Lesson 16: Integration

¥ Definiteintegrals

[ When Maple can find an antiderivative of a function, it should have no trouble with definite
_integrals of that function, using the Fundamental Theorem of Calculus. Well, maybe...

| Here's an example of what can go wrong.
> f:= abs(sin(x))"3;

fi=Isin(x)]’
> F:= unapply(int(f,x),x);

F:=x—>% signum (sin(x) )3 cos(x) ( -3 —|—cos(x)2)

;Note signum(¢) =1 forz > 0, -1 forz < 0.
It looks OK as an antiderivative:

> plot (D(F)(x)-f,x=0..2*Pi);

3.x 10716

2.x 10161

1.x 107167

-1.x 107164

-2.x 107104

-3.x 107104

:So let's try a definite integral.



> int(f,x=Pi/2 .. 3*Pi/2) = F(3*Pi/2) - F(Pi/2);
4

— =0
3
Which is right?
Well, fis sin(x)* for0 < x < mand -sin(x)’ forr <x <2 .
> int(sin(x)?"3,x=Pi/2 .. Pi) - int(sin(x)"3,x=Pi .. 3*Pi/2);
4
i 3
_If we plot the antiderivative, we see what's going on.
> plot(F(x),x=0..2*Pi);
0.6 -
0.4 1
0.2 7
0 - | - | - | - |
1 2 5 6
-0.2 7
-0.4 1
-0.6 1
[ So Maple was right.
The point of this story: you also have to be careful about jumps in the "antiderivative".
Maple doesn't always succeed in locating them, though it does this time. It's better than it used to
be, but still not perfect. Absolute values are especially troublesome.
In this one, Maple doesn't give us a value for the integral.
> int(abs(x-cos(x)),x=-Pi..Pi);




J |x — cos(x)| dx

=>-int(abs(x-cos(x)),x):

- % signum (x — cos(x) ) ( ) sin(x) )

> plot(%x=-Pi..Pi):

[ The antiderivative takes a jump at the point where x = cos(x). But there's no exact formula for that,
[ unless you use RootOf.
> sol ve(x=cos(x));

RootOf (_Z—cos(_Z)) (1.1)

So in this case perhaps you can't blame Maple for not coming up with a result. But sometimes it's
| too cautious.

> int(1/(1+x*2 + x75),x=0..1);
1

1
e
Ol+x+x




> F:= unappl y(int(1/(1+x"2+x"5),Xx), X);

F:=x— > _Rln(x_w I

_R=RootOf(3233 22 +27 B +50 22 —1) 7363759

797015325 3 109507419 2 18837605 7092000

oV v 7 - v R =
T 363750 K T Tpesrso K T 7363750 K 7363759)

=> pl ot (F(x),x=0..1);

0 0.2 0.4 0.6 0.8

L —

-0.2 1

-0.3 1

-0.4

-0.5 1

-0.6

-0.7 7

-0.8 7

:It looks continuous. Here's what the Fundamental Theorem of Calculus gives us.
> eval f(F(1) - F(0));
0.7398318370 + 0. 1

[ Note that last bit is 0 i, not 0.1. Presumably the calculation involved complex numbers, and the
| imaginary parts cancelled. To get rid of the 0 i:
> simplify(9;
i 0.7398318370 1.2)
To check this, here's what numerical integration (which we'll talk about in detail later) gives us for
| this integral.
> eval f(Int(1/(1+x*2+x"5),x=0..1));
0.7398318370




Note the difference between evalf(Int(...)) and evalf(int(...)): evalf(Int(...)) will always do numerical
integration without trying symbolic methods (because the Int is inert), evalf(int(...)) tries symbolic

integration first and applies evalf to whatever the result is.
If you're sure the antiderivative will be continuous (or you feel like living dangerously) you can tell

| Maple that:

> int(1/(1+x"2+x"5),x=0..1, continuous);
2 Rl ( 1(7)22(3);:;9 T 174346535775599 (13)
_R=RootOf(3233 22 +27 B +50 Z—1)

2224698426 4, 797015325 R+ 18837605 R) _(

7363759 Rt 7363759 — 7363759 —

2224698426 4 797015325 3
_Rln(——_R v rereall .
_R=RootOf(3233 2 +27 B +50 72 —1) 7363759 7363759

109507419 R4 18837605 R 7092000 ))

7363759 — 7363759 — | 7363759
> eval (99 ;
i 0.7398318370 + 0.1 (1.4)
| Here's a bug.
> J:=Int(arctan(z)"2/(1+4*z"2),z=-1..1);
1
) 2
Ji=| Rtz (1.5)
1 +4-Z
> V: = val ue(J);
V~=-L1n21n(1+i1) + L rpolylo (2 -il) — L ipoylo (3 -11) (1.6)
1 2 1 1
+ o4 ITt In(14+31) 16 npolylog(2, -3 1) + 2 Ipolylog(3, -31)
1 2 1 1 1 1 1
+ o I ln(l 3 I) + 16 npolylog(2, 3 I) + 2 Ipolylog(3, 3 I)
1 2 1 1
Y It In(1 —31) — T nt polylog(2,3 1) — 2 Ipolylog(3,3 1)

> eval f(Vv=l);
0.6466952900 — 2. 1071 1=0.1727275411 (1.7)

;So there's a discrepancy. What's the antiderivative?
> F: = unapply(int(arctan(z)”~2/(1+4*z"2),2z), z);

2 2
F=z— €L Iarctan(z)2 In| 1 — 1 A+1z) + €L arctan(z) polylog| 2, 1 A+1z) (1.8)
4 3 241 4 3 2 +1

2 2
%) _1 Iarctan(z)zln[l _ w]
741 4 7 +1

+ % Ipolylog[?», %
2 2
~ L arctan(2) polylog[z,m] _ 1 Ipolylog(& 3(1+12) J

4 Zz+1 8 Zz+1
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| Was Maple using the Fundamental Theorem of Calculus with this antiderivative?
> V- (K1) - F(-1));
i 0 1.9)
;Is it really an antiderivative?
> simplify(diff(F(z),z)-arctan(z)"2/(1+4*z"2));

i 0 (1.10)
> plot(Re(F(z)),z=-1..1);
0.3 +
0.2
0.1 A
rr r r r 1 1t 1t T 1 — r . r 1 r Tt 1 1 ]
-1 -0.5 0 0.5 1
T z
-0.1

| mproper integrals

Maple can do improper integrals. It checks for convergence or divergence. Here are some you may
| have met.
> int(1/x*2, x=1 .. infinity);
i 1
> int(1l/x, x=-1 .. 1);
undefined

_> int(exp(-a*x),x=0..infinity);




e -1
i (521
X— a

_Why didn't that one work? Because nobody told Maple thata > 0. Ifa <0 the integral doesn't
converge. Don't expect Maple to read your mind! And remember that variables are allowed to be
complex unless otherwise specified, so replacing a with a2 wouldn't have worked either. When you
| want to make an assumption on a variable, you can use assume.
| > assune(a > 0);
> about (a);
Oiginally a, renaned a-~:

I's assuned to be: Real Range(Open(0),infinity)

_>-int(exp(-a*x),x:O..infinity);
1

aN

That ~ is there to remind you that the variable has an assumption on it. You can change that:
Tools, Options..., Display, and change Assumed Variables from Trailing Tildes to Phrase or No
| Annotation.
| To remove assumptions from a variable, "unassign" it.

> a:="a';

B a=da
> about (a);

a:

not hi ng known about this object

_>-int(exp(—a*x),x:O..infinity);

e -1
lim (——)
X— 0o a

;You can also make a temporary assumption (for just a single command) using assuming.
> int(exp(-a*x),x=0..infinity) assumng a > O;
1

a

_>»about(a);
a:
not hi ng known about this object

[ Here's an improper integral that might appear in Math 301, which you would do using residues.
| Maple can do it too.

> J:= Int(x*al (x*2+3*x+2),x=0..infinity);
J = value(J) assunming a >0, a<1

xa
Ji=| 5 &

x2+3x+2




2
a

X _
————— dx=2" (nosc(na) —mese(ma) 27)
0 X +3x+2

Maple is not using an antiderivative on this one, by the way, because it doesn't know an
| antiderivative.

> int(x*a/(x"2 + 3*x + 2), x) assuming a > 0, a < 1;

a
X

— &
X +3x+2
| On the other hand, here's one that we can do easily with a bit of insight, but Maple can't.
> J:=Int(sin(a*x)/ (1 + x4 + x"6), x=-infinity .. infinity)

val ue(J) assumng a > 0O;

oo

J::[ _sintax) .
L, L Fx +x

lim (—as ( Z
e _RI= RootOf(a6 + _Z4 @+ _26)

1 -Si(-ax+ RI)cos(_RI) +Ci(ax— _RI)sin(_RI) j—i_as

2 R (24*+3 RI?)
1 T cos(_RT)
i _R]:RootOf(a6+_Z4a2+_Z6)4 RP(2d°+3 _RI?) ]J
... or even
> Jl:=int(sin(a*x)/ (1+x*4 + x"6), x=-1 .. 1);
Jl=-a

_R1=R00t0f(a6+_24 a2+_26)
1 -Si(a+ RI)cos(_ RI) +Ci(-a— _RI)sin(_RI) ]+a5[

2 R (24 +3 _RI?)
1 -Si(-a+ RI)cos(_ RI)+Ci(a— _RI)sin(_RI)
RI=RootOf(d + A+ 5) 2 RPP(24*+3 RI?) ]
(> sinplify(%:
1 -Si(a+ RI) cos( RI) +Ci(-a— RI)sin(_RI)
2 (RJRootoﬂa6 + 22+ 2) RP (24" +3 _RI?)

- 3 2 2
| [R1=R00l0ﬂa6 +7Z4(12 +726) _R] (2 a+3 _R] )
| Of course it can get a numerical value for particular values of a.
> (eval (J1,a=3)); evalf(%;
_243( 1 -Si(3+ RI)cos( RI)+Ci(-3— RI)sin(_RI)
3 2
RI-Root0f(129 +9 A+ £) 2 _RI° (18 +3 RI7)

-Si(-a+ RI)cos( RI)+Ci(a— RI)sin( RI) ])

|



+ 243
RI=RootOf(729 +9 74+ )

1 -Si(-3+ RI)cos( RI) +Ci(3— RI)sin( RI)
2 R (18 +3 RI?)
0.4+0.1

[That's 01, not0.1.

VY Exact or numeric?

In some cases, even when there is an "exact" formula for the antiderivative, that formula could be so
complicated that numerical integration may be faster and more accurate. In general, evalf(Int(...)) is
| quite reliable and reasonably fast, except for some circumstances we'll see where it has difficulties.

time() returns the number of seconds of CPU time used so far in the session. By saving the value of
time() at the beginning of the execution group and subtracting that from the value at the end, we get
| the number of seconds spent doing the calculation.
> restart; tinmer:= tinme():

int(sqrt(sec(x)”2+4), x =0 .. 1);

eval f (99 ;

time()-tiner;

b

9]
9]

3 4 [ 1 5 (—=2—TI+2cos(l)+Icos(1)) 3
[( s * 1oz I)E[loElhptlcF[s sn (L) S
4 J35 (=2 —I+2cos(1) +Icos(1)) 1—11)

(1
_ 4 I EllipticF| —
5 )+5 ptic [5 sin(1)

(£+i1)ﬁ(—1+cos(1))
— 4 EllipticPi > 3403 4y
p sin(1) 5 575 5
21
— 2 I EllipticPi (5 +51)ﬁ( e i—iLi—iI]
p sin(1) "5 T 5°5 5
21
— 16 EllipticPi (5+51)ﬁ(-1+cos(1)) a2 ody
p sin(1) "5 T 55 T
(£+i1)ﬁ(—1+cos(1))
— 8 I EllipticPi| ~—>——2 3, 4,3 4,
p sin(1) "5 T 55 5

sin(1)? V40 cos(1) —20Tcos(1) + 10 +201 4 cos(1) +21cos(1) +1—21
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2

J1+4cos(1) ((1+cos(1)) (4cos(1)> —4cos(1)*+cos(1) —1))

2.353900215 — 8.00000000 10!
3.713

> timer (= time():

eval f(Int(sqgrt(sec(x)”"2+4), x =0 .. 1));

time() - tiner;

2.353900216

i 0.047
[ Of course, if your answer is not just a number (i.e. there are other parameters involved), evalf(Int(...
[ )) can't help.
> eval f(Int(sqgrt(sec(x)”2+r"2), x =0 .. 1)) assumng r > O;

1.
' Jsec(x)> + 72 dx 3.1)
“0.

Finding antiderivatives

[ How does Maple find formulas for antiderivatives?

In contrast to the completely mechanical procedure for differentiation, Calculus texts tend to have a
hodgepodge of different techniques for integration, and often it is not clear which technique will
work for a particular integral. If we can't manage to make these techniques work, there's always the
suspicion that if we were cleverer we could find an answer. Maple uses a more systematic
procedure that, in most cases, will produce an answer if there is one.

The basic problem can be stated as follows.

First, we need a technical term: elementary function. These include all the functions a Math 101
student might know about. Basically, we can start with constants and x, and build more and more
complicated functions using:

* The arithmetic operations +,-,*,/,"

* Roots of polynomials whose coefficients are elementary functions

| * exp, In, and the standard trig and inverse trig functions

So for example \/ sin(x) + ln( 1 — \/7 ) is an elementary function, but dilog(x) and all sorts of
other special functions are not elementary.

Now the question is this:
Given an elementary function f'(x), is there an elementary function F'(x) such that F'(x) =f(x)? If
| so, find it.

For example, for f(x) =+ tan(x) the answer is yes, and here's one F'(x):

=>»int(sqrt(tan(X)) X);
1 +/tan(x) cos(x \/_arccos (cos(x) — sin( _ 1 \/_ln(cos 4.1)

2 \ cos(x) sin(x)
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+\/7\/ tan(x) cos(x) +sin(x))

On the other hand, for /' (x) = e:x2 the answer is no. Maple does find an antiderivative, but it's not an
| elementary function.

> int(exp(x”2),Xx);

% 1/ 7 erf(Ix) 4.2)

There actually is an algorithm (called the Risch algorithm) that will answer this question.

Some of the basic ingredients date back to Liouville in 1833, but the problem was not completely
solved until quite recently: the last case of it only in 1987. The complete algorithm is not easy to
implement, however, and Maple includes only part of it.

The theory involves some very high-powered mathematics, but I'll try to give you a taste of some of

| the simpler parts. We'll start by looking at how to integrate a rational function.

I ntegrating rational functions
;A rational function is a quotient of polynomials. Here's a typical one.
> p = 2*xX"5 + x*3 -x + 1:

qg:= x"4 - 6*x"2 - 8*x - 3:

f :=plq;
_ 2 4% —x+1
1= 2
i x —6x —8x—3
| What is its antiderivative?
> F.=int(f,x);
2, 321 47 511 1
F=x"+——In(x+1)+ + Inx—3) ————— 5.1
b Tey Mt DTy e n ) 8 (x+1)2 -1

[ How does the typical Calculus text tell you to integrate this (if it does)? The first step is division:

write £~ =5 + - where s and r are polynomials, with degree(r) < degree(q). That equation is
q q

equivalent to p =5 g + r. Maple can do this with quo for quotient and rem for remainder, as we've

seen.

> g5 = quo(p, q, X); r ::ren(p, d, X);

s=2x
i r=1 4138 +5x+16%° (5.2)
> p/g=s +rl/q;
5,3 3 2
ix +)§ x+1 :2x+1-:13x;—5x+16x (5.3)
X —6x —8x—3 X —6x —8x—3

Integrating the polynomial s is easy. That gives us the polynomial part of F(x): . We're left with
the problem of integrating 7/g, a rational function where the numerator has lower degree than the
denominator.

The next step is to factor the denominator g.
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> factor(q);

i (x=3) (x+1)°

;Now r/q 1s supposed to be decomposed into partial fractions: a sum of the following form:
> parfrac:=r/q = a/(x-3)+ b/ (x+1) + c/(x+1)"2 + d/(x+1)"3;

3 2
parfrac:ZI—Zijsx—i_mx __a b n c 2_|_ d .
X —6x —8x—3 x—3 x+1 (x+1) (x+1)

| To handle the (x + 1)3 weneed atermin (x + 1) ~J for each; from 1 to 3.
We need to solve for the constants a, b, ¢, d that make this equation true. If we clear away the

| denominators, we get an equation for polynomials.

Maple objectsintroduced in thislesson

evalf(Int(...))
assume
about
assuming
time

(5.4)



