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The Keller-Segel model is a paradigm to describe the chemotactic mechanism, which
plays a vital role on the physiological and pathological activities of uni-cellular and
multi-cellular organisms. One of the most interesting variants is the coupled system with
the intrinsic growth, which admits many complex non-trivial patterns. This paper is
devoted to the construction of multi-spiky solutions to the Keller—Segel models with
the logistic source in 2D. Assuming that the chemo-attractive rate is large, we employ
the inner-outer gluing scheme to nonlocal cross-diffusion system and prove the existence
of multiple boundary and interior spikes. The numerical simulations are presented to
highlight our theoretical results.
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1. Introduction

In this paper, we shall investigate the existence of non-constant steady states to the
following system with the no-flux boundary condition:

ug =V - (Vu — xuVo) + pu(a — u) in Qx (0, Tmax);
Ut:AU—U+U in QX(OaTmax)7 ( )
ou Ov 1.1
877871/70 on 90 X (0, Tmax),

u(z,0) = up(x) >,#0,v(z,0) =vo(z) >0, in Q,

where € is a bounded domain with piecewisely smooth boundary 0f2, v denotes the
unit outer normal and the initial condition (ug,vg) € L>(2)x W2>°(Q). Here u(x, t)
and v(x,t) represent the cellular density and chemical concentration at space-time
(z,t), respectively; while xy > 0 measures the chemoattractive rate and g > 0, @ > 0
describe the strength of logistic growth and the carrying capacity of the habitat for
cells, respectively.

Our goal is to construct the multi-spiky steady states of (1.1) in the asymptot-
ically limit of x > 1. Before stating the existence results, we shall introduce the
context of chemotaxis and the applications of Keller-Segel models.

1.1. Chemotaxis

Chemotaxis is the mechanism by which the cells or bacteria direct their movements
in response to the chemical stimulus gradient in the environment. Such mechanisms
can be observed in a variety of physiological and pathological processes, such as em-
bryonic morphogenesis, wound healing, cell-cell interactions in the immune system,
the proliferation of cancer cells, the migration of neurons, etc. The comprehensive
discussion of its applications are shown in Refs. 9 and 23.

In terms of the type of chemical stimulus, the chemotactic movement is divided
into the chemoattractants and the chemorepellents. In general, cell and bacteria
are attracted then move towards a higher concentration of the beneficial chemicals
such as food, and repelled by harmful ones such as poison then move away from
unfavorable environments. The former process is named chemoattractants or posi-
tive chemotaxis and the latter one is called chemorepellents or negative chemotaxis.
The chemoattractive movement is more interesting since the combination of this ef-
fect and random diffusion can promote the occurrence of Turing’s instability, which
stabilize the non-constant steady states.

1.2. Keller—Segel Models

One of the most interesting phenomenon in the chemotactic process is the self-
organized aggregation in which the unicellular organisms aggregate and eventually
form a stable spatial inhomogeneous pattern. To quantitatively analyze this phe-
nomenon, Keller and Segel 1415 proposed the following strongly coupled reaction
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diffusion system:

random (flux)  chemotactic (flux) Source
—~ —~ ~=
w=V-( dVu - xuVo )+ flu),ze€Q,t>0,
chemical diffusion chemical creation/consumption (12)
/_/\\ /_/\
vy = doAv + g(u,v) , T €Qt>0,

where d; and dy denote the cellular diffusion rate and the strength of chemical
diffusion, respectively. In many cases, the solution to (1.2) can converge to the
non-constant steady states as ¢ — oo. These non-trivial stationary solutions with
concentrated structures can be well-used to simulate the cellular aggregation.

Since system (1.2) has the relatively simple structure but admit rich dynamics,
lots of researchers have studied it over the last few decades, see the reviews in Refs.
9, 10 and the recent ones in Refs. 1, 2. We would like to mention that there are two
well-accepted approaches to qualitatively study (1.2).

The first one is to analyze the global well-posedness of the time-dependent sys-
tem (1.2). The goal is to prove the global existence and uniformly boundedness of
the solution to system (1.2), then further investigate their large time behaviors.
Moreover, the structure of stationary solutions are studied to model the cellular ag-
gregation phenomenon. It is well known that Keller and Segel '3 adopt this method
to discuss the stability property of constant steady states, then established the nec-
essary condition for the formation of non-trivial patterns. Schaaf 22 utilized this
idea to investigate the small amplitude stationary solutions in higher dimensions
via Crandall-Rabinowitz techniques. 42! The study of large amplitude stationary
solutions was initiated by Lin, Ni and Takagi. 171920

The other method is to show that the time-dependent system admits finite
or infinite time “blow-up” solutions in which the cellular density u collapses to
the linear combination of several d-functions plus some regular parts (See Refs. 3,
18, 11, 8 and 6). This phenomenon is so-called “chemotactic collapse” and there
are plenty of references on it. It is known that in the absence of source, (1.2)
admits the collapsing steady states in 2D. The seminal works can be traced to the
research finished by Nanjundiah '® and Childress and Percus.® Moreover, Senba
and Suzuki ?4?° characterized the asymptotic behavior of “blow-up” solutions in
terms of Green’s functions. They showed that the chemical concentration converges
to the finite sum of Neumann Greens’ functions with the coefficients are equal to
8m and 47 when they are located at the interior of domain and the boundary,
respectively. Del pino and Wei 6 further proved the existence of the profile of the
cellular density uw with finite sum of Dirac and locations of blow-up points are
determined by the Neumann Green’s function. There are also some results for the
blow-up phenomenon in higher dimensions. For instance, Winkler 2° proved that
when ¢ = u—wv and f = 0, for any given initial cellular mass m > 0, (1.2) has finite
time “blow-up” solutions. For other blow-up/prevention of blow-up mechanisms we
refer to Refs. 1 and 2.



March 22, 2022 22:0 WSPC/INSTRUCTION FILE output

4 F. Kong et al.

1.3. Motivations and Main Results

Unlike the classical Keller-Segel models, there does not exists the chemotactic col-
lapsing phenomenon in 2D for system (1.2) with the logistic growth. In fact, Winkler
27 showed that the solution globally exists and is uniformly bounded. The author 28
further proved that (1.2) possesses a unique global-in-time classical solution when
f(u) = ku — pu? and p is sufficiently large in any dimensions. For other results of
the global existence and uniformly boundedness, we refer the reader to Refs. 29, 30,
31 and 32.

Regarding the chemotactic rate y as the parameter, Wang et al. 26-'2 obtained
the existence of non-constant steady states and study their stability via the bifur-
cation method. There are also some interesting numerical results shown in Ref. 12,
which implies system (1.1) has rich complex nontrivial steady states such as bound-
ary spikes, interior spikes, stripes. Our aim in this paper is to study and construct
the multi-spikes in the asymptotically limit of y > 1.

Now, we are concerned with the following stationary problem of (1.1):

V- (Vu—xuVo) + pu(t —u) =0 in £,

Av—v4+u=0 in Q, (1.3)
@—@—O on 0f)
o  ov ’

where f(u) = pu(a—u). Before constructing the desired solutions to (1.3), it is nec-
essary to introduce the results in the case of p = 0. In the absence of f(u), we have
from the first equation in (1.3) that u = C1eX¥, where C; > 0 is a constant. Upon

substituting it into the second equation, one finds v := yv satisfies the following
equation:

AD — 0+ e’ =0, (1.4)
where €2 := C}x. Senba and Suzuki ?#?° showed that in the case of finite mass
fQ €2e? < +o0, for sufficiently small €, the blow-up family of solutions to (1.4) must
satisfy

k m
v — 87‘(2 G(z,&) +4m Z G(z,&;) uniformly on Q\{&1,- -+ ,&m ),
j=1 j=k+1

where G(z,y) is the Green’s function, which is the solution of the following equation:

{AG—G—HSy:O,er,

9% — 0, x € 99
The existence of such solutions was proved by Del pino and Wei in Ref. 6 via the

localized energy method. Furthermore they showed that the profile of v is
ve(x) = (Tpeele) + ¢H(z,€)), (1.5)

where
82t
72 o €

F[hg,f(.’l,‘) = log ( (16)
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and H € O is the regular part of Green’s function G(x, £), which satisfies

A HA+H=—- in Q,

¢z =g
OH 4(x—€)-v 0 (1.7)
— = n .
v é Jz—£p ©
In particular,
8112
I'y) =log —————=
W) =108 G gy
is the solution of the following Liouville equation:
A, T +e" =0 in R2 (1.8)

If we further define c¢o = %, we obtain the approximate solution of u is

8i%co
(a2 + ly|*)?

Now, we consider the influence of the logistic growth term to our approximate

_ r_
Up = Cpe =

solution. By imposing the following integral constraint:
[ wota = w)y =0,
R2

one can show that ¢y ~ %,&2@

From the discussion shown as above, we already obtained the leading order term
of our ansatz. However, we choose € = C;x, which depends on C;. To reduce the
ambiguity and construct multi-spikes, we define

1 _
e2:= =, u=¢gel,
X

then rewrite (1.6) as the following form:
8p2et
R+ = P
where i can be determined later on. Now, the solution v. can be rewritten as

Ue(w) ~ (Fpee(z) + ¢H(z,€)) — 2log co.

Fﬂ,&g(x) = log ( (19)

Here ¢ € ) represents the location of the single spike and ¢, ji depending on £ are
positive constants. Moreover, if £ € 02, ¢ = 4m; otherwise, ¢ = 8r. To make the
error be small, we can choose i as the following form:

log 812 = ¢H (€, &) — 2log .
Then we have from u = ¢ye’ that

8cope?
~ 1.10
uD) ~ T e (1-10)
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where ¢y is independent of . We similarly utilize the mass constraint to obtain that
o ~ 2p*u.

We choose the linear combination of (1.5) and (1.10) as the rough ansatz of the
multi-spikes to (1.3). By employing the gluing method, we can prove the existence
of this type of stationary solutions to (1.1) and our results can be summarized as
follows:

Theorem 1.1. Assume that k, | are non-negative integers with k +1 > 1 and
pt < C. Then for sufficiently large x := 25, there exists a solution (uy,vy) to (1.3)
satisfying the following form:

Uy () = ichj<x_5j> +o(1); (1.11)

3

vy (2) = &2 Z ¢j[Tuyee; (@) + & H(, &) — 2log ¢j] + o(1), (1.12)
j=1
where Hj is defined as the solution of (1.7), Uj and Ty, . ¢,(x) are given by (2.3)
and (1.9), respectively. Moreover, {; € Q and ¢; = 8 for j < k; & € 0Q and
¢; = 4m for k < j < m. In addition, the m -tuple (£5,---,&5,) converges to a
critical point of Ty as € — 0, where T, is defined by
Tm =Y EH(wj,x5) + Y &6G(x), ). (1.13)
Jj=1 J#l

In particular, the critical points of Jy, are assumed to be non-degenerate and C :=
> ¢;Caq, where Cq is the positive lower bound of Green’s function G(z,y); ¢; :=
j=1
SM?E

+— + O(%) and p; is determined by

m
log 8% = ¢;H(&;,&) + Y aG(§,&) =2 loge;.
1#] =1
Theorem 1.1 demonstrates that when the intrinsic growth rate is small, system
(1.3) admits mutli-spikes for sufficiently large x. It is worthwhile to mention that
in contrast to the multi-spikes of classical Keller—Segel models,® the heights of each
spike in (1.11) are O(1) rather than O(x). Our theoretical results are identical with
the conclusion involving the global existence, which is the time-dependent (1.1) does
not have any ”blow-up” solution in 2D. 32
We prove Theorem 1.1 by the inner-outer gluing method. In the absence of
the logistic source, i.e. f(u) = 0, one works with a local semilinear elliptic equation
(1.4). However with the source term f(u) # 0, we are forced to work with a nonlocal
elliptic equation written as

S(u) := Au+xV - (uV(A — 1) u) + f(u) =0,
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where (A —1)~! denotes the inverse of A — 1 under Neumann boundary condition.
Here we borrow the gluing ideas from Ref. 5 in which infinite-time blow-up solutions
are constructed to the Keller-Segel system in the absence of f(u) = 0. The gluing
methods we used in this paper are quite flexible and may be useful in dealing with
other cross-diffusion systems. As far as we know this seems to be the first existence
of spiky solutions to Keller-Segel system with logistic terms. In a future work we
shall study the stability of these solutions.

The remaining part of this paper is organized as follows. In section 2, we intro-
duce the idea for the choice of good ansatz. The section 3 is devoted to the linear
theory of the inner and outer operators. In section 4, we utilize the inner-outer glu-
ing method to prove the existence of the multi-spikes satisfying (1.11) and (1.12)
rigorously. The construction of boundary spikes are discussed in Section 5. Finally,
in Section 6, we perform the numerical simulations of the pattern formation within
(1.3).

2. The Ansatz of the solution

In this section, we shall present the choice of our ansatz with correction terms and
derive the error generated by this approximation. Noting that v can be rewritten
as the form v = —(A — 1)~!u, we have from the u-equation that

S(u) = Au+xV - (uV(A — 1) ) + f(u) =0,

where f(u) := pu(a — u).
According to the argument in Subsection 1.3, one obtains for ¢ <« 1, © has the
following form:

0(x) =Y [Dyee, (@) + & H(w, &) — 2logc;] + O(e”), (2.1)

Jj=1

where a € (0,1) is a constant, m > 0 denotes the number of spikes, ¢; are defined in
Theorem 1.1, T'y; o ¢, () is given by (1.9) and H (z,§;) satisfies the equation (1.7).
On the other hand, in the region |z — &;| < de with § > 0, we have the fact that
u = ¢;e”, where ¢; are constants determined by the mass constraints for each spike.
It follows that

4
C;€ ~ 1 ~
u = exp ¢ H(x, &)+ log + ¢ H(x, &
(EENFETAE { (.4) ;( e+ o —gpe T
—QZlogcj—&-O(sa)},
j=1

where ¢; is the centre of the j-th spike. Moreover, p; is chosen to satisfy

log 83 = ¢;H(&;,&) + Y _aG(&,&) -2 loge;. (2.2)

1#] j=1
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With the help of (2.2), we have for any z satisfies |z — &;| < de,

8@-/@54
u(x) = +o(1).
=Gz gme oY
Now, we define
82
Ui(y) = —5—21=— (2.3
W= ey !
to obtain that u can be approximated by
u:chUj(m_gj) + o(1) in Q. (2.4)
j=1
From (2.1), we find v := —(A — 1)~ can be written as

o Buje’  H(n.6)) - 2loge,
v=¢ ch log( EE + & H(z, &) —2loge; | +o(1). (2.5)
J

2 _
= pie? + |x

The next step is to compute the error generated by the leading terms (2.4) and (2.5).

We denote ug and 7p as ug 1= > chj(z_fj) and 0o = ) ([, e, +¢;Hj—2logcy),
j=1 j=1

then calculate
S(ug) = Agug — Vaug - Vo — uoAgo + f(uo).

In the region |z — ;| < €6, we have the fact that

Vg = M_,_ D ClVUz(

),

(n2e2 4]z —¢;12)3 (2 6)
_—— 4(z—¢&5) )
V;EU() = m + V HE,
and
128|z—¢&;|?—64 o
{ Azuy = cj,u? 4(%) + Eiz Zl;ﬁj ClAUl( Eﬁz)7 (2’7)
ATy = 7€%Uj(—””jf) +ALHE,
where
HE(x) = & H(z, & 1 Syt b H 2.8
S(w) =& H(w,&)+ ) (log — 5+ aH(z,8)). (2.8)
2N\ R e - aP)

Then we use (2.6) and (2.7) to compute the terms V ug - V0 and ugA, Ty, which
are

128c;e*p?|x — &2 T — &5
VIUO ‘VI'DO % ZClVUl( l) F— 2( g]) =
(,u]s + |z e\iZ € pie? + |lo — &l 29)

+%VUj<x;€j> Vo HS + - ZczVUz( gl)'vfcgjg’
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and

wdeo = — U2 (P28) - (e () (P9

1#
T =& ~ T —§&; ~
—|—CjUj< . J>A1H]§+ZCZUZ( - ])AIHjs
l#j
By collecting (2.7), (2.9) and (2.10), we obtain

S(uo) =2 128|x — &;| — 64p5e? 128¢et pf|x — &7 L2 z—&;
= B [ e I

- ean(E) - [~ I av () i

>~vzﬁs<;%< £)-(255)

1 T —
+ z ZCIVU1<
I1#]
Iz

(2.10)

] - 290, (58) ot o (2t

""ZCZUZ

I#j

WUJ.(Ijj)[ﬂ_covl(“@)}
erZan(2)fo- (Su(*29) -0 (152)]

We can observe from S(ug) that Iz; has the main contribution to the error and
the other terms can be neglected. To estimate I51, we need to define HJ (m &) =
—|z —¢&;]?log |z — ;| and decompose HE into H (z, &)+ H; (,&;) since HE is only
a class of C'1'® functions. Noting that H ¢ has the good regularity, it is avallable for
us to expand VH'; at & up to the O(€1+0‘) term.

Now, we have I5; can be rewritten as:

Ia11 Ioio

Iy = ¢;Vy - (U;VHS) = ¢;Vy - (UjVH{) +¢;V, - (U; VL HS),

where
2

8
(z,&) + ; (1og =r ‘f;z_ FE T élH(x,fl)>, (2.11)
J

and Hy € C%“ satisfies
{—AH%—i—Hg:—;+61_|:I:—§j|210g|33—§j|, T €,

a(;i% = % (lg;:%,); + A (2loglz — & +1) - (z = &) v, x € 00N

By analyzing I311; and Is12, we can obtain the estimate of I5;. To this end, we
compute VH? and AHJ, which are

VH] = —(2log|z — &| + 1) - (z — &;) and AH) = —4log |z — &| — 4
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Upon substituting VH{ and VH% into I>11, we have

I>11 :%vaj . V;EH{ + CjUjAwH{

R2utcjy 1
—_ 2t I~ 9] 1) (r — &
(N2+‘y|2)35 (Og|1‘ §J|+ ) (J? f])
8uc;
AT
(2.12)
6447 c;ly[? ( 1 644%csly|?
=—— 5= log — +log y) +
(w2 +1yl?)? € v (? + [y[?)?
32u’c; ( 1 32u?c;
RNV 10g*+log|y\> RN
(W2 +1ylP)2\ e (1% + |y[*)?
1
:O(log g)
To tackle the term 12, we firstly expand VH; at &; to obtain
VH; (x) = VH; (&) + V2H; (&) (x — &) + O(|lz — &['F9), (2.13)

where « € (0,1). In this case, I212 can be written as
Inia =¢;V - [U; (Vo HS (&) + V2 HS (&) (2 — &))] + O(%)

C;i _ _ o 1
=LV, U; - Vo H + ¢V, - [U;V2H; (€)ey) + O(e) = o(g). (2.14)

Combining (2.12) and (2.14), we obtain Iz; is the O(1) term. It follows that the
leading order term of £2S(ug) is O(e). Moreover, we find that except Io1, other
terms in S(ug) are both O(e?). Therefore, we can use the O(e?) correction term in
the ansatz of u and adjust &; to eliminate the O(e) error.

In the gluing method, it is necessary to impose the orthogonality condition on
the right hand side such that the solution ¢ has the fast decay property. In S(ug),
we find that V, - (UszH £) is the leading order term. Thus, we need to calculate
its mass and first moment to check the effect on the orthogonality condition for
each spike. First of all, we investigate the mass of V, - (Uszij). By using the
divergence theorem, one obtains

Vo (U;VH])dy= | V- (U;(2logley| + 1)y)dy
Br, Br,

:/ U;j(2log |ey| + 1)y - vdS, = O(g?). (2.15)
OBR,
For the term V- (U;VH5 ), we only need to analyze the mass of V- (U;VH5(£;)) and

V- (U;V?H 5(&;)) since other terms are higher order and negligible. The integral of
V- (U;VHS(5)) is

_ 1 _
V.o UVE (&)= [ UVE) s, =0, (210)
BRE 8BRE
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where R, := R/e with constant R > 0. To study V - (UjVQﬁj(gj)), we let A :=
VQFI;(@) to find

Vo - (UjAy)dy = / U;Ay - vdS, = O(?). (2.17)

BR5 BBRE

Combining (2.15), (2.16) and (2.17), we prove that
/ Vo - UV HS)dy = O(?).
Br.

Now, we discuss the first moment of V- (U; Vwﬁj) Similarly as above, for the

term V, - (UijHf), we have from the integration by parts that for i = 1,2,

Vo (U Ve HY)yidy = Vy - (U;j(2logley| + 1) - y)yidy
BRE BRE

:/ Ujyi(2log |ey| + 1)y - vdS,
OBg.

~ [ vitogley] + Dy = 06)

le

and for V, - (U;Ay), we obtain

[V Wiy = [ v ay-vnds, - [ Uy ey = 06),
BRE Cr)BR5 BRg

where e; = (1,0) and ey = (0,1). However, for V, - (U;VHS(&;)), we calculate to

find
_ 1 _
Vo - (U;VHS (&) yidy = = Vy - (U;VH;(&;))yidy
Br, € JBg,
1 - 1 i 1
Z*/ yU;VHS (&) - vdSy — */ U;VHS (&) - edy = 0(*),
€ JoBr, € JBg, €

which implies for i = 1, 2,

Vo - (U;VLH ysdy = OG)-
Br, €

In summary, we obtain that VH ; plays the significant role on the error analysis.
Moreover, it does not effect the mass orthogonality condition but effect the first
moment condition. It is left to determine the leading order term of the spike height
¢;. By decomposing c; into cjo + ¢j1, we have from the mass constraint fR2 Uj(u—
¢joU;)dy = 0 and (2.3) that c;o = %u?ﬂ.

We next construct the O(g2) correction term so as to balance the logistic source.
To be more precisely, we choose the ansatz of u and v as the following form:

u:chUj(x_ng) +u5220j<pj(x_€£j> +¢(§), (2.18)
Jj=1 j=1
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and
Su2et
2 7 ~
= 18 + ¢ Hi(x,&) — 21 )
v=e ;CJ( og W2+ o — &) ¢iH;(,&5) ogc;

(2.19)

I3

et S (59) e 25 2)
j=1

where ¢; is the correction term of Uj, 1;(y) = (—A,) " t¢; and H; is the correction
term of 1);, which satisfies

Ax[djj(xigj) +7—l;} - {%(zifj) +Hj:| +§0j<x7£j) =0, Vz € Q.

3 S 9

Here ¢ and 1) are o(1) terms what we need to glue in Section 4. We further have
; satisfies the following equation:

V- (U;jVgj) + n;Uj(a — co;U;) =0 in R?,
i = % — i —AyY =@ in R?. (2.20)
J

Since Uj is radial, we are able to obtain the explicit solution of (¢,) under the
assumption that ¢ and v are radial by solving the ODE system.

Without confusing the reader, we drop “j” and use cg, U, g, ¢ and ¢ to replace
coj, Uj, g; and ¢;, ¢;. We firstly rewrite the g-equation in (2.20) as the following
form:

d dg B B
T (UT@) + prU(a — ¢oU) = 0.

24, we integrate the ODE to obtain

Since ¢y = %,u
dg U apr
9. HeT oy
dr 2 2(p2 +1r2)
We further solve it to get g has the following form:
U

4
Noting that ¢ satisfies the following equation:

0,3
g(r) = Lpr? 4 % In(p2 + 12). (2.21)

—~Ap =Utp+Ug in R?,

we use the variation-of-constant formula to find

Y(r) = 20(r) / ' U(p)g(p)Zo(p)pdp + Zo(r) /0 ' U(p)g(p)zo(p)pdp, (2.22)

2 2
where «a is a large positive constant, zg is defined by zo = ZQ%}ZIz and Z is the other
linear independent kernel. Upon substituting (2.21) into (2.22), we can obtain the
closed form of ¥. Moreover, the solution ¢ := Ug + U1 can be expressed in terms

of (2.21) and (2.22).
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We similarly compute the error generated by the new ansatz (2.18) and (2.19),

then establish the inner and outer equation of ¢ and 1. We define

Uy :ich]( §J>+uezzcjgaj( SJ)

Jj=1

and

m

m
U1 = z:[l“uwg g T ¢ H,; —Hog&u] —2log ¢;] +u522 { (

j=1 j=1

and substitute u = u; + ¢ and ¥ = v, + 1) into S(u) to obtain

9 4 #y(,65)]

S(uy+¢) = Vo (Valur +¢) = (u1 + @) Vo (01 +0)) + plur + @) (@ — (w1 + ¢)) =

To analyze it, we let y = £ and f; = g then calculate Vu, Vo and Au, Av to obtain

V.u ZcJVU y— &) +uschV<pgy &)+ ti

J—l j=1

V.o =L SO - )+ SV e

j=1 j=1
1 _
+ pe Z[Vywj@ — &) + 1V M5 (ey, )] + — Vi,
j=1
and

1 & " 1
Asu=— D> AUy — &) +nY ey — &)+ T

J=1 Jj=1

m

Ao =— %Z (v — &) +ZAH€+MZA%9 £5)

Jj=1 Jj=1
1 -
+ pe? Z AHi(ey,e) + E—QAyw.
j=1

8 .
By using (2.23), (2.24), (2.25) and (2.26), we obtain S(u) = > Ii, where

1 m
7ZZCzUzy &) - ALi(y = &),
I=1 jA

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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-3 S AVl =€) V(Fl— &) + <y en.)

1=1 j#l
1< .
2 Z ¢;¢;VU;(y — &) - VH;(ey, &)
j=1
+y Y adilily — &) - AH (e, &), (2.28)
=1 j5=1

Iy=—p> > (cNUz(y —&)-VYily = &)+ aValy — &) - Vli(y = &)
I=1 j#l (2.29)

+alily — &) - My — &) + ey — &) - AT (y — €)) )

— “ZZ (5V7—ll (ey,&) - ¢;VU;(y — &5)
j=11=1

+eae;Vo(y — &) - VH;(ey, &) + 2aUi(y — &) - AH;(ey, &) (2.30)

+eteap(y — &) - AHj(ey, fj))

Ms

m
>
=11

m
-2y

=11

ag’Veoily — &) - (V;ly — &) +eVH;(ey, &)
(2.31)

Msﬁ

ag®oily — &) - (AY;(y — &) + 2 AH;(ey, &5))
1

:_%V¢ ZCJVH ey, &) — ZCJAH ey, &5)

=
-2V 3 (V0= )+ TRy e )
—¢- Z (uAY; (y — &) + pe At (ey, &) (2.32)
u(ZV%y &) Vi-u(Y wiy-€)) - ad
- E%(asmz) +Y6-9),

I~7:/~L<Zcﬂ (v — 5 + pe ZCJSOJ?J 5) ¢)
x (“*Zcﬂ' iy — &) — pe chsaj y*fj)fgb), (2.33)
j=1
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162 = ) = (2.34)
~ Vo) Y VI - &) - 5 (60) Y ATy - &)
=1 =1

f7 —‘LLZCUUJ(U*2COZUJ'*201 U) ,LLCQZCUU U,
Jj=1 Jj=1 Jj=1 J#l
—M(MEQZ%‘%‘ +o—u+2 chj) (MEQZCJ'%‘ +¢), (2.35)
Jj=1 j=1 j=1
2= ~
where ¢j1 1= ¢; — ¢cjo with ¢jo = 3“8] (2.27)—(2.33) and define —Ig

shown in (2.34) as L[¢] to formulate the equation of ¢ as

Lol = A6+ V- (W) + V- (6VV) =2 Y. Li(dp)  in O,
k=1

(2.36)
929 =0 on 0f)..
ov
where
W(y) = Z 2—J2 Zlog — (2.37)
= (5 + 1y = &§?)? = u]+\y f’l)
and

P= (017"'acma§17"' 76771)

We can construct the multi-spikes with the form of (1.11) and (1.12) to system
(1.3) by proving the existence of (¢, p) to (2.36). It is necessary to point out that
the behavior of the spiky solutions is distinct in the inner and outer regions. Thus,
¢ should be decomposed into the sum of inner and outer solutions. To show their
existence, we need to formulate the inner and outer operators then analyze the
properties. In Section 3, the inner and outer linear theories will be established.

3. Linear Theory

The key ingredient in the gluing method is the formation of the linear theory. Noting
that the structure of (2.36) is similar as that in Ref. 5. Therefore, we can use the
same idea to investigate the inner and outer linear theory, respectively.
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3.1. Inner Linear Theory

In the inner region, we shall study the situation of each spike. To be more precisely,
we consider the region |z —&;| < 8, where § > 0 is a constant. By defining &; as the
center of the j-th spike and using the scaling: y = ‘r;&j , we obtain that the region
becomes |y| < g. For sufficiently small €, one has the region is approximated by the
whole space R2. Therefore, the inner operator can be defined by

Lj[¢] == =Dy + V- (U;Vy) + V- (6Vy, InUj), (3.1)

where 1) = (—A)~1¢. We denote —h as the error then utilize (3.1) to formulate the
following inner problem:

Li[#] =h in R2 (3.2)

For the simplification of calculation, we assume p = 1 and write (2.3) as
U = W. We would like to mention that the constant p can not influence
the structure of kernels to the operator (3.1). Moreover, the inner norm is given by
Il - ||, which is

12|l == sup |R[(1+[y])",
yER?

where v > 0 is a constant. First of all, we assume that the location §; is in the
interior of Q. With the help of Fourier projection, one can obtain the following
Lemma:

Lemma 3.1. Assume that h satisfies
[ ntway=o. [ nwsdy=0 or j=1.2 (33)
R2 R2

then for any ||h||lsro < 0o with o € (0,1), there ewists the solution ¢ = T7.[h] to
(3.2) such that

[16ll240 < Clihllato, (3.4)
where 7;% [h] is a continuous linear operator from the Banach space C* of all func-

tions h in L for which ||h||4+e < 00 into L°.

Proof. Thanks to the results obtained in Ref. 5, we have (3.2) can be rewritten as
the following equation:

V- (UVg)=h in R?

g=2-v, —Ay=¢ in R

Define g := Ug, then we have from the Fourier expansion that

%) 1 _ 00 1 -
h= Z Hhk(r)elk97 Y= E E¢k(7‘)€zk9, (3.6)
k=0 k=0
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and
=1 1
g=)_ o™ g=3 on(r)e, (3.7)
k=1 " k=0

where hy(r), ¥x(r) and gx(r), gr(r) are both radial. Upon substituting (3.6) and
(3.7) into (3.5), we obtain for k > 0,

d2§k 1 dgk ]{32 4r dgk

Sk e T SOk e U b =0
dzr2 r dr 7’229k + (1+72) dr 9 g ’ (3.8)
d*¢p  1dyy K . '
a2 trar Tt et t e =0

We observe that (3.8) are ODE systems and we can solve them to find solutions.
First of all, we investigate the homogeneous problems of the second equations in
(3.8), which are

A%y 1dyy  K? 8

AT P L N
We have the fact that there exists the regular fundamental solutions to (3.9) when
k =0, 1. Hence, in these cases, we need to impose the orthogonality condition so as
to rule out the regular kernels and guarantee the fast decay properties of solutions.
When k& > 2, we find (3.9) does not admit any regular kernel. It follows that we
do not need to consider the orthogonality conditions when k£ > 2 and can easily
construct the barrier to show the decay property of 1. We next analyze the delicate
case k = 1.

Yr = 0. (3.9)

For the g-equation in (3.8), we would like to construct the barrier so as to give
the decay estimate. To this end, we denote the operator L as

d2 1d 1 4r
Llw]:=——w——— —w—-—Uw— ——— 3.10
o] arz? rdrw+r2w I (3.10)
and the barrier w is given by
CHh”4+U
= A1
v (14 r)2to’ (3.11)

where o > 0 is a small constant and C' > 0 will be determined later on. We combine
(3.11) and (3.10) to get W := w — gy satisfies

E[zi;]ml(2+0)(3+0)+1+7”(2+0)+(1;7")2
3.12
5 r(l+r) (312
—-U(l+7)"+4(2+0) 2 + hy.

We choose the constant R large enough such that L[w] > 0 for r > R. With the
fixed R > 0, we further set a large constant C' > 0 to obtain

Cllallato .
s — >0, 3.13
I+ R e’ (3.13)
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where g1 is bounded in Bgr(0). By using the maximum principle, we have from
(3.12) and (3.13) that

g, < Clhllaso
(14 7r)2te

In addition, for y € Br(0), we have from the boundedness of §; that

: - Clhlaes _ Clblago
< < < .
R N (E N (e

for r > R. (3.14)

(3.15)

Combining (3.14) and (3.15), one can show that w is a sup-solution of §; and
Clihllato

< —_—

g1(’/‘) (1 +T)2+0'

Proceeding similarly with —g;, we get —g have the same estimate, which implies

g1 )L < %
' (1+7r)2%e

n R2.

n RZ (3.16)

For the second equation in (3.8), we have to check the first moment orthogonality
condition in (3.3) so as to obtain the good estimate. By testing y;, ¢ = 1,2 against
the g-equation in (3.5), one has

V- (UVg)ydy = / hy;dy = 0.
R2 R2

The left hand side can be written as

V- (UVg)y;dy = —/ UVyg-e;dy = / gUVInU - e;dy, (3.17)
R2 2 2

where e; = (1,0) and ez = (0,1). For ¢ = 1, we further calculate to get

2m
zk9
/RngVhlU eldy—/ / Zk'g U(r)z1(r)r cos Odrdd

= 77/ g1(r)U(r)z1 (r)rdr.
0
In light of the right hand side in (3.17), we find from (3.18) that
/ g1(r)U(r)z1(r)rdr = 0.
0

Then, we can use the variation of parameters formula to choose the solution of the
second equation in (3.8) as

(3.18)

() =20) [ aUgpdp+ 20 [ 2Uapds (319)
0 r
where the kernels z; and 25 are given by
; _ian ; _r4+4r210gr—1
YT ar r2 T r(r2 +1)
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Now, we have from (3.16) and (3.19) that
1] < Cllhllaso(1+7)177 (3.20)

We next discuss the case k& = 0. Similarly as above, there exists one of the
fundamental solutions corresponding to the second equation in (3.8) is regular.
Thus, we have to check the orthogonality conditions. The system satisfied by (go, %)
reads

V- (UVQO) = hy,

A2 1 debo 8 N (3.21)
a2 Trar Taaeptote=0

Focusing on the mass orthogonality condition in (3.3), we have
2m oo )
0= hdy = / / Z i (r)e*0rdrdd = ho(r)rdr.
R?2 o Jo .5 R2

Then we choose the solution of the first equation in (3.21) as

00 1 P
gO(T):/T pU(M/O ho(s)sdsdp

It follows from the assumption ||hg|l410 < 0o that
l90(r)| < Clihollasar™7. (3.22)
Since go = Ug, one further finds from (3.22) that

C”hH4+U

|§O(T)| < W

(3.23)

For the 1-equation in the case that k = 0, the kernels zp; and zgo are given by

r2—1 (r2 —1)logr — 2
2y 2= 2
re+4+1 re+1

Z201 = )

It is similar to check the orthogonality condition in (3.3) to obtain that

/000 z01(p)go(p)pdp = 0.

Then by using the variation of parameters formula, we have

(1) = 20200) [ Pan(opdo+20n(o) [ mplin(ohpdp. (320
P
Upon substituting (3.23) into (3.24), one can show the following estimate

[vo(r)] < Cllhollato (1 +logr). (3.25)

Finally, we investigate the case that £ > 2. Since there does not exist any
regular kernel for the second equation in (3.8), we do not require to impose any
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orthogonality condition. Similarly as above, we construct the barrier to estimate gy,
and vy via the maximum principle. For the first equation in (3.8), one has

1
gr| < C||h||4g0 ———=— in R
|gk| = || H4+ (1+T)2+U m
where C' > 0 is a large constant. For the i-equation, we denote the operator £, as
La[w] dz 1d n k2 8
w=——w—-——w+ —SW— ——W
! dr rdr r2 (147r2)27

and the barrier function as
w = Oflh]|ato(1+7)1"
By straightforward calculation, one has wy := wy — ¢y satisfy

Clihlla+o

:W[_u_a)(—a)—(l—a)l”

r

L1 [tg)
(3.26)

— 9k-

e (1+7)? B 8(1 +1r)?
72 (1+72)2

By similarly taking R > 0 large enough, we have L;[w;] > 0 for any r > R. With
the fixed R, we choose a large constant C' > 0 such that

Cllhlla+o
~ m > 0. 3.27
L+ Ryire o oel 2 (3.27)

Invoking (3.26) and (3.27), one can obtain from the maximum principle that
Y < C|hllazo(1+ 7)1 77 in R%,
We similarly apply the maximum principle to —; and get
|| < Cllhllase(1+7)177 in R2 (3.28)

In summary, we have for k > 0, ||gx(7)||240 < 00 since h satisfies ||hlj4+o < 00
and vy satisfy (3.20), (3.25) and (3.28) when &k = 0, k = 1 and k > 2. Since there
exists the representation formula of ¢, one gets (3.5) admits the solution satisfying

¢=Ug+Up= Z (91 + )™,

Thus, we use the relationship between ¢ and ¥ to find

8

1
|6 < |Ug|+ %] < 51 +Z (U]
k_

IN

il o Mhllats Clirllato | o Clibllats
L N R FEEa s I R

which shows (3.4) and completes the proof of Lemma 3.1. D
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Lemma 3.1 is devoted to the formation of inner linear theory for the interior
spikes. It is necessary to consider the case that ¢; is located at the boundary. In
this situation, we can regard the domain of the ¢-equation as the half space ]R?Ir
rather than R?, where R% := {(y1,y2)|y2 > 0}. To tackle this issue, the natural
idea is to extend ¢ evenly so as to straightforward use Lemma 3.1. Based on this
idea, we define some bridge function ¥ then transform our problem into the new
one holds in the whole space R?. By defining the norm | - ||, ; as

1Bllv,ir = sup |A|(1+ [y])”,
yERZ
we establish the linear theory of the boundary point, which can be summarized as
the following Lemma:

Lemma 3.2. Given any function h and B(z) satisfying

[ oy~ [ gas,=o. [ mndy~ [ smds, =0, @29)
R ORi R2 8R2+

2
+ +
and ||h||a+o,m < 00 with o € (0,1), we have the problem

L] =h in R,
099 _ g OR? (3.50)
—= = on
v *
admits a solution satisfying the following estimate:
[¢ll2+0,1 < Cllhllato,m (3.31)
where C' > 0 is a constant and g = % — 1. Moreover, ¢ satisfies ¢ = Tg[h], where
Tuh] is defined by a linear operator.

Proof. For any given 3 defined on 8R2+7 there exists a function pair (¢o, o) such

that
8‘150 87/’0 o 2
o Uy =0
where ||¢oll2+0.8# < C||h|l4+0,. . Then, we define ¥ := % — 1o and find ¥ satisfies
/ UV - erdy =0, (3.32)
RL

where e; = (1,0). Now, the problem (3.30) is transformed into the following form:

V-(UV§) =h-V-(UVY) in R2
v OR? (3:33)
ov on +

where § := g — ¥. By defining the the solution of (3.33) as (¢y,1y) and

do = 9(y1,y2) for yo > 0;
0:=19"
9y, —y2)  for y2 <0,
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we have the equation in (3.33) is evenly extended into the whole space, which is
V- (UVg)=h in R?
where
() = {h(yl,yz) — V(UVI)(y1,12) for 1y > 0,
h(y1, —y2) — VUVY)(y1, —y2) for ys <O0.

It is easy to check that ||A]lsse < 0o due to ||hllssem < oo. The key step is the
verification of the orthogonality condition. To finish it , we first obtain from the
property of even function that

/ h(y1, —y2) — V(UVI)(y1, —y2)dy = / h(y1,y2) — V(UVI)(y1, y2)dy,
R2 R2

and
/ [h(y1, —2) — V(UV) (1, —22)] 1 dy = / [hy1,42) — VUV (1, 32) | s dy.
R? R?

Then, by using condition (3.29), we have from the divergence Theorem that

hdy=2 [ h—vOvedy=2 [ hdy— 2/ (UV9) - vds,
R2 RZ R2 oR2

oY
:2/ hdy — 2 Uﬁ—dey:2/ hdy — 2 BdsS, =0,
RZ ORZ R% OR?.

which implies the mass condition in (3.3). For the first moment condition, the
integration by parts and (3.32) tell us

J

hyrdy = 2/ [h = V(UVO)y1dy
R

2
+

:2/ hyldy—2/ leV19~1/dS'y—|—2/ UVY-eidy (3.34)
R2 OR2. R2

= 2/ hydy — 2/ By1dSy = 0.
R2 OR2

+

2
+

Since h is even with respect to 1, we can easily obtain from (3.34) that Jre hydy =
0, which completes the verification of orthogonality condition (3.3). Therefore, we
can utilize the results shown in Lemma 3.1 to find there exists the solution (g?), 7]1)
to the following system:
~Ap=U¢+Uj, in R2
{ —AYp=¢ in R2.

In particular, ¢~) satisfies the following estimate :

- hll4vo,m
< ¢ 2ldto H .
6 < O (3.35)
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Since ¢~> is even, it can be defined as the even extension of ¢. By using (3.35), we
further show that ¢ is the solution of (3.30) and satisfies

[0ll2+0.1 = |6 + boll240,1r < |10ll240.1 + |G0ll240,18 < CllB]|4to,m,

which completes the proof of (3.31) and this Lemma. |

After establishing the inner linear theories for the interior spikes and bound-
ary spikes, we focus on the outer problem and discuss a priori estimates and the
existence of the outer solution.

3.2. Outer Linear Theory

Due to the appearance of logistic source f(u), we have the structure of outer oper-
ator is not the same as that in Ref. 5. By analyzing the first equation of (2.36) in
the outer region, one finds the operator becomes

Lg] = —A¢p+ V- (WVY) + V- (¢VV), (3.36)
where
W = i L and V(y) = zm: (log% + ¢ HE (z 5))
22+ Ty - € 2\ By e T

We substitute AV = 2V — W into (3.36) and expand it to obtain
Ll¢] = —Ap+Vo-VV +%Vo
+ VW . V1ZJ + WAlZ - ng = 131 +132.

Due to the decay property of W, we have I35 can be neglected in the outer region
and I3; is the important term. On the other hand, the leading term in the logistic
source is e2uti¢. Combining this term with I3;, we define the outer operator as

L[] = —A¢p+ V¢ -VV —*(uu— V)¢ in Q,
where ey = z and {:‘f; = &;. Moreover, the outer norm || - ||,0, ¥ > 0 is given by

h
1A]lv,0 == sué) — A .
vERe S (L +ly = &)

Jj=1

We shall construct the barrier to give a priori estimate of ¢ then prove its existence.
Our results are summarized as the following lemma:

m

Lemma 3.3. Assume that ||h|[p42.0 < 00 and pi < C, where C = Y ¢;Cq and
j=1
Cq is the positive lower bound of Green’s function, then the problem
L°lg)=h  in Q,
96 (3.37)

2 0 on 0L,
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admits the solution ¢ = To(h) satisfying
H¢||b,o < C||h||b+2,0a (338)

where C > 0, b > 0 are constants and T,(h) is a continuous linear mapping.

Proof. We define the barrier w as

m
Ch _
w = Z UJ] + wo +w = Z m + CQUJO + 0311)1, (339)

where C7, Cy and C5 are positive constants and functions wg, w; will be explained
later on. For w;, we have the fact that

Cib(b+1) Cib

— Aw; = — ,
Ty =g (y— gDl + vy — €D

(3.40)

and
Cib(y — f;)
(15 + |y = &0+

Before using the maximum principle, we need to check the boundary condition of
w;. If £ € Qe, we have from (3.40) and (3.41) that w; satisfies

Vw; = — (3.41)

Ow;

v
If £& € 08, we write OS2 near & as the graph (y1,y2) = (y1, p(y1)) with p(0) =0
and p'(0) = 0, then find

ow; b (y2 — &io) — (1 — f}1)ﬂl(y1)

vy =&l +ly - g T+ /W)P
:O(€b+1). (3.43)

Combining (3.42) and (3.43), we obtain that

= O0(") on 99.. (3.42)

Ow;
ov

Let wp be the unique solution of

= 0("*1) on 99.. (3.44)

—Awg + VV - Vg + 62(2 Gy, &) — ,Lm)wo =0 in Q.

3.45
M — — Z dwﬂ on aQE) ( )

then we have |wg| < Ce® for some constant C' > 0. Moreover, letting w; = £, we
obtain from

7 Ay = &) —
W=\~ i+ ly — €’|2+€Cjv ’

Jj=1
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that for y € .,

v (- Cib(b+ 1) C1b
— W3 +ly =& 2 (Jy = &Dw3 + 1y —ghHet?

T 4C’1b|y—§;-|2 i—Clby—E') e¢; VHS
(15 + 1y = D2 (13 + |y — &12) (14 ly—gher27 "

1
+C1e? (Y Gy &) —pa) Y ———
! <; 7 )J.:Zluﬂy—sjnb

+Cye?( Z Gy, &)) — pi)wn (3.46)

m Cib(y — &%)
>C1b(4 — — . eé;VHE
( Z( 2+|y &;|)br2 jz:;(lJrly—fg-l)b+2 R

) . 1
+Oie <.ZIG(‘”’£J') — i) Y vy
=

j=1

+ C3e? < Z Gy, 5;) — uﬂ)wl = I33 + I34.
=1

When 0 < b < 4, we take R > 0 small enough such that

m

Cy . R
Isg > ) Uxy—ep2 ™ ly=&1< 2, (3.47)
Jj=1 J

where Cy > 0 is a constant. For |y — &'| > g, one sets C3 in I34 be large enough
and obtains

“ C
2 _ 4
Cse (ZG(yafé‘) - MU> wy > Z W (3.48)
j=1 j=1
We collect (3.47) and (3.48) to get from (3.46) that
] > —— o

= Ty =g

On the other hand, we combine (3.44) and (3.45) to show g—’;’ = 0 on 09,. Now, by
using the maximum principle, one has

|¢| < O5||hHl/,Ow)

where w is defined by (3.39) and C5 > 0 is a constant. It follows that (3.38) holds
due to the boundedness of w. The existence of ¢ can be obtained thanks to Fredholm
alternative Theorem, which finishes the proof of this Lemma. O

Lemma 3.3 implies that when the effect of intrinsic growth is small, the outer
problem (3.37) admits the decay solution ¢ if h has the decay property. Combining
Lemma 3.1, Lemma 3.2 and Lemma 3.3, we established the linear theories for the
inner and outer solutions. Our next goal is to glue them together then construct
multi-spikes.
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4. The Inner-outer Gluing System

In this section, we shall employ the so-called inner-outer gluing scheme to con-
struct multiple interior spikes which satisfies stationary problem (1.3). Moreover,
the boundary spikes can be similarly constructed and will be discussed in Section
5.

Before formulating the inner-outer gluing system, we need to give some notations
and definitions. L;[¢] are defined as the inner operators for each spike, which satisfy

Li[¢] = =A¢p+ V- [Uj(y — &)V + V- [V (y = &), j=1,2,--- ,m. (4.1)

The inner and outer norms | - ||,; and || - ||, are given by

. (42)

|hl
1Bllv.; == sup [A(y)I(1+ |y — &1)” and [[hlly,o == sup -
! yER? ! YEQ. Zj:l(l +ly - 5”) v

In addition, we define ¢’ := %gf €; — & and the cut-off functions as 1; := n(|ly —&}|),
J

where

10 =g o 49

and § > 0 is a fixed number. After presenting the important notations (4.1), (4.2)
and (4.3), we further decompose ¢ and v into the following forms:

o= (L o,wm) +<76). b = (-A) "o,
= (4.4)
0= ((—A+e)719%) and @ = (A + %) (gm),
where 71,792 > 0 will be determined later on. In light of the linear property of L[¢],

the equation in (2.36) can be rewritten as

] =™ Z Lig;n;j(y)] + &7 L[¢°]
j=1
_EZZIIC +e€ IG ¢a )+€2f7(¢7p)7 (45)
where I,~I; are given by (2.27)-(2.33). Then (4.5) becomes

e Ljlgin;] + € L[]
j=1
= &2h(¢,p) — €72V - (WVY°) + 12 W¢° — 2472 gy

4 elte Z v, (gz;ovaj (ey. gj))

—&“ZZ A(UNE) +V - (6;,VT )] —E“ZZ%WJ VI,

Jj=11#j J=11#j5
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- 7
where h(é,p) := Y I ((;51, -+, 05,0° p). Now, we define

k=1

F(¢,p) == e’h(¢,p) — €V - (WVP°) + £ W¢° — 272 piigp”

+elt i V- (V. H(e0.)))
c($am) (Sammens) @
= =

— e Y N V() + V- (¢;VT)).

J=11#j
On the other hand, we have from straightforward calculations that
Ljlgjn;) = —niAg; — 2V, - Vi — ¢jAn0; +V - (Us(y — £5) V)
V(¢ VI (y = &) + ¢Vn; - VI (y — &)
=n;L;[¢;] =2V ¢; - Vg — ¢jAn; + ¢;Vn; - VI (y — &)
+ V- (U;VY)) = V - (U; V),
and we further denote F;(¢,p) and J(¢, p) by using (4.7) as

(4.8)

Fi(6,p) = (F(6,p) = "V - (U; V) + €7V - (U; ;) (49)

and

J(6p) :=F(0,p) (1= Y 0) +274 (qubjw) ~ (iéjVH(sy,ﬁj))

m

+eM Y (2Ve; - Vg + ¢ An; — 6,V - VT;(y — &))) (4.10)
j=1

—en Z Z ¢jVUj - VI,
J=1 1%
By collecting (4.6), (4.8), (4.9) and (4.10), we formulate the system satisfied by
¢; and ¢° as

Lilp;] = " Fj(¢,p)y; in R for j=1,---,m,
(4.11)
L°[¢°] = 72 J (¢, p) in Q..

It is necessary to consider the orthogonality condition so as to use Lemma 3.1. To
this end, we let compactly supported functions Wy;, j = 1,--- ,m be radial with
respect to &’ and satisfy

/ Woj(y —&)dy =1,
R2
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and compactly supported radial functions W;;, ¢ = 1, 2 satisfy

/RZ Wi (ly = &) (v — &) ,dy = 1,
then modify (4.11) to obtain the following problem:

Lilgs) = MFi(g,p)nj — D mijle M F(¢,p)ny|Wiy for j=1,---,m,
i=0,1,2 (4.12)
L°[¢°] =e™72J(¢,P),

where m;;[h| are defined by

R2

mosli) = [ Wy awd mll= [ -y (413)

forj=1,--- ymandi=1,2.
Now, according to Lemma 3.1 and Lemma 3.3, we have there exists the solution
(1, , P, @°) to (4.12) provided p satisfying

myjle” " Fij(¢,p)n;] =0 for ¢ =0,1,2 and j=1,---,m. (4.14)
Moreover, we have ¢;, j = 1,--- ,m, ¢9 and p are given as
¢] = A](¢l) e a¢m7¢0,p0 + pl)a

¢O:AO(¢17"' 7¢m7¢07p0+p1)7 (415)

p= A;U(¢1a o 7¢m7¢oap0 + p1)7

where A;, A and A, are linear operators and

P =Po+P1 with po=(ci0, " ,¢m0,&10, > &mo)s (4.16)

where (€10, -+ ,&mo) is a critical point of J,,,. We utilize (4.15) and (4.16) to rewrite
the solutions and operators as the following vector forms:

—

¢: (¢17"' 7¢ma¢07p0+p1) (417)

and

A(Q;) = (-Al ((5)’ oy Am (QZ;), Ao(gg)? AP((;)) (418)

Before using the fixed point Theorem to show the existence of the solution (4.17)
with the operator form (4.18), we need to give the functional spaces and norms
satisfied by ¢. We define the following spaces:

X, = {¢ EL®(R?) : Vo € L (R?); ||]l240.; < o,

#(y)dy =0 and / o(y)(y — &), dy =0, i=1,2},
R2 R2

0
X, = {0 e L2(0): Vo e I¥®), [l <00, 52 =0,
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and
XP = {(017”' acm7£17"' 75771) € R™ x (Rz)m : ||p||p = Sup‘cj‘ +Sup|§J| < OO}a
J J

then collect them to define X as

X o= ][] X5 x X0 x X, (4.19)
J
with the norm as
161x =D 119511240 + 16°llb,0 + [Pllp- (4.20)
j=1
With the definitions of (4.19) and (4.20), we claim that for ||¢||x < 1,
[A(¢)]x < 1. (4.21)

Focusing on the inner problem, we find from Lemma 3.1 that if
e M F(¢,P)llato,s < o,
then
[A4;(@)ll240.5 < Clle™" Fj(¢, P)lla+o5

where C' > 0 is a constant. Thus, it suffices to show Ce™ "' ||F(¢, p)||4+0,; < 1 so as
to prove our claim for the inner operator, which is

A (@)ll240.5 < 1. (4.22)
To state our analysis in a user-friendly way, we expand e~7' F}; (¢, P) to obtain that
5
T Ey(6,0) = 30 e
+ (27— TN pug? — 2NV (WY)W )

n [527"’1 Io +elt2-my,. (¢"VwH(ay,£j))

(zz (V) + V- (65 9T0)n;] )

J=11#]

(4.23)

m

we(30,9m) - (L eene)]
j=1 j=1
=V (Uily = )V (& = ))) 1= ITa + ITo = ITs ~ [T,

We will estimate IT;—IT, term by term. For ITy, it is easy to verify that
111|445, = o(1). We only discuss V,U - V,I" since others can be studied in the
same way. In fact, for y € B25/€(£ ), we have

(L+ |y = &N VU — &) - VI;(y — &)
1 _ 1
I+[y—=&h> 14y —¢

5*71

<e 0|ty - g <o,
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which implies
IVU(y = &) - VI;(y = §)llato; = o(1), (4.24)
since 7 is chosen to be less than one and o € (0,1). For I, we calculate to find
|IDy| < &2 7 — 2 piig?| + €277 (I - (W94°)| + W)

where W (y) is given in (2.37) and I; is defined by (2.33). Thr main error in 15 is
generated by outer solutions and we only discuss €277 W ¢° since the other terms
can be analyzed in the same way. Assuming vo > 71, we find

m 1 o0 .
TN W| <Oy A+y €2 9], (4.25)
= TSRS (U fy - )
j=1
By choosing b > 2, we can get from (4.25) that when ¢ < 1,
€% 60410 < 7.
77 =16
Thus, we utilize the decay properties of U;, W and ¢; to show that
1Ll 4405 = o(1): (4.26)

For I :T4, since

Y = C’+O<| |> Vi =0(e )log|y|+C’+O<| |> as |yl — oo,
one similarly obtains 1T, = o(1). We next focus on the leading term IT3 in (4.23),
which is

I3 =|e> > (aVe; - VH(ey, &) m+22v (6;VTu(y — &)y

j=1l1l=1 J=11#j5

Z Cl¢jAHl(5y7£l))nj:|

1i=1

Z (UV) + [V ST (ne Vi + peVH, )u
1145

Ms

+£2

(4.27)
_l’_

HME 5

+e2m [qﬁ Z(qujJrus A Hj)+u2vgaj vw+uz%aw]
j=1
L e M(PAG £ V- V) i= [114 + I[IIp + I[IIc + .

By substituting (4.4) into (4.27), we find I1Ip and IIIc can be easily estimated
and satisfy |IIIg| = o(1) and |I1Ic| = o(1). Moreover, we obtain from v; > 1 — o
v1 < 72 that |IIIp| = o(1). The worse term in (4.29) is II14. In fact, we calculate
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to obtain

m

Ty ==Y [Vo; - (&VH; (e &) +Z( VI(y — &) + & V) ),
j=1 I#7

m

+g2z[ (&AH; (=5, ) +Z( ATy — &) + adHy) )|
_EZV@ V. Hsnj +e Z@A Hin; —522v (¢;VH5)n;, (4.28)

where H < is given by (2.8). We shall estimate (4.28) near each centre of spikes
ie in|y—¢|< ? Firstly, we expand Vf{j as

VHS (z) = VH: (&) + O(|z — &|*) = VH (&) +e“O(|ly — §|*), (4.29)

where a € (0,1). By substituting the second term of (4.29) into (4.28), we can show
that the order satisfies O(e!T*|y|~(3+7=®)). To get the desired estimate, we choose
0 small enough such that the coefficient is much less than one. Similarly, we consider
the leading term in (4.29), then obtain

o)

elVe; - VHS (&) < T

By taking ¢ > 0 small enough, one has ¢||V¢; - Vﬁj(fj)\|4+0,j < 1. On the other

hand, we let ¢ be small to find €2||¢jAg]§H4+o—,j < 1. In summary, we can choose

§ < Cy with Cy being some O(1) constant to obtain the desired estimate of I114.

By collecting (4.24), (4.26) and (4.29), one completes the proof of the claim (4.22).
Next, we proceed to prove that ¢° satisfies

A (&)llb,0 < 1. (4.30)
Thanks to Lemma 3.3, one similarly has

146()llb,0 < CIIT (&, P) 142,60, (4.31)

where C' > 0. Then we are going to prove C||J(¢,p)|lp+2,, < 1. Noting that the
error terms involving with the inner solutions ¢; are the leading ones, we have for
Vo; - Vnj,

1 grz—m 1

Y1—72 . . Y1—"72
€ [Vo; - Vn;| < Ce Aty — €;|)4+a < 05272—271 (1+]y— €§|)4+a+2’y1—272'

By choosing § > Cav/E, 21 — 272 = —% and b = 2+ £, one finds

NV, - Vnjllatpe < 07

where 0* < 1 is a small constant. Proceeding the other terms involving with the
inner solutions in the similar way, one can prove C||J(¢, p)||p+2,0 < 1, which implies
the desired estimate (4.30) thanks to (4.31).

In summary, we choose o € (0,1), 6 € (C2v/e,Ch), 1 <1, 2 =m+ 5 <1,
b = 2+ %, then obtained (4.22) and (4.30). To prove our claim, it is only left to
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study ||.Ap(<;_5‘)||p7 which will be discussed later on. Now, we complete the proof of
our claim (4.21).

The next step is to verify that A4 is a contraction mapping. In fact, it can be
proved that there exist constants oy, a2 € (0,1) such that

1Mo[61] = Ao[d2]lln.0 < @zlldr — bl

{ 14;(61] — Aj[02]ll240; < @1lld1 — d2llx, (4.32)

for any ¢1, ¢2 € X with H¢1”X’ H(]sQHX <1.
Now, we focus on the properties of operator A,. Note that p, is defined as

(610, L, Cmoy 610, 520, ce ,fmo), where Cjo = 3,[131_1,/8 and (510, s ,ﬁmo) are the crit-
ical points of 7, given by (1.13), then we need to adjust p; in order to guarantee
the orthogonality condition shown in (4.14), i. e. m; ;[h] = 0, where m; ; are given
by (4.13). We claim that p; is o(1), which immediately implies that ||A,||, is a
contraction mapping and satisfies |4, ||, < 1.

While checking the mass condition, we find from the terms defined in (4.9) that
the leading one is st f(U)n;dy. Then we calculate to obtain from (2.35) that

[ t@mdy=[ (el o+ iUy + OE)
Qe BZ(;/E(&_;)
where
/ CQUj[ﬂ—Con]dyZO.
325/5(53)
Now, we have
| 10y = 0(w)es; + 0. (4.33)
Qe

Focusing on the term in the divergence form operator, we employ the divergence
Theorem to estimate. One observes that the main remainder term is V, - (uVH).
To analyze it, we note that for j = 1,--- ,m, H; can be decomposed into H;1 + Hj2,
where Hj1 := —|z — &j|*log |z — &;|. Then, we have the following equality:

1 m
> / Vy - (U Hy)ndy
€=U

1 & 1 —
== E / UNVH; -vnjds — = E / U/VH; -Vn;dy. (4.34)
S 0Bss /e (€)) € Bas/e(&))

Due to the decay property of cut-off functions, we find the first term in (4.34)
vanishes. For the second term, we have the following expansion:

VH(ey,&) = VHu(ey, &)+ VHp(,6) +VEHp (&, 6)e(y— &) +0(e ), (4.35)
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where a € (0,1) is a constant. By substituting (4.35) into (4.34), one obtains for
I=1,---,m,

E i/g V- (Uz(y = §{)VH1(€y,£z))mdy‘ = 0(e%).
=1 €

Similarly, we analyze other terms in the divergence form operator to get the errors
involving with V-(¢;VH;) and V-(¢;VH,) are O(2) and O(e'17"), where o’ € (0,1)
is a constant. In particular, thanks to decomposition (4.4) and the fact v :=1—9
with & being small, we have from the integration by parts that the error term related
to Vg - (V1) is O(217"). where b’ > 0 is a small constant. Proceeding the other
terms in the divergence form operator with the same argument, we finally obtain
from (4.33) that ¢j1 = o(e).

We next study the first moment orthogonality condition shown in (4.14). In fact,
the leading term is > > V4, - (U; Vo (It + H;)) — V4 - (U;VT;). To estimate it, we

I=15=1
use (2.13) to obtain for i = 1,2,

mm

S5 e [ 9 (U - Ve @) (0~ ),y )y
I=1j=1 €
5 [ Ve W - &)Vl - @) - ) insdy
1=1 j#l 7 e
= <Z Z 8/ U;VH; -en;(y)dy + Z Z/ U;VIy - ein; (y)dy> (4.36)
1=1j=1 ’9e 1=1 j£1 Sk
+ (Z e UVH - (y—¢&)iVnidy+> 2/ U VT - (y — 5;-)Nnjdy>
1=1j=1 Y% 1=1 j£l Sk
=111+ I1Ig.

The next step is to discuss III 4 and I1]g given in (4.36). For I11g, we have from
the decay property of U; and I'; that [II1g| = O(e?). For 11 4, we have the fact
that (2.8) can be decomposed as Hj; + H;, where Hj; = —|z — &;|*log |z — &;| and
Hj is given by (2.11). Then one can only cons_ider fBza/a(Eg) U;VH;-e;n;dy with the
help of the cut-off function. Noting that d,, H; has the following expansion:

VH;(ey,&) - e = 00, Hj (&5,&5) + €V (00, Hy) (&5, &5) - (y — &) + olely — &),
we further obtain
Iy =¢eY_ 0. Hi(&,&) + O(). (4.37)
=1

Since (£10,- -+ ,&mo) is a m-tuple critical point of 7, defined by (1.13), one has ;o
is the critical point of H;. On the other hand, we rewrite d,, H; in the z-variable
and expand it at {;o to get

0p Hj(€5,65) = 82, H (€50, €j0) + 02 Hy (€0, £0)E5) + O(1€1]?).
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Thanks to the non-degeneracy of J,,, I11 4 becomes
IT14 = 6,00} H;(€0,§10) + O(E*) + O(gn ) for i =1,2.

To determine §;1, we need to analyze the other terms from the divergence form

operator. Focusing on the error Y > V. - (¢; V(T + Hy)) — V- (¢; VL), one
j=1i=1

has from the expansion of 9., H; that its order is o(¢?). For terms V - (¢VH) and
V - (¢V), we similarly use decomposition (4.4) and the integration by parts to
obtain that their first moments are O(e!*?), where @ < 1 but @ ~ 1. Thus, we find
from (4.37) that

e =0(%), i=12

This completes the proof of our claim that p; = o(1). Hence, when ||¢|x < 1,

|A(¢)||x <1 and A,(¢) is a contraction mapping.
Now, we define set B as

B={peX:|¢]x <1}
In light of (4.32), one finds

AB) C B and [ A(gr) — Aa)llx < Sl61 — dallx , Vo, 02 € B,

which implies that there exist the solution such that ¢ = A(¢).
Now, we have established the existence of multi-interior spikes rigorously. We
next consider the case of boundary spikes.

5. Construction of Boundary Spike

This section is devoted to the existence of multi-boundary spikes. Since the centres
of spikes are located at the boundary of €2, it is necessary to use the transformation
to straighten the boundary and study the inner problem in the half space R2.
To be more precisely, we define the graph p(x1) as {(z1,22) = (21, p(x1)} with
p(0) = p'(0) =0, then for j =1, - ,m, transform (y1,y2) into

1
2=y =& ay 225 = Y2 — &) — gp(e(yl =& m))s (5.1)

where y; = x1/e and y2 = x5/e. For convenience, we denote operator Ppé; such
that for any function w,

Pperw(yr, y2) = w(z1, 22,5)- (5.2)

In this transformation, the Laplace operator and Neumann boundary operator be-
come

Ayw=A, jw+ (p'(ezl,j))2822,j22,jw —2p'(€21,5)0z, 2, ,w — €p" (€21,5) 0, W,

0
L+ (o (e215) 5 = P (521,3)05, w0 = [+ (' (£21,0))2)0, .
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Without confusing readers, we use z; and 2, to replace 21 ; and 2z ; but understand
the z variables depend on f; Then, it follows that

Ayw =A,w+ (p"(0))%€?270,,.,w

5.3
- 2p”(0)52182122w - 5p”(0)8Z2w + 0(52) ( )
and
. ow; Owy, 2.2_2
Vywi - Vyws = Vowy - Vows + —— - ——(p"(0))e"2]
822 822 (5 4)

_ (awl 811)2 811)1 8w2

621 82’2 822 82:1

where p and p’ can be expanded as p(ez1) = 3p”(0)e?2] + O(e?) and p'(ez1) =
p"(0)ez1 +O(e3). We can find there exist many extra terms except A,w and V_ w; -

)0 (0)ez1 + O(e?),

V.ws in (5.3) and (5.4), respectively. However, they are both o(1) and actually it
is easy to establish the good estimate for these higher order terms, which will be
explained later on.

For the multi-boundary spikes, we still use (2.18) and (2.19) as the ansatz of u
and v, respectively. Similarly as shown in Section 4, we shall formulate the inner-
outer gluing system. To this end, we first consider the effect of transformation (5.1)
on the inner problem. Before that, we need to give some notations and definitions.
The cut-off function ny is defined by

nm,j(z) =1 for 2 € RANBs)(0) and npy;(y) =0 for z € RiﬂBgd/s(O), (5.5)
and thanks to (5.3) and (5.4), new error function N, ; is given as
O (pmnm,j) (% Om; | b

() 2 .
Npj =(¢' (1)) 52 oo et o Ul
Nobm,jnm,;) OT; | 0°T; o
T T 0 om0 G gm,))]
2 A D 9D 200 -
—p,(Ezl){a (gf,énH,]) _ (z& agH,] g&agH,g> _ g 7/}8}1,1 U (5.6)
1022 Z1 Z2 ) Z1 21029
(9w, nm,;) OT; | OU; A(dm,jnm,;)y  O°T; o
( 021 0zo + Ozo 0z1 ) 021022 (¢H’JnH’J)]
1 9(PH,i1H,j) O o ery
—E&p (521)[ 97 7U_] 072 7(¢H,]77H,])87z2}’
where ¥y j := —(A +€2) "¢ mu ;). We further define Py and Py as the first
and second coordinates of £, then set parameter vector Py as
PH = (C,PH:[,PHQ) = (C,Pl,pg - p(pl)) (57)
With the definitions of (5.5), (5.6) and (5.7), we find transformation (5.2) changes
the forms of L;(¢), j = 1,--- ,m, then the inner equation becomes

L;l;] = (Np,j +5_71(Fj(Pp,gg(%PH))nH,j = Fuj(Ppe (), Pu)nmg, (5.8)

where (21,22) € R%, Fj(q;, p) is given by (4.12) and all functions in F}(-) are replaced
by Pp,gg_(-). It is worthwhile to mention that there does not exist leading order



March 22, 2022 22:0 WSPC/INSTRUCTION FILE output

36 F. Kong et al.

terms involving with the mean curvature p”(0) in F;(¢,Py) since U; = eli, j =
1,--- .m, pointwisely. Next, we consider the outer problem and find that the local
transformation (5.1) can not influence the outer operator since it only straightens
the boundary near the centres of spikes.

Our next goal is to establish the estimate of Fy ; shown in (5.8). Before that,
we define & ; 1= (5;7(1), 5;7(2) — %p(e ;,(1))) and the inner norm in the half space as
1Bllv, .5 = sup [A[(1+]2])".
z€R%

Moreover, spaces X ;, Xo g and X, g are given the same as X;, X, and X, except

that R? and || - |[240,; are replaced by R and | - ||240,,;, respectively. Similarly
as shown in Section 4, we denote the norm and inner solutions for boundary spikes

as || - || ¢ and &H,j, next discuss the new error N, and focus on the following worse
term:
O (¢m,mm,5) (¢, jnmg) _O(bm,inm,;)
/ 2 GNH,G) GMHG) JNHG) 1
(p'(e21)) 922 p'(ez1) 071075 S we— (e21)
20 2o s
=(p”(0))2(5Z1)2 0 (¢)H,]2"7H,y) — 0" (0)ez1 0*(¢mH,jnH,5) (5.9)
023 021022
e (0 A0 | oc2)
Ozo

Since z satisfies |z| < 0 for some constant ¢ > 0, we can similarly choose § > 0
small enough such that (5.9) satisfies

O (P,jnm,5) P (Punmy)  O(Pmnu,y)
/ 2 ) J) 5J J) >J )
H(p (e21)) 023 plez) 021072 c 9z ' (Ezl)H

where o1 > 0 is a small constant. Proceeding the other term in N, with the similar

<01,
4+0,H,j

discussion, one can show that

INp,jnm i llato,m; < o2, (5.10)

where o9 > 0 is a small constant.
The next step is to estimate (5.8) in Fj(-) then prove

15 (Ppg; (1), Pr)llatomy <03 (5.11)
for some small constant o3 > 0. To this end, we repeat the argument what we
have used for (4.23) and decompose F}; into 111, II1,, 1113 and I114. It is easy to
establish the estimate for the four terms and we only exhibit the discussion for one
error in Vypp{; U; -Vypp’g‘;I‘l since the other ones can be similarly tackled. In fact,
thanks to (5.4), we find for |z| < 26, there exists the following term:

, aU ar _ 5[ _ é‘/ X
’(P (e21))? 6;(22) i (812{; H’j)),

where {3 ; and £ ; denote the location of spikes in the z-variable. Since p'(21) =

p"(0)ez1 and Uj, 871; have decay properties, one can choose ¢ > 0 small enough such

that ||(p'(£21))? Bag; '%HALJ,-mH,j

< o4 for some small constant o4 > 0. Now, we
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have obtained ||I1I;||4t0,m,; = o(1), i = 1,2,3,4, which implies ||Fr jn# ;lla+o,m,;
is bounded. It immediately follows from Lemma 3.2 that (5.8) admits the solution
@ ; satisfying

P jll2+0,m,5 < CllFu,; (2, Pu)nmjllateo,n,;

for some constant C' > 0. On the other hand, we note the local transformation does
not change the structure of the outer operator given in (4.12), thereby obtain that
there exists bounded linear operator AH(gH) such that 5H = AH($H) with the
help of Lemma 3.3. Here ¢y and Ay are defined the same as (4.17) and (4.18)
except that ¢; and p are replaced by ¢ ; and Py, respectively.

We would like to point out that the orthogonality condition stated in Lemma 3.2
should be checked and it plays the vital role on determining 521_’ ;- Indeed, we claim
Pig = o(1), where Py := Py — Pog and Poy is given the same as (4.15) except
that ¢ is replaced by &g. Combining this claim with (5.10) and (5.11), we similarly
obtain that if [|¢g ¢ < 1, then |Ag(dx)|x < 1. By using the same argument
shown in Section 4, one has A is a contraction mapping. To be more precisely, for
any G, ¢3 € Xnj,

1A (@h) — An (63 x < asldh — Fhllg, 0<as<1.

Now, we shall finish the proof of our claim. For the mass orthogonality condition
shown in (3.29), one has the leading term in Fy j is [p+ f(U)nm jdz. It is similar
2
to calculate then obtain from (2.35) that

? /R FU sz = O()er,; + O(ED), (5.12)

. o 3#?’
Smce Cjo = 3
is necessary to analyze the effect of Neumann boundary operator on the error. We
only exhibit the analysis of the leading term V, - (uV H) since the other ones can
be similarly treated. To estimate it, we similarly decompose H; into Hj; + Hjo,

j=1,---,m, where Hj; := —|z — &;|* log |x — &;|. After transforming H;; into the
z-variable and rewriting z; as z; := y; without translation, we consider H;s and
calculate to find
Eng+2 OH.:
’ il I 4
EZ/ V. UlVng)ndeZ—a/él)_% U; T nm;dz + 0. (5.13)
sJ €

Moreover, the corresponding boundary term satisfies

aH]Q o aHgQ aH]Z iz
“UiTa, ov =Uj 079 —Us 0z
By collecting (5.13) and (5.14), one has for j =1,2,--- ,m,

p"(0)ez1 + O(e?) = U;

oH,
EZ Ve UlVng)nHsz—&—EZ/aRz Uy alanJdS 0. (5.15)
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Proceeding the other terms in the divergence form operator with the same argument,
we obtain from (5.12) and (5.15) that ¢;1 = O(e). Focusing on the first moment
orthogonality condition (3.29), we similarly check the effect of boundary operator
on the error, then use (2.13) in the z-variable to show gﬁ}fﬂ = 0(g%), where a <
1 but @ ~ 1. This completes the proof of our claim, then we obtain Ay is a
@ntraction mapping. Thus, one has there exists the unique solution (EH such that
o1 = Au(dn).

Combining all results obtained in Section 4 and Section 5, we give the rigorous
proof of Theorem 1.1. This Theorem demonstrates that there are finite many multi-
spikes to (1.3) with the heights of cellular density w and chemical concentration v

being O(1) and O(g?), respectively.

6. Numerical Studies and Discussion

In this section, we shall present several set of numerical simulations to illustrate
and highlight our theoretical results. The FLEXPDE 7 will be used to study system
(1.1) numerically. By setting the error is 10~ and the maximal running time is
3500s, we investigate the effect of parameters on the dynamics of system (1.1).

Fig. 1 presents the evolution of the cellular density u and chemical concentration
v within system (1.1) when the chemotactic rate is sufficiently large. In particular,
when t = 670s, the profiles of (u,v) can represent the stable steady states (us, vs) of
(1.1). It can be seen that u is located at the corner with the concentrated structure
and v, possesses the positive lower bound and grows towards the same corner slowly.
The numerical results implies that system (1.1) admits the stable boundary spike,
which is identical with our theoretical analysis.

We next increase p from 0.2 to 3 and fix the other parameters to plot Fig. 2.
It is shown that when u is large, the solution (u,v) converges to stripes rather
than boundary spikes even though the initial data is the small perturbation of some
boundary spike. Indeed, Theorem 1.1 states that only under the assumption pu is
small, we are able to construct the multi-spikes with the form of (1.11) and (1.12).

Fig. 3 is presented to show the temporal-spatial dynamics of time-dependent
system (1.1) when chemical diffusion rate ds is small. It is surprising that system
(1.1) admits the stable interior spike, which can not be observed in classical Keller—
Segel models. & The numerical simulations illustrate that the logistic source f(u)
plays the critical role on the formation of complex patterns.

6.1. Discussion

We have employed the gluing method to study the existence of non-constant sta-
tionary solutions of (1.1) in the asymptotically limit of x > 1. The idea shown in
5 has been developed and applied on establishing the linear theories and analyzing
the inner-outer gluing system. Our main work is the construction of multi-spiky
solutions to (1.3) with cellular density u and chemical concentration v being O(1)
and O(g?), respectively.
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We would like to discuss some open problems that deserve further explorations.
We have shown that there exist the multi-spikes with the form of (1.11) and (1.12)
to system (1.3). However, we do not investigate their stability properties which is
another interesting but complicated problem. In fact, the numerical results illustrate
that when x > 1, system (1.1) only admits stable boundary spikes. In this paper, we
set chemotactic rate y be large and keep other parameters are O(1) to seek the non-
trivial patterns. However, we can find when chemical diffusion rate ds is small, there
exists other type of steady states shown in Fig. 3. This result implies that there exist
other regimes such that (1.1) admits different types of spiky steady states. Some
formal computations in this regime for one-dimensional Keller-Segel with logistic
growth were done in Ref. 16. The relevant theoretical analysis is challenging but
deserves exploring in the future.

ufwl)

(c) u at t=670s

vixt)

(d) v at t=0s (e) v at t=1s (f) v at t=670s

Fig. 1. Dynamics of the cellular density u and the chemical concentration v to system (1.1) in a
2-D rectangle with length L = 2, intrinsic rate p = 0.2, carrying capaczty u = 3, diffusion rate
dy = d2 = 1, chemotactic rate x = 10 and initial data ug = vg = W We can see
that the solution (u,v) tends to be located at the corner in which the heights of v and v are O(1)
and O(1/x), respectively.
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