Maple and Math Courses

Here are examples of some typical problems from some 200 and 300 level Math courses
at UBC, and how Maple might be used to help solve them.

Y Math 200

Let D be the region inside the polar curve »=1 - cos(0) and above the x axis. Evaluate the
following integral:

— Y
o /x2+y2
| > restart; with(Student[MiltivariateCal culus]):

> plot(1l-cos(theta),theta=0..Pi,coords=polar, scaling=
constrai ned);

_> f: =changecoords(y/sqrt (x"2+y"2),[x,y],polar,[r,theta]);




\ 4

rsin(0)

f=
J P cos(8)” + 2 sin(8)”
> Multilnt(f, r =0 .. 1-cos(theta), theta =0 .. Pi,
coordi nates = pol ar);
4
3

Math 215

Solve the following system of differential equations with initial conditions.

3 -2 1
x'= X x(0) =
4 -1 1
> restart,;

sys: = D(x1)(t)=3*x1(t)-2*x2(t), D(x2)(t)=4*x1(t)-x2(t);
sys:=D(xI)(t) =3 x1(t) —2x2(t),D(x2)(¢t) =4 x1(t) —x2(1)

=> Ics: = x1(0)=1, x2(0)=1;
ics =x1(0)=1,x2(0)=1

=> dsol ve({sys,ics});

\ 4

\ 4

i {x1(t) =¢'cos(21),x2(t) =€ (cos(2 1) +sin(21))}
)
Math 217

Find the maximum and minimum values of f(x, y, z) =4 x - 2 y subject to the constraints
2z-Xx —y=4andx2 +y2=1.

> restart;
wi th(Student[Mul tivariateCal cul us]):

LagrangeMul ti pliers(4*x-2*y,[2*¥z-x-y-4,x"2+z"2-1],([X,Y, z],
out put =det ai | ed) ;

Math 220

Determine whether the following series converges or diverges.

(1.1)

(1.2)

2.1)

2.2)

2.3)



E: n

n=1(3n)"

|:> restart;

Maple doesn't really do proofs, which are the main focus of Math 220. Also there isn't a command to

decide whether a series converges or diverges. But you can do the usual tests for convergence, e.g.
ratio test.

> a.=n ->n/(3*n)n;
a:=n— 4.1)
i (3n)"
> limt(a(n+l)/a(n),n=infinity);
0 4.2)

| So: it converges.

Y Math 221

Consider the following linear system:
x+3y—2z+2w=1,
ytz—2w=2,
xX+2y—2z+aw=0,
2x+8y—z+w=b

For which values of a and b, if any, does the system have:
(1) No solution? (ii) Exactly one solution?
(ii1) Exactly two solutions? (iv) More than two solutions?

> restart;
sys (= {x + 3*y - 2*z + 2*w = 1,
y +z - 2*w = 2,
X + 2*y - 2*z + a*w = 0,
2*X + 8*y - z + w = b};
sys={y+z—2w=2,x+2y—2z+aw=0,x+3y—2z+2w=1,2x+8y—z+w (5.1
:b}

;> wi t h( Li near Al gebr a):
> A B:= GenerateMatrix(sys,[x,y,z,W);

01 1 -2][2]
1 2 -2 a 0
A, B = , (5.2)
13 -2 2 1
28 -1 1 b
> sol ve(Det ermi nant (A) =0, a) ;
5 (5.3)

_> eval (sys, a=5);

(5.4



|_ +z—2w=2,x+2y—2z+5w=0,x+3y—2z4+2w=1,2x+8y—z+w=b}

|:> solve(%{x,y,z,w b});

{b=T7,w=1—z,x=-13+13z,y=4—-3zz=z}

[So: ()a=5,b +7;@{i)a # 5; (iil) never; (ivia=5,b=7

Y Math 223

Let
021

A=12 32
120
Determine an orthonormal basis of eigenvectors.

Y Math 226

Prove that the line given by the parametric equations
x=1+4ty=2—tz=-31t1is
parallel to the plane2 x +5y +z=4.

> restart;
wi t h(Li near Al gebra) :
A: = Matrix(<<0, 2, 1>| <2, 3, 2>| <1, 2, 0>>, shape=symetric);
021
A=12 32
120
> E, V: =Ei genvectors(A);
5 1 -2 -1
EV=|-1[]2 1 0
-1 1 0 1
> Q= [Colum(V,1..3)];
1 -2 -1
0= 2, 1|, 0
1 0 1
> Normal i ze~(Q Eucl i dean);
Ll 11
— 6 2 1
6 5 J5 5
1
— 6
3 J6 | %\/? ,
1
1 R
g\/z 0 2

(5.4)

(5.5)

(6.1)

(6.2)

(6.3)

(6.4)



> restart;
2% (1+44%t) + 5*(2-t) + (-3*t);
12

Y Math 227

A bug is flying through space so that its coordinates at time ¢ are x(¢) = (t2 + 1, £— t, t3).
Find the bug’s velocity and acceleration for all 7, and the curvature of its trajectory at time 7 =0.

[ > restart;
X:i=<t"2 +1t, t"2 - t, t"3>
£+t
X=|7F—1¢
A
=> V.= map(diff, X, t);
2t+1
v=|2t—1
37
=> A= map(diff, X t3$2);
2
A=\ 2
61
=> K: = eval (Vector Cal cul us[ Curvature] (X, t),t=0);
K= NTT
=> simplify(%;
i V2

Y Math 300

Find all complex solutions to the equation
cos(z) =2 isin(z).
Express each solution in the formz =x + y i, where x and y are real numbers.

|:> restart;

|_> sol ve(cos(z)=2*1*sin(z),z, Al Sol utions);

(7.1)

(8.1)

(8.2)

(8.3)

8.4)

(8.5)



—Iarctanh(%) v Zi~ ©.1)
=> convert (%1 n);
1 3 1
| 1 (3 1“(3) ‘3 ln(2)) +n Zi~ 9.2)
Y Math 301
EvaluateJ 3 dx
0 8 +x
> restart;
int(x/ (8+x"3),x=0..infinity);
%n\/? 10.1)
Y Math 302

Let X and Y be independent standard normal random variables, and let Z=X" o
Find the cumulative distribution function of Z, and be sure to specify your answer for all values of z.

> restart;
| with(Statistics):
> X: = RandonmVari abl e(Normal (0, 1)): Y:= RandonVari abl e( Normal (0

1)):
Z:= XN2 + YN2:

i Z= R*+ R0’ (11.1)
> CDF(Z, 2);
0 2<0
1 (11.2)
-e +1 0<z
Y Math 303

A Markov chain has state space {1, 2, 3, 4, 5, 6} and transition matrix




3 1
0 0 >~ 0 — 0
4 4

2 1 2

0 = 00 5 %
2 1

0 = 0 — 0 0
3 3

2 5

Z 0 20 0 0

7 7

0 0 0 0 I 0

0O 1 0 0 0 0

(a) Find the communicating classes.
(b) What is the probability, starting in 3, that the Markov chain never visits state 4?.

> restart;
wi t h( GraphTheory):
P:= Mtrix([[O0,0,3/4,0,1/4,0],
[0,2/5,0,0,1/5, 2/ 5],
[0,2/3,0,1/3,0,0],
[2/7,0,5/7,0,0,0],
[0,0,0,0,1,0],
[0,1,0,0,0,011);
G = Digraph(P);

DrawG aph( G ;
Cl asses: = Strongl yConnect edConponent s( G ;
3 1
0 O 4 0 4 0
2 |
0 5 0 O s s
2 1
P=[0 3 0 5 00
2 5
2 0 2 0 0 O
0 0 0 0 1 O
0O 1.0 0 O O

G = Graph 1: a directed weighted graph with 6 vertices and 11 arc(s)




0.4 1
6 < > 2(14
0.28 0.75
0.25 0.667
0.2
N
5] 3
/)
0.714
0.333
4

Classes = [[5],[2,6], [1,3,4]]

=> egs: = {seq(u[j] = add(P[j,k]*u[k],k=[1,3,4])+add(P[j, k], k=[5,
2,6]),j=[1,3]),

u[ 4] =0} ;

1 2

Uy=— uy + ?,u4=0}

eqs .= {MIZ% u3+ %,

(O8]

_>>solve(eqs);

Y Math 307

Let V denote the row space of the matrix
11 0

20 1
15 -2

(12.1)

(12.2)

(12.3)



\ 4

\ 4

Find bases of V and v+,
> restart;
wi t h( Li near Al gebr a):
A = <<1,2,1>|<1,0, 5> <0, 1, - 2>>;

11 0
A=20 1 (13.1)
15 -2

_> RowSpace(A) ;

[ t}fee 4]

_> Nul | Space(A);

l\)|»~

(13.3)

ot [\)l»—t

Math 308

Consider the triangle ABC in 2 whose vertices 4, B, C have coordinates (0, 1), (¢,0) and (s, 0),
respectively.
Find the coordinates of the centroid G of the orthocentre H.

> restart; with(geonetry):
assunme(t <> s):
triangl e(ABC, [ point(A 0,1),point(B,t,0),point(C s,0)]);

i ABC (14.1)
> coordi nates(centroi d(G ABC));

[ 1 1 1]

3 t~+ 3573 _ (14.2)

> coordi nates(orthocenter(H, ABC));

I~ S~2 — t~2 s~ |
0, (14.3)
I -s~+t~

Math 312

Letn be a four-digit integer a;, + a,-10 + a,- 10* + as: 10°. Show that n is divisible by 7 if and only
ifa,+3 a; +2 a, — ayis divisible by 7.



> restart;
n: = add(a[j]*10"}, j=0..3);
n:=a,+10a; +100 a, + 1000 a, (15.1)

> nnod 7, a[0] + 3*a[l] + 2*a[2] - a[3] nod 7;
ag+3a,+2a,+6aj,a,+3a, +2a,+6a, (15.2)

Y Math 313

Find positive integers x and y such that 2+ y2 =5-13-17-29

> restart;
i solve(x"2 + yn"2 = 5*13*17*29);

{x=-179,y=-2}, {x=-179,y=2}, {x=-178,y=-19}, {x=-178,y=19}, {x=-173, (16.1)
y=-46}, {x=-173,y=46}, {x=-166,y=-67}, {x=-166,y=67}, {x=-163,y=
=74}, {x=-163,y=74}, {x=-157,y=-86}, {(x=-157,y=86}, {(x=-142, y=
=109}, {x=-142,y=109}, {x=-131,y=-122}, {x=-131,y=122}, {x=-122,y=
=131}, {x=-122,y=131}, {x=-109,y=-142}, {x=-109, y=142}, {x=-86,y=
157}, {x=-86,y=157}, {x=-74,y=-163}, {x=-74,y=163}, {x=-67,y=
-166}, {x=-67,y=166}, {x=-46,y=-173}, {(x=-46,y=173}, {x=-19,y=
=178}, {x=-19,y=178}, {x=-2,y=-179}, {x=-2,y=179}, {x=2,y=-179}, {x
=2,y=179}, {(x=19,y=-178}, {x=19,y=178}, {x=46,y=-173}, {x=46,y
=173}, {(x=67,y=-166}, {x=67,y=166}, {x=74,y=-163}, {(x=T4,y=163}, {x
=86,y=-157}, {x=86,y=157}, {x=109,y=-142}, {x=109,y=142}, {x=122,y
=-131}, {x=122,y=131}, {x=131,y=-122}, {x=131,y=122}, {x=142,y=
-109}, {x=142,y=109}, {x=157,y=-86}, {x=157,y=86}, {x=163,y=-74}, {x
=163, y=74}, {x=166,y=-67}, {x=166,y=67}, {x=173,y=-46}, {x=173,y

i =46}, {x=178,y=-19}, {x=178,y=19}, {x=179,y=-2}, {x=179,y=2}

> renove(hastype, [ %, negative);

[{x=2,y=179}, {x=19,y=178}, {x=46,y=173}, {x=67,y=166}, {x=74,y=163}, (16.2)
{x=86,y=157}, {x=109,y=142}, {x=122,y=131}, {x=131,y=122}, {x=142,y
=109}, {x=157,y=86}, {x=163,y=74}, {(x=166,y=67}, {x=173,y=46}, {x
=178,y=19}, {x=179,y=2}]

Y Math 316

Consider the differential equation (¥ —1) y" +xy'+2y=0. Show that x =1 is a regular singular
oint, and find the indicial equation at this point.

> restart;
de:= (x"3 - 1)*diff(y(x),x$2) + x*diff(y(x),x) + 2*y(x)=0;

17.1)



2
de = (x3_1) (ﬁﬂﬂ] +x (%y(x)) +2y(x) =0 7.1

[ > Wi t h(DEt 0ol s):
singularities(de);

|
regular { , %, 2 V3 )

[~ indicial eq(de,r, 1, y(X)):
| 2_.—0 17.3)

% \/?}, irregular = { } 17.2)

Y Math 317

Evaluate J J (curl F . n) dS where S is that part of the sphere ¥+ y2 + 2 =2 above the planez=1,
S

n is the upward unit normal, and
F(x,p,2) =y i+xj+ (+ +2) k
> restart;
wi t h( Vect or Cal cul us):
Set Coor di nat es(cartesian[x,vy, z]):

S: = Surface(<x,y,sqrt(2-x"2-y*"2)>,[x,y]=C rcle(<0,0> sqrt(2))
) :

F: = VectorFiel d(<y”2, x"3, exp(x) +texp(y) +z>):

Flux(Curl (F),S);

3n (18.1)

Y Math 318

A closet contains 10 different pairs of shoes (each pair consists of a left shoe and a right shoe, so
there are 20 shoes in total). 6 shoes are chosen at random. Find the probability that exactly one
complete pair is chosen.

> restart;
wi t h(conbi nat) :
shoes: = {seq(right[i],i=1..10),seq(left[i],i=1..10)};

shoes = {leftl, left,, lefty, lefiy, lefis, lefiy, left,, lefis, lefty, left,, right,, right,, rights, right,,  (19.1)
rights, right,, right,, rightg, right,, rightlo}

;> Sanpl eSpace: = choose(shoes, 6):

> Sanpl eSpace[ 1.. 3];

{ {leftl, left,, lefty, lefty, lefis, left6}, {leﬁl, left,, lefty, lefty, lefis, leﬁ7}, {leftl, left,, left,, left,, (19.2)
lefts, leftg}}

_> countpairs: = w -> add(piecewi se({left[j],right[j]} subset w,




1, 0),j=1..10);
countpairs = w%add(piecewise( {leftj, rightj}Ew, 1, O),j =1 ..10)

_> nops(sel ect(t -> (countpairs(t)=1), Sanpl eSpace))/ nops
( Sanpl eSpace) ;

168
i 323
> binomal (6,2)* 1/19 * 18/18 * 16/17 * 14/16 * 12/ 15;
168
i 323
Y Math 321
© | | 2
Evaluate Z J re”"d .
— n=-e -n
> restart;
J:=int(t”r"5*exp(-1*n*t),t=-Pi..Pi) assum ng n::integer;
. (240 1nm—4010 i* +210 1) (1)
T 6
n

_> J2: =sinmplify(abs(J)”2) assum ng n::posint;
2
_4x (120 207 + ' 1)

J2: 0
i n
| The case n =0 must be done separately.
> int(t"5,t=-Pi..Pi);
i 0
> 2*sum(J2,n=1..infinity);
4
11

Y Math 322

Factor the following elements of the given rings R into irreducible elements of R
(a) 15, an element of R = {a +by -2 }

(1+1y2) (1 =1y2) (5)

(b)5x* - 20x° + 30, an element of R=Z [x]

|:> numt heory[ fact or EQ ( 15, - 2) ;

{> factor (5*x"4 - 20%x"3 + 30);

(19.3)

(19.4)

(19.5)

(20.1)

(20.2)

(20.3)

(20.4)

21.1)

212



5xY—20x° +30 (21.2)

(©) © + 1, an element of R = /F7 [x]

> Factor(x"3+1) nod 7;

(x+2) (x+4) (x+1) (21.3)

Y Math 340

Solve the linear programming problem
maximize x; + x, + x,
subjecttox; +2x, +3x; <6,
2x-2x,+x; 25,
X, - Xy, +x;=4,
Xp5 Xy, X3 20

> restart;
wi t h( si npl ex):
maxi m ze( x[ 1] +x[ 2] +x[ 3],
{x[ 1] +2*x[ 2] +3* x[ 3] <=6,
2*x[ 1] - 2*x[ 2] +x[ 3] >=5,
X[ 1] - X[ 2] +x[ 3] =4} , NONNEGATI VE) ;

{xlzl?’—4,x2=%,x3=0} (22.1)

Y Math 342

§how that S; is generated by the cycles (1,2) and (2,3).

> restart;
[ with(group):
> perngroup(3,{[[1,2]],[[2,3]]});

L permgroup(3, {[[1,2]], [[2,3]]}) (23.1)
> grouporder (9% ;
il 6 23.2)
Y Math 345
Find a conserved quantity for the two-dimensional system
X=Y,
j/=x2 —4
> restart;
sys 1= {D(x) (t)=y(t), D(y)(t)=x(t)"2-4};
sys = {D(x) (1) =y(1), D(y) (1) =x(1)* — 4} (24.1)




> with(DEt ool s):
> casesplit(sys);
y(t)=ix(z) d—zx(t)=x(t)2—4 &where [ ] (24.2)
dr ’ dt2 )
> xde:= op([1,2],%:
2
xde = d—2 x(t) =x(¢)* —4 (24.3)
i de
> mu: = intfactor(xde);
—d
] wi= o x(0) (24.4)
> firint(xde*nmu);
2 0P sx + (L X 2+ CI1=0 (24.5)
i 3 X X (dt X ) _ .
> solve(subs(diff(x(t),t)=y(t),%, Cl);
% x(1) = 8x(t) —y(1)? (24.6)

Y Math 361

Schnakenberg (1979) considered the following simplified model of glycolysis:

where a > 0. As the parameter a varies, the steady state of the system changes its behaviour.
Determine the sequence of steady state classifications for increasing values of a (e.g. stable node-to-
saddle-

to-unstable node ). Does the system undergo a Hopf bifurcation for any value(s) of a? If so, at

what value(s) does the Hopf bifurcation(s) occur?

> restart;
F:= [x"2*y - X, a - x"2*y];
i F = [xzy —X,a —xzy] (25.1)
(> S =sol ve(F, {x,y});
S = {xza,yz %} (25.2)

_> M = eval (Vect or Cal cul us[ Jacobian] (F,[x,Vy]),S);



M= (25.3)

wi t h(Li near Al gebra) :
sol ve({di scri m CharacteristicPolynomal (Mt),t)=0,a>0});
{a=v2 =1}, {a=1+V2} (25.4)

sol ve({Trace(M =0, a>0}) ;
{a=1} (25.5)

Ei genval ues(eval (M a=0.1));

0.979793770587041 + 0. 1 25.6)
0.0102062294129596 + 0. I '
Ei genval ues(eval (M a=sqrt(2)-1));
V2 —1
(25.7)
V2 —1
Ei genval ues(eval (M a=0.5));
0.375000000000000 + 0.330718913883074 1 25.8)
0.375000000000000 — 0.330718913883074 1 '
Ei genval ues(eval (M a=1));
I
[ ] (25.9)
-1
Ei genval ues(eval (M a=1.1));
-0.105000000000000 + 1.09497716871175 1 (25.10)
-0.105000000000000 — 1.09497716871175 1 '
Ei genval ues(eval (M a=sqrt(2)+1));
-1—42
V2 (25.11)
-1—V2
Ei genval ues(eval (M a=2.5));
-1.82460947032089 + 0. 1
(25.12)
-3.42539052967911 + 0.1

Conclusion: unstable node to unstable spiral ata =2 — 1, to stable spiral ata = 1, to stable node at
| =2 + 1. Hopf bifurcation occurs at a = 1.



