Lesson 31: Recurrences, iteration and
approximation

> restart;
read "d:/ nR10/fi bonacci.txt";

Y Some Fibonacci puzzles

[ These are some problems from the Fibonacci Quarterly that can be solved with the help of mpow
| and fib4.
(1) Let H, be any solution (in integers) of the recurrence H, =H, _ |, + H, _,. Show that

TH, EHn+15 mod 10.

[ Solution: If X(n) =(H(n — 1), H(n)), then X(n + 1) =M. X(n), s0 X (n + 15) =M"> . X(n)
> M. <H(n-1), H(n)>;
H(n)

1.1
Hn—1)+H(n) (1-1)

=> H(n+15) = (M'15 . <H(n-1),H(n)>)[2];
H(n+15)=610H(n—1) +987 H(n)

> % nod 10:;
H(n+15)=7H(n)

_(2). Show that an is divisible by 5” (but not by 5" * 1).

| You get from one power of 5 to the next by multiplying by 5. Can fib4 tell us a useful identity?

> fib4(5*%k);

((Fer + 50 (Feor Bt B (Fet o)) + (Feo 1 Bk B (Bt Feoy)) (Fe+ (Fe

| R O Feor+ (Fom\ Fe+ By (Bt Fo_ ) )2+ (B + (Fy+Fy 1)2)2) F,

[ > factor (99 ;

SE(F 2R AR R +3RE_ 4 )

=So F , is divisible by 5 F), i.e. every time we multiply k by 5 we get an additional factor of 5. Since
Fso =F, = 1is divisible by 50, we have by mathematical induction F5 , 18 divisible by 5" for every

| nonnegative n.
Could Fs” be divisible by a higher power of 5? Certainly not forn =0 orn =1.

If it's true for the first time for n =m + 1, then with £ =5" we must have

Fo o +2F_ \F+4F_ F+3FF_ +F

divisible by 5. But F is already divisible by 5, so Fﬁ_  would have to be divisible by 5. And then
F,_, would be divisible by 5. But if F/ s and F | Were divisible by 5, then all the Fibonacci




numbers would be divisible by 5, and F| certainly isn't.
=(3) Whatisa,, ifa, . =5 ai — 3 a,, for nonnegative integers n with a,=1?
| This is another recurrence relation, but a nonlinear one. Let's start by calculating a few terms
> a[0]:= 1;
for nn fromO to 5 do
a[ nn+1]:= 5*a[nn] "3 - 3*a[ nn]
end do;
a, =1
a, =2
a, =34
a, = 196418
a, = 37889062373143906
as:=271964099255182923543922814194423915162591622175362
ag =
10057840404776343739492505818291285896775881664524085466926084653002314\

71006495797589068021708651348042831980883557356276347987165392775153044\
| 38631163554

_Maybe it's good to have stopped here: the numbers are growing very rapidly. This being a problem
that's supposed to have something to do with Fibonacci numbers, we might remember that a, =34 is

| a Fibonacci number
> fib4(9),;
34

[ Of course a, =2 is also a Fibonacci number, namely ;. You might make a wild guess from this,
thata, = F}n. Let's test it for these first few:

=> seq(a[n]-fib4(3”*n), n=1..6);

i 0,0,0,0,0,0

It seems to work. Now can we prove it?

> fib4(3*Kk);

I (Fe 1 Fe v F (Fe+ B ) Foy + (FE+ (F+F_0)) F

:This should be 5 Fz — 3 F), at least if k is a power of 3, in order for our conjecture to be true.
_> expand( % ;

3F, |F,+3F,_ F,+2F (1.2)
:What's the difference between that and 5 Fi —3F.?

(> 9% - (5*F[k]~3 - 3*F[K]):

3F, |F,+3F, F,—3F,+3F,

_>factor(°/<);

_3Fk<_Fi—l_Fk—le+Fi_l>



_Well, the -3 F isn't 0, so maybe the other factor is.

(> Q=K -> -fiba(k-1)A2-fi ba(k-1)*fiba(k)+fiba(k)A2-1;
] O :=k— -fib4(k — 1)* — fib4(k — 1) fib4(k) + fib4(k)* — 1
[> seq(Qk), k=1..10):

0,-2,0,-2,0,-2,0,-2,0, -2

[ It looks like this should be 0 for odd k and -2 for even k. That will be fine for our purposes: the
| powers of 3 are all odd. Can we prove it by mathematical induction?

If the pattern works, Q(k+1) should be -2 when Q(k) = 0 and 0 when Q(k) = -2,
| so in any case Q(k) + Q(k+1) =-2.

> Q k) + Qk+1);

2
'Fi—1_Fk—le_z_Fk(Fk+Fk—1) + (Fk+Fk—1)

> normal (% ;
-2

Yes, it works. Working backwards, we have a proof:
This calculation showed that Q(k) +Q(k+1) = -2.
We know Q(1) =0.
Then by mathematical induction we get that Q(k) =0 if kis odd and -2 if k is even.

Maple showed that F; , — (5 Fi -3 Fk) =-3 F,Q(k), soif kis odd (and in particular if k is a
power of 3) this is 0.
That says thata, = F3 , satisfies the recurrence relationa, | | =5 ai — 3 a,. Since it also satisfies the

initial condition a;, = 1, by mathematical induction this must be a,.

_By the way, for fans of linear algebra, there's another way to look at the equation

0 kis odd
O(k) =

i -2 otherwise
(> -QK) - 1= (-1)7k;
Fi—l—’_Fk—le_FIi:(_l)
;The left side is the determinant of M*
> nmpow( k) ;

Fry Fy

Fy B+

> Linear Al gebra[Deterninant] (% ;
Fi—l"'Fk—le_Fi

| But det(M") =det(M)*, and

> Linear Al gebra[ Determ nant] (M ;
-1

¥ Solving recurrences

|_Maple has a command for solving recurrence relations, i.e. getting an explicit formula for their




| solutions: rsolve. Here's the first recurrence relation we looked at in Lesson 29:

> a:="a':

rsol ve({a(0)=1, a(n)=2*a(n-1)}, a(n));
2I’l

[ It works for some nonlinear recurrence relations, but not many. Here's the one from the last
| Fibonacci puzzle:

> rsol ve({a(n+l) = 5*a(n)"3-3*a(n), a(0)=1},a(n));
i rsolve({a(0)=l,a(n—l—1)=5a(n)3—3a(n)},a(n))
;Let's try an easier one.

> rsol ve({a(n)=3*a(n-1)"2,a(0)=2},a(n));

Ly @.1)
i 3
| But it's pretty good for the linear ones. How about the Fibonacci relation?
> sol :=rsolve({f(n)=f(n-1)+f(n-2),f(0)=0,f(1)=1},f(n));
1 1 1 " 1 1Y
soli= 53 (545 V5 ) =5 V5 (5 V545

;Well, if it works that's another way to calculate the Fibonacci numbers.
> fib5:= unapply(%n);

o 7 (o p 7 T (T
=> fib5(4);
Lr(i+im) Lt l)
=> expand( 9 ;
3

;I might put the expand into the function.
> fib6:= n -> expand(fib5(n));
i fib6 .= n—expand( fib5(n))
> seq(fib4(n)=fib6(n),n=0..10);
i 0=0,1=1,1=1,2=2,3=3,5=5,8=8,13=13,21=21,34=34,55=55
OK, it seems to work. Can we prove it? To prove it by mathematical induction, knowing that fib6
(0) and fib6(1) are F|, and F, respectively, we just have to prove that it satisfies the recurrence
| relation.
> fib6(n)-(fib6(n-1)+fib6(n-2));

V5
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(3] (pe )
+? _i\/?_Fi _? 1 1 2
2 2 (3*35)
RaCTae)
T 1 1\?
SERERSY
=> normal (99 ;
L 0

V¥ Binet'sformula, the Golden Ratio and Fibonacci
| NS N

For those inclined to linear algebra, % + N and 5T, are the eigenvalues of the matrix

| M, and this formula can be obtained by diagonalizing M.
> Linear Al gebr a[ Ei genval ues] (M ;

1 1
2+2\/?

1 1
2\/?4_2

:The formula is called "Binet's formula", although Binet wasn't the first person to find it.

1L F

2 2
letter 0. The DaVinci Code contains all sorts of nonsense about it (to be fair, such nonsense appears
in lots of other places too).

> phi:= 1/2 + sqgrt(5)/2; eval f(phi);
1 1
0=5+ V5
i 1.618033988
[ To Golden Ratio enthusiasts, just about any ratio that's close to 1.6 (e.g. the ratio between your
height and the height of your navel) is this number.
| See e.g. <http://www.maa.org/devlin/devlin_06_04.html >.

¢ and ! Vs

5T T (which is - L) are the roots of the polynomial C—x—1.

> sol ve(x"2-x-1, X);
1 1 1 1
i 2 * 2 Vs, 2 V5t 2
| That polynomial enters into this because it is the characteristic polynomial of the matrix M.

> Li near Al gebra[ CharacteristicPolynonial](Mx);

X —x—1 3.1

is a famous number: it's sometimes called the Golden Ratio and denoted by the Greek




Binet's formula is not necessarily a good way to calculate particular values of F,.

If you want to do an exact calculation, you must expand out the n'th powers (as we did in fib6).
Each will involve n + 1 terms, of which the even numbered ones cancel and the odd ones are the

n
same for both ¢n and ( L ) , leaving about % rational numbers to add.

It's easier to use repeated squaring on the matrix, where the number of steps is essentially
proportional to log(n).

On the other hand, you could use evalf, in which case the answer will only be approximate when 7 is
| large, unless you use a high value for Digits.

> eval f (fib5(100));
] 3.542248316 10°

> Digits:= 22: eval f(fib5(100));
3.542248481792619150622 10°°

> round(99 ;
354224848179261915062

> fib4(100);

i 354224848179261915075

| Not quite enough digits...

> Digits:= 25: eval f(fib5(100));

i 3.542248481792619150750036 10%°
> round(%;

354224848179261915075

[ What the formula is really good for is giving the asymptotic behaviour of F, for large n.

&)

n n
Since |- —| < 1<]4|, F, is approximately (1)_’ with |F, — 0 < 1 for all
5 V5 NE 2
| 7 > 0 and converging to 0 as n— .
> fibapp:= n -> phi~n/sqrt(5);
n
¢
fibapp =n— —
! Vs
For even n, F, is slightly less than fibapp(n), for odd 7 it's slightly greater.
> Digits: = 20:
fib4(30), evalf(fibapp(30));
i 832040, 8.3204000000024037296 10° 3.2)
> fib4(31), eval f(fibapp(31));
i 1346269, 1.3462689999998514411 10° 3.3)
> (fibapp(n)=37889062373143906);
n
% J5 (% + % J5 ) —37889062373143906 (3.4)

_>-invfib1:: X -> log[phi](x*sqrt(5));



\ 4

invfibl :=x—>10g¢(x \/?) 3.5)

(> eval f (i nvfibl(37889062373143906));
81.000000000000000001 (3.6)

(> fib4(81):

37889062373143906 3.7

A numerical iteration

Recurrence relations are often used in numerical methods. You want to compute some sequence y,
which satisfies a recurrence relation, so you start with known values for y or the first few y,, and
iterate the recurrence formula. This may or may not be a good way to calculate y,. The main thing

that can go wrong is that the inevitable roundoft errors can grow with each iteration until they
overwhelm the true solution.

For example, suppose you want to approximate the following sequence of numbers, related to the
remainders in the series for e:

n
wnzn! [e—[ L
k=0 k!

. How could you compute them?

Maple commandsintroduced in this lesson:

rsolve



