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ABSTRACT. This paper is concerned with the regular part of the Bloch Green’s function in a
Wigner-Seitz lattice cell. We first give a new fast converging series expression. Then we derive
an explicit expression using some Dedekind eta functions when the Bloch vector k are some
rational numbers. Finally we study its critical points.

1. THE BLOCH GREEN’S FUNCTION ON THE LATTICE AND MAIN RESULTS

In studying of the stability of localized lattice patterns for reaction-diffusion systems (Gierer-
Meinhardt, Schnakenberg) in R?, a Bloch Green’s function is introduced in [7, &]. For a general
complex nonzero Bloch vector k, the Bloch Green’s function takes complex form. However its
regular part, as seen below, is shown to be real (Lemma 2.1, [7]). The stability of lattice patterns
is determined by max-min properties of the regular part of the Bloch Green’s function. In this
paper our primary goal is to establish new analytical formula of the regular part and study its
critical points. For more background on the regular part of the Bloch Green’s function and its
application in biological pattern formation, we refer to recent survey article by Ward [17]. For the
lattice sum and related physical models we refer to Linton [11, 12].

We first introduce Bravais lattice cell. Let 1; and 1 be two linearly independent vectors in R?,
with angle 6 between them. The Bravais lattice A is then defined by

A={mly +nly | m,neZ}.

The parallelogram generated by the vectors 1; and 1, is called primitive cell, whose area is denoted
as |A|. The Wigner-Seitz or Voronoi cell centered at a given lattice point of A consists of all points
in the plane that are closer to this point than to any other lattice point. The Wigner-Seitz cell
is a convex polygon with the same area as the parallelogram 1; x 1,. We denote the Wigner-Seitz
or Voronoi cell at the origin as . For a Wigner-Seitz cell Q and vector k # 0, the Bloch Green’s
function G(x;k) is defined to satisfy

{—AG(X; k) = 5(X), X = (-Tlva) € (11)

G(x + L k) = e 7kIG(x; k), 1€ A

where x = (21, x2) belongs to Voronoi cell 2 and the Bloch vector k belongs to the dual lattice
(sometimes known as the reciprocal lattice):

A*={d|d-1€Z, V1 € A}.

It follows that the dual lattice satisfies
1
(A" = A; A" = —.
Al

In the following, we parameterize A* as {nd; +mda, (m,n) € Z2}, where d; = (1,0), ds = (,y),
y > 0. Hence A = (A*)* = {ml; + nly, (m,n) € Z?}, where 1; = (L,=3) L= (0,%). Thus
Al =L AL = %
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Formally the Bloch Green’s function can be constructed as the sum of free-space Green’s func-
tions:

G(x;k) = Z Go(x + 1)e2mikT, (1.2)
leA
where the free-space Green’s function Go(x) satisfies
— AGy(x) = 0(x). (1.3)

To calculate the summation in (1.2), we use the Poisson summation formula for Fourier transform
on the lattice, which says that

Z f(X + l)eZﬂik-l _ ﬁ Z f/\(d o k)€2‘n'ix(d—k)’ (14)

leA deA*
where A* is the dual lattice of A. Here we adopt the following definition of Fourier transform

flo) = [ e pax.
R2
By this definition, for the Gaussian distribution and Dirac measure centered at b, there holds
=X = ¢TI §(x — b) = e 2P, (1.5)
To introduce the formula for the Bloch Green’s function, we introduce some notations first. Let
k = k1 + ik be the Bloch wave vector and 1; and 1y be the generator of the lattice, i.e.,
A= A(ly, L) := LZ + 1,Z := {ml; +nly | (m,n) € Z*}.

If we treat dq,ds, 11,15 as complex variables, we denote 7 = = + iy as quotient of the basis:
I,  do

By rotation we may assume that Im(7) > 0. Let x = (z1,22) be the vector variable of the
Bloch Green’s function. For simplicity in computations, we also denote that

u=x- -1 +y- Ty, V=2T1. (1.6)
By taking Fourier transform in (1.3), we have
~ 1
G =——. 1.7
0(p) 47T2|p|2 ( )
Combining (1.2),(1.4) and (1.7), we obtain the following formula for the Bloch Green’s function
2mix-(d—k) 1 ) )
. _ Y € _ —2mi(k-x) 2mi(mu+nv) Y
G(x; k) = — _— = — _ 1.8
(k)= 73 D d—k?2  4m2° >, e lmr + 71— k|2 (18)
deA (m,n)€Z?
Let y
Jon — 2mi(mu+nv) )
wl(7) Z ¢ |m7 +n —k|? (1.9)
(m,n)€ez?
Then the Bloch Green’s function can be written as
1 —2mi(k-x
Glxk) = 5 T By k(7).
The regular part of the Bloch Green’s function is then defined by
. 1 X

(The factor 4/|A| appears in above definition due to the scaling of the lattice cell area.)

In terms of Fy , x(7), the regular part of the Bloch Green’s function can be expressed as

1 b'e
Eyox(T) + —log| ——|). (1.11)

2 VA

R(7,k) = lim ( !

x—0 ‘472
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In [7], the authors derived the following formula of R(7, k) involving a parameter 7 (in the spirit
of Beylkin et al. [3])

[2md — k[? 1 v logy

k)= - Z F%n - )

R(r.k) = > exp( 42 )\27rd e 2 oW =3~ o (1.12)
deA~ 1€A,1£0

where Fying(1) = E1(|11?n?)/(47), E1(2) = [, t ‘e 'dt is the exponential integral and v is the
Euler constant. Here finding the optlmal 7 is critical in numerical computing. Furthermore, they
also derived the following leading-order asymptotic behavior of R(7, k),
1
R(T,k) ~ m, ask—>0, (113)
where the positive-definite matrix Q is defined in terms of the parameters of the Wigner-Seitz cell.

As one can see from (1.12), the right hand side involves an artificial parameter 7. The role of 7
is to facilitate numerical computations. Our first result in this paper is the following general form
of R(7,k) which is expressed by double series with exponential factors.

Theorem 1.1. Let 7 = x +iy,y > 0,k = ki +iks. The regular part of the Bloch Green’s function
has the form:

(e2k27r _ e—2k27r)y

Aky (62’“2” + e—2kem _ 9 cos(2k:177))

1
— %bg 127/y|

R(r,k) =

| 1
Jr
27y2 n; n(n — %)(n + Lz) (1.14)
1o 1 —2rm(ny—ka)
— e T cos(2mrm(nx — k
o nzl — le (2mm( 1))
1 = 1 —2mm(ny+kz2)
— ™ 2) cos(2 .
+ 7 Z o % mzz:le cos(2mm(nz + k1))

Remark 1.1. When y is large, the first and second terms in (1.14) determine the leading order
behavior of R(1,k). That is,

(62]6271' —2k27\')

—e
(47rk2 (€22 4 e=2kam — 2 cos(2k )

1
R(r,k) ~ U= 5 log 27vyl), v > 1. (1.15)

Remark 1.2. We can rewrite the third term in (1.14) by the Digamma function which is defined
as

¥(z) = - {InT(2)} =
Then the third part in (1.14) can be rewritten as
o 1

o mZﬁ(m/)(l)—w(l—t)—w(l‘i't))v
n=1

where t = %2 and we use the following summation formula ([1])
— 1
Y@) =Py =(—1y) Y ———.
L v a)nty)

Remark 1.3. The fourth and fifth parts in (1.15) are harmonic although they are double series.

Remark 1.4. Observe that the series in (1.15) are fast converging due to the exponential factors.
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Remark 1.5. Finally we give another equivalent formula. First, we give precise domain of Bloch
wave vector k and its parametrization. From equation (1.1), by uniqueness of the solution of the
periodical boundary PDE, the Bloch Green’s function G(x;Kk) satisfies

G(x;k+ A") = G(x; k).
It implies the periodicity of R(x;k). That is,

WRT . A
R(T,k+A)—llr%(G(x,k+A)+27rlog|\/K|)

X—>

. 1 X
= il_t}% (G(x, k) + o log ‘ﬁ‘)
= R(7; k).

Therefore, we can restrict Bloch wave vector k in the fundamental cell of A*. Equivalently,
ke {sd; +ddy =tyi+ (s+tx)|s,t[0,1)},
where dy,ds are the basis of A*. We can further parameterize k as
k =tyi+ (s+tx) | s, t €[0,1]}, d.e., ko =ty , k1 = s+ tx;s,t €[0,1].
With this parametrization, by (1.15), we can obtain an alternative form of the regular part of the

Bloch Green’s function. That is,

R(1,¢&) =
(7€) 4rt (e + e=2T — 2 cos(2(s + tx)m))

1
— —log|2
- log 2m 7]

(e2ty7r _ e—2ty7r)

e
2m £ n(n —t)(n+1t) (1.16)
1 - 1 - —zmTm(n—
+ o Z ) Z e~ Tmm =Y cog(2mm((n — t)z — s))
n=1 m=1
1 — 1 = —2mm(n+t)y)
+ o Z e Z e cos(2mm((n +t)x + s)),

1

m=1
where T = (z,y),£ = (s,t) and s,t € [0,1).

n

When k = k is a real number we have a more precise formula:

Theorem 1.2. The reqular part of the Bloch Green’s function when k = k is a real number can
be written as

y 1 1 1 & )

Ri(1) = R(1,)k) = —5—— — —1 — —log2m — — 2mnk) log |1 — ¢"

e(7) (r.k) 4sin®(nk) 2w 08 VY~ 5 log2m QW;COS( mnk)log |1 =",
(1.17)

2miT

where ¢ = e ,T =+ 1y.

Next we analyze the asymptotic behavior of R(7,k) when k — 0. We first define the periodic
Green’s function
—AGy(x;7) = §(x) — ﬁ, x e
Jo Go(x;7)dx =0 (1.18)
Go(x+L;7) =Go(x;7), L €A
and its regular part
1

Ro(7) = lim (Go(x;7) + o5~ logl\/%l) (1.19)



BLOCH GREEN FUNCTION 5

which has the following form (Chen-Oshita [5]; see also Lin-Wang [10] and Sandier-Serfaty [14])

1 1 =
Ry(1) = —%bg [27\/y| — Py log |q1/12H(1 —q")?
n=1 (120)
= — L log 2 — —— log [ Im(r)(7)
= 2ﬂ_Ogﬂ' 47‘(‘0g m(T)mT)|,

where ¢ = €27 7 =z + iy and (1) = ¢5 [[2, (1 — ¢")%.

Remark 1.6. For the vortex lattice problem, the re-normalized energy is expressed by the regular
part of the Green’s function on the periodic lattice(i.e., k = 0 in our setting, (1.20) and (1.17)), see
Sandier-Serfaty [14]. To model di-block copolymers, one uses the Helmholze free energy. One also
reduces the energy to regular part of the Green’s function on the periodic lattice, see Chen-Oshita
[5]. Therefore, by finding the minimum of reqular part of the Green’s function, it is proved that the
hezxagonal or triangular lattice minimizes the energy functional. See more discussions in the last
Section.

Remark 1.7. Ry(7) and the properties of Gy also play important role in analyzing bubbling solu-
tions to mean field equations. See Lin-Wang [10].

Then we have the following asymptotic behavior.
Theorem 1.3. As k — 0, R(7,k) converges to reqular part of the periodic Green’s function:

EL%(R(T, k) — = Ro(7). (1.21)

=)
42 k|?

Remark 1.8. The limit formula (1.21) provides the precise asymptotic behavior as k — 0 in
contrast to the leading order asymptotic behavior proved in (1.13) [Lemma 2.2, [7]].

It turns out that when k are some given rational numbers, the regular part of the Bloch Green’s
function are closely related to Ro(7) (see (1.3)).

Theorem 1.4. When k are real numbers(%, %,i and %), the regular part of the Bloch Green’s
function can be linearly expanded by Ry (1) with different frequencies. More precisely,

1
R (T) = —Ro(T) + 2R0<27‘) =+ %10g2

1 3 3
- 2 2
Ry(7) 2RO(T) + 2R0(37) t 3. 0g3
1
Ri(7) = R1(27) + — log V2
1 2 2
. A (1.22)
= —Ro(27) + 2Ry (47) + Py log 512
R = 1R 3R 3 3 log 3
(1) = =5 Ry (1) + SRy (37) + £ log

1 3 1 3
= §R0(7‘) — Ry(271) — iRo(ST) + 3Ro(67) + o log2 + o log 3.

Remark 1.9. As we can see in the last section, all the critical points of Ro(T) can be classified.
(See also Lin-wang [10].) By the linear expansions in (1.22), we can obtain critical points of R(t,k)

. . 111 1
immediately when k are 5, 3,7 and 5.

Finally we discuss critical points of the regular part of the Bloch Green’s function. This is
related to the following conjecture (Conjecture 6.1, [7]):

Conjecture [Iron-Rumsey-Ward-Wei [7]]: Within the class of Bravais lattice of a common area,
ming R(7,k) is mazimized for a reqular hexagonal lattice. Namely, consider the following maz-min
problem

max mkin R(7, k). (1.23)

T
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The optimal lattice is a regular hexagonal lattice, i.e., T = % + z§

In [7, 8], they showed numerically that the maximizer of the objective function max, ming R(7, k)
determines the optimal lattice of periodic solutions in reaction diffusion systems.

Our last result provides evidence of the Conjecture. It says the hexagonal pattern is indeed an
nondegenerate saddle point of R(7,k).

Theorem 1.5. There is a ko ~ 0.3 such that (1,k) = (2 + z?,% + iky) (which corresponds to
hexagonal lattice) is an nondegenerate saddle point (local max, miny ) for R(t, k).

The paper is organised as follows. In Section 2, we derive the general form of the Bloch Green’s
function when k is any complex number[Theorem 1.1]. In Section 3, we prove Theorem 1.2 by
the method from number theory, which is an analogue in calculating the Kronecker second limit
formula. We also derive the asymptotic formula]Theorem 1.3]. In Section 4, we further study
the structures of regular part of the Bloch Green’s function by eta function/Euler modular form.
Section 5 aims to locate some critical points of R(7,k) and derive the local extreme properties.
In particular, we give some numerical information about the maxmin point in the Conjecture
[Theorem 1.5].

There are many references on lattice sum, for example see sum on rectangular lattice and
arbitrary lattice in [4] and [16] respectively. Here the new ingredient in our problem is not only
lattice sum on arbitrary lattice, but also we need to find the regular part of the lattice sum and
derive its fine analytic properties. For this we use heavily the Kronecker second limit formula (see,
for example, S. Lang [9]).

2. PrROOF OF THEOREM 1.1

In this section, we derive the general formula (1.14) for R(7, k).
One simple but very useful idea in calculating the conditionally convergent series, initiated in
analytic number theory by Siegel [15], is the following elementary algebraic identity

1 1 1 1 1

=% -2 % @1)

Using (1.9) and (2.1), one deduces that

yilEu,v,k(T)

(m,n)€z? |m7 4+ n — k|2 Tz (m7+n—-k)(m7T+n—k)

2minu 2mimu

_ e I .

nze:z T)+2k22% (n7+m kK n7F+m-— k)
= Z 27”"“;( i 627Tim'u( 1 _ 1 7)

nez (T =7) + 2ka2i " 2= ntT+m—k nT+m-—k

—2mimu _ 2minu _
+mz::1€ (nT_m_k 7 —m—k +nz€%e n(T_T)+2]€22(’I'LT—k TL?—E)

27rznu el 2mimu —2mwimu 2mwimu —2mwimu

_Z n(T— 1) +2k22Z:((m+n'r—k_m—(m'fk))_(m-kn?_ﬂ m—(n?—E)))

1 1 1 1 1
—2mimuv _ 2minu o
—|—Ze (nT—m—k n?—m—k +Ze n(T—T)—l—Zk‘gz(nT—k nF—k’

m=1 nez
(2.2)
The above expression is a form of the Bloch Green’s function. One may also deduce the Bloch
Green’s function by using product of many theta functions, see [12].
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Observing that in each bracket of the expression of the Bloch Green’s function in (2.2), we
have two symmetric expressions to be taken summation. By Siegel [15], we have the following
summation formula for two symmetric expressions

oo 2mimu —2mimu —2miuz
e e e 1
=2 — — —. 2.3
mz::l(z—i—m—i— z—m) ml—e*%” z (2:3)

Thus E, , k(7,s) can be further simplified as

27r1nu —27riv(n‘r—k) e—27riv(n?—E)
Eu v, — —
y k ™ S Z ko — ny 1 — e—2mi(nT—k) 1 — e—2mi(n7T—k)
1 1 1 (2.4)
2minu o
JrT;Z N n(?—T)—&—Qk‘Qi(nT—k n?—E)
c=J1+ Jo,

where J; and Jo are defined above. For the second part Jo in (2.4), applying the elementary
algebraic identity (2.1), we have

Tinu 1
Jo=D (e~ 1)m~ (2.5)

nez

So Js is an absolutely convergent series and Jy = 0 if w = 0. For the first part J; in (2.4), we use
the well known geometric series, that is

1, Zrn, ris a complex number and |r| < 1.

By further dividing n into three cases n > 0, n = 0 and n < 0 respectively, we have

Jy = m ( 627Tivk. B 6271'7211?7) N Z 77627rinu< e_giiv(fw_li) B o—2riv (fﬁiﬂl
ko 1 — e2mik | _ 2mik niorer by —ny 1 — e2mint—k) | _ p—2mi(n7—k)
T e2mivk ezm'vE
: kiil o 3 (2.6)
T (T — o - . .
+ ; v (627Tl(nu v(nT-K)) | mzzjl G2rilm—v)(nr—l) | g~2mi(m+v)(n k))
nio:l ﬁ (€2wi(nu+v(717+k)) + mij:l e2mi(m+v)(nr+k) | e—Qwi(m_U)(n?_i_E)).

Now we can reform Jj in a symmetric way and further divide it into four parts to be computed
in different ways. That is,

J = 1( e271'2'1)k eQﬂ'ivE
te ko 1 —e2mik | _ c2mik
m = 1 2mi(n(u—vT)+vk) 1 2mwi(n(u+vr)+vk)
+ ; Z ( 2 ¢ + n _|_ ka € )
Y
oo S
E 2mi(m—v)(nT—k) —2mi(m+v)(nT—Kk) (27)
‘ yz S e
n=1 Yy m=1
7T ) | o= 2mi(m—v)(nT+k)
y = y m=1

= Jlo + J11 + Ji2 + Ji3,
where Ji;,7 =0,1,2,3 are defined at above.
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The four parts in (2.7) will be dealt with separately. First, for Jjq, direct calculation shows that

7.(.(62]9271' _ 672’627&')
ko (e2k2™ 4+ e=2k2™ — 2 cos(2ky 7))

J1olv=0 = (2.8)

For the part Ji1, the series is conditionally convergent, hence one can not take limit x — 0
directly. Instead, we single out the singular part and nonsingular part in reformulating the series.
That is,

(2min(u—vT) oK) | 1 e2m(n(u+w)+vk))
n+ %

J11=*Z
2

h

ko
Yy

8|\

3\?—‘

™ (eQWi(n(u—v?)+vE) +62wi(n(u+vr)+vk)>

Yy

ﬂ Z ( 1 €2ﬂi(n(u7v?)+vi) _ 1 627Ti(n(u+ur)+vk))
2 - ’2—2) n(n+ %)

= T <e27ri7jﬂ 1og(1 _ eZm'(ufv?)) + e2mivk log(l _ 627Ti(u+v'r))>
Y

(2.9)

kom 1 2mi(n(u—v7)+vk) 1 2mi(n(u+tvr)+vk)
2 k2 © k2 ©
y> o vnln —2) n(n+ 72)
= Jin + Ju,

where Jy11, J112 is the singular part and nonsingular part respectively. Using the same notations
n (1.6), the singular part Ji11 can be handled by

lim (627riv§ log(l o eQTri(ufv?)) +e 2mivk log( 27m(u+v‘r)) + QIOg‘

x—0

— lim (log(l _ 627ri(u77j?)) +10g(1 _ 627ri(u+v'r)) —|—210g|\/§X‘)

x—0

= hm (2 log |1 — 2™ (=vD)| 4 2log | /y - x|)
=— 210g27r— 2log \/y.

7

(2.10)

For the nonsingular part Jy12, letting x — 0 hence u,v — 0, one deduces

y? (n(n—’ij) ”(n+’?)) (2.11)

For the remainder terms Jio, Ji3 in (2.7), by taking limit directly, we have

iiir%)(le + Ji3) = Z — 5 Z 2e=2mm(ny=k2) cos(2mm(n — ki)
n=1 y m=1
(2.12)

71_ o0
— E 2e2mm(ny+k2) cos(2mm(na + k1 )).
k Z 1
Z/ —nt ; oo

s

Combining all the computations above, we are ready to derive the regular part of the Bloch Green’s
function from its definition, i.e.,
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. 1 1
R(T,k)—i%(4W2Euyk( )+2 |\/m|)
= tim (L5 (1 + ) + 5 logl i x])
) 1
:ili% (—(J10+J11 + Jio + Jis+ J2) + 710g|@'x‘)
—)l(ll{l o 2<J10+(J111+f10g|\/§ X|)+J112+J12+J13+J2>

Combining (2.5), (2.8), (2.10), (2.11), and (2.12), we obtain formula (1.14) for R(7,k). These
complete the proof of Theorem 1.1.

3. PROOF OF THEOREM 1.2 AND THEOREM 1.3

In this section, we will use a different method to calculate the regular part of the Bloch Green’s
function when k is a real number. We first recall the following Fourier transformation formula

oA A7) (31)

f(Ax Fb) = PribA e

where A~T can be defined as the transpose of the inverse.
From (3.1) and Poisson summation formula (1.4), we obtain the following summation identity

E et (n+mx—ky)? e27rinl/ _ E t71/2627ri(k17mz)(l/+n)ef%(1/+n)2,
nez neL

where u, v, k1, ko are real numbers.
We define
S

Y

Euux(r,s) = Qﬁﬂ“mu+m»pn7-+n-kps

(m,n)€z?

(3.2)

where 7 = x + iy is in the upper plane and k = k; + iks. The sum being taken for all integers
m7 +n —k # 0. The series converges for Re(s) > 1. Then

Eu,v,k(T) = lim Eu,v,k(T; S).
s—1t

The problem is transferred to find the limit formula of E, , x as s — 1. This is an analogue
to the Kronecker second limit. To calculate the Kronecker second limit formula of the Fy ,x,
we follow the calculation as in S. Lang [9], where the classical Kronecker first and second limit
formulas are computed explicitly.

We start with the scaling(by parameter a) of the Gamma function

%F(S) _ / N e*mts%. (3.3)
Therefore, by splitting off the sum taken for m :0 0, one has
Y "Eywx(T,s) = (m%:GZZ e2mi(mu+nov) CE (2 ap— k1)2)s
"gg%ezﬂ““jk2 73——k1)
+ m;é%ez e 7%32””“’ my — ko)2 + (it +mx — k;l)2)s

= + L.
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I, and I will be calculated differently. For I (v = 0), by (2.3), we can get the explicit summation
formula as follows

1
I =
' nze;kz nfkl) %(n—(ikgntkl))(nf(fz‘k2+k1))
7T(62k27r _ e—kaﬂ) ) )
= S . Vki ks € R K2+ K2 #£0.
Oy (Z2HETET og(2kym)) rhh

(3.4)

In particular if ko = 0, we have

2mimu 2 2mizu

e e 1—u+ ue
> :

—27riz)

m—z)? sin?(72)

meZ

For the second part I, we use the scaling of the Gamma function (3.3). Then one rewrites I
by exponential functions

1
I, = 27T’Lm 2minv
’ 2 2 ((my = k2)? + (n+max — k1)?)°

m#0,meEZ nez
_ Fﬂ's Z 27mmu€77rt(my ka) / Z 2mwinv 77rt(n+mz k1)2ts it
(5) m#£0,mez O nez
_ FTI'S Z 627mmu677rt(my ko)? / Z 627” (k1 —mez)(v+n) 77(U+n)2tsffd?.
(5) ifomez n€Z

When s = 1, we summarize the terms by

Iy=m Z e?ﬂ'im(ufva:) Z eZwin(kl—mf) /oo e_ﬂ(t(my—k2)2+(n+v)2/t) tl/Qﬂ
0

4
m#0,meEZ nez
_ 271'1m(u vx) 27rzn(k1 mx) —27|my—ka|-|n+v]|
=7 E E 76 ,
Imy — ko
m#0,meZ nez

where we use the following integral

Kyt = [t
0

t a

When ks = 0, we can proceed with the help of the following summation formula:
Zr—:—log 1-r), |r|<1.
—n

For I, we only need to calculate its value at s = 0, ko = 0. By taking first n = 0 and using the
double sum 3>, o =370 +>°, % |, we get the following summation formula:

) oo
Z i 2mim((u—vzx)+iyv) + Z 1 27r7,m( (u—vx)+iyv)
m=1 m m= 1

—lo (1 2m(u7v?))(1 - 6727ri(u7v-r)).

Notice that m(u — vz) + n(k; — mx) +ilm| -y - |n + v| can be rewritten as m(u — vT — nT) + nky
if mn > 0 and m(u — v — n7) + nky if mn < 0. Then for Iy, we have
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271'2mu vx) 2 e27rzn(k:1 mz) _— 1 727r|my| |n+v|

I
] ©

@\a ce\a

neEZ

=
; m>;l>0 Z Z Z

m<0,n<0 m>0,n<0 m<0O,n>0

™ mi(u—vT —2mi(u—vT Tin Ti(Uu—vT—nT
y( log(1 — 2™ (u=v7)) (1 — = 2mil ) 262 k1 log(1 — €27 ™)
n=1

7 i 6727Tink1 IOg(]. o 62772’(1;?771?771) i —2minky IOg 627T’i(U7IIT+TLT))
n=1
oo
_ Z e27rink1 IOg(]. _ 627ri(—u+v‘r+n7')))
71'_ s3] s3]
= 5( —log(l —¢z)(1 — Z minkiog(|1 — ¢q.|? Z e 2™ Jog (|1 — ¢ /q:]?))

n=1 n=1

o0 o0
= y( log(|1 — g.|?) + 4mvy — Z minkiog(|1 — ¢"q.|?) Ze minkiog (|1 — ¢ /q.| %)).
n=1

Here we have used the notations z = u — v, q, = 2™%.

Therefore, combining all the calculation above, we have the Kronecker second limit of our
Ey (T, s) defined in (3.2) as follows

7.‘.2627Tizu 1—u+ u€—27riz
Euox(T)= sl_lgl Eywx(t,8) = iin2(7rk1) )y + m( —log(|1 — ¢:|?) + 4r*vy
[e'S) [eS)
=2y e log(|1 - gq.]*) — 2w Y e T log (|1 - g7 /q. 7))
n=1 n=1 3.5
iE27\'izu(.172u+u6727\"iz> ( )
—or(gr UM _log|l— q.| + 2mvy
oS e
=) e ilog |1 - glfq.| — > e PR log |1 — g7 /q.).
n=1 n=1

In (3.5), to obtain the regular part, we still need to calculate lim,4;,—0log|1 — ¢.|. In view of the
notations in (1.6), we have

1
lim (——lo 1-q.l+ 5 1 )
eeim g losll — g gl W'

1
= dim (o log]l - 2ﬂy<11+w2|+ —log |V - x|) (3.6)

x=(z1,x2)—0 2w

1 1
=——1 — — log 2.
21 Og\/g 2T 08 <7

For the remainder terms in E, , x(7) (3.5), it is straightforward to take limit since there are no
singularities in the functions. Therefore, combining (1.11), we obtain Theorem 1.2.

To prove Theorem 1.3, we will use summation formula (3.4) in proving Theorem 1.2 and the
main result in Theorem 1.1. By (3.4), one recognizes that the first part in (1.14) can be expanded
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by singular and nonsingular part respectively in the following formula

(62k27l' _ 672k2‘ﬂ')y

=X )
Akom(e2kem 4 e=2k2m — 2 cos(2k 7)) 47r|k|2 47?2 k2 + (n — kl) T

47’(’2 Z k2 n—kl)

nezZ,n#0
Now it is clear that
2]6271' _ 72]6271’
hm( (e e Ry Y );L 3 1_y
k—0 \4kom(e2k27™ 4 e=2k2m — 2 cos(2k 7)) 4m|k|? 472 n? 12

neZ,n#0

Once this is done, it is straightforward to find the limit formula in Theorem 1.3 by Theorem 1.1
after some elementary computation which we omit the details here.

4. PROOF OF THEOREM 1.4

In this section, we give relatively concise expressions for regular part of the Bloch Green’s
function when k are some given rational real numbers by using the fourth order Dedekind eta
function. Note that the eta function is invariant under the modular group as we will see below.

Recall the Dedekind eta function as defined by

oo

(1 _ 62777;”2)-

=1

77D(Z) — 12

It satisfies following two important properties of np(2) (see Apostol [2]):
np(7+1) = efinp(7),
WD(—*) V—iTnp(7).

The eta function will be used in the current paper is

n(z) = np(2).

Then one has

Hence
[Tm(r + (7 + )] = [Fm(r)a(r)),
[Tm(~ (= 1)| = [Fm(r)n(r)].

Note that the Modular group is generated by S : 7 -7+ 1land T : 7 — —%. It follows that the
function |[Im(7)n(7)| is invariant under the Modular group. That is,

[Im(L(1)7)n(T(1)7)| = [Im(7)n(7)].
Here the Modular group is
at +b

F()7 ={_—— lad—be=1LabecdeZ}. (4.1)

Our results in this section show that the regular part of the Bloch Green’s function is related the
function log |[Im(7)n(7)| and can be expressed by a linear combination of functions like |Im/(7)n(7)|
with different “frequencies”.
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We consider the case ko = 0. As in (1.17)[Theorem 1.2], we have

1 1 &
Ri(r) = =5 log 2my/yig“ M — 5= > cos(2mnk) log (1 - ¢")|?
n=1

(4.2)
1 1
| 92 | C(k)Hoo_ 1— g™ 2 cos(2mnk)
- log 2m | — o log g "I, (1 - ) l
where ¢ = €™, 7 = x + iy and
1 1 1
Ch)=75 ;=
ar nez,ke(0,1) [ —kl* 4sin®(xk)
Since
. 1 1
i (C0) = o) = 13
we have
: Yy
i () — L) = R 1
fim (Be(7) = gz ) = Fol) (4.3)

where Ry (7) is defined in (1.20) (Chen-Oshita [5]). This is the weak version of Theorem 1.3.

In the following, we will derive simplified forms of Ry () with k = 1,3, 1, % based on the eta

304
functions.
We first consider Ry (7) by writing it in Euler modular form:

[, (1—¢")?
R;(T):f—log|27r q1/4|+ log|—|
2 vy Lo, (= g2
1 1 n'/2(r) .
=——log|2 =1 - (4.4)
3 o8 2 + 5 tog L, =iy

1 1 1 1
= ——log2m + —log |[Im(7)n(7)| — = log |[Im(27)n(27)| + =— log 2.
2m 4r 2m 2m

A theta function expression related to Ry (7) is

62(0,q) = 010(0;7) =
Then we have R 1 (1) expressed by theta function. That is,

1 1
R (T) = —Elog\y910(7)| — Elog|27.r2|

1
2

For k = %, again by reforming it in Euler modular form, one deduces

Ry (7) =~ log[2m/ig /%) - %Zcos%(?m— 1) log |(1 — ¢*"~1)?|
n=1
f% Cos( (3n72))10g|( " ?) Zcos Nlog |(1 — ¢>™)?|
_ 1 1 g /> e, (1 - ) (4.5)
_—%log|2w\/§|+%log\( )3/241_[ = (5) E 5|
n'/*(7)

:7—10g|27rf|+—1g\ 73 |, 7= +iy

(37)
= 7% log 27 + g log |[Im(7)n(7)| — % log |[Im(37)n(37)| + % log 3.
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Next, for k = %, %, in a similar way by reforming the series in quotients of infinite products, one
deduces that

(¢%)2n1)2
R%(T):f—log|27r\fql/2|+ Zl —)Qn)2|
1/2 -
:f—logl2w\ﬂ+f1 g|((f))|,fx+iy (o
= —% log 27 + E log [Im(27)n(27)| — % log [Im(471)n(47)| + % log %’
and
Ry(r) = ——log\%\quflogl H ( ))z ¢ (qggn)) ) |
_ (¢ )1/12 [y (1= (@*)™)? - (@) e, (1 = (¢*)")?
= —% log |27/y| + % log | 772 Hn:ll( q") - (¢6)1/4 HZ‘;l(ll* (¢%)™)® \
_ 1 L o (12 @0) A (37) (4.7)
=3 log |2m/y| + o log | AT (67) |

1 1 3
= ——log2m + — log [Im(27)n(27)| + — log |[Im(37)n(37)|
27 4T 8
63/2
21/233/4°

Now Theorem 1.4 follows from the simplified expressions in (4.4), (4.5), (4.6), and (4.7).
At the end of this section, we give some asymptotic behavior of R 1 (1) — aRo(7), where a is a

1 3
— —log |[Im(m)n(1)| — — log | Im(67)n(67)| —I— log
8 47

parameter. We start with the asymptotic behavior of log |yn(iy)| by direct computation,
_ T
log [yn(iy)| = —<y +logy + o(logy), y = +oo. (4.8)

By the invariance property, that is, |yn(iy)| = \%n(z%)\, the limit behavior of log |yn(iy)| at oo
(4.8) implies the limit behavior around zero. That is,

. s 1 1
log |yn(iy)| = —?y + logg + o(log 5)’ y—07. (4.9)

For the asymptotic behavior of R1(7) — aRo(7) on the vertical line = 0, combining (4.8) and
(4.9), we have

1 -1
(1) — aRo(7) = (3 - a)y + “——logy + o(log ), y — +o0,

12
a—1 a 1 1
—_— 2 log = +o(log =), y — 0.
oy T 1n %%, +0(0gy), Y
To ensure that Ry (1) — aRo(7) has a maximum at some inside point of the upper plane, we need
a> 3.

R

1
2

(4.10)

5. CRITICAL POINTS, EXTREME PROPERTIES AND PROOF OF THEOREM 1.5

In this section, we aim to study the critical points of R(7,k), in view of the Conjecture stated at
the end of Section 1. Although we have the explicit expression of R(7,k), we are unable to find all
the critical points of R(7, k) due to its complicated structure; in particular, locating all the max min
points of R(7,k) seems difficult, which is exactly connect to Conjecture in the introduction.

As k — 0, R(7,k) converges to Ro(7) with respect to the Bloch wave number k, see (1.21)
(Theorem 1.3). On the other hand, when k = 3, %, 1, &, R(7,k) can be written linearly by Ro(7)
[Theorem 1.4]. These facts motivate us to use the critical points of Ry(7) to find the critical points
of R(t,k).
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To classify all the critical points of Ro(7), we first study the monotonicity properties of Ro(7).
The horizontal monotonicity of Ro(7) was proved in Chen-Oshita [5], but this is not enough to
classify all the critical points of Ry(7). We then turn to construct the vertical monotonicity of
Ro(7) [(5) in 5.1]. This also provides an alternative approach to find the minimum of Rg(7). This
is contained in the following proposition whose proof will be given at the end of the section.

Proposition 5.1. For Ry(7), the following properties hold
(1) 8%RO(O,y) >0 fory > 1, with =" when y = 1;
2) RO(%,y) has and only has three critical points. They are {f %, —3};
5. Ro(3,5) = Ro(3, 0):

w
=

(

(3) Special values on the critical points are equal: Ro(0,1) = Ro(%
(4) %‘xQ-f—yZ:lRO(xa y) >0 for z € [0, 3], with “=” when z =0, %;
(5) On vertical monotonicity on the half fundamental domain. a@RU (z,y) >0on{z=a+iy €

H:|z| >1and0 < Re(z) < 1};
(6) There is only one critical pomt on the line x = 0, which is (0,1); there are only three

critical points on the line x = %, which are (3, %), (3, ?), (3, %)
We already know that Ro(7) is invariant under the modular group I'(1) (See (4.1)). Direct
calculation shows that Rg(7) is also invariant under the reflective transformation z — —%. The

fundamental region under I'(1) and reflective transformation is
1
{z=x+iyeH:=(2,y),y >0:]z] >1and 0 < Re(z) < 5}

by number theory, see e.g. [0].

In the following Proposition, we show that (%, g) is a global minimum point (hence critical
point) of Ry(7) [Chen-Oshita [5], Sandier-Serfaty [14]]. Actually, we can classify all the critical
points of Ry(7). In this direction, we also remark to the readers that there are some unknown but
maybe interesting connection between our classification results about critical points of Ry(7) and
the critical points of Go(x;7) as shown in Lin-Wang [10]. Actually, Ro(7) is the regular part of
the Green’s function Go(x;7) ((1.19)). Depending on the lattice structure(i.e., ), Lin-Wang [10]

showed that the Green’s function Go(x;7) has either 3 or 5 critical points.

Proposition 5.2. Ry(7) only has two types of critical points, they are nondegenerate.

(1) Type 1:
az—i—b -
(0, )/{ a,b,c,dEZ,ad—bc:lor—z},

e., the represent element 18 (O, 1) under the modular group and reflective transformation.

Type 2: s
az+b
(3 S

(2) (3,3) and (3, %) is type 1 and type 2 critical point respectively;

V3
272

ya,byc,d € Zyad —be =1 or — Z};

(3) (0,1) is a nondegenerate saddle point and (%, %52) is a global minimum point; All the critical

points of Ro(T) are nondegenerate.

o

Proof. By (5) in Proposition 5.1, it follows that the points (0,1) and (%, ) are the only critical
points of Ro(x,y) on the region {z = z+iy € H:|2| > 1 and 0 < Re(z) < 1}. All the other critical
points on the upper half plane are generated by these two points under the modular group and
reflective transformation. This proves (1). (2) follows from (3) in Proposition 5.1. In y direction,
(0,1) is a global minimum, see (1) in Proposition 5.1 and (5.5). To complete the proof, we will
show that in the x direction, (0, 1) is a local maximum point.

Direct calculation shows that

B = —2ne~ 2™ sin(2mnx)
7R 1 = .
Oz 0( ) |y 1 z : 1 — 2¢—27n COS(QWTLZ‘) + g—4mn

n=1
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Using the elementary trigonometric inequality |sin(na)| < n|sin(a)|(a is any real number) and
dividing the summation into n = 1 and n > 2, we have

0 ! > 2ne~ 2™ sin(2mna)
_7R — =
Ox 0(7) ly=1 (712::1 +n§::2) 1 — 2e=2m cos(2mnz) + e~4™
22" sin(27x) i 2n2e~ 2" gin (27 x)
~ 1-2e?Tcos(2mx) + eI L~ 1— 272" cos(2mna) + e~
1 > n26—27'r(n—1)
J
> 2e sm(27m“)((1 e Z (e om)3 ) (5.1)
n=2
1 e 2™ (4 —3e7 2™ 4 747
=27
=€ Sm(27m)((1 Fe2m)2 (1 e-6m)3(1 —e—27)3 )

-2

= e~ “"sin(27x)(0.9962755500 — 0.0075012615)

N =~

>0, for x € [0, =],

where we have used the summation formula

- 2.n __ r2 //_T2(4_3T+T2)
;nr _r[r[l—rH = i

Notice that %Ro(T) |y=1 is an odd function, inequality (5.1) implies that Ro(7) |,=1 has a local
maximum at point z = 0.

By similar asymptotic analysis in (4.8) and (4.9), we deduce that lim,_,o+ Ro(7) = 400 and
lim,_, 4 Ro(T) = 4o00. This implies that Ro(7) admits a minimum for finite positive y. We
already known that type 1 critical point (0, 1) is a saddle point. Then the global minimum point
must be (%, @) This provides an alternative proof of minimality of Ry (7) on the hexagonal point
(1 @)'

27 2

O

In view of (3) in the following Proposition 5.3, we obtain Theorem 1.5.

Proposition 5.3. On critical points for regular part of the Bloch Green’s function, we have

(1) The regular parts Ri(7), R, (1), Ri(7) has critical points .1, 3, ?), (1, 1) respec-
tively. They all are nondegenerate saddle points;

(2) If k = ky, then the regular part = Ry,(7) := R(1, k) has at least one critical point (1,3, 3).
In k direction, it is a local minimum; in T direction it is a saddle point.

(3) (General case) The regular part R(7;K) has one critical point (%, %3, ~0.3), which is a

20722
local max, miny point. This is a numerical result.

Proof. (1) : It follows from combinatorial identities (1.22) and Proposition 5.2.

(2) : Direct calculation gives %R(T; 1)=0and R(r; 3) = Ry (7). Then (2) follows (1).

(3): To find the critical points of R(7,k), we need to calculate the partial derivatives. From
(1.14), we have

8 oo o0
aR(T7 k)=— Z & s Z me 2=k gin (2rm(na — k)
n_ k2
n=1 y m=1
~ (5:2)
2 2 me T sin(mm(ng + )
n= Yy m=

and
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2kom _ —2kom sin(2k
iR(ﬂk) _ y(e € ) sin(2k ) _
k1 ko(e2k2m 4 e=2k2m — 2 cos(2ky))
o0 1 oo
+ Z e Z me” 2T =k gin (2rm(nx — ki) (5.3)
n=1 n-— ? m=1
o0 1 oo
T3 g > me O sin(2mm(n + k).
n=1 y m=1

It is obvious that ,QR(x yi k1, ko) = 22R z,y; k1,ka) =0if £ =0 or % and ky =0or k; = =
5.3 Lk

Ox
From (5.2) and (5.3), we fix £ = 1,k = 3. Then by numerical finding the zero points of
%R(T; k) =0 and a%R(T k) = 0, we obtain the result.
O
Proposition 5.4. On some properties of the reqular part of the Bloch Green’s function:
e R(t+ 1;k) = R(7;k);
e R(1;—-k) = R(7;k);
e R(t;k+1) = R(1;k);
e R(1-7;k) = R(1;—k);
Proof. It follows directly from the formula (1.15). O
Proof of Proposition 5.1.
Proof. By straightforward calculation, we have
9 1 16w2n26*2my
On the other hand, Ry(z) = Ro(—1) gives Ro(0,y) = Ro(0, %) Consequently,
0 0] 1
—Ro(0,y) = —y > ——Ro(0, ). 5.5
SoR0(0) = =y SR (0, ) (55)

It follows that a 55 120(0,1) = 0. Combining (5.4), this proves (1). Since Ro(—%) = Ro(2), (1)
implies that (0, 1) 1s a critical point of Ry(z,y).

Let 7€ := —f,af = —¢, hence o7(3 +iy) =
transforms 7, o gives

ey +1 + Z4y “~. The invariance of Ro(z) under the

1 4y 2 .4y 4 2 . 4y
— = =
lyn(5 +iy| |4y2+1n(4y2+1+@4y2+1)| In( +iy)| = |4y2+1 (4y2+1+z4y2+1)|
Differentiating with respect to y, we have
0 1 8y 0
—1 — v 1 )
S0l + i) == T2 ey gl i) N
Wy D) e logln(z+iu) Y
(4y?2 +1)2 ow Z:4y22+1’w:4y4§{+1 g [M\2 = 10)]-
On the other hand, direct computation of log |n(z,w)| gives
0 = dnme=2"™ sin(2n7z)
1 ; = . 5.7
5 log|n(z + iw)| z:jl [ ot 302070 con(3mE) (5.7)
Consequently,
0
=, IR log |n(z +iw)| = 0. (5.8)

0z %
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Inserting y = § in (5.6) and combining (5.8), we have

0 1 2\/§
ay| flogln( +iy)| = =

Hence a%| B log |yn(3 + iy)| = 0. Next we derive a functional equation of 2 RO( ,¥). Since
&l — S(¢) = 5 L - €T(1) and S(§ + iy) = 2+z4 , one deduces

1 1 1
Ro(§,y) = 0(57@)- (5.9)
It follows that 5 5
1 1 1
ay Ro(z,y) @@RO(?@) (5.10)

Combining (5.10), one deduces that a—yRo(%,yﬂ 1 =0. @Ro(é,yﬂ s = = 0. Along with the

=
N}\)—A
S~—"
Q
=}
Q.
~—
g

1 s positive on (5

73, 1), negative on (0, %)

conclusion that the function 6%RO(T) |

and (3, ‘f) [13], we prove (2), (3).

(4): Consider the composition of the two maps z — w' = z—1

=T ey
Ro(z,y) = Ro(u(z,y),v(z,y)), where u(x,y) = @W’ v(z,y) = m Now differentiating
with respect to y, we have

0 T 1 vV1—22
2021 R, R —
|m y2=1Ro(z,y) = ey o( iy

w— 2w —1=2%2 we have

). (5.11)

Here we have used that a—;|£2+yz:1 = 115 and aRo(g,y) = 0O(see (5.7)). Therefore (4) follows
from (5.11) and (2).

Consider the transform z — =1 € I'(1) which maps i to = + z , by invariance property of
Ro(’r), we have Ro(o, ].) = Ro(%, %)

(5): Note that

—A%Ro(x,y) =252 >0.
Strong maximum principle and (1), (2), (4) imply (5).
(6): In view of (5.7), critical points of Ro(0,y), Ro(3,y) are critical points of Ry(z,y) automat-
ically.
The proof of Proposition 5.1 is thus completed.
U
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