k 〈ρk〉

−l−1 + 〈ρk〉−lλj
)
λj

. 1{|x−ξ[k]|≤2λkR}‖Φin‖[k]in,ν−δ0,lλ
ν−δ0
∗

(
〈ρk〉−l−1 + 〈ρk〉−lλ2

∗
)

. T ε%[k]1

when
δ0 < ν; (D.50)

and by (4.21),∣∣∣∇x (U [j] · η[k]dqΦ∗[k]0

)
∇xU [j]

∣∣∣ =
∣∣∣[(U [j] · Φ∗[k]0

)
∇xη[k]dq + η[k]dq

(
U [j] · ∇xΦ∗[k]0 + Φ∗[k]0 · ∇xU [j]

)]
∇xU [j]

∣∣∣
. λj1{|x−ξ[k]|≤2dq} . T

ε%3.
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•
N∑
j=1

|∇xU [j]|2
(
a− bU [j]∧

)∑
k 6=j

(
η[k]R QγkΦ[k]

in + η[k]dqΦ∗[k]0

)
.

For k 6= j, ∣∣∣|∇xU [j]|2η[k]R QγkΦ[k]

in

∣∣∣ . λ2
jη

[k]

R ‖Φin‖[k]in,ν−δ,lλ
ν−δ0
∗ 〈ρk〉−l . T ε%[k]1

and by (4.21),

|∇xU [j]|2|η[k]dqΦ∗[k]0 | . λ2
j . T

ε%3.

• By (D.1), (D.4) and (D.48),∣∣∣∣∣∣aΦ
∑
j 6=k

∇xU [j] · ∇xU [k]

∣∣∣∣∣∣ . |Φ|
∑
j 6=k

λ−1
j 〈ρj〉

−2λ−1
k 〈ρk〉

−2 . |Φ|
∑
j 6=k

(min {〈ρj〉, 〈ρk〉})−2 . T ε%3.

• By (5.5), (4.8) and (D.22),

|[(Φ · U∗)−A]∂tU∗| .
(
|Φ · U∗|+ λ∗ + |Φ|2

) N∑
j=1

[(
λ−1
j |λ̇j |+ |γ̇j |

)
〈ρj〉−1 + λ−1

j |ξ̇
[j]|〈ρj〉−2

]

.

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

× 1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2

}
N∑
j=1

(
λ−1
j |λ̇j |+ |γ̇j |+ λ−1

j |ξ̇
[j]|
)
〈ρj〉−1

. T ε

 N∑
j=1

%[j]1 + %3


provided

Θ + β + 2δ0 − 2ν < 0. (D.51)

•
2∑
j=1

η[j]R
(
U [j] − U∗

){
− 2a

(
∇xW [j] · ∇xΦ[j]

in

)
+ a|∇xU [j]|2

(
U [j] · Φout

)
+
{
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
· U [j]

}
.

For above terms, we first estimate∣∣∣η[j]R (U [j] − U∗
) (
∇xW [j] · ∇xΦ[j]

in

)∣∣∣
=
∣∣∣λ−2
j η[j]R

(
U [j] − U∗

) (
∇y[j]W

[j] · ∇y[j]Φ
[j]

in

)∣∣∣
. λ−2

j 1{|x−ξ[j]|≤2λjR}λ∗〈ρj〉
−2‖Φin‖[j]in,ν−δ0,lλ

ν−δ0
∗ 〈ρj〉−l−1

∼ 1{|x−ξ[j]|≤2λjR}‖Φin‖[j]in,ν−δ0,lλ
ν−δ0−1
∗ 〈ρj〉−l−3

. T ε%[j]1

when
Θ + δ0 + β − ν < 0. (D.52)
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Secondly, by (D.2), ∣∣∣η[j]R (U [j] − U∗
)
|∇xU [j]|2

(
U [j] · Φout

)∣∣∣
. ‖Φout‖],Θ,αη[j]R λ

−1
∗ 〈ρj〉−4λ∗R

(
| lnT |λΘ

∗ (0) + ‖Z∗‖C3(R2)

)
. T ε%[j]1

provided
Θ + 2β − 1 < 0. (D.53)

Thirdly, by (4.40), we obtain∣∣∣∣∣η[j]R (U [j] − U∗
){{

− ∂t(Φ∗[j]0 ) +
(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

}
· U [j]

}∣∣∣∣∣ . η[j]R λ∗ (|ξ̇[j]|〈ρj〉−1 + |λj |−1〈ρj〉−2
)
. T ε%3.

• By (D.20), we have

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

−
(
AU∗ + ΠU⊥∗

Φ
)
∧∆x (Φ− Φout)

= (Φ ∧ U∗)
(
1 +O

(
λ∗ + |Φ|2

))
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ + Φ− (Φ · U∗)U∗] ∧∆x (Φ− Φout)

= (Φ ∧ U∗) [U∗ ·∆x (Φ− Φout)]− Φ ∧∆x (Φ− Φout)

+ (Φ ∧ U∗) [Φ + (A− Φ · U∗)U∗] ·∆x (Φ− Φout)

+ (Φ ∧ U∗)O
(
λ∗ + |Φ|2

)
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ − (Φ · U∗)U∗] ∧∆x (Φ− Φout) .

For above terms, we estimate by (5.5)∣∣∣(Φ ∧ U∗) [Φ + (A− Φ · U∗)U∗] ·∆x (Φ− Φout)

+ (Φ ∧ U∗)O
(
λ∗ + |Φ|2

)
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ − (Φ · U∗)U∗] ∧∆x (Φ− Φout)
∣∣∣

.
(
λ∗ + |Φ|2 + |Φ · U∗|

)
|∆x (Φ− Φout)| .

Using (D.22) and (D.8), we have(
λ∗ + |Φ|2 + |Φ · U∗|

)
|∆x (Φ− Φout)|

.

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2

}

×
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0−2
∗ 〈ρj〉−l−2 + λ−1

∗ 〈ρj〉−1
)

+ λ−1
∗ 〈ρj〉−11{3λ∗R<|x−q[j]|<3dq}

]

∼
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)3

1{|x−q[j]|≤3λ∗R}

(
λ2ν−2δ0+1
∗ 〈ρj〉1−l + λ2

∗〈ρj〉2

+ | ln(T − t)|λΘ+2
∗ R〈ρj〉+ | ln(T − t)|λ2ν−2δ0+Θ+1

∗ R〈ρj〉−l + | ln(T − t)|λΘ+2
∗ R〈ρj〉

+ | ln(T − t)|2λ2Θ+2
∗ R2

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2
]
. T ε%3.
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We need more refined estimates for the other part. Recalling (5.1), we have

(Φ ∧ U∗) [U∗ ·∆x (Φ− Φout)]− Φ ∧∆x (Φ− Φout)

= − Φ ∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

= −

 N∑
j=1

η[j]dqΦ
∗[j]
0 + Φout

 ∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

−
N∑
j=1

η[j]R QγjΦ
[j]

in ∧
{[
U [j] ·∆x (Φ− Φout)

]
U [j] − [U∗ ·∆x (Φ− Φout)]U∗

}
−

N∑
j=1

η[j]R QγjΦ
[j]

in ∧
{

∆x (Φ− Φout)−
[
U [j] ·∆x (Φ− Φout)

]
U [j]

}
.

By (4.21) and (D.2), one has∣∣∣∣∣∣
N∑
j=1

η[j]dqΦ
∗[j]
0 + Φout

∣∣∣∣∣∣
.

N∑
j=1

1{|x−q[j]|<3dq}
[
λj〈ρj〉+ ‖Φout‖],Θ,α

(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α.

(D.54)
Then using (D.8), we get∣∣∣∣∣∣

 N∑
j=1

η[j]dqΦ
∗[j]
0 + Φout

 ∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

∣∣∣∣∣∣
.


N∑
j=1

1{|x−q[j]|<3dq}
[
λj〈ρj〉+ ‖Φout‖],Θ,α

(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α


×

N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
‖Φ[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0−2
∗ 〈ρj〉−l−2 + λ−1

∗ 〈ρj〉−1
)

+ λ−1
∗ 〈ρj〉−11{3λ∗R<|x−q[j]|<3dq}

]

.
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

×
(
λν−δ0−1
∗ 〈ρj〉−l−1 + 1 + | ln(T − t)|λν−δ0+Θ−1

∗ R〈ρj〉−l−2 + | ln(T − t)|λΘ
∗ R〈ρj〉−1

)
+ (1 + ‖Φout‖],Θ,α) 1{3λ∗R<|x−q[j]|<3dq}

]
. T ε

 N∑
j=1

%[j]1 + %3


provided

Θ + β + δ0 − ν < 0, 2β + δ0 − ν < 0. (D.55)
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By (D.8) and (5.44), we have∣∣∣η[j]R QγjΦ[j]

in ∧
{[
U [j] ·∆x (Φ− Φout)

]
U [j] − [U∗ ·∆x (Φ− Φout)]U∗

}∣∣∣
=
∣∣∣η[j]R QγjΦ[j]

in ∧
{[(

U [j] − U∗
)
·∆x (Φ− Φout)

]
U [j] + [U∗ ·∆x (Φ− Φout)]

(
U [j] − U∗

)}∣∣∣
. η[j]R λ∗

∣∣∣Φ[j]

in

∣∣∣ |∆x (Φ− Φout)|

. 1{|x−q[j]|≤3λ∗R}λ∗‖Φ
[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l

×
N∑
k=1

[
1{|x−q[k]|≤3λ∗R}

(
‖Φ[k]

in ‖
[k]

in,ν−δ0,lλ
ν−δ0−2
∗ 〈ρk〉−l−2 + λ−1

∗ 〈ρk〉−1
)

+ λ−1
∗ 〈ρk〉−11{3λ∗R<|x−q[k]|<3dq}

]
. 1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2 (
λ2ν−2δ0−1
∗ 〈ρj〉−2l−2 + λν−δ0∗ 〈ρj〉−l−1

)
. T ε%[j]1

provided
Θ + β + 2δ0 − 2ν < 0. (D.56)

Notice
η[j]R QγjΦ

[j]

in ∧
{

∆x (Φ− Φout)−
[
U [j] ·∆x (Φ− Φout)

]
U [j]

}
is a vector parallel with U [j]. That is,

η[j]R QγjΦ
[j]

in ∧
{

∆x (Φ− Φout)−
[
U [j] ·∆x (Φ− Φout)

]
U [j]

}
= η[j]R fj(x, t)U

[j]

where

|fj(x, t)| =
∣∣∣QγjΦ[j]

in ∧
{

∆x (Φ− Φout)−
[
U [j] ·∆x (Φ− Φout)

]
U [j]

}∣∣∣ .
By U∗-operation, we only need to estimate the following term.∣∣∣η[j]R fj(x, t) (U [j] − U∗

)∣∣∣ . η[j]R λ∗ ∣∣∣Φ[j]

in

∣∣∣ |∆x (Φ− Φout)| . T ε%[j]1

by the same calculations as the above terms under the assumptions (D.56) on the parameters.
Under the parameter assumptions (D.18), by (D.19) and (D.33), we have

|(∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗|

.

{
N∑
j=1

[(
1 + ‖Φout‖],Θ,α + ‖Φin‖[j]in,ν−δ0,l

)4

1{|x−q[j]|≤3λ∗R}
(
λε+1
∗ λΘ

∗ (λ∗R)−1 + λ∗〈ρj〉
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
4 (| ln(T − t)|λΘ+1

∗ R+ λj〈ρj〉
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
4

} N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


. T ε

 N∑
j=1

%[j]1 + %3

 .

(D.57)
•

(A− Φ · U∗) ∆xU∗ = − (A− Φ · U∗)
N∑
j=1

|∇xU [j]|2U [j].

By U∗-operation and (5.5), it suffices to estimate∣∣∣∣∣∣(A− Φ · U∗)
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ . (λ∗ + |Φ|2 + |Φ · U∗|
) N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1

which will be dealt with uniformly in (D.58) later.
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• By (D.20), one has∣∣∣(Φ ∧ U∗) [(1 +A)|U∗|2 +
(
U∗ ·ΠU⊥∗

Φ
)]−1

(1 +A− Φ · U∗) (2∇xΦ · ∇xU∗)− (Φ ∧ U∗) (2∇xΦ · ∇xU∗)
∣∣∣

=
∣∣∣(Φ ∧ U∗) (1 +O

(
λ∗ + |Φ|2 + |Φ · U∗|

))2
(2∇xΦ · ∇xU∗)− (Φ ∧ U∗) (2∇xΦ · ∇xU∗)

∣∣∣
. |Φ|

(
λ∗ + |Φ|2 + |Φ · U∗|

)
|∇xΦ · ∇xU∗|

.
(
λ∗ + |Φ|2 + |Φ · U∗|

)
|Φ| |∇xU∗|2 +

(
λ∗ + |Φ|2 + |Φ · U∗|

)
|Φ| |∇xΦ|2

which will be controlled by (D.58) and (D.60) later.
• ∣∣∣∣∣

[
|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2

2∑
k=1

{
[(∂xkA)U∗ · ∂xkΦ +A∂xkU∗ · ∂xkΦ]− ∂xk (U∗ · Φ)

[
|U∗|2∂xkA+ (1 +A)U∗ · ∂xkU∗

]
− (U∗ · Φ)

[
(∂xkA)U∗ · ∂xkU∗ + (1 +A) |∂xkU∗|

2
]}

+

2∑
k=1

|∂xkΦ− U∗∂xk (Φ · U∗)− (Φ · U∗)∂xkU∗|
2

]
ΠU⊥∗

Φ

∣∣∣∣∣
+

∣∣∣∣∣− b
[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥∗

Φ
)]−1

{
2 (1 +A− Φ · U∗) (Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)
+ 2|U∗|2|∇xA|2 + 4

[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]
2 (|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥∗

Φ +AU∗) ∧ [2∇x (Φ · U∗)∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ ΠU⊥∗
Φ ∧ (2∇xA∇xU∗) +

[
(Φ · U∗)2 − 2A(Φ · U∗)− 2(Φ · U∗)

]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗ + ∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]

]

+ 2bAU∗ ∧ [(Φ · ∇xΦ)∇xU∗]

∣∣∣∣∣
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.
(
|∇xA|2 + |∇xA| |U∗ · ∇xU∗|+

(
λ∗ + |Φ|2

)
|∇xU∗|2

+ |∇xA||∇xΦ|+ (λ∗ + |Φ|2)|∇xU∗||∇xΦ|+ |∇xA| |∇x (U∗ · Φ)|+ |U∗ · ∇xU∗| |∇x (U∗ · Φ)|

+ |∇xA||U∗ · ∇xU∗| |U∗ · Φ|+ |∇xU∗|2 |U∗ · Φ|

+ |∇xΦ|2 + |∇x (Φ · U∗) |2 + |Φ · U∗|2|∇xU∗|2
)
|Φ|

+ |Φ|
( ∣∣∣∣∣∣Φ ·

N∑
j=1

|∇xU [j]|2U [j]

∣∣∣∣∣∣
+ |∇x (Φ · U∗) |2 + |∇xΦ|2 + |U∗ · ∇xU∗||∇x (Φ · U∗) |
+ |∇xA|2 + |Φ · U∗||U∗ · ∇xU∗||∇xA|+ λ∗|∇x (Φ · U∗) ||∇xA|

+ |U∗ · ∇xU∗||∇xA|+
∣∣|∇xU∗|2 + U∗ ·∆xU∗

∣∣ )
+ (λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|+

(
λ∗ + |Φ|2 + |Φ · U∗|

)
|Φ ∧∆xU∗|

+ |Φ| |∇xA∇xU∗|+ |Φ · U∗| |U∗ ∧∆xU∗|
+
(
λ∗ + |Φ|2

)
|U∗ ∧∆xU∗|+ |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]|

+ |(∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗|
+
(
λ∗ + |Φ|2

)
|Φ||∇xΦ||∇xU∗|

. |∇xA|2|Φ|+
(
λ∗ + |Φ|2 + |U∗ · Φ|

)
|Φ|
(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ · ∇xU∗|2 |Φ|+ |∇xΦ|2|Φ|+

∣∣∣∣∣∣Φ ·
N∑
j=1

|∇xU [j]|2U [j]

∣∣∣∣∣∣ |Φ|+ ∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ |Φ|

+ (λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|+ |Φ| |∇xA∇xU∗|+
(
λ∗ + |Φ|2 + |U∗ · Φ|

)
|U∗ ∧∆xU∗|

+ |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]|+ |(∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗|

.
(
λ∗ + |Φ|2 + |U∗ · Φ|

) [
|Φ|
(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ ∧∆xU∗|

]
+ |U∗ · ∇xU∗|2 |Φ|+ |∇xΦ|2|Φ|+

∣∣∣∣∣∣Φ ·
N∑
j=1

|∇xU [j]|2U [j]

∣∣∣∣∣∣ |Φ|+ ∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ |Φ|

+ (λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|+ |Φ| |(U∗ · ∇xU∗)∇xU∗|+ |Φ| |(Φ · ∇xΦ)∇xU∗|

+ |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]|+O(T ε)

 N∑
j=1

%[j]1 + %3

 ,

where in the last “.”, we require (D.18) and then by (D.19),

|∇xA|2|Φ| . |U∗ · ∇xU∗|2 |Φ|+ |Φ|3|∇xΦ|2 + T ε%3,

|Φ| |∇xA∇xU∗| . |Φ| |(∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗|
+ |Φ| |(U∗ · ∇xU∗)∇xU∗|+ |Φ| |(Φ · ∇xΦ)∇xU∗| ,

and |(∇xA+ U∗ · ∇xU∗ + Φ · ∇xΦ)∇xU∗| has been controlled by (D.57).
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• Combining (D.33), (D.34), (D.40), (D.22) and (D.9), we then obtain(
λ∗ + |Φ|2 + |U∗ · Φ|

) [
|Φ|
(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ ∧∆xU∗|

]
.
(
λ∗ + |Φ|2 + |U∗ · Φ|

)|Φ| N∑
j=1

λ−2
∗ 〈ρj〉−4 +

N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρj〉−1


.
(
λ∗ + |Φ|2 + |U∗ · Φ|

)
×

 N∑
j=1

1{|x−q[j]|<3dq}
(
|Φ|λ−2

∗ 〈ρj〉−4 + λ−1
∗ 〈ρj〉−4 + λ2

∗〈ρj〉−1
)

+ 1{∩Nj=1{|x−q[j]|≥3dq}}
(
|Φ|λ2

∗ + λ3
∗
)

.

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0
∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (1 + ‖Φout‖],Θ,α)
2

}

×
{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
×
(
λν−δ0−2
∗ 〈ρj〉−l−4 + λ−1

∗ 〈ρj〉−3 + | ln(T − t)|λΘ−1
∗ R〈ρj〉−4

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)λ−1

∗ 〈ρj〉−3
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}
(
‖Φout‖],Θ,αλ2

∗ + λ3
∗
)}

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)3

1{|x−q[j]|≤3λ∗R}

×
(
λ3ν−3δ0−2
∗ + | ln(T − t)|λν−δ0+Θ−1

∗ R+ | ln(T − t)|2λ2Θ
∗ R2

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

3 〈ρj〉−2
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ
2
∗ (1 + ‖Φout‖],Θ,α)

3 . T ε

 N∑
j=1

%[j]1 + %3


(D.58)

provided
Θ + β + 1 + 3δ0 − 3ν < 0, 2β + δ0 − ν < 0, 3β < 1 + Θ. (D.59)

• By (D.37), we get

|U∗ · ∇xU∗|2 |Φ| . T ε%3.
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•
|∇xΦ|2|Φ|

.

{
N∑
j=1

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2 [
1{|x−q[j]|≤3λ∗R}

(
λ2ν−2δ0−2
∗ 〈ρj〉−2l−2 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖2],Θ,α

}

×

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)3

1{|x−q[j]|≤3λ∗R}
(
λ∗〈ρj〉+ λ3ν−3δ0−2

∗ + | ln(T − t)|λ2ν−2δ0+Θ−1
∗ R

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

3 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖3],Θ,α

. T ε

 N∑
j=1

%[j]1 + %3


(D.60)

provided
Θ + β + 1 + 3δ0 − 3ν < 0, β + δ0 − ν < 0. (D.61)

• By (D.38), we have∣∣∣∣∣∣Φ ·
N∑
j=1

|∇xU [j]|2U [j]

∣∣∣∣∣∣ |Φ| ≤
∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2Φ ·
(
U [j] − U∗

)∣∣∣∣∣∣ |Φ|+
∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2Φ · U∗

∣∣∣∣∣∣ |Φ|
. |Φ|2

N∑
j=1

λ−2
j 〈ρj〉

−4
∑
k 6=j

〈ρk〉−1 + |Φ · U∗| |Φ|
N∑
j=1

λ−2
∗ 〈ρj〉−4 . T ε

 N∑
j=1

%[j]1 + %3


where the last step is derived by the same way as (D.58) under the parameter assumption (D.59).
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• By (D.39) and (D.9), we get∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ |Φ|

.

 N∑
j=1

1{|x−q[j]|<3dq}
(
〈ρj〉−2 + λ−1

∗ 〈ρj〉−4
)

+ λ2
∗1{∩Nj=1{|x−q[j]|≥3dq}}


×
{ N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
}

.
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ + | ln(T − t)|λΘ

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

×
(
λ∗〈ρj〉−1 + | ln(T − t)|λΘ+1

∗ R〈ρj〉−2 + 〈ρj〉−3 + | ln(T − t)|λΘ
∗ R〈ρj〉−4

) ]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ

2
∗‖Φout‖],Θ,α . T ε

 N∑
j=1

%[j]1 + %3


(D.62)

provided
Θ + β + δ0 − ν < 0. (D.63)

• Combining (D.9), (D.17) and (D.33), one has

(λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|

.
{ N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)
1{|x−q[j]|≤3λ∗R}

(
λν−δ0∗ 〈ρj〉−l + λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}} (λ∗ + ‖Φout‖],Θ,α)
}

×
{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
| ln(T − t)|λΘ

∗ R〈ρj〉−2 + 1
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)}
×

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


.

N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
| ln(T − t)|λν−δ0+Θ−1

∗ R+ | ln(T − t)|2λ2Θ
∗ R2

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2 (〈ρj〉−1 + | ln(T − t)|λΘ
∗ R〈ρj〉−2

) ]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗ (1 + ‖Φout‖],Θ,α)

2 . T ε

 N∑
j=1

%[j]1 + %3


provided

2β + δ0 − ν < 0, 3β < 1 + Θ. (D.64)
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• By (D.33) and (D.37), we have

|Φ| |(U∗ · ∇xU∗)∇xU∗|

. |Φ|

 N∑
j=1

1{|x−q[j]|<3dq}〈ρj〉
−2 + 1{∩Nj=1|x−q[j]|≥3dq}λ

2
∗


×

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


= |Φ|

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−4 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ

3
∗

 . T ε
 N∑
j=1

%[j]1 + %3


which is obtained by the same calculation as in (D.62) under the parameter assumption (D.63).
• By (D.9), (D.10) and (D.33), we get

|Φ| |(Φ · ∇xΦ)∇xU∗|

.
{ N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}

×
(
λ2ν−2δ0
∗ 〈ρj〉−2l + λ2

∗〈ρj〉2 + | ln(T − t)|2λ2Θ+2
∗ R2

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

2 (
λ2
∗〈ρj〉2 + | ln(T − t)|2λ2Θ+2

∗ R2
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖2],Θ,α
}

×
{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
λν−δ0−1
∗ 〈ρj〉−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}
×

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


.

N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)3

1{|x−q[j]|≤3λ∗R}
(
λ3ν−3δ0−2
∗ + | ln(T − t)|2λ2Θ+ν−δ0

∗ R2
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
3
λ∗

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗‖Φout‖3],Θ,α

. T ε

 N∑
j=1

%[j]1 + %3


provided

Θ + β + 1 + 3δ0 − 3ν < 0, 3β < Θ + 1 + ν − δ0. (D.65)

• By (D.83), we have

|U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗]| . T ε
 N∑
j=1

(
%[j]1 + %[j]2

)
+ %3

 .
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• Consider

2 (a− bU∗∧)

[
(∇xU∗ · ∇xΦ) Φ− (Φ · ∇xΦ)∇xU∗

−
N∑
j=1

{[
∇xU∗ · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU∗

}

+

N∑
j=1

{[
∇xU∗ · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU∗

}

−
N∑
j=1

{[
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}]

+ 2 (a− bU∗∧)

N∑
j=1

{[
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}

−
N∑
j=1

2
(
a− bU [j]∧

){ [
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[(
η[j]R QγjΦ

[j]

in

)
· ∇x

(
η[j]R QγjΦ

[j]

in

)]
∇xU [j]

}
.

We estimate by (D.5) that∣∣∣[∇xU∗ · ∇x (η[j]R QγjΦ[j]

in

)](
η[j]R QγjΦ

[j]

in

)
−
[
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)∣∣∣
. λ∗

∣∣∣∇x (η[j]R QγjΦ[j]

in

)∣∣∣ ∣∣∣η[j]R QγjΦ[j]

in

∣∣∣
. 1{|x−q[j]|≤3λ∗R}

(
‖Φin‖[j]in,ν−δ0,l

)2

λ2ν−2δ0
∗ 〈ρj〉−2l−1 . T ε%[j]1 .

By (D.5), (
U∗ − U [j]

)
∧
[
∇xU [j] · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
. 1{|x−q[j]|≤3λ∗R}

(
‖Φin‖[j]in,ν−δ0,l

)2

λ2ν−2δ0−1
∗ 〈ρj〉−2l−3 . T ε%[j]1

provided
Θ + β + 2δ0 − 2ν < 0. (D.66)

By the property of cut-off function,

N∑
j=1

[
∇xU∗ · ∇x

(
η[j]R QγjΦ

[j]

in

)](
η[j]R QγjΦ

[j]

in

)
=

∇xU∗ · ∇x
 N∑
j=1

η[j]R QγjΦ
[j]

in

 N∑
j=1

η[j]R QγjΦ
[j]

in

 .
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Then by (D.33) and (D.10), it follows that∣∣∣∣∣∣(∇xU∗ · ∇xΦ) Φ−

∇xU∗ · ∇x
 N∑
j=1

η[j]R QγjΦ
[j]

in

 N∑
j=1

η[j]R QγjΦ
[j]

in

∣∣∣∣∣∣
=

∣∣∣∣∣∣(∇xU∗ · ∇xΦ)

Φ−
N∑
j=1

η[j]R QγjΦ
[j]

in

+

∇xU∗ · ∇x
Φ−

N∑
j=1

η[j]R QγjΦ
[j]

in

 N∑
j=1

η[j]R QγjΦ
[j]

in

∣∣∣∣∣∣
.

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


×

[{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

) (
λν−δ0−1
∗ 〈ρj〉−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)

]
+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}
×

{
N∑
j=1

[
(1 + ‖Φout‖],Θ,α) 1{|x−q[j]|≤3λ∗R}

(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
(
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α

}

+
{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R} (1 + ‖Φout‖],Θ,α)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖],Θ,α
}

×

 N∑
j=1

1{|x−q[j]|≤3λ∗R}‖Φ
[j]

in‖
[j]

in,ν−δ0,lλ
ν−δ0
∗ 〈ρj〉−l

]

.

 N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ 〈ρj〉−2 + 1{∩Nj=1{|x−q[j]|≥3dq}}λ∗


×

{
N∑
j=1

[ (
1 + ‖Φout‖],Θ,α + ‖Φ[j]

in‖
[j]

in,ν−δ0,l

)2

1{|x−q[j]|≤3λ∗R}
(
λ∗〈ρj〉+ | ln(T − t)|λν−δ0+Θ

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ‖Φout‖],Θ,α)
2 (
λ∗〈ρj〉+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩Nj=1{|x−q[j]|≥3dq}}‖Φout‖2],Θ,α

}

. T ε

 N∑
j=1

%[j]1 + %3


provided

2β + δ0 − ν < 0. (D.67)

The other terms in this collection can be dealt in the same way.

• Before proceeding, we take a closer look at −∆xU∗ and ∇x(|U∗|2)∇xU∗.
In the single bubble case N = 1, then −∆xU∗ can be neglected by the U∗-operation and ∇x(|U∗|2)∇xU∗

vanishes automatically. But for case of multiple bubbles, the phenomenon is different, and interactions appear
here.
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Recall (3.12). Claim:

∆xU∗ = −
N∑
j=1

|∇xU [j]|2U [j]

=

N∑
j=1

∑
k 6=j

{
16η[j]R λ

−2
j ρ2

j (ρ
2
j + 1)−3λk|q[j] − q[k]|−2

[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(γk−γj)e−iθj

− 16η[j]R λ
−2
j (ρ2

j + 1)−3λk|q[j] − q[k]|−2
[
q[j]1 − q

[k]

1 − i
(
q[j]2 − q

[k]

2

)]
e−i(γk−γj)eiθj

}
C−1
j

+O(T ε)

 N∑
j=1

(
%[j]1 + %[j]2

)
+ %3

− Ξ1(x, t)U∗

(D.68)

for some scalar function Ξ1(x, t) when
Θ + 2β − 1 < 0. (D.69)

Under the assumption (D.69), then

∇x(|U∗|2)∇xU∗ = 2 (U∗ · ∇xU∗)∇xU∗

=

N∑
j=1

∑
m6=j

{
16η[j]R λ

−2
j ρ2

j (ρ
2
j + 1)−3λm|q[j] − q[m]|−2

[
q[j]1 − q

[m]

1 + i
(
q[j]2 − q

[m]

2

)]
ei(γm−γj)e−iθj

− 16η[j]R λ
−2
j (ρ2

j + 1)−3λm|q[j] − q[m]|−2
[
q[j]1 − q

[m]

1 − i
(
q[j]2 − q

[m]

2

)]
e−i(γm−γj)eiθj

}
C−1
j

+O(T ε)

 N∑
j=1

(
%[j]1 + %[j]2

)
+ %3

 .
(D.70)

Proof of (D.68).

N∑
j=1

|∇xU [j]|2U [j] =

N∑
j=1

|∇xU [j]|2
(
U [j] − U∗ + U∗

)
=

N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)
+

N∑
j=1

|∇xU [j]|2U∗,

where ∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ .
N∑
j=1

λ−2
j 〈y

[j]〉−4
∑
k 6=j

〈y[k]〉−1.

Then 1−
N∑
j=1

η[j]R

∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ .
1−

N∑
j=1

η[j]R

 N∑
j=1

λ−2
j 〈y

[j]〉−4
∑
k 6=j

〈y[k]〉−1


.

1−
N∑
j=1

η[j]R

 N∑
j=1

∑
k 6=j

λ3
∗|x− q[j]|−4|x− q[k]|−1


.

1−
N∑
j=1

η[j]R

 N∑
j=1

λ3
∗(λ∗R)−2|x− q[j]|−2

 = λ∗R
−2

1−
N∑
j=1

η[j]R

 N∑
j=1

|x− q[j]|−2


. T ε

 N∑
j=1

%[j]2 + %3


where we have used

|x− q[j]|−1|x− q[k]|−1 . max{|x− q[j]|−1, |x− q[k]|−1} for j 6= k. (D.71)
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For any fixed j = 1, . . . , N ,

η[j]R

∣∣∣∣∣∣
N∑
j=1

|∇xU [j]|2
(
U [j] − U∗

)∣∣∣∣∣∣ . η[j]R
λ−1
∗ 〈y[j]〉−4 +

∑
m 6=j

λ−2
m 〈y[m]〉−4

∑
k 6=m

〈y[k]〉−1


. η[j]R

(
λ−1
∗ 〈y[j]〉−4 + λ2

∗(〈y[j]〉−1 + λ∗)
)
. η[j]R λ

−1
∗ 〈y[j]〉−4.

This estimate is too rough that can not be controlled by the outer topology. More sophisticated analysis will
be applied. Indeed,

|∇xU [j]|2
(
U [j] − U∗

)
= −2λ−2

j |∇y[j]U
[j]|2

∑
k 6=j

(|y[k]|2 + 1)−1Qγk
[
y[k]1 , y[k]2 ,−1

]T
= − 16λ−2

j (ρ2
j + 1)−2

∑
k 6=j

(ρ2
k + 1)−1

[
eiγk

(
y[k]1 + iy[k]2

)
,−1

]T
.

Then

η[j]R
∑
m 6=j

|∇xU [m]|2
(
U [m] − U∗

)
= η[j]R

∑
m6=j

O(λ2
m)

〈ρj〉−1 +
∑
k 6=m,j

λk

 = η[j]R O(λ2
∗)〈ρj〉−1 . T ε%[j]1 .

η[j]R |∇xU
[j]|2

(
U [j] − U∗

)
= −16η[j]R λ

−2
j (ρ2

j + 1)−2
∑
k 6=j

(ρ2
k + 1)−1

[
eiγk

(
y[k]1 + iy[k]2

)
,−1

]T
.

and for k 6= j,

ρ2
k = λ−2

k |x− ξ
[k]|2 = λ−2

k

[
|x− ξ[j]|2 + 2(x− ξ[j]) · (ξ[j] − ξ[k]) + |ξ[j] − ξ[k]|2

]
= λ−2

k |ξ
[j] − ξ[k]|2

{
1 + |ξ[j] − ξ[k]|−2

[
|x− ξ[j]|2 + 2(x− ξ[j]) · (ξ[j] − ξ[k])

]}
.

Then (
ρ2
k + 1

)−1
= λ2

k|ξ[j] − ξ[k]|−2
{

1 + |ξ[j] − ξ[k]|−2
[
λ2
k + |x− ξ[j]|2 + 2(x− ξ[j]) · (ξ[j] − ξ[k])

]}−1
.

Specially,

η[j]R
(
ρ2
k + 1

)−1
= η[j]R λ

2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

))
, (D.72)

which implies

η[j]R |∇xU
[j]|2

(
U [j] − U∗

)
= − 16η[j]R λ

−2
j (ρ2

j + 1)−2
∑
k 6=j

λ2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

)) [
eiγk

(
y[k]1 + iy[k]2

)
,−1

]T
.

(D.73)

Notice

y[k]1 + iy[k]2 =
[
λjy

[j]

1 + ξ[j]1 − ξ
[k]

1 + i
(
λjy

[j]

2 + ξ[j]2 − ξ
[k]

2

)]
λ−1
k

= λjλ
−1
k ρje

iθj + λ−1
k

[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
.

Then by (3.14), we have(
ΠU [j]⊥

[
eiγk

(
y[k]1 + iy[k]2

)
,−1

]T)
Cj

=

(
1− 2

ρ2
j + 1

Re

)[(
y[k]1 + iy[k]2

)
ei(−θj+γk−γj)

]
+

2ρj
ρ2
j + 1

= λjλ
−1
k ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γk−γj)

]
+

2ρj
ρ2
j + 1

+ λ−1
k

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}
,

(D.74)

[
eiγk

(
y[k]1 + iy[k]2

)
,−1

]T
· U [j] =

2ρj
ρ2
j + 1

Re
[(
y[k]1 + iy[k]2

)
ei(−θj+γk−γj)

]
−
ρ2
j − 1

ρ2
j + 1

= λjλ
−1
k

2ρ2
j

ρ2
j + 1

Re
[
ei(γk−γj)

]
−
ρ2
j − 1

ρ2
j + 1

+ λ−1
k

2ρj
ρ2
j + 1

Re
{[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}
.

Then
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η[j]R
{

ΠU [j]⊥

[
|∇xU [j]|2

(
U [j] − U∗

)]}
Cj

= − 16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λ2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

))
×

[
λjλ
−1
k ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γk−γj)

]
+

2ρj
ρ2
j + 1

+ λ−1
k

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}]
= − 16η[j]R λ

−2
j (ρ2

j + 1)−2
∑
k 6=j

λ2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

))
×

{
λjλ
−1
k ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γk−γj)

]
+

2ρj
ρ2
j + 1

}
− 16η[j]R λ

−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2
k + λjR

))
×

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}
,

(D.75)

where ∣∣∣16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λ2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

))
×

{
λjλ
−1
k ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γk−γj)

]
+

2ρj
ρ2
j + 1

}∣∣∣ . η[j]R 〈ρj〉−3 . T ε%[j]1 ,∣∣∣16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|ξ[j] − ξ[k]|−2
(
O
(
λ2
k + λjR

))
×

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

} ∣∣∣ . T ε%[j]1 ,

provided
Θ + 2β − 1 < 0. (D.76)

∣∣∣− 16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|ξ[j] − ξ[k]|−2

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}

+ 16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|q[j] − q[k]|−2

(
1− 2

ρ2
j + 1

Re

){[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(−θj+γk−γj)

} ∣∣∣
. η[j]R | lnT |

−1 ln2(T − t)〈ρj〉−4 . T ε%[j]1 .
(D.77)
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− 16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|q[j] − q[k]|−2

(
1− 2

ρ2
j + 1

Re

){[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(−θj+γk−γj)

}
= − 16η[j]R λ

−2
j (ρ2

j + 1)−2
∑
k 6=j

λk|q[j] − q[k]|−2
[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(γk−γj)e−iθj

+ 16η[j]R λ
−2
j (ρ2

j + 1)−3
∑
k 6=j

λk|q[j] − q[k]|−2

×
{[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(γk−γj)e−iθj +

[
q[j]1 − q

[k]

1 − i
(
q[j]2 − q

[k]

2

)]
e−i(γk−γj)eiθj

}
= − 16η[j]R λ

−2
j ρ2

j (ρ
2
j + 1)−3

∑
k 6=j

λk|q[j] − q[k]|−2
[
q[j]1 − q

[k]

1 + i
(
q[j]2 − q

[k]

2

)]
ei(γk−γj)e−iθj

+ 16η[j]R λ
−2
j (ρ2

j + 1)−3
∑
k 6=j

λk|q[j] − q[k]|−2
[
q[j]1 − q

[k]

1 − i
(
q[j]2 − q

[k]

2

)]
e−i(γk−γj)eiθj

(D.78)
which will be put into mode 1 and mode −1, respectively.

For the projection in U [j], we calculate

η[j]R |∇xU
[j]|2

(
U [j] − U∗

)
· U [j]

= − 16η[j]R λ
−2
j (ρ2

j + 1)−2
∑
k 6=j

λ2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2
k + λjR

))
×
[
λjλ
−1
k

2ρ2
j

ρ2
j + 1

Re
[
ei(γk−γj)

]
−
ρ2
j − 1

ρ2
j + 1

+ λ−1
k

2ρj
ρ2
j + 1

Re
{[
ξ[j]1 − ξ

[k]

1 + i
(
ξ[j]2 − ξ

[k]

2

)]
ei(−θj+γk−γj)

}]
.

(D.79)
Thus by U∗-operation,∣∣∣η[j]R |∇xU [j]|2

[(
U [j] − U∗

)
· U [j]

] (
U [j] − U∗

)∣∣∣ . η[j]R 〈ρj〉−4 . T ε%[j]1 .

In sum, we conclude the validity of (D.68). �

Proof of (D.70).

2 (U∗ · ∇xU∗)∇xU∗ = 2

(
N∑
k=1

U∗ · ∇xU [k]

)
N∑
m=1

∇xU [m]

= 2

 N∑
k=1

∑
n 6=k

(
U [n] − U∞

)
· ∇xU [k]

 N∑
m=1

∇xU [m].

By (D.71), we have1−
N∑
j=1

η[j]R

∣∣∣∣∣∣
 N∑
k=1

∑
n 6=k

(
U [n] − U∞

)
· ∇xU [k]

 N∑
m=1

∇xU [m]

∣∣∣∣∣∣
.

1−
N∑
j=1

η[j]R

 N∑
k=1

∑
n 6=k

N∑
m=1

λn
|x− q[n]|

λk
|x− q[k]|2

λm
|x− q[m]|2

.

1−
N∑
j=1

η[j]R

 N∑
k=1

∑
n 6=k

N∑
m=1

λn max
{
|x− q[k]|−1, |x− q[n]|−1

} λk
|x− q[k]|

λm
|x− q[m]|2

.

1−
N∑
j=1

η[j]R

 N∑
m=1

R−2 λm
|x− q[m]|2

. T ε

 N∑
j=1

%[j]2 + %3

 .
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For any fixed j = 1, 2, . . . , N ,∣∣∣∣∣∣η[j]R
 N∑
k=1

∑
n 6=k

(
U [n] − U∞

)
· ∇xU [k]

∑
m6=j

∇xU [m]

∣∣∣∣∣∣ . η[j]R . T ε%[j]1 ,∣∣∣∣∣∣η[j]R
∑
k 6=j

∑
n 6=k

(
U [n] − U∞

)
· ∇xU [k]

∇xU [j]

∣∣∣∣∣∣ . η[j]R . T ε%[j]1 .

Thus we only need to focus on

2η[j]R

∑
m 6=j

(
U [m] − U∞

)
· ∇xU [j]

∇xU [j].

For m 6= j,

[(
U [m] − U∞

)
· ∇xU [j]

]
∇xU [j] =



2∑
k=1

[(
U [m] − U∞

)
· ∂xkU [j]

]
∂xk(U [j])1

2∑
k=1

[(
U [m] − U∞

)
· ∂xkU [j]

]
∂xk(U [j])2

2∑
k=1

[(
U [m] − U∞

)
· ∂xkU [j]

]
∂xk(U [j])3


= λ−2

j

2∑
k=1

[(
U [m] − U∞

)
· ∂
y
[j]
k

U [j]
]
∂
y
[j]
k

U [j].

Notice

∂
y
[j]
1

=
∂ρj

∂y[j]1

∂ρj +
∂θj

∂y[j]1

∂θj = cos θj∂ρj −
sin θj
ρj

∂θj ,

∂
y
[j]
2

=
∂ρj

∂y[j]2

∂ρj +
∂θj

∂y[j]2

∂θj = sin θj∂ρj +
cos θj
ρj

∂θj .

(D.80)

Then

∂
y
[j]
1

U [j] = cos θj∂ρjU
[j] − sin θj

ρj
∂θjU

[j] = cos θjwρjQγjE
[j]

1 −
sin θj
ρj

sinw(ρj)QγjE
[j]

2

= − 2(ρ2
j + 1)−1

(
cos θjQγjE

[j]

1 + sin θjQγjE
[j]

2

)
,

∂
y
[j]
2

U [j] = sin θj∂ρjU
[j] +

cos θj
ρj

∂θjU
[j] = sin θjwρjQγjE

[j]

1 +
cos θj
ρj

sinw(ρj)QγjE
[j]

2

= − 2(ρ2
j + 1)−1

(
sin θjQγjE

[j]

1 − cos θjQγjE
[j]

2

)
.

(D.81)

Thus

λ−2
j

2∑
k=1

[(
U [m] − U∞

)
· ∂
y
[j]
k

U [j]
]
∂
y
[j]
k

U [j]

= 4λ−2
j (ρ2

j + 1)−2
{[(

U [m] − U∞
)
·
(

cos θjQγjE
[j]

1 + sin θjQγjE
[j]

2

)](
cos θjQγjE

[j]

1 + sin θjQγjE
[j]

2

)
+
[(
U [m] − U∞

)
·
(

sin θjQγjE
[j]

1 − cos θjQγjE
[j]

2

)](
sin θjQγjE

[j]

1 − cos θjQγjE
[j]

2

)}
= 4λ−2

j (ρ2
j + 1)−2

{[(
U [m] − U∞

)
·QγjE

[j]

1

]
QγjE

[j]

1 +
[(
U [m] − U∞

)
·QγjE

[j]

2

]
QγjE

[j]

2

}
.

Notice

U [m] − U∞ = 2(|y[m]|2 + 1)−1Qγm
[
y[m]

1 , y[m]

2 ,−1
]T

= 2(ρ2
m + 1)−1

[
eiγm

(
y[m]

1 + iy[m]

2

)
,−1

]T
.



160 J. WEI, Q. ZHANG, AND Y. ZHOU

Then it follows that(
λ−2
j

2∑
k=1

[(
U [m] − U∞

)
· ∂
y
[j]
k

U [j]
]
∂
y
[j]
k

U [j]

)
Cj

= 4λ−2
j (ρ2

j + 1)−2
[(
U [m] − U∞

)
·QγjE

[j]

1 + i
(
U [m] − U∞

)
·QγjE

[j]

2

]
= 8λ−2

j (ρ2
j + 1)−2(ρ2

m + 1)−1

(
ΠU [j]⊥

[
eiγm

(
y[m]

1 + iy[m]

2

)
,−1

]T)
Cj

= 8λ−2
j (ρ2

j + 1)−2(ρ2
m + 1)−1

[
λjλ
−1
m ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γm−γj)

]
+

2ρj
ρ2
j + 1

+ λ−1
m

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[m]

1 + i
(
ξ[j]2 − ξ

[m]

2

)]
ei(−θj+γm−γj)

}]
where we have used (D.74) in the last “=”.

We estimate∣∣∣∣∣2η[j]R 8λ−2
j (ρ2

j + 1)−2(ρ2
m + 1)−1

{
λjλ
−1
m ρj

(
1− 2

ρ2
j + 1

Re

)[
ei(γm−γj)

]
+

2ρj
ρ2
j + 1

}∣∣∣∣∣ . η[j]R 〈ρj〉−3 . T ε%[j]1 .

By (D.72), one has

2η[j]R 8λ−2
j (ρ2

j + 1)−2(ρ2
m + 1)−1λ−1

m

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[m]

1 + i
(
ξ[j]2 − ξ

[m]

2

)]
ei(−θj+γm−γj)

}
= 16η[j]R λ

−2
j λm(ρ2

j + 1)−2|ξ[j] − ξ[m]|−2
(
1 +O

(
λ2
m + λjR

))
×

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[m]

1 + i
(
ξ[j]2 − ξ

[m]

2

)]
ei(−θj+γm−γj)

}
.

Notice that∣∣∣16η[j]R λ
−2
j λm(ρ2

j + 1)−2|ξ[j] − ξ[m]|−2O
(
λ2
m + λjR

)
×

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[m]

1 + i
(
ξ[j]2 − ξ

[m]

2

)]
ei(−θj+γm−γj)

} ∣∣∣ . η[j]R R〈ρj〉−4 . T ε%[j]1

provided
Θ + 2β − 1 < 0. (D.82)

16η[j]R λ
−2
j λm(ρ2

j + 1)−2|ξ[j] − ξ[m]|−2

(
1− 2

ρ2
j + 1

Re

){[
ξ[j]1 − ξ

[m]

1 + i
(
ξ[j]2 − ξ

[m]

2

)]
ei(−θj+γm−γj)

}
= 16η[j]R λ

−2
j ρ2

j (ρ
2
j + 1)−3λm|q[j] − q[m]|−2

[
q[j]1 − q

[m]

1 + i
(
q[j]2 − q

[m]

2

)]
ei(γm−γj)e−iθj

− 16η[j]R λ
−2
j (ρ2

j + 1)−3λm|q[j] − q[m]|−2
[
q[j]1 − q

[m]

1 − i
(
q[j]2 − q

[m]

2

)]
e−i(γm−γj)eiθj +O(T ε)%[j]1 .

by the same estimate as in (D.77) and (D.78), which will be assigned into mode 1 and mode −1.
�

Under the parameter assumption (D.69), combining (D.68) and (D.70), we have

∆xU∗ − 2 (U∗ · ∇xU∗)∇xU∗ = O(T ε)

 N∑
j=1

(
%[j]1 + %[j]2

)
+ %3

− Ξ1(x, t)U∗. (D.83)

Combining (D.18), (D.42), (D.43), (D.45), (D.46), (D.47), (D.49), (D.50), (D.51), (D.52), (D.53), (D.55),
(D.56), (D.59), (D.61), (D.63), (D.64), (D.65), (D.66), (D.67) and (D.69), we get the parameter requirement
(D.31).

�
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D.4. Estimate of H[j]. For |x− ξ[j]| ≤ 2λjR, by (5.50), we have∣∣∣DxΦout(x, t)−DxΦout(q
[j], T )

∣∣∣
=
∣∣∣DxΦout(x, t)−DxΦout(q

[j], t) +DxΦout(q
[j], t)−DxΦout(q

[j], T )
∣∣∣

. ‖Φout‖],Θ,α
{
C(α)

[
λΘ
∗ (t)(λ∗(t)R(t))−α + ‖Z∗‖C3(R2)

]
|x− q[j]|α

+ C(α)
[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

] }
. ‖Φout‖],Θ,αC(α)

[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

]
.

(D.84)

By (5.29) and (D.84), when T is sufficiently small, we have

[∂x1 (Φout)1 + ∂x2 (Φout)2 + i (∂x1 (Φout)2 − ∂x2 (Φout)1)] (q[j], T ) 6= 0.

By (D.84), we have∣∣∣λ−1
j ρjw

2
ρj (ρj)e

−iγj
{

[∂x1 (Φout)1 + ∂x2 (Φout)2 + i (∂x1 (Φout)2 − ∂x2 (Φout)1)] (x, t)

− [∂x1 (Φout)1 + ∂x2 (Φout)2 + i (∂x1 (Φout)2 − ∂x2 (Φout)1)] (q[j], T )
}∣∣∣

+
∣∣λ−1
j wρj (ρj) cosw(ρj)

{
[−∂x1 (Φout)3 + i∂x2 (Φout)3] (x, t)− [−∂x1 (Φout)3 + i∂x2 (Φout)3] (q[j], T )

}∣∣
+
∣∣∣λ−1
j ρjw

2
ρj (ρj)e

iγj
{

[∂x1
(Φout)1 − ∂x2

(Φout)2 − i (∂x1
(Φout)2 + ∂x2

(Φout)1)] (x, t)

− [∂x1
(Φout)1 − ∂x2

(Φout)2 − i (∂x1
(Φout)2 + ∂x2

(Φout)1)] (q[j], T )
}∣∣∣

. λ−1
j 〈ρj〉

−2‖Φout‖],Θ,αC(α)
[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

]
.

(D.85)
Recall H[j] defined in (5.20). By (D.5),

|H[j]

in | . ‖Φ
[j]

in‖
2
in,ν−δ0,lλ

2ν−2δ0
∗ 〈ρj〉−2l−3 . λν+ε

∗ 〈ρj〉−2−l (D.86)

provided
2δ0 < ν. (D.87)

Denote(
H[j]

1

)
Cj ,k

(ρj , t) = (2π)−1

� 2π

0

(
H[j]

1

)
Cj

(ρje
iθj , t)e−ikθjdθj ,

(
H[j]

1

)
Cj ,>

=
∑
|k|≥2

eikθj
(
H[j]

1

)
Cj ,k

.

By (4.41), (3.20) and (D.85), we get∣∣∣∣(H[j]

1

)
Cj ,0

∣∣∣∣ . λ2
∗

{
λ−1
∗ 〈ρj〉−3 + |λ̇∗|〈ρj〉−1 + λ−1

j 〈ρj〉
−3
∣∣∇xΦout(q

[j], T )
∣∣

+ λ−1
j 〈ρj〉

−2‖Φout‖],Θ,αC(α)
[
λΘ
∗ + (T − t)α2 ‖Z∗‖C3(R2)

] }
. λ∗〈ρj〉−3 + λ∗〈ρj〉−3‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
+ λ∗〈ρj〉−2‖Φout‖],Θ,αC(α)

[
λΘ
∗ + (T − t)α2 ‖Z∗‖C3(R2)

]
. λν+ε

∗ 〈ρj〉−2−l

(D.88)

for |ρj | ≤ 3R and ε > 0 sufficiently small provided

0 < ν < 1, 0 < l < 1, ν −Θ + βl − 1 < 0, ν − α

2
+ βl − 1 < 0. (D.89)
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By (4.43), (3.20) and (D.85),∣∣∣∣(H[j]

1

)
Cj ,1

∣∣∣∣ . λ2
∗

{
|ξ̇[j]|λ−1

∗ 〈ρj〉−2 + λ−1
j 〈ρj〉

−2
∣∣∇xΦout(q

[j], T )
∣∣

+ λ−1
j 〈ρj〉

−2‖Φout‖],Θ,αC(α)
[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

] }
. |ξ̇[j]|λ∗〈ρj〉−2 + λ∗〈ρj〉−2‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
+ λ∗〈ρj〉−2‖Φout‖],Θ,αC(α)

[
λΘ
∗ + (T − t)α2 ‖Z∗‖C3(R2)

]
. λν+ε

∗ 〈ρj〉−2−l

(D.90)

provided
ν + βl − 1 < 0. (D.91)

By (D.85), ∣∣∣∣(H[j]

1

)
Cj ,−1

∣∣∣∣ . λ∗〈ρj〉−2‖Φout‖],Θ,αC(α)
[
λΘ
∗ + (T − t)α2 ‖Z∗‖C3(R2)

]
(D.92)

By (5.40) and Proposition 9.1, Tin[
(
H[j]

)
Cj ,−1

] ∈ Bin provided

ν + βl − δ0 − 1 < 0. (D.93)

By (3.20) and (D.85), we have∣∣∣∣(H[j]

1

)
Cj ,>

∣∣∣∣ . λ2
∗

{
λ−1
j 〈ρj〉

−3
∣∣∇xΦout(q

[j], T )
∣∣

+ λ−1
j 〈ρj〉

−2‖Φout‖],Θ,αC(α)
[
λΘ
∗ (t) + (T − t)α2 ‖Z∗‖C3(R2)

] }
. λ∗〈ρj〉−3‖Φout‖],Θ,α

(
λΘ
∗ (0) + ‖Z∗‖C3(R2)

)
+ λ∗〈ρj〉−2‖Φout‖],Θ,αC(α)

[
λΘ
∗ + (T − t)α2 ‖Z∗‖C3(R2)

]
. λν+ε

∗ 〈ρj〉−2−l

(D.94)

provided the same parameter assumption (D.89) holds.
In summary, collecting (D.87), (D.89), (D.91) and (D.93), the parameter restrictions for bounding H[j] are

given by
2δ0 < ν < 1, 0 < l < 1, ν + βl − 1 < 0. (D.95)

Hölder estimate for H[j]. Recall that H[j] = H[j]

1 + H[j]

in where H[j]

1 and H[j]

in given in (5.21) and (5.22),
respectively. For the C2-regularity of the inner solutions, the Hölder continuity in (y[j], τj) of Hj is needed (see
Proposition 9.1).

Notice for Ω ⊂ Rd × R,

[fg]
CςH,

ςH
2 (Ω)

≤ [f ]
CςH,

ςH
2 (Ω)

‖g‖L∞(Ω) + [g]
CςH,

ςH
2 (Ω)

‖f‖L∞(Ω).

For brevity, we denote Qy := Q−((y, τj),
|y|
2 ) defined in (5.41). From (5.44), we have[ [

∇y[j]W
[j] · ∇y[j]

(
η[j]R Φ[j]

in

)]
Φ[j]

in

]
CςH,

ςH
2 (Qy)

.
∥∥∇y[j]W [j]

∥∥
L∞(Qy)

∥∥∇y[j] (η[j]R Φ[j]

in

)∥∥
L∞(Qy)

[
Φ[j]

in

]
CςH,

ςH
2 (Qy)

+
∥∥Φ[j]

in

∥∥
L∞(Qy)

∥∥∇y[j] (η[j]R Φ[j]

in

)∥∥
L∞(Qy)

[
∇y[j]W

[j]
]
CςH,

ςH
2 (Qy)

+
∥∥∇y[j]W [j]

∥∥
L∞(Qy)

∥∥Φ[j]

in

∥∥
L∞(Qy)

[
∇y[j]

(
η[j]R Φ[j]

in

) ]
CςH,

ςH
2 (Qy)

. λ
2(ν−δ0)
∗ 〈y[j]〉−3−2l−ςin

(
‖Φ[j]

in‖in,ν−δ0,l,ςin
)2

.

(D.96)

• Hölder continuity of the coupling terms from the outer problem

λ2
jQ−γj

{(
a− bU [j]∧

) [
|∇xU [j]|2ΠU [j]⊥Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]}
.
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For pj given in Proposition 6.1,[ pj
|pj |

]
CςH,

ςH
2
. ‖pj‖∞

[ 1

|pj |

]
CςH,

ςH
2

+
∥∥|pj |−1

∥∥
∞[pj ]

CςH,
ςH
2

. λ∗(τj) sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
)
∣∣λ−1
j (t(τj))− λ−1

j (t(s))
∣∣

|τj − s|ςH/2
+ λ−1
∗ (τj)[pj ]

CςH,
ςH
2

. λ∗(τj) ln2 τj sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
) |τj − s|
|τj − s|ςH/2

+ λ−1
∗ (τj)[pj ]

CςH,
ςH
2

. λ∗(τj)τ
1− ςH2
j ln2 τj + λ−1

∗ (τj)[pj ]
CςH,

ςH
2

since τj ∼ ln4(T−t)
T−t . Also, we have

[pj ]
CςH,

ςH
2

= [pj ]CςH/2τj

. λ2
∗(t(τj))‖ṗj(t)‖∞ sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
) |τj − s|
|τj − s|ςH/2

. λ2
∗(t(τj))τ

1− ςH2
j ‖ṗj(t)‖∞,

and thus [ pj
|pj |

]
CςH,

ςH
2

=
[ pj
|pj |

]
C
ςH/2
τj

. λ∗(t(τj))τ
1− ςH2
j ln2 τj

. τ
− ςH2
j ln4 τj

. λ
ςH
2
∗ (t(τj)) ln4−ςH τj .

(D.97)

From (D.97), we then have[
λ2
jQ−γj

{(
a− bU [j]∧

) [
|∇xU [j]|2ΠU [j]⊥Φout − 2∇x

(
U [j] · Φout

)
∇xU [j]

]} ]
CςH,

ςH
2

.
∥∥∥ pj|pj |

∥∥∥
∞

∥∥∥|∇y[j]U [j]|2
∥∥∥
L∞

[Φout]
CςH,

ςH
2

+
∥∥∥|∇y[j]U [j]|2

∥∥∥
L∞
‖Φout‖L∞

[ pj
|pj |

]
C
ςH/2
τj

+
∥∥∥ pj|pj |

∥∥∥
∞
‖Φout‖L∞

[
|∇y[j]U

[j]|2
]
CςH,

ςH
2

+ λ∗(t(τj))‖U [j]∇y[j]U
[j]‖L∞‖∇xΦout‖L∞

[ pj
|pj |

]
C
ςH/2
τj

+ λ∗(t(τj))‖U [j]∇y[j]U
[j]‖L∞

∥∥∥ pj|pj |
∥∥∥
∞

[∇xΦout]
CςH,

ςH
2

+ λ∗(t(τj))‖∇xΦout‖L∞
∥∥∥ pj|pj |

∥∥∥
∞

[U [j]∇y[j]U
[j]]

CςH,
ςH
2

. λ
α
2 +1
∗ (t)

[
λΘ−α
∗ (t)R−α(t) + ‖Z∗‖C3(R2)

]
〈y[j]〉−3‖Φout‖],Θ,α

+ λ
ςH
2
∗ (t)〈y[j]〉−4

[
λΘ+1
∗ (t)R(t)| ln(T − t)|+ (T − t)‖Z∗‖C3(R2) + λ∗(t)ρj(λ

Θ
∗ (0) + ‖Z∗‖C3(R2))

]
‖Φout‖],Θ,α

+ λ
1+

ςH
2

∗ (t)〈y[j]〉−2
[
λΘ
∗ (0) + ‖Z∗‖C3(R2)

]
‖Φout‖],Θ,α

+ λ
1+α

2
∗ (t)〈y[j]〉−2

[
λΘ
∗ (t)(λ∗(t)R(t))−α + ‖Z∗‖C3(R2)

]
‖Φout‖],Θ,α

+ λ∗(t)〈y[j]〉−2−ςH
[
λΘ
∗ (0) + ‖Z∗‖C3(R2)

]
‖Φout‖],Θ,α

. λν∗(t(τj))〈y[j]〉−2−l−ςH
(
‖Φout‖],Θ,α + ‖Z∗‖C3(R2)

)



164 J. WEI, Q. ZHANG, AND Y. ZHOU

provided 
α > ςH ,

1 + Θ− α
2 + αβ > 0,

Θ + 1− β + ςH
2 > ν,

1− ν − βl > 0.

(D.98)

Therefore, under the restriction (D.98), the coupling terms from the outer problem are in the desired weighted
Hölder space.

• Estimate of

ΠU [j]⊥S [j]

= ΠU [j]⊥

(
− ∂t(Φ∗[j]0 ) +

(
a− bU [j]∧

) [
∆xΦ∗[j]0 + |∇xU [j]|2Φ∗[j]0 − 2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
− ∂tU [j]

)
.

Collecting the estimates in subsection 4.2.2, we have

S [j]

= − ∂t(Φ∗[j]0 ) + (a− bU∞∧) ∆xΦ∗[j]0 − ∂tU [j]

− b
(
U [j] − U∞

)
∧∆xΦ∗[j]0 + a|∇xU [j]|2Φ∗[j]0 + b|∇xU [j]|2Φ∗[j]0 ∧ U [j]

+
(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φ∗[j]0

)
∇xU [j]

]
=
[{ ξ̇[j] · y[j]ρ2

j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
[2λ−1

j ξ̇[j] · y[j]

(ρ2
j + 1)2

+
iλ−1
j (ξ̇[j]2 y

[j]

1 − ξ̇
[j]

1 y
[j]

2 )

ρ2
j + 1

]
Φ[j]

0

}
eiθj , 0

]T
+
[[ −λ̇jρ2

j

(ρ2
j + 1)

3
2

∂zjΦ
[j]

0 +
2λ−1

j λ̇jρ
2
j

(ρ2
j + 1)2

Φ[j]

0

]
eiθj , 0

]T
+
[
(a− ib)

[ −ρ2
j

(ρ2
j + 1)2

∂zjzjΦ
[j]

0 +
5λ−1

j ρ2
j

(ρ2
j + 1)

5
2

∂zjΦ
[j]

0 +
λ−2
j (3− 5ρ2

j )

(ρ2
j + 1)3

Φ[j]

0

]
eiθj , 0

]T
+
[{ −2iγ̇jρj

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)
3
2

+
2λ−1

j λ̇jρj [2ρj + (ρ2
j + 1)

1
2 ]

[ρj + (ρ2
j + 1)

1
2 ](ρ2

j + 1)2

}
ei(θj+γj),

4λ−1
j λ̇jρ

2
j

(ρ2
j + 1)2

]T
+ E [j]1

+
−2b

ρ2
j + 1

[
(∆xΦ∗[j]0 )2,−(∆xΦ∗[j]0 )1, ρjRe

[(
(∆xΦ∗[j]0 )2 − i(∆xΦ∗[j]0 )1

)
e−i(θj+γj)

] ]T
+
[ 8aλ−2

j ρ2
j

(ρ2
j + 1)3

Φ[j]

0 e
iθj , 0

]T
+

8bλ−2
j

(ρ2
j + 1)3

[
(ρ2
j − 1)(Φ∗[j]0 )2,−(ρ2

j − 1)(Φ∗[j]0 )1,−2ρjRe
[(

(Φ∗[j]0 )2 − i(Φ∗[j]0 )1

)
e−i(θj+γj)

] ]T
+

[
8λ−2

j (3ρ2
j − ρ4

j )

(ρ2
j + 1)4

Re(Φ[j]

0 e
−iγj ) +

8λ−1
j ρ4

j

(ρ2
j + 1)

7
2

Re(∂zjΦ
[j]

0 e
−iγj )

](
aQγjE

[j]

1 − bQγjE
[j]

2

)
,

where the expressions for ζj , Φ[j]

0 , ∂zjΦ
[j]

0 , ∂zjzjΦ
[j]

0 can be found in (4.14), (4.15), (4.16), (4.17), respectively.

In order to get a desired Hölder property in y[j], we consider a slight variant of the above expression for S [j],
denoted by S̃ [j], for which the term Φ[j]

0 is replaced by a “regularized” version

Φ̃[j]

0 = −λjρj
� t

0

ṗj(s)

t− s
K0(ζj)ds.

Here another choice is by the standard Duhamel’s form. The difference Φ[j]

0 − Φ̃[j]

0 actually leaves a smaller
error. Indeed, the difference is given by

(λjρj − zj)
� t

0

ṗj(s)

t− s
K0(ζj)ds = − λj

ρj +
√
ρ2
j + 1

� t

0

ṗj(s)

t− s
K0(ζj)ds,

and we see there is extra λj which carries smallness. So in the non-local reduced problem, the errors produced

by the difference is of smaller order. Now since ΠU [j]⊥ S̃ [j] is regular in the spatial variable y[j], we only need to
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consider its Hölder property in τj . A typical model to consider is the Hölder in τj for the non-local term
� t−λ2

j (t)

0

ṗj(s)

t− s
ds,

which is from the non-local expression for Φ̃[j]

0 . Recall

dτj
dt

= λ−2
j (t).

Then we have [� t−λ2
j (t)

0

ṗj(s)

t− s
ds

]
C
ςH/2
τj

=

� 1−
λ2j (t)

t

0

ṗj(tz)

1− z
dz


C
ςH/2
τj

= sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
)

∣∣∣∣∣∣� 1−
λ2j (t(τj))

t(τj)

0
ṗj(t(τj)z)

1−z dz −
� 1−

λ2j (t(s))

t(s)

0
ṗj(t(s)z)

1−z dz

∣∣∣∣∣∣
|τj − s|ςH/2

where ∣∣∣∣∣∣
� 1−

λ2j (t(τj))

t(τj)

0

ṗj(t(τj)z)

1− z
dz −

� 1−
λ2j (t(s))

t(s)

0

ṗj(t(s)z)

1− z
dz

∣∣∣∣∣∣
=

∣∣∣∣∣∣
� 1−

λ2j (t(τj))

t(τj)
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λ2
j
(t(s))

t(s)

ṗj(t(τj)z)

1− z
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λ2j (t(s))

t(s)

0

ṗj(t(τj)z)− ṗj(t(s)z)
1− z
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∣∣∣∣∣∣
. ‖ṗj‖∞

∣∣∣∣∣ln λ2
j (t(s))t(τj)

t(s)λ2
j (t(τj))

∣∣∣∣∣+ [ṗj ]α2 ,m,$T
ε[t(τj)− t(s)]α/2
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λ2j (t(s))
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0

zα/2

1− z
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ε[t(τj)− t(s)]α/2.

Here �
zα/2

1− z
dz =

2z
α
2 +1

2F1(1, α2 + 1; α2 + 2; z)

α+ 2
∼ O(1) for z < 1.

For the first term we have

sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
)
‖ṗj‖∞

∣∣∣ln λ2
j (t(s))t(τj)

t(s)λ2
j (t(τj))

∣∣∣
|τj − s|ςH/2

. sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
)
‖ṗj‖∞

∣∣∣∣ln 1
s (T− 1

τj
)

1
τj

(T− 1
s )
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|τj − s|ςH/2

= sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
)
‖ṗj‖∞

∣∣∣ln Tτj−1
Ts−1

∣∣∣
|τj − s|ςH/2

. ‖ṗj‖∞ sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
) |τj − s|

1−ςH/2

s(1− θ) + τjθ

. ‖ṗj‖∞τ−ςH/2j ,
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where we have used |y[j]|2 � τj by our choice of R. One has roughly

|t(τj)− t(s)|α/2 ≈
1

s
− 1

τj

so for the second term

sup

s∈
(

max{τj− y
[j]

2 ,τ0},τj
) [ṗj ]α2 ,m,$T

ε[t(τj)− t(s)]α/2

|τj − s|ςH/2
. [ṗj ]α2 ,m,$T

ετ
−1+

α−ςH
2

j

where we have used
α > ςH .

Collecting above estimates, we have[� t−λ2
j (t)

0

ṗj(s)

t− s
ds

]
C
ςH/2
τj

.
(
‖ṗj‖∞ + [ṗj ]α2 ,m,$

)
τ
−ςH/2
j .

Using this together with the Hölder property of ξ̇[j] in τj , we conclude that ΠU [j]⊥ S̃ [j] is in the desired weighted
Hölder space similarly as before.
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