ON SINGULAR SOLUTIONS OF LANE-EMDEN EQUATION ON
THE HEISENBERG GROUP

JUNCHENG WEI AND KE WU

ABSTRACT. By applying gluing method, we construct infinitely many axial
symmetric singular positive solutions to the Lane-Emden equation

Agu+uP =0, in H"\{0}

on the Heisenberg group H", where n > 1,Q/(Q — 4) < p < psr(Q — 2) and
@ = 2n + 2 is the homogeneous dimension of H".

Dedicated to David Jerison on the occasion of his 70th birthday, with admiration

1. INTRODUCTION

Let n > 1 and H" be the Heisenberg group (R?"*!, o) equipped with the group
action

n
§oo& = (x+x0,y+yot+to+2 Z(ﬂciym — Yi%0:))
i=1
for
5 = (:El; T2, 5, Y1,Y2, ay’rut) = (x7yat) € Rgn-"_l'
Let Ay be the subelliptic Laplacian defined by

Ag=> (X} +Y7).
i=1
A direct calculation shows that
n 32 82 62 82 82
i ;[axg t o T Wiana  Wiggar AT T 5]

Let @ = 2n + 2 denote the homogeneous dimension of H". In a seminal work,
Jerison and Lee [9] proved the following celebrated classification result.
Theorem 1.1. All positive solutions of the equation
Apgu + w7 = 0, i H" (1.1)
satisfying the integrability condition

20
/ uQ-2 < +00 (1.2)
can be written as wy ¢ for some A >0 and £ € H", where

2-9
Wre =A 2 wWody-10Tg

and L
w(x,y,t) =c — 1.3
(z,9,1) Bt 1)) (1.3)
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with ¢y being a suitable positive constant. (Here 1¢(§') = £0&’ is the left translation
on H™ and §\(&) = (A\x, \y, A\t) is the natural dilation.)

The work of Jerison-Lee completely solved the so-called CR-Yamabe problem in
H"™ and it opened door in the study of more general Lane-Emden equations on H™:

Agu+u? =0, in H" (1.4)
In [12], Malchiodi and Uguzzoni proved that the unique positive solution clas-
sified in [9] is nondegenerate in the sense that v € S§(H") is a solution of the
linearized equation
Q +2 4
A a2 =0 1.5
HY + 02" G (1.5)
if and only if there exist coefficients p,v1,v9, -+, Vap, Von+1 such that
8wA 2ol (9&])\
Y= HW’E + Z Vi 55‘75 ; (1.6)
NO=(1,00  v=1 i 1(A86)=(1,0)

where S (H") is the Folland-Stein Sobolev space (see [12] for the details of the
definition).

In the subcritical case 1 < p < (Q + 2)/(Q — 2), the equation (1.4) was first
considered by Birindelli-Capuzzo Dolcetta-Cutra in [2]. It is proved in [2] that
if 1 <p<Q/(Q—2) and if u is a nonnegative solution of (1.4), then u = 0.
In [10], Lu and the first author considered Lane-Emden equations in more general
stratified groups and the existence and non-existence of solutions were obtained.
By applying the moving plane method, Birindelli and Prajapat proved in [3] that if
1<p<(Q+2)/(Q—2) and if u is a nonnegative solution of the equation (1.4) such
that u(x,y,t) = u(r,t) with r = /22 + y2, then v = 0. In [11], Yu generalized
the method in [3] to some semilinear elliptic equations in the Heisenberg group
with general nonlinearities. In [13], Xu improved the result in [2] to the range
n>1,1<p<(Q(Q+2))/(Q—1)2. Since the proof in [13] is based on integration
by part, it is not necessary to assume that solutions satisfy any symmetry. Recently,
in a interesting paper [11], Ma and Ou give a complete classification of nonnegative
solutions to the equation (1.7) when p is subcritical. The proof in [11] is based on
a generalized Obata type formula found by Jerison and Lee [9].

In this paper, we consider positive solutions of the following Lane-Emden equa-
tion on H"™ with a singularity

Agu+u? =0, in H"\{0}. (1.7)
Compared with the equation (1.4), the results concerning (1.7) are less known.
In [11], a pointwise estimate for the positive solutions near the isolated singularity
was proved when p is subcritical. In [1], Afeltra constructed a family of positive
singular solutions to the equation
Q
Agu+ud2 =0, in H"\{0}. (1.8)

Similar to the Fowler solutions of the Yamabe equations on R™, the positive singular
solutions constructed in [1] satisfy the homogeneity property

uoéT:T_ngu (1.9)

for some T large enough. It will be an interesting problem to prove whether any
singular positive solution of (1.8) satisfies the homogeneity property (1.9).
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In this paper, we apply the gluing method in [5] to construct positive singular
solutions to the equation (1.7) in the supercritical case p > Q/(Q —4). In order to
give the statement of our main result, we introduce the Joseph-Lundgren exponent

(n) 0, if 3<n <10, (1.10)
pso\n) = n—2)2—4n+8y/n—1 . .
( (72—2)(n—10) , if n>11.

The exponent (1.10) is closely related to the classification of stable solutions of the
Lane Emden equation

Au+uP =0, in R™ (1.11)
Here, a solution of (1.11) is called stable if

/ |V |2 da —p/ uP~lp?dr >0, Vip € C°(R™).
I R™

Indeed, it was proved in [0] that if u € C%(R") is a stable solution of (1.11) with
1< p<pyr(n), then u=0. Moreover, (1.11) admits a smooth positive, bounded,
stable and radial solution for n > 11,p > p;r(n).

The main result in this paper is the following.

Theorem 1.2. Assume that n > 1 and

QCE4 <p<ps(Q-2), (1.12)

then the equation (1.7) admits infinitely many singular solutions.

Remark 1.3. Since Q =2n+2, then Q/(Q —4) = (n+1)/(n — 1) is the critical
exponent of the Hardy equation

Au+|z| P =0, in R

Remark 1.4. Ifp > Q/(Q — 4), then

1 n—1
-1—-— 1.13
n — 5 (1.13)
Moreover, since p < pjr(Q —2), then
1 2
dn—1——)—(n—1—-—"-)?>0. 1.14
(=1= ) = (n=1= =5 >0 (114)

Indeed, by the properties of the Joseph-Lundgren exponent, we can check that if
p < psr(N), then

2p 2 (N —2)?

P (N-—2- .

p—l( pfl) o 4
Therefore, if p < pyjr(Q —2) = pyr(2n), then

2 2 2n — 2)?2

P (o —2- ) =27

p_1 p_1 4

But this is equivalent to (1.14).

The content of this paper will be organized as follows. In Section 2, we present
some preliminary results. In Section 3, we construct inner solutions by studying
an initial value problem. In Section 4, we study the asymptotic behavior of the
outer problem. In Section 5, we match the inner solutions and the outer solutions
constructed in Section 3 and Section 4 to obtain solutions of the equation (1.7).
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2. PRELIMINARIES
We will say that u is cylindrical in H"™ if for all (x,y,t) € H",
u(z,y,t) = u(r,t)
with » = /22 4+ y2. If w is a cylindrical solution of the equation (2.1), then

2n—1
i Uy + 4r?uy + uP = 0. (2.1)

Uy +

Let us consider the transform
2

p2=+/rt+12, = arctan %, 0 € (0,m). (2.2)
By applying this new coordinates, then u satisfies the equation

r? r? r? t
?upp + 4;1@9 +(2n+ I)Eu,, + 4n;ua +uP = 0. (2.3)

We want to find a solution of the form
u(p,0) = p~ 7T B(0).
After some computations, we can check that & satisfies the equation
45in 0Pgg + 4n cos 0Py — Bsin 0P + ®P = 0, (2.4)

where A )
=—(n— ——). 2.
f= g ) (25)
If

D) = (r—0), for 0<0< g
then ® satisfies the equation

48in 0®gy + 4n cos 0Py — Bsin fO + OP = 0, in (0,
o(0) > 0, in (0,
’(0) exists, ®'(F) =0.

) (2.6)

Remark 2.1. It is an important to observe that the equation (2.4) has a explicit
singular solution. Indeed, the function

D, (0) = Ay[sin 6]~ 77 (2.7)

with A )
A, = —1—— )7 2.8
p= [l —1- )7 (28)
is a singular solution of the equation (2.4) with a singular point at 0 =0 and 6 = .

3. INNER SOLUTIONS

In this section, we study solutions ®(#) of (2.6) with ®(0) = A and analyze their
behaviors near 8 = 0, where A is a sufficiently large number. Since A is sufficiently
large, it is convenient to set

with e sufficiently small. Let
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we obtain from (2.4) that v(s) satisfies the initial value problem

vP =0,

{ Vss + M€ COt(e'S)US - gfzv + 4s1n(es) (32)

v(0) = 1.

Since for € > 0 sufficiently small,

_cos(es) _ 11 - 2k+1
cot(es) = Sn(es) s 3 (es) + Z ay(€s) )

k=1

1 - §)2RHL
csc(es) :sin(es) = Z
k=1

we have

o0
Vss + Zvg — Z(2s)vs + (D nageF ) g2k 41y, 5621}
k=1
1 1.2 1 2(k+1) 2k+1
+£Up+ﬂ6 SvP+Z Z ﬂke (k+1) g2k+ vP =0,
k=1
v(0) = 1.

The first approximation to the solution of (3.3) is the radial solution of the Hardy
equation
_1 .p_ ; n+1
Av + v = 0, in R", (3.4)
v(0) = 1.

Since p > Q/(Q —4) = (n+1)/(n—1), it is proved in [1] (Lemma 4.1) and [8] that
the equation (3.4) has a unique positive radial solution.

Our first objective in this section is to characterize the asymptotic behavior of
the unique positive radial solution of (3.4). More precisely, we have the following
result.

Lemma 3.1. Let Q/(Q—4) < p < psr(Q—2), then there exist constants ag, by and
So such that for s > Sy, the unique positive radial solution vo(s) of (3.4) satisfies

1 by sin(w]
vo(s) = Ays—a + ap cos(w ns);osm(w ns) +O(s_("_1_ﬁ)), (3.5)
s 2
where A )
Al = -1-— .
P = S 1- ) (36)
and
w—\/4(n—1—1)—( —l—i)2 (3.7)
2 p— p—1
Moreover, in (3.5), we have a3 + b3 # 0.
Proof. Let

vo(s) = s_Plflw(T)7 T=Ins.
It follows from (3.4) that w satisfies the equation

2 1 1 1
By Lemma 4.1 in | ], we know that the unique positive radial solution of (3.4)
satisfies
lim |x\p Tyo(x) = 1 (n—l—L)]%l. (3.9)
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(3.9) is equivalent to

TILH;O w(T) = A,

where A, is defined in (3.6). Let
w(r) = Ay +V(7),

then V satisfies the equation

VA(r) 4 (n—1 - %)V’(T) 2

APV (1) +g(V(r)) =0 (3.10)
with .

gV (1) = (A + V()P = A — pATV (7)].
We notice that

P—1 1
AP~ 1
4 P -1
then (3.10) can also be written as
2 1
. . 7 - —0. 11
Vir +(n p_l)V +(n p_l)VJrg(V) 0 (3.11)

Fix a constant 7', by the method of variation of constants, we have
1 (7 /
V() = " [a cos(wT) + bsin(wT)] + — / T sinw(r —7)g(V(r"))dr', (3.12)
w.Jr
where
— _}( — 1= i)
7T o\ p—1
and w is given by (3.7). Set
V(r)=e"7"V(7)
and let Ty = In Sy be a sufficiently large constant, then
~ 1 o ’ 1~
V(1) = acos(wt) + bsin(wT) + — / e 7 sinw(r — 7")g(e?” V(7'))dr'. (3.13)
w To
We consider
_ 1 (7 , )~
NV (1) = acos(wr) + bsin(wt) + —/ e 77 sinw(r — 7")g(e’” V(7'))dr’
w To
as a map on C[Ty, 00), then NV (7) is a map from C[Tp, o) into itself. Let

B = {V € C[Ty, ) : ||‘~/||0 = sup HN/(T)| <2C4},

To<T<0
where C; is a positive constant. If V € B, then
l9(e™ V(7)) = e O(1) (3.14)
and }
INV — (acos(wr) + bsin(wr))|lo < C'e”T0 (3.15)

for some positive constant C’ independent of Ty. Since o < 0, we can get that if
we choose Ty > 1 suitable large, then

INV — (acos(wr) + bsin(wr))||o < Ci. (3.16)

If we choose C large, then .
[NV o < 2C.
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In particular, NV is a map from B into itself. Similarly, we can prove that
INVI = N'Vallg < Cre?™ V1 = Vao. (3.17)

Therefore, it is possible to choose two constants C; and Ty such that N Vs a
contraction mapping from B to itself. The contraction mapping theorem then
ensures that (3.13) has a fixed point in B. This fixed point yields a solution of
(3.10). By the above analysis, we conclude that

V(r)=¢e""0(1). (3.18)
By (3.18), we know that there exist two constants af and a} such that
1 (7 /
- / e (7= sinw(t —7)g(V(r'))dr'
wJr

1 ,
=ae’" sin(wt) — —e" sin wT/ e 7" cos(wrNg(V(r))dr'
(e sinfar) - L7 sinGor) [ (@ )oV () o1
1

+b1e77 cos(wT) + ;e‘” cos(wT) /OO e~ sin(wr)g(V(7'))dr’
=a) e’ sin(wt) + b e cos(wT) + Ozez‘”).

By (3.12), (3.19) and the definition of w(7), we have

V(1) = e T[(a + a}) sin(wT) + (b4 b)) cos(wr)] + O(e*77). (3.20)
Take

ap = a+ aj, bo = b+ bl

then (3.20) implies that for s € (S, 00),
ag cos(wIn s) + by sin(w In s)

n—1

S 2

This is exactly (3.5). Next, we show that a3 + b3 # 0. If it is false, then (3.12) and
(3.19) imply

vo(s) = Aps™® + +0(s~ (175, (3.21)

X . (3.22)

+ —e77 cos(wT)/ e 77 sin(wt’)g(V(7'))dr'.
w T

Since V(1) = O(e??7), we have V(1) = O(e?7). By repeating this argument, we

conclude that V' = 0. Since vy # A,s~%, this is a contradiction. Hence we have

proved that a2 + b3 # 0. The proof of the lemma is completed. ([

Lemma 3.2. Let Q/(Q —4) < p < pyr(Q—2) and let v1(r) be the unique solution
of the initial value problem

o(5) + 204 (s) + Zob ™ (s)ur(5) — Luo(s) — Bovh(s) + &rseh(s) =0,
v1(0) =, (3.23)
v1(0) = 0.

Then for s € [Sp, ),

n—1

v1(s) = Cps® ™ + 52772 (ay cos(wlns) + by sin(wln s)) + 0(32*%) (3.24)
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with C), satisfies
[(2—a)(n+1—a)+=AP7C, = A)[> — ——r — —AP7Y] (3.25)

Moreover, (ay,by) is the solution of

D1a1 + 4wb1 = Bao + %bow — %ag - E‘lao7 (3 26)
74&]&1 + D1b1 = ﬂbo — %aow — n(n671) bo — Elbo,
where
5—n)(n+3 _
PR LR N
p —2 1 -1

ag,bg and w are given by Lemma 3.1.

Proof. The existence and the uniqueness of solutions of (3.23) follows from standard
ordinary differential equation theory. Analyzing the terms which contain vy in
(3.23) and using the Taylor expansion, we can find that the leading terms are of
the forms

o n—1 n—1

s7% s 7 cos(wlns), s77 sin(wlns).
We also notice that
O(sf("flfﬁ)) = 0(57%1)

provided that p > Q/(Q — 4). Hence it is natural to assume that vi(s) can be
written as

v1(s) = Cps®™ + s (a1 cos(wlns) + by sin(wln s)) + 0(527”771).

With the help of this explicit form, (3.25) and (3.26) can be obtained by direct
calculation. O

Remark 3.3. Since Q/(Q —4) < p < pjr(Q — 2), then w # 0. Therefore, the

matric
. D1 4w
J = [—4w D1:|
is invertible. In particular, (3.26) is solvable. Moreover, since
n n(n—1 n n(n—1
bo[ﬁao + gbow — %ao — Elao] — ao[ﬁbo — gaow — %bo — Elbo] 7é 0,

we conclude that a2 + b3 # 0.

Lemma 3.4. Let Q/(Q —4) < p < pjr(Q — 2), then for e > 0 sufficiently small,
the equation (3.2) has a solution v(s) such that

v(s) = vo(s) + Z eFup(s). (3.27)
k=1

Moreover, for s € [Sp, 00),

n—1

k k
vg(s) = Z d?s%_o‘ + Z efst_an1 sin(wlns + E]k) +o(s? 7)), (3.28)
j=1 j=1
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where dj,e],Ek (j =1,2,--- k) are constants. Moreover,
1 1 2 2 P B 1_ b
di =Cp, e =1/a7+b}, sinEj=—, cosE;=—. (3.29)
€1 €1

Proof. We take (3.27) into (3.3) and we expand (3.3) according to the order of e.
By calculation, we can check that for k > 2, vy satisfies the equation

k—1
HORETORS STSIORD TSN ORE 0

k
ni%@tw) = o+24 pa 1(Ztlvz) li=0

1=0 i (3.30)
k—j—1
+3 Zﬂj sl e 1( 2 v1)P|t=0,
’Uk(O) 0
v, (0) = 0.

Similar to the proof of Lemma 3.2, we can find that the leading order of the terms

involve only vy, v, ,vx_1. Since we have obtained the expansion of vy and v;.
Then the expansion of vy can be derived by using the Taylor expansion of vP and
the induction argument. O

By Lemma 3.4 and the definition of the function v, we can obtain the following
proposition.

Proposition 3.5. Let Q/(Q —4) < p < ps(Q —2) and let ®"™(0) be an inner
solution of the equation (2.6) with ®""(0) = e~. Then for any sufficiently small
€ >0 and 0 > Spe but 0 is also sufficiently small,

inn A a
®0) =5 + ea L *szk 2(k=9) g2 -

k=2 j=1

w1 agcos(wln ) + by cos(win 2)
+€ 2 [ 0n21 ] ]

o1 a1 cos(wln £) + by cos(win £)

ter P

00 k
_ 0
et e g ( g 6?62 (k=1)g2i =5~ Sm(wlng +Ek))

k=2 j=1

] (3.31)

n

+ e%*o‘[ 770‘0 0"77 )+ Zo 92]“7”71
k=1
Proof. Since
inn —« 0 —« 0 = 0
BI7(B) =e 0(2) =€ *(wo(2) + Y o)

then (3.31) is a direct consequence of Lemma 3.4 by setting s = /. O

The results obtained above can be summarized as the following theorem.
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Theorem 3.6. Let Q/(Q—4) < p < pyr(Q—2) and let D™ (0) be an inner solution
of the equation (2.6) with ®A(0) = A. Then for any sufficiently large A > 0,

ook
i () :% L G + 3 Y dha2e- D gi-a

9&—2
k=2 j=1

LAS [ao cos(wIn(AP~10)) + by sin(w In(AP~10))

L AZ [al cos(wIn(AP~10)) + by sin(w In(AP~10))
9"z 2

+ 30 b AT 20D 0225 sin(wIn(AP710) + EF))
k=2 j=1

]

>

] (3.32)

kol

+AFATOWO T ) + Y AT o(9? )
k=1

provided that 6 = |O(Aﬁ)‘

Finally, we prove two lemmas which will be useful in the proof of the main
theorem.

Lemma 3.7. Let Q/(Q —4) < p < psr(Q — 2) and let vy be the unique positive
radial solution of the equation (3.4). We define

v(A, 0) = Avg(AP710), (3.33)
then for AP=10 > Sy, v(A, 0) satisfies
(i) For k=0,1,2,
o oF
aﬂm,»:@@gﬁ
_ [EE IS
+ C DA {9 A -1 sin(wIn(AP~10) + D)}

+ AR [(p—1)(n—1-717)— 0(9 (n— 1**))_
ii) Fork=0,1,2,
(i)
oF ok A
G (vo(A,0)) = QW(GQ%)
okt (1) (p-1)
+08M89{9 = Y gin(wIn(AP~10) + D)}

+ A k—[(n— 1*7)(10 1) 1]0(07(717%))’

b
C=/ak+12, D:tan_l(a—o). (3.34)
0

Proof. We know from Lemma 3.1 that

where

L cos(wln s) 4 by sin(w In s)
n—1

S 2

to(s) = Aps ™ +0@w1~%n

=A,s*+Cs™ - sin(wln s + D) + O(s~ —1— ﬁ)),
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where C' and D are given by (3.34). Then

A _((n=D-1)
( 2

v(A, 0) :975 + CA ~Do="2" sin(wIn(AP~16) + D)

(3.35)
+ ATl E=D=1)g (p=(n=1=7Ep)y

With the help of (3.35), (i) and (ii) can be obtained directly. O

Lemma 3.8. In the region 0 = |O(A@= 93 )|, the solution ®(A, ) of (2.6) with

D(A,0)=A, Pp(A,0)=0

satisfies
(i) 122(A,6) — 2(A, 0>|—A—w\ (6="2");
(i) |55 (A,0) - 6”9 A (8,0)) = A~ o0 *"“>|
(i) |32 (8,6) = S (A, 0)] = A~(E= e Djo(g=23)
(iv) |22 (A, 6) — %;; (A,8)] = A" 4D (4= 37|,
Proof. By (3.1), we deduce that

B(AL) = Av(AT10) =A(o(AP10) + 3 A (A7)

k=1
=0(A,0) + A AT v (AP710).
k=1
Since 6 = |O(A@ % )|, then

AP = \O(
provided that A is sufficiently large. Note that

=A%, —o_=Nr-1)
« 2

Then this lemma can be obtained from Lemma 3.7 and Proposition 3.5. ([

)‘>SO

4. OUTER SOLUTIONS

In this section, we study the asymptotic behavior of solutions ®(6) of (2.6) far
from 6 = 0. Let ®,(6) be the singular solution in Remark 2.1, we first obtain the
following lemma.

Lemma 4.1. The ordinary differential equation
4sin 04" (0) + 4n cos 6¢'(0) — Bsin ¢ + pAL~[sinf] "¢ = 0 (4.1)

admits two fundamental solutions ¢1(0) and ¢2(0) such that any solution ¢(0) of
(4.1) can be written in the form

(0) = c1¢1(0) + ca2(0),

where c1, ¢a are two constants. Moreover, as 8 — 0, there exists two constants ¢}, ¢
such that

$(0) = 6= [c; cos(wln g) + b sin(wIn g)] + o0 "). (4.2)
If $ # 0, then c2 + 2 # 0.
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Proof. Let
9(0) = sin 6] 771 5(0).
We know from (4.1) that ¢(6) satisfies the equation

4sin? 09" (0) + 4(n —

2 1)sianos 06' () + (p — 1)Ag_1(5 =0. (4.3)

Under the Emden-Fowler transformations:

(1) = ¢(0), 7 =Intan g,
we obtain that (1) satisfies

2 227 1
1-— ! —1——)y=0. 4.4
By the standard ordinary differential equation theories, we know that for every a,
(4.4) has a unique solution such that ¢ (0) = a,'(0) = 0. Moreover, (4.4) admits
two fundamental solutions 1,1y € C?(—00,0) such that any solution (1) of (4.4)
can be written as

Y+ (=1

Y(7) = c1ha (1) + carha(7).

By the method of variation of constant, we can obtain that

9(r) = 77t cos(wr) + Lasinwr)] + /T ") inwlr — () (7)), (45)

where T' € (—00,0) and

HO)E) = =1 =1 = =) ()
Let
P(r) = e 7TY(7),
then
~ . 1 T . N 77 / /
Y(1) = [l cos(wT) + £y sin(wT)] + " / sinw(t —7")j () (1")dr (4.6)
T
with
w i 2 2627/ s s
SO === 1= D) ). @)

We claim that by choosing |T'| suitable large, there exists a constant ¢ depends
only on p,n, T, cy,cs such that

1ol < e I1é'llo < e, (4.8)

where [[§lo = sup, <,z [(r")| and [¥llo = sup, <, [¢/(7")]. Tndeed, it follows
from (4.6) and (4.7) that

1 — 163 cos(wr) + €asin(wn)]llo < coe® (| ][4 lo + 14[lo), (4.9)

where ¢ is a positive constant independent of 7. On the other hand, we can check
that z(7) := ¢’(7) satisfies the equation

(1) + (n—1-20)2"(7) + (n = 1 = a)z(r) + h(1,9(7),¢'(7)) =0,  (4.10)
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where . 02"
BT (r). 4/ (7)) =(n = 1 = 20)° T (1= 750 (7)
2T
Fon—1—a)(n—1— 20[)12571/;(7) (4.11)
2 2T ,
Therefore,

T

e~ (1) = [6s CoszJr&;sian]Jré / sinw(r — 7 )h(r', (), (') dr’ (4.12)

T
with
R 5 9 2627' 2€2T R 5
A D), 0 (7)) =(n = 1 = 202 (1 = 25 )b (r) + /(7))
—2(n—1- 2a)m(01/1(7) +¢'(1)) (4.13)
€2T R
+2n—1—a)(n—1-2a) 12+ 6271,/)(7).

Similar to (4.9), we can obtain that
le™74! () — [ cos(wr) + Lo sin(wr)]llo < coe® (lollldllo + [|4'llo).  (4.14)
Since R R
Y1) = e Y (1) — o) (7),
then we can get (4.8) by combing (4.9) and (4.14). Both (4.6), (4.7) and (4.8) imply
there exist two constants ¢5, ¢ such that

A 1 A
V(1) =l coswT + £ sinwt + ” [m sinw(r — 7")7 () (7")dr’ (4.15)

=0} coswt + ¢ sinwr + O(e*7).
Therefore, as 7 — 00,
(1) = €T [ty coswT + £ sinwT 4+ O(e*7)]. (4.16)
This implies that as 6 — 0,

¢(0) =[sin 0]~ *(tan g)”[ﬁg cos(w In tan g)

) 0 (4.17)
+ ¢, sin(w In tan 5) + O((tan 5)2)]
Since 1 1 1 1
[sin 6] :%+ 6(p— 1) 6o +O(9a_4)a

9. 0. o8
[tan 5] —(5) + 5(5

then (4.2) follows from (4.17).
Finally, we prove that if ¢ # 0, then ¢ + ¢2 # 0. If it is false, we get from (4.5)

that

J7H 007,

wir) =L / e in(r — Vi () )dr = O(e@ D7), (4.18)

— 00
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Taking the derivative with respect to (4.18), we can get that

¥ (1) = O(el7H2)7). (4.19)
We take (4.19) into (4.18), then

P(1) = O(el" 7). (4.20)
By repeating the above arguments, we can get that ¢» = 0, this is a contradiction.
Hence we have finished the proof of Lemma 4.1. |

Remark 4.2. By the proof of Lemma 4.1, we can get that for any § > 0, if ¢c; and
co in (4.2) satisfies
Cc1 = 61(5, Cy = 52(5,
where ¢1 and ¢y are constants, then as 0 — 0,
n_ 9 9 n—
6(0) := ¢5(0) = 60~ "= [&, cos(wIn 3) T &sin(wln 2)] + 0(6)0> "=,  (4.21)
where &), &, are two constants independent of .
For any § > 0 sufficiently small, if ® € C?(0,27) is a solution of the equation
(2.6) such that
D(0) = ..(0) + 605(0) + 6°5(6),
where
#5(0) = ¢16¢1(0) + E2092(0)
is a solution of (4.1) with
c1 = 5167 Co = 61(5.
Then 5 satisfies the equation
48in 6v" (0) + 4n cos O’ (6) — B sin Oy (H)
Fp®Lp(0) +02H() =0, in (0,%), (4.22)
P'(5) = —(@d1(3) + 202(3)),
where
H(0) = (®s + 55 + 67¢)P — @F — pd®L ™" 5 — pd P 14).
For the equation (4.22), we have the following result.
Lemma 4.3. For any 6 > 0 sufficiently small and each fized pair (¢1,¢2), the
equation (4.22) admits a solution 15 € C*(0,%).
Proof. We set the initial value conditions of (4.22) at 6 = T: 1 (5) = 1 provided

T T L T
V(5 =@ G) +asD) =0
(%) = 0 provided
T T L T
W(? =—( 1¢/1(§) + 02¢/2(§)) # 0.
Then the standard shooting argument implies that (4.22) admits a unique nontrivial
solution 5 in C2(0, 5). O

Proposition 4.4. Let § be a sufficiently small constant and let 15 be the function
2
given by Lemma 4.3, then for 6 = |0(62-7)],
-1

V5(0) = 077 [dy cos(wIn g) + dy sin(wIn g)] + 00> "), (4.23)

where di and dy are constants depending on ¢, and ¢éo but independent of 6.
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Proof. We set 3
¥s(6) = [sin 6] “¢s(6),

then 7]15 satisfies the equation

3 : )sin @ cos 09 (0) + (p — 1)Agflz/~1 +G((0)) =0, (4.24)

4sin? 04" (0) + 4(n —
p
where
G(0) =[sin 9]1+a6_ (D, + 5 + 52 [sin 6]~ 0‘1/))
— B — p®P 1 5hs — 62p®P [sin O] 4]
Consider the Emden-Fowler transformations

2(1) = ¢(f), T =Intan g,

then for 7 € (—00,0), z(7) satisfies the equation

2 2e27 1
1— ' —1-
I ) 1

)2+ G(z(T)) = 0. (4.25)

')+ (n—1-—

Let ~ ~
¢1(7) = [sinb]"¢1(0),  d2(7) = [sinb]"¢p2(6).

By the method of variation of constants, we know that for T' € (—o00,0) and |T|

suitable large,
7 it i <Z~51( ) 2( )+ ¢~52(T)
Z\T :191 1\7T 192 2\ T = =
(r) =thdn(r) + dada(r) + [ SRS
(o+

=e?T [ cos wT + Vg sinwr] + O(elF2)7)
+ p(p - 1) / e sin(T o 7_/)[607'52][p(7_/)]2d7_l
T

2w

) (o))

{51
P2(7')

, | (4.26)
e’ sin(r — 17)0([e”” 52]2[0(7'/)}3)&'/

+

El—= &l &

T

e sin(r — 7)0(e27™ ) [e7" 62 [p(+')]*dr’

+

T

e’ sin(r — 7)0(e*™ )O([e”" 62 [p(')]*)dr

_|_

T

where
p(t") = ¢ coswt’ + Gasinwt’ + e 77 2(7').

Let

2(t) =€ 7" z(7).
Similar to the proof of Lemma 4.1, we know that there exists a positive constant
M := M(n,p,T) but independent of § such that

[I1Z = (91 coswT + Pa sinwT)||g < M (4.27)

provided that for 7 € [10T, 277,

62 =07, (4.28)
Therefore,

2(1) = €779 coswT + Vg sinwr] + O(el7FH7)

provided that (4.28) holds. It follows that Proposition 4.4 holds. O
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Theorem 4.5. For any § > 0 sufficiently small, the equation (2.6) admits a outer

solution ®§** € C*(0,%) such that

DU (0) = D, (0) + 0¢ps(0) + 6*s(0), in (0,%),
Ly 2 (429

Moreover, if
0 =|0(077)], (4.30)

then

A A 1
0+

U5 cos(wIn &) + Yy sin(win §)

= }

)
0=

e (4.31)

1

=)

+520(

where Y3 and ¥4 are constants which are independent of 6. In particular, if
5% =10(6*79)|, (4.32)
then ®9“(0) can also be written as
A A, 1

out _p
0 =Ga t 51y go

1820 " [93 cos(wIn g) + Y4 sin(wIn g)] (4.33)
1
+6'0(——).
(o)

Proof. Tt follows from the expression of ®,, Lemma 4.1 and Proposition 4.4 that

DG (0) =@ (0) + 0%(C161(0) + C2p(0)) + 075 (6)

= Ay[sin ] 77 +62{677 & cos(w1n §> + & sin(wln g)] Lo

)}

n

+ 52{0% [czl cos(w In g) +ds sin(w In g)] +0(6* 7 )}

Since for 6 > 0 sufficiently small and 6 = |O(§ %)\,

n—

7)), (4.34)

O(0'~*) = 0(5°6*"

then (4.34) follows from the Taylor expansion of sin 6 and tan g. If

* =10(6>77)|,
we have
F20(—t ) = 510(——)
gz 2 gz o
Then (4.33) follows from (4.31). O

Remark 4.6. Similar to the proof of Lemma 4.1 and Proposition 4.4, we can prove
that 93 + 93 # 0. This fact will also be used in the proof of Theorem 1.2. Without
loss of generality, we will assume that 63 # 0.
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5. THE PROOF OF THE MAIN THEOREM

In this section, we will construct infinitely many regular solutions of the equation
(2.6) by combining the inner and outer solutions. For this purpose, we will construct
a solution for the equation

48in 0Py + 4n cos Py — Bsin O + &P = 0, in (0,
®(0) > 0, in (0,
®(0)=A, ¢ (5)=0

by matching the inner and outer solutions given by Theorems 3.6 and Theorem

4.5. For this purpose, we will find © € (0, §) such that the following matching
conditions hold:

)s (5.1)

0 = O(A=m),
(@R (0) — 2§ (0))]o=e = 0,
(PN (0) — 2§ (0))5lo—0 = 0,
First, we have the following identity.

Lemma 5.1. A, and C, satisfies the condition

A

—r __—C,. 5.5
6p—1) °° (5:5)
Proof. Tt is easy to check that
1 1 D o1
p 1— )4+ 2AP
1 1 p 1
=2- — - — )+ L n—1-—— .
@Dt 1= )+ =1 ) (56)
5
=3n+1- ——.
n+ 1
On the other hand, we have
é_L_i p—1
4 3(p-1) 2477
1 1 n 1 1
= n— - — n—1——— 5.7
p—l( p—l) 3(p—1) 6(p—1)( p—l) (51)
1 5
=—3n+1— ——).
6(19—1)( p—l)
By (3.25), (5.6) and (5.7), we can get (5.5). O

It follow from Lemma 5.1 that the first two terms of ®4"(6) and ®“¢(6) can be
matched. Moreover, we notice that

1
Y3 cos(w In g) + ¥4 sin(wIn g) = Esin(wlnf +wln 7t ),

ag cos(wIn(AP716)) + by sin(wIn(AP716)) = C'sin(wInf + win AP~! 4+ D),

where
C=\/a3+ b2, FE=\/9%+093

b 9 (5.8)
— tan~ (20 — tan 1 (—2
D = tan (ao), 7 = tan (193).
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In order to match the next term, we choose A, and 42 such that

[ 2 2
a?+b o
(52 == 0 0 Af 59

1
wlnA£_1+D:wln§+n+2m7r, (5.10)

where m is a large positive integer. Consider small perturbations of A, and §,
defined in (5.9) and (5.10), i.e.,

20
A=A(1+O0AZ 7)), (5.11)
20
5% =62(1+ O(AF=%)), (5.12)
We will see that the parameters A and ¢ required to satisfy the matching conditions
(5.2), (5.3) and (5.4) can be obtained as the above small perturbations. To show
this, we define

o _ [ O (®47(6) - 25"1(0))
= (S[e%l@we) - @gutw»m-e) ’ o1

where we treat 4% as a new variable. Taking A = A, and 62 = §2 in (5.13), then
Theorem 3.6 and Theorem 4.5 imply

1 n—1

0~ F(A,,6%)] < M6207~ "7 + small terms. (5.14)
As in [5] and [7], we evaluate the Jacobian of F at (A, d?). By Lemma 3.7, Lemma
3.8, Theorem 3.6 and Theorem 4.5, we can obtain that
F(A, 52 L - s P
L,z) _|C(&sinT +w(p 1)COS7’)A*2_1, Esint + small terms, (5.15)
9(A,6%) C(ZcosT —w(p—1)sinT)Ay °, —FEcost
where

1
T=whO+whA? '+ D= wln@+wln§ + 1+ 2mm.
To simplify this expression, we define
G(z,y) =F(A, + ;vA}f%,Jf +v).

By (5.14), Theorem 4.5, Lemma 3.7, Lemma 3.8, we can express G(z,y) in the
form

G(z,y) = C+ (L + small terms) <§> +E(2%(0%)7! + y207), (5.16)

where C is a constant vector which is bounded by M§*©° and L is given by

L — C(ZsinT +w(p—1)cosT), —Esint
~ |C(%cosT —w(p—1)sinT), —EcosT|’
Also |E| is bounded independent of z,y, A and §. Thus

G(z,y)=C+L (;) + T(z,y). (5.17)

By Lemma 3.1 and Remark 4.6, we have C # 0, E # 0. It follows that the matrix
L is invertible. Moreover, we have

2
LY< ——.
| = (p—1wCE
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Let J be the operator defined by
J(a,y) = —(L7'C+ L' T(z,y))
and let .
1 46,0°M
B= (2 < X2 T
() @+t < s )
Since C is bounded by M§107 and |E| is bounded independent of z,y, A, d, it is
easy to see that J maps the ball B into itself. By the Brouwer fixed point Theorem,
we conclude that J has a fixed point in B. This point (z,y) satisfies G(x,y) = 0
and
(22 +y?)% < AstO7,
where A is a constant independent of J,, @, and ©. By substituting for @ and ¢,

and then taking © to have the upper limiting value of Q.*~”*, we obtain (5.11)
and (5.12).
The above arguments yields the following result.

Theorem 5.2. For m > 1 large and A and 0 given in (5.11) and (5.12), problem
(5.1) admits a C? solution ®, 5(6). Moreover, there is © = |O(ATa )| such that
(5.3) and (5.4) holds. As a consequence, the equation (2.6) admits infinitely many
nonconstant positive solutions.
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