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ON FILA-KING CONJECTURE IN DIMENSION FOUR

JUNCHENG WEIL QIDI ZHANG, AND YIFU ZHOU

ABSTRACT. We consider the following Cauchy problem for the four-dimensional energy critical heat equation
ut = Au+u?  in R* x (0, 00),
u(z,0) = up(z) in R%.

We construct a positive infinite time blow-up solution u(x, t) with the blow-up rate ||u(-, ¢)|| oo 4y ~ Int as t — oo and show the
stability of the infinite time blow-up. This gives a rigorous proof of a conjecture by Fila and King [15, Conjecture 1.1].
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1. INTRODUCTION AND MAIN RESULTS

Since the seminal work of Fujita [19], the following nolinear heat equation

up = Au+ |ulP~tu  in R™ x (0,00),
u(x,0) = up(x) in R”,

with p > 1, n > 3 has been extensively studied. The energy functional for (1.1) is
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and for classical solution u(z, t) with sufficient spatial decay, one has

d
GEC0) = [

Many literatures have been devoted to studying problem (1.1) about the singularity formation, especially the blow-up rates,
profiles and sets. We refer the readers to the book of Quittner and Souplet [38] for comprehensive survey and also recent
developments.

For the finite time blow-up, it is said to be of

o typel if

limsup,_,,(T — 7f)ﬁ [[u(- )]l < 00;
o typell if

limsup, 7 (T — )77 [u(-, )]0 = o0

Type I blow-up is more “generic”, while type II blow-up is much more difficult to detect. In particular, two different types of
blow-up phenomena in problem (1.1) depend sensitively on the value of the exponent p. In this setting, the critical Sobolev
exponent

n—2

_ nt2  for p > 3
Ps = 0 for n=1,2

is special in various ways. Giga, Matsui and Sasayama [22, 23] proved that for p < ps, only type I blow-up can occur in the
case that ) is R™ or a convex domain. For the energy critical case p = pj, in the positive radial and monotonically decreasing
class, Filippas, Herrero and Veldzquez [18] excluded the possibility of type II blow-up for n > 3, and Matano and Merle [28,
Theorem 1.7] removed the monotone assumption and obtained the same result. Wang and Wei [43] proved the same result
to the non-radial positive class in higher dimensions n > 7. For p < ps, finite time type I blow-up solution was found and
its stability was studied in [32]. For the critical case p = p, in R™ with n > 7, classification results were proved near the
ground state of the energy critical heat equation in [4]. On the other hand, sign-changing type II blow-up solutions to the
energy critical heat equation in dimensions n = 3,4, 5,6 were first conjectured to exist by [18] and have been rigorously
constructed recently in [39, 9, 14, 24, 25, 12, 27]. In the supercritical case, classification of type I and type II solutions in
radially symmetric class have been studied in [29, 30, 31] and the references therein, and the construction of Type II blow-up
was first established in the radial case by Herrero and Veldzquez [26] and in the non-radial case (under some restrictions of
the exponent p) by Collot [3].

Concerning infinite time blow-up for p = p,, Galaktionov and King [20] investigated positive, radially symmetric, global
unbounded solutions for problem (1.1) in the case of unit ball with Dirichlet boundary condition in dimensions n > 3. See
also [42, Theorem 1.4] for the case that the domain is symmetric and convex. In the non-radial setting, positive infinite time
blow-up solution for problem (1.1) with Dirichlet boundary condition and n > 5 was constructed by Cortazar, del Pino and
Musso in [5]. The solution constructed in [5] takes the profile of sharply scaled Aubin-Talenti bubbles

Ucle) =20 (6 = 2% ()

w2+ e =

which solve the Yamabe problem
AU 4+ U =0 in R™.

Moreover, the blow-up location for the solution is determined by the Green’s function of —A in €2, while for elliptic problems,
the role of the Green’s function in bubbling phenomena has been known for a long time since the works [1] and [2]. In [13],
non-radial and sign-changing solution which blows up at infinite time has been constructed. Bubble towers at infinite time
and backward time infinity have been constructed in [11] and [4 1], respectively.

In a very interesting paper [15], Fila and King studied problem (1.1) in the whole space R" with the critical exponent
p = ps and gave insight on the infinite time blow-up in the case of a radially symmetric, positive initial condition with an
exact power decay rate. By formal matched asymptotic analysis, they demonstrated that the blow-up rate is determined by
the power decay in a precise manner. Intriguingly enough, their analysis leads them to conjecture that infinite time blow-up
should only happen in low dimensions 3 and 4, see Conjecture 1.1 in [15]. Recently, this has been confirmed and rigorously
proved by del Pino, Musso and the first author in [10] for n = 3, where the leading part of the scaling parameter is achieved
by asymptotic analysis. For the case n = 4, Fila and King conjectured that infinite time blow-up only exists when ¢ > 2 for
radial solutions, where

lim |z|uo(|z|) = A
|z|— 00

for some A > 0.
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In other contexts, for instance, Liouville-type theorems for Fujita equation, in parallel with the seminal work of Gidas and
Spruck [21] in the elliptic setting, and long-time behaviors for the solutions to Fujita equation with supercritical exponent
have been studied in [35, 16, 34, 17, 36, 37, 33] and the references therein.

In this paper, we are concerned with the following Cauchy problem for the Fujita equation with critical exponent in
dimension n = 4

U = Au + u3 in R4 X (to,OO), (1 2)
u(z,ty) = up(z) in R%L ’
The aim of this paper is to construct infinite time blow-up solution, confirming the conjecture by [15, Conjecture 1.1], and
further investigate the stability of the infinite time blow-up. Throughout this paper, 7 is a smooth cut-off function which

satisfies that n(s) = 1 for s < 1 and n(s) = 0 for s > 2. Our main results are stated as follows.

Theorem 1.1. For tq sufficiently large, there exists initial value ug > 0 with exponential decay such that the positive solution
u(x, t) to (1.2) blows up at infinite time. More precisely, the solution takes the form of the sharply scaled bubble

u(z,t) =n (”1;;) p(Hw (W) +O((Int) " min{t ™, |2|72})
where w(y) = 2% T +\1y|2' The blow-up rate and location are given by
1 Inlnt
u(t) = = (1+0(F25)), &) =06,

More precisely, the positive initial value of the solution constructed above is

o) = to o (T 2y (EEUO)) o) 2 (e gl

1(to) Vo Vio
1 z — E(to) Az — £(to)) z — &(to) -1 z — &(to)
R R S e T YL )

where 119, fig are the leading order of y, and fig ~ po = (Int)~1; @ is a global correction function given in Section 2.3; e
is a constant and Z is the eigenfunction with respect to the first eigenvalue for the linearized operator, which has exponential
decay, see (7.3).

We further investigate the stability of the blow-up solution constructed in Theorem 1.1 and obtain the stability in the
following sense.

_ min{£,4}
Theorem 1.2. For any go, not necessarily radially symmetric, satisfying |go(z)] < Cyty = ()% £ > 3, and for t,

sufficiently large, there exists a solution u[go|(z, t) to (1.2) blowing up at infinite time with the rate

plaol() = T (14 02, elol(r) = 06,

The initial value is given by

s t0) = (ulanl(t) (TSI 2=l

+ 23 o] (t0) |z — Elgo](t0)] (e—M _ ”(M))

(o)) g (S, 1) (Rl

fo(to) Vo
z — €[gol(to) ~1,, & —§&[go](to)
n(m)eo[go}(u[go](to)) ZO(W) + 90

where plgo] — 1, £lgo] — & eolgo] — eo in some topology as Cy — 0. In the radial setting, the same conclusion holds for
¢ > 2 with [go] = 0 and [ig[go] — fio as Cy — 0 additionally.
Remark 1.2.1.

o [ndeed, the initial value of the infinite time blow-up solution in Theorem 1.1 has exponential decay at space infinity.
By Theorem 1.2, we can add suitable perturbation for the initial value to achieve that

lim |z|fu(z, ty) = A

Sor any | A| small enough, recovering the assumption on the initial value in the conjecture by Fila and King [15].
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o [t is very possible to generalize the stability result for all ¢ > 2 in the non-radial setting, see Remark 6.0.1.
o We do not know if the solution we construct is threshold solution or not.

Our construction is based on the inner—outer gluing method developed recently in [5, 8] for parabolic problems, and the
gluing method has been a powerful tool to investigate the singularity formation for various nonlinear PDEs such as parabolic
equations and systems, fluid equations, geometric flows and others. See [10, 7, 40] and the references therein. The parabolic
gluing method is much more different from the asymptotic analysis given in [15]. Some essential new features and difficulties
in this paper are listed below.

One key feature and difficulty is the non-local dynamics for the scaling parameter p(¢). It turns out that the dynamics
for p(t) is governed by an integro-differential operator, which is a natural consequence of the fact that the linear generator
of dilations of the Aubin-Talenti bubble is of slow decay in lower dimensions. This non-local phenomenon has also been
observed in [8, 10, 14, 6] for lower dimensional problems. In our case here, neither the usual Laplace transform nor Riemann-
Louville type method is applicable since the integro-differential equation is not in the class of Abel-type integral equations.
The non-local operator here is the threshold/endpoint case in certain sense, and one needs to carry out much more delicate
analysis to investigate its solvability.

Our strategy is to decompose the non-local equation for p(t) into two parts: the dominating term and the remainder term.
The dominating term will be solved by contraction mapping theorem, while the remainder term will leave a much smaller
error. To be more precise, the desired blow-up rate is determined at leading order. However, due to the way that we handle
the non-local operator, the time decay is not fast enough for the remainder in the gluing procedure, and we will iterate this
process finitely many times to make the remainder term have faster time decay than the one provided by the outer problem.
This smaller remainder will be handled when solving the next order of y(t).

After getting the leading order of p(t), we need to solve the corresponding linearized elliptic equation to improve the time
decay of the error term, which is essential for finding suitable weighted topologies ensuring the implementation of the gluing
procedure. When solving the next order y4 (t), we still need to decompose the non-local equation into two parts. The main
difference is that the involved outer problem in the equation of 1 (¢) only has Holder continuity in ¢ variable. The derivative
of p1(t) will inherit Holder continuity from the outer problem, which will be used to control the remainder term.

On the other hand, the rather slow logarithmic blow-up rate produces following difficulties. There are several slow decaying
linear terms which involves the inner part cannot be controlled as the right hand side of the inner or outer problem. Instead,
we regard these slow decaying terms as part of the linearization of the inner problem and develop a new linear theory. See
Remark 3.0.1. The dealing of these terms is in a similar spirit as in [6], where the logarithmic blow-up speed also appears.

Thanks to the generality for the gluing method, we are able to study the stability for the solution constructed in Theorem
1.1 with both radial and non-radial perturbations, and non-radial infinite time blow-up solutions are easily found by suitable
perturbation for the initial value.

Before carrying out the construction, we list several commonly used notations throughout the paper as follows.
Notations:

e We write a < b (a 2 b) if there exists a constant C' > 0 such that a < Cb (a > Cb) where C is independent of ¢, t;.
Seta ~bifb<a <.

e In general, the letter C(a, b, ... ) stands for a positive constant depending on parameters a,b. .. that might change
its actual value at each occurrence.

e The symbol f[g1, g2, .. .| means that the function f depends on some functions g1, ga, . ...

e f~~ gmeansthat |f —g| — 0ast — oo.

e The symbol O(f(x)) is used to denote a real-valued function that satisfies |O(f(x))| < |f(z)| in a domain of x that
is either specified explicitly or follows from the context.

e For any fixed real number z, the symbol x— denotes a number which is less than x and can be chosen close to x
arbitrarily.

e Denote (y) = /1 + |y|? for any y € R™.

e Denote 1(,¢q) as the characteristic function with 1,cqy = lifz € Qand 1(,cqy = 0ifz ¢ Q.

2. APPROXIMATE SOLUTION AND IMPROVEMENT
2.1. First approximate solution. We consider the energy critical heat equation in dimension 4

{ut = Au+u? in R* x (0, 00),

u(z,0) = uo(x) in R 2.1
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Since changing the initial time will not change the structure of the nonlinear heat equation, we assume the initial time is
t = to and t is sufficiently large.

We use the steady state solution
s 1
2

1+ [yl

as the building block of construction. It is known that all the bounded kernels of the corresponding linearized operator
A + 3w? are given by

w(y) =2

_2g Yi 7
1+ yl?)?

We take the leading profile of the infinite time blow-up solution as

o= () ()

where p(t), £(t) € C1(tg, 00). Throughout this paper, we make the following ansatz

Zi(y) = Oy,w = for i =1,...,4, Z5(y):w—+—y-Vw:2'§

< |l + tnt]p,] < 2.2)

1 w
C,Int Int’
&) —»0as t— oo

where C), > 1is a large constant. Later we shall rigorously justify the above ansatz about the asymptotics for the scaling and
translation parameters.
Denote the error function as

S[g] := =09 + Ag + ¢°.

Then the error produced by the first approximate solution u; is given by

Sluy) = p~ utz5< ;£)n<x\;;>+E[]+u2£ Vw( f)ﬂ(fg\;;)
i) e (5

o =2t (S8 v () 2 watten () oo (M)

e (on(50) e () () (5]

In next section, we shall add two global corrections to improve the slow decaying error.

where

2.2. Transferring slow decaying terms by heat equations. For some admissible function f(z,¢), denote

T2 f)(z, 1) / / (4r(t —s)) " Ze —i=y <> f(z,8)dzds. (2.3)

In the rest of the paper, we will use Lemma A.1 and Lemma A.2 in the appendix to estimate 7,°“* frequently and sometimes
will not state repeatedly.

Sety = tT_g A term is said to be of slow decay if its spatial decay is equal to or slower than (y) ~2. Otherwise, it is of fast
decay. Fast decay is necessary for the gluing procedure. For this reason we will transfer the slow decaying terms in S[u1] by
heat equations. We now introduce the correction function ¢ to improve the error. For

Slur +¢] = =0 + Ap + S[ur] + (w1 + 9)° — ui,
we set T = x — £ and choose p(Z,t) = p1(Z,t) + p2(T,t) such that

1 = Nzor1 + Elul,  Owpr = Ngpa + 11> e Zs (

The properties of ¢1 and (o are given in the following two lemmas.
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Lemma 2.1. Assume that yu satisfies (2.2) and pi satisfies |p1| < &. Consider

Orp1 = Az1 + Bl 2.4)
There exists a solution ©1 = 1 || satisfying the following pointwise estimates
< -1 X 2 —1|~—6
el S (01 B el L
_3 —1 3 —11=1—6
[Vzo1] St72(Int) 1{|9’c|§2t%} +t2(Int) " |z 1{\5c|>2t2}

More precisely,

t

o1l = —omEpt 4 O(ut™2|z|?) + O(t—Q/ (s~ 143 (s) + s,ut(s))ds)] 1{|z|<2t%}
to/2 =

12 t 512 t/2
+0 (a2 413170 [ Pluas)lds + 4727 F [ (T (s) + slue(s) s | 1
t0/2 t0/2 {‘I|>2t2}

o1+ ] — 1] = [— 2t + Oy t2]7[2)

t/2
2O(r s G+ sup )+ 070 [ ) + sh))as) 1,
t1€[t/2,t] ti€[t/2,t] to/2 {|z|<2t2}
i t/2

-2 —lzl” —~1—6 (43 2
+0 sup |p1(t1)||z] e 107 + |7 (t sup |pi(t1)| + s |,u1t(s)|ds)
t1€[t/2,1] t1€[t/2,8] to/2

2 / " (57 () (s) + slpane(s)])ds )1,
to/2 {Iz/>2¢2}

Proof. The support of E is in {t2 < |Z| < 2tz }. In this region, by (2.2), = *|&| > 1, which implies

1zl _ o3 2 - - 1zl |7l 32— -
w(?)=22u2\1‘| 2oz, fw’(7)=—22u2|x| 2+ 0|z,

Then the leading term of E denoted by Eis given by

B=2hu (270 - O + ) o=
Take 1 as the approximate solution to (2.4). Set ©1 = ug1, E= ME and ¢, satisfies
Op1 = Dapr + E.
We take p; =t 1A (@) in the self-similar form. Then
A+ (2 + g) A"+ A+ h() =0, (2.5)

where
he) = 23¢2 (n"(@ Lo+ Cn’(C)) |

2
Observe that (72, (72(1 — e*%) are linearly independent kernels to the homogeneous part of (2.5). And (2.5) has a
particular solution

¢ 2 a b2 ¢ 3 3
A,(0) = (2 / ac / h(b)be's dbda = (2 / 23y (a)da = 23 ¢2(1 — n(Q)),

where we have used h(b)be% =23 (bile% n'(b))’.
In order to find a solution with fast spatial decay, we take
3. _ 3. 9, &
A(Q) = Ap(Q) =222 —e7T) =22¢* (e T —1(())
which implies that

z|? |:Z’

= —n(

Ay
i
—~
K
~
S~—
Il
[N}
lw
]
|
N}
/~
gy
|
==

). Pl = 22 ula| (5 (7). 2.6)
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It is straightforward to see 31 [](0,¢) = —27 2 ut 1,
i, -2 .
Pl = ( 275t + O(ut || )> (ei<arhy T O (Mm © >l{f|>2t%}’

- - 1 o~ o _lz?
it ] = falil = (<2 At + Ol 2) 1y +0 (ka2 ¥ )1

and
. Bk |z| 8 o 1212 |7 2]\, —1
Oz ——2x3< T — —)—22932(6 4t—+'—t2>
61 = — 2H]a] n( ) —2He 5 ()
|z]?
=o(jalt21, el e ).
P TR {lzl>13)
~ o _ _ ,7|
Va@ulull = |1V adr] SIEE™21,  _ppy + 12l e 50 2.7)
Take @1 = @1 + ¢1p. Then pq;, satisfies
Ovp1y = Ns@rp — up1 + E — E,
where (1, is given by
@1l (Z,t) = T [~ 1 + E — E)(T,1) (2.8)
with
B &= gt (w2 - 282ia ) () 2w gt (Bl o) (B
2 ViVt 1 EERRY 29
IR | N ST |z| 3 3,12 |z |z '
+ 1t1(w——22 x)A——i— w—(———):O 1
I (u) |zl 77(\/%) (u) U (\/{e) 77(\/%) (w (Vi<|zl<2viy)
Similarly, we evaluate
(B = E)u+m] = (B = E)ul = O(lm|i*t 71 sicipj<avny) -
By Lemma A.1, one has
_ t/2 34—2 . 1
B T B ut if |z| <tz
Tout {,U,St 31 . },St 26 16t / MS(S)S 1d8+ L2 ,
! {Visials2ve} t0/2 Bz 2 T it || > o
t 2,-3 o 22 v 2 1
T {|u1|ﬂ - 1{\/E§\i|§2\/2}} StTem e // [ (s)|p”(s)s™ ds
to/2
sup | (t)| Pt 2 if 7| < 2
t1€[t/2,t]
|2 _ 1
sup |pa(t)|p o0 if [T > t2
t1€[t/2,1]
Notice that
A< 1 2 _lz7
|/‘Lt<101| ~ |/14t|t 1{| |<t2} + |/,LtHfL'| {lm‘>t2} (210)

Therefore, by Lemma A.1, we obtain

42 |hue] it |z| <tz
out t—ll :| < t_2 —‘1 ‘t / d — )
7i {“‘” {lzl<tdy] ~ 6 to/zswt(s)| ot s 3

-

eltle|2e= i 2] > o3

By Lemma A.2, we have

out =|—2 7¢ < gqout |: 2|5|—6 :|

(e [ N ol [ R WS
22 /2 I if 7| < t?
sete o [ slu(o)lds + N
to/2 278 el + [ (o)l s2ds) it Ja] > 13

and thus

w2 1?2 |1 if |z| <tz
Tl S 26 [ sllsds + ML e
to)2 |Z| 6ft0/2 le(s)|s2ds — if |z| > t2
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It then follows that

s pt)2
Puslul| S 12 ‘w‘t/t (713 (s) + sla(s))ds

0/2
2 if |7 <t}
z|2 s
PPt "2 (70 ) s (s)lds if [a] > t3
~ ~ o =2 vz —1 2
(Bl + ] = gl S %% [ T + sl
to 2
t=2p? sup  |ui(t)|+ sup  |pae(t)] if |z] <tz (2.11)
t1€[t/2,t] t1€[t/2,t]
g _ 1= i e i 1
sup [y ()2t “2em T 4 ol 0 (8 sup i ()] + [ Plrae(s)lds) if |l > 3
t1€[t/2,t] t1€[t/2,t]

In particular, for |p| < (Int)~1, [u¢| <t~ 1(Int)~2, one has

~ < 41 — 2 2 —6
Buolul £ 7)1 R ] 1)
= _: . _ _ o _g _lzI?
|E - E| 5 (tlnt) 31{\/{§|f|§2\/{}7 |:uf()01| 5 (tlnt) 21{|-’2‘St%} +1 l(lnt) 2|"I“| 26 ¢ {|§f|>t%}
Then by scaling argument, we have
- < -3 ) 3 2 6
Vepuld < oy Fe e e
Combining above estimates with (2.7), we have
-3 -1 g —1|17|-61
([l
Lemma 2.2. Assume that yu satisfies (2.2) and p satisfies |p1| < 5, |p1e] < @ Consider
T x
Oup2 = Dapz + p 2w Zs (= )n(—7),
; ¢ 5(u) (\/i)
where s is given by o = pa|u] = T {;FQutZg)( n (%)} Then the following estimates hold
e l(n(ee3) +1) if 7l <p
|alu]| St 2e 00 / s|pe(s)|ds + { |pe| (In(]z] 1t22)+1) if p<lz| <tz
to/2 1z o 1
He|t|T 16t lf x| > t2
etz 2 |Z| 213
(tlnt)~! if |z <p
< M) P(n(lz|TeE) + 1) if p< el <t2
“1(lnt)~2e Tor if |z| > t3
tt if |zl <p
Vapalul] St (nt)>(n(lz[~1e2) + Dfz| ™ if p< |z <t2 (2.14)
712
=% (Int) =2~ 5o if |z] >t
22 12 lpa(s)] | |pae(s)|
pal-t ] - galul] S 26 [ sl (B2 4 B2 a,
’ ‘ to/2 u(s) e (s)]
. . In(p~Ytz)+1  if |z] <p (2.15)
i, g (A ) e 1 sl
t z|?
t1€[t/2,1] t|z|"2e~ o if |z >tz

More precisely,

_1 b Nt(s) —2 k . 1 _
i = | =2t [ g 0(i7® [ (o mintu )1

t
_lz?

—2 z|
+o(r /t0/28|ut( $)lds )e” Tty
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Qalp + p1] — 02y
i s t t t/2 s s
_2_%/ Mlt(s)d3+0(|ﬂt| sup (|H1( 1) n |16 ( ;|)|) +t_2/ S|Mt(8)|(|'u1( )| n \M1ti)|)d8
¢

t/2 t— t1€[t/2,t] u(t) |1 (t 0/2 p(s) l11e(s)]
la(t)] | [met)N2 | [ (t)] | e ()] )
+ Int sup + 4+ pu” || sup + (1., 1
dine s (5 g ) el 2 (R )| Ry
|M@N |pae ()] z/t/2 li(s)] | [rae(s)] )|m
+O< su +t s s ds |e
|Ht|t1€ t/%t ( u(t) ‘Nt(t” ) to/2 e )|( p(s) |Nt(5)|> {lz[>2t2}

Proof. Since

_ x T _ i
I 2utZs(;)n(%)I Sl gz <y + el (2.16)

1 o1
{n<|z|<2t2 }
by Lemma A.1 and (2.2), we conclude the validity of (2.13). By scaling argument, (2.14) follows.
For 11 satisfying [p1| < § and || < @, we have

— 1P Zs(=)

~—

(o + 1) "2 (pe + pae) Zs (

= |8

xr
Mt p

_ _ 7
=pu pnZs(=) — Sﬂl,ut(225(;

_ 1 M1 T, _
=0<u (! |+| t|)<*> 2>~
el /e
Then by Lemma A.1, one gets (2.15).

In order to extract the dominating part of ¢ for the preparation of solving the orthogonal equation, we split ¢ into several
parts to estimate. Set 119(t) = (Int)~! and consider

t/2 t—ul(t) i 7% B | | u
P2 = </ / /tu(t)>/R4(47r(tS)) e 1T 12 (s) pe(5) Zs ( ()) (\[)dzds

=1 + I+ I

For I, by rearrangement inequality, we have

N S R
s [ [ e ) deds

2 [P 2l o, L 25
<! /to/2/R4 el )|<@> n<%)d2d85t /to/zu (s>|ut<s)|/o <u(5)>

/2
S [ slus)lds
t

0/2

. K ro\— 2v/s, o\ —
since O“(g)<m) 2p3dr ~ 1t (s), fu(\sf)<u(8)> Zp3dr < sp(s).
Using (2.17) and similar calculations above, one has

O(Im\ n qu\) .17

+2.vz,
) ( 0 | e

)

)) (2 pape + 2 pae) <§

":\H\

/—\ 1\8‘

“2p3drds

()] | Jne(s)]
(0 + )%

For I3, we have

t L ERE
I3 < / / t— ) 2e” 1= 172 ()| e (8)|(—=) 20 ( =) dzds
|13 e R4( ) () e ( )l(u(s)> (\/g)
t 2Vt 2 r
< 1 el (t— 5)72/ e T () "2 drds < el
t—p2(t) 0 pu(t

since for s € (t — pd(t),t),
n2(t)

w(t) 2 r w(t) 2 i(i—s)
/ e T (— V23 ~ / " T r3dr ~ (t — 5)? / e Fzdz ~ (t — 5)?,
0 w(t) 0 0

/ e (2t (¢ s / e 2 (e < oy
e t—s) ( ——— rear ~ —S)u e z ~ —S)u € tos ~ —38)
u(t) w(t) )

4(t—s)
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Similarly, using (2.17), one has

i (t)] | et
(@ * adr )

For I, more delicate calculations are needed to single out the leading term. Set
Iy = Ipo + (I2 — Ip2),

| I3[k + pa] = Islul| < lpel - sup
treft/2,1]

where
12| | 2]

I = / e / (e = )2 T ) () Zs (7 S = T T+ T

and

t—pg(t) =2 2(s
/4(47r(t —5)) 2 o Mz(s)ut(s)ﬂlz(P) dzds,
R

t— uo(t) =12 2(8) K
Topy = 2% (4r(t — ~ i 2 R (1~ ) dza
021 2/ /R4 w(t — s) 2e w2 (s)pe(s) EE ( 77(\/5)> 2as,

t— 13 (1) 2 12| WAONME
1022_/ /R4 (4r(t —s))2e Ty~ (s)ut(s)(Zs(m)+2 EE )(T)dst

For I, we evaluate
t—pd(t)

o0 2
I, = —2%|S3| ut(s)/ (4n(t — ) 2e” T rdrds = —273 /
t/2 0 ¢

_ 2
t=io () e

/2 t—s

In the same way, one has

) t—p(t)
Lp+ p] = Lp] = —2‘?/ Hae(s)
t/2 t—s

For Iy21, we get
t—pg(t) 5 2
[o21| < \utl/ / (t—s)2e 3= rdrds S |pel,  [Toorlp + pa] = Toma [p)] S sup  Jpae(ta)]-
L v t1€[t/2,t]
For 129, we have

2]

oeal / y 4<t—s>-2e—4<‘f*fs>u-2<s>mt(s)\(@)-%—

e RN B
<|ut|//2 /RJ‘S T 7 ) e

_ t—pg ) e L2 r ) _ ) t—ug ) 12 (t) _
< t—s)” e =9 (——) “rdrds S / t—s)” (1—ln )dsN
|Mt| 1/2 ( ) /0 </-L(t > |/”Lt|ﬂ’ 12 ( ) (4(t — 8)) |/‘Lt‘

since for § < s <t — p%(t),

[ e s
e =) (— )" “rdr S p(t),
p(t
4t

4\/i L2 r 4\/{ t—s 2(t)
It (— V" Zpdr ~ 4<t—) “Ldr ~ t 2ol < W21 -1 i .
[, g ) [ et [ et s 0 (i)

4(t—s)
Next, we estimate Ipoo[p + 1] — To22[u]. By (2.17), we have

(4 1) "2 (ot + p1e) (25( |2| )+23(M+M1)2) — a2, (Zs( |)+22|2)

A+ pa |22

‘M1t|)

— 2 Eult d -3 -2 Zy-2 |L1|
=H NltZS(u)JF? we Nlﬂt<2Z5( )+ -V Zs(= )) (W papue + o Mlt)<u> O<u LR

:O( *2|ﬂ1t| <M> )*,Ufspl,uft<2Z5(*)+*‘VZ5(*)> +(M3ulut+ﬂ2ﬂlt)<;>20(“2~|»||‘L:jtt|)

=0(u—2lut(mj+'itt|')'z' ) 40l (Ml Bl 2)2),

IZ\
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Similar to the estimates of 125, we then have

et ey (B ey 1 el
L /Rﬁ“”“ DI OO i) a0

i (t)] | (et
stel s o+ )

t1€(t/2,t]

t=d P ()] ()2, 2 oo 2]
IR e i BT G e ) K S L

n(s) ()] s Vs
9 pt—ug 213 2
< ;72 M + |1t / t—s *2/ e s - “23drds
Su (B4 1) L, =97 oL
pa ()] (B2
S Int sup
el tle[t/2,t]( fu(t) |Nt( )l )

since

[N

/M(t) r2 < T > 2.3 < 4 2t% r2 < r > 2.3 2 2 o2 < 2( )
e =) (—) " rodr S u”, / efm—*rdrw,u/ e =rdr S ps(t—s). (2.18)
0 p(t) () p(t) ()

Therefore, one has

(\m(h)\ |1t (T

|1 ()] qu(h)\)Z
(t) e (t A

)|)>+,ut|lnt sup ( +

Togo[p + pa] — To22[p)| S |pe]  sup
| |5l S e T

t1€[t/2,t]

Let us now estimate I, — Ipo

t=mp (1) 1 _los—z® fp — z z z
|[Io — Ipo| = ‘/ /4/ (4m(t — 5)) "2 A .qu(s)ut(s)Z5(M|S|) (— 12 )d@dzds
R

2(t — s)

< 2| H |/t MO(t)/ /l(t ) s~ B z‘2< |Z| > 2 ( |Z| )d&d d
S| —8) ze 3¢ —) ‘n(—= zds
S . n) s

<ol | L (L2 e
N T t—s)” Se” 8<t b> — —)dzds
‘f s nis) s

2 b N S B 1
< 1] / (t—s)~ / ST (L V2 drds < 2]
/2 0 p(t)

2
since f;ﬁ e~ 8= (ﬁ)”r?’dr < p2(t — s) by similar estimate in (2.18).
Using rearrangement inequality, one has another upper bound for |Is — Ip2],

\[)dzds

t— ,u,o (t)
\12—102|</ [ =i 2<s>ut<s>|<ﬂ'(8')> n(

t ;LO 2t2 -2 r t—pg(t)
Sy / ('5 - 3)_2/ e 7= (—=)"*ridrds < | (t)] (t—s5)""ds < Intpl.
/2 0 pu(t /2
Thus
Iy — Too| < min { ™ pae] | 2], I t|pae] }

Using (2.17) and similar calculations, one has

_|_

(I — To2)[pe + pa) = (T2 = Too)[u]| S el sup (D) e (¢

t1€[t/2,]

<|H1(t1)| |M1t(t;)|)|j'

Combining all the estimates above, we conclude the validity of Lemma 2.2.

Recalling ¢[u] = ¢1[p] + p2[u] and combining Lemma 2.1 and Lemma 2.2, one has
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Corollary 2.3. Assume that p satisfies (2.2) and py satisfies |pa| < 5, |p1e] < l“t‘ . We have

el (= e3) + 1) if |7 < g
olil S (e + gl 1 popy + 4 el (2l 12) + 1) if < o <t
t] e |72~ Tor if 7] > 13
|| K |z
+Oulal 25 ol [ s g
to/2

< (tlnt)~'1

2 1 6
{|z|<2t2 }+O(t (Int)="|z[ ) {|lz|>2t3}
where

t

ol = 0 (12 / (57 (s) + sl ()]s ).

0/2
t if |z < p
Vol < § ¢~ ()2 (n(|z|13) + D]zl + 3=t i p<fe <th
t5(Int)~tfz| = if |z| >t}

[l + ] = elul| < (O(alt™) + gl ) 1 s,

el (n(p=2) +1)  if |7 <p

t t . _ 1
+ sup <|M1( 1)| + |14 ( 1)|) |pee| (In(|2|~ 1t2)—|—1) if p<l|z < 13
t1€[t/2,t] (t) e ()] —2,- 1212 oo 1
tjae] || 2 For if |z >t
2 122 6(.3 t 9 5 132
+0< sup |pa (t)||Z[ "™ 107 + [ 2] (t sup \uu(tl)lJr/ s qu(s)ldS) + glp, pale” 1“>1 2> 2t
t1€[t/2,] t1€[t/2,t] to/2 {|z[>2t2}
where

()] ety )\) )

gl 1] = O(lwa e sup ( +

teft/2, N 1(t) |12 (2)]
[pa ()] | [pae( t1 2 -1 [pa(s)] | pae(s)|
—l—O(u sup + +t I I + s|ue(s + ds |.
b, s (@ ) o (7 O sl (LT + L)
More precisely,

t—pj T
_ —3(, -1 e (s) 2|2 ol
olp] = [— 272 (Mt + /t/2 - Sds) + Ot 2|2 + | mm{;Jnt}) + glu] 1{|z\32t%}

T R o _la?
+O(u|:v| e 1T + |z 6/t0/252ut(s)ds+g[u]e 16t)1{m>2t%}7

1 T pa(s)
—olu] = | —272 (gt ! P g
el + pa] — ol { (ul + /t/2 — 5)

o t)] | [pae(t)] |2
+O(|mt™2z? + su nt)] +§lu, L
(|‘le1| | | |Mt|t1€[tg}t] ( ,U/(t) |,U/t(t)| ) L ) g[,LL H’l] {|z \<2t%}

o el 42 INEIL
+0( sup fm(t)llal e a0 (8 sup )]+ [ lan(o)lds) + e Bglu )
tE[t/2,8] t1€[t/2,t] to/2

In order to extract the leading term, we will use the precise version of ¢[u] and [ + 1]
orthogonal equation. In other cases, we are inclined to adopt the rougher upper bound.
With introduction of the correction term ¢, the new error is given by

Sur + olu]] = 3uip(p] + 3ur?[u] + @[] + & - Vaelul(z — &, t)

2 u(E (P8 4 b (B w(EE
+p 7 Vo( . )n( \/g)ﬂt £728 - Vin( \/E)w( m )-

— [u] when calculating the
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2.3. Further improvement by solving an elliptic equation. In order to find suitable parameters to design the topology for
solving inner-outer gluing system and the orthogonal equation, we will use the corresponding linearized elliptic equation to
cut off the error term so that the time decay rate will be improved.
Set the correction term as
r—¢

__1
o @ — .t
o Po o )

where [ig is the leading order of i to be determined later. Formally speaking, ®y will be chosen to satisfy the following
equation

Ay Do+ 3u(y)®o ~ — i (3udplpl (2,1) + Bur e [u] (3, 1)

= —3p <w2(y)n2(%)so[u] (ny,t) + uw(y)n(%)<ﬂ2 (1] (1, t))~

(2.19)

Set

M= [ (w2 el ) + ()2 . 1)) Zo()

— /R4 (wQ(;)Z5(;)772(%)90[M(j’t) + uw(;)Zs(;)n(%)wz[u](it))df

In order to find @ with fast spatial decay, we aim to find fig as the leading order of 1 such that M[u] = 0. In other words,
above orthogonality condition is satisfied at leading order for careful choice of fip, which will be adjusted and corrected
several times in order to further improve the time decay, and we shall see that

fio ~ (Int)~".

The iteration of finding proper [iy consists of three steps:

o the first step is to single out the leading part in above orthogonal equation, and this results in the blow-up rate
predicted in [15],

e the second step is to add next-order correction of the scaling parameter,

e the last step is to iterate the second step finitely many times such that the new error has sufficiently fast time decay.

We now start the iteration.
Step 1. Finding the leading part 1.
Using the precise expression of ¢[u] in Corollary 2.3, one has

/W wQ(y)Zs(y)nQ(%)w(uy,t)dy

= ot [ 70 [ )z s 0t ) + O+ ol

and

i [ w025y = e [ o@D Zs )0 + g + P na™ ¢4)))dy

= pin(u='t2)0 (72 + g* [l + e (In(u~'t2))?).
Therefore, we obtain
tfp,g

M) = —27% /W wz@)%(@/)ﬁ(%)dﬂ(#tl +/t/2 %@d‘s

T O(uel) + gl + pIn(u )0 (W22 + g + |ut|2<1n<u1t%>>2))

where [5, wQ(y)Z5(y)n2(%)dy < 0 when t is large. Balancing the following two leading terms

—1 i e (s) -1 i -1
ut +// ; SdSN,ut +Mt(t)// ; SdSN,ut + pueInt =0,
t/2 - t/2 -
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one gets 1o = (Int) ! as the leading order of y. Notice that
t—pd 1—t~ (Int)~2 Int+1 —2
pot ™t +/ NOt(S)ds = (tlnt)~! — til/ wdz
t/2 l—s 1/2 z(1—2)
1—t~(Int)~2 1

= (tlnt)~* _t—l(lnt)—2(1+O((lnt)—1))/ dz

1/2 z(1-2)
= (tInt)™ —t7(Int)"2(1 + O((Int) 1)) In(t(Int)?> — 1) = Ot~ ' (Int) 2 Inlnt),

O|ot]) + glpo] + po (g 42)O (1317 + |nor |2 (In(pg 1 £2))? + g*[o]) = Ot~ (Int)™2),
and thus
Mlugl = Ot (Int) % Inlnt).
Step 2. Finding the corrected term 1.
In order to improve the time decay of the error, we introduce the next order term pi; and make the ansatz |uo1| < po,

|1o1e] << [pot -
Then by Corollary 2.3, we estimate

Mo + pio1]
X X

= /]R4 <(Mo +M01)74w2(M0 +,uo1)Z5(u0 ¥ fior )772(%)90[#0 + po1](z, 1)

o+ o) ) 2o () + pl(5) ) d

= /]R“ { [(Ho +M01)*4w2( € ) Zs( x —u64w2(£)z5(£)]772(%)s0[u0 ¥ po1](3, )
%)

~—

Ko + Ho1 Mo + Ho1 o o
Z .

i 02 )25 () el + o] = o) (5.0 + 5 0 () 2o d

772(%)@0[#0](9?,15)

V23 ) = 5 0 ) 2o [l ) o + o)

3 T
Mo + Mot Lo + Mol o o

w(

+ [(/io + pio1)

) lto + pior] — @2 [10]) (7, 1) +uo3w<;f0>z5<m)n(jgwuo]w)}dx

Ho

ol 4, T\ 6\ 2, T [ _1 1 /t o pot () + pro1e(s)

= o\ — — —)| —27>2 + por)t” + ——d
/{ (G G )| =2 (o pon)e™' IO g
|Z|

+ O((Mo + p01)t 212 + |poe + prore| ———
Ho + Ho1

7 7 7 t—pd
—4 2, T Ly 2, L -1 -1 fo1¢(s)
—)Z5(— —)| =2 t
i w2212 S5 | = 274 (o +/t/2 )

+uagw<u—;>z5<—>n<

=
o
<=

+9M0+M01}

Y

po’ At

+ O<|Mo1|t—2|53|2 + |poe|  sup
t1€[t/2,t]

(|M01(t1)| n 1014 (t1)| ) |z

) + Q[Moyum]}
Ko \M0t| Ko

\o1| 5, T4 T L 3, T
O =8 = () O((tn ) "2) + =
Lo 0 <M0> n(\/%) (( ) ) 0 //40 ,U/O \/

- /R {O(%ﬁw)”z(;)[— 27%(#0175*1 + /t;% “fl_t(j ds) + Ot Y(Int)2Inlnt)

|z z z T, @ i 1S io1e(s
+0( e D)+ w2 D)z Dy S| = b (et 4 [T )
Ho t/2

)O((¢ 11115)2)}df77 + Mpo]

~—

Ho Ho Ho Vit t—s
t t T
+O<M0|M01\t 271 | + |pot|  sup ('MOI( ) + tone( 1)|)| ‘) +9[M07Mo1]}
/i t1€[t/2,t) Ho | eot| Ho

lorl Ty a T3 5012 Ty o) ba( X
57 o) R0 ™) + ol ) n(Z)0((tnt) )}d(MO)JrM[Mo]
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tfp‘g N tfug
e L R At ST (VAR Ly
Ho t/2 l—s R4 t/2

Vi t—s
tl)‘ |H01t(t1)|
+ O )2 mm el 4 o t2Int + sup o (bl
(47 () ) L8 40 (o mmwwﬂ(uo )
+ o o] + 5 tO((¢100)2) + o nO((1100) ) + Mg
0
= (ool ot [ w2z Ly (i + [ )
Ho R4 Vi tj2  t—s
+O0((tmt)™" sup  |por(t1)| + sup |pow(tr)])
t1€[t/2,t] t1€[t/2,t]
+ 0@ (nt) It )0 | + Gluo, or] + O((tInt)2) + M)
t—tl1
= (O(M%T%/ 2(y) Z5(y) “Oy { 0t (140 (mt)*%))Jr/ Hou(s) 5
Ho R4 /2 t—s

t—pg(t) fio1¢ () )
+ / ds+ &, [por] + O((tnt)™" sup  |uor ()| +  sup [pore(t1)])
tpr-nn L—S t1E€[t/2,t] t1€[t/2,t]

+mmhmhwwﬂmr%+Mmﬂ

porly oon [0 2 HoY - ! T pou(s)
= (o2l —27% [ 2ot (S5a) [t 1+ o)+ [ g

+ pore((L—vi)Int +2Inlnt) + O((tnt) ™" sup |por(t1)|+ sup  |powe(t1)])
t1€[t/2,t] t1€[t/2,t]

+awm+mwmm+owmw%+Mmﬂ,

where
t—pd(t) _ t
gl)l [NOl] = / MOlt(si) M()lt( )dS
t—tl-m t—s
Since it is too difficult to solve the nonlocal equation about 1; thoroughly, we put &,, [i01] aside as the new error term
and consider the following equation

poit + Bu, ()por = fu, [1o1], (2.20)
where
By (t) =t (1+O((Int)"2))[(1 — v1) Int + 2InIn¢]~*

t—ti1
Mds _

forlpor] = x(@)[(1 — 1) Int + 2InInt] ! < - / glro1, o

t/2 t—s

+O((tt)™" sup |por(t)|+ sup [uore(tr)]) + O((¢nt)~?) — M[No]),
t1€[t/2,t] t1€[t/2,t]
x(t) is a smooth cut-off function such that x(t) = 0 for t < 3tq and x(t) = 1 for ¢t > to. Since p1(t) will be de-

fined in (%, 00), the introduction of x(t) is used to avoid the occurrence of 101(t) for ¢ beyond (£, 00) in the terms like

1—v
ftt/;t tu — S) ds. After all, the original orthogonal equation is only required to hold in (¢g, 00). For technical reasons, we

4

extend the domaln of o1 to (%, 00).
It then suffices to consider the following fixed point problem:

mmmwz—/ %%MM@*=%”%WW/ el B [1(s)ds,
t t (2.21)

@mmmmzmﬁw*mwmf eI B g o V(s)ds + fun l101] (8,
t

where 11 € (0, 3) will be determined later.
Since
O((tInt)~2) + [Muo]| < Cot'(Int) *Inlnt
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where Cy > 1 is a large constant independent of ¢y, we have

[[(1 =) Int+2InInt] " (O((tInt)"?) + [Muo][)| < (1 —v1) 'Cot ™' (Int) " InInt.

By L’Hopital’s rule,
—— [ el P (Wdug=1(In 5)=3 InIn sds
im 7
t—00 eJ " Pri(widu(ly $)=21nn¢

el B (dug=1 (1 1) =3 nIn¢

lim - ;
t=o0 B, (t)el P (Wdu(ln)=2Inlnt 4+ el Fri(Wdu(_g

= (1) -7

Notice v < & implies e/ #1(W9% < (In1)2 so that [ e/ #1 (Wdu5=1(In 5)=3 InIn sds is well defined. Thus we have

where o(1) — 0 as tg —

<(1—-wv)”

+ ‘[(1 —v)Int+2Inlnt] 't (Int) 2 lnlnt‘
<t Y1 =) HInt) 7Y (201 — 1) +o(1)|(Int)2Inlnt + (1 —vy) ¢ (Int) 3 Inlnt
=(1—v) Y1+ — 1) +0o(1)))t " (Int) 3 Inint.
From the estimates above, for g1 € C!(to/4,00) and pg1(t) — 0 as t — oo, we set the norm as

¢
e*ftﬁ"l(“)d“/ el Prdur1 _ Y Ins 4+ 2Inlns] " s (Ins) "2 Inln sds

¢
! e*ftﬁ”l(“)d“/ el " P (Wdu =11y §)=3 In1n sds

t
B, (t)e™ J B (“)du/ el Prder] _ Y Ings + 2Inlns] !

— [ el Pr(Wdug—1(In 5)=3 Inln sds
el B (Wdu(ln $)=21nInt

00. Then

=[(1—v) =27 +0(1)

lo1llor = sup t(Int) (lnlnt)_1|u01t(t)|
t>t0/4

and will solve the fixed point problem (2.21) in the space

B = {g S C t0/4 OO) g(t) —0 as t— o0 : ||g||()1 < 2COC(U1)}
where C'(v1) = (1 — 1)~

us estimate other terms for 9; A, [po1] in (2.21).

For any ji91 € Bo1,

which implies

[(1—V1)lnt+21nlnt+0(l)]_1x(t)/

1—-vy

e t—t -1 -3
s~ (Ins Inlns
‘/ :u’Olt d ‘ < ||/.L01||01/ ( ) dS
/2 /2 t_S

dz

B . 1=t (1nt+lnz)_3ln(lnt+lnz)
= ||to1 o1t
z(1 —2)

< o lor (1 + O((nt)~%))t~" (n ) =2 lnlnt/l/z 2(1—2)

—tY1
1—-t 1

= |lior]lor(1 + O((Int)"2))t " (Int) > InlntIn(t* — 1)

1

< o1 lloavi(1 +O((Int)~2))t~ (Int) %Inlnt
< 2C,C () (1+O0((Int)~2))t ' (Int) 2 Inlnt

t—tlv

t/2 - S

We take v1 € (0, 1) to make vy (1 —v1) "1 (1 4 |(211 — 1)7Y) < 1.

Jt=1(Int) =3 Inlnt + el A (Wdug—1(1p ¢)-3

= |2 — 1) +o(1)|(Int) 2 Inlnt,

s Y(Ins) 2 Inlnsds

Y1+ ](2v1 —1)7! + 0(1)]). We take 14 < 3 and ¢, large enough to guarantee C(v1) < co. Let

(2.22)

£016(5) 1| < 2040 (1-3) 1 (1+O((1n )~ 1)) (1) S,
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Since g1 € Bo1, one has ‘ﬁ()l(t)‘ = ‘ftoo ﬂ01t(s)ds| S H/Z01H01(ln t)_2 Inlnt. Then

t

x(t)glfo1, o] = O(t_2 // (s~ o1llor(Ins)"*Inlns + (Ins) || o1 [lor (In s) ~" InIn s)dss
to/2

+ (t ) o [, (6~ nnt)?)
= (Into) "2 O((||faon flo1 + |01 |2)t " (Int) 2 Innt),

x®O((tmt)™ sup  |por(t)|+ sup  |uore(t1)]) St (Int) P Inlnt < (Inte) "¢ ' (Int) *Inlnt.
t1€[t/2,8) t1€[t/2,8]

Then for any fixed v; € (0, i) and ¢( large enough, one sees that A,, [fio1] € Bo:.
The contraction property can be derived similarly. Indeed, for any p14, tto1s € Bo1, similar to (2.22), we have

t—tl—v1 t—tl—v1 _ gl 1 _3
0, a 0, 1 Inl
() ‘/ ¢ Ho1a (8 )ds—/ t,umb(S)dS < lore _ﬂ01b||01/ s71(Ins) 31In ns
t—s t/2 t—s t/2 t—s

< |lfiora — fiorsllorva (1 + O((Int)~ %))t~ Y(Int) =2 InInt,

X (D)191o1as o] — Glpo1s, po]| = (hlto)*%0(000(1’1)1‘71(lnt)*2 Inlnt)||fio1a — Forsllo1,

t)’()((tlnt)*1 sup  |pora(t1)| + sup  [Oypora(t1)])

t1€[t/2,t] t1€[t/2,t]
—O((tInt)™" sup |pow(t)|+ sup  [Bpors(t1)])
ti1€[t/2,t] t1€[t/2,t] (2.23)
H]O((tnt)™ sup  |uora(ts) = pors(tr)| +  sup  [dspora(tr) — dppors(tr)])]
t1€[t/2,1] t1€[t/2,1]

S, ”ﬂOla - ﬂoleoltil(lnt)ig Inlnt 5 (111150)71”/]01& — ﬂ01b||01t71(lnt)72 Inlnt

by the estimate of ©[uo + fo1a] — ©[po + po1s) in Corollary 2.3.
Due to the choice of 11 and ¢ above, the contraction property is achieved. By contraction mapping theorem, there exists
a unique solution pg; € By for (2.21).

From now on, v; will be regarded as a general constant unless otherwise stated. For notational simplicity, 0; is denoted by
“’”_Once we have solved pio1, the regularity of 1191 can be improved by the equation of o and pu(j; decays to 0 as ¢ — oo.
For the purpose of finding a better decay estimate of 1;;, we take derivative on both sides of (2.20). Then

tor + (Bu, (1)) o1 + Bu, (o1 = (fur [101]),
where we can evaluate
(Boy (1)) o1 + B, (D1 | S 7% (Int) " Inlnt,

(x(t)[(lvl)lnt+21n1nt]1)’</ Howe(s)

t/2 t—s

t—ti V1
s — glpo1, po)

FO((tnt)t sup s (1)) + mp|mmmn+m@mw%Amm)stMm>%mm,
t1€[t/2,1] tiElt/2,8)
x®)[(1—wv)Int + 2lnlnt]_1 (= gluor, mo] + O((tInt) %) — M[,uo])/ <t ?(Int)"3Inlint,
where we used similar calculation in (C.2) for (g[uo1, i0])’-

t_tl—ul

X(t)[(l—1/1)lnt+2lnlnt]71(—/ Mds)/

t/2 t—s

/ _ 4l—1n / t t—tl—v1 '
:X(t)[(lfyl)lnt+2]nlnt]*1[7%(17(17V1)t7u1)+ﬂm(2) +/ MOl(S)st)
t Vi t t/2 (t — S)

t—ttmv ( )

/ _ 4l—1q ! (t
:X(t)[(l—yl)lnt—|—21nlnt]_1[(1_VI)HOI(t t ) _/~L01(2) _/ w1 (s ds}
t t /2 t—s

t—t "V
= —X(t)[(l—V1)lnt+2lnlnt]_1/ Mt ()d + Ot ?(Int)"*Inlnt).
t/2 - S
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Revisiting the process of proving Corollary 2.3, we have

X(t)[(l—Vl)lnt+21ﬂ1nﬂ_1(0((t1nt)_1 S[U/P ]\M01(t1)|+ sup |N01t(t1)|))/
ti€[t/2,t

ti€ft/2,] (224)
=x®)[(1 =) Int+2nInt] 710( sup  |pgy(t1)]) + O *(Int)"*Inlnt). .
ti€ft/2,1]
Using the estimates above, we have
. t—t'T1 il (s) _
iy = x(®[(1 =)t + 2t (= / B2 s + 0 sup ufu(t)))) + F(t)
t/2 t—s t1€[t/2,1]

where | f(t)| < C1¢t~2(Int)~3 InInt. For this reason, we solve 1, in the following space
Bsp ={g € C(to/4,00),9(t) = 0 as t = 00 : [|gll2,2 < 2C1},

where for g € C(ty/4, 00), we define

lap = sup t*(Int)’[g(t)].
t>to/4

lg

For any g1, g2 € B3 2, similar to (2.22), we have

t*tl_yl t*tl_yl

x<t>[<1fm>1nt+21n1ntr1/ 91<s>ds,/ 92<s>ds‘
t/2 t—s t/2 t—s
== o 9
- - s *(Ins
< (1—wv) Y(Int) 1”91_92”272/ ¥d3
t/2 t—s

<vi(l=v1)"g1 = gall22t > (Int) (1 + (In ) ) (1 + (w1 Int) 1),
Similar to (2.24), one has

X[ = v+ 2] 7 O( sup Jgr(t)) ~ O sup ga(ta))
t1€[t/2,t] t1€[t/2,t]

Sx®)[(1—w)nt + QIHIHt]flO( S[U}) | lg1(t1) — g2(t1)]) S t72(Int) [l — gall2,2-
tE[t/2,

For any g € B» 2, we have

ds

t—tl-v1 ¢l 9 1 9
‘X(t)[(l —v)Int +2Inlnt] ™! / 9(s) ds’ <(1- Vl)il(hlt)71||g||2’2/ s ?(Ins)—?
t/2 t—s t/2 t—s

<vi(1=v) 7 Hlgla2t (0t 21+ (Int) ") (1 + (v Int) ).

Since 14 € (0, i), when tg is large enough, the contraction property follows and then p(; € Bs 2. Thus the improved error is
given by

t—pd(t) 1 s) — 1l (4

Mpo + por] = v, [po1] = / Hor(8) = Hout) o =101 1n 4)2),

t—tl—v1 t—s
Step 3. Further improvement by iteration.

Repeating Step 2 finitely many times, we can find p9;, ¢ = 1,. .., ko such that
ko
M[po+> " poi| = 0(t72). (2.25)
i=1
Denote
ko
Fo = o + Z Hoi-

i=1

From the construction above, we see that fig ~ o = (In t)_l, ot ~ Lot
Since [ig is determined, we are now able to describe ®( rigorously. Set § = }% and consider
A?q)o + 3w2(§)(1>0 = Er(lg'a t)’

where

H(|gl,t) = -3 (wQ@)nQ(‘iﬁ%’)w[ﬁo}(ﬁoy,t) + fow (7)n(

=
|

%9 02 [fio0] (T F, t)> + 3ﬂo/\/l[ﬂ0]]m.

X
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Then @y (7, t) is given by

- 9l _ 19l
®o(y.t) = Z5(y) | H(s,1)Z5(s)s°ds — Z5(y) | H(s,t)Zs(s)s’ds,
0 0
where Zs(r) is the other linearly independent kernel of the homogeneous equation, which satisfies that the Wronskian
W(Zs, Zs) = r~3,s0 Zs(r) ~r=2if r — 0 and Z5(r) ~ 1 if r — oc.
By the definition of M |fig], it is easy to have

H(z,t)Z5(2)dz = 0. (2.26)
]RAL

By Corollary 2.3, |H| < t~*(Int)~2()~*. Due to the special choice of fig, one can get better time decay for H. Indeed,
we have

Vi
=t | <2 (ot [ R a) 00 + o) + O )
= o *(nt)~2|g]) + O(t ' (Int)"2In 1nt)] 11

=0t (Int) % Inlnt)(y) 31

1.1
{171<2my 't2 }

1
{171<2my t2 }’

o @) <“7%’> P lpal(s,1) = O~ In0) ™)) ™1, Ly sysy = O MO W)@
which implies [H| < ¢t~ '(Int)~3 InIn#(g) 3. As a result, one has
|H| < min {t_l(lnt)_2<§>_4, t~*(Int)"31In lnt@)_g}. (2.27)
Claim:

|[@o(,8)] S min {tH(Int)"*(g) > (2 + [g]), ¢~ (Int) > Inlnt(y) '},
IVy®o(y,t)] S min {t'(Int) () (2 +|g[),t ' (Int) > Inlnt(y) ?}, (2.28)
10:®o(,8)] S t2(Int)~H(7)~* In(2 + |g]).

Indeed, the estimate about (7, t) is derived from (2.26) (2.27). The upper bound of V5P (7, t) follows by scaling argument.
In order to estimate 9, P (7, t), we need to take a closer look at 9; H (z, t). By the definition of H, it is straightforward to have

OuH (2,t)Zs(2)dz = 0.

9
O 31,1) = =30 (w00l i ) + e 9l o ) — Ml F
- 310 [M(y)%(@f)%ﬁjf) A ARG AL DG

k@50 (aliol(iod 1) ot + eliol o 1)

+ or (X0 o) o 1) + o) V() - P (570K o o) o 1

+ ﬂow@)n(%)%[ﬁo](ﬂoﬂ» £)(Vaplio] (o7 t) - ford + dusplfio) (7oF £)) — Bu(MHo)) }iylzz‘f’z(ﬁ

Using (C.1) in Appendix, one has

1
‘ {fi0]g]<2t2 }

— _ 2 —— _3 — 1= _ — —
S L T e e 11 B M o M E DR

‘Vigp[ﬂo}(ﬂog, t) - fioed + Orpliio] (0T, t)
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Thus

|8t1:1(\§|’t)|5t_z(lnt)_3(§>_4+(lnt)_1[t_2(1nt) o) T ) T T () )
173 (Int)~HG) 2 + 3 () 2G) 2 1 1{|y|<3}}

S )+ ) (2 ()

{folgl<2t)

-4
) {uo\y|<2tz}~ “(lnt)"Hy)

Therefore, we have the estimate about 9; D¢ (g, t) in (2.28).

In order to avoid the influence in the remote region |Z| > ¢, we add cut-off function and set Ro 1(1)0(9;057

the correction term. It is easy to check

AR E :, LS &)+ g oo (S ).
Ho

o x—§
t)) = —fig  fior@o( o 1) (#Ot o o

Set i = [ig + p1 where || < %, || < @ Let us estimate the new error

_—1 z—=§ 4(z —§)

[+ ol + iy Bo( == (=) (229)
4(x — &) 4(z = ¢

Vi Vi
+(u1+so[u]+ﬁal<1>o(xﬂ_0§,t
3 Az - §)

Vit
)(—ﬁazﬂmq’o(x[;57
- 4(z =9

)) + Slus + lu]

= 00 (71 B> )) + (15 @
i —¢)

Vi
)- (4738 + 2072 (x — )

() + pluly?

)V (

_ T —
:.Uol(I)O( o
4(z —¢§)

Vit
_53Ay¢0( [io

_ X —
—n( 1) iy V(P
Ho

§

1) - (MOtxﬂOE-i—ft)-l-Mo 3t(1)0( i f

Az =)
Vi Vi

,t)AU(4(x\/_z€))+5[u1+<p[ R e L
—£

D)+ ol - 3w

AT +2t751)

)

s tn(
§

_1__ T —
) + 8t % fig 2V 5 Po o i) - Vn(

v
+ 16t fig o (—
Ho

+ (ul + lu] + iy "o (=
Ho

:ﬁal%%,ww(%) ¥

8 2V B 1) - V(AL
fio’

4
T 16t g (L, ) An(
fio”

\/i)

7

1) = a0 1) = (1) (o 60+ ol )

T 47 T B T 47 1,z
+3<772(_\/£) n(\@))u 2w2<u>sow<x,t>_+3(n<ﬁ> a7 el
+ 3n<4j§> (u2w2<_jj>sow (2.0 = e (el )
+3(=0) (1 )@ ) = iy 0 () (@)

e Vagl(@,0) + 0726 TuCn( )+ Ru()e - Vil )

)+ 3 Ml 2R )2 )

(] 5 R0 (00— + i) — 35w ()@ ()
0 fio’ Vit T fio” "t
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Claim:
5[+ ol + g el S o D] | < ez b,
# [t e+ )l sl + s it sup (bl ) o)ty @30
Flalm) 1, [l 0 e 4 2 a1, 2 ()

We need to estimate term by term. Indeed, by (2.28), one has

i 0 090 - (rE + 20782 | S () ) F a2 + 1) (¢ H e +47)1

Vit
~ [t—%(lnt)—2|§t| +t—3(1nt)—2] 1

1 1
{9-1t7 <[a|<0t7}
{917 <[a|<0t7}’

Also, we have

_1__ L 47
817220, 1) V() 160 g (1) A
fio” Ao’

vl

1 1
)‘ {97147 <|z|<0t7}

7

‘t 2(g) 3 In(2 4 |g]) + t2(Int) " Hg) "% In(2 + |7] ~t73(nt)"1

—143 <013}
{9712 <Ja|<9tz }

i ool )+ i (1) - (i -+ 60) = iy 0o (7 7

< [ 2@ 2@+ jg) + ¢ eltn) S W@ + () +12m) 21n 2+ |y|>}n<%>
~ (1616 @+ 151) + 20) " (2[5 Jn( ).

By Corollary 2.3, we have the following estimates

o T AT o o T _ T AT T

]3(77 () =i ol ) + 307~ nC ) u( )il t)]

< [(mt)? g4t Int) ! +lnt<y>72(t1nt)72]1{971t§<|jl<9t%} ~ T s
D el - i (o planl(a, )|
= a5 (72025 = (el + 7 0 )l — ol

_ _ _af) - - ()], [rae(t)]
sn<>[t 1l )™+ W) (glio,snll + (Ent) ™ sup (TGS + e )ﬂ’

)| wCea )= GOl )|
= | ) = i ()2l + i el = el el + )|

1) )20+ 5" (e 0) ™ (e + o]

)] |pe(t)]
+|Mt|1ntt1es[ltl/%,t]<uﬂ(t) + lrut(t)‘ ))}

sz [ i ) ()], ety
~n<ﬁ>[t 2|l )2 + ¢ )72 (13070, ]l + (t1nt) ltliﬁi}';t]( R ))]

4z T _ _ af o 1 ()] | [rae(t)]
smﬁ)[t el )™+ ()~ (alio, ol + (01ne) ™ s (G G ))}
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Using Corollary 2.3, one has

Wl S @mn L + () Tz )

1
{lz>2t3})’

(11 b+ 5™ B0 () = (s + ) = 30 ()0 ) 7)

- 3] (57 ) = g () + el + 07 ol (7))

o (i el + 05 (05 + g ) ) Bl (1)

< (Il ()72 + @)~ 7 (nt) "1 g) 22 + [g))

4T

(0 +nt(y) (1007 5) (2 + 7))
< (i l0n 1)+ (100) )¢~ ) (2 + ()

4z

= |t n)* ()" 2+ [yln(—7) + 17 t) ™ ()~ In(2 + IyI)n(%).

We have completed the proof of claim (2.30).

3. GLUING SYSTEM AND SOLVING THE OUTER PROBLEM

In this section, we formulate the inner—outer gluing system such that an infinite time blow-up solution to (2.1) with desired
asymptotics can be found. We look for solution of the form

x—§
Ho R Vit

r—& 1
, Rt)y=t", 0<~vy<=,
poRR(t) 2 752

where 1, ¢ are perturbations in the outer region and inner region, respectively. In order for the following to hold

0= S[ul +olu] + ﬂ51<1>o(xwg7t)n(4(x\/% )4y nRu’1¢(%,t)}

= — o — 3t77R,U71¢(IT7§a £) + ni e (p(— < & ; :

)+ (. 0) + o5

w(z,t) = u1 + @[] + fig ' Po(

with

nR(xat) = 77(

)+ -vygs(x;f,t))
xT_f, t) — nru BT g,t)
+ A + Azn}w—laﬁ(%—f, t) 4+ 2Vanp - M‘QVycb(xﬂ;f, t)+ nRu_3Ay¢>(xT_§, t)

+ 3(#‘1w(xT§))2(w i (2 1) + Slu + ol + ﬂgl%(xﬂ_og 4(31/_5 ol

_ — 3
+ (ol + i B () 0 ()

= (ot ol o D) ) o),

+ R 2E - Vyo(

s tn(

it suffices to solving the following inner-outer gluing system for (¢, ¢).
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The outer problem for :
Op = Dutp + G, 6, 1, €] in RY X (to, 00),

wher
" 010,61, €] 1= 32w (L)1 =) + 261+ V()

- AwnRu‘1¢($T_§7 t) 4+ 2Vang - M‘zvyfb(%_gv t) - 3tnRu‘1¢(L_§, t)

(=S + ol + g 2o ()

+(u1+<p ]+ g " ®o( Mf,t)n(4(zﬁ§))+w+nw1(25(%,2?))3 (3.1
G e e N U Een))
= [stun -+ ol = o) o+ ol (P 5)
# s+ el 00— 0D et ),

The inner problem for ¢:

where y = %, Dyr = {(y,t) : y € Bsrp), t € (to,00)}, and

fiy,t) = ppe + 4 [3(u1 +olp] = ptw(y) (w4 elu) + p w(y)) + 6(ur + w[u])ﬂal%(%, t)} , fa(t) = ppe,

H[Y, 1, E)(y, 1) = p° (3u‘2w2(y)w(uy + &) + S[us + plu] + g " @o (5 o )77(4&/)]). 33)
By (2.30), one has
(MY, 11, €] (y, 1))
S ()™ Hy) " (py + & 1) + 72 (Int) 7 (5) " In(2 + [y])

1 _ 11 _ . ()] | ()] -
() )™+ ()™ (gl o) + il e sup (TG4 TR ) )

+ & (Int) " (y) 7> + 72 (Int) " 'n(y) (3.4)
< (Int) " Ny) "M (py + & 1)+ 72 (Int) "> (y) 2

+ (tInt) " [(y) "t + (Ine) <|§[ﬂo7ul]| + |fiot| Int  sup

t1€[t/2,t]
+ & (Int) " Hy) 7

where we have used |y| < 4R = 4t", and for later purpose, we require that

i (t)] | pae(t)l 4
( fo(t) M | ot ()] ))(y)

a1y —2<b—k—ay, 0<a; <1. (3.5)

Here above constants are those which measure the weighted topology for the inner problem (see (3.8)). Notice in Dypr, we
have

Al D+ 0] S D™ 4+ [t nt) ™ + ntdy) 2 ()~ 5) "2 (2 + [g)) | (nt)
~tT HInt) 3 e () T2 (y) T2

Remark 3.0.1. Due to the time decay rate of fi(y,t), fa(t), we are forced to put fi(y,t)o(y,t) + fa(t)y - Vyoé(y,t)
in the linear part of the inner problem. We can not put this term in the right hand side of the outer problem since this
will influence the Holder continuity of i about t variable. Besides, we can not use the inner linear theory in [5] since
fi(y, )o(y, t) + fo(t)y - Vyo(y, t) will influence the Holder about pu1; through the orthogonal equation, which will result in
failure to choose suitable topology for solving the inner—outer gluing system. Instead, we rebuild a new inner linear theory
in Section 7 to avoid including f1(y,t)¢(y,t) + f2(t)y - Vyd(y,t) in the orthogonal equation about p.
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We decompose the inner problem (3.2) into two parts. Set ¢ = ¢1 + ¢2, then it suffices to consider

,uzat(bl (y7 t) = Ay(rbl(ya t) + 3w2(y)¢1(y, t) + fl (y7 t)(ybl (yv t) + f2(t)y : vy¢l(ya t) + 7'[[1/’7 M, f](yv t)
+ / n(2)Z2(2)dz) ! (—27%3 / wP(2) Zs(2)dz + O((tn t) ) ) pumnln(v) Z5(y) i Da,
B> B

2Rq

12 0ra (y, ) = Dy (y, t) + 3w ()2 (y, t) + f1(y, ) da(y, 1) + fo(t)y - Vyda(y, t)
- (/ n(Z)Zs?(Z)dZ)*l(— _%3/3 w2(Z)Zs(Z)dZ+0((tlnt)‘l))ugu[ul]n(y)Zs)(y) in Dyg,

Bz 2R

(3.6)

3.7

where Ry(7) = 70 with § > 0 very small and

t—pg (1) _
gy[,ufl] _ / N’lt(s) /‘l’lt(t) ds.
t

_¢l-v t—s
Set
t
T(t) = / ,u_2(s)ds + t()(ln t0)2, T0 = t(](ln t())2.
to
Then 7(t) ~ t(Int)? for all ¢ > to. In 7 variable, Dyr = {(y,7) : ¥ € Bar(t(r)), t € (70,00)}. It is easy to rewrite (3.6)
and (3.7) in the form as in Proposition 7.1 and Lemma 7.5, respectively.

The reason for decomposing the inner problem into above two parts is that the orthogonal equation involving 7 is too
difficult to solve. More detailed explanations will be given in Section 4.1.

Before stating the solvability of the outer problem, let us first fix the inner solution ¢ to the inner problem, the next order
of scaling parameter 11 and translating parameter ¢ in the spaces with the following norms

19lli—s0 = sup T2 (y)* () [Vely, t(r)| + |6 (y, (7)) (3.8)

(y,7)€D4r

where , a are some positive constants to be determined later.
For 111 (t) € C* (%, 00), p1(t) — 0 as t — oo, denote

gl = sup [Int(E(In )2 R(£) =] ™" - 3.9)
t>t0 /4
For £(t) = (&1(t),...,&(t)) € C(ty,00), £(t) — 0 as t — oo, denote
[1€ll2 == T8, sup [(In6)2(t(Int)*) > R(t) "] " [&50]. (3.10)

The outer problem is solved in the following Proposition.

Proposition 3.1. Consider
Op(w,t) = Avp(w, t) + G, 6, ] in RY x (to,00),  ¢(x,t0) =0 in R (3.11)
where G, ¢, p1,&] is given in (3.1). Assume &, pa, & satisfy | P|li w—s5,a, |11 ]]+1, [|€]|«2 < A1 where Ay > 1 is a constant
and the parameters satisfy
55—ﬁ—a7>—2,55—/<;<—1,0<a<2,0<7<%, (3.12)

then there exists a solution 1 = [P, uy, &] with the following estimates:

(z,)| < C(A1) Int(t(Int)?)®—+R=e (1 + |21

{Jel<t?} {lm\>t%}> ’

(V) (x,t)] < C(A1) Int(t(Int)?)* "R~
[V (z, s1) — Y(, s2)|

sup |51 — 52|O‘

2
81&26@7%@»0

< C(A1, @) {)\20‘ (t)Int(t(Int)*)>~*R~®

+AT72() [(oR) 2 Int(t(Int)®)> "R~ + (Int)3(¢(Int)?) 00—~ }

where 0 < \(t) < t2.

The proof is postponed to Section B.
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4. ORTHOGONAL EQUATIONS FOR i1,

4.1. Solving ;1 and &. In order to utilize Proposition 7.1 with Ry = 7% ~ (t(Int)?)? where § > 0 is small, one needs to
adjust p1, € such that ¢;[H] = 0,4 = 1,...,5 in Proposition 7.1 with A given in (3.3).

However, for i = 5, it is too difficult to solve c5[H] = 0 thoroughly. We are only able to make c5[H] ~ 0 and leave smaller
remainder to be solved by the non-orthogonal linear theory of the inner problem.

In this section, we only care about the estimate in |y| < 4R since this is served for the inner problem. Set

Mi[¢7ula§] = H[whulag](y?t)zl(y)dy) 1= 17"'757

B:r,
Ho(llot) = [ Ml 010, 00(0)08. Hallol.t) = [ HEb. o 0. 0Xs0), i =14

where T'; are spherical harmonic functions, which are given in Section 7.
Using (2.29), for ¢ = 5, since Zj5 is radially symmetric, one has

Mafty, s €] = /B 80? (y) oy + €, 0) Zs (y)dy

o9 I -1
+ 3 2l ® + 2V P —_— - 0y ® Zs(y)d
L?Rou (#0 Hot O(Mo )+ Fo O(Mo £): for Ho Ho O(MO )) s(4)dy

[ (el e ) — i (A plpol . ) Zs )y
Bar, Ho
[ () — i 0 )l (. 6) ()
[ Zitdn+ [ st i) DL 7
2R 4R B> 5
of [u1+<ﬁ[ﬂ]+ﬂol‘1’0(uo OnCE))® — (as -+l — 3 2(’;3)@0(;‘2,@77(‘“%)]Z5<y>dy,
and
Hollul ) = [ 3 (ul0)0 ulylo + €10 (0)ao
+ [ u3(ﬂ52ﬂ0t@o(ul|z)0,t)+ﬂo_2Vy<I’ (“Lyo'a 1) it “/'j’og — g0 (“'j()'e,t))n(@)d@
[ 30 (0 (0ol ) ~ s> ol o, ) Yol )0
+ /S 3a® (o (ly0)e ) ulyl0. 1) - ualw<“/'§’0>¢2[uo1<u|y|e,t>)ro<e>de
i ily|0) Zs (g * el y|0
+ [ lulo.oxo)as + | 3% > Mijio) L f:ﬂ(z)) Z(f‘) W), o)
o ol + g o () — G 4l
3,2 Y10 5 plylO 4plylo
~ 3y () (M 2 )]n(e)de.
Fori:=1,...,4, we have

Mi[¢aﬂla§]:/B 3uw2(y)¢(uy+§,t)2¢(y)dy+€it/B uuo%yl%(u t)Zi(y)dy

2Rg 0

+ &t /B (u‘?’c’?@so(uy,t)Zi(y)+uZi2(y))dy

= / Bpw? (Y (py + €,6) Zi(y)dy + péa (/ Z}(y)dy + O(t’%))
Bag, B

2R
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by Corollary 2.3 and (2.28). Also,

M|yl t) = 2(Jylo 0 Yi(0)do + &; 3120, 00U 10100

)= [ 3 (00l + & OO0+ & [ 5 0y 0" 2= 07T i(0)

_ 0
i [ (0ot 0) + 0,00 L0 0 0)ao.
g3 \/%
Using similar calculations as in (2.30), one has

[Hs(lyl, )] < ()~ (y)™  sup <Z>_1|¢(MZ+€J)|+(1nt)_3{t_2<y>_21n(2+|y)
2€By4R(t)

-1 2 2( 1515 . ()] | [pae(t)] - —2 2
+ [ 2l + (n) (|g[uo,u11|+|u0t|1ntt1€s§}om( OB |ﬂ0t(t)|))}<y> 1172 (Int) 1{|yg4}}

SO s () s+ &) T () )
z 4R(t)

lpa(t)| | [pae(t)] 4
R " Trean )@

where a1 > 0 is chosen such that a1y — 2 < 50 — kK — ay. It then follows that

Hi(lyl, )] < (Int) ()2 Sup ()" H(pz + & )| + G| (Int) ()2, i=1,...4.
z 4R(t)

+ [mt) | + (n ) (Igla0, ]| + o nt sup(
t1€[t/2,1]

By Proposition 7.1, the orthogonal equation ¢;[#][7] = 0 (i = 1,...,4) is equivalent to solving

M, 1, ] + (t(Int)?) 70 sup <y>3|Hi(y,t)l)=/B 3pw? (y)v(uy + &,6) Zi(y)dy

YEB4R(1)
gl [ ZH)dy+ 0 h) + ¢nt?) 0(nt) 7 sup ()7 (s +€,0)] + [l (nt)?) =0
Barg, 2€ByR(t)

where €y > 0 is given in Proposition 7.1. One can write above equation as

&ir = I [, €] 4.1

where
Jdeg

I [, €] = (/B Z}(y)dy + O(t(Int)*)~ )_1[—/3 3w (y) v (uy + &, ) Zi(y)dy

(I t)?) 00 sup <z>—1|w<uz+e,t>|>].

ZEB4R(t)
Let us estimate M5 term by term. By (2.28), one has

/ i 115 2o ®o (22, 6) + ig V@0 (22, 0) - fion 22 — i 00(22,1)] Zs(y)dy = O(t2(lnt) 7).
Bag, Mo Mo Mo Lo

By Corollary 2.3 and the special choice of iy, we have for |Z| < 2tz

t—,ug— =
P T S Sy (S | fot(s) 2112 _ m -1 -2
eliio] = —27# (ot +/t/2 7 ds) + Ot Plaf + ol o ) + 06 ) )

= Ot *(Int) 2Inlnt) + O(ﬂot_2|5€|2 + |ﬂ0t||_x—‘).
Ho
Notice that

nPw? (y) — ﬁ62w2(%) = =2 (Op+ (1= 0)fi0) > (w?(ys) + w(ye) Vw(yo) - yo)

Vo= g
= — i3 (w? O(2i=4(y) 4
= —2upy” (w(y) + w(y)Vu(y) - y) + Ouiig (1))

Then by Corollary 2.3, it follows that

/ 3’ (M’sz(y)w[u](uy, t) — iy 2w (2 ) o] (y, t)) Zs(y)dy
Bar, Mo

=3 /B 120 ) ol = pliol) + (2w () = g 2w (5 el 25 )y
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1 t_ug S
= 3u3/ {u‘2w2( )Zs(y) [ —-272 (ult‘l +/ L()ds)
Ban, tj2 t—s

i (t)] | (et 2]
(o Tl ) *

Lo |t/ fio

[y .
+O(lm it + ljaoa]  sup dlito, ]

M t1€[t/2,t]
+ | = 2miig? (W) + w(y) Vi) - y) + O (1) ™) 25 (v)

X (O(tfl(mt)*? Inlnt) + O(figt2|z|* + |ﬂ0t|f)) }dy
0

t—/tg
= u[— 2‘%3/ wz(y)Zs(y)dy(ult‘1 +/ p11() ds)
BQRO t/2 t—s

+ O((tlnt)_1 sup |p1(t1)|+ sup |u1t(t1)|) + §lfio, p1] + O(|pur [t~ (Int) ™! lnlnt)}
t1€[t/2,1] t1€[t/2,4]

By Corollary 2.3, we have

[ (o) = i o )l (. 0) Zs(0)
= 3u3/B [/flw(y)(w[u] — ¢lao]) (@] + liio]) + (u ™ w(y) — uolw(gz))ﬁ[uo]] Zs(y)dy

t—pg s
= 3u3/ {ulw(y)Zs(y) { —27: (ulfl +/ *;”( )ds>
Bar, t/2 -

|p1(t1)] n qu(h)\) |Z|
Ho ot/ fio

+0 (1 Mot*'ﬂg +lpadl sup ) + dl. ] ¢ 100)

ti€(t/2,t

+ (—pafig *(w(y) +y - Vw(y)) + O(M?ﬂo3)<y>‘2)Zs(y)(ﬂnt)‘2}dy

t—ug

3 1 p1e(s) 9,252 | |- |N1(t1)| |1t (1)

=p it +/ ———=ds|O(Int) + O |pu1|agt = R; + |2 sup — R
{{( ' tj2 t—s ) (o) (| 1l 0 |0t‘tle[t/27t]< o | ot | ) 0>

+0(nt)g mo,m]}oaw mnaQoW(lnt)l)}

—H t—s

(mfl n /t/:”g ““—(S)ds)()((t Int)~1)

£O(F s )]+ s lnt)]) + Ot a0, u)
t€[t/2,1] t1€[t/2,1]

since § > 0 is very small and p~tw(y) — ﬂglw(%) = —ufip 2(w(y) +y - Vw(y)) + O(u?fag?)(y)~2. Similarly, the
following estimates hold

/B 120 (1] (., 1) Z5 (y)dy = O(i* (¢t 1nt) "> R3) = O(t™ %)

when ¢ is small enough.

’/BQRO wro Mzs(y)dy SO *(Int)™h),
[l et L o ) o = L om0 st

__ Hy 3 _ __ Hy
-/ u3[(u1+w[u]+u01%<,t>) (a4 oli)® — 3u 2 )iy (MY 1)
Bar, Ho o

+3(u 202 w) — i (A) 5 @0(E2, )| Z5(w)dy = O (410 8) " ) + O~ 2(mt) )
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since by (2.28),

=3 ag /B [* 2 fig (W (y) + w(y) Vu(y) - y) + O(uifg (y) =) [0 (Int) > InInt(y) ") Zs(y)dy

= pO(Jpa|(tInt) "  InInt),

/ w {(m + ol + 1y @022 1) — (ur + o)) - 3u‘2w2(y)uol¢o(lfgﬂt)] Zs5(y)dy
Bsr, Ho Ho

p’ /
Barg,

+3(ur + ol — pw(y)) (ur + ol + u-lw@))nal@o(%w

2 3

3(us + s@[u])(ﬂal%(%»t)) + (ﬂal%(%t))

Z5(y)dy

Sule)? [

Bag,

[(ln t{y) 7 + (tnt)T)((¢nt) 7 (G) " (2 + [71)* + (¢t Int) 7 (5) "> In(2 + |31))°

+ (Int(y) 2 + (tlnt) ) (Int(y) 2+ (tlnt) ) (Ent) "Ny 2 In(2 + |g]) | (y) 2dy

Lijaisedy

Suttnt) [

B:r,

[lnt@)z((t Int)~H(F) " (2 + [7]))* + ((tnt) = (7) "2 In(2 + [7]))°

+ (tInt) Hnt(y) 2(tnt) NG 22 + 7)) | (v) 2dy <t (Int) 1

Finally, we get

Ml pn, €] = / 3100% (y) (1 + €. 6) Zs(y)dy + O(t~2(1n 1))

B:r,,

t—np

S
s [ w2<y>z5<y>dy(mt—1 +f ’f“d)
BzRO t/2 — S

+O((tmt)™ sup |u(t)|+ sup qu(tl)l)+§[ﬁo7u1]+0(u1t_l(lnt)_llnlnt)]

+p

t1€[t/2,t)] t1€[t/2,t]
t—pp
+ 1 <u1t1 +/ H1e(s) ds>0((t1nt)1)
t/2 t—s

+O(t™% sup |ui(ta)|+t77 sup |uu<t1>|)+0<<t1nt>1>g[no,m1]
t1€[t/2,] t1€[t/2,t]

+ puO(|pa|(tInt) "  Inlnt)

= u{ / 3w (Y)Y (uy + &,t) Zs (y)dy + O(t™?)
Bar,

+O((tt)™ sup () + sup |uie(tr)]) + O(@lfo. m]) + O] (t1nt) " Inlnt)
t1€[t/2,t] t1€[t/2,t]

w(-rnf W + Ol ) (et + / i d)}

1

—u(=243 [ wr)Zdy+ O((tme) )
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x {(_ —%3/3 w2(y)z5(y)dy+0((t1nt)—1))*1/B 3w (y)¥(ny + & 1) Zs (y)dy

+0™*) +0((tmt)™ sup |um(t)|+ sup |ue(tr)]) + O(3lfio, )

t1€[t/2,t] t1€[t/2,t]
T pa(s)
+pit™ ' (1+O((Int) ' Inlnt)) +/ ; ds + p1:((1 —v)Int + 2Inlnt) + &, 1]
t/2 - S

where

t—pg(t) _
gy[m]:/ O paels) — pe(®)
t

_l—v t—s

By Proposition 7.1, ¢5[H] = 0 is equivalent to

M, pa, E] + (H(Int)?) 7200 ( sup  (y)*T [ Hs(y, 1))
YEB4R(+)

—u(=28 [ W) Zs(dy + () )

y {(_2—;3/3 w2(y)z5(y)dy+0((t1nt)—1))‘1/B 3w (y)v (uy + &) Zs(y)dy

O +0((tnt) ™ sup (el + sup [uie(t)]) + O(@lio, i)

t1€[t/2,t] t1€[t/2,t]
T p(s)
+ it 1+ O((Int) ' nlnt)) + / ﬁds +p1:((1—v)Int +2Inlnt) + &[]
t/2 -

+ (t(Int)?) 70 <(1ﬂt)_1 sup  (y) "M p(uy + &, 1) + 473 (Int) 2
YEB4R(t)

1 N _ [ (t)] | ()]
+ (tInt) " || + (Int) <|9[Mo,u1]|+|M0t|lntt1§[1:gt]( 0] + Iﬂm(t)|>>>

=n( - 2_53/3 w?(y)Zs(y)dy + O((tnt) "))

x {(253/3 wz(y)Z5(y)dy+0((tlnt)’1))71/ 3w (y)(py + €,1) Zs (y)dy

Bar,

+O0(™?) +O((tnt)™" sup |pa(ta)[+  sup |pae(ta)]) + O(3lfio, pa])

t1€[t/2,t] t1€[t/2,t]
v
1 —1 ! :u’lt(s)
+ 1t (1+O0((Int) " Inlnt)) + ﬁds +p1((1—v)Int +2Inint) + &, (1]
t/2 -

+ (t(Int)*)7°°0( sup (y) "M (uy + &, 1)) +fa”2(1nt)1)} =0
YEB4R(t)

where we have used similar calculations as in (3.4), and

sup ()T [ Hs(y, 1) S (Int)™" sup () M(uy + & )|+t 2 (Int)
YEB4R(t) YEB4R(t)

_ N _ t)] | |pae(th)]
+ ¢ nt) | + (Int) | (Gl ]| + Int sup <“1( + = .
( ) |/‘1| ( ) <| [NO M1]| |ﬂ0t| helt/ed Mo(t) |M0t(t)|
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Similar to the methodology in Section 2.3, we leave &, [u1] as the remainder term and consider the following equation
about 1.

(_raéguﬂw%@@+mmmrw”ﬁgSMwwwaw%@@

2Rg

+O((tmt)™" sup |m(t)|+ sup |pie(t1)]) + O(glio, 1))

t1€[t/2,t] t1€[t/2,t]
U (s)
+ut ' 1+ O0((Int)tInint)) + / ttids + p1:((1—v)Int + 2Inlnt)
t/2 - S
+ (t(Int)*)7°°O0( sup (y) M (uy + & )] + (t(Int)*) 00O (Int) ) =0
YEB4R(t)
when a7y > deg. That is,
pae + Bo(t)pr = s [, €] 4.2)

where
By(t) =t [(1 —v)Int+2Innt] " (14 O((Int) "' Inlnt)),

t7t17V

S
meﬂx@ﬂllOMHQMMQI[/ me) 4o o@ma) ™ sup [plt)+ sup el
/2 t—s telt/2.4] t1€[t/2.1]

fO@mmum+42%3/

Bag,

uﬁanzayNM4~0«tmtr*»*1/" 32 ()6 + €,6) Zs () dy

Bary

= (t(t)*)7*°0( sup (y)~ |W(uy + & 1)) - (t(lnt)z)_‘kOO(t””_Q(lnt)_l)] :

YEB4R(t)
4.3)
Similar to (2.21), in order to solve (4.2) and (4.1), it is sufficient to consider the following fixed point problem:
Sl €10) = sl €18) + Bug)e (P20 [l 2001t sy, s
t B

SZ[/"Llﬂg](t):H’L[/‘L17§]7 22114

Notice that [| < Int(¢(Int)2)>°~%* R~ and recall the norms (3.9), (3.10) for 1, &. We will solve (4.4) in the following
spaces

By, = {m € C'(to/4,00) : ||pallss <2}, Be ={& € C'(to,00) : [|€]l2 < 2}. 4.5)
For any fi14, pt1p € By, and £, &, € Be, similar to (2.22), one has
1—v
x(t)‘/” H1at(8) = Haea(s)
t/2 §

1

=t Ins(s(In s)2)50"F R(s
< [|pt1a = p1pll«1 //2 (s(lns)%) ( )dS
¢

t—
= [l1a — a2 (L + O((Int)~H)w(Int)*(t(Int)*) > “ R~

By gradient estimate in Proposition 3.1, we have

t—s

’ /B w?(y) (¥ (u1ay + &a, t) — Y(p1ey + &b, t))Zs(y)dy‘ < Clnt(t(Int)?)* R~ (|10 — po| + [€a — &)

< CtInt[nt(t(Int)*)* "R ([lu1a — poller + 1a = &ll2).
The estimate for [, 3w?(y)y(uy + &, 1) Zi(y)dy is the same.
0

(tmt)?) = |0( sup (y) " (pay + & ) = O sup (y) " [ (nwvy + &, 1))

YEB4R(t) YEB4R(t)
< (t(Int)*) 72 |O( Sup () MY (p1ay + Eart) — Y16y + &b, 1))
Y 4R(t)

< O(tnt)*) 7 tint[Int(t(Int)*)* R (|lp1a — paslla + 1€ — &ll2)

since O( sup (y) Yo (uy + £,t)|) depends on ¢ linearly.
YEB4R(t)
From the same calculations as in (B.1), one has

X(8)1g170, 1a] = glio, pup]| < Clot(t(Int)*)> "R u1a — papln
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when 50 — k — ay > —2. Similar to (2.23), one has

X(t)’O((“nt)_l sup |pia(t)l+ sup  |p1ae(t1)]) —O((tInt)™" sup  |pap(t)|+  sup  [paee(ts)])

tielt/2,1] tielt/2,0] trelt/2,0] telt/2,8]
Sx@O((tnt)™" sup  |pia(t) — pas(ta)| +  sup  |prae(t1) — pane(t1)))
tieft/2,1] telt/2,8]

< Wnt(t(Int)?)> "R p1q — pasllsr.

In conclusion, under the following restrictions

1
a1 >0, a1y —2 <55 — Kk —avy, a1y > d€g, B0 — Kk — ay > —2, 0<1/<§, 4.6)

for ¢ is sufficiently large, (S5, S;) is a contraction mapping in B,,, x Bg.
Similarly, for (u1,&) € B, x B¢, we have

x(t)’ /H B M”—(S)ds < lpafls1 (1 4+ O((Int) ")) v(Int)?(t(Int)?)>° "R~
t/2 t—s

19170, ]| < Clnt(t(Int)*)> Rl pa 1,

><(1f)‘0((t1nt)’1 sup |pa(t)]+  sup  |pae(t)])| S mt(E(n)?)>° T Ry s
t1€[t/2,t] ti€(t/2,t]

Then
(55,51') : BHl X Bg — BH1 X Bg.

Consequently, by the contraction mapping theorem, we find a unique solution (41,&) in B,,, X Be.

4.2. Holder continuity of 11, and estimate for ;& [111]. In order to estimate the left error
t—pd () _ ¢
E/lm] = / ple) —ielt)
t—tl—v t—s

we need Holder estimate of pi14, which satisfies

e = s ljan, €](2) + By (t)e™ P / el P I [y, €](s) ds.
t

Assume % <ty <t) <t, % < A < 1. A will be chosen to be close to 1 later depending on v and independent of ¢y,. We
revisit (4.3) term by term.

Notice that ¥ only has Holder continuity in ¢ variable, which restricts the regularity for p1¢. Using Proposition 3.1 with
A2(t) = t2, one has

[h(p(t)y +€(t), t1) — Y(ult2)y + &(t2), t2)|
< (plt)y + &), tr) — P(plta)y + E(t2), tr)| + [P(plt)y + E(t2), t1) — P(ulta)y + E(t2), ta)|
< [Int(t(nt)?)>~*R7(t)|y| + (Int)*(¢t(Int)?)> ~*R™*(t)] nt(t(Int)*)* " "R™(t)|t; — to|

+ C(a){x%(t) Int(t(Int)%)>~~R%(t)

+ 2272 [(uoR) "2 (t) Int(t(Int)?)>° " R=(t) 4+ (Int)(t(In t)2)10‘5_2“]}|t1 — 1o
which implies
(lnt1)‘1’ /B w?(y) Zs () (W (u(t)y + E(t1), t1) — v(plta)y + E(t2), tz))dy‘

< [Int(t(Int)?)>° = R™(t)]2 |ty — to] + C(a){r?“(t)(t(ln 1)%) =K R™(t)

2220 (o) (1) (1)) R + () (1)) 2 } = taf

Similarly, (t(Int)2) =% O( sBup (y) " ab(uy + &, t)|) provides the same Holder estimate as above.
YEB4R(t)
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Reviewing the analysis details in solving (4.4), one has

5[, ]| S Int(t(Int)®)> "R~y (¢).
Then

(ﬁ,,(t)e_ I B (w)du /OO efs 5"(“)(1“1—[5 [ul,f](S)dS)/

t

By (eI Bt / el BT (11 €](s)ds

t

— (e 1o [l ALy ) ) — 6, ()Tl 5]‘
t
f/t_2(lnt)_le_f1’5”(“)d“/ eJ " B (w)du lns(s(lns)2)55_“R_a(s)ds
t

+ (tlnt)~2e~ I Arluw)du / el Br(Wduy 5(s(In s)2) " R™%(s)ds + (tInt) "' Int(t(Int)?)?® <R~
t
< (tInt) nt(t(Int)?)>—FR™®

where in the last inequality, we have used e~ /" #v(wdu [ of* Bu(w)du 1 5(5(In 5)2)% % R~%(s)ds < tInt(t(Int)?)> "R~
when t is sufficiently large. Also

[[(1=v)Int + 2Inlnt) "' ()] [((1 — v) Int + 2Inln )5 [, gl st nt(t(Int) )55*”R*a1{t23%}},
‘((1 —v)lnt+2Inlnt) " [=0((tmt)"" sup |pi(m)]) — O§lho, p]) — (t(Int)?) "> O™ *(lnt) )]’
T1E[L/2,1]
< (Int) e tnt(t(Int)?) "R 4t (t(Int)2) POt "2 (Int)7Y)) < (tInt) " nt(t(Int)?)° "R,
In order to get the estimate
(1=v)Int+2Inlnt) " O( sup  |pe(m)]) —O( sup  |p1:(m1)])
T1E[t1/2,t1] T1€E[t2/2,t2]
< (nt) (O bt 1)) Rty — o] + [uarl o (aae 11 — 82/,
rigorously speaking, we need to estimate all the terms that appeared in the proof of Lemma 2.1 and Lemma 2.2 except

the leading term. For simplicity, we take @1p[10 + p1] — @15[p] as an example to illustrate the key idea. We decompose
P1p[p + 1] — @1p[p] into two parts to estimate.

(@ulp + m] = uolu)) (@, 8) = T [ pepr + (B = E)[u+ ] = (E = E)[p]](z,1)

At . ~ )
(/t /At> /]1{4 (4m( t—S)) e ‘4(t |>( p1ep1 + (B — E)u+ ] — (E — E){u))(z, s)dzds.

Here 7 is regarded to be independent of ¢. Then

At x z 2 ~ ~
on( / / (dr(t — )20 (e + (B — B[+ ] — (E — B)ju) (=, 5)dzds)
R4

|z—=z|2

A/R4 (4m(t — Ab)) 23040 (—pypr + (B — B)p+ m] — (B — E)[u)) (2, At)d=

At " -
*/t (GG $) 26 5T ) (—puupr + (B — B+ ] — (B — B)[p) (=, 5)dds

< —2 h 1 2, ‘2
sour [ e (qu(At)lt L lmeAnl e

+ |H1(At)ﬂ2(14t)t31{21\/z§|z54\/£}> dz

At oz
/ /t—s e 8=s)

<o) / T (| (Af)[t 11 T e AD) 2|2
- {l=l<t?}

—pu@1 + (B = E)u+ ] — (E — B)[ul)(2, )| dzds

Liasehy
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+ |N1(At)N2(At)t_31{|z<4ﬁ}> dz

At B
t_ / / t — s 2e” 8('5 S>
]R4

£ (A + ¥ (A1) (A2)

At |22
t_l/ /t—s 2e7 s

S C(A)t  nt(t(Int)?)>—~R™e

(—p1e@1 + (B = E)[u+ ] — (E - E)[u])(2,5)

dzds]

dzds

< C(A)

~

(—p1upr + (B = E)[u+ m] — (B = E)[u])(=, 9)

where the last inequality follows from the same calculations as in (2.11).
For the other part, we have

/Att /R4(47r(t —5)) %" B=5 z‘:; (— pepr + (B — E)p + p1]) — (B — E)[u])(z,s)dzds

/ /R4 (t —ta) e — ity zt|a> (— w1 + (B — E)[,u + ] — (E— E~)[u]> (2,ta)dzda.

The terms independent of 11, are C'* in time variable ¢. We only need to focus on the terms including zi1;. By similar
calculations in (2.11), we have

1
/ O (t(t — ta)%e it ta) Y(p1ep1) (2, ta)dzda
A JR*

<t Int(t(nt)?)>—*R™,

|z—=|
/ / t —ta) 2”500 )| p1p1 (2, ta)|dzda
R4

|z—2|2

t(t — ta)"2e” 1T (pyy(t1a) — pie(taa))@y (2, ta)dzda

R

4
|z —=|2
/S / / t(t — ta) e 4(t—ta) [Mlt]Ca(BAt t)|t1 — tg‘a a|(,01(2’ ta)\dzda < [ult]ca(3At t) |t1 — t2|a.
A JR4

t—ti~
Next, for | t/2

Al I t(s) /
‘( |, )

ti—t] to—ty "
/ Hlt(s)ds_/ pae(s) oo
Aty tl — S Ato tQ — S

1—v
At-i—f;;t )“”(8) ds, we have

d

Ay (At) pae(5) - /At p1e(s)
/

t— At ¢ oy (=52 < C(A) ' Int(t(Int)?)>~* R,

and

/‘1tlu /th(tlz) dz . /1t2u /th(t22> dZ

A 1—2 A 1—2

/1t1u pae(t12) — pie(taz) Qs+ /1t1u pae(taz) &
1—t, "

A 1—-=2 1—=2

IN

-t La 1-t7" (t22)5571<7a'y(1n(t2z))1+2(55*"€)
ty —ta]® a(BAL d c d
|t1 2| [Mlt]c (%,t)/A 1— 2 z+ 15 1—2 ‘

= |t1 — t2|a[u1t]ca(%7t)ulnt1(1 + O(| ln(l — A)|(1Ht1 _1))

—v

1- ,B0—k—ay
+ C(1 4 O((Inty) =M ))E52 "% (In t,) 1 +2(0—x / %
—Z
< |t1 — t2| [ﬂlf]ca(SAt t)l/hltl(l +O(|1H(1 - |(1I1t1 ))
+ C(1 4 O((Inty) )N~ 9 (Inty) 20— (1 4 O(t~1))w| Inty — Inty|
< |t1 — t2| [,ult]ca(sAt t)ylntl(l —|—O(|1I1(1 — )|(hlt1)_1))
(

+ C(14 O((Inty) "N~ (Inty) 20— (1 + Ot 1))ty Ht1 — tol-
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Combining the estimates above, one gets that
lpe(t1) — pae(t2)]
< C(A)[(tInt) P Int(t(Int)?)>°~*R™%(t) + t L Int(¢(In t)z)SéfﬁR*“(t)l{tzg%}Htl — to
+C(a){ A2 () )P R (1)
+ AP (O)[(oR) 2 () (H(Int)*)P° T RT(E) + (lnt)Q(t(lnt)Q)w‘;_Q“]}\h — 1o
+ 1t — 2] [ oo aae V(1 =) THA+O(| In(1 = A)|(Int) ™) + O((Int) ™))

where we have used % <ty < t1 < t. Thus one has

[tlea ) < C(A,a)p(t) + [l oaage V(1 = ») 711+ O(|In(1 = A)|(Into) ™) + O((In#) )1y, 10
where
p(t) =t~ Int(t(Int)®)> "R™ + 1 [(uoR) 2 (t(Int)*)> "R~ + (Int)*(t(Int)?)' 02",
Thus

sup  p~ () [u1e) o st )
o <4<

< C(A,0) + (1 =) (14 O( (1 = A)l(into) ) + O((nta) )] s o~ ()l

= C(A,0) + (1 1) (1 4+ O(| In(1 — A)|(nte) ™) + O((nt) ™) sup o~ (Oljsselem (s -

He<i<r

1{t23%}

Notice

_ _ 1t (s1) — pae(s2)]
P l(t)[ﬂlt]m(%,t) =p7l(t)  sup ' .
517526(37‘“,0 |81 - 82|

= sup =
s1,52€(3L,t) ‘51 - 52| 51,526(37‘“,1415) ‘51 - 52|

— max {p_l(t) sup |/’th(51) — Mlt(82)|,p—1(t) |Mlt(51) — Mlt(32)|

sup o
s26(34L, %) se(Aty) |51 52

1y lpre(s1) — uu<52>|}

. _ @ _ @
517526(%,& ‘81 82| 81,826(37‘“7140 |81 82|

< max {pl(t) sup |pe(s1) — pae(s2)| : pil(t)p(At)pil(At) sup l1e(s1) — pae(s2)] } +C,

then one has

sup ()il (sae gy < ACCESD AL O((Inte) ) sup p Ol + C(A, ).
4 4
3o <4< o <i<T

Thus, when v < %, taking A close to 1 sufficiently, which depends on v, and then making ¢, large enough, one has

_ sup p~ ()t ezt by < C(v, @). Making T — o0, one finally gets
o <4<

sup P_l(t)[ﬂu]ca(%,t) <C,a). 4.7
>0

Finally, we estimate p&, [p1] as follows
& ]l S Cv,a){(nt)~ = nt(t(ln )~ R~ s
+ (Int) 1 7 (e R) 2 (t(In t) > " R™ + (Int) 1 v (Int)? (¢ (In t)?) 100 —2%}. )

Although C,, ,, goes to oo as v — % and ov — 1, the smallness is given by ¢; © where ¢ > 0 when solving (3.7). Once v and
« are fixed, we take ¢ large enough.
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5. SOLVING THE INNER PROBLEM
Recalling (3.8), for any fixed ¢ € B; with

Bi ={¢ : [|¢]li,n—55a < 2Cs} (5.1

where C; > 11is a constant, we have found ¢[¢] € By, u1[¢] € By, and £[¢] € Be. We abbreviate H[¢] = H[[¢], 1 [@], {[@]].
By (3.4), (3.5) and (4.5), we obtain |H[#](y, t(7))] < 720~ *(In7)*R=(t(7))(y) "2~ %. The orthogonal equations of z; and
& have been solved in Section 4.1, then by Proposition 7.1, one finds a solution for (3.6) satisfying

WIVer(y. T+ [61(y. 7] S 77 () R (H(r) Ry (y) ™ S 70 7" {y)
with € > 0 sufficiently small provided
~vmin{a, aq} > 56. (5.2)
Combining (4.8) and Lemma 7.5, one can find a solution for (3.7) with the estimate
WIVo2(y, 7| + b2y, T S 76 70" (y) ™
if
—va+(2—a)y<0,1—va—ay<0,1—va+5i—k+2y<0,0<a<2. (5.3)

Combining (3.5), (3.12), (4.6), (5.2), (5.3) and the assumption about parameters in Proposition 7.1 and Lemma 7.5, one
needs to choose parameters such that all the inequalities below hold

1 1
50 — k —ay > —2, 55—/<;<71,0<a<2,0<’y<§,0<a<170<u<§,

a1y —2<5)—k—ay, 0<a; <1, ymin{a,a;} > 50, 66 < 1, (54
—va+(2—a)y<0,1—va—ay<0,1—va+5—k+2y<0.
There exists solution given by
1< <5 2 —2av cq<? 1—a1/< <—1—|—/{+1/
EY TUaetr 0050 7 2
2 — 1 1
Tﬁ<au<§,0<a<170<u<§,66<1, (-5

0<bi<k—1,a17<5I+2—Kk—ay, 56 < ymin{a,a:}, 0 < ay < 1.
Indeed, one may take for example x = 3,v = f55, 0 = 300 a =38 v = 2 56 = &}, a1 = §.
Thanks to (5.4), the desired ¢1, ¢ can really be found and then ¢; + ¢2 € B; when Ty is large enough. The compactness is
a consequence of parabolic estimates, so we can find a solution for the inner problem (3.2). Making more efforts to calculate
the Lipschitz continuity of #[¢] about ¢, one can prove the existence for the inner problem (3.2) by the contraction mapping
theorem.
Collecting the estimates in Proposition 3.1, Corollary 2.3, (2.28) and (5.1), one gets

4(36\/_{ 5)) +U+ nw‘%(x;gaf)‘

- O(t*(Int)~*|z|~%)1

ol + i3 o (S by
Ho

<(tlnt)™'1

(Int)t~ (Int)~2(g) ~*In(2 + |g))1

)+ ()T ) Ly <am

{lz|<2t? flal>2t3y T {z|<t7}

+Int(t(nt)2)*"R-a (1 Lt

{Jz|<t?} {Jz|>t2}
< (tlnt)_ll{lj‘gm%} + O((lnt)_l\£|_2)1{|j‘>2t%} < (Int) ' min{t 1, || 72}

Positivity of the solution «. We will demonstrate that the initial value u(z, to) that we take in the construction is positive.
For simplicity, we abuse the symbols p = u(to), fio = fio(to) in the remainder of this section. Indeed, recalling (2.6), (2.28)
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and (5.1), we have

x T x 47 T
to) =p tw [ = — 51(Z,t g Do [ —,t — o=t
ulato) = # w(u)n( fo)+@1(x’ o)+ o O(ﬁo’())n(\/%)JrnRu (b(M’ 0)
-1
s of | [\ ? 5 ijaee z 4z H
=22p|Z|7%{ |e” o — 1+(> + 272 7Py @ | —, ¢ — —
ul{ ( . “"“OOMO"\/?O” o
+67‘ft‘02 1— ﬂ 4+ —1¢ zt
n \/tT) IR MaO
| N | (la :
3 X X X X X
>osplzl 21— — [14 (2 — C|2(toInto) ' Inlnton [ — L e (=t
> el [1- L (+(M)> P totnte) ntan (22 ) | (SL) 4o (L.t

5 4T T T
=22 p|z| 2|z |? [(MZ +1Z)*)7 = (4t) ™t = C(toIntg) ' Inlnton (m)] n <|t0> +nppte (u’t0>

3

-1 - - z - —K —a
> 2t ) () - G et e > 0
Vo
where we have used 7)(s) = 0 for s > 3 to make [2 (4 +|2|?) ™! — (4to) ™' — C(to Intg) "' Inln toﬁ(%)h(%) > 0 when

to is large, and 56 — k + (2 — a) < 0 is used in the last inequality. Therefore, the solution u(z, ¢) is positive by maximum
principle.

6. STABILITY OF BLOW-UP: PROOF OF THEOREM 1.2

In this section, we will analyze the stability of the blow-up solution constructed in Theorem 1.1.

_ min{¢,4}

Proof of Theorem 1.2. Consider any perturbation go(z) satisfying |go(z)| St, 2 {(x)7% £ > 2. Set

|z —z|2

Yo(z,t) = (4n(t — to))_Q/ e 1=t go(z)dz
R4
which satisfies ;109 = Avpg in R* x (tg, 00), ¥ (x,t9) = go(x) in R*. Without loss of generality, we only consider the case
2 < ¢ < 4. By Lemma A.3, one has

ol )l St (=o)L, Stb1

{\m|><t—to>%}) . {Jz|<t?}

We modify the proof of Proposition 3.1 slightly in order to match the perturbation go. Indeed, we split 1) = ) + 1)y and
consider

}erfl + |z~

1 1.
t—to) 2 {l=z|>t2}

5'#/_’(1’»15) = AQZ(IJS) =+ g[’lz) + wOa ¢7,u17£} in R4 X (t07 00)7 &(I,to) =0 in R4'
When ¢ > 2(k +av), by (5.5), one has [1o| < t; “w,, and thus 1 can be solved in B, by the same method in Proposition 3.1.
Repeating the rest procedures in the construction of Theorem 1.1, (111,&, &, e0) = (11[g0], £[go], ¢[90], €[go]) can be solved
in the same topology that we have used before, and the leading order of blowup rate jig ~ (Int)~! remains the same. The
perturbed initial value is then given by

- 1, (= —&l90] z — &[g0] 8- _ o ol @ — E[go]
(0 + alon) o 5L (2S00 4t sl el pE=E)

+ fig ' ®o (x — oo 715)77(4(% — 5[90])) + n(gﬁ)eo[%](uo + mgo]) ' Zo <$ — &l )]

+go.

o Vit flo + p1lgo] —to

From (5.5), k > 1 and ay > 1 — av. So all £ > 3 is permitted for x and av close to 1 and %, respectively.

In the radial setting, the translation parameter & = 0 automatically in (1.2). Then for 2 < ¢ < 3, we put 3u21), into the
right hand side in the equation (2.19). Since [t (z, )| < t2, £ > 2, the extra term involving 3u21y will not influence the
leading order u and will be absorbed into ®4. But recalling the construction of fig in Section 2.3, jio depends on gg, namely,
flo = fio[go]-

We omit the tedious calculations about the Lipschitz continuity with respect to gq for 1, ¢, u1, € here. O

Remark 6.0.1.
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o [n general nonradial case and { > 2, since vy is not radial about T = x — &, the previous ODE solution about (2.19)
is not allowed. Instead, we can expand (2.19) by modes similar to the manipulation in section 7 and solve the leading
order of | and . Since this involves more technicalities, given the length of this paper, we refrain from considering
such a generality here.

o The borderline ¢ > 2 is also provided in [15].

e The stability result can be expected for |go(z)| < to ' (Into) =" (x) ~2(In(|x| +2)) b2 for some by, by > 0. The proof
can be in fact achieved by similar computations as in the proof of Theorem 1.2.

7. LINEAR THEORY FOR THE INNER PROBLEM

In this section, we develop a linear theory for the associated inner problem. Since the construction is independent of the
spatial dimension n, we assume 7 > 3 in this section unless specifically stated otherwise. Set

DR = {(va) | Y€ BR(T)a TE (7‘0,00)}, aDR = {(yaT) | /S 6BR(T)? TE (7_03 OO)}
We consider the associated linear problem

9-¢ = Ap+pUP~ 1o + fily, 7)d + f2(y, )y - Vo + h(y, ) in D (7.1)
where 2 o
p=-——0, UW)=mn—-2)7 (1+p) 7
Throughout this section, we always assume that f;, fo satisfy
fily,7) = fi(ly|, 7) areradial in space, i = 1,2, |fi|,|f2|, [y||V f2] < C'fod, d>0, Cr>0. (7.2)

It is easier to make mode expansion by spherical harmonic functions when f; and f5 are radial. And it is very possible to
generalize the linear theory without the assumption that f; and f5 are radially symmetric.
Recall that the linearized operator A + pUP~! has only one positive eigenvalue o > 0 such that

AZy +pUP™' Zy = v9Zo, (7.3)
where the corresponding eigenfunction Zy € L°°(R") is radially symmetric with the asymptotic behavior
Zo(y) ~ lyl~ "7 VW as [y| - oo,

The bounded kernels of A + pUP~! are given by
) n—2
Zi(y) = 0y Uly), i=1.2,....n, Zpn(y) =y - VU(y) + —;

Define the weighted L°° norm

U(y).

|

|v,a = sup U_I(T)<y>a|h(y77—)|
(y,7)€DRr

where @ > 0 is a constant. Throughout this section, we assume R(7), v(7) € C(7g, 00) with the form
v(1) = ap® (In7)*2(Inln7)% --- | R(7) = bor"' (In7)2(Inln7)% ..., o(r) >0, 1< R(1) < T%,
V(1) =0(r""u(r)), R'(r)=O0(r"'R(r))

where ag, by > 0, a;,b; € R, i =1,2,.... For brevity, we write v = v(7), R = R(7).

We impose a linear constraint on the initial value ¢(y, 7o) to handle the instability caused by Zy. Consider the associated
Cauchy problem

{Wé =A¢+pUP () + fi(y, 7)o+ f2(y,7)y- Vo +h, inDg, (7.4)

¢(y7 TO) = eOZO(y)v in BR(T(]))
where 79 is sufficiently large. Formally speaking, when R < T8¢ for some € > 0, we can expect that f1¢ + foy - Vo is a
small perturbation since | f;] < 772*R™2 < 772¢(y) =% in Dp.

The construction of solution to (7.4) is achieved by decomposing the equation into different spherical harmonic modes.
Consider an orthonormal basis {Y;}3°, made up of spherical harmonic functions in L?(S™~1), namely eigenvalues of the
problem

Asn—lTj + LjTj =0 in Sn_l.
where 0 = (g <t1=tp0=-=t,=n—1< 141 <...and fsn,l Ti(0)Y;(6)d0 = 6;;. More precisely, To(y) =
ag, Yi(y) = ary;, i = 1,- -+ ,n for two constants ag, a; and the eigenvalue ¢; = [(n — 2 + ) has multiplicity

n+l—1 n+l-—3
( ! )—(l_2>forl22.
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For h(-,7) € L*(Bp(r)), we decompose h into the form
Zh r,7)Y;(y/r), r=ly|, hi(r,7) :/S » h(ré, 7)Y ;(6)de.
Write h = h° + h! + h* with
h0 = ho(r,7)Yo, h' =Y hy(r, 7)Y, h* = Z h;(r, )

j=1 j=n+1

Also, we decompose ¢ = ¢° + ¢! + ¢~ in a similar form. Then looking for a solution to problem (7.4) is equivalent to
finding the pairs (¢°, %), (o', h'), (¢, h') in each mode.
The key linear theory for the inner problem is stated as follows.

Proposition 7.1. Consider

n+1
Orp = Ao+ pUP~ o+ f1é + foy - Vo + h(y,T) + éci(T)n(y)Zi(y) in Dg

o(y,10) = e0Zo(y) in BRr(ry)

where n > 4, ||h]|p2+a < 00, 0 < a < 2. Suppose that R?> < 79 Ry =C7% > 1,8 > 0and R’OZJr2 < pmin{ld}—
then for 1y sufficiently large, there exists (¢, e, ¢;) solving above equation, and (¢, eg, ¢;) = (Tzi[h], Tzc[h], ci[h]) defines a
linear mapping of h with the estimates

WVl + ¢l S By o)™ hllo2+ar  leol S v(r0) R (10) [Allv,21a,

i) = = ([ w22 (/B h(ym>zi<y>dy+Rofoownmng)), i=1,...n

nnlhlr) =~ ( [

Ba

77(y)272l+1(y)dy)71 (/B h(y, 7)Zn11(y)dy + REEOO(UHhoHy,zm)) ;

mln{a 1} .

where 0 < ¢g < is a small constant,

Z o) o) = [ nylo. 7T 0)as,

=0
O(v||hil|v,2+4) linearly depends on h; fori =0,1,...,n.

The proof of Proposition 7.1 is achieved by the following Proposition and by another gluing procedure (re-gluing).

Proposition 7.2. Consider

?(y,70) = eoZo(y) in Bp

where ||h||y.21q < 00, a > 0 and h satisfies the orthogonal condition

{fw — A+ pUP~ ¢+ fidp+ foy -V + h(y,7) in Dg

/ h(y,7)Z;i(y)dy =0 forall T>1, i=1,....,n+ 1L
Br(r)

Assume R0}, < 70 {14y Then for 7y sufficiently large, there exists a solution (¢, o) = (Tai[h], Tae[R]) which is a linear
mapping of h with the estimates

1 ~1 1
W)IV6l+16] S vminfrd e 1A 00, ()7 + Cpr~min{rH A IARE R ) 110240
_1 _1
0 (O, ()~ + Cpr = min{rd, AL * 1 0, In R) [1A°0,240
+ Ua}%aan (<y>717n + CfTian<y>1in) ||h1||v,2+a

+ v (O%arallyl) + RH*™) 1A o210,

R 1
leol < v(70)0%(ry)a0 (1 + g P min{rg, Al Il mR(TO)) 15110244
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where
j -2 } -1
ao=1" I T faznt 15)
(n—2)— ifa=n-—2 (n—1)— ifa=n-1
R*™% ifa<?2 R'7* ifa<1
0% =<ImR ifa=2, O0p, =R ifa=1, (7.6)
1 if a>2 1 if a>1
R2 ifn=3 R?—@ if a <2
Ar =< (R?InR)™" ifn=4, O%(r)=<{InR ifa=2. (7.7
R2—n lf n > 5 <r>2—min{a,n—} lf a>2

Before we prove Proposition 7.1, we first use Proposition 7.2 to prove Proposition 7.1.

Proof of Proposition 7.1. Set ¢(y, ) = nr,(y)9i(y,T) + do(y, T), where 1, (y) = n(5-). In order to find a solution ¢, it
suffices to consider the following inner—outer gluing system for (¢;, ¢,)

ar¢o = A¢o + J[¢0a ¢z] in DRa (7 8)
¢o =0 on 9Dg, ¢, =0 in Br(sy), '
n+1
Ori = A +pUP i + fioi + foy - Vi +pUP " do +h+ 3 ci(T)n(y) Zi(y)  in Dag,, (7.9)
i=1 .
¢i = eoZo(y) in Bag(ry)s
where
J[d)oa ¢z] = fl¢o + f2y ' Vd)o +pUp71¢0(1 - nRo) + A[d)l} + h(l - nRo)7
Algi] = Anr,di +2VnR, - Véi + fay - Vr,¢i — O-1R, di-
Here ¢;(7) is given by
ci(7) = cildo(T) = Ci : (PUP~H(2)@o(2,7) + (2, 7)) Zi(2)dz,  C; = —(/B n(y)Z; (y)dy) ™"
2R 2
such that the orthogonal conditions
n+1
/ (pUpl(Z)qﬁo(ZJ) +h(z7)+ Y Ci(T)n(y)Zi(Z)> Zj(z)dy =0 for j=1,....,n+1
B2rq i=1
are satisfied.
We reformulate (7.8) and (7.9) into the following form
n+1
Go(ys7) = To[T[do, &ill, @iy, ™) = Tai |PUP " ()0 + h+ Y cs(T)n(y) Zily) | ,
i=1
(7.10)

n+1

€0 = Tae |PUP" (W)do +h+ Y _ ci(T)n(y) Zi(y)
i=1

)

where 7, is a linear mapping given by the standard parabolic theory, and 72;, 72, are given by Proposition 7.2. We will solve
the system (7.10) by the contraction mapping theorem.
n+1
Denote the leading term of the right hand side of (7.9) as Hy := h + >, Cin(y)Z;(y) fBQR h(z,7)Z;(z)dz. It is easy to
i=1 0
min {1,d}—

~

Proposition 7.2 gives following a priori estimates

WV T2 )| + | Toil Hi)| < Dywily, 7), [ Tae[Hill < Dyv(ro) Ry~ [[Allv,2+a:

check || Hillv.24a S ||P||lv,2+aq. If Hy satisfies the orthogonal condition in Dy, under the assumption RSH LT

where D; > 1 is a constant and
wi(y,7) = v Ay RS (W) ™" + Ok RG (W)™ " + ()™ + Ro()*™") [Bllu21a
where 0, , is given in (7.6). For this reason, we will solve the inner part in the space

B ={g(y,7) : W)IVyg(y, )| + 19y, 7)| < 2D;w;(y, )}
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For any ¢; € B;, we will find a solution ¢, = ¢,[¢;] of (7.8) by the contraction mapping theorem. Let us estimate .J[0, ¢;]
term by term. For n > 4,

|A[G)l € Div(Ry® + 7~ (By“ In Ry + Ry )1y <jyi<2ro} 1llo.24+a € DivRg ()2 |[A

v,24a

where constants 0 < a; < min{a, 1} and ¢y = % Also we have

AL = o)l S Lgyz oy 0(0) > Ik llo24a S R W) 727" [Allo.21a-
Consider (7.8) with the right hand side J[0, ¢;]. Using Cvo(—A) "' ((y) "2~ ) Ry “||h|v.2+4 as the barrier function with a
large constant C' and then scaling argument, we have
WIVTLLI0, $ill(y )| + | T [0, $ill(y: 7)| < woly, 7) = DoDiwRg “(y) " |Allv 244

with a large constant D, > 1. This suggests us solve ¢, in the following space:

Bo ={f(y;7) + WIVS(y, 7|+ |f(y, 7)] < 2wo(y, )}
For any (Z)o € B, due to |y| < 2R(7), we have

PUP~ (1 — o)l S Ry ?DoDivRg “ (y) == [hllu 244,

|f100 + fay - Vool S 7R (7) DoDivRy () 7>~ |v,2+a-
Since 779R?, Ry 2 provide smallness, by comparison principle, we have
%[J[@goa é;zH S Bo~

The contraction mapping property can be deduced in the same way.

Now we have found a solution ¢, = ¢,[¢;] € B,. It follows that
n+1

oot + o0 [ st el )z et 2

5 DoDiRaeo Hh||v,2+a-
a

v,2

- n+1 -
Due to the choice of ¢;(7), Hy := pUP~(y)do[di] + h + > ci[po[d:]](T)n(y) Zi(y) satisfies the orthogonal condition in
i=1

Dsg,. By Proposition 7.2, since R, “° provides smallness, we have
Tailho] € B;
The contraction property can be deduced in the same way. Thus we find a solution
¢i = ¢ilh] € B;. (7.11)

Finally we obtain a solution (¢,, ¢;) for (7.8) and (7.9).

From the construction above and the topology of B;, ¢;[h] = 0 if h = 0, which deduces that ¢;[h] is a linear mapping of
h. By the similar argument, ¢,[h] and ¢;[h] are also linear mappings of &, and so does ¢.

We will regard D,,, D; as general constants hereafter. Then by Propostition 7.2 and (7.10), we have

leol < v(70)RE ||k

v,24a-
Since ¢,[h] € B,, one has
cilh)(T) = C; h(y, 7)Zi(y)dy + By O(0)|[hlv,2+4a-

B:r,
Since the above operation is linear about h, we are able to decompose h into

) = 0ol (il r) = [
j=0

Sn

 hllylo, ) T5(0)d8

and repeat the construction about Y'; (l—Zl)h] (ly], T) separately. Then

enp1[P)(7) = Copa /B Wy, 7)Zns1(y)dy + Ry O () hollv,2+a,
2Rq

cilh)(1) = C; My, 7)Z;(y)dy + Ry “O(v)||hilv,24q for i=1,...,n.
Bar,
Reviewing the re-gluing procedure, we have

|J10, ¢i]| S R0U<y>727a”h”v,2+a-
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Using comparison principle to (7.8) several times, the upper bound of ¢, can be improved to
[Po| < Rov(y)™*[|Pllv,24a- (7.12)
Combining (7.11), (7.12) and then using scaling argument, we conclude
WVl + ¢l < Ry o)~ [hllv2ra-
O

The rest of this section is devoted to the proof of Proposition 7.2. We first invoke a coercive estimate for the linearized
operator

Lemma 7.3. [5, Lemma 7.2] There exists a constant ¢y > 0 such that for all sufficiently large R and all radially symmetric
functions ¢ € Hy(Br) with [, ¢Zo = 0, we have

corr / 6 < Q6. 6),

where g is given in (7.7) and Q(¢, ¢) : fBR (IVo|? — pUP~1|¢|?).

Note that in [5, Lemma 7.2], there is above coercive estimate only for higher dimensions n > 5. The proof in lower
dimensions n = 3, 4 is in fact similar and by slight modifications.

Lemma 7.4. Consider

0rp = A+ pUP~ (1 — xm)¢+ frd+ foy - Vo+h in Dy
¢»=20 on aDRa d)(',’l’o) =0 in BR(T())

where X (y) = n(), M > 0is a large constant, R?In R < ™14} ||h||, , < oo, a > 0. Then when 1y sufficiently
large, for ©%,(|y|) given in (7.7), the unique solution ¢.[h] has the following estimate:

|6:[h]| < C(M, a,1)v0%, ([yD[Allv.a-

Proof. Seta = min{a,n—},r = |y|, Ly¢ = A¢ + pUP~L(y)(1 — xar)é. Set a barrier function as ¢(r,7) = Cvg(r, R),
where

R P
Larg(rR) = —(r) ™%, g(r,R) = ga(r) / Q(L / 42(5)s" 1 {s) "ds

3(p)p
and go(r) > 0 is the positive kernel of Ly and go(r) ~ 1 for r € (0, 00). By direct calculation, one has

(r)*g(r,R) < (r)"©%,(ly) < R*In R.
By scaling argument, one has (r)%|rd,.g(r, R)| < R?In R. Then
P(¢) = La(Cvg(r, R)) + h(y. 7) + Cv(fig(r, R) + fardrg(r, R)) — 0-(Cvg(r, R))

Cuga(r) R

R
= = o) ) + Ol gl B) + Fordg(r, ) = Cu'glr, ) = 0T [ ()

< Co{r) ™ =1+ (r)(fig(r,R) + ford,g(r, R)) — v'v " tg(r, R)(r)®

rVgo(r)R [T o
_W/O g2(s)s" 1 (s) s

where we have used

—a 3 —a ~a
v(r) " hllo.a < =7 Cv(r)™* + ()~ |[llv.a

() (frg(r, R) + fardpg(r, )| S (L1 + |f2) R*In R S Cpr “R* In R < 1,

[v'v " g(r, R)(r)?| < |v’\v_1R2 hR<S7'R’InR <1,

)| R R’
é R"| 1| / ga(s)s™ 1 (s) ~ R"| - ‘ s SRR STTIRT < L.
95 (

Set C' = 2||h||y,q, then P(¢)
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7.1. Mode 0 without orthogonality.

Lemma 7.5. Consider

{wo = AG® + pUPT¢0 + f16° + foy- V6 + b0 in Dp, 13

¢(+,70) = e0Zo(y) in BR(z)

where |h°||,.a < 00, a > 0. Assume AgT? > 1, R?In R < 7™} Then for 1o sufficiently large, there exists a linear
mapping (¢°,eq) = (T1:[h°], Tie[h°]) solving (7.13) with the following estimates

W)V +16°] S v (minfrd, 2 IR 0k ()" + O (ly)) 127

leol < 0(10)0rp)a |1 llv.a-

v,a

Proof. First, we decompose ¢ into two parts
QZ’O = ¢ [ho] + an
where ¢, [h°] is the solution derived from Lemma 7.4 with the following estimate
|64 [2°]] < vORa (IyD 1" lv,a- (7.14)
Then ~ B
0r6u[1°) + 076 = AG[R) + MG+ pUP ™ (y)xar & [1”] + pUP ™! (1) (1 = x20) 64 [1°)
+ U W) + [1(6:[0°) + ) + foy - V(6. [h"] + ¢) + h” in Dp,
which implies that
0-6 = A+ pUP " (Y)d + [rd + fay - V6 +pUP ™ (y)xar6u[h°] in Dp.
We will construct a linear mapping ¢ = ¢[h°]. Take ¢ = ¢ + e(7)Zo(y) and consider the following equation

Drp1 = Ay + pUP~ 11 + fio1 + fay - Vi — dre() Zo + yoe(T) Zo
i +pUp—1X1\g¢*[hO] +e(r)(f120(y) + foy - VZo(y)) in D, (7.15)
#1 =0 on dDgr, ¢1(-,70) =0 in Bp(r,), fBR(-r) $1(y, ) Zo(y)dy =0 Y7 > 0.

Here e(7) will be chosen to make fBR( )(ﬁl(y,f)Zo(y)dy = 0 for all 7 > 79. Indeed, multiplying (7.15) by Z; and
integrating by parts, one has

O~ &1 Z0(y)dy = /

Br(r) Br(r)

0120 (y)dy = 70/

. $1Z0(y)dy + / Zo(y)Ondrdy
R(r)

9B r(r)

+ / (F11 + foy - Vo) Zo(y)dy — (Dre(r) — oe(r)) / 22 (y)dy
BRr(r) B

R(T)

4 / U s 64 [1°) Zo ) dy + e() / (F1Z0() + fay - ¥ Zo(y)) Zo(y)dy.
Br(r) Br(r)

By ¢, (-, 70) = 0, the orthogonality an( ) é1(y,7) Zo(y)dy = 0 holds for all 7 > 7 if and only if

By e(r) — Fo(r)e(r) = ( /B Z§<y)dy)‘1[ /83 Zo(y)ddrdy + / (F161+ fay - V1) Zo()dy
R(T) R(T)

Br(r)

+ / pUp‘1XM¢>*[h°}Zo(y)dy],
Br(r

where 50(7) =0 + (J3,, ., Z6 W)™ [, . (frZ0(y) + fay - VZo(y)) Zo(y)dy. By (7.2), lim Fo(7) = 70 as 7 — oo.
We take e(7) as

e(r) = —el " Fo(w)du /00

T

Br(s)

/ Zo(y)0ndr(y, 5)dy
9B R(s)

+/ (fi(y,s)d1(y, 8)+f2(y,8)y~V(il(yw))zo(y)dw/ pUP™ () xa () s [R°] (v, S)Zo(y)dy] ds.
Br(s) B

R(s)

Set
~ 1 1 _1 -1 ~ ~
161l = sup (min{r? Ag* g 0% ) (1910, 7)) + 1V (Br)
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By (7.14), it is straightforward to get

()] S ef @ [ e I 0 (e GG |y i+ 2V ) + () (I )

T

el e [ e et (s o) it (5) A (5)0(5) 8 ()11 + (5105 (5) 1] s

T

— _ . 1 _1 1 ~
< (g 4 e N min{r2, AR T ING 2 0050 61 [l + 0010,

(7.16)
for some constant ¢ > 0, and HORa is given in (7.6). It follows that

1. _1 -
|0-e(T)| S (T(;d + e_CR(TO)) min{T%,)\R2 })‘RQUQ(I)%a||¢1Hw + Ue(l)%:a”honv,a'

With the above choice of e(7), the global existence of (7.15) can be deduced by the local existence.
Multiplying equation (7.15) by ¢; and integrating by parts, one has

Yo, [ (dudy+ / (V12 — pUP~1(61)2)dy

2 Br(r) Br(r)

PUP " X016 [h°]d1dy + e(7) /B (F120(y) + foy - VZo(y))rdy.
R(T)

= / (f161+ fay - Vé1)drdy +/
Br(r) B

R(T)

Then by Lemma 7.3 and (7.2), we get

Lo [ (G0)2dy+ e / (61)2dy < O / (61)%dy + / A U a6 [1°)2dy

2 Br(r) Br(r) Br(r) Br(r) CAR
CAR , ~ 4 CAR  ~
s [ BEGa [ Lzt + e V2w + [ DGRy
BR(r) Br(r) “\R Br(r)

for some constant ¢ > 0. By (7.2), (7.14), (7.16) and the assumption ArT? > 1, we get

cA ~ _ _
A /B (61)%dy < A5 [(00% 10 l0.0)? + 7 282(7)]
R(T)

1 -
-0r (¢1)2dy + 4

2 Br
()
—1/,90 \2 0 —d R(To)\ || & 2

SAR W% 110 ]lv.a + (757 + €)1l |

Since ¢, (-, 70) = 0, one has

~ r cAg(u) T s cAg(w) _ _ eR(m ~
/ (61)°dy e " H / el TR (5) (0(8)8%0 ()2 1A llosa + (15 + €= F) 1y |, ]2ds
Br(r) 7o
- 2
< min{r, A AR 00%)? (100l + (75 + e~
Applying parabolic estimate to (7.15), one has
~ . 1 -1 -1 — —cR(T 7
161, 7)o By S min{7 %, AR JAR 2 00% (1R o0 + (5 @ + e~ REO (|61 ]
+ 741 T By + 19 - Vil e (Bcs)) + 10re(T)] + e(7)] + 0%, 7]l
< min{r#, A JAr 2 0% [1A e + (757 + €F0) 16 [].

By comparison principle, the spatial decay of $1 can be improved and scaling argument will give the spatial decay about
V1. Then one has

~ ~ . 1, -1 -1 — —cR(T 1 -n
W)IVr] + 61| S min{r2, Ap® PR 08 (11,0 + (1 ¢ + e FNIG1 ] (y)* ",
which implies
7 7 . 1, —1..-1 _n
WIVOL] + 61| S min{7=, Ap? }AR " 00, ()" 1|00

Reviewing the computations in (7.16) and using Ag7¢ > 1, one has |e(7)| < v0%,||h°||,.. and then
7 7 < . 1 7% 7% 0 2—n 0
0] = |¢1 + e(T) Zo(y)| S min{72, Ap? JAR " v0R, (y)™ "2

Finally, we take eq = e(79). Combining (7.14) and (7.17), we complete the proof of this Lemma. O

lv,a (7.17)
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7.2. Modes 1 to n without orthogonality.

Lemma 7.6. Consider

{wl = APL + pUP ¢! + 16! + foy - Vo' + hl(y,7) in Dy 718)

¢t =0 on 0D ¢'(-,70) =0 in BR(ry)
where h'(y,7) = Y hi(|y|, 7)Y ;. Assume R"0%, < 7™ L} \ohere 0% is given in (7.6). Then for o sufficiently large,
j=1
there exists a unique linear mapping ¢' = ¢'[h'] solving (7.18) of the form ¢* = 3" ¢;(|y|, 7)Y j with the following estimate
J=1

WV + 10| S v0R R (1) " 18 lv,a-
Proof. Setr = |y|. Notice y - V(¢,(r, 7)Y;) = r0r¢;(r, 7)Y ;. It is equivalent to considering
0-0; = Li[¢j] + fro(r,T) + fordr¢;(r,7) + h;(r,7) for r € (0, R(7)), T € (10,00)
0r9;(0,7) =0=¢;(R(r),7) for 7 € (19,00), ¢;(r,70) =0 for r € (0, R(1p))

where £1[¢j} = Oprpj + nTilaMbj - 7%1% JFPU(T)pilQSj’ ‘hj‘ < v<y>7“||hj||1,7a, ”hj”v,a S ”hl”v,a-
-U,

One positive kernel of £, is given by Z(r) := = (n(n—2))"%" (n—2)r(1+r2)~%. Set a barrier function of (7.19)
as ¢ = Cvg(r, R), where

(7.19)

Li[¢] = —(r)~% a=min{a,n—1}
with ¢ given by the variation of parameter formula

R p
é(r, R) :Z(r)/T 0"%22(/))/0 (8)7%Z(s)s" tdsdp.

Then
Z(r)

R
_— $)7%Z(s)s" Lds
eyl AR (OB

for all » > 0. This estimate holds for all n > 2, and a < 0 is also allowed here. Next, we compute
P(¢s) = £1¢s + f1¢s + fZTa’r’(bs - a‘rd)s + hj = _Cv<r>7a + C'U(fld_) + f27ﬂar¢_5) - CU/(Z_S - C'UaR(Z_SR/ + hj

< Oulr) ™ [1 - V(i far,d) — v~ ()6 — (1) OmBR + Oy ]
< Culr) (=2 + O )

¢ S R"0par(r)™",  |Ore| = SR Whar(r) ™"

where we have used
()" (f10 + far0r6)] S 77RO ()™ T S TR 0R, <1,
0 )] S T R Ok (1) S T R, < 1,
[(r) OROR| S (r) R har(r) " |R'| S 77 R0k, < 1
by (7.2), 0%, = 0%, and the assumption R0}, < 7™ {14}, Taking C' = 4| h; 4,4, one has P(¢s) < 0.

7.3. Higher modes.

Lemma 7.7. Consider
B0t = NGt +pUP ¢ + fio" + foy - Vot + bt in Dy
¢+ =0 on ODr, & (-,70) =0 in BR(r)

where ||ht|,.0 < 00, a > 0. Assume R?In R < 714} Then there exists a unique linear mapping ¢+ = ¢~[h] of the
form

ot = > o (lul, )Yy (7.20)
j=n-+1
with the following estimate
IV + 107 S v (ORa(ly]) + Ora R(H)* ™) [1h*[lo,a-

First we give the following technical lemma.
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>

Lemma 7.8. For f € C%(Br)NCo(BRr), by the expansion of spherical harmonic functions, f = % f;j(r)Y;, wherer = |y

7=0
fi(r) = [guos f(r0)Y;(0)d0 € C?[0, R]. Then
Q= [ (VIR =pU7 Py = 15" S Q55,1
Br =
where | S" 1| is the volume of the unit (n — 1)-sphere and
f 2, b2 12 1
Q)= [ (17 512 = )
Specially, if f; = 0for j =0,1,...,n, it holds that
2
arn=men [ Lia (721)
Br
Proof. Since Agn—1T; = —1; T4, 1; = i(n — 2 + ) for a nonnegative integer i, we have
n—1 L
A(fiT) = (f + Tfi, - ﬁfi)’ri-

floBr = 0 implies f;(R) =0, =0,1,.... Then

QU f) = /B VP~ pUP Py = — /B (FAF + pUP £2)dy

= —|S"_1|/R if‘(f“r n_1f-’—if‘)erU”_liO:f2 e = IS"_lliQ‘(f‘ fi)
o izozz i o Ji izoz i\Ji>sJi)-

r r ;
=0

Fori >n+1,t; > 2n, we have

Qi(fi, fi) = Ql(fiafi)+(n+1)/ T—er”’ldrz (n+1) r—’gr"”dr
0 0
since Au — ”T_zlu + pUP~Y(y)u = 0 has a positive kernel —U,., and by [41, Lemma 4.2], one has Q1 (fi, fi) > 0. Specially,
if fj=0forj=0,1,...,n, we have (7.21). O

Proof of Lemma 7.7. The existence and uniqueness of the linear mapping ¢~ = ¢ [h'] are guaranteed by the classical
parabolic theory. The form (7.20) is derived from the existence of every component ¢; with

0rdj = 0rrdpj + 210005 — S + pUP 19 + f1j + fordrgj + by for 7 € (0,R(7)), T € (10, 0)
0r0;(0,7) = ¢;(R(1),7) =0 for 7 € (19,00), ¢;(r,70) =0 for r € (0, R(70)).

By similar operation in mode 0, we set ¢~ = ¢, [h] + ¢[h1], where ¢, [h] satisfies

Or6. = Ay +pUP™ (1= Xar)és + 164 + foy - Vo + h* in Dp,
¢« =0 on DR, é«(-,70) =0 in Brr),

and ¢[ht] satisfies

{@é = MG+ pUPT G+ 16+ foy - Vo + pUPxardulht] in D, 722
¢ =0 on 9Dg, ¢(-,70) =0 in Bpr(ry)-
Under the assumption R? In R < 7™*{14} by Lemma 7.4, we have

[@+[A 1] S 0O Ra (YDA [lo,0- (7.23)

®.[h"] has the form ¢.[h*] = § ¢+ (r, 7)Y ; by the same reason as (7.20). By the same argument, there exists a linear

j=n-+1
mapping ¢ = ¢[h*] and ¢ has the same form as (7.20). Thus we are able to apply (7.21) to ¢.
Multiplying (7.22) by ¢ and integrating both sides, we have

Py +QG.6) = |

%57 (f10 + foy - V)ody + / PUP (y)xard. [ ] ddy.
Br Br Br
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By (7.21), (7.2) and Holder inequality, one has

1 - 1 52 i - 1 i 2
S0- | PPy + (n+ *)/ %dy <Cr | Py + */ (PUP () xar [P ]ly])” dy.
2 Br 2 Br ‘y| Br 2 Br

Then, by (7.23) and the assumption R? In R < 7™n{1.4} we have

0 | *dy+R7* | |9lPdy S (06N -

Br Br

Since ¢(-, 7o) = 0 and the assumption R? In R < 714} we have
~ T —2 T s -2
/B Gy S e [T / el " F (0 (5)0%, () ds W1 0 S (0% RIDl0,a)*.
R 70
Using the same argument in Lemma 7.5, one has

[6(y, )| S 0%a R 17 lo.a- (7.24)
Combining (7.23), (7.24) and scaling argument, we get
IV + 160 S v (Oka(lyl) + 0Ra R()* ™) 5 lu.a-
]

Proof of Proposition 7.2. The case for higher modes has been given in Lemma 7.7. Since the fast spatial decay of the right
hand side h cannot be recovered in non-orthogonal case in lower modes ¢, 0 < ¢ < n, we transform the fast decay right hand
side into slower decay function by solving the corresponding elliptic equation.

7.4. Mode 0 with orthogonality. Consider
AH® 4+ pUP~*H® = h%(r,7) in R"

where Y is the extension of h° as zero outside Dg. The orthogonal condition is reformulated as
R
/ RO (r,7) Zpyr (r)r™tdr = 0 forall 7 > 7.
0
Take H(r,7) as in the following form

H(r,7) = Zn+1(r)/ RO (s, 7) Zpy1(s)s" tds — Zn+1(r)/ BO(s,7) Zpy1(s)s" tds, if a <n—2,
0 0

1) = Zoa0) [ 80057V Zss (905" s+ Zuga(r) [ RO(s,m) Zua ()", i 0> =2,
0 r
where Z,,,1(r) is the other linearly independent kernel of the homogeneous equation, which satisfies that the Wronskian
W(Zpi1, Zni1) =117, Zpnia(r) ~ 2" ifr — 0and Z,,41(r) ~ 1if r — oo. It is straightforward to check
1|20 < (127

where d is given in (7.5) and a > 0 is used to ensure that the spatial decay of h°(s, 7)Z,;1(s)s" ! is faster than s~ for
s > 1. Next, consider

|’U,2+(L?

0,0 = AP Ur—190 4 HO in D
{ +p + in Dag, (7.25)

(-, 70) = €0 Zo in Byg(ry),
where (®°, &) is given by Lemma 7.5 under the condition f; = f» = 0. By scaling argument, one has

1 _1 _1 n
WPIV2E0| 4+ (V] + (09 S v (minf{rd, AT IR 0, ()2 + O%hay (191)) K002

le0] S v(70)0R(r)a0 1P° lv.2+a-
Acting the operator L := A + pU P=1 on both sides of (7.25) and denoting ¢(1) = L®Y we obtain
0:07 = AP} +pUP ¢ + 1 in Dg
PY(-, 10) = 0€0 20 in Bgr

with the following estimate

W) VR + 1081 < v (min{rd, A EIAR7 00, () ™ + Ok, (1) (1)) 1A%l 2
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Taking into account f;¢° + foy - Vo, we consider
93 = APY +pUP ' ¢8 + 168 + foy - VI3 + fi¢] + fay - V4] in Dr
{¢2(',To) = €220 in By
where
7169 + foy - VY| S Cpr@min{r?, Ay 2})‘R2U9Ra0< ) 72"
Using Lemma 7.5 again, one can find a solution (¢9, eg2) with the following estimates

163 < Cpr=dmin{rd An? AL 06, (minr, AR2IALE InR{y)2 " + In R)

1
‘602‘ N CfTo mln{ 0> R(T(J)}AR(T()) (TO)HR(T())&O IHR(TO)HhO”u 2+a-
Finally, we take (¢°, eg) = (¢ + ¢9, v0€0 + eoz2) and conclude the result for mode 0:

901 S vmin{rd A I 0, ()7 + O tmin{rd A I R 1R 2
0 (O%a, (1)) 2 + €y min{r A A 0, 10 R) 1100240
leo] < ’U(TO)G%(T())&Q (1 +Cpry? min{7057/\;(§T0)}/\1;(570) In R(T0)> 15l .24a-

7.5. Modes 1 to n with orthogonality. Set r = |y|. Consider h'(y,7) = > h;(r,7)Y; satisfying fB h'Z; = 0 for all
Jj=1
j=1,...,n,7 € (19,00). Then
2R
hi(r,7)U,(r)r"tdr = 0 forall 7 € (9, 00) (7.26)
0

where U,.(r) = (n(n — 2))%2(2 —n)r(1+72)"%. Let H = H;(r,7)Y; satisfying £1H; + h; = 0 in R”, where h; is the
extension of h; as zero outside Dr. H; is given by

T 1 ()oN
Hj(r,7 =Ur7’/7/ hj(s,7)U.(s)s" tdsdp for —1<a<n-—1,
J( ) ( ) 0 p"_lUr(p)2 P J( ) ( ) p

o0 1 oo e
Hi(r,7) = — UT(T)/T‘ W/p hj(s,7)U,(s)s" 'dsdp for a >n —1

where a > —1 is used to guarantee that the spatial decay of h;(s, 7)U,(s)s" ! is faster than s~'. Using (7.26), one has the
following estimate
||Hj||v,&1 S th||v,2+aa
where a; is given in (7.5). Next, consider
(97-(1) =Ad +pUp*1(I) + Hj(T,T)Tj in DQR,
®=0 on aDgR @(',T()) =0 in BQR(TO).
By Lemma 7.6, we find a solution ®; with the estimate
5] < v0ka, R ()" " 10 [[o24a-
It follows that
¢j1 = L®; with [¢1| < 00k, R ()" |A o244
Consider
0r¢j2 = L1¢j2 + fidjo + f2r0r¢j2 + fidj1 + far0p¢j1 for r € (0, R(7)), 7 € (70,00)
8»,&]%‘2(0,’7’) =0= ¢j2(R(T),T) for 7 € (’7’07 OO)7 ¢j2(T, T()) =0 for r € (O, R(’T()))
where
\frdi1 + fardrdin| S Cpr w0pa, R™(y) ™ "B lv,24a-
Using Lemma 7.6 again, we get ¢ ;o with the following estimate

[bi2] S Cpr™WW0ka, B ()" "W [|o 240,

n
Set ¢;[h;] = 1 + djo. Then ¢*[hl] = 3" ¢;[h;]Y; with the following estimate
j=1

IV + 10| S v0ka, B (1) 77" + Cpr R () ") 1h |o 240



48 J. WEI, Q. ZHANG, AND Y. ZHOU

as desired.

APPENDIX A. ESTIMATES FOR HEAT EQUATIONS
Recalling 7,°“* defined in (2.3), we only require ¢y > 0 in Lemma A.1 and Lemma A.2.
A.1. Heat equation with right hand side v(t) |x\*b1{ll (0)<|z|<l2(t)}*

Lemma A.1l. Assume n > 2, v(t) > 0,b € R, 0 < I (t) < Io(t) < Citz, O (1) < Li(s) < Cl(t), i = 1,2, for all
%gsgt,tztozo,whereC*>076’121. Then

" 157b(s) ifb<n
_ _n _ =17 2 s .
T o)z L, (ty<lal<ian] St e 0 A v(s) { () if b=nds
2z mbs)  ifb>n
1370 if b<?2
<1n(§fg§)> ifb=2 Jor |z] < 1i(t)
270() if b>2
1370 if b<?2
(In(%)) ifb=2
+ sup w(t1) 4 ] |z>° if2<b<n for 11(t) < |z| <la(t) .
t1€[t/2,t n .
etz P () i b=n
|27y b( t) if b>mn
, bt ifb<n
Cpy _lm? .
w2 ne= 5w { (In(2)) i b=n for [z > Is(t)
b (t) ifb>n

Proof.

_ == y\

T [o®)2] ™ L, @y <pel<tamy] ST /0/ )Y L, () <yl <t () Yl

t ,.7,y
+ sup v(h / / t—s)"2e” 4(f*5> y| b1, dyds :=u; + sup v(t1)us
t1€[t/2,t] ( ) t n( ) | {CL L) <|ly|<Cil2(t)} t1e(t/2,t] ( )

For u1, notice |y| < C,t3. For x| < 20,13, we have

t . I57b(s)  ifb<n
n 2 _ _n 2 P .
up St 2 ﬁo /R V()Y L1 ()< yl<to (s} dyds St 2 ﬁo v(s) ln(ﬁlgz)) if b=mnds.
E E m7b(s)  ifb>n
For || > 2C,t2, one has |z — y| > ‘32”—‘ Then
" 5= b(s if b<n
n x 2
Uy §t7567%/ v(s) ln( E )) if b=nds.
f‘i()
g 1 ”(s) if b>n
Let us estimate wuy in different regions.
For |z| < (2C1) "1 (t), since 4 < |z — y| < 2|y], then
¢ ly|? b t b f;(lf‘%*(z; b
_n WL _b _y n=b_q
ug < / / (t—S) zZe 1607 y| 1{017111(t)§|y\SCzlz(t)}dde N/ (t_s) 2 12 (t) e e dzds
L n 2 16CZ (t—s)
1270(t) if b<2

t—12(t) t—13(t) t Io(t)
= / +/ +/ | = uar Fug Fupg S 4 (7)) i D=2
H =13t Je-13(0) 27b(t) if b
i if b> 2.

-
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In order to get the last inequality above, we need the following estimates. For us;, since n > 2, we have

" c2i3®) 1270t if b<n
( ) b 16(t—s) 7L7b71 lz(t) 2-m .
ugi ~ [ (t—s)"z2 2 7C dzds < <ln(l1(t))>l2 (t) ifb=n
3 T6C7 (- ()2 (t) if b>n.
For g9, since 12(t) <t — s < 12(t), then
. 2—b .
2(1) b 1 t ?fb<n l5 z() if b<2
S [ -9 M) i b=nds S S () i b2
1 2 e .
t=13(t) (ltl_(i))Tb if b>n B0(t) if b> 2.
For us3, we have
t % t 12(¢)
- ., [T 5 dads < _b —gzcé(t,s)d 12—
Uz S (t—s) 2 2q, € 2dzds S (t—s) 2e i s~ I70(1).
12 (1) A -3 (1)

For (2C)) 711 (t) < |x| < 2Cl(t), then

.L‘f’ll b
Uy < / /n (t—9) “%e 4(t |yl (1{(401)*1l1(t)§|y|§"‘} + 1{\ | < |y1<2le]} + 1oz|<|y|<4Ciia(t) ) dyds

1370 if b<?2
(In(24)) if b=2

= U9y + U2 + ugz S 1§ |z)?7P if 2<b<n
[P~ (In(rFy)) if b=n
22 (¢) if b > n.

For the last inequality above, we need to estimate uso1, ue and uss. For usy, since n > 2, one has

. ) ||t if b<n

n _ _l=zl _ T .
2= / / (t=8)"Fe ™ T Iy oy gy L2y Bds S 9 P () i b=
2 22 (¢) if b>n.

For w92, we have

9]z|?

t 2
lz—yl a{t=s)
ws < |2 / / (t— ) e T2 1y capaydyds ~ || / / ez Vdzds ~ |2,
t n
2

For uo3, we have

c?i2(t)
t 1y[? Y b b
—_n 2l — ’ -5 _, =0 1
U2z < ﬁ / (t - S) 2e 16(i—s) y| b1{2\z|§|y|§4Cll2(t)}dyd8 ~ /{ 2 (t — 8) 2e” %z 2 dzds
3 " 3 Y It=9)
2—b .
. 12§c<t2> t—gg’é‘; . 15 z( ()) if b<2
E Z t .
= /t +/ lz(t)l -I-/ L ] T U + U232 + u2sz S { (In(Fp [ ) if b=2
2 x
3 t—Soz t=502c2 |20 if b> 2.

In order to get the last inequality above, we need the following estimates. For w231, we have

jBw  cPBo 1270(t) if b<n

2C2 t—s _ b n—b_ —n .
Uzl ~ [ 2 (t—s)"22°2 Ydzds <13 (t)(ln(l"l’w(t‘)» if b=n
= 2" P37 (t) if b>n.

For wuo30, since n > 2, we estimate

i o) 1 if b<n 1270t if b<2

scZc? b || . 15(t) .
u232 < 20 (t—s)72 ¢ (=) if b=nds < ((n(F7)) if b=2
ez (Z2Y5 i b>n |2~ if b> 2.
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For us33, one has

' _b del® ab [ 2 ko 2-b
U233 S e (t—s)"2e 3G=3ds ~ |z e 227 %dz ~ |z|77".
o e

—_ = C2 02
8cZc? U

For |z| > 2C}12(t), since % < |z — y| < 2|z|, then for n > 2, it follows that

. . 17b(t) if b<n S if b<n
uy < / (t—s) " 2e TrTds g (In(29)  if b=n g 2|2~ o (In(E)  if b=n
E 10 (t) if b>n 1270 (t) if b>n.

A.2. Heat equation with right hand side v(t) |x\*b1{‘w‘2t1/g}.
Lemma A.2. Assumen > 0, v(t) > 0,b € R, tg > 0, then
7o [o(t)lal ™1

{lo>t2}
i if b<n
t*ﬂftt//é (s) ] (In(ts™h)) if b=nds+t'"% sup v(t1) if |z <tz
s"7" if b>n felt/2.1]
<
~ 0 ifb<n
e <t supv(ta) + [ v(s)ds ) e 50 S nllels ) i b=nds if fo > ¢}
t€lt/2.4 s"T ifb>n
Proof. By definition, we write
t/2
out —b < 4+ %5 — == U‘ b
T [”(t”x‘ 1{\z|>t2} St /tO/Q/n Iy 508y s

vl bl{\ ‘>2,§t§}dyds =t"2u 4+ sup  v(t)us

+ sup vtl/ / t—s)” Te” Ty S>
t1€[t/2,t] t/2 JR» t1€[t/2,t]

For uy, when |z| < 2t3, we have

t/2 b t/2 P2 ,
d M u(s)ly 1 dyd
“ ”/to/z/n M cpy1<aehy H/D/z/ne T b gy S
t 2

t/2 if b<n T t/2 t if b<n
< / v(s){ (In(ts™Y)) ifb=nds+t 2 / v(s)ds ~ / v(s) ¢ (In(ts71))  if b=nds.
to/2 st if b>n to/2 to/2 s if b>n
For uy, when |z| > 2t%, we have
t/2 _ == 1/| b
e /to/2 /n |y‘ ( {Séﬁly\f‘%‘} + 1{‘7 <|lylL2|z|} + 1{2|x<y|}> dyds
< " v(s) e_%| |71 4 + |z~ be—“;‘ 1 te T \ |=b1 dyds
<) ) YT yctny T {la—yl<8lal} I Latal <y ) dy
w2 12 faf* fo<mn n t/2 noo 122 [Y/2
Se” 1o v(s){ (In(|z|s~2)) if b=nds+ t5|x\_b/ v(s)ds +t 2 e = / v(s)ds
to/2 §5 if b>n to/2 fo/2
e 2 0 1 if b<n i t/2
Se o / v(s) S (In(jz[s™2)) if b=nds+ tﬂx\fb/ v(s)ds.
fo/2 s if b>n fo/2

For uy, when || < 27%t2, we have |y| > 2|z|. Then

t 2
_n _ _lyl
Uy < / / (t — S) 2 e 16(t—s)
t/2 JRn

t
- -t s de ~ 15
vl 1{|y>2§t5}dyd85/t/2(t—8) 5o oI ds ~ 1175
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3.1
For uy, when || > 272¢2, one has

t 2

n _lz—yl

uQS/ / (t—s)"2e 409
t/2 n

¢ n \T/|2
<[ [ a9 ( Y1
t/2 JRn
) || 0 ifb<n
||
Slafmem mor { (In(|aft3))
t* 5" it b>n

A.3. Cauchy problem with initial value (y)~

1 P
{o-1e2 <Jy|<lzly

if b=n +tlz]70 + |z|> e 2

b

Lemma A.3. Forn > 1,b e Randt > 0, it holds that

+ |z e

lz—y|?

5~ ta] .

_wl?
A(t—s) 1{‘1' y|<5|L } +€ 16(’f s)

51

—b
vl <1{9—u%gu;s2;}*‘1{1’<n/<ﬂmn‘%1{ﬂw<:yﬁ> dyds

|b1{4a:snn}) dyds

z—y|?
ant) [ e () vy
b
"2 b1 if b
O ety Tl s ) L rhsn
S OTEREEL gyt (WF ﬁerlmhM“+2»1m»m%} fo=n.
_n —b _n ,Lt .
O <t +(W| tiEe m>1ﬂmxwi fo>mn
Proof. Set
17y2 n T—Y
uet) = (rt) ¢ [ tay et ([ 4] s e = )ty
" i<l JEl<pyi<efe]  J2lzi<]yl
We estimate term by term:
:E2
6_%|w|" if |z| <1
LI .
lz—yl |2 e~ 1ot |x|™ if b<n
[ e s e [ wa o | ,
lyl< gt lyl< gt e~ In(|z|+2) ifb=n if z|>1
12
e~ if b>n
z— ey —b| .| : 1
Lo ety s @ | e gy o P MMl el <28
Ll <y <2fal |z —y|<3]z| (x)="tz if |z] > ¢

and

w2y _lw?
e T (y) dy < e e
2|z|<ly| 2|z | <[yl

For |x| > 1, we have

/ e_
2|z [<ly]

For |z| < 1, we have

y|2 2
/ eiﬁ >7bdy/\;/
2lz|<|yl 2|z|
n _l=|? . 9
tze” st if ¢t < |z
S g t3 if [z2<t<1+
1 if t>1

00
/W
1

_, n=b_q
e ?z 7 dz <

| 2

{v)~

bdy

th if |z| <tz b<n
In(gk) +1  if 2] <t2,b=n
||t if |z|<tz,b>n"
n=b _|a=|? . 1
e s if |z > 62
o0
/ e Tt 170y
2
n _l=? .
tze 1ot if t < ||

if t <1
iftzl,b<n<
ift>1,b=n"
if t>1,b>n

if [z2<t<1
ift>1,b<n -
ift>1,b=n
ift>1,b>n
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Combining above estimates, one has

1 if t<1
ts if t>1b<n .
B . if |z] <1
t72In(t+2) ift>1,b=n
t—3 ift>1,b>n
B ts if |z] <tz,b<n
w(@,t) S 4 |42 In(t + 2) if || <t:b=n
t=% if 2] <tz,b>n
(x)~? if || >t2,b<n if Jof 2 1
m2
(z)=" +t~FeTor In(jz| +2) i || >t b=n
z|2 1
<x>_b Lt Tem s if |£C‘ >tz,b>n

(t)=s if |z] <max{1,t2},b<n
(t)~% In(t 4 2) if |z] <max{1,2},b=n
B (t)~% if |z| < max{l,t%},b >n
~ ) (@)t if |z] > max{1,tz},b<n
()" +t %e s In(jz| +2) if |z| > max{1,t2},b=n
(r)=b +t " Fe” o if 2| > max{1,¢2},b > n.
This completes the proof of Lemma A.3. O

APPENDIX B. PROOF OF PROPOSITION 3.1: SOLVING THE OUTER PROBLEM

Proof. Tt suffices to find a fixed point for 1) = T (G[, ¢, 1, E]]. Set

wo(z, t) = Int(t(lnt)?)>?~ R (1 + e

{\z\>t%})’

lgllo = sup wy H(z,8)|g(a,t)], By = {g(z,1) : [lgllo < Do},
(z,t)ER* X (tp,00)

{Je|<t?}

where D, > 1 will be determined later. For any i1 € B,, let us estimate G[i1, ¢, 11, €] term by term. In this proof, we will
apply Lemma A.1 and Lemma A.2 multiple times to estimate convolution 7,°“ and will not state them repetitively.
By the definitions of the norms (3.8), (3.9), (3.10), one has

6y, )| + W) Voly, O] < I t))> ()| lli 550,

]+t S tntE(nt)®)* R, €]+ tlé] S tnt)(t(Int)?)> " ROI€] |-

Then

_ -77_6 — — —K —a
AgnRpp 1¢(M’t)‘ S (oR) 1y < jo—t| <20 R Lt t)?)> =" (y) " Blls n—56.a

~ Ay (uoR) 2 Int(t(Int)*) " R™L(0 R |a—g|<2u0 R}

IQVITIR a 2Vy¢(7u »t)’ < (BoR) M o reo—gl<2pory ()25 (1) " Bli,n—55,a
S A (oR) P Int(t(Int)®)* " R™L(,0 pe o) <200 R}
_ - - - — R, .y ,x—¢§
9 1,7 §’t‘:‘v r—& & € (ko 1 t
e d( . ) n( k) R T R ok I o( . )

S A (noR) 2 Int(t(Int)?) "R "L, nejo—t|<2uo R}

where we have used v < % and 56 — k < —1 in the last inequality. Then one has
T2 [(poR) 2 Int(t(Int)?)* " R™* 1 rejo—e<2pory] S T [(oR) "2 Int(t(Int)*)>° "R "Ly, rj2<|o|<dpo R} ]

Int(t(Int)?)>—~R=a if [z < poR

< t_2 —%/ 1 -1 1 2 56—&R2—a d + .
Sie [, () (s(ns)) S\ (e ()2~ R (o R 2~ 55 if J2] > poRR

2

<w

~ o
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provided 50 — k — ay > —2. Also,

r—§

NRH € - Vyd(— =0 5 ATL o <auory (1) (In ) (¢ 8)%) P ~* R4 (¢ (In £)) >~ (y) 1

~ A%(lnt)4(t(lnt)2)10672ﬁRia (1{\$\§Mo} + (lnt)ilia‘xrl*al{ﬂoqxgg“o}%}) ,

and

EDUt [(hl t)4
S 7:10“t [(hl t)S

t(ln t)2)10672nR7a(1n t)ilia|x|7lia1{uo<|$\§3MoR}}

t(Int)?) 2 R 2|7 Ly el <3uo Ry )

S [ s (sl s ) R ) () (5)ds

—€

‘1)2 ~J w b
(Int)?(t(Int)2) 1092 R=a|z|~2e~Tor (uoR)®  if |z| > woR "~ ©

ﬂout[(ln t)4(t(h’l t)2)10§—2nR—a1{‘I‘SMO}} g taewo

provided 50 — k — ay > —2 and € > 0 is sufficiently small.
Using (2.30), one has

{NOR(lnt)S(t(lnt)z)w‘s2”R“ if o < poR _

1= S fun + ol + iy (S
Ho

S 2 t) T 72+t (I t) P paa |7

o s _ lpa ()] [pae(t)] —4 —1,.-3
+ (Int)~2 ]| + Int + + & (Int 1., 3
(in?) <|g[u0 pll o t1€S[1t1/p2,t]( fio (1) |0t (1)] A el(Int) el {447 <|o|<oth)

{\$\>2t%} + (tz(ln t)71|33|76)31

< (2 (Int) Mz 72 + AT Int(t(Int)?)> "R~z 7?)

3 — —

1 .
{#98 <|z|<ot2}

3 2\56—k p—al|,.|—6 2 —11,.]—6)3
+ Atz Int(t(Int)?) R™%|x| 1{|z\>2t%}+(t (Int) ™" |x| ™) 1{\7;\>2t%}

since

_ |11 (t1)] |/~th(t1)|> 2 2\56—r p—
Int sup < — + = S A (Int)*(¢(Int "R™Y
o treft/2 \ Ho(t) |10t (1) (It (In)’)

t
glio, p1] S AFt2 / (Ins(s(Ins)2)*~*R™(s)(Ins) "2 + sIn s(s(Ins)?)*° " R~%(s))ds
o2 (B.1)

+ A%(t In t)_l[t(ln t)3(t(ln t)Q)SS—KR—a]Q 5 A% lnt(t(lnt)Q)SS—nR—a
when 50 — Kk — ay > —2.
Then we estimate

ou -2 -1 —2
(2 U L R o B O S

t=2 if x| < poR
z|? 1
<t 2Inlnte”Tor + { t72(Int) " Y(n(|z|7H2) + 1) if poR < |z| <13 < tgOw,
z|2
(tInt)~!|z| 2 T if 2| > t3

since 50 — kK — ay > —2.

Eout [1nt(t(lnt)2)5‘5_“R_a|9C|_31{“gR<x|<9t§}

t Int(t(Int)*)>=*R=*(uoR) ™! if [z] < poR
2
hS t_Q/ In s(s(In 5)2)55—53—0(3)5%ds +{ Int(t(Int)?)>—*R=|z| ! if R < |z <t2
to o2
: Int(t(Int)2)% " R-oth|z|2e~Tor  if |a| > t3

S o “wo
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since 50 — kK — ay > —2.

out |42 2\50—Kk p—a —6
T [tz Int(¢(Int)2)>* Rz 1{|w|>2t%}}
t=2 ft; 52 Ins(s(In s)2)% "~ R=%(s)ds if |z| <tz
|| =6 ﬂio 53 Ins(s(lns)?)*~"R™%(s)ds + t~2e~ e fé s Ins(s(Ins)?)®~*R=%(s)ds if |z|> t3
2 2

Sty “Wo.

out [ (42 —1),.|-6\3 L] <2 7 3y —18 , 42 — L=

7o [ me) el )1{\w\>2ﬁ}}~t 1{|w§t%}+(t () el ™5+ 77700 Ly oy Sto"we
when 50 — k —ay > —2.

3
(1 ol + o 0 ) ko)

- (u1 + [y + ﬂgl%(mﬁ_o ,75)7;(4(96\/_;f 5)))3 3 < w( §)>2 <¢1 + mau‘lé(x;gi)>

<)

- [3 <u1 +olu] — pw(E ; f)) (m +olu] + pw(E

+6(u1+@[M])ﬂ51‘1’o(m[;£’t)7l( (mf‘f% e
3 <u Tl - ulw(f)) (m ol (T )) wl
¢ Aw—e

)1

+6(ur + @[]y ' o /;O D=
+3 (e on( ) (01 + 010
Ax —

Mo

+3 (ol + g e S o)) (w1+nRu-1¢<T,t>)2+(wwnRu-lqs(gU;’it))g

5((t1nt)— G R e +Inty) 21

{mzt%})
— 2 1 —6 —2
x (mn g R el ) ) )

+(lnt<y>_21{li‘g2t%} (tnt)~'1 +t*(Int) |z 701

+ (tInt) 27~ In?(2 + |g))1

{lz]>2t%}

1)t t)™HZ) 7 In(2 + [7])1

{lz]<2t} (lz|>2t}

1 ,,2=€
al s o= 1)1)
+O(#(nt) 7)1
r—&
el

{|lz|<8t2}

{IEISSt%}(

—92 —
+(lnt<y> 1{\f|gzt%}+(ﬂnt) {1z]<2t3} {]a]>2t%}

172 _ —1 1 =8 P
+ (tnt)~(y) ln(2+\yl)l{mggt%})‘%JrnRu &( +"‘/J1+77R,U ¢(TL )
< (+=17,\—2 ) —2,.|—4 )
S (T o, + Ol ) el

|z|>t2
(tnt) 2 () 22 + )1 —¢

nrn o(F—=,1)|

{lol<si} )
+ ()2 + ()| 61 =8y
DI <y ny) e T

_ 3
(% +nrpo( + ‘1&1 + nRu_lqb(ng,t) ,

(|2 |>t%})

where we have used Corollary 2.3 and (2.28).
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Consider the terms involving ¢:
out —2/\—47 2 - =€
T ()2 a1 e o)
S AT ()T ol <20 my I (I 1)) 07" () )
| 2

_ e\ dew L e
~A17me[t 21nt(t(lnt)2)55 <y> 4 1{|5:|SQHOR}} SAlt 26~ Tot

since
T 2 It (t(In ) )™ " (1) ™ 1y <31 <2p0 1Y)

ST ()2 (W t)®) > 2~ 0 oy <apory)

e {t2(1nt)1(t(1nt)2)55~ if |z < po

2
_o _l=zI7 —e
St e 10 Sty Cw,

[z]

t=2(Int)3(t(Int)?)0—*|z|~2e~Tor  if |2| > o
T2 It (t (1 t)®) > (y) ™ g cpey] S T2 et d)?)% " L (1 <o)
e {t_2(1nt)_1(t(lnt)2)55_“ if |z| < o <

_g _l=zI?
t “e” T6t
r—¢&

2
Eout {<lnt<y>_21{zl<t%}+t2(lnt)_1|x_61{z>t5}) ’nR,Uz_l(b(Tyt) :|

S AT W0t g < gy + () ] 721 g <paf <o my) (I 8) 2 (E (I 1)) 100725 () =2
~ A%’]th [(lnt)B(t(lnt)2)10672m1{‘$|guo} + (t(lnt)z)l(wizn(lnt)172a|1‘|7272al{uo<|w|§4uoR}] ,

g t—2e™ Tor +

|z]2

t=2(Int)~3(t(Int)?)>0—*|z|2e~Tor  if |z| > po

Next, we have

and
T (0 t)) 025 (In ) 22| 22 L <y <apo iy ) S T [(E(t)?) 2% Int|2| 210 <o <o 1}

§t7267% /f2(san5)2)10572n Ins(uoR)?(s)ds

Q

2

(t(Int)?)109=2%(In ¢)? if |x| < po
+{ (t(In 1))t =2 In¢(In(42f) + 1) if po < |z < poR < 5w,
(t(Int)2) 19020 Int(pgR)2|x|~2e~ T8t if |z| > poR

when 50 — k < —1and 56 — k — ay > —2. Also,
Eout [(lnt)?’(t(lnt)2)105_2”1{‘z|§#0}} 5 taEwO'
When 56 — k + (2 — a)y < 0, one has

3
xT_g < AqInt(t(Int)?)>0 =% (y) @

2

L) St e o

7t) nR;u'_l(b(

Let us now estimate terms involving 1)1 .

N o(

_ T — _ _
= )| S )2l g

< Do(Int)2z|*Int(t(Int)?)* "R~ (1{%213<|x<t5} + t|m|_21{|xl>té}>

= Do(Int) " (t(Int)?)>° " R~%|x| "1 + Dot(Int) = (t(Int)*)>~~*R™x|~°1

1 1.
{498 <|z|<tZ} {la|>t2}

For the first term, we have

out -1 2\b0—Kk p—a —4
T [(lnt) (t(Int)2)»¥ "R~z | 1{@“'“%}}

(Int) = (¢(Int)*)>* =" R™*(uoR) > if |z < woR
St72em o 4+ 4 (In0) 7 ()P R e| 2(In(f5) +1) i poR < o] <3 < 15w,
=|?

(t(Int)2)50—5 R=4|g| 2~ Tor if |z] >tz
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when 50 — k — ay > —2. For the second term, one has

out -1 2\56—k p—ay,.|—6 -2 6, -2 L=
T [t(lnt) (t(Int)?)> "~ R~z 1{‘x|>t%}}§t 1{|xlgté}+<z| i 2e 16)1{|z>t2}wt0 wo.

Thus

\Tf“t [/ﬂw?( )t nR>] ] < 15w,

Notice

(nt) ™21, , gy 2O 2oL P+l S D2 (5 ) + (Int)2la 1 [l

{|o|>t7} (o<t} {|w|>t%}>
when 5§ — kK —ay < —1. And

(nt) a1, ] < (0t 2l =1, mgn

where the last term has been estimated above. So we only need to estimate the following term

EH) TP ] S Dolnt(t(in )P F R )R

< D, Int(t(Int)?)% " R=at~! (1{,:”@0} + (Int)%|z| 21

{lo|>t3}

{lz|<t2}

1
{Mo<\$|§ﬁ}) ’

and
out 2\50—kKk p—a;—1 —2
T () (¢ t)?) R4 o] L ey
(t(nt)*)> = Rt if |2 < po
St 4 { () " (H(In )2 R In(lw] 1) 1) f po < o 83 < ttw,,
()~ (t(In £)2) 0~ R=]a|2e~ o7 if [of > ¢4
T It (t(Int)*) "R 1< p0y] S to “Wo.

These imply

T [ )T bl ] S 5w

Taking D, = D, (A1) large depending on A; and then choosing ¢, large enough, we have
TG, ¢, 11, €]] € Bo.

The contraction property is given by the similar method which is used in dealing with terms including v;. Then the unique
solution ¢ is found in B, for (3.11) by the contraction mapping theorem.

From now on, we also regard D,(A;) as a constant depending on A;. Reviewing the estimates above and utilizing
1 (ja]> 4973 to transform the spatial decay to time decay, one has

G, &, 1, €]l S C(AD)[(oR) > Int(t(nt)%)> "R + (Int)*(t(Int)?) %]

where C'(A1) is a constant depending on A; which changes from line to line.
By gradient estimate, we have

V| < C(Ar) Int(t(Int)?)>° "R~
Next, we will use scaling argument to deduce the Holder estimate of ¢(, t) in time variable ¢. For x; € R4, t1 > 4to, set
17;(2’3 S) = w(xl + )‘(tl)zv ty + )‘Q(tl)s)
where 0 < A(t1) < t%. Then
85772 = AZ'JJ + g(zv 5)
where G(z,5) = X2(t1)G[), &, p1, €] (1 + A(t1)z, t1 + A%(t1)s), and standard parabolic regularity theory implies
ll20. (50, 25 0y < C(@) (I8l (00,33 00) + 1)l o (50, 1yx (~ 3.0 )
where « can be chosen as any constant in (0, 1) and C(«) is a constant depending on . Moreover, one has
Hz/;||Lx(B(o,i)x(—§,o)) S C(A1) Inty (t1(Int1)*)> " R™%(ty),
1G] oo (B0,2)x (— 2.0y S CADN (1) [(oR) 2 (1) Ity (81 (In#1)?)* ~"R™(t1) + (Int1)* (¢ (In t1)?) 227 ,
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and
2 2
[Dllc2e.e (B0, )% (1.0 2 L S |:) ;:(fhtl FAO )
—22(4)  sup [(@1,t1 + A(t1)?s1) — Y(@1, 1+ A(t1)?s2)|
s1,82€(—1/4,0) |(t1 + A(t1)%s1) — (t1 + A(t1)%s2)|@
= A\29(¢)) sup [ (21, 81) — 7/1(581,52)|.
s1,80€(t — 2002 1)) |51 = 52|
Thus

[Y(21,51) — P(21, 52)

|51 — 2

sup

N(£)2
sl,S2€(t1—%,tl)

+ )\2_2“(t1)[(u0R)_2(t1) lntl(tl(lnt1)2)5‘s_“R_“(t1) + (1nt1)3(t1 (lnt1)2)106_2”]}.

,S C(Al, Oé){)\_Qa (tl) hltl(tl (1nt1)2)56_KR_a(t1)

O
APPENDIX C. ESTIMATES FOR Vz¢[fio] AND Oyp[fio]
In this section, we will revisit the calculations in Section 2.2 and derive the following estimates
(tlnt)~! if |Z] < po
Oroliioll S t72(Int)™Y,  |Vaelio)] < ¢ (Int) 22|~ 4¢3 (Int)~? if po < |z <t3 . (C.1)

t=3(Int) e Tor +t(lnt)"2|F"0  if || > t3

Proof. Notice jig ~ (Int)~! and |fig;| ~ t~*(Int)~2. By (2.7), we have
a1 < (=2 -1 -1 22
Vadilaoll S e 20007y el e L
For Vz 013 [fio], we abbreviate Vzp13[fio] as Vz@1p. By (2.8), then
Vadn(,t) = T [Va(—forpr + (B — E)[o)))(2,1).
Notice by (2.7), we have

|fio: Va1 (Z, )] < |z|t~2(nt) 21 + 2|72 (Int) " 2e w1

{lzl<t?} {|z|>t2}’
~ N r_ _T _
and
out —% -3 ~|4—3 -2 out |1—3 -2 _% -2 _‘177!2
T [t )1,y + 13l () 1{@'8%}}57 [t (Int) 1{&'@%}}& (Int)~2e~ o,

3
1, g a2 o t=2(Int)~?2 if |z| <t
out 1 2 2 out 2 5 —
T, t2(Int 1 | ST, [1 t 1 1 } <
! [m| (nt)= e {|x>t5}] ST WO N{t(lnt)2|x|5 if |z) >t
Thus

|Vadip] <t % (Int) 2 +t(Int)"2|z|°1

Lisi<idy
Next, let us consider V2 [fig]. Recall the definition of (5 in Lemma 2.2, then

{|z|>t2}"

T

Vaps = T |:N02M0tv5c (25(%)77(\2)” :

Notice
__9_ T T o, T T _1 T T
Ho ZMOtVI(%(Mo)U(\/f))' = |Mo 2N0t(U01VZ5(%)77(7E) +t 2Z5(MO)VTI(\/£))‘
<t e + |1 )1 “Haa S, ~t (14 |20
St [nt( +|ﬂ0|) fazady T2 +|ﬂ0D (heiicaky| V1 0 +|/10|) {lz|<2t2}

~1 —1 —21~(-3
~tT Itz <puo) T8 (Int)~=|z| 1{M0<\i|§2t%}.
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Therefore, we obtain
(tlnt)~! if |Z] < po
“(nt)~2|z|~! if po <|z| <tz .

5|2

{#0<mg2t%}} ~) . | .
t=2(Int)"2e” 1o if |7] >t2

[Vzpa| < 7;01”' |:t_1 Intlyz<puoy + t_l(lnt)_2|5c|_31

Since ¢ = @1 + @11 + 2, one concludes the upper bound of |Vzp[fio]| in (C.1).
The left part is devoted to estimating 0;p[fig]. For 0;¢1[fig], by (2.6),

3 o —lz2 |Z| 3 |z[? _lz2 |z , |z| -2 -1, k=
2% iy 1 ( W a9+ 2tmlel (e ST s 2y 1o

Next, we estimate 9;p1[fig]. For any integer n > 1 and f(x,t) € C1(R™ x (tg,00)),

t
Oy </ / [4m(t — )] e — iy L> f(y, )dyds)
to n
=0 (/2 / [47m(t — 5)] T2 — iy L> fly,s dyds—l—/ / (4ma) —5 et f(y,t - a)dyda)
tO n n

1 n z—y|? 5 o Ja—y?
= §/Rn(2ﬂ't)7§e*‘ L f(yvg)dy+/ /n Oy {[477@ s) 2e ‘4@__‘@) } F(y, s)dyds

+/; /n [Am(t — 5)]73 e \;(; 3 (O f)(y, s)dyds.

|0prliio]| =

(C.2)

As a consequence of (2.8) and (C.2), we have

oon = %/ (2mt) 255 (<o + (B = E)ljal) (v )y

/to [ o {uamte -7 525 ) (o + (5 Bl . s
/; /R4 [4n(t —s)] e ‘41(? o) [@ (—ﬂOtgfal + (B — E)[ﬂo])} (y, 8)dyds.

where by (2.9) and (2.10), it follows that

] (—i0ee1 + (B = E)ljo]) (2 ;>] +| (—roer + (B - Bljuol) @)

< - 1 2,- 15 -3 < 2,12
< (tlnt) 2 {I <t} }+t (Int)~2|z| 22 1{|E‘>t%}+(tlnt) l{t%gmgzt%} S (tlnt) e a1
and X X A
0 (Hotp1)] = |HoreP1 + HotOrpr |
-1 |25 -3 —o L2 3 o _lzi?
< ’(tlnt) (t 1{‘ |§2t%}+|ac| e~ 1{‘ |>2t2}> +t3(nt) 2w | ~t3(Int) Ze T
and

0:(E = E)[fio]] St (0 )1 i z1<ovi)-

Thus by Lemma A.3 and same calculation for deducing (2.12), we have
_lz—y|? y|?
10:p1p| < (tInt) ™2 / t™%e / / Ze” ) (slns)_Qe_%dyds < (tlnt)~2
R4

Finally, we consider 02 [fig]. By (C.2) and the definition of (2 in Lemma 2.2, we have

o2 = ;/ (2mt) 2 IQ'??MO2(;>N0t(;)25(ﬂ0?zt))n(\/\/iiy)dy
-2 5 -2y ae (s Yy Y s
/to /11&4 O { [dm(t —s)] "e ¥ )}No (s) ot ( )Z5(ﬂ0(s))77(\/§)dyd
+ / /R n(t— ) e 2 cul? {as (—EQ(S)ﬁOt(s)Z5(MOZzS))77(ys))] dyds,
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and by (2.16),
fx

__92 t t .’L __2 T T
Z + t)Z —
N 1{\z\<(1nt) 1}—|—t 1( t)~ 2|$‘ 21{(lnt)_1<|f|§2t%},
and
0u( "o 2ol )|
t\Ho  HotLs n N
= |0 (a= o) Z ooy _ a2 ;-VZ LyBot TN o2 VA z g_jz.v f‘
t(Mo flot) 5(’&0)77(\/%) Ho NOtﬁO 5(/10);10 77(\/%) Mo Mot 5(/10)%5 77(\/{)
<2, % -2 .
St <ﬂ0 {lz|<2t2}’

Thus, by similar calculation for Lemma A.3 and the upper bound of ¢5 in Lemma 2.2, we have

5 _|z— y\ _ _ _
\3t<P2\</ t % (t Ly <me-1y £ Y(Int) 2yl %1

{<1nt>*1<\y|§2t%}) dy

7\ _ _ _ _ _ _
17! / [ 6= 972 (57 gy T ) R dads S e

Collecting above estimates, we obtain |9;¢[fio]| < t~2(Int) ™!
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