EXISTENCE AND INSTABILITY OF DEFORMED CATENOIDAL SOLUTIONS
FOR FRACTIOANL ALLEN-CAHN EQUATION

HARDY CHAN, YONG LIU, AND JUNCHENG WEI

ABSTRACT. We develop a new infinite dimensional gluing method for fractional elliptic equations.
As a model problem, we construct solutions of the fractional Allen—-Cahn equation vanishing on a
rotationally symmetric surface which resemble a catenoid and have sub-linear growth at infinity.
Moreover, such solutions are unstable.
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1. INTRODUCTION

1.1. The Allen—Cahn equation. In this paper we are concerned with the fractional Allen—Cahn
equation, which takes the form
(=AY’u+ f(u)=0 inR" (1.1)
1
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2
where f(u) = u® —u = W’(u) is a typical example that W (u) = (1_2“2> is a bi-stable, balanced

double-well potential.

In the classical case when s = 1, such equation arises in the phase transition phenomenon [4, 28].
Let us consider, in a bounded domain €2, a rescaled form of the equation (1.1),

—e?Au. + f(u) =0 in Q.

This is the Euler-Lagrange equation of the energy functional

J. () =/Q<;Vu|2+iW(u)> da.

The constant solutions © = 1 corresponds to the stable phases. For any subset S € €2, we see that
the discontinuous function us = xs — xq\s minimize the potential energy, the second term in J.(u).
The gradient term, or the kinetic energy, is inserted to penalize unnecessary forming of the interface

0S.

Using I'-convergence, Modica [76] proved that any family of minimizers (u.) of J. with uniformly
bounded energy has to converge to some ug in certain sense, where S has minimal perimeter. Caffarelli
and Cérdoba [22] proved that the level sets {u. = A} in fact converge locally uniformly to the interface.

Observing that the scaling v (z) = uc(ex) solves
—Av. + f(v.) =0 inetQ,
which formally tends as € — 0 to (1.1), the intuition is that v, (z) should resemble the one-dimensional
solution w(z) = tanh % where z is the normal coordinate on the interface M, an asymptotically flat
minimal surface. Indeed, we have that

J(0:) % Area(01) |

R 2

Thus a classification of solutions of (1.1) was conjectured by E. De Giorgi [38].

<1zf/(z)2 + W(w(z))) dz.

Conjecture 1.1. Let s = 1. At least for n < 8, all bounded solutions to (1.1) monotone in one
direction must be one-dimensional, i.e. u(x) = w(x1) up to a translation and a rotation.

This conjecture has been proven for n = 2 by Ghoussoub and Gui [66], n = 3 by Ambrosio
and Cabré [5], and for 4 < n < 8 under an extra mild limit assumption by Savin [81]. In higher
dimensions n > 9, a counter-example has been constructed by del Pino, Kowalczyk and Wei [40]. See
also [18,67,71].

Concerning solutions that are not monotone, it is known to del Pino, Kowalczyk and Wei [41] that
solutions exist with zero level set close to nondegenerated minimal surfaces of finite total curvature.
From existence results in classical minimal surface theory, this class of solutions is huge. In this article,
we aim to construct a non-local analogy of the solution found in the local case [41], whose zero level set
is close to the logarithmically growing catenoid. In the case s € (%, 1), it diverges much more from the
catenoid and grows sub-linearly at infinity. This is a new phenomenon due to the interaction between
the upper and lower ends of the solution. For a precise statement, see Theorem 1.3 below.

1.2. The fractional case and non-local minimal surfaces. While Conjecture 1.1 is almost com-
pletely settled, a recent and intense interest arises in the study of the fractional non-local equations.
A typical non-local diffusion term is the fractional Laplacian (—A)®, s € (0,1), which is defined as a
pseudo-differential operator with symbol |¢|**, or equivalently by a singular integral formula

B 2%55(1 — s)I (2422)

ueo) —u(@)
’ s r2-—s)rs

n+2s

(—A)’u(xg) = Cyp sP.V.
R |zo — ]

for locally C? functions with at most mild growth at infinity. Caffarelli and Silvestre [25] formulated a
local extension problem where the fractional Laplacian is realized as a Dirichlet-to-Neumann map. This
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extension theorem was generalized by Chang and Gonzdlez [31] in the setting of conformal geometry.
Expositions to the fractional Laplacian can be found in [2,13,45,69].

In a parallel line of thought, I'-convergence results have been obtained by Ambrosio, De Philippis
and Martinazzi [6], Gonzélez [68], and Savin and Valdinoci [83]. The latter authors also proved the
uniform convergence of level sets [36]. Owing to the varying strength of the non-locality, the energy

Jo(u) =% [ /Q W (u) dx

I-converges (under a suitable rescaling) to the classical perimeter functional when s € [%, 1), and to a
non-local perimeter when s € (0, 1).

2
A singularly perturbed version of (1.1) was studied by Millot and Sire [74] for the critical parameter
s = %, and also by these two authors and Wang [75] in the case s € (0, %)

In the highly non-local case s € (0, %), the corresponding non-local minimal surface was first studied
by Caffarelli, Roquejofire and Savin [23].

Concerning regularity, Savin and Valdinoci [35] proved that any non-local minimal surface is locally
C1@ except for a singular set of Hausdorff dimension n—3. Caffarelli and Valdinoci [27] showed that in
the asymptotic case s — (1/2)7, in accordance to the classical minimal surface theory, any s-minimal
cone is a hyperplane for n < 7 and any s-minimal surface is locally a C'*® graph except for a singular
set of codimension at least 8. Recently Cabré, Cinti and Serra [16] classified stable s-minimal cones
in R® when s is close to (1/2)~. Barrios, Figalli and Valdinoci [7] improved the regularity of C'®
s-minimal surfaces to C'°°. Graphical properties and boundary stickiness behaviors were investigated
by Dipierro, Savin and Valdinoci [50, 51].

Non-trivial examples of such non-local minimal surface were constructed by Dévila, del Pino and
Wei [37] at the limit s — (1/2)~, as an analog to the catenoid. Note that the non-local catenoid they
constructed has eventual linear, as opposed to logarithmic, growth at infinity; a similar effect is seen
in the construction in the present article.

Strong interests are also seen in a fractional version of De Giorgi Conjecture.

Conjecture 1.2. Bounded monotone entire solutions to (1.1) must be one-dimensional, at least for
dimensions n < 8.

In the rest of this paper we will focus on the mildly non-local regime. For s € [%, 1) positive results
have been obtained: n = 2 by Sire and Valdinoci [87] and by Cabré and Sire [20], n = 3 by Cabré
and Cinti [15] (see also Cabré and Sola-Morales [21]), n = 4 and s = 1 by Figalli and Serra [62],
and the remaining cases for n < 8 by Savin [32] under an additional mild assumption. A natural
question is whether or not Savin’s result is optimal. In a forthcoming paper [30], we will construct
global minimizers in dimension 8 and give counter-examples to Conjecture 1.2 for n > 9 and s € (%, 1).

Some work related to Conjecture 1.2 involving more general operators includes [12, 17,52, 58, 84].
For similar results in elliptic systems, the readers are referred to [3,9,46,55-57,59,91,92] for the local
case, and [11,48,60,93] under the fractional setting.

The construction of solution by gluing for non-local equations is a relatively new subject. Du, Gui,
Sire and Wei [53] proved the existence of multi-layered solutions of (1.1) when n = 1. Other work
involves the fractional Schrodinger equation [33,306], the fractional Yamabe problem [39] and non-local
Delaunay surfaces [35].

For general existence theorems for non-local equations, the readers may consult, among others,
[32,34,63,64,70,77-80,88,89,94,95] as well as the references therein. Related questions on the fractional
Allen—Cahn equations, non-local isoperimetric problems and non-local free boundary problems are also
widely studied in [10,24,42-44 47 49,61,72,73]. See also the expository articles [1,65,90].
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Despite similar appearance, (1.1) for s € (0,1) is different from that for s = 1 in a number of striking
ways. Firstly, the non-local nature disallows the exact local computations using Fermi coordinates.
Secondly, the one-dimensional solution w(z) only has an algebraic decay of order 2s at infinity, in
contrast to the exponential decay when s = 1. Thirdly, the fractional Laplacian is a strongly coupled
operator and hence it is impossible to “integrate in parts” in lower dimensions. Finally the inner-outer
gluing using cut-off functions no longer work due to the nonlocality of the fractional operator.

The purpose of this article is to establish a new gluing approach for fractional elliptic equations for
constructing solutions with a layer over higher-dimensional sub-manifolds. In particular, in the second
part we will apply it to partially answer Conjecture 1.2. To overcome the aforementioned difficulties,
the main tool is an expansion of the fractional Laplacian in the Fermi coordinates, a refinement of
the computations already seen in [29], supplemented by technical integral calculations. This can be
considered fractional Fermi coordinates. When applying an infinite dimensional Lyapunov—Schmidt
reduction, the orthogonality condition is to be expressed in the extension. The essential difference
from the classical case [11] is that the inner problem is subdivided into many pieces of size R = o(s™1),
where ¢ is the scaling parameter, so that the manifold is nearly flat on each piece. In this way, in
terms of the Fermi normal coordinates, the equations can be well approximated by a model problem.

1.3. A brief description. We define an approximate solution u*(z) using the one-dimensional profile
in the tubular neighborhood of M, = {|z,| = F-(|2'|)}, namely u*(x) = w(z) where z is the normal
coordinate and Fy. is close to the catenoid e~* cosh ™" (¢|z/|) near the origin. In contrast to the classical
case we take into account the non-local interactions near infinity and define u*(x) = w(z4)+w(z_)+1
where zy are the signed distances to the upper and lower leaves MF = {x,, = £F.(|2'|)}. As hinted
in Corollary 6.3, F.(r) ~ P as r — +oo. The parts of u* will be smoothly glued to the constant
solutions +1 to the regions where the Fermi coordinates are not well-defined.

We look for a real solution of the form u = u* + ¢, where ¢ is small and satisfies
(A ¢+ f'(u")p =g. (1.2)
Our new idea is to localize the error in the near interface into many pieces of diameter R = o(¢~1) for
another parameter R which is to be taken large. At each piece the hypersurface is well-approximated by

some tangent hyperplane. Therefore, using Fermi coordinates, it suffices to study the model problem
where u*(x) is replaced by w(z) in (1.2).

As opposed to the local case s = 1, an integration by parts is not available for the fractional
Laplacian in the z-direction, unless n = 1. So we develop a linear theory using the Caffarelli-Silvestre
local extension [25].

Finally we will solve a non-local, non-linear reduced equation which takes the form
H[F.]=0(e*1) for 1 <r <y,
062571
H[F] = —5—
€ ng
where H[F.] denotes the mean curvature of the surface described by F.. (Note that the surface is
adjusted far away through the nonlocal interactions of the leafs. A similar phenomenon has been
observed in Agudelo, del Pino and Wei [3] for s = 1 and dimensions > 4.) A solution of the desired
form can be obtained using the contraction mapping principle, justifying the a priori assumptions on
F..
In this setting, our main result can be stated as follows.

(I+0(1)) forr>rg,

Theorem 1.3. Let 1/2 < s <1 and n = 3. For all sufficiently small e > 0, there exists a rotationally
symmetric solution u to (1.1) with the zero level set M, = {(a',x3) € R® : |x3| = F.(|2'])}, where

F(r) e~ 'cosh™er) forr <re,
T) ~
: P for r > dollogelre,
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-1

where r, = (@) * and 0o > 0 is a small fized constant.

We remark that, while the proof is given for the specific nonlinearity f(u) = u — u3, the same
construction works for more general nonlinearities associated to double-well potentials, with obvious
modifications.

As an immediate consequence, without the monotonicity condition, Conjecture 1.2 is not true in
dimension 3.

The curvature estimates of [62] provides an easy indirect proof for the instability of such solution.
Recall that a solution to (1.1) is stable if and only if

/ (=AY o+ f(u)pdr >0, forall p € CF(R").
Theorem 1.4. The solution obtained in Theorem 1.3 is unstable.

In a forthcoming paper [30], together with Juan Dévila and Manuel del Pino, we will construct
similarly a family of global minimizers based on the Simons’ cone. Via the Jerison-Monneau program
[71], this provides counter-examples to the De Giorgi conjecture for fractional Allen—Cahn equation in
dimensions n > 9 for s € (1,1).

Remark 1.5. Our approach depends crucially on the assumption s € (%, 1). Firstly, it is only in this
regime that the local mean curvature alone appears in the main order error estimate. A related issue
is also seen in the choice of those parameters between 0 and (a factor times) 2s — 1. Secondly, it gives
the L? integrability of an integral involving the kernel w, in the extension. It will be interesting to see
whether this gluing method will work in the case s = % under suitable modifications.

On the other hand, we do not know yet how to deal with other pseudo-differential operators which
cannot be realized locally.

This paper is organized as follows. We outline the argument with key results in Section 2. In Section
3 we compute the error using an expansion of the fractional Laplacian in the Fermi coordinates. In
Section 4 we develop a linear theory and then the gluing reduction is carried out in Section 5. Finally
in Section 6 we solve the reduced equation.

Acknowledgements. H.C. and J.W. are supported by NSERC of Canada.

This article is an expansion of a major part of H.C.’s Ph.D. thesis completed at the University
of British Columbia and he is very grateful to his advisors Prof. Juncheng Wei and Prof. Nassif
Ghoussoub for their patient guidance and constant encouragement. After the first draft has been
written, H.C. thanks Prof. Manuel del Pino for some knowledge deepening discussions and a suggestion
for reorganizing the series of papers on this subject, as well as the kind hospitality he has received at
the University of Bath. H.C. is also indebted to Prof. Alessio Figalli for a particularly helpful comment
concerning a principal value integral.

2. OUTLINE OF THE CONSTRUCTION

2.1. Notations and the approximate solution. Let
e s¢ (%,1), a€(0,2s—1), 7€ (1,1—!—2%),
e M be an approximation to the catenoid defined by the function F,
M ={(z",2n) : lan| = F(|2"]), [2'] = 1},

e ¢ > 0 be the scaling parameter in M. = e 'M = {z,, = F.(|2/|) = e ' F(e]a']) },
e 2 be the normal coordinate direction in the Fermi coordinates of the rescaled manifold, i.e.
signed distance to the M., with z > 0 for z,, > F(e|z'|) > 0,
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e y., z4 be respectively the projection onto and signed distance (increasing in x,,) to the upper
leaf

M = {zn = F(l2'])},

e y_, z_ be respectively the projection onto and signed distance (decreasing in z,,) to the lower
leaf

Mo ={an = —Fe(]2'])},

e § > 0 be a small fixed constant so that the Fermi coordinates near M. is defined for |z| < 86—6,

e R >0 be a large fixed constant,

e Ry be the width of the tubular neighborhood of M. where Fermi coordinates are used, see
(2.1),

e R be the radius of the cylinder from which the main contribution of (—A)
Proposition 2.1,

e Ry > % be the radius of the inner gluing region (i.e. threshold of the end, see Section 2.3),

o u¥(z) = sign (z, — F.(|2'|)) for z,, > 0 and is extended continuously (i.e. uk(x) = +1 for

2’| <e7h),

7 : R —[0,1] be a cut-off with n =1 on (—o0,1] and n =0 on [2, 4+00),

X : R —[0,1] be a cut-off with x =0 on (—00,0] and x =1 on [1,400),

k; be the principal curvatures and Hys, = % be the mean curvature of the surface M,

k]|, (0 <a < 1) be the Holder norm of the curvature, see Lemma 3.6,

(z) = /1 + |z

Define the approximate solution
w@) = (g ) (w0 x (191- 2) e + e +1- w(a)

(= (smgen) ) e

Ro = Ro(|2'|) =1+ x (|2’ = R) (F2*(|2']) = 1) .

% is obtained, see

(2.1)

) = +1 for large |z|, small |2'| and large |z,],
) = —1 for large |z|, large |2’| and small |x,],

x) = w(z) for small |z| and small |2/],
)

e o o o
f & &
*
8

|

The main contributions of (—A)® come from the inner region with certain radius. We choose such
radius that joins a small constant times e~! to a superlinear power of F. as |z/| increases. More
precisely, let us set

#o= R = (121 - 2 2) O (1o (- Eovo) Yz, 22)

3 €
where 7 € (1,14 £). We remark that the factor 2 is inserted to make sure that u*(z) = w(z4) +
w(z_) — 1 in the whole ball of radius F7 (|2’|) where the main order terms of (—A)*u* are obtained.

2.2. The error. Denote the error by S(u*) = (—A)*u* + (u*)* —u*. In a tubular neighborhood where
the Fermi coordinates are well-defined, write © = y + zv(y) where y = y(|2'|) = (|2'|, F-(|2])) € M.
—DF.(|2']),1
and (y) = viy(a'))) = DD
1+ [DF(|2'))]
(and down in the lower half).

be the unit normal pointing up in the upper half space
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Proposition 2.1. Let x =y + zv(y) € R™. If |2| < Ry, where Ry as in (2.2), then we have
1 4R
a1 (2) Hag, (3) + O(2), jor L <r < 4B,
Su) (@) = § en(z0)Hyp (v4) + em(z-)Hy - (y-) _
4R

+3(w(z1) + w(z-)) (1 +w(z)) (L +w(zm) + O (F7>7), - forr = —.
The proof is given in Section 3.

2.3. The gluing reduction. We look for a solution of (1.1) of the form v = u* 4+ ¢ so that
(=A)'¢+ f'(u)p = S(u") + N(p) inR",
where N(p) = f(u* + ) — f(u*) — f'(u*)p. Consider the partition of unity
1=l + iy + -+ > _ il
i=1
where the support of each 7; is a region of radius R centered at some y; € M., and 77+ are supported on
a tubular neighborhood of the ends of M si respectively. It will be convenient to denote Z = {1,...,7}

and J =ZU{+,—}. For j € J, let (; be cut-off functions such that the sets {(; = 1} include supp 7;,
with comparable spacing that is to be made precise. We decompose

=G+ C1br+( b+ Goi=0dot D (it
i=1 jeT
in which
e ¢, solves for the contribution of the error away from the interface (support of 7,),

e ¢ solves for that in the far interfaces near M= (support of 74 ),
e ¢; solves for that in a compact region near the manifold (support of 7;).

In the following we write A(, .y = A, + 0,.. We consider the approximate linear operators

Lo = (—A) 42 for ¢,
L=(-Ay.) + f(w) foro;, jeJ.

Notice that w is not exactly the approximate solution in the far interface. We rearrange the equation
as

(=2 | G+ Y Gy | + £/ (w) [ do+ D Gy | = S(u) + N(o),

jeT JjET

Loto+ Loy + (- Lo+ GLos
=1

= (ﬁo T -+ Zm) (S(u*) +N(@) + 2= f'(w)do — D U(A.2)"% ¢l

i=1 jeT

)G w) = W)y = D ((—A0)° — (—A<y,z))s)(Cj¢j)>7 (2.3)

Jjeg Jjeg
where [(—=Ay,2))% Gloj = (=Ay,2))°(Cd5) — (=Ay,2))°P5, and the summands in the last term
means

(—82)*(¢8) (Vi (y) + 2v(Y; () — (—Ay.2)) (1Y, 2))
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for ¢; = 7;(y)C(2) and ¢;(Y;(y) + 2v(Y;(y))) = &;(y,2) with a chart y = Yj(y) of M.. In fact, for
j € T one can parameterize M, locally by a graph over a tangent hyperplane, and for j € {4, —} one
uses the natural graph M* = {(y, +F.(|y|)) : |y| > Ra}.

Let us denote the last bracket of the right hand side of (2.3) by G. Since 7; = (;7;, we will have
solved (2.3) if we get a solution to the system

Lo¢po =1,G for z € R”,
Loy =nyG  for (y,2) e R xR,
Lo =7_G for (y,z) € R"71 xR,
Lo; = 1:G for (y,2) € R""! x R,
for all i € Z. Except the outer problem with L, = (—A)® + 2, the linear operator L in all the other
equations has a kernel w’ and so we will use an infinite dimensional Lyapunov—Schmidt reduction
procedure.
From now on we consider the product cut-off functions, defined in the Fermi coordinates (y, z) where
y =Y (y) is given by a chart of M.,
() =n;(y)C(z), forjeJ.
The diameters of ((z) and 7;(y) are of order R, a parameter which we choose to be large (before
fixing €). We may assume, without loss of generality, that for ¢ € Z, n;(y) is centered at y; € M.,
Bi(y) C {if = 1} C suppii C Ban(ye), [0 = O(R™), and P22l > ¢ 5 0 for any v, iz € 7
We define the projection orthogonal to the kernels w’(z),

g(y, 2) = g(y, 2) — c(y)w'(2), cly) =
C(w'(2)%dz
R
Note that in the region of integration |z| < 2R < ¢! the Fermi coordinates are well-defined, and
that the projection is independent of j € J.
We define the norm

6ll,.0 = sup ()" (2)7 by, 2)l,

(y,z)ER™
where (y) = \/1+ |y|?. Motivated by Proposition 2.1 and Lemma 4.6, for each i € Z we expect the
decay
3 it -7
[6i(y. 2)]],,, < ORI (i)~ >T.
So we define

16illi o = va) 01,0 = 30)" suD ()" ()7 |ily, =),

(y,2)eR™

vvithl<9<1—i—%=%j1 < 25. At the ends MF where r > Ry, we have, for u < 2;‘%—0,
— — ;lis_u
1640y, 2)]],, < OR; =70,

This suggests

l6als 0 = B 6l = RS sup ()" ()7 |62y, 2)]
(y,z)ER™

with 0 < 0 < 3;;} — p. Therefore for j € J, we consider the Banach spaces
X; = {65 oyl < €3},

under the constraint R < [logel|, § = 0(R,¢) = RrHoenii 0 with1 <6 < 1+ 32;} = %. For other
parameters, we take 0 < p < 2;‘_‘;1 — 60 < 0 sufficiently small and Ry sufficiently large, so that RS is
small and 2 — 2s < 0 < 2s — . The decay of order ¢ > 2 — 2s in the z-direction will be required in

the orthogonality condition (4.7). That R4¢ is small will be used in the inner gluing reduction. The
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condition ¢ + p < 2s ensures that the contribution of the term (2 — f'(u*))¢, is small compared to
S(u*).

We will first solve the outer equation for ¢,. Let us write M. g = {y + zv(y) : y € M, and |z| < R}
for the tubular neighborhood of M, with width R.

Proposition 2.2. Consider

l6olly = sup (@) (dist (z, McR))>* |0 ()],

(z',xn)ER™

X, = {0 I0olly < C=*}.

If 95 € Xj for all j € J with sup,c 7 |9l
Po((¢5)jeg) to

i S 1, then there exists a unique solution ¢, =

Logo = 110G = 1o (S(U*) +N(@) + (2= f'(W))do = D _[(~Ay,)" Gle;

JjeTJ

+ )G (w) = fu )y = Y (—Ay)° - (—A(y,z))s)(Cj¢j)> n R"  (2.4)

JjeET JjET
in X, such that for any pairs (¢;)jes and (1)) eg in the respective X; with sup,c 7 ||¢j||j po <1, we
have
196((5)je5) — Pol(¥5)jes)lly < Ce sup 165 = ¥ill; 0 (2.5)
J

The proof is carried out in Section 5.2.
Now the equations

Lo (y, 2) = n;(y)¢(2)G(y, 2)

are solved in two steps:
(1) eliminating the part of error orthogonal to the kernels, i.e.

Lé;(y, 2) = ()¢ ()G (y, 2); (2.6)

(2) adjust F.(r) such that ¢(y) = 0, i.e. to solve the reduced equation

/RC(z)g(y, 2)w'(z) dz = 0. (2.7)

Using the linear theory in Section 4, step (1) is proved in the following

Proposition 2.3. Suppose i < 0. Then there exists a unique solution (¢;) ez, ¢; € X;, to the system

Lo; = ij;11G = n;¢IT <5(u*) +FN(@) + 2= f(W))do = D (=D, G19;

i€
+ )G w) = )y = D (=80)° — (_A(y,z))s)(<j¢j)> for (y,z) eR". (2.8)
jeT jeg

The proof is given in Section 5.3.
Step (2) is outlined in the next subsection.
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2.4. Projection of error and the reduced equation. As shown above, the error is to be projected
onto w’ weighted with a cut-off function ¢ supported on [—2R, 2R)]. In fact we have

Proposition 2.4 (The reduced equation). In terms of the rescaled function F(r) = eF.(e'r) and its
inverse r = G(z) where G : [0, +00) — [1,+00), (2.7) is equivalent to the system

/

G'(z) 1

HM(G(Z)’Z): - :Nl[F] for 0 <z <z,
1+ G(z)? G(z)\/1+ G'(z)?
!
1 F’ _ 2.9
Hy(r,F(r)) = - A = N1[F) forry <r < 4R, (2.9)
r / 2
1+ F'(r)
Frry 4 20 Gy [F] forr > 4R
r Py orr 2 4k,
subject to the boundary conditions
G0)=1
G'(0)=0
F(r) =z (2.10)
1
/ —
Filr) = G'(z1)’
2s5—1
where z; = F(r1) = O(1), N1[F] = O(e?*71) and N3[F] = o (;23()), with Fy as in Corollary 6.3.
G5 (r

Moreover, N1 and No have a Lipschitz dependence on F.

This is proved in Section 6.1.
The equation (2.9)—(2.10) is to be solved in a space with weighted Holder norms allowing sub-linear
growth. More precisely, for any a € (0,1), v € R we define the norms

I¢ll, = sup " 72g(r)| + sup 77 (r)|+ sup r7]¢"(r)]

71,+00) [r1,400) [r1,400)

+ sup min {r, p}7 w (2.11)

r#p in [r1,+00) |7’ —
and ) "
k], = sup 77|h(r)|+ sup min {r, p}7+a M (2.12)
re[l,+o00) r#p in [1,+00) |T - p|

Proposition 2.5. There exists a solution to (2.9) in the space

loc

X, = {(G,F) c C2,a([0,zl]) « C2,a([r1,+00)) : HG”CQ,Q([O’Zl]) < +o00, HFH* < +00, (210) hOldS} .
The proof is contained in Section 6.

3. COMPUTATION OF THE ERROR: FERMI COORDINATES EXPANSION
We prove the following

Proposition 3.1 (Expansion in Fermi coordinates). Suppose 0 < a < 2s—1 and F. € C2*([1, +00)).

loc
Let g = yo + 20v(yo) where yo = (2, F.(|2'])) is the projection of x¢ onto M., and ug(z) = w(z).

Then for any 7 € (1,14 £) and |z| < Ry, we have
(=A) ug(wo) = w(20) — w(z0)” + crr(20) Hut. (yo) + N1[F]

where
w(zg) — w(z
cu(z0) = CLS/ LH(QS)(ZO — 2)dz,
R
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2R 5 2R ,
R = mulle') = (1o 2 +2) 2 (1 (1= 2 v 2) ) m2 (),

and N1[F] = O (R>®) is finite in the norm |-, .

Remark 3.2. cp(z0) is even in zp. Also

Ci,s w’(z) —(2s—1)
= 2 d ~Y ) .
cn(20) 9s — 1 /R 20— 2P0 z ~ (20)

This implies Proposition 2.1. A proof is given at the end of this section.
A similar computation gives the decay in r = |z’| away from the interface.

_2
2s+1

Corollary 3.3. Suppose o = yo + 20v(¥o0), Yo = (20, Fe(r0)) and zo > crg

4s

(=A)*u*(x9) = O <T0_25+1> as ro — +00.

2
Proof. Take a ball around zg of radius of order r;**'. Then in the inner region, we use the closeness
to +1 of the approximate solution u* to estimate the error. We omit the details. d

For more general functions one has a less precise expansion. On compact sets, we have

Corollary 3.4. Let uj(x) = &(y,z) in a neighborhood of xo = yo + zov(yo) where |yol, |20] < 4R =
o(e™1), and u; = 0 outside a ball of radius 8R. Then

(=Az) ur(w0) = (=A(y,2)) @Yo, 20) - (1 + O (R||x]l))

+0 <R12S <¢(QO,ZO) + sup |q§(y,z)|>> .

[(yo—y,20—2)| >R

Proof. Here we use the fact that the lower order terms contain either &;|zg| or x;|yo|, where i = 1 or
2. O

At the ends of the catenoidal surface we need the following

Corollary 3.5. Let ui(xz) = ¢(y,2) in a neighborhood of xo = yo + zov(yo) where |yo| > Ra, |z0] <
4R = o(e7 1), and u; = 0 when z > 8R. Then

(_AJ:)SU1(370) = (—A(y’z))s(ﬁ(yo’ ZO) . (1 +0 (FE—(25—7)>)
+0 (FE_ZST (|</>(yo,zo) + sup |¢(y7z)|>> .

[(yo—y,z0—2)|=FT

To prove Proposition 3.1, we consider M. as a graph in a neighborhood of yo over its tangent
hyperplane and use the Fermi coordinates. Suppose (y1, ¥y, 2) is an orthonormal basis of the tangent
plane of M, at yo. Write

CRI = {(y,Z) S R2xR: |y‘ < Ry, |Z‘ < Rl}
Then there exists a smooth function g : Bg, (0) — R such that, in the (y, z) coordinates,
M:NCry = {(y.9(y)) €R® : [y < R1}. (3.1)

Then ¢(0) = 0, Dg(0) = 0 and Ag(0) = 2Hp_ (xo). We may also assume that 0,,,,9(0) = 0. We
denote the principal curvatures at y by x;(y) so that x;(0) = 0y,,9(0).
We state a few lemmata whose non-trivial proofs are postponed to the end of this section.
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Lemma 3.6 (Local expansions). Let |y| < Ry. For i =1,2 we have

Iri(y) = K3 O)] S Rill e o, oy 1917 S 1 o, garpy 191°

2R
g2sta)y|® for all |z'] < —,
< €
~ F—QS / o R
=7 (‘f D lyl for all |2'| > —.
|2’ £

The quantity ||F5||CQ,Q(BR1(‘JU,D) < ||F2 will be used repeatedly and will be simply denoted

S
HC"‘(Bl(lz’\))
by ||&|l,, as a function of |2'|, for any 0 < o < 1. We have

9(0) = 3 D i 02 + 0 (sl ")

R ()2 + O (Il )

‘M“ X
i

Dg(y) -y =

=1

Dyl =0 (sl )

In particular,

2
1 a
9(y) = Dyly) -y = =5 > w0y + O (IIsll, ly***) = OCxl, Iy,
=1
1+WQ\2 ooqmwy
2:oowmwy
1+ |Dg(y)|
9 =0 (Il yl*)

Lemma 3.7 (The change of variable). Let |y|,|z|, 20| < Ri. Under the Fermi change of variable
= ®(y,z) =y + zv(y), the Jacobian determinant

J(9,2) = 1+ IDg@)E(1 — s ()2) (1 — 52 (1)2)
satisfies
J(y,2) =1 = (k1(0) + £2(0)z + O ([[6ll, [y|*|2]) + O (HHH?) (lyl* + |Z|2)) ,
and the kernel |zg — x| >~ >* has an ezpansion

2

—3-2s —3—2s

|0 — x| = |(y, 20 — 2)|

2
3+2
1+ (20 + 2) Zm 5
i=1 y72072)|

4O Hff||a|y|2+a(\z|+\zo| Hf<||o|y| (lyl* + [21* + |20/ .
|(y520 _Z> y,ZO _Z)|2

Lemma 3.8 (On the Cauchy prln(:lpal value). In the above settmg, there holds

uo(xo) — up(x // —w(z)
P.V. —S =P.V. =J(y, z) dydz. 3.2
®(Cr,) |(E — 2o |3+2 CRI y07 ‘I)(Zh Z)|3+2 ( )

Here the principal value on the left hand side means

P.V. = lim .
®(Cr,) 0% Jo(Cry)\{|z—zo|<e}
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and on the right hand side it means

p.v.// ~ lim // ,
Cr, 0t JJog, \{p<e}

n—1

P =Y (1= ri(0)20)°y; + |2 — 20|*.
i=1

where

Lemma 3.9 (Reducing the kernel). There hold

1 1
Cs / ————dy=C1 s—————=,
* Jr2 | (y, 20 — )T *ag — 2|2

C / vi d L ¢ 1 fori=1,2
S T, \|Bb+2s Yy = S S ort=1,4,
** Jr2 (g, 20 — 2) T2 3+25 |z — 212

T
R2 |(y,Z() _ z)|3+28 ‘20 _ Z|l+28—a

Proof of Proposition 3.1. The main contribution of the fractional Laplacian comes from the local term
which we compute in Fermi coordinates ®(y, z) = y + zv(y), namely

Uug (.’L‘o)

o(Cr,) |z — 0]

= (3 P.V. // w(zo) —w(2) 3735 J(y, z) dydz + O(szs).
Cr, Y0, 20) — (I)(yvz)‘

Here the second line follows from Lemma 3.8. By Lemma 3.7 we have

J(9,2) = 1= (51(0) + w2(0)2 + O (sl 1y |21) + O (sl (1 + 1=1%))

Uo (@ )d + O(R; %)

(—A)SUO(wo) = Cg,SP.V. 3+25

~

2
1 1 3+ 2s y?

- 2 Y ko
B0~ 2w (a2 2"z —a7

+O<wmmﬁ%m+vm>+00m3m?ﬁ+vf+mﬁ>}

(20 = 2)F (4,70 — 2)P
Hence
J(y:2)
B (yo, 20) — D(y, 2)[>T?
- W [1 — (81(0) + £2(0)z + O (||| ly|*[2]) + O (Hn”% (Jy* + W))]
32 Y )Y
L+ == (=0 + ); I(O)K%ZO_Z)2

24«
Lo 5l 1yl (IZI+|Zo\ Lo IIfﬁHolyl Iyl + |7 2+IzOI)
|(yazo*2) Y, 20 — 2)|
1 2

(g, 20 — )77 [

2
3+2
L= (k1(0) + R2(0))z + == (20 + 2) Y mi(0) T
i=1 70— %

omwawwa+mm+0(m%mﬁ+m%wmﬁﬂ.



14 HARDY CHAN, YONG LIU, AND JUNCHENG WEI

We have

( A ’U,()(l‘o)

— w(z) N
/“/;31 ‘(I) Yo, 2 ( Y, )|3+23 J(y,z) dde + O(Rl 2 )
CSG//C'R y7 |§+)29 [1( (O)+I£2(O))Z+3 ZOJrZ Z;HZ

O (Illa 1yl (121 + 120D)) + O (IIsll§ (lyl® + 121° + W))]

y52072)|2
=Lh+L+1I3+ 14+ I5.

where

L = C:ss// :§+)25 dydz,
CRI ya 0_Z|

= —C3,5(k1(0) + K2(0 // gi)QSZdde,
Cry (Y, 20 — 2)]
2
3+2
I3 = Cs + 5 Z k:(0 // (j_)QS (20 + z)yz dydz,
i=1 CRI y’ |
[w(z0) = w(z) - xBWO)(z)w’(zO)(zO -2
n=o(sl,) [ . 1 (2] + [zol) dydz,
Cr, |(y, 20 — 2)|
w(zo) —w(z) — XB}(zO)(Z)w/(Zo)(ZO —2)
—o (1) /[ | - )(|y|2 T 1ol + Jol?) dydz.
Cr, (Y, 20 — 2)|

In the last terms I, and I5, the linear odd term near the origin has been added to eliminate the
principal value before the integrals are estimated by their absolute values. One may obtain more
explicit expressions by extending the domain and using Lemma 3.9 as follows. I; resembles the
fractional Laplacian of the one-dimensional solution.

I = 035// 3+)28dydz 038// L“’gﬁzsd dz
®3 |(y, 20 — R3\Cr, |(Y;20 — 2)|

=cg,s/<w<zo>—w<z>>42Wdydzw(/:p P dp)

ey /|ZO st 2 iz + 0 (R7*)

w(zo) — w(z)® +0(RI2S)-
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Hereafter p = \/|y|* + |20 — z|>. I and I3 are of the next order where we see the mean curvature.

2
w(2)
=—C3 k(0 // Szdydz
; CRl y’ |3+2
- (2)
=—Cs, dyd
3, ;Klz //R3 y7 3_,’_232' yaz

—w(z)
—Cs4 k; (0 // ——————=5-(20 + (2 — 20)) dydz
Z R\Cr, |(y, 20 — Z)I‘3+2

C Y [

|ZO |1+23

+0<||F»:|| IZOI/ Pde> +O(||f< / p dp)
0 R p3+2s 0 R p3+2s

w(z w s
-2 (0 |”|+”d> Hut (30) + O (Inlly R (0] + )
-

Also,
3 + 25 @ (2)
=(C3 44— k;(0 // zo + 2 fd dz
3, lz: s y ZQ—Z 5+29( 0 )y Y
—w(z) 2
O (|[llo) 155 (220 — (20 — 2))y; dydz
RN\Cr, |(Y,20 — z)l
z0) —w(z)
_Cls Zﬁz ‘ |1+25 (Zo+2)d2
R |20

oo 3

p

+O< K|l zo|/ - p2dp> —|—O<||/£ / -
|| Ol Ry pd+25 ||0 R p

ol dﬂ)

_ w(z0) — w(2) _2s

=|Cis | |1+25 (20 +2)dz | Hu. (yo) + O (||6llg By **(|20] + R1)) -
R |20 — %

The remainder terms I, and I5 are estimated as follows.

w(z0) = w(2) = Xy (' 20) 20— 2)
z4=o<||»e||a>// S B(;|3+28 0=+ o

|(y7ZO -z

Yyl (|zo — z| + |2
o (|Ixll,, /‘w 20) 2) + xp1 (o) ()0 \/ 2 ] OP dydz
(19l + 120 = =)
o0 pOé 9
+0 (II%IIQ(IZI+IZOI)/ 572:/ dP)
R P

w ZO +XBl(O)( ) /(Zo)(Z()—z)
O (|l&l,) (/‘ | T ‘(|zo—z+|zo|)> dz

zZ0 — <
+0 (|lallq By (2] + [20]))
= O (Ikllo (1 + Ry (2] + |20])) -

15
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w(zo0) = w(2) = XBl (o) (D)W (20) (20 —2)| | )
GO | e (1l + 1212 + |20l?) dydz

Ry 2 2
P~ + 20
=0 (||/£||g> (1 +/1 p3+|28|p2 dﬂ)

2 —2s —2s 2
= 0 (IIslf (1 + B2 + Ry |=0%))

In conclusion, we have, since |z9] < Ry and o < 25 — 1,

w(zo) — w(z)

(—=A)%ug(z0) = w(zo) — w(z0)® + <C’17$/R T (20 — 2) dz) Hur (yo)

|20 — 2|
+0 (R (1+ nlly B+ sl B2 + 16} 7))
= w(z0) — w(20)” + cr(20) Har. (yo) + O(R; ),

the last line following from the estimate

2R
e for |2'| < —
”H”a R%S f/ 2s(1—1) R
= __—  for |z'| > =
|2’ €
2R
e for |2'] < —
S <
~ a—2s(t—1) 1\ —2s(T7—1)(1—52+) , R
€ (el2']) =) for |2 > =
€

< 804—25(7'—1)

~

The finiteness of the remainder in the norm |[|-||,, is a tedious but straightforward computation. As an
example, the difference of the exterior error with two radii /7 and G is controlled by

/ uo(x0) —uo(@) , / uo(x0) — uo(@) -
@(Cgp) o — o7 (cg,) v —wo[ T

w(z0) — w(2)
= (Y, 2) dydz
‘//CG;\CF; |®(yo, 20) — ®(y, 2)[*™

Following the computations in the above proof, a typical term would be

0 (G = F77) =0 (r 57 R - G,

which implies Lipschitz continuity with the Lipschitz constant decaying in r.

Similarly we prove the expansion at the end.

Proof of Corollary 3.5. We recall that a tubular neighborhood of an end of M are parameterized by
(_FEI (T)%a 1)
1+ F!(r)?

| S

x=y+z2v(y) = (y, F(r)) + 2 for r = |y| > ro, 2| < o
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where 7 = |y|. In place of Lemma 3.7 we have for |z| < F7(r) with 1 <7 < 2581,

J(y,2) = (1+ 0 (F(r)?)) 1+ O (F/(r)FI (1))’
= (1+o (R m)) (1+0 (F;@S*ﬂ(r)))2

—140 (F;@S—T) (r)) ,
z—aof = (Jvo —yP* + 20 = =) L+ O (FL (1)L (1))

= (Iyo —yl” + 20 — Z|2> (1 +0 (F{@S’”)) :
The result follows by the same proof as in Proposition 3.1.

We now give a proof of the error estimate stated in Section 2.

Proof of Proposition 2.1. Using the Fermi coordinates expansion of the fractional Laplacian (Proposi-
tion 3.1), we have, in an expanding neighborhood of M., the following estimates on the error:

)

M |

1 2R
e For — < |2/| < — and |z| <
€ 5

S(u*)(z) = cu(z)Hu. (y) + O (£%°) .

4R
e For |z'| > — and |z| < FI (|2]),
5

Su*)(z) = (=A)*(w(zy) + w(z=) + 1) + flw(zg) + w(z—) — 1)+ O (F7>7)
= flw(zg) +w(z=) +1) = fw(zs)) = flw(z-))
2 ) Hy o (v4) +en(z2)Hy - (y-) + O (F27)

(
)+ w(z)) (1 +w(z))(1 + )
(

)
(z—
H(z ) Hys (y4) +en(z- ) Hy - (y-) + O (F7>7)

+
2]

2R 4R
o For — < |2/| < —, z,, > 0 and |z| < Ry(|2']),
€

S()e) = A + (ar (10 (101- 2 ) e + 1)
w1 (wie)+ (120 (121 ) iy +) )

= cu(z4)Hu, (y4) + O(e™).
Here the second term is small because of the smallness of the cut-off error up to two derivatives

2R 4R
e For — < |2/| < —, z, < 0 and |z] < Ry(]2']), we have similarly
€

S()(z) = cx(z-)Har (y-) + O(e*).

This completes the proof.
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Proof of Lemma 3.7. Referring to Lemma 3.6 and keeping in mind that ||x||, R1 = o(1), for the Jaco-
bian determinant we have

J(g:2) = 1+ (1(0) + K2 0)2 + (51 + K2)(y) — (51 + K2)(0))2
+ (VI DI = 1) (14 02000 + sz + 2 (0)al)2)
= 1+ (1 (0) + 52(0))z + O (|l ly1” 1) + O (=I5 1=17)
+0 (I6ll3 1y (1 + O (Il |2D)?
= 1+ (k1(0) + #2(0)2 + O (Il Iyl*121) + O (Il (lyl* + 121 ) -

To expand the kernel we first consider

7o — 2 = (4, 9(3)) — (0, 20) + e~ =29V _
1+ |Dg(y)|?
T —:L'|2 _ ‘y|2 +g(y)2 +Z2 _’_22 2’ZZO 2Z(g(y) _Dg(y) y) _ 92, g(y)
’ ’ \/1+|Dg(y \/l—i—Dg(y)2 ’
:ME+V0—4?+%@@)—DMM'M—2%MM
+mw2+@mO—%m@)—Dmm-w>(r—12>
L+ [Dg(y)|
2
= 170 = 2)* = (o +2) 30 mi(0)u? + O ([l (21 + 2o]))

O (IInl 1yl") + (mmwuawﬂ+mmww)

2

= (g, 20 — 2)|* = (20 + 2) > _ ki (0)y?
=1

+0 (IInllo [y (121 + 120])) + O (sl Lyl (w1 + 1211201 ) -

By binomial theorem,

2
_3_92s _3_9s 3+ 2s Y2
2o — 2| > 7% = |(y,20 — 2)| P71+ (20 +2) ) Ki(0)———
2 ; (y, 20 — 2)|?
24« 2 2 2
4O £l 1Yl a(lZlJ;\Zol) L0 515 1yl™(ly] +|§\|Zo\)
|(y, 20 — 2)| |(y, 20 — 2)|
2 4 2 2
40 15]lg [y]™ (z0]” + 12]7)
(y, 20 — 2)[*
2
_3_9g 3—|—
=|(y,20 — 2)| > |1+ % (20 + 2) —
z:; y,Zo—Z)|2

4O \\Hllalyl2+a(|Z|+\Zo| Iﬂllolyl \yl + 12 + |20l _
(g, 20 — 2)/” y, 20— 2)[*
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Proof of Lemma 3.8. We first show that the domains of integration
{lt — x| <€} and {p<e}

coincide up to a higher power of e. We have, in the (y, z) coordinate,

- Y+ zv
1:—3:0—<g )+ 203 —20>
_ (y+(zo+zzo (1+v3—1)(=Dg (y)))
z—=20+g(y) + (20 + 2 — 20)(¥® = 1)
(1= k1(0)z0)y1 + O(p%)
= | 1= k2(0)20)y2 + O(?) | ,
z— 2+ 0(p?)

where the constants in the big-O depends on |zg| and the curvatures |||, (o € [0,1)). Then |z — x¢ 2 =
p*(1+ O(p)), and in particular,
{lz —mo| < e} ={p<e+0(?)}.
As rough estimates, we have
|z — $0|_(3+2s) _ O(ﬁ7(3+25))

and
2

J(y,2) = /149w’ [[(1 - mily)2) = 0(1).

i=1

Putting altogether we have

u(xr) —ulx
/ ()73(”0) dzx
®(Cry)\{lz—z0|<e} |z — 2o
w(z0) — w(2)
//C'Rl\{P<e+O(e2)} ‘(I)(yo, ZO) — (I)(y7 Z)|3+2s

— e+Ce?
= // w(20) — w(2) 57357 (Y, 2) dydz + O / ”zl;‘JlrLQZC 2di)
Cr, \{p<e+Ce?} |<I)(y0, Zo) — (I)(y’ Z)| e P

with the error bounded by

Ce'™25((1 4 Ce) — (1 — Ce)) < Ce?7%,
Sending € — 0T, we get the desired equality. O

Proof of Lemma 3.9. The first and third equalities follow from the change of variable y = |zg — 2|g.
Indeed, to prove the second one, we have

/ Y2 p 1 / <|y|2 + |20 — Z\2> — |20 — 2\2 p
T i sras WY =35 5t2s Y
R2 |(y720 7 Z)|5+28 2 R2 +2

2 2 2
(1nf? + 120 — =17

1 dy 1 9 dy
=35 - 3i2s - 5‘20 - Z| - ) ) 5+2s
2 2
(In1? + 120 — 21 (1nf? + 120 — =)

10 1 105, |20 — Z|2
2 CS,S |ZO — Z|1+2S 2 CS,S |ZO — Z‘3+25

o 1 Cl,s 1 C?%,s 1
205, C1,5Cs.5 | |20 — z|1+28.
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Recalling that

Cns = 5
’ F(l —S) T2
we have )
LS PR I (342) L+ 2
C1,Css  D(E2)D0(32) 3425 3+2s
and hence

/ vi gy L G 1
®2 |(y, 20 — 2)[7F% 3+25Cs |29 — 2|

4. LINEAR THEORY

In this section we use a different notation. We write w = w(z,t) for the layer in the extension and
w(z) for its trace.

4.1. Non-degeneracy of one-dimensional solution. Consider the linearized equation of (—A)*u+
f(u) =0 at w, the one-dimensional solution, namely

(=A)°¢+ f(w)p=0 for (y,2) R, (4.1)
or the equivalent extension problem (here a =1 — 2s)

végaw) =0 for (y, 2,t) € R} w2

t*— + f'(w)¢ =0 for (y,z) € R™.

v
Given £ € R ! we define on

(u,v)x z/]R

Lemma 4.1 (An inner product). Suppose & # 0. Then (-,-)x defines an inner product on X.

X = HY(RZ, %)
the bilinear form
¢ (Vu - Vo + |§|2uv) dzdt + / f(w)uvdz.
R

2
+

Proof. Clearly (u,u)x < oo for any u € X. For R > 0, denote B}, = Br(0) N R? and its boundary in
R2 by 0B}, It suffices to prove that
v(3)
Wy

Since the right hand side is non-negative, the result follows as we take R — 4+00. To check the above
equality, we compute

2

/ 1| Vul? dzdt + dzdt. (4.3)
.

"
B}, aB},

f’(w)quz:/ w2
+

Br

2 2
/ t"w? |V (u> dzdt :/ t*|\Vu — lez dzdt
B}, Wy B} Wy
2
= / 4| Vul® dzdt +/ tau—|sz|2dzdt —/ tV (u?) - NACE dzdt.
Bt Bt U}g Bt Wy

R R R

Since V - (t*Vw,) = 0 in Ri, we can integrate the last integral by parts as

4 ta v z z
—/ 2V (u?) - Vw dzdt = f/ u2ﬂ dz +/ u?V - <tavw> dzdt
B Wy 9B} We B} Wy

!
1
:/ u2mdz+/ t"u?Vw, - V- — dzdt
B} B},

w, Wy

N
aB;;
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Therefore, (4.3) holds and the proof is complete. O

Lemma 4.2 (Solvability of the linear equation). Suppose & # 0. For any g € C2° (@) and h € C*(R),
there exists a unique u € X of

—V - (t*Vu) + t*¢Pu=g in R

0 4.4
t“afZ—I—f’(w)u:h on ORZ. 4
Proof. This equation has the weak formulation
(u,v)x = / t* (Vu -V + |§|2uv) dzdt —|—/ f(w)uvdz = / gv dzdt + / hv dz.
R?F R Ri R
By Riesz representation theorem, there is a unique solution u € X. d
Lemma 4.3 (Non-degeneracy in one dimension [53, Lemma 4.2]). Let w(z) be the unique increasing
solution of
(—0::)°w+ f(w) =0 inR.
If ¢(z) is a bounded solution of
(_6zz)s¢+f/(ﬂ)¢zo in R,
then ¢(z) = Cw'(z).
Lemma 4.4 (Non-degeneracy in higher dimensions). Let ¢(y, z,t) be a bounded solution of
a .
Vgt OV 200) =t (att + gat + 0., + Ay) ¢=0 inR}™ )
8 .
75“8—¢ + f(w)p=0 on OR"H,
v

where w(z,t) is the one-dimensional solution so that
V(z,t) . (taV(z,t)’LUz) =t® (5'“ + %at + azz) Wy = 0 m R?l-
ow
;; + f(w)w, =0 on OR3.

Then ¢(y, z,t) = cw,(z,t) for some constant c.

t(l

Proof. For each (z,t) € R%, let (&, z,t) be a smooth function in & rapidly decreasing as |£| — +oc.
The Fourier transform qg(f ,2,t) of ¢(y, z,t) in the y-variable, which is the distribution defined by

(Ol 20t) s = (02t s = [ 0l6 21 1)ie) de

for any smooth rapidly decreasing function pu, satisfies

/RW (= (*9) + I ) B¢, 2 1) dedzdt = / (=" (W) + t4],_y) D&, 2,0) dédz.

Let p € C(R™ 1), ¢y € C°(R%) and ¢y € O2(R) such that
0 ¢ supp (p).
By Lemma 4.2, for any £ # 0 we can solve the equation
—V - (t°V) + 12| = p(€)p (2,)  in RL
290 4wy = me)eo(2) on OR%
uniquely for ¥(§,-,-) € X such that
V(€ 2t) =0 if &¢supp(p).
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In particular, ¥ (-, z,t) is rapidly decreasing for any (z,t) € ]Rﬂ_. This implies

/ (B2 1) W)mnr o (21 1) dedt = / (B2, 0), pns gol2) d
]Rz R

for any ¢, € C>°(R2. 1) and ¢ € C2°(R). In other words, whenever 0 ¢ supp (1), we have
<QA§(7 Zat)mu’>]R“*1 =0 for all (Z, t) (S @

Such distribution with supp (¢(-, z,t)) C {0} is characterized as a linear combination of derivatives up
to a finite order of Dirac masses at zero, namely

b€, 2 t) = Zajzt j)

for some integer N > 0. Taking inverse Fourier transform, we see that ¢(y, z,t) is a polynomial in
y with coefficients depending on (z,t). Since we assumed that ¢ is bounded, it is a zeroth order
polynomial, i.e. ¢ is independent of y. Now the trace ¢(z,0) solves

(Ao + f(w)p =0 inR.
By Lemma 4.3,
o(z,t) = Cw,(z,t)
for some constant C' € R. This completes the proof. O

4.2. A priori estimates. Consider the equation

(=A)°6(y, 2) + f'(w(2)(y, 2) = g(y,2)  for (y,2) € R™. (4.6)

Let (y) = 1/1+ |y|* and define the norm

16,0 = sup ()" ()7 6y, 2)|

(y,2)€R™
for0<p<n—1+4+2sand2—2s <o <1+ 2ssuchthat p+ o <n+2s.

Lemma 4.5 (Decay in z2). Let ¢ € L>(R") and ||gl|,, < +oo. Then we have

[¢llo, <C
With the decay established, the following orthogonality condition (4.7) is well-defined.

Lemma 4.6 (A priori estimate in y,z). Let ¢ € L>(R™) and | g||
extension ¢(t,y, z) is orthogonal to w,(t,z) in R H, namely,

//R? t"pw, dtdz = 0, (4.7)

0 < Cllgll,o -

Before we give the proof, we estimate some integrals which arise from the product rule
(—A)* (uv)(x0) = ulz0)(~A) () + Cn.s / ‘ n+2s)v(:c) da
n |Tg —
= u(xo)(=A)"v(x0) + v(zo)(—A)* (950) (u, v)s(20),

< 4o00. If the s-harmonic

.o

then we have

where

ulzo) — u(@) () — o)) |

|Z‘ x|n+23

(1,0)s(50) = Crs [

Lemma 4.7 (Decay estimates). Suppose ¢(y, z) is a bounded function.
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(1) As |y| = +oo,
(_A)s <y>*,u -0 <<y>7257min{p‘,n71}>

(¢7 <y>*ll)s -0 (<y>72sfmin{u,n,1}) -
(2) As |z] = 400,

(—A)" ()77 = 0 ((z) 27
(6 (2)")s = O ((z) 27t
(3) As min{lyl, |21} - +ox,
()™ (2™ =0 (I A"y +1)(12 7 +1))
+0(\y| "y 1)) min {121}
e (i E e (F S VR R (N
+0 (J2177 (lyl + 12D~ (fy" 7 1))
+0 (I ™ () + 1) 77> (127 + 1))
+0 (Il ™12 (l + 1))
In particular, if u <n —1+2s and o < 1 + 2s, then
()" (s =0 (Il ™1:77)  as min{Jyl,|2]} — +oo.
(4) Suppose i <mn—1+2s and o <1+ 2s. Asmin{|y|,|z|} — +o0,
(=8 (" 277) = o (Is1™12177)
(& ()" (2) ") =0 (Iy 12177

(5) Suppose mr(y) = n (ly‘) where n is a smooth cut-off function as in (4.11), and ¢(y,z) <
C (2)™°. For all sufficiently large R > 0, we have

(=AY, mel(y, )l < € ({2) 7" + ()77 max {Jyl, R} . (4.8)
Let us assume the validity of Lemma 4.7 for the moment.
Proof of Lemma 4.5. It follows from Lemma 4.7(2) and a maximum principle [29]. O

Proof of Lemma 4.6. We will first establish the a priori estimate assuming that |[¢]|, , < +o0c. We

use a blow-up argument. Suppose on the contrary that there exist a sequence ¢, (y,z) and h,,(y, 2)
such that

(=A) b + [ (W) = gm  for (y,2) € R"
and
||¢m”mg =1 and ”gm“mg —0 asm — +oo.

Then there exist a sequence of points (Y, z,) € R™ such that

S (Ym» 2m) <ym>u < > 2 (4'9)

l\D\»—t

We consider four cases.
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(1) Ym, zm bounded:

Since ¢, is bounded and g,,, — 0 in L>°(R™), by elliptic estimates and passing to a subsequence,
we may assume that ¢,, converges uniformly in compact subsets of R™ to a function ¢y which
satisfies

(=A)"¢o + f'(w)go =0, inR"

// t*pow, dtdz = 0.
v

By the non-degeneracy of w’ (Lemma 4.4), we necessarily have ¢o(y, z) = Cw’(z). However,
the orthogonality condition yields C' = 0, i.e. ¢g = 0. This contradicts (4.9).

and, by (4.7),

(2) ym bounded, |z,,| — oo:

We consider ¢, (4, 2) = (zm + 2)7 Gm (Y, 2m + z), which satisfies in R™

(s + ) () B 1:2) + B ) (a4 )7 = (B 2] (2 +2)7)
+ fl(w(zm + 2)) (zm +2)7°7 Q;m(ya z) = gm(Y, 2m + 2),

or

, AV (ot - (Fmy:2)s G2 +2)7)
(=A)¢m + (f’(w(zm +2)) + ( <Z)m<+ Z>J> ) Om = gm + P s,
Using Lemma 4.7(2), the limiting equation is
(=A)°do+2¢o =0 inR".
Thus ¢o = 0, contradicting (4.9).
(3) |ym| — 00, zm bounded:
We define ggm(y, 2) = (Ym + )" ¢ (ym + y, 2), which satisfies

(=4)* ((m >+_z:>“) 5 )

(=8)"¢m(y, z) + | ['(w(z)) + oty

(@m(y:2), (ym +3)7")

5 in R™.
(Ym +y) "

= gm(ym + y,Z) +

By Lemma 4.7(1), the subsequential limit b satisfies
(=2)%¢0 + f'(w)do =0 in R".
This leads to a contradiction as in case (1).
(4) [yml; |zm| — oo

This is similar to case (2). In fact for @m (¥, 2) = Wm + 9" (Zm + 207 m (Ym + ¥, 2m + 2), we
have

(=8 ({gm +9) ™" (2m +2)77) 5 )
Won +9) "o 2) e

(6 5 2)s m + )" o +2)7)

(ym +9) " (zm +2)7°

(=2 Gy, 2) + | f'(w(zm +2)) +

5 in R™.

= gmYm + ¥, 2m + 2) +
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In the limiting situation ¢, — ¢o, by Lemma 4.7(4),
(=A)*do+24o=0 inR",
forcing ¢ = 0 which contradicts (4.9).

We conclude that
¢l <Clgll,, provided [¢],, <-+oc. (4.10)

Now we will remove the condition |[¢|, , < +o0. By Lemma 4.5, we know that [|¢[, , < 4occ. Let
n : [0, +00) — [0,1] be a smooth cut-off function such that

n=1on0,1] and n=0on[2,+0c0). (4.11)

Write nr(y) =1 (%) We apply the above derived a priori estimate to ¥(y, z) = nr(y)é(y, z), which
satisfies

(=AY + f(w) = 1rg + ¢(=A)°1R — (1R, O)s- (4.12)

It is clear that |lmgll,, < llgll, , and |¢(=A)*m[l, , < CR™?* because of the estimate (—A)*n(|y|) <

C (y)” "2 By Lemma 4.7(5),

(=AY, mel(yo, 20)] < € (|20l ™" + 20/~ ) max {lyol, R}
For 0 < 1 and 0 < p < 2s, this yields
I1(=2)*, m)ll, , < CRZZ71).
Therefore, (4.10) and (4.12) give

lméll,., < Clgll,, +CR™2 + CR=(2#).

Letting R — 400, we arrive at
16Ml,.0 < Cligluo
as desired. g

Proof of Lemma /.7. We will only prove the statements regarding the fractional Laplacian of the
explicit function. The associated assertion concerning the inner product with ¢ will follow from the
same proof using its boundedness, since all the terms are estimated in absolute value.

(1) We have
(=800 () y=yo = (=29)" )" ly=yo

- N R
= n—l,s/]R <y0> n—<:¥->|‘28 dy

n-l |yo —y\
=L+ 1+ I3+ Iy,

where
)T =D )" ,= _
L= Cpis / {yo) " = (y) szi>1+28|y wo=y) 4
Blyg (v0) lyo — ¥
—B N TH
I = cn_l,s/ % oy,
B1(0) |yo — ¥
Cu e
I = cn_l,s/ o) “=t) "y,
Bly1 (0)\B1(0) lyo — v

- —K
I4 - Cn—l,s/ % d
R”*l\(B\yO\ (yo)UB@(O)) lyo — v

2
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If |yo| < 1, it is relatively easy to get boundedness, since (y) " is smooth and bounded. For

lyo| > 1, we compute

D2 ()™ ly=yolo —
‘Il| S/ n—1+42s dy
By (v0) lyo —
2
ol
—pu—2 2p
5 |y0| a p1+28 dp

— (42
5 |y0| (o S)a

1
‘12| ’S / n—1+2s dy
B1(0) [yol
5 |y0|—(n—1+25)7
IS ol =2 ()™ + 117 dy
B\yTo\(O)\Bl(O)
%
Shuol 7 [ () o 2
1
S fvol ™72 ({yo) ™ (ol = 1)+ Jyol 1)
5 |y0|7(ﬂ+28) + |y0|7(n71+2s),
1
n

S |y0|_”/ T n—i+32s dy
R”*l\(B@(yo)UB@(O)) lvo — ¥

o 1
—H
< ol /u e

2

—(u+2
< Jyol~#+29).

(2) This follows from the same proof as (1).

(3) We divide R"~! xR into 14 regions in terms of the relative size of |y|, |z| with respect to |yol, |20
which tend to infinity. We will consider such distance “small” if |y| < 1 and “intermediate”
ifl1 <yl < @7 similarly for 2. Once the non-decaying part of (y) ", (z)” 7 are excluded,
the remaining parts can be either treated radially where we consider (yo, z9) as the origin, or
reduced to the one-dimensional case. More precisely, we write

()" ()" )a (50> 20) = Co s // (<y>*# — <yo>*#> (<Z>,0 — <ZO>7U) dyds

|(y — yo, 2 — 20)" T
Z Iij +Ising _’_IT'est,

1<i,j<4
min{i,j}<2
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where
(™ = w0} ™) (42077 = (20)™7)
Ill = Cn,s // n+2s dyd27
lyl<1,|z|<1 |(y — v0, 2 — 20)|
(7" = ) ™) (12077 = t20)™7)
Is = Cn,s // 7T 2s dde,
[E _ _
lyl<1,1<|z|< gt (¥ — 0,2 — 20)|
(™" = o) ™) (277 = (20)™7)
Il3 = Cn,s // ni2s dde,
lyl<1,]2—z0|< ol [(y — Y0, 2 — 20)|
(7" = ) ™) (=77 = (20) ™)
Iy = Cn,s // n+2s dydza
|yl <1, min{|z|,|z—z[}> 120l |(y — yo, 2 — 20)|
(™ = w0y ™) (1077 = (20)™7)
I21 = Cn,s // nt2s dydzv
1<|yl< ol |z1<1 |(y — Y0, 2 — 20)|
()™ = o) ™) (=77 = (20) ™)
Iz = Cn,s // nt2s dydz,
1<lyl< il 1<)z < 20l |(y = vo0, 2 — 20)|" "
(7 = ) ™) (4277 = t20)™7)
Irs = Cn,s // nT2s dde,
1<yl< 8ol |2z < 20l (v — v0,2 — 20)]
(™ = (w0} ™) ({2177 = (20)™7)
I24 = Cn,s // ni2s dydzv
1<|yl< 20l min{|z| |2z} > 120l |(y — yo, 2 — 20)|
(™ = (w0} ™) ({277 = (20)™7)
ISl = Cn,s // n+2s dyd27
ly—yol< 2oL, |2]<1 |(y — Yo,z — 20)|
(™" = o) ™) (2077 = (20)™7)
132 = Cn,s // ni2s dde,
ly—yol< 0l 1<|z< 20! (¥ — v0, 2 — 20)|
()™ = o) ™) (077 = (20)™7)
I41 = Cn,s // n+2s dydzv
min{ly|,ly—yol}> 20l |z|<1 |(y — y0, 2 — 20)|
()7 = (w0} ™) (12177 = (20)™7)
I42 = Cn,s // n+2s dydza
min{|y|,ly—yol}> 0L, 1<|2| < 120l |(y — 0,2 — 20)]
| (7" = ) ™) (42077 = t20)™7)
Jsing — Cn,s // P dydz’
ly|> oL, |2]> 1200 | (y—yo,2—z0)| < 10l flz0l |(y — yo,2 — 20)|
t (™" = o) ™) (277 = (20)™7)
I = Cp 4 // P dydz
lyl>10L 21> 1200 | (y—yo,z—z0) | > olElzol |(y — 0, 2 — 20)|

We will estimate these integrals one by one. In the unit cylinder we have

1
il e [ dydz
(Yo, 20)[" T2 S jy1<1. 211

—n—2s

S (%o, 20)|
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On a thin strip near the origin,

1 B -
[T12| S W// (|z\ + (20) ) dydz
(50, 20) lyl<1,1<|z|<Z0!

< 1o, 20)l " (lzol ™7 +1).

Similarly

1 _ _
21| S ———5 ly| ™" + (yo) ") dydz
+ lyol
|(yo, 20)] 1<|yl<lol |z<1

S 1o, 20)l ™ (lwol" ™" + 1),

and in the intermediate rectangle,

T2l (1917 + o) ™) (12177 + (20) ") dydz
1<lyl< ol 1<z < 20l

< I(wos )" (Jol" 7+ 1) (Jz0l' 7 +1).

The integral on a thin strip afar is more involved. We first integrate the z variable by a change
of variable z = zo + |yo — y|¢.

. / L (07 = o) ™) (4277 = (20) ™7 = D) ™" |z — 20)) i

|(y — o, 2 — 20)["

()" = o) ™) (2 = 20)? ( / DD () e dt)
= Cne //y<1 \z—ZO\<@ (¥ — o, ZO— Zo)|n+28 vz

e N/ (/1 e ) +CQ -
Cns/ 1—-t)D* (2 . _yolc dt —— dy.
lyl<1 |y yol" T Sy« gzl 0 ( WD oty (1+¢2)*%" !

2ly—vol
Observing that in this regime |y — yo| ~ |yo| and that

T 2 ,
/ — am dt < min {T‘s,l},
0 (141¢2) 2

1 —o—2 . |20 ’
I3 5/ ————— 2|7 “min ( ;10 d
el <1 [y = ol" w7z ol |y — ol Y

—n—2 —o—2
Slyol ™" 207

we have

. 3
min {|yol, |z0[}" -
Similarly, changing y = yo + |z — z0|n, we have

W)™ = wo) ™" = D) Ny (¥ —y0) ) ((2)77 = (20)7
weenff (7"~ G ) ()

|(y = 90,2 — 20)"*™°

CRN
- Cn,s // n+2s
ly—yol<0l 1z1<1 |(¥ — Yo, 2 — 20)|

Z/ Tyt tty—yo) At | (v —y0)i(y — yo); dydz

2,j=1
1
- nin; dn
» (/O (1—1)04 (y) “|yo+t|zzo|ndt) Wdfﬁ

- i /z<1 <Z|>Z__ZO<ZO> /77<2zzo|

i,j=1
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The t-integral is controlled by (o) "2 since |y0 +t|z — zoln| < WT‘” Then using

. . 0 2 n—2
/ —m'lnj‘nm dn < / DL C—
—_T] 2 —_T]
Inl<no (|77|2+1) 2 o (pP+1)2

< min {n"+1 }

(noting that here we again require s > 1/2) we have

o ' |y0| n+1
131 < / Yo ® 2m1n ( ,1 dz
D it - 2l

i,5=1
<zl M <?J0>_“_ min{\y0|,|z0\}"+1.

Next we deal with the y-intermediate, z-far regions, namely I33. The treatment is similar to
that of I35 except that we need to integrate in y. We have, as above,

W)™ = (o)™ ) ()77 = (20) "7 = D (2)77 |2 (2 — 20)
Fos _C"S//<|y<yo 20| < 20! ( ) ( ) dydz

|(y — Y0,z — Zo)|n+2S

(y) ™" = (yo) " / ( /1 2 /0 ¢2d¢
fcne/ e (1 =1)D"(2) " lagttly—yolc At | ——— =z dy-
1<lyl< 2ol |y —yo|" 72T Jij< ol \Jo BT =

vol

Hence

—p —p 3
| I23] 5/ Iy~ (o) +,§gg>+23 |20/ 7% min < 7ol ) 15 dy
<lyl<! |y — yol Iy—yol

— 2 —0—2 - —
S ool ol min ol o)® f (7 ™)

\yo\

S fyol " Lz0| 7 min {Jyol, 20/} (|yo|"‘1‘“ +1).

Similarly, we estimate

W)™ = wo) ™ = D) Ny (¥ —w0) ) ((2)77 = (20) 7
I3 = ns//y T ( 0 0 ) ( 0 )dydz

(y — Yo, 2 — 20)|"T*°
= Z/ ()7 = (20) J/
i<zl 2= 2T i<

3,j=1

1
- inj dn
1= 000 ) Lyta dt ) 2T
o ([ 000500 )

2|z En

which yields

_ 1
7+ (20) 7 —pn—2 ol \""
32| S / —,_<y0> #7" min 1o dz
2;1 1<z < gt C |z = ol
S Jeol ™ol min (gl o) [ (a7 (o) )
1<|z|< 2l

S Jzol " lyo ™ min {Jyol, 20} (I20]' 77 +1).
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We consider the remaining part of the small strip, namely I14 and I4;. Using the change of
variable z = zg + |yo|¢, we have

(7" = o) ™) (2077 = (20)™7)
fua =G //|y|<1,min{|z|,z—z()}>'2°' vz

|(?J —Yo,%2 — Zo)|n+28

(114 S (20)~ dydz

1
5 (Zo>_ /
minf]zl, 12— =[}> 20l |(y0, 2 — 20)]" >

1 1

S (20) "7~ S
> 152 N N T2
7 — -y |> el 13, O

o o0 ¢
< o (n—1+42s)
< (20)™ luol S e

2lyol

—(n—1+2s)
S Geo) ool i 1, (21
yo

S (z0) ™ min {fyo| ("R, 0] 7712

- n+2s
lyl<1, min{|z|,|z—z0[}> 201 [(¥0,2 — 20)|
[on

dz

d¢

E
I<1> 21557

< (20) 77 (Iyol + o) ")

Similarly, with y = yo + |20]|7,

B (™ = o) ™) (277 = (20)™7)
a1 =Cos //min{|y,yyo|}>y2°, =<1 i

(y — 0,2 — 20)|" %
_ 1
[La1| < (o) ”// 55 dydz
min{[yl,ly—yol}> 2L, 2<1 |(¥ — yo, z0)|"***
_ _ d
142 Ul
< (yo) ™ 20| s)/ el B L
Inl>2k (In|” +1) 72
ee} n—2
- —(142 14
< (o) ™" [0l (+s)/ ‘ﬁdp
Jul (p? +1)72

(142s) |y0| 2
< ) ol min (1)

< (o) ™ (lyol + |z0]) "2
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In the remaining intermediate region, we first “integrate” in z by the change of variable z =
20 + |y — yo|¢ as follows.

()" = o) ™) (377 = (0)™7)

124 = Cn,s // n+2s dde,
1<yl< 20! min{s],J2—zo|}> 20! (y — yo, 2 — 20)|" >
o lyl ™" + (yo) "
il S0~ [ s dyd
1<yl <0l min{|z|,|z—z0]}> 0l (¥ — Yo, 2 — 20)|
R ™" + (o) " .
< (20) e eery ol . ol T T Y
1<jyl<l! [y — yol C1> 5l o— 2 > izl (14 ¢2)
- —n —(n—1+2s)
S [ P il () 7
1<y|< ol ly — ol |y — yol
. — — —(n—14+2s
Staoh™ [ (7 o) ™) (= ol + o) dy
1<|y|<vol
—0 —(n—1+42s — —
S (a0 ™ (lvl + aal) 429 [ (1™ + (o) ™) dy
1<|y| <1yl
< Iyl" T (20) 7 (ol + lzo) T
Similarly,
.l (@™ =) ™) (&7 = ™)
42 = Un.s 2 yaz,
minlylly—yol}> 1L, 1<|2|< 2ol (y — yo, 2 — 2z0)|" %

—0 [ea

L] S (o)™ / / 74 ) " g
min{ |y, ly—yol}> 20l 1<|2]< 201 [(y — o, 2 — 20)]

Coor [ T iy
~ 1<lal<lpl [z = 2| S el (Il +1)"5

o — —1-2s
< fu/ 2] "7 + (20) . ( Yol ) 1\
< {yo ————75;— min _ , z
(ol 1<lzl<zl |z = z|'F? 2|z — 2o

< (o) ™" 120l 7 (ol + |20) ">

n+2s

Now we estimate the singular part I5"9. The only concern is that if, say, |yo| > |20/, then
the line segment joining zy and z may intersect the y-axis. To fix the idea we suppose that
lyo| > |20|. Having all estimates for the integrals in a neighborhood of the axes, one can factor
out the decay (2)”7 — (z9)” 7 and obtain integrability by expanding the bracket with y to
second order, as follows. For simplicity let us write

Yo 0 Yol + |20
uing = {(0:2) € B 1yl > 200, 121> L, 1y = o ) < 2L 10l
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Then

— // — () ™) (1277 = (20)™7) i

Qsing y —Y0,%2 — Z0)|n+28
], o)
T o [y = o, 2 — Zo)|”+25
Z / 1= 1)3i5 (4) " lyot+ttw—vo) At | (¥ = y0)i(y — yo); dydz.
i,j=1
Thus
sing —p—2 |y B yO|2
’I ’ | S <ZO (o) e dydz
slng y_yO7Z_ZO)|
Iyo|+\20\ 9
- —2 P
S (20) 77 (yo) " | P dp

< (o) T (0)
The same argument implies that if |z9| > |yo| then
115779 S (o) ™ (z0) ™.
Therefore, we have in general

|[159| < (yo) ™ (20) ™ max {[yol, |20/}~
< (o) ™" (20) ™7 (lyol + |20) ™.

Finally, the remaining exterior integral is controlled by

1
175t < (o) ™ (20) // dydz
| | 1> 0L 2> 01 |(y—yo,2—20) < alF Lzl |(y — yo, 2 — 20)[" T

< (o) " (20)7 /‘X’ d

lugl+lzgl plt2s
02 ol p

< (90) ™" (20) ™7 (ol + [20]) ™

(4) This follows from the product rule
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(5) The s-inner product is computed as follows. We may assume that 1 < [z9] < & When
‘y0| 2 3R7

[(=2)°, 16 (w0, )]
<C/ @I

(w0, 20) — (. 2)|" >
>70‘
<C// n dedz
lyl<2z (Y0, z0) — (¥, 2)| -
< CR™™ 1/ &) ° o 4z
(Il + 120 - oF°)
<Corm! / BN ol nt2s dz+/ BN = ngze dz
z 1z0l =
= <|yo|2+ |ZO_Z|2) 2 = <|y0‘ + [zol )

< OR (Jzof ol ™"+ (1 ol ')l (o, 20) )
< C (J20l ™ lyol 7 + (120l ™" + l20] ™) (3o, 20) | 7**)

< C (Jzol ™ + 120 ™) Iyl .

R
When |yo| < 3,

(=mw)
2 (0> 20) — (. 2)[" 2

()7
< C// —— dydz
iR |(Y0, 20) — (y,2)[" >

<C// (2 7 EEn dydz
ly|>5 )

Iyl + |20 — 2|

dj
— = 4@
/ |20 —z| |20 — 21T /y> ~12 n2s
0= (1l +1)
A N 14+2s
_C/L%mm 1, <|Zozl) i
R |20 — 2| R

o, (5
S C / <Z> R7172s dz + / T 142s dz
zo—R zo—z|>R ‘ZO — Z| )

[(=2)*, m]é(yo, 20)| < C

C(R—1—23(1+R1—J)+R—0R—23)
C (R7172s + Rfo'f2s) .

IN

When % < |yo| < 3R, we have

1 Y\ Yilj 1,1y YilYj
Dy, = =51 (*) 5 = (*) oij — =5 | »
TR AR/ It Rly[T AR ly|
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which implies that HDZnRHLQO([yO o)
segment joining yo and y. Thus

|[(_A)Sa nR]d)(yOa ZO)|

2

<o [ 1m0 = m) +xiy-wi<ty Do) - (v —p0) ()77
=7 Jen (%o, 20) — (y,2)" "%
<c </ / e (y0) — m(y) + X{\y—yo|<1}D77R(3£)25' (v = w0)[ (=)™ dydz
Rn=1 /|2 < gl (|yo —y + |Z0|2) 2
. / / [ (o) — M (y) + Xtly—vol<1y Dia(si0) - (y = )| $z0) * dydz)
Rr=1 J]z|> 2! (lyo —y> + 20 — Z|2) i

- _ D . —
S O((l + |ZO|170')/ 1 ’nR(yO) nR-(y) +X{\y yo‘<1} 7?2?0) (y y()){ dy
Rn—
(Ivo = vP* + 1=0°)

2
_ B D Sy —
+|Z0‘0/ e(10) = MR (Y) + X{y—yol<13 P (¥0) - (y yo)\dy>
R—1

|y0 _ y|n—1+25
2 2
_ _ dy HD nRHLQc([ D ‘y()*y‘
SC(|ZO| '+ |z U) / —_12+/ ST d
o—u>% [yo —y[" T Jyeoyi<n0 lyo —y[" 7

IN

C (12017 + 120177) (Il ** + R~y ~**)
< C (Jzol ™ + 12077 Iyl .

This completes the proof of (4.8).

4.3. Existence. In order to solve the linearized equation
(—A)'¢+ f(wep=g for (y,2) €R,
we consider the equivalent problem in the Caffarelli-Slivestre extension [25],
V- (t*V¢) =0 for (t,y,z) € R}
ta% + fl(w)p=g for (y,z) € ORTH.
We will prove the following

Proposition 4.8. Let y1,0 > 0 be small. For any g with |g|[, , < +oc and
[ stz =0,
there exists a unique solution ¢ € H*(R' ™', t%) of (4.13) satisfying
//]1&2 t"d(t,y, 2)w, (t, 2) dtdz = 0 for ally € R" ™,
2

such that the trace ¢(0,y, 2) satisfies |||, , < +oo. Moreover,
||¢||u,,o‘ S C ||g||u,g- °

Let us recall the corresponding known result [53] in one dimension.

< CR™2 for |yo — y| < L, where [yo,y] denotes the line

(4.13)

(4.14)

(4.15)

(4.16)
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Lemma 4.9. Let n = 1. For any g with fR gw'dz = 0, there exists a unique solution ¢ to (4.13)
satisfying [[pe t*¢w. dtdz = 0 such that
=

[6llo,s < Cllgllo,q -
Proof. This is Proposition 4.1 in [53]. In their notations, take m =1, &, =0 and p = o. O

Proof of Proposition /.8. (1) We first assume that g € C2°(R™). Taking Fourier transform in y,
we solve for each £ € R"~1 a solution ¢(t,&, 2) to
a n 2 a 2 J—
V- (t°Ve) + [¢[*tp =0 for (t,2) € R,
¢ A .
+ f'(w)p =g for z € OR?,

with orthogonality condltlon
// t2(t, €, 2)w, (t,z)dtdz =0 for all £ € R"™?
R

corresponding to (4.15). One can then obtain a solution for £ = 0 by Lemma 4.9 and for £ # 0
by Lemma 4.2. From the embedding H'(R? ,t%) < H*(R) [19], we have the estimate

o,&)| < OO 136 ) 2gey -

H(R3 ,te)

We claim that the constant can be taken independent of &, i.e.
[0 €] g oy = C19E Magey (4.17)

If this were not true, there would exist sequences &, — 0 (the case |,,| — 400 is similar), ¢,,
and §,, such that

s Ems -)HW+ oy =1 o (Em Mgy =0, (4.18)

—V - (9 bm) + €|t =0 for (t,2) € R2,
ta% + (W) bm = Gm for z € ORZ,
v
and

// 4 D (t, Ems 2) w2 (t, 2) dtdz = 0.
w2
Elliptic regularity implies that a subsequence of ém (t,&m, z) converges locally uniformly in ]R?Ir
to some ¢30(t, z), which solves weakly
V- (t°Vo) = 0 for (t,z) € R%

a¢O+f( o =0 for z € IR2.

and
// %o (t, 2)w,(t, z) dtdz =0 for all € € R"™1,
=2
By Lemma 4.4, we conclude that ¢o = 0, contradicting (4.18). This proves (4.17).
Integrating over ¢ € R"~! and using Plancherel’s theorem, we obtain a solution ¢ satisfying
Hff)”Hl(RiH,ta) <C HQ”LZ(Rn) :
Higher regularity yields, in particular, ¢ € L (R™). Then (4.16) follows from Lemma 4.6.
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(2) In the general case, we solve (4.13) with g replaced by g, € C2°(R™) which converges uniformly
to g. Then the solution ¢,, is controlled by
[6mll,0 < Cllgmll,o < Cligll,.o

By passing to a subsequence, ¢,, converges to some ¢ unlformly on compact subsets of R™,
which also satisfies (4.16).

(3) The uniqueness follows from the non-degeneracy of w’ and the orthogonality condition (4.15).

O

4.4. The positive operator. We conclude this section by stating a standard estimate for the operator
(=A)* +2.

Lemma 4.10. Consider the equation
(—AYu+2u=g inR".

and |g(z)] < C’(m’>_9 for all x € R™ and g(z) = 0 for x in M. g, a tubular neighborhood of M. of
width R. Then the unique solution u = ((—A)® + 2)~1g satisfies the decay estimate

lu(z)| < C (&)~ (dist (z, M. g)) ™"

Proof. The decay in ' follows from a maximum principle; that in the interface is seen from the Green’s
function for (—A)* 4 2 which has a decay ||~ "% at infinity [30]. O
5. FRACTIONAL GLUING SYSTEM

5.1. Preliminary estimates. We have the following

Lemma 5.1 (Some non-local estimates). For ¢; € X;, j € J, the following holds true.

(1) (commutator at the near interface)

[(=Agy.2)°7C)i(y, 2)| < Clleill; ipo (Vi) "R R+ |(y, 2)]) "2

As a result,
—2s
Z| Agy.2)) Q}qbi(x)’ <Cr? sup ll#:ll; o <R+ dist (m supp ZQ)) )
€T 1€l

(2) (commutator at the end)

[(=2¢,2)° 1416 (5, 2)| < Clldelly o R ()™ ()77,

and similarly for ¢_.
(3) (linearization at u*)

D1G U (w) = £/ (u")) 5]

JjET
< Csup [0, <Z GRI (yi) ™" 4 (G )Ry <y>‘“> :
ieg i€T

(4) (change of coordinates around the near interface)

>l (—Ay2))*) (i) (@)]

1€L

—2s
A [ b S e <dist (x,supp z@) >

i€l 1€L
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(5) (change of coordinates around the end)

2(2s—71)

[(=02)° = (=A¢,2)* ) (Crd) (@)| < Crm 77 [lou ||, Re? ()" ()77,

and similarly for ¢_.

In particular, all these terms are dominated by S(u*).

Proof of Lemma 5.1. (1) (a) Since ¢; € X;, we have for |(yo, 20)| > 3R,

[(=Ay.2)*, 71¢)bi (o, 20) |

[ IS ey ) )y
|(w.2)I<2R |(

< C i
<Clle 700 20)

.o

< Clilly 0 BT (3i) 7" |(y07750)|_n_28/( Lo ()" (2)"7 dydz
y,2)|<2

< Clléilly e BT+ R0+ R 1) (307 (o, 20) "
< CR™(yo, 20)] "> || ¢4]

i (yi>79 foro<1l,p<n-—1
(b) For % S |(yOaZO)| § 3Ra

[(=Ay.2))% 71¢1i (yo, 20)|
B2 (ool =o)L g
=C R/ R e R ||¢i‘|’i,/_l.,o (ya) {y) " {(2)"° dydz
oyl HromE< R (Iyo—yIQJrlzo—z\2 2

1
[yo—y|> 4 [z0 Z|>4 <

< CR™|oill; 0 (vi) "

o —0 - —o
wrm R il 0 (i) (y) 7 (2) 77 dydz
lyo — y|2 + |20 — Z|2 ’

(¢) For 0 < |(yo,20)| < &,

[(=Ay.2)°, 1¢)i (Yo, 20) |

1 —7(y)¢(z o _ _ Y
e | M Rt (5™ () (=) =
(w.2)|2R (Y — Yo,z — 20|

—2s —0
<CR™ ||gill; q (vi) -

< Ol ¢

(2) We consider different cases according to the values of the cut-off functions 7, (y) and {(z).
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(a) When 74 (y0)¢(20) = 0 with \y0| > 2R, and |20 > 3R,
|[(_A(y 2)) 77-&-d¢+ (Y0, 20)

) (2"
<C Ry / / dyd
94l lyl>Ra J1z1<2R | (Y0, 20) — (y, 2)|" 7% e

(v)™"

<Clléul, . B0+ R | "
ly|>Ra (|y0 —y|2 n |Zo|2)
_ K
<C H¢+H+,,u,o Rge(l +R1_U) (/ ) ni2s dy
R (ol 4120 f?)

<2/0>_H
+/y>|110| 9 9 n«;?s dy
=2 (Iyoﬂ/l + |20 )

- [ — {yo) ™"
<Cll¢ 1+ R +
|| +H+M” ( ) <|(y0,ZO)|n+23 ‘ZO|1+23

Ry%(1+R"7) (yo) " (z0) 7.

S C Hé"'H+,u,a

(b) When 74 (y0)C(20) = 0 with |yo| < 2R and |zo| > 3R,
H(*A(y,z))saﬁ—&-a‘ﬁ—&-(ymZO)|

- —o— d
< CH¢+H+,#76 R29 H(l—l—Rl_a)/ Y nt2s
lul> e (\yo —yl + \Zo|2)
<C||o4]l, 0 B (14 Rz 7

(c) When 74 (y0)¢(20) = 0 with [yo| < Ry — 2R,
[[(=A.2)%, 1+C]d+ (1o, 20)|

- - y) "7
<C|lo+ R 9/ / —— dydz
|| H+7N7U 2 ‘y|>R2 |Z|<2R ‘(y07 ZO) - (y7 Z)| 2

- L . 1 1
§C||¢+H+,;L,0R2 H/z<2R (2) Umm{ _Z|1+257R1+25 dz

|20

<Olo4l, 0 B2 A+ R (20) 7

(d) When 0 < 74 (y0)C(20) < 1 with |yo| > Ry — 2R and 0 < |z| < 3R,
[(=Ag,)° 77+§]¢+(y0,20)|

|y0—y\ + |20 — 2| )
< C/ / n+23
lyo—y|<R J|20— z\<R )

(64|l ,0 B (o) (2) 7 dydz

— g+ 20— 4
1 - _ _ _
vef o 64l 0 B ()™ (2) ™7 dydz
lyo—y|>R J|2z0—2|>R (‘yo . y‘Q + ‘ZO . Z|2> 2
< CR 04|, B2 ) Ol B [ Wy
- +,u,0 +,u,0 2 lyo—yl|> R |y0 _ y|n—1+2s

< C o4 Ry yo| .

+,u,0
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(3) For the localized inner terms,

STl u )il < Cl6ill; o GFZRT (3;)7°

1€l
_9g— 4s
o S GRET (y) 07T
i€l

< C||¢

The two terms at the ends are controlled by

G (' (w) = F () ps| < Clldnlls,, CeRORy O ()"

By summing up we obtain the desired estimate.
(4) By using Corollary 3.4 and (2.8), we have in the Fermi coordinates,

((~A0)° = (~A(0)*) (G0 ()]
< CRe|(—A(y,)) (100 (y, 2)| + C> (1€ i) (y, 2)|
< CRe ((y)¢(2)[(—A(y,2) i, 2) | + |[(—Ay.2)°, 1C1bi(y, 2)|) + C> (7Ch:) (y, 2)
< CRe (i)CR 6ill, 0, )" )" ()7 (18l )RR+ (. 2)) ")
< ORI (|G|, (i)™ (nw)C(2) + (R + [y, 2)) ™" %) .

Going back to the z-coordinates and summing up over ¢ € Z, we have

Z’((_AI)S yz)) )(Cz¢1)( )|

€L
ORI ||i]|, o | DG i)™+ <dist <w,supp Z@) >
i€T i€T
(5) Similarly, using Corollary 3.5 and (2.8),
[(—82)° = (=Ay.2)") (G164 (@)
< Or ET (<A ) (1:064) (. 2)| + O~ 25| (7,:{6:) (3, 2)]
< O T (e )0 (A0) B+ (1, 2)| + [[(=A0))" 7€+ (4, 2)]) + Cr ™31 (72804 ) (v, 2)

2(2s—7)

< Cr 5T ()8 044 B )7 (10440 B )7 (207

2(2s—71) —1-2g

<O TG4 R ) (2)

O

5.2. The outer problem: Proof of Proposition 2.2. We give a proof of Proposition 2.2 and solve
¢, in terms of (¢;)jer.

Proof of Proposition 2.2. We solve it by a fixed point argument. By Corollary 3.3 and Lemma 5.1, the
right hand side g, = go(¢o) of (2.4) satisfies g, = 0 in M, r and

”90”0 < Cce? + ||7~]o ( )He + H770(2 - ( ))¢o”9
< C” + [|foll oo ey [ Bollg + CRT>* [ ollg »

so that by Lemma 4.10,

[((=A)* +2) g, ||, < (C+C’259+C’R_28) e? < Cel.
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Next we check that for ¢,, 1, € Xo, go(0o) — go(¥o) = 0 in M, r as well as

190(¢0) = go(Wo)llg < | N | b0+ D> G | =N | o+ DGy || + 170(2 = f/(w)) (0 — %)y

jeT JjeT 0
< C(e” + R7%) ||go — Yollg -
Hence

[((=2)° +2)7" (90(80) = go(¥o)) ||y < C(” + R7>) g0 — ol -

By contraction mapping principle, there is a unique solution ¢, = ®,((¢;);jes). The Lipschitz conti-
nuity of ®, with respect to (¢;);jecs can be obtained by taking a difference. O

5.3. The inner problem: Proof of Proposition 2.3. Here we solve the inner problem for (¢;);ez,
with the solution of the outer problem ¢, = ®,((¢;);jes) plugged in.

Proof of Proposition 2.5. Let us denote the right hand side of (2.8) by g;. Note that the norms can be
estimated without the projection (up to a constant). Indeed, for any function h with HhH# . < Foo,

H( (t)h(y,t)w ()dt)w’(z)

Then, keeping in mind that a barred function denotes the corresponding one in Fermi coordinates, we
have

< CHhH sup > 1-2s40

o

< 0|, -

17 S (W) ;e < (76)" sup ()" ()7 - ()T T ()77
lyl,|z|<2R

< CR (y)(#557)
<cs,

172 = £/ @) @o((6)se0) 0 < 176@o((65)160) 0
<) s @) ()7 [Bo((65)5ea) (W 2)]

lyl,|z|<2R

<(yi)! sup <y>“<z>”'<Yi>7e‘mHe

lyl,|z|<2R

< CR**7% sup |5, .
JjET

< ORMF7£0Cs,
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and

N [ @o((05)jeq) + Y, ¢
jeT

i,p,0

<COy)’ sup ()" (2)7 |@o((05)7e0) (ys 2) + > 75 (y, 2)
lyl,|z|<2R jeT
supp 7j;Nsupp ¢; 70

2 2

0 —20 —20

core sy’ s | (swlol,,,) ¢ X 6 (swlol,,,
lyl,|z|<2R JjeT jeg JjeT

supp 7;Nsupp ¢; #0
—0 X
< CRMY (yi) " Casup g5,
JjeET

< CRM9C262,
Using Lemma 5.1 and estimating as in the proof of Proposition 2.2, we have for all 1 € Z,
lgill; 0o < CO(1+ RHH7IC 4 RrICH + o(1)).
Now we estimate the functions ¢4 at the ends. We have similarly

~ * o —ds —(2s—
17+ S|4 g < CRS  sup  (y)* ()7 (y)~ 257 (z)” Y
y>Ra, 2<2R

< CR;(%*M*G)
<Cé for Ry chosen large enough,

17142 = f' (")) @o((¢5)jer )4 o < Ong>Rsu£)<2R )" (2)7 |2a((¢)iea) (v, 2)

—0
<CR7RS sup ()" ()" " sup llgl, ..,
y>Rs, 2<2R JjET

< CRYPCS  (since pu < 6)

< CCe26 for pu chosen small enough,
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and
N | @o((05)jer) + D Gidi
jeT o0
2
<CRS  sup ()" (2)7 |®o((6))sea) (Y, 2) + > 155y, 2)
y>Rs,2<2R jeg
supp 7+ Nsupp ¢; #0

2 2
<CR” swp ()" | @)% (sup||¢j||j,u,g) + >, (v;) "> 0 (sup||¢j||j,u,g)
JjeET JjET

y>Ro,2<2R

i€
supp 7+ Nsupp ¢; #0
2
—9 —0
cow |m'e X | (o, )
jeT e

supp 77+ Nsupp ¢; #0
< orr='s (sup 6,1, )
JjeTJ Y
< CRC%52.

Putting all these estimates together with the non-local terms, using the linear theory (Proposition 4.8
and Lemma 4.6), we deduce

sup L7050 < stgg 19511510

< C5(1+o(1))
< (6.

Now it will be suffice to check the Lipschitz continuity with respect to ¢; € X;. Suppose ¢;,%; € X;.
Using (2.5), we have for instance

5 s ()" ()7 | [Bol(85)5e0) (0 2) — Bol()se) (0, 2)]

lyl,|z|<2R

+ N Do((¢5)jeq) + D Gdi | = N | @o((Wi)jer) + > Gy

JjET JjET

<CRMT swp | (14+0) |80 0:2) — Ball0iea)(0:2)]

o R _
+ 6 (yi) > i¢|é5 — ¥5|(y, 2)
jeT
supp 7; Nsupp ¢; #0

< CR™75sup 6, — vyl .,
jeJ
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and
B s (0)"(2)7 | [2a0(8)5ea)(v:2) — 2u(()se)(0:2)|
|y|> R, |2|<2R
+N | @o((8))jer) + Y Gdi | = N | Po((¥)jer) + Y Gy
JjET JjET
<CRTR) s [ (148) ()" | @u((@)5e0) (v, 2) = Bo((87)1e0) (0. 2)|
ly|=Ra, [2|<2R 0
+4 ()" > 15¢| 65 — 5] (y, 2)
jeq
supp 7; Nsupp ¢; 70
< CR7Rydsup ||o5 — sl .., -
JjeT
Therefore,

sup [|[L7g;((¢5)je) — L7 9i(($)jea)|l; .0 < o) sup llg; —will; ..,
jed JjeT

and (¢r)kes — L71g;((¢r)kes) defines a contraction mapping on the product space endowed with
the supremum norm for suitably chosen parameters R, Ry large and e, small. This concludes the
proof. O

6. THE REDUCED EQUATION

6.1. Form of the equation: Proof of Proposition 2.4.

Proof of Proposition 2./. Recalling Proposition 2.1, we have, in the near and intermediate regions
1 4R
re |:E’ ?:| 3
IS(u*)(r) = CHa, (r) + O(*),

where

- 2R

C= / cu(2)¢(2)w'(2) dz.

—2R

For the far region r > %, let us assume that x, > 0, to fix the idea. Denote by Il the projections
onto the kernels w/ (z) of the upper and lower leaves respectively, where wy(z) = w(zx). Then
z_ = —2F.(r)(14 0(1)) — 21 and so from the asymptotic behavior w(z) ~. sy 1 — £, we have

I 3(w(z) + w(zo))(L+ w(z)) (1 +w(z))(r)

2R
= /_2R 3(w(2) + w(=2F(r)(1 + o(1)) = 2))(1 + w(2))(1 + w(=2F(r)(L + o(1)) — 2))¢(2)w' () dz

TR

where

(1+0(1)),
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Similarly this is also true for the projection onto w’ (z) with the same coefficient C (),

I 3(w(zy) +w(z-))(1 +w(z4)) (1 + w(z-))(r) = “FE(r) (1+0(1)).
The other projections are estimated as follows.
2R ~
e (e M () = [ en()E/ () de - Hi, (72) = Ca (7).

2R
Hycn(z-)Hu, (y-)(r) = /_ . e (2F-(r)(1+ 0(1)) — 2)¢(2)w'(2) dz - Har (y—)
-0 (F;(Zsfl) .F€72s)

=0 (P,

O cy(z-)Hum, (y-) = CHu(y-),
I_cy(z24)Ha, (y+) = O (FE_MS—U) :

We conclude that for r > %,

e S(u)(r) = CHy, (y) —

Taking into account the quadratically small term and the solution of the outer problem, the reduced
equation reads

. 1 4R
CHIF](r) = O(e) for - <7 < 7}%,
_ on 4R
CH[F](r) = 0 (I+0(1)) forr> —
By a scaling F.(r) = e "1 F(er), it suffices to solve
!
1 rF’'(r) _
- —— | =0(e* for 1 <r < 4R,
r 2
14+ F'(r
Ji+re?)
1 rF'(r) Coe?s~1 _
- = (I4+0(1)) forr>4R.
2s
r /1 4 P(r)? F2s(r)

For large enough r one may approximate the mean curvature by AF = %(rF’ )’. Hence, we arrive at

/

!/
Lf_rE) = 0(e?*71) for 1 <r < 4R,

V1+F(r)
! 70 25—1
F'(r) + i) _ Cl;zgs(r)

(14 o0(1)) forr > 4R.

Then the inverse G of F' is introduced to deal with the singularity at » = 1 in the usual coordi-
nates. Finally, the Lipschitz dependence of the error follows directly from the previously involved
computations. O
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6.2. Initial approximation. In this section we study an ODE which is similar to the one in |

The reduced equation for F. : [e~!, +00) — [0, +00) can be approximated by

Fl(r) 1
F!'(r) + sr = 0 for all r large.
Under the scaling F.(r) = e 1 F(er), the equation for F : [1,+00) — [0, +00) is
F 2s5—1
F"(r) + ;T) = ;T(r)’ for all r large.

45

1.

For r small, we approximate F by the catenoid. More precisely, let fo(r) = log(r + Vr2 = 1), r =

2s-1
'] >1, 7. = (@) ’ , and consider the Cauchy problem

2s—1
redis i
() = fe (r2) = 2L (loge| + logllog ) + log2 + 0 (1),
fl(re)=fo(re) =rct (1+0(r2?)).
Then an approximation Fy to F' can be defined by
Fo(r) = fo(r) + x (r —re) (fo(r) = fe(r), r=1,

where y : R — [0, 1] is a smooth cut-off function with

for r > rg,

x=0 on(-00,0] and x=1 on[l,+00).
Note that fI(r) > 0 for all r > r..

Lemma 6.1 (Estimates near initial value). For r. <r < |loge|r., we have
f|10g5\ < felr

filr
[ (r)]

Clloge],

) <
)< Crct,
i

IN

C

[loge|r2”

I A

+

In fact the last inequality holds for all v > re.
Proof. 1t is more convenient to write

fe(r) = [logel £z (r='r)
Then f. satisfies

£
fé’—l—é:%, for r > 1,

r |logel|f2s
i (1) = 2s—1 2s—1loglloge| log2 g2s-1

: 2 2 |log | |log ] llog £|**
1 828_1
+0 | —— .

5 = |log | <|log€|2s>

To obtain a bound for the first order derivative, we integrate once to obtain

g} O o 1 " T -
rfe(r) = f2(1) = ogel /1 T dr  for r > 1.

(6.1)
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By the monotonicity of f., hence fg, we have
- 1/ - 1
iy <= L)+ ———5=——7?
c(r) =~ f(D) 2log 7. (1%

1 . Cr
~ rllogel  [loge|?

for r > 1. In particular,

P <<

< for 1 <r < |loge].
floge

Note that this also implies
fe(r) <C forl<r<]|logel.

From the equation we obtain an estimate for f”:

= 1 1
I (7")‘ < ;fa(r) + m
< 1 n C
= r?lloge|  Jloge]*’
for all » > 1. O

To study the behavior of fc(r) near infinity, we write

r
)| ).
1o(r) = logely. (e
Then g.(r) satisfies

/

11 g€

9o = forr> ——
et roog2s orr= lloge|’
1 2s —1 2s—1log|loge| = log2 g2s—1
= 0]
s <10g€|) 2 + 2 |log ]| + [log €| + |10g5|28 ’ (6.2)
1 52571
: =1+0|——].
g2 <log8|) <|logs|25>

Lemma 6.2 (Long-term behavior). For any fized 69 > 0, there exists C > 0 such that for all r > &y,
ge(r) — pEE| < Or 5,

2 251
T 2571
2s+1

g;(T’) - S OT—ﬁv

l92(r)| < O™ =5,
Proof. Consider the change of variable of Emden—Fowler type,
ge(r) = r?ﬁﬁﬁg(t), t =logr > —log|loge|.
Then h.(t) > 0 solves

y 2 - 2 \2- 1
" ! — —
h8+22s+1h5+<2s+1) he = h2s for £ > ~logflog<].

The function h. defined by h. (t) = (%)2¢+1 he (292Tt) satisfies

1 2 1
75 for t > — S; log|loge|. (6.3)

€

h! +2h. + he =
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We will first prove a uniform bound for h. together with its derivative using a Hamiltonian

1 9 1,4 1 1
Ge(t) = §(h/€) + 5 (he - 1) + 25 — 1 <h(2sl) o 1) ’

which satisfies
Gl

g

(t) = —2(h.)* <. (6.4)
By Lemma 6.1, we have

h2(0) = O(h.(0)) = O(g- (1)) = O(1),
%@=omw»=o@m) %m)=mu

Therefore, G.(0) = O(1) as ¢ — 0 and by (6.4), G.(t) < C for all ¢ > 0 and € > 0 small. This implies
that for some uniform constant Cy > 0,

0< Ol <he(t) <Ci<+oo and  [BL(H)| < Cy, forallt>0. (6:5)
In fact, (6.4) implies

_28+1

/ B2 dE = 2G..(0) — 2G.(1) < 2G.(0) < C,
0

with C' independent of € and ¢, hence
o0 ~, ~
/ hL(t)*dt < C,
0

uniformly in small ¢ > 0. In particular, |hL(t)] — 0 as ¢ — co. We claim that the convergence is
uniform and exponential. Indeed, let us define the Hamiltonian

Gre = (P + 5007 (1+ 130
for the linearized equation
B4 2n! + (1 + hfL) B =0,
We have

13
hZ

/1,5 = —Q(hg)Q —s(2s+ 1)h23+2.
€

By the uniform bounds in (6.5), if we choose 205 = s(254+1)C?*"3 41, then G. = C2G. + G . satisfies
Gl < —(h!)? = (hL)*.
Using (6.5) and the vanishing of the zeroth order term together with its derivative at h. = 1, we have

~ 1 1\2 1 2 L 1 o 1 11\2 1 1\2 275
Gs_02<2(h8) + 5 (k2 1)+25_1( 1)>+2(h5) +5(h)” {1+ 2 F1

h2571
1 2
chwF+wy+(m—mJ>

It follows that for some constants C, dy > 0 independent of £ > 0 small,
G.(t) < Ce %t forallt >0
and, in particular,

he(t) — 1 + |hL(t)] < Ce= %, forallt > 0.
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It follows that after a fixed ¢; independent of ¢, the point (h.(t1), h.(¢1)) is sufficiently close to (1, 0).
Let

U1:h5

Vo :h;-‘rhg.

/
v1\ [ U1+ V2
() = (2 10)- (00

For ¢ large, the point (vy(t1),v2(¢1)) is sufficiently close to (1,1), which is a hyperbolic equilibrium
point of (6.6). Now the linearization of (6.6), namely

()= (5 )@,

has eigenvalues —1 + iv/2s. Applying a C* conjugacy, we obtain

Then (6.3) is equivalent to

|(v1(t),v2(t)) — (1,1)] < Ce™"  forall t > t.

This yields
|he(t) — 1| + |RL(t)| < Ce™*  for all t >0,

ﬁg(t)—1‘+

i};(t)‘ <Cet forall t >0,
and for any fixed rg > 0, there exists C' > 0 such that for all r > rg,

2 251 4s
/ _ Tyt | < Op 4T
9e(r) = 557" =T

2 _2s-1
gs(r) — 72zt | < COr” 2s$1 and

and, in view of (6.2), we get

gl (r)| < Or~ =,

Corollary 6.3 (Properties of the initial approximation). We have the following properties of Fy.
e Forl<r<r, Fy(r) = fo(r) =log(r + vr2 —1) and
Fo(r) =log(2r) + O(r—2),

1 1 _
Fy(r) = N i +0(r™?),
1

_ -4
F(r) = 2 +0(r7),
2
11 _ -5
F'(r) = 3 +O(r=).
o Forr. <r < dp|logelr. where §g > 0 is fized,

1
5Hogsl < Fy(r) < Clloge|,
Fy(ry <t

RO (%4 )

r2  |loge|r2

|Ey (r)| < Crt (1 + 1> .

r2  |logel|r2
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o Forr > dollogelre, Fo(r) = fo(r) and

2s—1 _ 2 _(2s—1)2 25+1  _ 2s-1
Fo(r) =e2Fr5t + O (e 2=+ |loge| 2 r~ 271 |,

2 2s—1 _ 2s—1 _(2s—1)? 2s+1 4
Fé (7’) = 5 152s+1 r- 2+t + O [ e 2@sTD |10g 5| 2 T To 4T ,
s+

2s5—1 4s
Fé’(r) =0 (5425“ r- 2s+1) s

2s5—1 6s+1
F'(ry=0 (5 2l 2s+1) .

Proof. These estimates follow from Lemmata 6.1 and 6.2. For the third order derivative, we differen-
tiate the equation and use the estimates for the lower order derivatives. O

6.3. The linearization. Now we build a right inverse for the linearized operator

I
1 r¢’ ¢’ 25251
L =(1-— B A— (S ———— ) I
o(6)r) = (1= X)) ( (HFO,(T)Q)g) xelr) (9 + Lo 2
where x. is any family of smooth cut-off functions with x.(r) = 0 for 1 <r < r. and x.(r) = 1 for
r > dg|log|r. where 6y > 0 is a sufficiently small number. The goal is to solve

Lo(p)(r) =h(r) forr>1, (6.7)

in a weighted function space which allows the expected sub-linear growth. Let us recall the norms ||-||,
and ||-||,, defined in (2.11) and (2.12).

Proposition 6.4. Let v < 2+ gi;i For all sufficiently small dg,e > 0, there exists C' > 0 such that
for all h with ||h||,, < +oo, there exists a solution ¢ = T(h) of (6.7) with ||¢||, < 4+oo that defines a

linear operator T' of h such that

I6ll, < CllAll,.
and ¢(1) = 0.
We start with an estimate of the kernels of the linearized equation in the far region, namely
7! 2 2s—1
Z”+——|—LZ:0, for r > dglloge|re. (6.8)

r fg(r)28+1

Lemma 6.5. There are two linearly independent solutions Z1, Zs of (6.8) so that for i = 1,2, we

have
2s—1

Zir)| < C (r) CEES and |Z;(7‘)| < C ( r ) 3571

re|log g| re|loge| \ re|loge]

as—2
2

for r > dolloge|re where 69 > 0 is fixed and r. = (@)

Proof. We want to show that the elements Z; of the kernel of the linearization around ge, which solve

_ 7! 2 -
2"+ 70 forr>
T

g7 o

loge|’
will satisfy

Zj (T)

for i = 1,2; the result then follows by setting Z;(r) = Z; (M)

2s—1
< Cr~2Ft  forallr > dg

< Cr &+ and ’Z{(r)

A first kernel Z; can be obtained from the scaling invariance g () = AT g, (Ar) of (6.2), giving

Zy(r) = rgl(r) — QSLH‘%(T)'
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Then for Z; we solve (6.9) with the initial conditions
. Z{(6 Z1(6
Zo(60) = ——— 1( 0)~ ] 1 0)~
do (21(50)2 + Zi(5o)2) do (21(50)2 + Z{(50)2>
for a fixed dy > 0. In particular the Wroniskian W = Z, Z — Z} Z can be computed exactly as

- i 1 1
W(r) = %W (%) =—- forallr> (6.10)
r r Jlogel|’

; Z}(80) =

As in the proof of Lemma 6.2, we write ¢ = logr and consider the Emden—Fowler change of variable

Z(r) = rﬁf}(t) followed by a re-normalization 9(t) = (252+1> Ty (2 T ) which yield respectively

W ot i+ 2 V4 2 Y020 fort> o loge|
25+ 1 2s+1) TR VT = 7 oBliosEl

1 2541
v//+21}’+(1+23)v:2s<1—hgs_i_l>1), fomz—sJr

log|loge].
From this point we may express vs(t), and hence Zg(r), as a perturbation of the linear combination of

the kernels
e“tcos(V2st) and e sin(V2st).

Now we show the existence of the right inverse.

Proof of Proposition 6.4. We sketch the argument. We would like to find a solution in a weighted L>°
space. The general case follows from similar ideas.

(1) Note that we will need to control ¢ up to two derivatives in the intermediate region. For this
purpose, for any v € R and any interval I C [ry, +00) we define the norm

19ll,,; = sup 2o (r)| + sup e ()] + sup ) ¢" (r)].

By solving the linearized mean curvature equation in the inner region using the variation of
parameters formula, we obtain the estimate

H¢||"/,[7”1,T5] S C HT’YhHLOO([l,JrOO)) ?

which in particular gives a bound for ¢ together with its derivatives at r..
(2) In the intermediate region we write the equation as
¢/
(b// +

where

and

~ 8825_1 / / 1
() = Xe (1) g 000) + (1= X () ((1 - 1) <¢” + ¢) + MQS)

is small. Again we integrate and obtain

o(r) = d(re) + e’ (re log— / / — h(t)) dr dt,

o) = 20D [ oy,
¢"(r) = —““ig“) +h(r) = h(r) - rlz / t(h(t) — h(1)) dt.
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Using Corollary 6.3 we have, for small enough §y and ¢,

~ 625—1 c 2s—1
L R () R
H Lo ([re,7e]) |1Og€|26+1 H ||7,[5, <] |10g5| H || e 7]
2s—1
3 2 1 52571
o) ()
[log €] (7"2 log e |”* > N, 7.1

251
€
<C (502 + do (|10g5> |10g€|> H(b”»y,[rg,?g]

g (50 ||¢||'y,[’r‘5ﬂ:s] '

This implies
||¢|| J[re,7el <C ||T’thL°° [1,400)) + (50 H(b”'y [re,7e]
or

||¢||~,,[r5,f5] <C ”r’yh”L‘X’([l,-l-oo)) (6.11)

which is the desired estimate.
In the outer region, we need to solve

/ 2s5—1
¢+3+ 25+1¢ h, m>Te.

In terms of the kernels Z; given in Lemma 6.5, the Wroniskian W = Z, Z} — Z| Z, is given by

W) = — W( 4 ):1 (6.12)

re|loge| re|loge| T

using (6.10). Using the variation of parameters formula, we may write
o(r) = c1Z1(r) + c2Z2(r) + ¢o(r),
where i .
¢o(r) = *Zl(r)[ pZa(p)h(p) dp + Zz(?")/~ pZ1(p)h(p) dp
and the constants c; are deterrﬁined by -
(7)) = c1 Z1(7e) + caZa(7e),
¢ (7e) = a1 Z1(Fe) + c2 Z5(7).
By Lemma 6.5, (6.12) and (6.11), we readily check that for i = 1,2,

lbo(r)] < C (= (2 e d
o(r)] < = Pz PRl oo (1,4-00)) AP
5 Te €
P
S Cro PRl e (1,400 -

C ,_ ,
e < O (S0 1Bl oy + O Il

< Cf?_7 ||wh||Loo( 1,400))

-2-7)
r 2‘s+1 _
slzmi<c (L) ST P,
€
25 —1
25+ 1’

< Cor? ||r’yh||L°°([1,+oo)) since v < 2 +
from which we conclude

1772l e 7, ooy S C Pl poe 1,40y -
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6.4. The perturbation argument: Proof of Proposition 2.5. We solve the reduced equation
L(F)=MN;[F] forr>1, (6.13)

using the knowledge of the initial approximation Fy and the linearized operator Ly at Fj obtained in
Sections 6.2 and 6.3 respectively. We look for a solution F' = Fj + ¢. Then ¢ satisfies

Lop = Alp] = N1[Fo + ¢] — L(Fo) — Na[4],
where Na[¢] = L(Fy + ¢) — L(Fy) — L (Fp)¢ and ¢(0) = 0. In terms of the operator T' defined in
Proposition 6.4, we can write it in the form
¢ =T (Alg]). (6.14)
We apply a standard argument using contraction mapping principle as in [37]. First we note that the
approximation L£(Fp) is small and compactly supported in the intermediate region. The non-linear

terms in A[¢] are also small in the norm ||-||,,. Hence T(A[¢]) defines a contraction mapping in the
space X, and the result follows.

7. INSTABILITY OF THE SOLUTION

Proof of Theorem 1.4. From the asymptotic behavior of the solution, we see that the Allen—Cahn
energy functional,

(v(z) — v(0))?
=C(s //RSx]RS\BRxBR dxdzy + W(v(z)) dx

|$ _ l’o|3+25 Br

of the solution u constructed in Theorem 1.3 satisfies the sharp growth bound

ER(U) S CR2
If u were stable, then [62, Proof of Theorem 1.5] (observe that s = 1 is only used in deriving the
energy growth bound) implies that v would be one-dimensional profile, a contradiction. O
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