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ABSTRACT. In this paper, we consider the following variational problem:
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where N > 2, bpg(a) <b<a+lfora<Oanda<b<a+1lfor0<a<

ac = % and a + b > 0 with bpg(a) being the Felli-Schneider curve, p =

%, Z = {cr® *W(rz) | ¢ € R\{0},7 > 0} and up to dilations and
scalar multiplications, W (z), which is positive and radially symmetric, is the
unique extremal function of the following classical Caffarelli-Kohn-Nirenberg

(CKN for short) inequality
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with Cj 5 n being the optimal constant. It is known in [32] that cgg > 0. In
this paper, we prove that the above variational problem has a minimizer for
N > 2 under the following two assumptions:

(3) af)<a<acanda<b<a+1,

(#7)  a<alandbpgla)<b<a+l,

where a} = (1 — %)ac and

(ac —a)N

+a—
ac—a++/(ac—a)?+N -1
Our results extend that of Konig in [24] for the Sobolev inequality to the CKN
inequality. Moreover, we believe that our assumptions (z) and (i¢) are optimal

brg(a) = ac.
for the existence of minimizers of the above variational problem.
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1. INTRODUCTION

Let D12(R™) be the Hilbert space given by

D}2(RN) = {u e DVM2(RY) | /RN |z| 72| Vu|?*dz < 400}

with the inner product

(u,v) pregm) z/ |z| 2 VuVudz
1
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and DV2(RN) = W1H2(RN) being the usual homogeneous Sobolev space (cf. [10,
Definition 2.1]). Then the classical Caffarelli-Kohn-Nirenberg (CKN for short) in-
equality, established by Caffarelli, Kohn and Nirenberg in the celebrated paper [4]
in a more general version, states that

2
D) < C / 24\ Vuld 1.2)[eqo001
([ b o upae)™ < Con [ lalwuPan, ()

for all u € DL2(RN), where —0co < a < a. := Y52 p = % and

1
a—l-§<b<a—|-17 N =1,

a<b<a+1l, N=2
a<b<a+1l, N >3.

Here, for the sake of simplicity, we denote a, = %, as that in [10-12].

As that of many famous functional inequalities such as the Sobolev inequal-
ity, the Hardy-Littlewood-Sobolev inequality, the Gagliardo-Nirenberg-Sobolev in-
equality, the Euclidean logarithmic Sobolev inequality and so on, as a generalization
of the Sobolev and Hardy-Sobolev inequalities, the CKN inequality (1.2) is also very
helpful in understanding various problems in lots of mathematical fields, such as
nonlinear partial differential equations, calculus of variations, geometric analysis,
the theory of probability to mathematical physics and so on. For this purpose, a
fundamental task in understanding the CKN inequality (1.2) is to study the opti-
mal constant, the classification of extremal functions, as well as their qualitative
properties for parameters in the full region. Under the above conditions, it is well
known (cf. [1,5,7,27,31]) that the CKN inequality (1.2) has extremal functions if
and only if under the following assumptions:

(1) a<b<a+landa<O0for N>2

(2) a+i<b<a+landa<O0for N=1,

(3) a<b<a+land0<a<a,for N>3.
Moreover, let

N(a; —a)
brs(a) = +a—a.>a 1.3 991
relo) = § e (1.3) [aquost
be the Felli-Schneider curve found in [17], then it is also well known (cf. [1,7,10-13,
,27,31]) that up to dilations 7%~ *u(7x) and scalar multiplications Cu(z) (also
up to translations u(z + y) in the special case a = b = 0), the CKN inequality (1.2)
has a unique extremal function

2
—1

W(JC) = (2(p + 1)(@0 _ a)2) (1)}1) (1 + z|(aca)(lﬂl)) ’ (1.4)

either for bpg(a) < b < a+1 witha <0orfora <b<a+1with0 <a < a.
in the cases of N > 2 while, extremal functions of (1.2) must be non-radial either
for the full region of @ and b in the case of N = 1 or for a < b < bpg(a) with
a < 0 in the cases of N > 2. Moreover, it has been proved in [5, 28] that there
are exactly two extremal functions of (1.2) in the case of N = 1 up to dilations
and scalar multiplications while in the cases of N > 2, extremal functions of (1.2)
must have O(N — 1) symmetry for a < b < bpg(a) with a < 0, that is, extremal
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functions of (1.2) for N > 2 must depend on the radius r and the angle 6 between
the positive zy-axis and Oz for a < b < bpg(a) with a < 0 up to rotations. To
our best knowledge, whether the extremal function of (1.2) is unique or not for
a < b<bps(a) with a < 0 in the cases of N > 2 remains open.

Besides the existence and classification of extremal functions and the computa-
tion of the optimal constant, a more interesting and challenging problem in under-
standing functional inequalities is its quantitative stability, whose basic question
one wants to address in this aspect is the following (cf. [15]):

(Q) Suppose we are given a functional inequality for which minimizers are
known. Can we prove, in some quantitative way, that if a function “almost
attains the equality” then it is close (in some suitable sense) to one of the
minimizers?

The studies on the quantitative stability of functional inequalities were initialed by

Brezis and Lieb in [3] by raising an open question for the classical Sobolev inequality
(a = b= 0 in the CKN inequality (1.2)),

N-—2
N N
S N2 < Vul*d 1.5
w( [ ) T < [t (1.5)saz00e3
for N > 3, which was settled by Bianchi and Egnell in [2] by proving that

disths (1) S [l agevy = Snlul? g, (1.6) [saq0090]

—2 (R

where Sy is the optimal constant of (1.5) and

U={cUy,|ceR\{0},A>0and y € R"}
with U(z) being the Aubin-Talanti bubble (cf. [1,31]) and Uy x(z) = A UMz —
y)). Since then, the stability of functional inequalities, which is similar to (1.6), is

called the Bianchi-Egnell type stability. In the very recent paper [32], we prove the
following Bianchi-Egnell type stability of the CKN inequality (1.2):

(thm0001) Theorem 1.1. Let N > 3, a < a. and brs(a) be the Felli-Schneider curve given
by (1.3) and assume that either

(1) bps(a)<b<a+1witha<O0 or
(2) a<b<a+1lwitha>0anda+b>0.

Then
dist%é,z(u,Z) S ||UH?3}L»2(RN) - C;g,N||u‘|%p+1(\z|—b(p+1)7RN) (1.7) [eqq0091]
for all u € DLY2(RY), where
Z ={cW,(z) | c € R\{0} and 7 > 0}

with Wy(z) = 7%~ W (rz), LPT'(|z|~2@+) RN) is the usual weighted Lebesque
space with its usual norm given by

1
p+1
||U||Lp+1(\;c\—b<p+1)7RN) = </ |£E|_b(p+1)|u|p+1dx>
]RN

Moreover, by the same argument as that used in [32] for proving Theorem 1.1,
it is not difficult to obtain the following one.
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(thm0002) Theorem 1.2. Let N = 2 and assume that brps(a) < b<a+1 witha <0 and
brs(a) being the Felli-Schneider curve given by (1.3). Then

diStQDLy (u, 2) S ||UH?3}112(R2) - 0;2,2||“||%p+1(|1|—b<p+1>’R2)
for allw € D}?*(R?).

Remark 1.1. In [52, Theorem 1.1], we have claimed that Theorem 1.1 holds true
for bps(a) < b < a+ 1 with a < 0. However, it is incorrect for b = bpg(a) since
it has been proved in [17] that W is degenerate for b = bpg(a). It follows that the
spectral gap inequality,

ol = 0+2) [

|gc|—b(zﬂ+1)Wzo—1p2dJU
N
for all p € N+ which plays the key role in proving the Bianchi-Egnell type stability
of the CKN inequality in [72, Theorem 1.1], does not hold true any more for b =

brs(a), where € > 0 is a fixred small constant and
N ={p e Dy*®RY) | (0, W) pragny = (0, W') pi2 gy = 0}

This has already been observed in [8,19]. We now correct [32, Theorem 1.1] here to
Theorem 1.1. Moreover, it is worth pointing out that in this degenerate situation,
the Bianchi-Egnell stability of the CKN inequality still holds true for higher order
of the distance functional, as proved in [19] whose ideas can be traced back to [20].

The power two of the distance in the left side of the Bianchi-Engell inequal-
ity (1.6) is well known to be optimal, which is also the case of the Bianchi-Egnell
type stability of the CKN inequality (1.2) given by (1.7). Thus, we can define the
following two variational problems:

2 . 2
ooy = Slll? g,

= 1.8 0092
Bt ) (1.8) oo

inf
weDL2(RN\U
and

-1
HUHQD}L«Q(RN) o Can,N||“||2Lp+1(|I|—b(p+1>7RN)

= 1.9
(u, 2) CBE; (1.9) [eqqto01]

By (1.6), we know that spg > 0, and by Theorems 1.1 and 1.2, we know that
cgg > 0 either for

(1)  brps(a) <b<a+1witha <0 or for

(2) a<b<a+1lwitha>0anda+b>0.
in the cases of N > 2. Moreover, as pointed out by Konig in [24], it is a long-
standing open question that is to determine the best constant spp in (1.8). It
has been proved by Konig in [24] that the variational problem (1.8) has a mini-
mizer which makes the key step in determining the best constant spp and gives
a positive answer to the open question proposed in [9]. Konig’s proof in [24] is a
concentration-compactness type argument on the distance functional dist%m (u,U).
By establishing two crucial energy estimates of spg (cf. [23,24]), Konig excluded
the dichotomy case and the vanishing case of dist%,,(u,U) and proved that the
variational problem (1.8) has a minimizer. In this argument, a key integrant is the
well understanding of the spectrum of the Laplacian operator —A in the weighted

Jnf dist?
weD (RN)\Z pl2
a
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Lebesgue space LQ(Uﬁ,RN ), which is crucial in establishing one of the two im-
portant energy estimates of sgg. Furthermore, as pointed out by Konig in [24],
this strategy also works for the fractional Sobolev inequality of N > 2.

In this paper, by making a well understanding of the spectrum of the operator
—div(]z|~*V-) in the weighted Lebesgue space L?(|z|~t®TDWP~1 RN) we adapt
Konig’s strategy in [24] to prove the following theorem.
(thmq0001) Thegrem 1.3. Let N > 2 and assume that either

(1) brs(a)<b<a+1witha <0 or
(2) a<b<a+lwith0<a<ac.anda+b>0.

Then the variational problem (1.9) has a minimizer, provided

(1) a<a<acanda<b<a+l,
(17) a<al andbhgla) <b<a—+1,

where
N -1 (ac —a)N
ar=1—-4/———la. and bpg(a)= +a— ac.
¢ < 2N ) ‘ rs(0) ac—a++/(a.—a)2+ N —1 ¢
Theorem 1.3 is the generalization of Konig’s reuslt in [24] for the Sobolev in-

equality (1.5) to the CKN inequality (1.2). However, Konig has proved in [24] that
spr is attained for all N > 3 (even in the fractional setting for all N > 2), while
in Theorem 1.3, we only prove that cgg is attained for N > 2 under the assump-
tions (7) and (#¢) which do not cover the full region of the parameters a, b under the
conditions (1) and (2). The main reason is that under the assumptions (i) and (%)
for N > 2, the spectral gap inequality of the operator —div(|z|~?V+) in the weighted
Lebesgue space L?(|z| @D WP—1 RN) is attained by a unique (up to scalar mul-
tiplications) function which is related to spherical harmonics on SN~ of degree 0,
while in the remaining case, that is, N > 2 with a < a} and brg(a) < b < b 4(a),
the spectral gap inequality of the operator —div(|z|~*V-) in the weighted Lebesgue
space L?(|z|~0@+DWP=—1 RN) is attained by the functions which are related to
spherical harmonics on SN~! of degree 1. Thus, Konig’s strategy in [24], that is,
expansing the related functional at the possible best choice of test functions up to
the third order term to derive a crucial energy estimate, works for cgp under the
assumptions () and (47) since the expansion has a negative third order term (see the
proof of Proposition 4.1) and is invalid in the remaining case since the expansion
has a varnishing third order term (see the appendix). To go further, we expand
the functional of (1.9) at the possible best choice of test functions up to the fourth
order term. After tedious computations, we find that the possible best choice of
test functions can not derive the desired energy estimate of cgg in this situation
any more, since this expansion has a varnishing third order term and a positive
fourth order term (see the appendix for more details). Taking into account the fact
that the test functions are possible to be optimal, we believe that cgr will be not
attained in this remaining case. We remark that a similar situation is also faced in
proving the existence of minimizers of sgp in the fractional setting for N = 1, see,
for example, the very recent paper [25].

In the final of the introduction, we would like to point out that the studies
on the stability of functional inequalities are growingly interested in recent years
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in the community of nonlinear analysis by its deep connections to many nonlin-
ear partial differential equations, such as the fast diffusion equation, the Keller-
Segel equation and so on. We refer the readers to the survey [14] and the Lecture
notes [21] for their detailed introductions and references about the studies on lots of
famous functional inequalities and their stability, such as the Sobolev inequality, the
Hardy-Littlewood-Sobolev inequality, the Gagliardo-Nirenberg-Sobolev inequality,
the Caffarelli-Kohn-Nirenberg inequality, the Euclidean logarithmic Sobolev in-
equality and so on. We also would like to refer the readers to the note [15] for
the related studies on the stability of many geometric inequalities.

Notations. Throughout this paper, a ~ b means that C'b < a < Cband a < b
means that a < Cb. Moreover, Ng = {0} UN.

2. PRELIMINARIES

Let Dy ?(RY) be the Hilbert space given by (1.1) with the norm || - || pr2 gy

then by [5, Proposition 2.2], D}2(RY) is isomorphic to the Hilbert space H'(C)
through the Emden-Fowler transformation

X

u(z) = |z~ Dy(—In|z|, \:v|)’ (2.1) [eq0007 |

where C = R x S¥~1 is the standard cylinder, the inner product in H*(C) is given
by

(w,v)grcy = / Drwdyv + Vgn1wVsgn-1v + (a. — a)?wodp
c

= / VwVo + (a. — a)?wvdp
c
with du being the volume element on C and w,v € H*(C).

The Euler-Lagrange equation of the CKN inequality (1.2) is given by

—div(|z|7Vu) = |z| @D |uP~ 1y, in RY, (2.2)[eq0018|

It has been proved in [7,12] that W(z), given by (1.4), is the unique nonnegative
solution of (2.2) in D}2(RY) either for brg(a) < b < a + 1 with a < 0 or for
a<b<a+1witha>0anda+b>0up to dilations W, = 7%~ *W (7z) in the
cases of N > 2. By the transformation (2.1), W(x) and (2.2) are transformed into

a. — a)? 71 a.—a)(p— “
W(t) = <(p+1)(2)> (cosh((;(pl)t)) (2.3) [eqo036]
and

—Agn-1v — 020 + (a. — a)?v = [v|P" v, inC, (2.4) [eq0006]
respectively, where ¢ = —In|z| and 6 = roy for = € RM\{0} and Agn-1 is the

Laplace-Beltrami operator on SV ~!. Moreover, the CKN inequality (1.2) and the
variational problem (1.9) is transformed into

||UH12L11(C)

O_l = mn —
GO wem OO} [[0]]7 511 ()

, (2.5)[eq0009]
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and
||”||§11(c) - C;;,N”U”%wl(c) o

= , 2.6 0001
B ) o (2.6) [eqo001]

respectively, where LP*1(C) is the usual Lebesgue space with its usual norm given

s

by sy = (Jelul?*dn) ™ and

Y ={c¥U(t) | c € R\{0} and s € R} (2.7)[eqq1030]

with W, (t) = U(t — s).

On the other hand, it has been proved in [17] that W(x) is nondegenerate in
DL2(RN) either for bpg(a) <b<a+1witha<0orfora<b<a+1witha>0
and a + b > 0 in the cases of N > 2. That is, up to scalar multiplications,

8 Aec—a
V(z) :=VW(z)- 2+ (a. — a)W(z) = a(% TOW (M) [ae1 (2.8)[eq0010]
is the only nonzero solution of the linearization of (2.2) around W in D}2(RM)
which is given by

—div(|z|7*Vu) = plz| P PTOWP Ly, in RY. (2.9)
By the transformation (2.1), the linear equation (2.9) can be rewritten as follows:
~Agn-1v — v + (a. — a)?v = pPP 1y, in C. (2.10)[eqo016]

By applying the transformation (2.1) on (2.8), we know that
0 0
W (t) =W (t—s)=—V(t—s5)=——TU(t -
() = Wt — ) = SW(t—5) =~ ()
is the only nonzero solution of (2.10) in H!(C).

3. SPECTRAL GAP INEQUALITY

We denote by M = RU @G RY’. Since ¥ is Morse index 1, by the nondegeneracy
of ¥ under the conditions (1) and (2) in the cases of N > 2, we have the following
spectral gap inequality:

ol ey > (P +€) / U pdp (3.1)[qqto018]
C
for all p € M~ where £ > 0 is a fixed small constant and
M ={pe H'(C) | (p,¥)mic) = (0, ¥ )1 (c) = 0}
In this section, we shall improve the spectral gap inequality (3.1) by proving the

following result.

{propq0001) Proposition 3.1. Let N > 2 and assume that either

(1) brs(a)<b<a+1witha<0 or
(2) a<b<a+lwith0<a<a.anda+b>0.

Then for every p € M=, we have

ol F ey — 5/CCOSh72(Wt)PQdM > Aol ey (3.2) [eqqo021]
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where
2(p—1
M, ar<a<a.anda<b<a+l,
3p—1
2(p—1
A = ?Ei_ﬁ, a<al and bpg(a) <b<a-+1,
2¢(a) — (p— 2 1 -1)(1 3
g(a) = (p—2)(p+1) + (p — 1)( Jrlq(a))2, 0 < a* and bps(a) < b < bhg(a)
2+2q(a) + (p— 1)(1 + q(a))?

with
:p(p+1)(ac—a)2 :(p—l)(ac—a) af=(1- N-1 a
2 b 2 ) C 2N CH
and
. (ac — a)N N -1
brela) = +a — ac, a) = —.
PR RS g 1) =t =ap
Moreover, the equality of (3.2) holds if and only if for
po2(t) = P(tanh(yt))(cosh(yt)) 71 (3.3) [eqq1022]
with
_1 2\ =527 d 2\2+ 525
P() = (-2 7 L 2yt

being a Jacobi polynomial under the assumptions

(1) a:<a<acanda<b<a+l,

(i) a<al andbhgla) <b<a-+1,
the equality of (3.2) holds if and only if for

V(ac—a)2+N-1
pl,O,l(t7 9) = (COSh(’yt))i v = 61,17 l= L,2,--- >N7 (34)

under the assumption a < a} and bps(a) < b < bl.g(a), and the equality of (3.2)
holds if and only if either for poa(t) or for pi1o;(t,0), l =1,2,--- N, under the

assumption a < a’ and b = bj.g(a), where ©1; are spherical harmonics of degree
one.

Proof. Since by (2.3), ¥(t) — 0 as |t| — +oo, it is well known that the operator
—Agn-1 — 0?7 + (a. — a)? is compact in L?(p¥P~1 C). Thus, it is also well known
that O'(_ASN—l — 8? + (ac — a)2) = {/\Z}ZEN with 0 < A < XAy <o <A\ = 40
as | — oo, where o(—Agn-1 — 02 + (a. — a)?) is the spectrum of the operator
—Agn-1 — 92 + (ac — a)? in L2(p¥P~L C).

Let us now consider the following eigenvalue problem

~Agn-1v — v + (a, — a)?v = \pPP 1y, in C. (3.5)[eqq0016]

where A > 0. As usual, since the spherical harmonics {©;;}ien, 1<i<1 which

satisfies the following equation

—Agn-10;; =i(N —2+41)0;; in SV (3.6)

i, N
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form a orthogonal basic of L2(SV~1), we shall use {©; ;}ien,.1<1<1; » as the Fourier
modes to expand the eigenvalue problem (2.10), where I; 5y € N. Since we have

oo li,N

=" 610,

=0 [=1

for every v € L*(C) with ¢;; = [, v0;,df, by (3.5) and (3.6), v is a solution of the
eigenvalue problem (3.5) if and only if ¢, ; satisfies the following ordinary differential
equation

—0;¢i1 — ABcosh™(yt)gi 1 = —Ta iy, R (3.7)

foralll=1,2,---,l; v and i € Ny, where
Tai = (e — a)? +i(N — 2 +1). (3.8)[eqq5699]

By [26, p. 74] (see also [18, 4.2.2. Example: Poschl-Teller potentials] or [17, p.
130]), the negative eigenvalues of the opreator —9? — ABcosh™2(vt) in L*(R) is
given by

2

2
0j Z—Z(—(2j+1)+ 1+4>\67‘2)

where 7 =0,1,2, -+, jo with jo € Np and jg < %(\/1 +4NBy2 — 1). It follows
that the ordinary differential equation (3.7) is solvable if and only if

2 2
’YZ ( —(25+1)+/1+ 4)\B'y_2) = Ta- (3.9)[eqq0018]
For every i and j, we denote the unique number of A > 0 which satisfies (3.9) by

Ai,j. Thus, all eigenvalues of (3.5) are {A; ;}: jen,. Since (3.5) with A = 1 is just

(2.10), it has been proved in [17] that X\g;; = 1. Note that by (3.9), Aj; < Ajit1

and A;; < Ajy1,, for all ¢ and j, thus, by Ag1 = 1, we have Mg < 1and 1 < A;;

for all other i and j except A . Moreover, since ¥ has Morse index 1 under

the conditions (1) and (2) in the cases of N > 2, we must have 1 < A\ o. Thus,
min{ g 2, A1,1, A1,0} is the smallest eigenvalue of (3.5) which is larger than 1.

Let us first compare A2 and A;,;. We define

FO) =1+ 4rA3y2.

Then by (3.9),
Foz2) = fF(A11) = 2(1 — gn(a)hy, (b)),

where gn(a) = /5 + 4(61:57:2)2 — 3 and hy,q(b) = Nf%;;fb). By direct calcula-

tions, we find that hn (b) is decreasing for b with

. 1
agrz?glgﬂ hna(b) =hngo(a+1) =0, agrglgfﬂ hn,a(b) = hyqo(a) = (N — 2>+

and gy (a) is increasing for a with

min gy (a) = gn(—00) =0, max gn(a) = gn(
—oo<a< 5

;2 —oo<a<l =5 2
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Here, <N1_2) = ﬁ for N > 3 and <N1_2> = 400 for N = 2. Note that
+ +
gn(0) = ( 555 | , thus, for 0 < a < &52 which implies N > 3, we always have
+

gN(a)hE’la(b) >1foral0<ac< ¥ and a < b < a+ 1 with a + b > 0, which
implies that f(Xo2) < f(A1,1) for all 0 < a < ¥ and a < b < a + 1 with
a+ b > 0. Moreover, for every a < 0, there exists a unique a < by, < a +1
such that gN(a)hK,}a(bN,a) = 1, which implies that by, = brs(a) given by (1.3).
Thus, by the monotone property of hy 4(b), we see that gy(a)hy',(b) > 1 for all
a < 0 and bpg(a) < b < a+ 1, which implies that f(Xo2) < f(A11) for all a < 0
and bps(a) < b < a+ 1. It follows that we always have g2 < A1 under the
conditions (1) and (2) in the cases of N > 2.

It is sufficiently to compare Ag 2 and A; o to determine the smallest eigenvalue of
(3.5) which is larger than 1 under the conditions (1) and (2) in the cases of N > 2.
As above, we have

Foz2) = fF(Ar0) = 2(2 — gn(a)hy, (b))

Now, using the monotone properties of gy(a) and hy 4(b), we can compute as
above to find that gN(a)h;V,la(b) >2foraf <a<acwithalla<b<a+1in
the cases of N > 2, while for @ < a¥ in the cases of N > 2, gN(a)h;,,la(b) > 2
for bjg(a) < b < a+1, gn(a)hy',(b) = 2 for b = bjg(a) and gy (a)hy',(b) < 2
for bps(a) < b < bhg(a). If follows that Xgo < Aig either for a < a} with
we(a) <b<a+4lorforal <a<acwithalla<b<a+1, A2= N, fora<a}
with b = bhg(a) and A1 g < A2 for a < af with bps(a) < b < bjg(a), which,
together with the fact that Ag 2 < A1 1 under the conditions (1) and (2) in the cases
N > 2, implies that Ag 2 is the smallest eigenvalue of (3.5) which is larger than 1
either for a < a} with bjg(a) <b<a+1orfora} <a<a.withalla<b<a+1,
Xo,2 and Aq o are both the smallest eigenvalue of (3.5) which is larger than 1 for
a < a} with b =bhg(a), and A o is the smallest eigenvalue of (3.5) which is larger
than 1 for a < a} with bps(a) < b < bhg(a).

Since A\g;1 = 1, Agp < 1 and 1 < \; ; for all other ¢ and j, we have

Iolfsicy = 8 | cosh™20t)odn > Aullols e (3.10) eqaion]
for every p € M=, where
Moo —1
0}\2 , an<a<a,witha<b<a+l,
0,2
Aoz —1 e s
o a < a) with bhg(a) <b<a+1,
0,2
Av = ’
Az2—1 Aog—1
0;0 - 1}\01 — a < a} with b =bpg(a),
Ao —1 . .
SV a < a) with bpg(a) < b < brg(a).
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By (3.9), we can compute

Aoz — 1 (2(ac — a) +4v)y 2(p— 1)
) - = 3.11 1029
Xz (ac—a+3y)(ac—a+2y)  3p—1 (3.11) eqq1029]

and

Ao—1 V(ae—a)2+N-1(/(ac—a)2+N—-1+7) -8
Ao Vi(ae—a)2+ N —1(y/(ac —a)2 + N —1+7) (8-12) [eaq3020]

which, together with (3.10), implies that (3.2) holds true for every p € M+ under
the conditions (1) and (2) in the cases of N > 2.

It remains to prove that the equality of (3.2) holds if and only if for the functions
given by (3.3) and (3.4). By [22, p. 129, Case 1], we have

¢i,5(t) = xx(sinh(yt))(cosh(vt))™ jW\W/TJ, (3.13)

where xx(z) is a polynomial of degree at most k which depends on 4, j. Moreover,
by [22, Theorem 7], xx(z) satisfies the following equation

—72(2* + 1)D2xk(2) — (1 = 2)7° = 2vy/Ta) Daxie(2) + Rxa(2) =0 (3.14)
where R € R can be taken arbitrary values. As that in [26, p. 74] (see also [30, p.
529]), we introduce the function

@jn(z) = (1+2%)"2xx(2) and %,k(y)Zsoj,k(ly—y?)

1

with z = \/13’72 Then by direct calculations, 1 + 22 = el Moreover,
-y
~ Dzw'k(z)
D. o 2 LA
y@%k(y) (1 _ yQ)%
and
~ D2y, 1(2)  3yD.p;n(2)
D2G. _ =% 2Pj.k\
y@j,k(y) (1 — yg)g (1 _ yz)%
with
) _it2 i
D.gjr(z) = —j(1+2%) 7% axu(2) + (1 +2%) "2 D.xa(2)
and
_i . _it2
Dlpik(z) = (142°)72D2xk(2) — 2j(1+2°)7 = z2xk(2)
(5 +2)22 _i+2

It follows that for every 7, 1 and ¢,
(1= y)Dy@sn(y) + (F =i = (F+ i+ 2)) Dy@ik(y) + a7 + i+ g+ 1)@ (y)

= (142 D2 H(F-D+22) 72 + (1 -2 —F - A1 +2) 77 2)Dax(?)
e~ 1 . e~ o~ . ]
H—JF - +2°)2 + (P +iF+ D) +aF + i+ g+ 1) — ) (1 +2°) 7 xu(2).
By (3.14), we find that ¢; 1 (y) satisfies the following Jacobi equation

~ VTa,i ~ . 2\/Ta,i . ~
(1 —y*)D;25(y) —2 (7 + 1) yDy@; k(y) + 7 (7 +J+ 1> @jx(y) = 0.
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It follows from [29, p. 22] that @, x(y) is the Jacobi polynomial given by

N COPRSN. cx3 J DOA

Gik(y) = 291 1=y i (=g ).
Thus, by (3.2), we know that the equality of (3.2) holds if and only if for the
functions given by (3.3) and (3.4). O

(rmkq0001) Remark 3.1. Since tanh(yt) is bounded in R, by (3.13) and (3.15),
|ij| SO for alli and l.

In particular, by (3.3) and (3.4), we have |po2| SV and |pr0:] S U for alll =
1,2,---,N.

Remark 3.2. By (3.4) and (3.12), we find that p1,0,(t,6) = (cosh('yt))%eu and
M, =1 for b = bpg(a), which coincides with the computations in [19, Lemma 7]

(see also [17, (2.10)]).

4. ENERGY ESTIMATES OF CpEg

To prove cpg is achieved, we shall follow the ideas of Konig in [24] to derive two
crucial energy estimates of cpp. For this purpose, we need first to establish the
following expression of distfp(c) (v,Y), where Y is given by (2.7).

(1emq0001) Lemma 4.1. Let N > 2 and assume that either

(1) brs(a)<b<a+1witha <0 or
(2) a<b<a+lwith0<a<a.anda+b>0.

Then for every v € H'(C),

(3.15) [eagooar]

disti ey (0, Y) = ol o) = Caov SUp (0, W) ) (4.1) [saqo0091]
1

where
Vi ={v e V| I[vllLr+1(c) =1}
Moreover, supy,cy, ((v, hP) 12(c))? is attained for every v € H'(C).

Proof. The proof is a “completion of the square” argument which is the same as
that of [9, Lemma 3] (see also the proof of [24, Lemma 2.2]), so we omit it here. [

For the convenience of the readers, we provide here a standard computation of

the integral fR(cosh(s))*a(coshQ(s) — 1)#ds which is also used in the appendix:

“+oo
/(cosh(s))*a(coshQ(s) —1)Pds = 2/ (cosh(s))™%(cosh?(s) — 1)%ds
R 0

+oo
— cosh™2(s))?(cosh(s))*#~*ds
2 [ (1 = cosh ()" cosh(s) "

+oo
= _/0 (1- costh(s))ﬁ_%(cosh(s))zﬁ_awd(coshd(s))

1
= / (1- x)B_%m%_B_ldx
0

= BC-58+3),

(4.2) [oaqtoeq]
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for ¢ > B and 8 > —%. Now, we have the following crucial energy estimates of

CBE-
{propq0002) Proposition 4.1. Let N > 2 and assume that either

(1) brs(a)<b<a+1witha<0 or
(2) a<b<a+lwith0<a<a.anda+b>0.

Then cgg < 2 — 2#1. Moreover, if either

(1) a<a<a.anda<b<a+1 or
(i7) a<al andbhgla) <b<a-+1.

Then cgr < (p 1), where a}; and byg(a) are given in Proposition 3.1.

Proof. Let us first prove that
2(p—1)

BB < 5 T (4.3)[eqat034]

under the assumptions () and (i¢). Testing cpg by the function u = ¥+¢epg o with
€ — 0, then by the definition of cgg, we have

¥ + €po, 2”%11(@ C_b N”‘I' =+ €po, 2||Lp+1(c)
d’LStHl(C)(\I/ + €po,2, y)

(4.4)[easoo3]

CBE >

where pg o is given by (3.3). By po2 € ML and Lemma 4.1,

disti ey (¥ +epo2, V) = *llpo2ll ey

which, together with (4.4), implies that

H\IJ+5100,2||§{1(C CabN||‘I’+5PO 2||Lp+1(c)

(4.5) [eaqtoz3

CBE >
HPO 2||H1(C)

By Remark 3.1, we can expand |¥ + epo, 2||LP+1(C by the Taylor expansion to
arbitrary order terms. Thus,

p+1

p+1)p
19 +epoallitine, = %75 +€(P+1)<‘1’papo,2>m(c>+€2%<

UPY pd o) 2 (o)

3p(p® — 1)

5 (WP=2 p3 o) 2 (c) + 0(€?).

+€
It follows from (2.4), pg2 € ML and the Taylor expansion once more, that
C_b NI +epo, 2HLP+1(C) = C_b N||‘I’||Lp+1 ©) +P52<‘I’pflaﬂg,2>L2(C)
PO DZ g2 ) vy +ole?). (46)[saatem

By Proposition 3.1,

= LT 4 1) — (004 2)(coshirs) )
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under the assumptions (¢) and (i¢). It follows from (2.3) and (4.2) that

_ p+ 1)(a. —a)? = _ _2(p=2)
gt = (LS T [ o) S g s
3 2\ =2
p (p+ D(ac —a)*\ 7™ N p+2 1
= — 6 SYH(8(p +1)° IB%( 5)
8v(p—1) 2 -1'2
_l’_
—12(p+1)%(3p + 1)18(79—1 +1, §) +6(p+ 1)(3p+1)2 B(—l +2, 2)
+2
~(3p+ 1)3133(79— +3, )>
1 2
which, together with the well known fact that B(m,n) = m’f;inlﬂi(m— 1,n), implies
that
. p=2
N 2(p + 1)p’ <(p+1)(aca)2>” -
wr=2 3 gN-1
WO = S e - - 1) 2 o
21
BT )0~ 67+ 8p - 3)
> 0
since p > 1. Thus, by (2.4), (2.5), (4.5), (4.6) and Propostion 3.1,
=P i) ee)  p(p — D(TP2, 08 ) 2 ()
cge < 5 - 3 3 + o(e)
||P0,2||H1(c) ||P0,2||H1(c)
[1P0,2117r1 ) — PP, P 2) 22(c)
||p0,2||%{1(c)
_ 2p=1)
3p—1
for e > 0 sufficiently small, which implies that (4.3) holds true under the assump-
tions (i) and (4i).
It remains to prove that cgr < 2 — 2537 for N > 2 under the conditions (1)
and (2). For this purpose, we use vy = ¥ + U, as a test function of cppg, where
s = 400. Then we have
Hvsniﬂ(c) C_bN””s”Lerl(c)
< . 4.7
cop = G S (4. [etozs
y (2.3), (2.4) and direct calculations, we have
loclney = 2 +2 [ 90d
= 2||\Il||%{1(c) +2/ (TP + W20 dp
{t<s}><SN—1
= 20|20y + 240e T + O(e ), (4.8) [eqq0040]
where

pt1

A = (W) /c(cosh(m)—%e%vtdt.
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Since ¥, < ¥ in (—o0, 5) by (2.3), by (2.3) once more and the Taylor expansion,

”US”];’_L(C) - 2/{t<s}XSN1(\I’S+\P)pHdu
3

2/ \pr+1du+2(p+1)/ \Ilqusdu+/ O(WP~ w?)du
{t<g}xSN-1 {t<§}xsN-1

{t<§}xSN-1

2 _~g 2 .
= 2”\11”2111(@ +2(p+ 1)A06 p—17% 0(6 =17 )
Thus, by (2.4), (2.5) and the Taylor expasion, we have

_ 2 —2 s 2
sl ) = CapllvsllZon ) = (2 = 27 ) [ W3 o) — 2A0e™ 777" + o(e™ 77777).(4.9) [eqq1036]
On the other hand, by (2.4) and Lemma 4.1,

distine)(vs,Y) = |vsline) = Capn Sup (vs, hP) 12(c))”
heY1
_1_;,_%
= sl = Cop s’ Sgﬁ(@ + W, UP) 2¢))? (4.10)[eqq0085]

We denote Hy(7) = F(7) + G4(7) with
F(T) = <\I/, \I/£>L2(C) and GS(T) = <\Ifs, \I/£>L2(C)-
Clearly, by (2.3) and the symmetry of U,

Hy(1)* = Hy(7)* = Hy(7))*.
sup Hy(r)” = jmax, H(7)" = (imax, H,())

Moreover, H,(7) is strictly increasing in (—oo, 0) and strictly decreasing in (s, +00).
We denote

Hy(7(s)) = omax, Hy(r).

Note that by (2.3) and the symmetry of ¥, F(7) is also strictly increasing in
(—00,0) and strictly decreasing in (0,400). Thus, F'(0) is the unique strictly global
maximum of F(7). Since we also have

F(T) = <\I’_T, \I/p>L2(c) and GS(T) = <\I/S_7-, \I/p>L2(c),
by similar estimates of (4.8),
F(0) +o(1) = Hs(0) < Hy(7(s)) = F(7(s)) + o(1) < F(0) 4 o(1)

as s — +oo. It follows from the continuity and monotone property of F(7) that
7(s) = o(l) as s — 4o0o. Again, by similar estimates of (4.8) and the Taylor
expansion,
Hy(7(s)) = F(r(s)) + Gs(7(s))
S i (VSR 2 —521(s=7(5)) — Bty
= (O)+TT(S) + o(7(s)%) + 2Ape” 71 + O(e »=17%),

which, together with Hy(7(s)) > H(0) = F(0) 4+ G4(0) and F”(0) < 0, implies that
e T (=T()) _ =3 4 @(e—%WS)

HOMES
< T(s)e T 4o(7(s)2) + O(e” - 17%),
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It follows from p > 1 that 7(s) = o(e_P%l'ys). Thus, by the Taylor expansion and
similar estimates of (4.8) once more, we have

Hy(r(s)) = F(0)+Gs(0)+ O(7(s)?) + Gs(7(s)) — G(O)
= F(0)+ G4(0) + +O(r ( )2) + O(7(s)e” mT 4 e F17)
= F(0) 4+ Gs(0) + o(e™ 7= lnyS)
By (2.4), (2.5), (4.8) and (4.10),

2
) 1+ 22
dZSt%{l(c)(Us,y) = 2H‘I’H§11(c)+2/c‘1’p‘1’sdﬂ CabN (H‘I’Hiﬁl(c /C‘I’p‘l’sdﬂ>

bolem7)
1+ 2 .
= Il ey = Con (P ofe )
= @]y +ole” ). (4.11)[eqq1037]

y (4.7), (4.9) and (4.11), we have

HUSH%I(C - C;; NHvS”%erl(c)

BB = dzstHl(c) (vs, V)
= 2- 25T — 2A00;,%71N€_1’%1W8 +o(e”7T7)
< 22w
for s > 0 sufficiently large, which completes the proof. O

5. PROOF OF MAIN RESULTS

We mainly follow the strategy of Konig in [24] to prove Theorem 1.3.

Proof of Theorem 1.3: Let v,, be a minimizing suquence of (2.6). Then we have

{v,} € HYC)\Y and

an”?{l(c) Ca b N||vnHLp+1(c)

n(1 5.1
disti ¢y (vn, V) cap + on(l). (5.1)[eqqo030]

As that in [24], we normlize v, by assuming ||vn\|%p+1(c) = 1. It follows from (5.1)
that

(cn5 + 0n(D)dist ¢y (vn, V) + ot e = ol c) (5.2)

Since by Proposition 4.1, (3.11) and (3.12), 0 < ¢gg < 1 under the conditions (1)
and (2), by Lemma 4.1,

(1= s +on(W)lvallf e = Copn — (e5E +0n(1)Cqp y sup (v, h”) 12(0))*.

1

Thus, it is easy to see that {v,, } is bounded in H'(C), which together with Lemma 4.1,
also implies that {dz’st%l(c)(vm Y)} is bounded. As that in [24], by the Lions lemma
(cf. [5, Lemma 4.1]), up to translating the sequence {v,}, we may assume that

n — f weakly in H'(C) for some non-zero f. We decompose

Vp = f+gn in H'(C) where g, — 0 weakly in H'(C).
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For the sake of clarity, we divide the following proof into three steps.

Step. 1 We prove that g, — 0 strongly in H'(C) as n — oo.

Suppose the contrary that g, /4 0 strongly in H'(C), then by the Lions lemma
(cf. [5, Lemma 4.1]) once more and the fact that g, — 0 weakly in H'(C), there
exist s, € R such that |s,| — +o0o and g, (- — s,) — go # 0 weakly in H*(C). We
denote M(v) = supy,cy, ((v, ") 12(¢))?. Then by Lemma 4.1,

M(gn) = ({gn, B L) r2())?  and  M(f) = ((f, W) a(e))*.
Since gn(- — sp) — go # 0 weakly in H'(C) with |s,| — 400, we must have
B s = C(;?N\Il(t — 8y,.) With [s], | = +oc. Tt follows that
M(Un) > (<Un7 hﬁ,*>L2(C))2 = M(gn) + On(l)
and
M(vn) 2 ((vn, W) £2(¢))* = M(f) + 0, (1)
Thus,

M(v,,) > max {M(gn),M(f)} + o, (1). (5.3)[eqq2036]

”UHiII(C)

lTvll?

We denote S(v) =
Lr+1l(c)
that ||gn||%p+1(c) < ||f||ip+1(c). Then by (2.6), (4.1), (5.2), (5.3) and the fact that
ce <1,
on(1) = on(l)distfp(c)(vn,y)

= ||”n||§{1(c) - Ca,;,N - CBEdiSt%Il(C)('Um V)

Moreover, without loss of generality, we assume

= (L=cpp)lvalline) — Capn +cBEC N sup ({vn, W) 12(0))?
€1

2 ||f||§{1(c) - Ca_,g,N”fH%m—l(c) - CBEdiSt%rl(c)(fv Y)+(1— CBE)HQTLH%P(C)
_ 1 2
Gt (1 ) + om0 P = 1 s ) + (0
Copn (g2 + 17T —1
> (1 - cpp - 22 ( ) )) Il +o(1),  (5.4) aaiodo)
where ¢, = lonlliriice) oy, By [24, Lemma 2.3], we have

”fHL;nle(c) -

p+1 % _
(a5 +12)+1 Lot
4

which, together with (2.5) and (5.4), implies that

)

2
CBE > 2 — 2p+T,

It contradicts Proposition 4.1. Thus, we must have g, — 0 strongly in H'(C).
Step. 2 We prove that distzl(c)(f, Y) > 0 under the assumptions (i) and (4).
Again, we suppose the contrary that distg1(c)(f,)) = 0, then by Step. 1, we have

gn — 0 strongly in H(C). Tt follows that dist(v,,)Y) — 0. Now, we are in the same

situation as that in the proof of [24, Proposition 4.1]. Thanks to Proposition 3.1,

we can use the same argument as that used for [6, Proposition 2] (see also the proof
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of [32, Proposotion 4.1]) to show that cgp > %

(4i), which contradicts Proposition 4.1 under the assumptions (¢) and (é¢). Thus,
we must have diStiﬂ(c)(fv Y) > 0 under the assumptions (¢) and ().

under the assumptions () and

Step. 3 We prove that the variational problem (2.6) has a minimizer f under
the assumptions (i) and (47).

Since by Step. 1, g, — 0 strongly in H'(C) and by Step. 2, dist%l(c)(f, Y)>0
under the assumptions (i) and (i7), the variational problem (2.6) has a minimizer
f under the assumptions () and (7). O
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7. APPENDIX: THE REMAINING CASE

The remaining case, that is, N > 2 with a < a} and bpg(a) < b < byg(a), is
very special for the variational problem (2.6). On one hand, by Proposition 4.1,

the energy estimate cgp < 2 — 2747 still holds for this case. On the other hand,

if we can establish the energy estimate cpp < Ay = Ax’gl for this case as that

for the cases (i) and (i) in Proposition 4.1, then by the same arguments as that
used for Theorem 1.3, we can still prove that cgg is attained in this case, where A,
is given by Proposition 3.1. In what follows, we shall show that the test function
u = VU +ep; 9, with € = 0, which seems to be the possiblely optimal test functions
according to Proposition 3.1, is invalid in deriving the energy estimate cprp < A,
in this case.

By Proposition 3.1, it is easy to see that <‘I’p_27pio,z>L2(C) = 0 for all [ =
1,2,---,N. Now, as that in the proof of Proposition 4.1, we will have cgp <
A« + o(e) in the remaining case. Thus, to go further, we need to expand ||¥ +
Epo’g}lH%PJFl(C) to higher oder terms. Since by Remark 3.1, we can expand [|¥ +

EpoygtlH%pH(c) to arbitrary order terms, by the Taylor expansion,

(p+1

19 +eproiliiiie = IWI e +el+ 1P, pros) e + &
(P> —1)(p—2)

6gzn(p2 — 1)<
12

6
+o(eh).

+ VP2 ol o)) €

It follows from (2.4), p1.0,; € M-+ and the Taylor expansion once more, that

Cornl¥+eproillisine = Copnl¥lime) +p2(YP7Y 03 0 0120
p(p— 1) _ p(p—1)(p —2)e*
+7( ) (W2, pd o) L2 (e) + ( i )
3 12
+1 2.4
el (p—1)pZe _
o PP (g1 2 e+ (e,

4

)/ -
T(\Iﬂ’ Loton e

(P2 ot o020

(7-1)[eaq0050]

(P32 ot o020

(7.2) 252038
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Then by Proposition 3.1, (7.1) and (7.2), we will have the following energy estimate:

~

Z
_BabNL 24 02), (7.3) [eqq3051]

cBE < A — 3
||P1,0,l| H1(C)

where we denote

5 pp—1)(p—2 s 24l (p — 1)p? _
Zap, N1 = %@’p % plon) ) — Cﬁ@%((‘l’p Ll rze)?
Clearly, if we want to derive the desired energy estimate cpp < A, we need to

show that Z,p v > 0 where p > 2 is necessary. Recall that p = % with

a < b< a+1, Thus, we must have 2 < N <5 for p > 2. It follows that Zl,b,N,l <0
for N > 6, which implies that we can not derive the desired estimate cgp < A, for
N > 6 and a < a with bps(a) < b < bjg(a) any more by the possiblely optimal
test functions u = W 4 €p1 9, as € — 0.

For 2 < N <5, we know that p > 2 is equivalent to

N
b<bigla)i=a—ac+ —.

3
It follows from a < a’ with bpg(a) < b < bhg(a) that a’* < a < a’ where
2
az* = Q¢ — % N —1.

Moreover, big(a) < byg(a) for a < af** and bis(a) > big(a) for a > a** where

a’ =a,— ?\/N —1.

We remark that since 2 < N < 5, we have a2** < a’. Since p is decreasing for b,
we have

g«(a) <p<2¢fa)—1 forai™ <a<al (7.4)[eqq9099]

and
2<p<2¢(a)—1 fora*<a<al, (7.5) [eqq9098]
where
N -1
g«(a) =4 /1+ ooy (7.6)[eqq9097]

We also remark that for a € [a}*, a),

c ¢

N +2

2 < qi(a) < <N—2>+ for a}™ <a<a; (7.7) [eqq9095]

and

3
3 <qla)<2 foral* <a<al™. (7.8) [eqq9094]

By Proposition 3.1 and (2.3), we have

P
- p+1 p=T _o(p=3 2/Ta
(UP=3 pl o) 2 (c) < (aca)Q) /S } 1efld9 / (cosh(yt))2G=Tt=5 ) gt
- R
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and
p+1

(WP ot o2 e) =

where 7, 1 is given by (3.8). Since by symmetry, we have

1
6% df = —|SNV 1! d / 0% df = ——— SN~
\/S’N—l U N| | an SN-1 Lt N(N + 2

(ac — a)? / 02 ,d0 / (cosh(yt)) 20+
2 SN-—-1 ’ R

by (4.2) and the explicit formula of C; v given by [12, Corollary 1,3], that is,

p+l
-1 p+ 1 p+3 2\/EF <p—1)
Ca,b,N = 2 (ac - a) Pt 3pt1
w-ur (s
we have
p—3
5 p=s p(p =2V (p+ 1\
7. — ()3P0
b (@ —a) = NN+ 2 2
1 pDNB?
y B( \/Tal ) N (
— 1 ) (p—
where
N +2)|SN-1
py - 2
Since it is well known that
2 m
Ly N = 2m
|SN_1‘ _ (m - 1)'
o 2(2m)™
—t— N =2 1
@m -1’ mt
we have
4w, N =2,
2
2y
Du — 3
N7 33r2, N=4
5672
N =5.
15’

‘»—‘4

l\’)\»—l

)), (7.9) sagsosy

(7.10) [eaas09s]

Recall that by the definitions of v and 7,1 given by Proposition 3.1 and (3.8),

respectively, we have
Ta,1 2 2
ol - 2= 2 (gula) - 1),
v p p
Thus, by (7.4) and (7.5),

1< v Ta,1 . 2

—— <
v p—1

3

where we have also used the monotone property of ¢.(a). As that in the compu-
tations for the cases (i) and (i7) in the proof of Proposition 4.1, by the monotone
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property of the beta function B(m,n) in terms of m and the equality B(m,n) =

ngIinB(m - 17 n);
p—3 _JTai 1. pDNB(142¥1 1)
B( +2 19T +1 1
p—1 v o2 (p—2)B(25,5)
R Y™ _ 2L pDNB(1 +2¥24 1)
 ooVTed 2 1 Cp—12 241 2l
25 p—1 T3 7 P (p*Q)%j_% x g+%B(%+2,%
2. (a) — 1 2DNp2(p + 1 ol 1
8¢:(a) +p—-5 (p—2)(2p+1)(5p—1) v 2
B AB(1+ 27, 5) fon(P)
(8¢x(a) +p—=5)(p —2)(2p +1)(5p — 1)’
where
fan(® = —2Dnp* —2(4Dy —5)(2¢.(a) — 1)p® — (17(2¢.(a) — 1) + 2D (8¢.(a) — 5))p”

—7(2¢(a) — 1)p +2(2¢+(a) — 1)

with g.(a) given by (7.6). Since g.(a) > 2 and Dy > 7 by (7.7)-(7.8) and (7.10),
respectively, we have

fan(® < —2Dnp* —2(4Dy —5)(2¢.(a) — 1)p® — (17(2¢.(a) — 1) + 2Dy (8¢.(a) — 5))p”

< —p*(2Dnp® +2(4Dy — 5)(2¢.(a) — 1)p)
< 0

for p > 1. It follows from (7.9) and (7.11) that Zl,,,,N,l <0for2< N <5anda<a}
with bpg(a) < b < bj.g(a), which implies that we also can not derive the desired
estimate cgp < A from (7.3) for 2 < N < 5 and a < a} with bpg(a) < b < bjg(a).
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