Lesson 24: Taylor series

[>»restart;
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Y Finding Taylor series

As we saw last time, Maple has the taylor command to find a given number of terms of a Taylor
| series of an expression.
> taylor((exp(x)-1-x)/x"2, Xx);

1 1 1 1

1 1 b2 3 4
>+ 6x+ g 5 20 +0(x%) (1.1)

[ But what if instead of the first few terms of the series, you want a formula for the whole series?
| This isn't always going to work, but sometimes it will:

> convert ((exp(x)-1-x)/x"2, Fornmal PowerSeries, Xx);

* k
X
;;% (k+2)! (1.2)
_> val ue(9% ;
¢ —1—x
———;;——- (1.3)

_If you want a series about some other point, say x = a:
> convert (exp(x), Formal Power Series, x=a);

i—ea (x—a)t (1.4)

k=0 k!

> convert (exp(x+x”2), Fornal Power Seri es, x);

ERe (1.5)

x+x2

Maple doesn't know a formula for the coefficients of the Maclaurin series of €
| a very nice formula for them, as far as I know.
> tayl or (exp(x+x"2), x, 10);

3 7 3,25 4, 27 s, 331 ¢, 1303 7 1979 s 5357 9
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. Well, there isn't

(1.6)

+O(x10)

Convergence of Taylor series

Let's look at the Maclaurin series for the function €" and its convergence to €". It's convenient to
| define a function that will calculate the n'th degree Maclaurin polynomial at a given point.

> P:.= (n,t) -> eval ( convert(taylor(exp(x), x=0, n+l),
pol ynom), x=t);
P:=(n,t) —>convert( taylor( ¢, x=0,1+ n),polynom)

xX=t



> P(4,t); P(4,2);
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> plot([ exp(x), seq(P(n, x), n=1 .. 10)],
> X=-6 .. 2, y=-2 .. 8);
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Especially forx > 0, it's more informative to look at the difference between ¢" and the Maclaurin
| polynomial.

> plot([seq(exp(x)-P(n, x), n=1 .. 12)],

> X=-6..6, y=-3.. 3);
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An animation is another possibility. I'm not using animate here because premature evaluation
| would cause trouble.

> with(plots):
di spl ay([seq(pl ot (exp(x)-P(n,x),x=-7..7,y=-3..3,
title=("n"=n)), n=1..16)], insequence=true);
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It's almost (but not quite) true that the curves for x > 0 march off to the right at a constant rate of ¢!
| per step.
> di spl ay([seq(pl ot (exp(x+n*exp(-1)) - P(n, x+n*exp(-1)),
x=-1 .. 1.5, y=-1.. 2, title=("n"=n)),n=1..50)],insequence=
true);
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;We'd get a very different picture for e.g. arctan(x). Here's the Taylor series:
>-convert(arctan(x),FornaIPomerSeries X);

i k 2k+1

@2.1)
= 2k+1

= (n,t) -> subs(x=t,convert(taylor(arctan(x), x=0, n+l),
pol ynom);
i P = (n, t) = subs(x =t, convert(taylor(arctan(x),x=0, 1 +n), polynom))
> P(7,t);
1l 15 1
t 3 r+ s t 7 t

(> P(8,1);
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> plot([seq(arctan(x)-P(2*n,x), n=1..12)], x=-2 .. 2,

y =-3 .. 3);
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_>»display([seq(plot(arctan(x)-P(Z*n,x),x
3, title=("Oder'=2*n)),
n = 1..30)], insequence=true);
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Order=2

The difference here is that the radius of convergence for arctan is 1, while for exp it is c. Outside
| the interval [-1,1], the series for arctan is useless for approximating arctan(x).

Manipulation with series
I:Various operations can be done to obtain new series from old series:

the basic operations of arithmetic, as well as substitution, differentiation and integration.

¥ Example 1:

_Starting with series any good Math 101 student should know, obtain the degree 10 Maclaurin
| polynomial for ln(l —|—x2) sin(cos(x)).

For example, the series for N l—t is a geometric series.
> sl :=1/(1-t) = convert(taylor(1/(1-t), t=0, 10), polynom;
SI:ZiZI+t+t2+t3+t4+t5+t6+t7+t8+t9

Of course that's not literally true, it's just the first part of the series. But for some of the




| manipulations to work, I want a polynomial rather than a series.

Integrate this term-by-term and you have the series for -In(1 —#). Note that the constants of
| integration are the same, because both sides are 0 at ¢ =0.

> s2 :=int(lhs(sl),t) = int(rhs(sl),t);
1 1 3, 1 4,1 1 5 1 7,1 8, 19
2=-In(l—t)=t+ 4+ +—f+—r+— L+ +—F+—1¢
s2= il =) I T I T S T T
1
I + 10 10
| Change signs and substitute # = -x* and you have the series forIn( 1 + xz) .
> s3 := eval (-s2, t=-x"2);
s3'=ln(1+x2) =x2—Lx4+ix6—ix8+ix10—ix12+ixl4—ixl6
’ 2 3 4 5 6 7 8
1 18 1 2
| T T
| That's way more terms than we need, we only want a degree-10 polynomial.
> s4 := 1lhs(s3) = convert(taylor(rhs(s3), x,11), pol ynom;
_= ny_2 1L a4, 1 6 1 8 1 10
S4.1n(1+x)x 2x—l—?)x 4x+5x

[ That's one of the factors. Now for the sin(cos(x) ). The Maclaurin series for cos(x) and sin(t)
| are also "known".

> convert (cos(x), Formal Power Seri es, X);
convert (si n(x), For mal Power Seri es, X) ;
* k 2k
1) x

>

k=0 (2k)!

i k 2k+1

G3.1.1)
= 2k+1

_> s5 := cos(x) = convert(taylor(cos(x),x,11), polynom;

_ o Lo 1 4 1 1 8 1 10

] s5:=cos(x) =1 5 X + 4 X 720 * + 40320 3628800

> s6 := sin(x) = convert(taylor(sin(x),x,11), polynom :
s6:=sin(x) =x 6~ + 120 5040 © + 362880

[ Now I want sin(cos(x) ), which is approximately sin(s5).
But it would be wrong to use the Taylor series of sin(¢) aboutz=0. When x is small, cos(x) is

near 1, not near 0. So we want a series for sin(#) aboutz=1. A trigonometric identity relates
 sin(¢) to sin and cos of  — 1:

> trigident:= eval (sin(1l+s)=expand(sin(1l+s)),s=t-1);
trigident :=sin(t) =sin(1) cos(¢ —1) +cos(1) sin(z—1)

> s7 := eval (s5,x=t-1);

ol gy L L1 e, L8
s7:=cos(t—1)=1 2(t 1) +24 (t—1) 720 (t—1) +40320 (t—1)




]
3628800

_> s8 := eval (s6,x=t-1);

(1—1)"

DTSRRI BRSNS SRS BN BRI :
s8:=sin(t—1)=t—1 6 (t—1)"+ 120 (t—1) 5040 (t=1) + 362880 (z
> s9 := eval (trigident,{s7,s8});

. S EPRY U E U S E PR
§9:=sin(¢) =sin(1) (1 5 (t—=1)"+ 24 (t—=1) 720 (t=1)"+ 40320 (t

s 1 1,10 BRI SR SIS SRR
1) 3698800 (t—1) )—l—cos(l) (t 1 o (t—1)" + 120 (t—1)
B 1 7 1 149
s040 D T 360850 U )

_> s10 := sin(t) = convert(taylor(rhs(s9),t=1,11), pol ynom;

s10:=sin(t) =sin(1) +cos(1) (t—1) —%sin(l) (t—l)z—%cos(l) (t—1)°
1o IV IPRE S S 16
+ 4 sin(l1) (¢r—1)" + 120 cos(1l) (¢—1) 70 sin(1) (¢r—1)
_ 147 . _ 8 PR
5040 cos(l) (r—1)" + 40320 sin(l1) (¢r—1)" + 362880 cos(l) (¢r—1)
I S _ 10
3628800 S (= 1)

=> sl1l1 := eval (I hs(s10),t=cos(x)) = eval (rhs(sl10),t = rhs(sb))

1 o 1 4 1 6. 1 3

s11:=sin(cos(x)) =sin(1) +cos(1) (_E 2+ﬁx —%x + 40320 X
‘mxm) _%Sm(l) (—%x%ix“— 750 o+ 40;20 ¢
—mxlo)z—%cos(l) (—%x2+ix4—%x6+ 40;20 &
e ) sy (el Ly L
‘mxm):%m(” (—%xz-l-ix“— 7;0 o+ 40;20 ¢
_mxm)t%sm(l) ('%szrix“_ 7;0 ot 40;20 x
‘mxmf‘ 50140 cos(1) (_%x“ix“_ 7;0 ot 40;20 o
‘W)‘W* 40;20 sin(1) ('%x%ix“_n%xw 40;20 3
‘mxmf* 3621880 cos(1) (_%x2+ix4_%x6



1 8 1 0) . 1 2, 1 4
T 20320 © T 3628800 © ) 3628800 S0t ( R
— ! x6+ I xg—;xlo)10
i 720 40320 3628800
> s12 :=1hs(% = convert(taylor(rhs(%, x, 11), pol ynom ;
= g — g _ 1 2, (L _ 1 4
s12:=sin(cos(x)) =sin(1) ) cos(1) x~ + ( 4 cos(1) 2 s1n(1))x
7 1 6, (209 1. 8
+ ( 360 cos(1) + 43 s1n(1))x -I—( 40320 cos(1l) + 960 sm(l))x
1259 193 . 10
s — 1) — 1
T ( 3628800 ") T 241920 " ))x
| And finally:

> | hs(s4)*l hs(s12)=convert(taylor(rhs(s4)*rhs(sl2), x, 11),
pol ynon ;

1n(1+x2) sin(cos(x))=sin(1)x2—|-(—%cos(l)—%sin(l))x“%—(% cos(1)
5 . 6 121 N 8 143 .
+ 4 s1n(1))x +( 20 cos(1) G sm(l))x +(_96O sin(1)
4999 10
+ 40320 cos(l))x

;Of course, we could have used one "taylor" command, this was just to see how it could be done.
> taylor(lIn(1+x"2)*sin(cos(x)), x, 11);

sin(1) + + (—%cos(l) —%sin(l))x4+ (% cos(1) +% sin(l))x6—|—(

\ 4

121 1. 8 143 . 4999 10 12
I 0 cos(1) G s1n(1))x +(96O sin(1) + 40320 cos(l))x +O(x )
> taylor(rhs(%%9-% x, 11);
i 0(x'?) (3.1.2)
Example 2:

Find the Taylor series for /(x) aboutx =0 up to the A0 term, if y =f'(x) satisfies the equation
L (1 +x) ey—yzexZ 1 -I-xzywithf(O) =0.
> eq: = (1+x)*exp(y) -y 2*¥exp(x)=1+ x"2*y;
eq:=(1+x) ey—yzexZI +x2y

Check that it works with£(0) =0.
> eval (eq, {x=0,y=0});
i 1=1
;So we want the first 6 terms to look like this:
> yseries := add(a[n]*x"n, n=1..6);

yseries == a, x + azx2 +a, X+ a4x4 +a; X+ a6x6

:Substitute this in to the difference of the two sides of the equation.



> eval (I hs(eqg)-rhs(eq), y=yseries);

a1x+a2x2+a3x3+a4x4+a x5+a6x6 ) 3 4

(1+x)e > —(a1x+a2x +ayx +ayx +a5x5
2

—I—a6x6) & —1—x <a1x+a2x2+a3x3+a4x4+a5x5—I—a6x6)

> taylor(% x, 7);

(a1+1)x+(—%a%-i—az-i-al)xz-l—(a3—a1a2+%a?+a2—%a%—a1)x3

—|-(613—611c12—|-%a?—i—a4—ala3—%a%—l—%azaf—i-ia?—%a?—az)x4

2 1 2 1 3 1 5
+ (aS—a1a4—a3a2+—a3a1+3a1a2+€a2a1+mal+a4—ala3

—%ai—i—%aza%—l-iaél‘—alaz—%af—az,j X+ (a3ala2—a4—|—a5+a6
+FIOa?+%a§+%a?—ia?—%alaz—a1a3—%a§—ala4—a3a2
+%a3a%+%a1a§+%a2a?—ala5—a4a2+%a4a%—%a§+%a3a?
+%a§a%+i aza‘f) x6+O(x7)

;Now the coefficients of each power of x should match.

> equations: = {seq(coeff(%x,n),n=1..6)};
equations := {al-l—l, —% a%+a2+a1,a3—a1a2+%a?—i—az—%af—al,%—alaz

1 2 1 4

1 3 2
+—a1+a4—a1a3— a2+—a2a1+

2
5 E 5 ﬁal—gal—az,as—al%—%az
1 2, 1 21 3 | 2, 1 2
+5a3a1+3a1a2+€a2al+mal+a4—ala3—5a2+5a2a1
1 4 1 » 1 5, 1 3 |
+ﬁal—alaz—Eal—a3,a3a1a2—a4+a5+a6+Ea1+ga2+72—0
6 I 2 1 | ) 1 2 1 2
al—zal—?alaz—al%—?az—a1a4—a3a2+3a3al+3ala2
1 3 | P | 3,1 22 1 4
—I—Eazal—alas—a“az—l—?a4a1—3a3+ga3al+za2a1+za2al}
> sol ve(equations);
for= o= 2= 10 g2 B 10T 81T
1 T2 9073 3774 3775 60 "% 180

| So here is our answer.

> answer: = eval ( yseries, 9;

answer == -x+ix2—£x3+ﬁx4_ 1097 S 8117 6

2 3 3 60 180

:I'll check this graphically.
> with(plots):




PO:= inplicitplot(eq,x=-1..1,y=-1.. 2, col our=bl ue):
for j froml to 6 do

frame[j]:= display([PO,plot(convert(tayl or(answer, x,j +1),
pol ynom), x=-1..1)],titl e=("' Degree' =j))

end do:
di splay([seq(frane[j],j=1..6)],insequence=true, views[-1..1,
-1..2]);
Degree=1
2_
y 1
I I ! I 1
-1 -0.5 0 0.5 1
X
_1_

:Here's a look at the curve on a larger scale.
> inplicitplot(eq,x=-10..10,y=-10..10, gridrefine=3);
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;Rather than doing this with solve, you can use a version of Newton's method.

> f:= unapply(l hs(eq)-rhs(eq), (x,Y));
f=(xy)—(1 +x) ey—yzex—l —x2y
> newt:= (y,n) -> convert(normal (taylor(y-f(x,y)/D2](f)(x,
y), X, n)),polynom;
newt := (y, n) —convert| normal| taylor| y — (x, y) ,X,n | |, polynom
D,(f) (x, )

> yl := newt (O, 2);
i vl =-x
_> y2 = newt(yl, 4);
yZ:Z—x-I—%xz—g—Ox3
_> normal (taylor(y2 - answer, X, 4));
O(x4)

dy

0
How does this work? Iff (x, yk) = O(xk) and — f (x, yk) has a nonzero limit asx — 0, then |



M . In fact

claimf (x, 3, 1 ) =O(x**) wherey, | | =y, - —5
Ef(xvyk)

ad
(% psr) T (000) + a—yf(x,yk) (kw1 =0) + O( (Vk+1 _yk)z)

=O( (Vk+1 _yk)2> andy; _yk=o(xk)

In other words, once you get an approximation that works to a certain order O(xk) , each
application of Newton's method will at least double the order of approximation.

Y Maple objectsintroduced in this lesson

__ convert(..., FormalPowerSeries, ...)



