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Abstract

Assuming that the conformal metric ¢ = ¢**|dz|*> on R™ is normal, our focus lies in investigating
the following conjecture: if the Q-curvature of such a manifold is bounded from above by (n — 1)!, then
the volume is sharply bounded from below by the volume of the standard n-sphere. In specific instances,
such as when w is radially symmetric or when the Q-curvature is represented by a polynomial, we provide
a positive response to this conjecture, although the general case remains unresolved. Intriguingly, under
the normal and radially symmetric assumptions, we establish that the volume is bounded from above by
the volume of the standard n-sphere when the Q-curvature is bounded from below by (n — 1)!, thereby
addressing certain open problems raised by Hyder-Martinazzi (2021, JDE).
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1 Introduction
The following conformally invariant equation plays an important role conformal geometry:
(=A) 2 u(z) = Q(x)e™™® on R" (1.1)

where n. > 2 is an even integer and () is a smooth function. From geomtric point of view, for n = 2, Q
is the Gaussian curvature of the conformal metric e?*|dz|? on R2. For n > 4, () is the Q-curvature of the
metric 62“|d;ﬂ|2 on R™ which introduced by Branson [2]. We refer the interested readers to [5], [23], [6] for
more details.

Supposing that Qe™* € L*(R™) for the equation (1.1), we say that the solution u(z) is a normal solution
to (1.1) if u(x) satisfies the integral equation

u(z) = CESIED /Rn log [ Qy)e™Wdy + C (1.2)

for some constant C'. For brevity, denote the normalized integrated Q-curvature as

o7 .
o= Qe™"dx.
(n = DUS"| Jgn

More details about normal solutions can be found in Section 2 of [15]. Here, we assume that both u(x) and
Q(x) are smooth functions on R™. Although similar results can also be obtained under weaker regularity
assumptions, for the sake of brevity, we will focus on the smooth cases throughout this paper.

Our aim throughout this paper is to try to prove the following conjecture.
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Conjecture 1. Consider the normal solution u(x) to (1.2) on R™ with Q(z) < (n — 1)! where n > 4 is an

even integer. Then
/ e"dz > |S"|

with equality holds if and only if Q(z) = (n — 1)L

In [16], the Alexandrov-Bol’s inequality (See Lemma 5.1) was used to rule out the ”’slow bubble” in the
two-dimensional case. For brevity, Alexandrov-Bol’s inequality on R? shows that if the Guassian curvature
has an upper bound, the volume has a sharp lower bound. More details can be found in [1]. Meanwhile,
there are a lot of works devoted to study it including [21], [7], [9] and the references therein. For higher
order cases, it is natural to ask whether similar Bol’s inequality holds.

In the two-dimensional case, it is unnecessary to assume that the solution u(x) is normal in order to
derive the lower bound of the volume. For higher order cases n > 4, the situation becomes very different.
In fact, even for the case = 1, the volume could be arbitraly small (See Theorem 1 in [3]). More details
about the volume for non-normal solutions can be found in [24], [18], [10], [11] and the references therein.
Therefore, we need to focus on the normal solutions to consider the higher order Bol’s inequality.

While we haven’t fully solved Conjecture 1, we establish a lower bound for the volume in Theorem 2.9.
We intend to verify this conjecture in numerous specific scenarios in current paper.

Firstly, we aim to validate Conjecture 1 within the context of radially symmetric cases.

Theorem 1.1. Supposing that u(x) is a radially symmetric normal solution to (1.2) with Q(z) < (n — 1)!
where even integer n. > 2. Then there holds

/ e™dx > |S"|
with equality holds if and only if Q = (n — 1)!.

Secondly, we want to deal with a sepical class of () which comes from the blow up analysis of the
asymptotic behavior of conformal metrics with null Q-curvature in [14] to validate Conjecture 1.

Theorem 1.2. Consider u(x) is a normal solution to (1.2) on R* where Q(x) < 6 is a polynomial. Then

there holds
/ etvda > [SY
R4

with equality holds if and only if Q(z) = 6.

For n > 6, due to our technical constraints, we need introduce additional assumptions on the polynomial

Q.

Theorem 1.3. Consider the normal soultion u(x) to (1.2) on R™ where even integer n > 6 with Q(x) =
(n — 1)+ p(z) where p(z) < 0is a polynomial. If 4 < deg ¢ < n — 2, we additionally assume that

z - Vi(z) = (degp)p(x) (1.3)
up to a rotation or a translation of the coordinates. Then there holds

/ edr > S| (1.4)

with equality holds if and only if ¢ = 0.

Now, we are going to deal with the converse verison of Conjecture 1. We also leave it as a conjecture.



Conjecture 2. Consider the normal solution u(x) to (1.2) on R™ with Q(x) > (n — 1)! where n > 2 is an

even integer. Then
/ e™dx < |S”|

with equality holds if and only if Q(z) = (n — 1)L
We give a positive answer to Conjecture 2 under the radial symmetric assumption.

Theorem 1.4. Supposing that u(z) is a radially symmetric normal solution to (1.2) with Q(x) > (n — 1)!
and Q(x) < C(|z| + 1)* for some k > 0 where even integer n > 2. Then there holds

/ e™dx < |S"
with equality holds if and only if Q@ = (n — 1).

Remark 1.5. In fact, for n = 2, Gui and Li give a proof for this result in Theorem 1.5 in [8]. However,
their method doesn’t work for higher order cases.

For the sake of convenience, we use the notation Br(p) to refer to an Euclidean ball in R™ centered
at p € R™ with a radius of R. For a function ¢(x), the positive part of () is denoted as ¢(z)" and the
negative part of ¢(x) is denoted as ¢(x) ™. Set fE p(r)dx = ﬁ fE ©(z)dx for any measurable set E. For
a constant C, CT denotes C' if C' > 0, otherwise, C™ = 0. Here and thereafter, we denote by C a constant
which may be different from line to line. For s € R, [s] denotes the largest integer not greater than s.

The paper is organized as follows. In Section 2, we study the asymptotic behavior of the normal solu-
tions to (1.1). We give a lower bound of the volume in Theorem 2.9 where Q-curvature is bounded from
above. In Section 3, we give some Pohozaev identities with different restrictions which play an important
role in proofs of our main theorems. In Section 4, we introduce an s-cone condition on Q-curvature and
study the asymptotic behavior of the solutions. In Section 5, we deal with the polynomial Q-curvature to
obtain Bol’s inequality giving the proofs of Theorem 1.2 and Theorem 1.3. In Section 6, we deal with the
radial symmetric solutions giving the proofs of Theorem 1.1 and Theorem 1.4. In the last Section 7, we
give some applications of our higher order Bol’s inequality and answer an open problem rasied by Hyder
and Martinazzi in [12].

2 Asymptotic behavior

For reader’s convenience, we repeat the following lemmas which have been established in [15].

Lemma 2.1. (Lemma 2.3 in [15]) Consider the normal solution u(x) to (1.2) with even integer n > 2. For
|z| > 1, there holds

2 1
—(_ s nu(y)
) = (ot o) loglel + oy [ oo ey e

where o(1) — 0 as |x| — oo.

Lemma 2.2. (Lemma 2.4 in [15]) Consider the normal solution u(x) to (1.2) with even integer n > 2. For
|z| > 1 and any ro > 0 fixed, there holds

f u(y)dy = (—a + o(1)) log | z|. 2.2)
By ()



Lemma 2.3. (Lemma 2.10 in [15]) Consider the normal solution u(x) to (1.2) with even integer n. > 2. If
Q™ has compact support, there holds

u(z) < —aloglz|+C, |z| > 1.
Conversely, if Q~ has compact support, there holds
uw(z) > —aloglz| — C, |z|>1.

Lemma 2.4. (Lemma 2.5 in [15]) Consider the normal solution u(x) to (1.2) with even integer n > 2. For
|z| > 1 and any 0 < r1 < 1 fixed, there holds

][ u(y)dy = (—a+ o(1)) log |x|. 2.3)
Bz ()

Lemma 2.5. (Lemma 2.6 in [15]) Consider the normal solution u(x) to (1.2) with even integer n > 2. For
|z| > 1 and any ro > 0 fixed, there holds

f u(y)dy = (—a+ o(1)) log |z|. 2.4)
Bjg)=r2 (@)

By slightly modifying Lemma 2.8 in [15], we obtain the following property.

Lemma 2.6. Consider the normal solution u(x) to (1.2). For R > 1 and any m > 0 fixed, there holds

][ eMUdy = R—ma-&-o(l)'
Br(0)\Br-1(0)

Proof. On one hand, with help of Jensen’s inequality and Lemma 2.2, for any 3 > 0 fixed, one has

][ emudy > exp <][ mudy) — e(—ma-&-o(l))log\:ﬂ_ 2.5)
Br_g (’E) BT3 (’C)

Now, we are going to deal with the upper bound. For |y| > 1, there holds

1
\/ log Q(z)e"Pdz| < C |Q(z)|e""dz < C.
Biw\Bialy) 1Y~ 4| Bi(W)\B1/4(v)

Combing with Lemma 2.1, we obtain

_(_ 2 1 nu(z)
u(y) = (—a+o(1))log |y| + CESIED log = Q(z)e™*dz.

31/4(?4)
Then for |z| > 1 and y € By /4(x), one has
u(y) < (—a+ o(1))log |z| + 2 log ! Q* (z)em*dz (2.6)
: =D S, oy E Ty =
where we have used the fact |y — z| < 1.
Now, we claim that for |z| > 1 and m > 0, there holds

/ emu(y)dy < e(—ma—i—o(l)) log |z| ] 2.7

Bl/4(£)



If Q*(z) = O ae. on By (), we immediately obatain (2.7) due to (2.6). Otherwise, Jensen’s inequality
yields that

/ ey
31/4(95)
2 1

§|x|_m(’+°(1)/ exp % log —— QT (2)e™*dz | dy

By ja(x) (n —1)![Sn| By /s (x) ly — 2|

2mHQ+C”uHL1(B (2)) 4 nu(z)

e [ [ e,

Bi4(x) J B2 () @Fe ”Ll(Bl/Q(w))

Since Qe™ € L' (R™), there exists Ro > 0 such that |z| > Rs, we have

1QT ™ |18, 5(2)) < -

By applying Fuibini’s theorem, we prove the claim (2.7).
For r3 > 0 fixed, we could choose finite balls 1 < j < C(r3) such that B,,(z) C U;By,4(z;) with
xj € By, (x). Hence, using the estimate (2.7), for |z| > 1, we have

][ emudy < CZ][ emudy < Ce(fma+o(1))log\z| _ e(fmoc+o(1)) log ||
Brg (2) 5 7/ Biyalz;)

Combing with (2.5), one has
log][ e™dy = (—ma + o(1)) log|z|. (2.8)
By (z)

By a direct computation, we obtain the inequality C~'R"~! < |Br(0)\Br_1(0)| < CR" ! for R > 1,
where C is independent of R. We can select an index C"1R"™! < i < CR™ ! such that the balls
By 4(z;) with |2;| = R — L and 1 < j < ip are pairwise disjoint, and the sum of the balls By(z;) cover
the annulus Br(0)\Br—1(0). Applying the estimate (2.8), we obtain the following result

1 -
ey < ——mr ) / e™dy
7{9R<0)\BR1<0> CTIRY™ = I Baay)

iR
SClen Z ‘xj|fna+o(1)

j=1
SOlen . CRnfl . (R . %)7ma+o(1)
:RfmaJro(l).

Similarly, there holds

1 &
e7nudy > — / emudy — R—ma-i—o(l).
fBR(O)\Bgl(O) CRr—t Jz::l Biya(z;)

Finally, we get the desired result.



Lemma 2.7. For R > 1 and m > 0 fixed, there holds

/ eMudy = Rn—m,a-&-o(l)-
Bsp (0\B £ (0)

Proof. On one hand, with help of Lemma 2.6, for any € > 0, there exists R; > 0 such that R > Ry,
Rnflfmafe S / emudy S RnflfmaJre‘ (29)
Br+1\Br(0)

Using the above estimate (2.9), for R > 2R + 2, there holds

3R
2

e dx <

ng

vl

/ e"™dx
Bi+1(0)\B;(0)

< Z-n—l—ma+e
(%]
<CR . RnflfmaJre

<CRn—moc+e

/BM(O)\BR(O)
2 2

i=I

]

3R
2

%

vl

On the other hand, for R > 2R; + 2, we have

11
1

]
e dx > Z / e™dx
[B]+ Bi1+1(0)\B;(0)

-1

> § Z-n—l—mao—e

i=[F]+1
20R . RnflfmaJre
—C R ma—e,

/BSR(O)\BR(O)
2 2

1=

3

=

Thus we finish our proof. O

The following lemma has also been established in [15]. For readers’ convenience, we give a brief proof
here.

Lemma 2.8. (Theorem 2.18 in [15]) Consider the normal solution u(x) to (1.2) with even integer n > 2.
Supposing that the volume is finite i.e. e™* € L*(R™), then there holds

R’Vl - 2 ’

Proof. With help of Lemma 2.4 and |z| > 1, Jensen’s inequality implies that

Bz /2(x)

1
>|B)g)/2(z)| exp(

- - nudy)
‘B\z|/2(‘r)| /;M/z(r)

:C«|x|nfna+o(1).



Based on the assumption e™* € L!(R"), letting |z| — oo, there holds o > 1 i.e.

Rn - 2 ’

Finally, we finish our proof. O

With help of above lemma, we are able to give a lower bound of the volume for normal solutions with

Q<(n-1L

Theorem 2.9. Consider the normal solution u(z) to (1.2) on R™ with Q < (n — 1)! where n > 4 is an
even integer. Then there holds

/ e"dx > |S—2| (2.10)

Proof. 1f fR” e"dx = 400, it is trivial that (2.10) holds.

Now, we suppose that e”* € L'(R™). On one hand, if Q(z) is a constant, with help of Lemma 2.8,
Q(x) must be a positive constant. Based on the classification theorem for normal solutions in [17], [22],
[19] or [25], one has

Qe™dx = (n — 1)!|S™].
]R'n.
Our assumption @ < (n — 1)! yields that

S|

nud >S7l -
/ne x> |S" > 5

On the other hand, if Q(x) is not a constant, using Lemma 2.8 again, there holds

: 1 : |S"|
7LU/d 7Lu/d > .
/ne x>(n71)! RnQe r= 2

Finally, we finish our proof. O

3 Pohozaev identity

The following Pohozaev-type inequality is based on the work of Xu (See Theorem 2.1 in [25]).

Lemma 3.1. Suppose that u(z) is a normal solution to (1.2) with Q(z) doesn’t change sign near infinity.
Then there exists a sequence R; — oo such that

1—00

4
lim sup ——— / z-VQe™dzr < a(a — 2).
nl[S"| /By, (0)

Proof. By a direct computation, one has

— _ 2 <$,.’13 — y> nu(y)
Vi) = (n=DUS*| Jen |z -yl Ay)e™Hdy G-b

Multiplying by Qe™*(*) and integrating over the ball Bx(0) for any R > 0, we have

nu(x 2 <l‘, T — y> nu :| / nu(x

(x) | _ WO dy| dz = @) (.7 dz.

/BR(O) Qe { (n = DYIS" Jgn |2 —yl? Qw)e v Br(0) Qe (w, Vu(e))d
(3.2)



With z = 1 ((z + y) + (z — y)), for the left-hand side of (3.2), one has the following identity

1 2
LHS :7/ Qen() {_ / Qe"“(y)dy] dx
2 JBgr(0) (n —D)YS"| Jrn
+ 1 / Qe™(®) [_ 2 (z+y2—y) Qe"“(y)dy] da.
2 JBr(0) (n=DIS" Jgn |z —y[?

Now, we deal with the last term of above equation by changing variables x and y.

[ e [ v oo
Br(0) "

[z —yl?

_ / Qz)em @ / EL8T =) ety | d
Br(0) R7\ Bg(0) |z —y[?
- / Q)@ / @xyz=3) o gy | da
B2 (0) R\Br(0) [T —YI?
nu(x T+ Yy, r—y nu
+ / Q(x)e™ @ / %Q(y)e Wdy| dz
Br(0)\Bg/2(0) R™\ B (0) |z -y

Br(0)\Br/2(0) Bsr(oy)\Br(0) |J: B y‘

Notice that
s/ @i [ Qe iy
Br/2(0) Rn\Bgr(0)

and

2] < 3/ |Q(m)|e"“<x)dx/ 1Q(y)]e™ ¥ dy.
Br(0)\Br/2(0) R"\ B2 (0)

Then both |I;| and |I5| tend to zero as R — oo due to Qe™ € L'(R™). Now, we only need to deal with
the term 3. Since ) doesn’t change sign near infinity, for R > 1,

2 .9
n(r) = [ Qe | [ TV o(y)em )y dv < 0.
Br(0)\Br/2(0) Bar)\Br(0) 17 = Y|

As for the right-hand side of (3.2), by using divergence theorem, we have

1

RHS zf/ Q(z)(z, Ve @) dz
1 JBRr(0)

__ /B " (Q(z) + %@;, VQ(x))) @) 4

1

+ f/ Q(z)e™®) Rdo.
" JoBr(0)

Since Q(x)e™(*) € L'(R™), there exist a sequence R; — oo such that

lim R; Qe™do = 0.
11— 00 aBRL (0)



Otherwise, there exists ¢y > 0 such that for large R; > 1 and any 7 > R;, there holds | f 98,.(0) Qe™do| >
<0 and then

R R
|/ / Qe™dodr| > -C +/ Qqr > —C+¢logR
o JoB,(0) R T
which contradicts to Qe™ € L!(R™). Thus there holds
1 1
— / (z-VQ)e"dax = — / Qe™dx + —R; Qe™do + 2 / Qe @ dy
n JBg, 0 By, (0) n JoBg, 0 2 JBr, 0
+ I (R;) + I2(R;) + I3(R;)
1
<— / Qe™dz + —R; Qe™ido + & / Qe @) dy
Br, (0) n " JoBg,(0) 2 JBr,(0)
+ I (R;) + I2(R;)
which yields that

1—00

4
lim sup ——— / - VQe™dzr < a(a — 2).
nl[S" /By, (0)

Corollary 3.2. Consider the smooth conformally invariant equation

— Au=Ke** on R? 3.3)
with Ke** € L*(R?) and e?* € L'(R?). Suppose that x- VK > 0 and K (z) is non-negative near infinity.
Then

Ke2dx > 47
R2

with” =" holds if and only if K is a positive constant.
Proof. With help of Theorem 2.2 in [15], the solution to (3.3) must be a normal solution. Making use of
Lemma 3.1, one has a > 2 i.e.

Ke*dz > 4r.
R2
When the equality achieves, one has x - VK = 0 a.e. which shows that K () is a non-negative constant
since K is non-negative near infinity. If K (x) = 0, since u(x) is normal, we have u = C. However, it
contradicts to e* € L'(R?). Hence, K (x) must be a positive constant.
On the other hand, if K () is a positive constant, with help of the classification theorem in [4], one has

Ke*dz = 4r.
RZ

Finally, we finish our proof. O

Remark 3.3. By utilizing this result, we are able to partially answer the question raised by Gui and Morad-
ifam in Remark 5.1 of their paper [9].

With additional assumptions, we are able to obtain the Pohozaev identity.
Lemma 3.4. (See Lemma 2.1 in [13]) Consider a normal solution u(x) to (1.2). Supposing that
|Q(z)]e™ < Cla|™
near infinity, then there exists a sequence R; — oo such that

4
lim ———

x-VQe™dr = a(a — 2).
i—00 n'|S”| Bk, (0)



Proof. The proof is essentially the same as Lemma 3.1, except for the treatment of the term I3(R). Firstly,
a direct computation yields that

Bl< [ Qe [ 2 o) em @ ayd.
Br(0)\Br/2(0) Bar(0)\Br(0) |z =yl

For each € Bg(0)\Bgr/2(0) and R > 1, based on the assumption |Q|e"*(®) < C|z|~™ near infinity, a
direct computation yields that

x + nuw
/ 25011y ey
B

2r(0) \Br(0) |x - y|

1
§C’R1_"/ dy
Bar(0y\Br(0) [z —yl

3031*"/ idy <C.
B3r(0) lyl

Thus we obtain that

|Is) < C |Qle™*dz — 0, as R — oo.
Br(0)\Br/2(0)

Continuing along the same line of reasoning as presented in Lemma 3.1, we ultimately demonstrate the
existence of a sequence R; — oo such that

4
lim ——— / x-VQe™dr = a(a — 2).
17— 00 n'|S”| Br, (0)

4 Polynomial cone condition

Definition 4.1. We say a function ¢(x) € L;° (R") satisfying s-cone condition if there exists s € R,
0 < 79 < 1 such that
[(x)] < C(lz] +1)°

and a sequence {z;} C R" with |z;| > 1 and |z;| — 0o as i — oo such that for each i and = € B, |, |(;)
there holds
()]

jz]*

261>0

where ¢, is a constant independent of 7.

The definition mentioned here is derived from [13] where the first author focused on scenarios where
Q(z) is a polynomial, which is a common case that meets the s-cone condition.

Lemma 4.2. Each non-constant polynomial P(x) on R™ satisfies s-cone condition with s = deg P.
Proof. We can decompose the non-constant polynomial P(z) as
P(z) = Hy(x) + Ps—1(x)

where H(z) is a homogeneous funtion with degree equal to s > 1 and P;_;(x) is a polynomial with
degree at most s — 1. Immediately, one has

|P(x)| < C(|z] +1)°.

10



We choose the polar coordinate such that z = £(r, ) with 7 > 0 and § € S"~!. Then one has
Hy(z) =r°¢s(0)

vghere ©s(0) is a non-zero smooth function defined on S™=1. There exist ¢; > 0 and a geodesic ball
By, (09) C S" 1 such that
lps(8)] > 2¢1 >0

for any 6 € By, (o). Then
IP(2)] > 2e1]af* — epfa]*?

where ¢ > 0 is a constant depending only on the cofficients of P;_1(z). We choose R; = max{1, Z—f
and then one has
|P(z)| > c1]z|®

for (r,0) € [Ry, +00) x By, (). Itis not hard to see that there exist o € R” with || = 1and 0 < so < 1
such that .
€1 (Bsy(0)) C [0,+00) x By, (o).

Meanwhile, one may check that for any ¢t > 0
BSOt(tLL'()) = tBs() (xo)

where tBs, (z9) := {tz € R"|x € By, (x0)}. For any € B, :(txo), there holds |z| > (1 — so)t. Then
there exists t; > 0 such thatt > ¢,

£ (Bagit(tao)) C [R1,+00) x By, (6o).
In particular, for any ¢ > t1 and ¢ € By, (txg) one has
|P(2)| = c1z].

Thus P(x) satisfies s-cone condition with s = deg P.

Lemma 4.3. Consider the normal solution u(x) to (1.2) with Q(x) satisfying s-cone condition. Then
a>1+ i.
n

Proof. Due to Q(z) satisfying s-cone conditon, there exits a sequence {z;} and 0 < sy < 1 such that in
each ball x € By |4, (2:)
Q)| > Cla]®

With help of Lemma 2.4 and Jensen’s inequality, one has

/ |Qle™dx 20/ |z|*e™*dx
Big a1 (i) Bagle;1 (@)

>Clz;|° / e™dx
Bogle1 (i)

>C'wi|*|Bgg|a,) (%i)] exp <][ nudx)
Bag|a;| (@4)

>C|$‘|s+n—na+o(1)
- K3 .
Due to Qe™* € L*(R"™), letting i — 0o, we have

aZlJrE.
n

11



Lemma 4.4. Consider the normal solution u(z) to (1.2) with Q(z) satisfying s-cone condition. Supposing
that there exists s1 < s such that Q* < C|z|** or Q= < C|x|*! near infinity, then there holds

|Q(x)le™ < Cla|™
near infinity.

Proof. By a direct computation, we have

n —1)!|S™
0= D () + actog
. 1
o EL L D gy [ g g,
n |z -yl R |yl +1
. 1 . 1
" |z -yl n |z =yl
=: Il — IIQ + C
For |z| > 1, it is easy to check that
oG+ 1)
|z =yl
which shows that .
gl s+ 1) g
|z —yl
andthen I; > 0,115 > 0.
From now on, we suppose that |z| > 1.
If QT (x) < C|x|*! near infinity, we split 1 as follows
. 1 . 1
Il — / log |I‘ (|y‘ + )Q+6nudy+/ log ‘LE| (|y| + )Q+enudy = Il,l +Il,2
lz—y|< 12! Eal |lz—y|> 12l |~y

Using the estimate (2.8) and Lemma 2.7, a direct computation and Holder’s inequality yield that

1
1n=/ bmwm+nm%mw+/ log — L QFemdy
jo—yl <1zl lo—yi<lzl |z =yl
s/ bmwm+nm%mw+/ log ——— Q@+ dy
jo—y|<lzl le—yl<t 12—l

1
SC’log(4|x\2)|x|sl/ ‘e”"dy+C’|x\sl/ log emdy

jo—yl< 2l le—yl<t 1T =Yl

sm%um%Mﬁ/ a%w+mw%/ (log ﬂmﬂ/ e y)}
le—y|< 2l le—yl<1 1T =Yl l—y|<1
sm%um%M“/ eMidy + Clal*ta| "o+

Ll <y <2zl

<C'log(4|z|?)|x|* |x|"—na+0(1) + Cla|* ‘xl—na—&-o(l)
With help of Lemma 4.3 and s > s;, there holds
I, < Clog(4|gc|2)\x|51—s+0(1) + O|x|—n+sl—s+o(1)
which shows that

L, € L=(R"). @.1)

12



With help of Lemma 2.6 and Lemma 4.3, choosing € = *2*, there exist an integer /2; > 0 such that for

any ¢ > R; +1
/ enudx < in*l*na+6 < iflfere.
Bi(0)\Bi-1(0) a B

As for the second term [ o, for small € > 0, Then there holds
na< [ log 2(Jy| + 1)Q* ™ dy
lo—y|> 12l

S/ log(2]y| +2)Q*e™dy

k
<C+Clim Y log(2i+2)isl/ emtdy
b R Bi(0)\Bi—1(0)
k
<C+C lim Y log(2i+2)i i~ " < 400,
k— o0 — Rl
Combing with (4.1), one has
I; € L*=(R").
Then there holds
u(z) < —aloglz|+ C. 4.2)

Since Q(x) satisfies s-cone condition, Lemma 4.3 and (4.2) imply that
Q(z)[e" < Cla]® - || < Cla| ™.

On the other hand, if @~ < C|x|*®! near infinity, using similar argument, one has 17, < C which yields
that
u(z) > —aloglz| — C.

Due to () satisfying s-cone condition, there holds

/ |Qle™"dx ZC/ |z|®e™"da
Baglz | (i) Bagz;| (@4)

20|xi|s/ e™dx
Bisglegl (@)

Zc|xi|s+n—na
which yields that
a>1+ i.
n

Since |Q(z)| < C|z|® near infinity and o > 1+ 2, similar argument yields that /; € L>°(R"). Finally, we
obtain that
|u + alog |z|| < C.

Thus one has
|Q(x)[e™ |z|™ < Clz[*F"7"* = o(1).

Finally, we finish our proof. O

As an application, we generalize Corollary 2.4 in [13].
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Theorem 4.5. Suppose that a smooth function Q(z) satisfying s-cone condition with s > n as well as
x-VQ <0.
There is no normal solution u(x) to (1.2) on R™ with Qe™ € L*(R™) where even integer n > 2.

Proof. We argue by contradiction. Assume that such solution u(x) exists. Since z - VQ < 0, we have
@ < C. Based on @ satisfying s-cone condition with s > n, with help of Lemma 4.4 and Lemma 3.4, there
exists a sequence R; — oo such that

4
lim ———

x-VQe™dr = a(a — 2).
i—00 n'|§”| Br, (0)

Due to z - VQ < 0, we further have

4

IS S x-VQe™dr = a(a — 2)

which yields that
I<a<?2 “4.3)

since () is obviously not a constant. However, Lemma 4.3 yields that
S
a>l4+—2>2
n

which contradicts to (4.3).

In particular, suppose that () is a non-constant polynomial splitting as
Q(z) = Hpn(2) + Pr-1(z)
where H,, is a homogeneous function and P,,_1(x) is a polynomial of degree at most m — 1. If either
Hp(x) > 0 or Hy(x) < 0, then we have either Q= < Clz|™ ! or Q* < C|z|/™! near infinity
respectively.

S Bol’s inequality for polynomial Q-curvature

For readers’ convenience, we establish the modified Ding’s lemma (See Lemma 1.1 in [4]). It has also been
established in Proposition 8.5 of [8] or Lemma 2.6 of [16].

Lemma 5.1. Consider a smooth solution u(x) to the following equation
—Au= fe’* on R?

with smooth function f < 1, then there holds

/ e2tdx > 4
R2

when the equality achieves, one has f = 1.

Proof of Theorem 1.2:

14



Proof. We only need to deal with the case e?* € L!(R*).
Firstly, if Q(x) is a constant, Theorem 2.9 deduces that Q(x) must be a positive constant. The classifi-
cation theorem in [17] shows that

/ Qe*dx = 6|SY)|
R4

/ etuda > [SY
R4
with 7 = ” holds if and only if Q) = 6.

Secondly, if Q(x) is a non-constant polynomial with Q(z) < 6, then the degree of Q(z) must be an
even integer. Lemma 4.2 yields that Q(x) satisfying s-cone condition with s = deg Q. If deg@ > 4,
Lemma 4.3 concludes that

which yields that

/R4 Qe*dx > 6|S?.

Since non-constant Q(x) < 6, we obtain that

/ ettdr > |SY.
R4

Finally, the remaining case is deg Q(z) = 2. Since Q(x) < 6, up to a rotation and a translation of the
coordinates, we may suppose that

4
Q(z)=a+ Z a;z?
i=1
where a; <0, Y7, a2 # 0 and a < 6. Using e** € L'(R*) and Qe** € L'(R*), one has
4
Zaix?e“‘ € LY(RY)
i=1

which yields that z - VQe** € L'(R*). Applying Lemma 3.4 and Lemma 4.4, there holds

4
1 du 1 2 4
a(a—2):167T2/R4x~VQe1dac:W/H{4;aixie“dx<0. 3.1
Combing (5.1) with Lemma 4.3, one has
3
5 <a<?2. 5.2)

Immediately, one has a > 0. Using the identity (5.1) again, one has

2
/ etidr = 8la(3 —a).
R4 a

Making using of the estimate (5.2) and a < 6, there holds

8 2
/ etdr > o _ IS?.
- 3

Finally, we finish our proof.

Proof of Theorem 1.3:
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Proof. 1f fRn e™dx = +o0, it is trvial that the estimate (1.4) holds . We just need to consider the case
e™ € LY(R™). Then one has

/ lple™da < (n — 1)!/ e"dx +/ [(n — D!+ p(x)]e"dr < +o0.
If o is a constant, with help of Theorem 2.9 and the the classification theorem in [22], [19] or [25], we must
have ¢ > —(n — 1)! and

-V s>
/"e da = e 2 8]

with equality holds if and only if ¢ = 0.
Now, we are going to deal with the non-constant case. Due to ¢ < 0, the degree of ¢ must be an even
integer. If deg ¢ = 2, following the same argument in the proof of Theorem 1.2, there holds

/ emd > |S".

When deg(yp) > n, with help of Lemma 4.3, one has « > 2. Then there holds

— )1
/ e”“dx>/ W@”“dxz IS

If4 < degy < nand a > 2, due to the same reason, the estimate (1.4) still holds. Thus the remaining case
is4 < degp <n—2and a < 2. With help of Lemma 4.3, there holds

d
14+ S8% <o (5.3)
n

Making use of Lemma 3.4, there exists a sequence R; — oo as ¢ — oo such that

4
ala—2)= ——— lim /B o x - Vpe™'dx.

T RIS i

Using the assumption z - Vo > deg(y)¢, one has

/ x - Vpe"dr > deg(go)/ e d.
Br, (0) Br, (0)

Then a direct computation yields that

4
_ 2 > nuw
ala—2) Z s deg(y) / pe™dx

:2deg(cp)a _ ddegyp

nu
d
n n|S* Jrn o

which shows that

S” 2d
/ e"dx > nls"| a2+ 2Ceey ).
R 4degyp n

Using (5.3), one has

/ e™dx > |S™.
Finally, we finish our proof. O
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6 Bol’s inequality for radial solutions
Proof of Theorem 1.1:
Proof. We just need to deal with the case e™* € L*(R"™). Set

2 og lyl
(n =S| Jgn |z -y

v(z) = (n —1)le™Wdy. (6.1)

Firstly, we claim that v(x) is also radial symmetric. For any rotation T', we have u(7T'y) = u(y) due to u(x)
is radial symmetric. In fact, by rotating the coordinates, there holds

(T — 1)lemul¥)g

m o log |Tx|Ty|T |(n 1)1eme(Ty) gy
:m | log |gﬂly| (n — 1)lem®) dy
=uv(x).
Setting h := u — v, for n = 2, there holds
Ah = (1-Q)e™ = 0. 6.2)
For n > 4, a direct computation yields that
2(n —2) 1

Ah =

(= D] Sy To—gp (7 D D20 (63)

and there holds
(—A)%v =(n— 1)!e”he"”.

Combing with (6.1), we find that v is a normal solution with Q-curvature equal to (n — 1)!6"”’. For brevity,
we denote the normalized integrated Q-curvature as

2 2
ap = ——— [ (n—1)le"e™dx e"dx.
(n = DUS"| Jgn 5 Jee
By using Lemma 3.1, there exists a sequence R; — oo such that
— e emdr < —2). 4
Z_wo n'|S"| / Ne™)e™dr < ap(ag — 2) (6.4)

Using divergence theorem and the condition that u(x) is radially symmetric, there holds

nhy nv
n'|S"| (n—1)le™)e™dx

z - Vhe™dx
\S | /B, 0)

r—e”“dadr
‘S"| / /Sn L(r) 87"
R;
i h
= / re"“(T)/ 8—dadr
S Jo sn-1(r) OF
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4 [

:—n/ re"“(r)/ Ahdzdr
S™[ Jo B,.(0)

>0

where the last term comes from (6.2) and (6.3). Finally, the estimate (6.4) yields that
(67 > 2
i.e.

/ e™dx > |S"|

when the equality achieves, one has Ah = 0 which yields that Q = (n — 1)!.
On the other hand, if Q = (n — 1)!, using Lemma 3.4 and Lemma 4.4, we also obtian that ag = 2.
O

Proof of Theorem 1.4:

Proof. Due to the assumptions Qe™* € L*(R") and Q > (n — 1)!, one has e™* € L'(R™). Making use of
Lemma 2.3, for |z| > 1, there holds

/ e"dy >C ly|~"*dy
By (@) By (%)
2 2
which yields that
a>1. (6.5)

Using the assumption (n — 1)! < Q(z) < C(|z| + 1), we claim that
u(z) = (—a+ o(1)) log |x|. (6.6)

For |z| > 1, using Qe™* € L*(R™), there holds

1
| / log —— Qe dy| < 2(k+1) / Qle™dy | log || = o(1) log 2]
ja| 2D <a—y<1 [T Y] | =20+ <o —y|<1

With help of Lemma 2.1, one has

u(z) = (—a +o(1))log x| + —Qe™dy. 6.7)

= log
(= DUS" Jjayi<ja—2teen 7 & =y

Using the assumption @ < C(|z| + 1)* and the estimate (2.7), for |z| > 1, Holder’s inequality yields that
1
/ log Qe"dy
lo—y|<lal-20+0 [ = Y|

1
1 2

§C’(\x|—|—1)k / (log )2dy / e?"dy

je—yl<lal 20+ |2 =yl lo—y|<Ja| -2+
% 1
1
<Cla|* / (log —)*dy / e dy
lyl<lzl-26+n |yl B a(e)

2
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<Clz|*( / e M2dt) 3 ||~ to)
(2k+2) log |z|
<Cla|*|a| ") (log |x])?|a| ~* o).

Using above estimate and the (6.5) as well as () > 0, for |z| > 1, one has

1
0< / log Qe™dy < C.
le—y|<la|-20+0) |2 =]

Due to (6.7), we prove our claim (6.6). Moreover, using (6.6) and (6.5), one has

e < Olz| ™™ 6.8)

near infinity. Set

2 |y
VN) im ——/—/m/mm——— (0]
@)= GO fen Ty

Firstly, we know that v(x) is also radial symmetric following the same argument before. Samely, setting
h :=u — v, for n = 2, one has

(n —1)le™Wdy.

Ah=(1-Q)e** <0 (6.9)

For n > 4, one has

Ah =

(n—1) I|Sn| / |z — y|2 —DI=-Q)e™dy <0 (6.10)

and there holds
(—A)2v = (n —1)le™em,

For brevity, we denote

2

2
= -1 ' nh nv nu )
(n T[] Jp, (1 D da do

a0 ~ s Jen

By using Lemma 3.4 and the estimate (6.8), there exists a sequence R; — oo such that
_ | ,nhy nv _ _
Hoo nl|Sn| / Dle™)e™dx = ag(ap — 2). (6.11)

Using divergence theorem, there holds
nhy nv
n'|S”| / (n—1)le™)e™dx
= x - Vhe™dx
S| /BRi(O)
4 [ h
=— / / ra—e"“dadr
‘Sn| 0 Sn=1(r) or
R;
:i / renu(T / @dUdT
S Jo sn-1(r) OF

4 [
=— / reu(r) / Ahdzdr
1S™1 Jo B,.(0)

<0.
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Finally, the estimate (6.11) yields that
(67 < 2

/ e™dx < |S"|

when the equality achieves, one has Ah = 0 which yields that @ = (n — 1)!. On the other hand, if
Q@ = (n — 1)!, due to the same reason as before, one has

/ e’lludx — |S7L|.

i.e.

7 Applications

We are going to show some applications of these higher order Bol’s inequality. In [20], Poliakovsky and
Tarantello consider the equation
— Au = (1+ [z[*?)e* 7.1

where p > 0 and z € R? with 8 = 5& [0, (1 + [2]?P)e*"dz < 400 to study selfgravitating strings. They
make use of very techinial methods to show that the existence of radial solution if and only if

max{2,2p} < 8 < 2+ 2p. (7.2)

Here, we will use Theorem 1.4 to show for each radial solution, the estimate (7.2) holds. Firstly, due to
(1 + |z|?P)e?* € L'(R?), Theorem 2.2 in [15] shows that the solution u(x) is normal. Making use of the
following theorem, we can easily show that (7.2) is necessary for the existence of radial solutions.

For higher order cases, we will consider the normal solutions

u(z) = T /Rn log T—9l (14 |z|"P)e™™dx 4+ C (7.3)

with (1 + |z|")e™ € L' (R™). Set the same notation as before

2
B:= 7/ 1+ [z|"P)e™ dx.
] Je )

Theorem 7.1. For p > 0, consider the normal solution to (7.3) with even integer n > 2. For each radial
solution to (7.3), there holds
max{2,2p} < 8 < 2+ 2p.

Proof. Making use of Lemma 3.4 and Lemma 4.4, the following Pohozaev identity holds

— 47]) np nu
6(6 - 2) - (n — 1)'|Sn| - |$‘ Pe™dg (7.4)

which yields that 5 > 2. It is obvious to see that

T L e < G (0 e =20

Thus the identity (7.4) yields that
2< B <24 2p. (7.5)

20



On the other hand, the identity (7.4) is equivalent to
— 1)l|Ss™
/ ey = PV g0 40, ) (1.6)
n 4p
For each radial solution to (7.3), sicne 1 + |z|™ > 1, Theorem 1.4 yields that
/ edr < (n—1)!|S™. 7.7

Combing (7.6) with (7.7), one has
(B—-2)(8~-2p)>0.

With help of (7.5), we finally have
max{2,2p} < 5 <2+ 2p.

O

With help of above theorem, we answer an open problem in [12]. Combing with Theorem 1.5 in [12],
we obtain the following result which generalize the reuslt of Poliakovsky and Tarantello in [20] for n = 2
to higher order cases.

Corollary 7.2. Forn = 4, the integeral equation (7.3) has radial normal solutions if and only if

max{2,2p} < 8 <2+ 2p.
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