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The purpose of this paper is to prove the higher-dimensional analogue of the local
smoothing estimate of [10].
We denote by I' the forward light cone

I ={¢eR™ : &, = 4.+ &)

Let N be a large parameter, C' a constant, and let I'y(C) denote the C-neighborhood
of the cone segment {¢ : 27N < [¢] < 29N}, For fixed N, we take a partition of
unity subordinate to a covering of S?! by caps © of diameter about N _%, and use this
to form a (smooth) partition of unity ye on I'y(C) in the natural way. We will write
I'nvo(C) =suppye. Let Zg be a function whose Fourier transform coincides with yg on
I'x(1). If the support of f is contained in Iy(1), we define

1
P
£ 1l mie = (Z 1Ze * f!li)
©

for 2 < p < o0, and
[ £lloc.mic = sup [[Ze * flloo-

Theorem 0.1 The following estimate holds if d > 3, p > pyg = min(2 + %, 2+ %)

and f is supported in Cn(1):

-1 _

d=1_d
Ve3Ce: |[fllp < CeNN=Z 72| flp,mie- (1)



This is sharp except for endpoint issues for the indicated values of p, but on the
other hand the expected range of p is p > 2 + ﬁ; see the introduction to [10]. We
opt in this paper for simplicity over efficiency. As will be seen, Theorem 0.1 is much
easier than its two-dimensional analogue proved in [10]; in particular, the geometrical
arguments involved are much simpler. Improvements in the exponent should be possible,
for example by extending the geometrical analysis of Section 1 of [10] (see also [2], [4], [7],
[8]) to higher dimensions. Since this would complicate the paper considerably and could
not in any case give a sharp result, we decided against carrying it out here.

Theorem 0.1 implies the following partial result on the d+ 1-dimensional local smooth-
ing and cone multiplier problems. We let || f||,» be the inhomogeneous Sobolev norm with
a derivatives in L.

Corollary 0.2 (i) If u is a solution of Ju =0, u(-,0) = f, %(-,0) = 0 in R**! then

HUHLP(RdX[l,Z}) < CpaHpr,a

if p> pg andoz>d;21—g.
ii) Let py be a function in C°((1,2)), and let py € C°(RY). Then the cone multiplier
( ) P 0 ) ’ P 0 P

operators T, defined via T, f = myf, where

Mo () = [Tap1 — /2] + ... + 23" p1(Tar1)pa(@1, . .. 2a),

are bounded on LP(R*Y) if p > pg and o > 41 —

kSRS

The proof is identical to that of Corollary 2 in [10] and we will not reproduce it here.
For further discussion we refer the reader to e.g. [1], [3], [5], [6], [9], [10].

The proof of Theorem 0.1 follows the general outline of the proof of the 2 + 1-
dimensional result in [10]. We will in particular rely on the “induction on scales” ar-
gument of [10]: assuming that the estimate (1) is known on scale /N, we can prove it
on scale N by applying it once on scale v/N and once on a slightly smaller scale N 376
for some €, > 0. As in [10], the crucial step of passing from scale VN to N 3760 yuses a
certain localization property of functions, proved using geometrical arguments. The ge-
ometry and combinatorics involved is, however, much simpler than in the d = 2 case; in
particular, instead of the complicated bounds on circle tangencies proved in [10] we only
need a fairly simple lemma concerning incidences between a set of points and a family
of separated “plates” or tubes. We remark that the proof of Theorem 0.1 for d > 4 and
Pg =2+ d—fg could be simplified even further, as it requires changing scales only once.

2



The paper is organized as follows. In Section 1 we explain the notation used throughout
the paper and prove some general properties of the norms || ||,mi. We then introduce N-
functions, which are — in a useful sense — the basic components of functions with Fourier
support in I'y(C') (Section 2). In Section 3 we deduce Theorem 0.1 from the inductive
step in Proposition 3.2. The rest of the article is devoted to the proof of Proposition
3.2. In Section 4 we obtain the necessary geometric information, including the incidence
lemmas mentioned above. This information is used in Section 5 to obtain the required
localization properties of N-functions. The main induction on scales argument is given in
Section 6.

This work was partially supported by NSERC grant 22R80520 and by NSF grant
DMS-0105158.

1 Notation and preliminaries

Throughout this paper we will fix the value of d > 3. We will use N to denote a large
parameter and 0 to denote a small parameter; unless specified otherwise, we will assume
that § = N~!. All constants appearing in the sequel, including e, €, M, C;, will depend
on d and p but not on N or §. We will write A < B if A < CB with the constant C'
independent of N and 0, and A~ B if A < B and B < A. We will also write A < B if
A < (log %)CB for some constant C'. The constants C, C;, and the implicit constants in
< and  will be adjusted numerous times throughout the proof, in particular after each
application of Proposition 3.2. The constants ¢; will be assumed to be sufficiently small
and will remain constant throughout the proof; we also let 0 < € < €2. Except when
specified otherwise, ¢ will be a dyadic number such that ¢ &~ §.

We will use xg to denote the indicator function of the set E, and |E| to denote the
Lebesgue measure or cardinality of £ depending on the context. A logarithmic fraction
of E will be a subset of E' with measure g |E].

Let a family of sets Sy be given for each N. We will say that Sy have finite overlap
if there is a constant C' such that for any N any point in R%*! belongs to at most C' sets
in SN.

A §-plate is a rectangular box of size Cyd x C’O(S% X ... X 005% x Cy whose longest axis
is a light ray and whose axes of length Cyé 2 are tangent to the corresponding light cone.
A §-tube is a rectangular box of size Cpd x ... x Cyd x Cy whose longest axis is a light
ray. The direction of a tube or plate is the direction of its longest axis. This direction will
always be of the form (e, 1) with e € S%~1. Two d-plates or d-tubes are comparable if one
is contained in the dilate of the other by a fixed constant C', and they are parallel if their



axis directions fail to be C'd-separated for a suitable C'. A family of -plates or d-tubes is
separated if no more than C' are comparable to any given one.

If misa Cy x Cpd3 X ... x Cpd? x Coo-plate, with respective axes ey, ..., eq.1, then we
let 7" be a rectangle centered at the point Ney,; with axes ey, ..., e411 and respective axis
lengths C'y, C1' N %, ...,CO'N %, C1N, where (] is a large constant. Thus 7* is approximately
dual to 7w and is contained in I'y(C) for a suitable C'. Two plates 7, 7" have the same
dual plate 7* if and only if they are parallel.

A o-cube is a cube of side length o belonging to a suitable grid on R%*!; thus any two
o-cubes are either identical or have disjoint interiors. If ¢ is fixed, for any z € R™! we
denote by Q(x) the o-cube such that z € Q(x); should z lie on boundary of two or more
cubes, we pick one of them arbitrarily.

If R is a rectangular box (e.g. a tube or a plate), we will denote by ¢R the box obtained
from R by dilating it by a factor of ¢ about its center.

We define ¢(z) = (1 + |z/|2)~% with M large enough, and ¢z = ¢ o ay', where ap is
an affine map taking the unit cube centered at 0 to the rectangle R; thus ¢g is roughly
an indicator function of R with “Schwartz tails”. If R is a family of rectangular boxes
(usually tubes or plates), we write ®r = > o ¢r. We note for future reference that if
R is a family of separated d-plates or d-tubes, then for any d-cube A we have

< :
max or <C min dr (2)

where C' depends only on the choice of M.
We let ¢(x) : R™! — R be a function such that

1. v = n?, where 7 is supported in a small ball centered at 0.
2. 9 # 0 on a large cube centered at the origin.
3. The Z*! translations of 1 form a partition of unity.

We also write Yg = o a]}1 with ar as above.
If a family of functions Fy is given for each N, we will say that the functions in Fy

are essentially orthogonal if
1> FlE~ > lIFI5.

feFN fEFN
For instance, functions with finitely overlapping supports or Fourier supports are essen-
tially orthogonal. Another important case will be discussed in the next section.
We conclude this section by stating and proving some basic properties of the norm

- 1l mie-

We first remark that, although we defined the norms || ||, mic and stated Theorem
0.1 for functions with supp f C I'y(1), we could as well have done so for functions with
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supp f C I'n(C) for some constant C; furthermore, all of our estimates will continue to
hold in this case (modulo additional constant factors which will be ignored in the sequel).
This is because I'y(C') can be covered by a bounded number of translates of sets of the
form T' /(1) with N/ = N.
Observe also that for p = oo (1) is just the trivial estimate
1 loe N5 £ llsemic (3)

which follows directly from the definition of || f||oo mic using that f = > o Ze* f and there
are at most N7 separated caps ©.

Lemma 1.1 For all p > 2 we have

2 1—2
f lp.mic S LIS oo mie (4)

Proof Let fo = Z¢ % f. Since the supports of ng = y@f have finite overlap, the
functions fg are essentially orthogonal:

1 13 mie = D lfell3 ~ 1 £115- (5)
©

Plugging this into the trivial estimate
W mie = > Iollp < max|ifol2*- > ol
e e

= [F I mmicll F113 e

we obtain the lemma. O

The next lemma describes the behaviour of || - ||, i under scaling. If f is a function
on R¥! and R is a rectangle, we define

Trf = (Wrf)oar =1 - (f oag).

Lemma 1.2 Assume that suppfc In(C), and let Q be a o-cube for some 6 < o < 1.
Then Tg f is supported in T',n/(C"), where C' depends on C' and N' =~ N, and

S 2 12
1To fllpmic S o™ NFIE 1 Flloo e (6)
provided p > 2. Moreover, if o > N=3 then
d—1
1T fll2 S N7 || flloomic (7)



Proof We have fQ\f = {Z)\* (f/o?Q). By scaling,

supp f/oa\Q C Lo (aC”), (8)

and the Fourier support statement follows since QZ has compact support.
Next, we prove (6). By (4), it suffices to do so for p = 2 and p = co. For p = 2, a
standard argument using Schur’s test and (8) shows that

1 _d
ITofll2 S o2l f 0 aglla = o2 ]2 (9)

_1
2

as required. The L* bound follows from the fact that a sector of angular length (o V)
. d—1 1
intersects < o~z sectors of angular length N~z (cf. (3)).

To prove (7), we write

Tof = Zw (Zo * f) 0 ag)

and observe that if 0 > N ’%, the functions on the right are essentially orthogonal since
their Fourier supports have finite overlap. Hence

ITafl; < ZH@D (Zo * f) 0 aq)ll3

S NTFIZ e
]
2 N-functions
Definition 2.1 An N-function is a function f which has a decomposition
f = Z fm
TeP
where P = P(f) is a separated family of §-plates and
|frl S &, (10)
supp fr C . (11)



Such a decomposition is of course not unique; however, given an N-function we will
always fix a family of plates for f and the associated functions f,. A subfunction of f is
a function of the form s

e
fP = Zfﬂ'u

reP

where P is a subset of P.

N-functions are clearly Fourier supported in I'y(C). Conversely, Lemma 2.3 allows
us to decompose functions f with supp f C I'n(C) into N-functions while maintaining
control of the || ||, mi norms.

Lemma 2.2 Let f be an N-function. Then we have the estimates
Iflle S N7, (12)

d+1

1 llpmic S (N=5(PI)" forp > 2. (13)

Proof The estimate (12) follows by counting the number of d-separated plates that can
go through a fixed point. It remains to prove (13). By (4), it suffices to do so for p = 2
and p = oo.

To check the case p = 2 it suffices to verify that the functions f, are essentially
orthogonal. Namely, we first write f =) . g+, where g, is the sum of those f; with 7
dual to 7*; thus g,« is Fourier supported in 7*. Since 7* have bounded overlap, g, are
essentially orthogonal. We may therefore assume that all 7 have the same dual plate 7*,
hence are parallel and have finite overlap. But in this case it is easy to prove essential
orthogonality using the decay of ¢,; the details are left to the reader.

For p = oo, we need to prove that

1 * Zolle S 1

for each ©. We have f xZ¢ = ) _ fr * Zo, where the only non-zero terms are those
corresponding to 7 with 7* N 'y e(C) # 0. But all such 7 are roughly parallel and
therefore have finite overlap. It follows that

I+ Zollo & max s+ el < [ 62 S1.



Lemma 2.3 Let f be a function such that f is supported on Tn(C) and || f|semic < 00
Then there are N-functions fy, with dyadic A satisfying

such that

ZW?WP S I e (16)

for each fized p € [2,00).

Proof We may assume that f is supported in Ty o (C) for some O, so that || f||.mic =
| f]l,- We fix a plate 7 so that supp f C im*. This is possible if the constant in the
definition of 7* was chosen large enough. Let {;} be a tiling of R4 by translates of T,

and let ¢; = 1. Define
Pr=Am: A< 9 fllee <22},

o= > NS

T €Py

and

Clearly, P, can be non-empty only for A as in (14).
We first show that each fy is an N-function. Fix a plate m; € Py and let f; := A~'7 f.

It is clear from the definition that f; satisfies (10). (11) follows from the fact that j/’; =

w]? * f and wjz is supported in ¢, where ¢ < 1 is a small constant and 7 is a translate
of 7 centered at 0.
Next, we have

1SY W3S w=1. (17)
J J

Since )5, Mfx = >, ¢3f, (15) follows. It remains to prove (16). By Bernstein’s inequality
and (17),

d+1

N [ fllR S el fII5 = 67 = [lus £
Hence

da+1
SNSRI SD I fIE S A
J

A
as claimed. O



3 Proof of Theorem 0.1

The main step in the proof of Theorem 0.1 is the following inductive argument.

Definition 3.1 We say that P(p, «) holds if for all functions f such that supp f C In(1)
and || f|lco,mic < 1 we have

(d—1p

{11 A S A6 ==~ f113 (18)

provided that 0 is small enough.

Proposition 3.2 Fizp > p,; and suppose that P(p, ) holds. Then P(p,3) holds for any
f>1-F)a

In this section we will prove Theorem 0.1 assuming that Proposition 3.2 is known.
The remaining sections will be devoted to the proof of Proposition 3.2.

Corollary 3.3 Assume that we have proved Proposition 3.2. Then P(p,«) holds for all
a > 0.

Proof Let f satisfy the assumptions of Definition 3.1. It suffices to show that (18)
holds for some (large) a > 0, since then the conclusion will follow by iterating Proposition
3.2.

The left side of (18) can be non-zero only when

A< flloe S 67,

where the last inequality follows from (3). On the other hand, (18) follows from Tcheby-
shev’s inequality if
N2 < gltiga (19)

But this holds for all A as above if o has been chosen large enough. U

Lemma 3.4 If (18) holds, then the corresponding strong type estimate

d-Dp
2

IF11; = o

U1 (20)

also holds for the same class of f.



Proof Write |f| = >, Ax|fj=r With dyadic A. By (3) we have ||f|s < 5=“2"; on the

other hand, (20) is trivial for functions with || f||c S 0" for n large enough. Therefore the
lemma follows by summing (18) over dyadic A with 6" < A < 5. 0

Proof of Theorem 0.1, given Proposition 3.2. Let p > py. Let f be Fourier supported
in I'y(1), and assume that

[ f1lpamic < 1. (21)
Fix e > 0. We will prove that

d_d-1_,
HfHLP(Qo) 5 gr 2 ’ (22)

where Qg is the unit cube. A standard argument using the partition of unity {¢(x —
J)}jezarr will then yield Theorem (0.1); the details are left to the reader.
Observe also that (21) implies that || f|le < 075 for some large constant K. Indeed,

L

let fo = Ze * f. Since fo is supported in I'y o(C), we may apply Bernstein’s inequality
to fe, obtaining

1 d+1
[follo < ITne(O)7 | folly S N 2.

Summing over ©, we obtain the claimed bound.
Let f ~ ) .5« Afa be the decomposition given by Lemma 2.3. By (16) and Lemma
2.2, the N-functions f) satisfy

Hf)\HOO,mic 5 1

and (using also (5))
LAAZ 2 1Al e S A7 (23)

By Corollary 3.3 and Lemma 3.4, we have (20) for any o > 0. Substituting (23) in
(20), we obtain

LA < ATPe (4= 1)p -

which is (22).

Note also that ), s« Afy with K’ large enough is bounded pointwise by a large
power of §, hence satisfies (22). Since there are logarithmically many dyadic A\ with
K" < X < 67K the result follows by summing over A. [J
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4 A few geometrical lemmas

In this section we collect the geometrical information needed in the proof of Proposition
3.2.

We begin with some preliminaries. Let P be a family of d-plates. For each m € P we
pick a o 2-tube T containing 7, thus obtaining a family of tubes 7. We let 7" be a maximal
V/o-separated subset of 7. Replacing the tubes 7 € 7 by their dilates C7 if necessary, we
obtain a separated family of C'v/d-tubes T (P) so that each 7 € P is contained in some
7(mw) € T(P) (if 7 is contained in more than one tube in 7 (P), we pick one arbitrarily),
and that the plates m with the same 7(7w) = 7 are all parallel.

For each 7 € T (P) we define

Xp(r)={meP:71(r) =1}

Thus P is the disjoint union of the Xp(7)’s where 7 runs over 7 (P). The type r component
of P is the subset P, C P defined by

= |J Xp(n).

r<|Xp(7)|<2r

We will say that P is type r if P = P,.

Lemma 4.1 Assume that P is type r. Then for any 82 -cube Q we have

/‘I’P% 5,5%7“/@7(77)%‘

Proof We first prove that for any d2-cube @ and for cach 7 € T(P)
/ S . <ok / br.
Q. T(m)="1
Let T be the infinite tube extending 7 in the direction of its longest axis. If QN 1007 # (),

we have
/ 3 ¢ﬂ562r\@|<52r/¢7

7r7'7r) T

If on the other hand Q N 1007 = (), we have the pointwise estimate me(ﬂ):T O(z) <

62r¢,(x). This proves our claim.
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It follows that

/CDPS(S%T/(I)TU))
Q Q

for each dz-cube (. The lemma is now easily proved by writing ¢g = ZQ, boxo and
using estimates like (2). O

The main geometrical argument is as follows.

Lemma 4.2 Let P be a separated family of 0-plates, and let W C R*1. Assume that
t =~ ¢ with 0 < ¢ < 1. Then there is a relation ~ between plates in P and t-cubes () such
that

HQ: m~Q} 1 forallmeP (24)

(with the implicit constants independent of 7 ), and
I, S t73WI[P2, (25)

where

= Xn(#) = Yz eWnm: Q) 7}

TP, 7 Q(x) neP

Proof We may assume that all the plates and points are contained in a large cube of
side length < 1.

We define a relation ~ by declaring that each 7 € P is related to Q(w) and its
neighbours, where Q(7) is the t-cube with maximal |[W N Q N x| (if there is more than
one such cube, choose one arbitrarily). It is clear that (24) holds; we need to prove (25).

We can pigeonhole to obtain P* C P and v so that

1o S v[P] (26)

and
HeeWnn: 74 Q(x)} ~ v for each m € P.

Hence for each m € P’ there is a cube Q'(7) such that 7 ¢ Q'(7) and |WNQ'(7)N7| 2 tv.
By the choice of Q(), we also have [W NQ(7)Nx| 2 tv. Since the number of all possible
pairs of t-cubes (Q, Q') is < t72¢72 there are cubes @, Q' such that Q = Q(7) and
Q' = Q'(w) for at least t2*+2|P'| plates 7 € P’. Fix such @ and Q’, and consider the
quantity

A=Y wWnQna-[WnQ nnl.

TeP!
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From the above estimates we have
A Z t2d+2"Pl’ i (tV)2 — t2d+4v2"Pl’.

On the other hand, we can rewrite A as

A :/ / X (@) Xx (7)) d d.
wnQ WOQ’;/ @hxe()

Since Q' is at distance at least ¢ from @, for any z € Q, 2’ € Q' there are < ¢~ separated
plates that go through both z and 2’; in other words, Y. X (2)x(2') < t79!. Hence

ASCTIW QL W Q| S W

Comparing the upper and lower bounds for A, we find that

3d

WP

v St
Plugging this into (26) and using that |P’| < |P|, we obtain (25). O

We now prove a version of Lemma 4.2 with “Schwartz tails”; the argument here is
quite standard.

Lemma 4.3 Let W C R and let P be a family of separated &-plates. Fix a large
constant My. Then, if the constant M in the definition of ¢ has been chosen large enough,
there is a relation between t-cubes and plates in P satisfying (24) and such that

| o sevpiiw)+ 8w, @0
w

where

W)= 3 elo) (28)

TEP, X Q(x)

Proof For each 7 € P we have a decomposition R = J;7, 2%, with ¢, ~ 27" on
2k 17\ 287 Therefore

/WCID?D < /W Z iQ_kngkﬁ(x)dx. (29)

meP,mtQ(x) k=0
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Pick K so that ¢olog(td—2) < K < 2¢olog(t0-2) for a sufficiently small constant ¢y > 0.
Then the last integral is bounded by

K
Z 9~ kM / Z Xokr(T)dz + / Z Z 27 My o (2)de. (30)
k=0 W rePntQ(z) W k>K reP

Fix a value of k < K. Let Pj, be a maximal subset of P such that the plates {2*r :
7 € Pi} are separated (on scale 2¥§). Then for each m € P there is a 7, € Py, such that
2k is comparable to 2¢7;,. Let ¢ be a constant such that 2w C 2¥crm, for all T € P.

If ¢y was chosen suitably small, 251/§ is sufficiently small compared to ¢, so that we
may apply Lemma 4.2 to the plate family {2fcr : 7 € P, }. The relation thus obtained
will be denoted by ~¢. We now define a relation ~j between plates in P and ¢-cubes by
declaring that

T~k Q <~ QkCﬂ'k ~E0 Q

Then for each ™ we have
{reWn2r: 74 Qx)} C{x e Wn2kerm, : 2Fem, #no Qz)}.
Since there are at most < 2%@=Y plates 7 with the same ;,, we have from (25)

[ Y w@dr = Ylaewnzn: n k)l

TEP,mXQ(x) TeP

AN

ok(d-1) Z Hz e Wn ker: Fer %10 Q(z)}

TEP
2k(d71)t73d‘w‘ ’,Pk’%
kD=3 7| | Pz,

Finally, we define a relation ~ as follows:

AN UN

T~ Q & 7wy Q for some k< K.
We have K < 1, hence (24) holds. Moreover, the first term in (30) is bounded by

K

S ZQ_kM/ Z Xokr (T)d
k=0 o)
K

é Z 27kM2k(d71)t73d’W’ \77]%
k=0

< WP,

14



It remains to estimate the second term in (30). For any = we have
HreP: xe2bn}| < 2kdHDs—2d,
Hence, if M was chosen large enough, we obtain that

/ SO 2y (@) / S kR -2 gy
w w

k>K meP k>K
27KM/2572d’W’
o],

AN

S
S
where at the last step we used that K 2 log(3). O

We will also need the analogue of Lemma 4.3 with plates replaced by tubes. The proof
is identical to that of Lemma 4.3, therefore we omit it.

Lemma 4.4 Let W C R and let T be a family of separated /d-tubes. Fiz a large
constant My. Then there is a relation between t-cubes and tubes in T satisfying (24) and
such that

/W Bl < T3] + 6V, (31)

where

i)=Y o.(x) (32)

T€T,74Q(x)

5 A localization property

In this section and throughout the rest of this paper we will always assume that t is a
dyadic nuumber such that t & 6 with ¢, > 0 sufficiently small.

Definition 5.1 Let f be an N-function. We say that f localizes at X if there are sub-
functions f of f, where Q runs over t-cubes, such that

S TIPUI S IPU) (33)
Q
and
{11 =M D 1N {12 2 MY (34)
Q
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Lemma 5.2 Let f be an N-function with plate family P. Assume that
P < t49N2, (35)

Then f localizes at .

Proof of Lemma 5.2 Let k = |P|; since k& > 1, (35) implies that A > 1. Let also
W = {|f| > A}. Since |f+| < ¢ and P is separated we also have A < ®p(z) < 6~ if
zeW.

We apply Lemma 4.3 to P and W, obtaining a relation ~ such that

| o g ey s
w

where the last inequality follows from (35). Hence there is a subset W* C W with
proportional measure such that

@ (z) <t for v € W™ (36)

Define for each @)
fQ = Z fﬂ"
m~Q
Then for x € W* N Q we have

[f(x) = fO@)] =D fal2)| S Pplx) S A,

TQ

so that |f@] > X\ on W*N Q. It remains only to observe that the bound (33) follows from
(24). O

Theorem (0.1) with p; = 2 + % can be proved using only Lemma 5.2. However,
this does not give any result for d = 3. We therefore prove a similar lemma with the
assumption (35) replaced by (37), thus gaining an additional factor of nearly & —“T when
A is close to its maximum possible value d —“5*. The conclusion of the lemma is somewhat
weaker: essentially, it will allow us to obtain a localization effect on one of the two scales

N or v/N.
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Lemma 5.3 Let f be an N-function and assume that
[P < 29675 A1 (37)

Then either f localizes at X, or else there is a subfunction f* of f such that |f*| £ X on
a logarithmic fraction of {|f| > A} W, and

lafr|3 S #5*FDN2 (38)
for each 52 -cube A.

Proof We note that A > 1, and let k£ = |P|. Let P, be the type r component of P,
then for some r we must have

(WIZ KIS = A,

where W = {x : |f(z)| > A, |fp, (x)] & A}. With this value of r, we let 7 = 7 (P,) be
the family of v/é-tubes defined in Section 4. We clearly have

1T S krt.
We now consider two cases.

Case 1: \ > t‘4d(§)%. We claim that f localizes; the proof is similar to that of
Lemma 5.2, except that we use Lemma 4.4 instead of Lemma 4.3. By Lemma 4.4, there
is a relation ~ between tubes from 7 and ¢-cubes satisfying (24) and

gk
/chb St 3d< ) W < tA|[W].

Hence there is a subset W* of W with proportional measure such that ® < t\ on W*.
We define a relation between plates m € P, and t-cubes via m ~ Q if 7(7) ~ @, and let

fQ:ZfW'

T~Q

Then for x € W* N Q we have

@) = [ =1 falo)] S @ (2) S A,

TAQ
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hence |f¢| > X on W* N Q. The bound (33) follows from (24). O

Case 2: A < t‘4d(§)%. We will show that in this case fp, satisfies (38). Fix a d2-cube
A. A slight modification of the argument in the proof of Lemma 2.2 shows that the
functions ¥ f, are essentially orthogonal. Hence

lontr 2~ 1S vafel S / S fl20n < / B, da.

TEPy TEP,

By Lemma 4.1, the last integral is bounded by Sty [ ®r¢a. An easy Schwartz tails

calculation using the pointwise bound &7 < § ~“3* shows that

d—1 _d+1
2

/@Tm <TI0 =

We are also assuming that r < t=3¥k\=2. Therefore

3d+3

lafe I3 S 0%r S 7840222k < 596757 \2,

where at the last step we used (37). O

6 Proof of Proposition 3.2

In this section we will prove Proposition 3.2. The general scheme of the proof is as follows.
We will see in Lemma 6.2 that it is easy to prove the proposition for N-functions which
localize; therefore the main issue is to obtain the localization effect on some suitable scale
N.

In Lemma 6.1 we decompose f into functions with Fourier support in cone sectors of
size roughly N x N Tx...xN %, use a Lorentz transformation to rescale each of these
sectors to a neighbourhood of I' /5, and apply the inductive hypothesis to the functions
thus obtained. We are then left with the task of estimating the measure of the sets of
large values of certain parts of f which can be rescaled to v/ N-functions fa, with good
estimates on the cardinalities of the corresponding plate families. Namely, if p > p, then
it can be shown that fa satisfy the assumptions of either Lemma 5.2 or Lemma 5.3.
Thus either fa localize, or else we can change scales again and obtain localization for
an appropriate further decomposition of fa. Applying the inductive hypothesis again on
scale slightly smaller than v/N, we obtain the proposition.
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Lemma 6.1 Assume that P(p,«) is known for some p and «. Let f be Fourier-supported
in Un(C) and such that || f|lcomic S 1. Then for any A > 6 and for any e > 0 there is
a M\, and a collection of /N-functions { fa} so that a logarithmic fraction of {|f| > A} is
contained in |J, ax'({|fa] > A}), and

AT 6T, (39)
_Ce )\* 3d+3
[P(fa)l <0 (T) [oafl, (40)
O e \po B8 (d (@D _a
D IP(fa)l < 8O(SEp E ESR g) (41)

A

Proof We write f = >\ ¥af, where A runs over Vo-cubes. Fix a small € > 0. Tt is
an easy exercise to prove that

{11 = 2} c | J{|eaf| = e5N}, (42)

using (3) and the Schwartz decay of .
For each A we apply Lemma 2.3 at scale VN to Taf, obtaining a decomposition

Taf =) hgy,
h

where g2t are v/N-functions. By (14) and (6) we have

h SJ ||TAfHoo,mic < 5_%‘ (43)

~Y

Since we also assume that A > 6, there are logarithmically many relevant dyadic values
of h. We may therefore choose h = h(A) so that a logarithmic fraction of {|Taf| > d°A}
is contained in the set {|hgt| > §%*A}. Finally, we pigeonhole to get a value of h so that
a logarithmic fraction of {|f| > )\} is contained in (J, ax'({|hgs| > 6%A}).

Let A\, = 0%Ah~1 and fa = g5, with this value of h. The lower bound in (39) follows
from (43). To obtain the upper bound, we use that

A= AT < gl SN

where the last inequality follows from (12).
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Let P be the plate family for fa. Applying (16) on scale v/N and using that h = (526%
we obtain

L1, e A
[Pal S N+ (8 ) P ITa S e (44)

Applying (44) with p = 2 and then using that | Ta f||2 = 6@/ ||)pa f||2, we obtain (40).
It remains to prove (41). By (44), it suffices to show that

_ﬂ_ € i_(d 1)P_g
2l £ 47 H TR (45)

Let {U} be a finitely overlapping covering of S¢~! by spherical caps of angular length
N~ so that the corresponding cone sectors I'yy(C) have dimensions roughly CN x

CN7T x ...x OCN1 x C. Let also Ty are functions whose Fourier transforms agree on
I'n(C) with a partition of unity subordinate to the covering {I'y ¢(C)} of I'n(C).
We first claim that

_d+1 —_
Z!Ifallpmw§5 =) =+ SR, (46)
N4

Indeed, using the definition of || - ||, mic and rescaling x — 6~ “+* 2 we obtain that

Z 1Al mie = 05 S 12w * (s,
A v

Observe now that

By (Yo (Bw=f)#0 (47)
is possible only if the Fourier supports of Z¢ and 9 - (Eg * f)) intersect, i.e. if I'y ¢ (C)
intersects the C\/N—neighbourhood of I'yw (C). Since VN <« N3/ 4 the latter set has
(for large N) roughly the same size as I'y ¢/(C'). Hence the number of ¥ for which (47)
holds with a fixed W’ is bounded by a constant (independent of N and ¥’), and similarly
with U and ¥’ interchanged. It follows that

DD Bex@aflE S DD D e @a- o NI

\\ A U/
<O a Ew = Y
A W/

< D IEw s fIR,
‘I}l
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which proves (46).

We now fix a ¥ as above, and let Ly be a Lorentz transformation mapping I'y ¢ (C')
to a sector of I' /5 (C”). Namely, suppose that W is centered at a point e € S4=1 and let
Wi, ... ,wq_1 be vectors orthogonal to (e,1) and (e, —1). Then Ly is the transformation
mapping (e,1) to N~'/2(e, 1), (e, —1) to (e, —1), and w; to N~4w;.

Let gy = (Zy * f) o Ly, then gy is supported on I' x(C’). We further have

This follows from the fact that sectors of I'yy of angular length N ~2 contained in W
correspond to sectors of I' 7 of angular width N T under Ly.

Applying the inductive hypothesis (18) on scale N 2 to the functions gv, and using
(20), we conclude that

- G gd_(d=Up
|20 * fll < 670672655 S + £,

Combining this with (46) and using the essential orthogonality of Zy * f, we obtain (45)
as claimed. 0J

Lemma 6.2 Assume that P(p, «) holds, and let f be an N -function with associated family
of plates P which localizes at height A. Then for any 5 > (1 — €y)a we have

da+1

{If] > A} S APt 206" P, (48)

Proof Let W = {|f| > A}. The localization assumption means that f has subfunctions
{9, where Q ranges over t-cubes, such that (33) holds and

Wi UWel,
Q
where Wo = {z € Q : |fo(z)| £ A}
Let gg = (Yo f?)oag. By Lemma 1.2 we have ||gg ||o.mic S =5 Applying the induc-
tive hypothesis (18) to 17" go, with N replaced by ¢N and A replaced by (log §)~“7 ),
we obtain

(d—1)p

_ —dtoy—(p—2)d=1
Hlgal MM & ATPEN) = om0 g3

(d—1)p

AP g
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By (9), (13), and (33), we have

_ d+1 d+1
D llgalls S NI S D IPol- g 07 [P
Q Q Q

Hence
W2 IWol £ "> Klgal 2 A}
Q Q
S AR Y gl
Q
< At age 55 ).
The lemma follows since ¢ = §¢. O

Lemma 6.3 Assume that we know P(p,«), and let f be an N-function satisfying (37).
Then (48) holds if 3 > (1 — ¢ )a.

Proof Let W = {|f| > A}. By (37), we may apply Lemma 5.3 to f and \. If f localizes
at A, then the conclusion follows from Lemma 6.2. Otherwise, there is a subfunction f*
of f such that |f*| £ A on a logarithmic fraction W* of W and that

[eba |2 < 17957(@1 )2 (49)

for each d2-cube A. We apply Lemma 6.1 to f*, obtaining a family of v/N-functions fa
and a value of A\, as in (39) so that

{12 M 2 1 (I fal = MYl (50)
A
IP(fa)] < 6Ct4N2, (51)
& d_(d-1)p a

S IP(fa)] < 87T (Sypst g ) (52)
A

(here (51) follows by substituting (49) in (40)). By (51), fa satisfy (35) with ), and VN
replacing A and N. Hence fa localize at \,, and by Lemma 6.2

d+1 .d_(d—1)p (I1—eg)a
4

{Ifal 2 A} < 67CNPeT 027 = [P(fa)l. (53)
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Substituting this in (50), we obtain
d+1
{FAI= M 5 0% Y [{Ifal = A
A

S 6—06 Z A;p(gs‘({#(gg_(dzlm_(l—go)a Z |P(fA)|

A A
(d—1p

< OB A,

d+1

The conclusion follows since || f]|3 < 672 |P| by Lemma 4.1 with p = 2. O

Proof of Proposition 3.2 Let f be a function such that supp ]?C I (1) and || £ co.mic <
1. We have already observed that (48) follows from Tchebyshev’s inequality if (19) holds.
Therefore we may assume that (19) fails, i.e.

A > 5_%—’—1?%2 (54)

Let fa be the v/N-functions constructed in Lemma 6.1. We claim that if (54) holds
and p > pg, then fa satisfy the assumptions of either Lemma 6.2 or Lemma 6.3 with ¢
and X replaced by v/§ and \,. Indeed, we have ||[¢)a f||3 < 6 by (7) and rescaling; plugging
this into (40) we obtain that

)\2

_Ce _3d-1
P(fa)] 5 6705 (55)

Assume first that p > 2 + ;%5 Then by (54)

P(fa)] S A6 155 0 <002,

where we used that ¢t = 6. Thus (35) holds, and by Lemma 6.2 fa localize.
If on the other hand p > 24332, then we have from (54) and (39) (after some algebra)
NZAZGST > 50Nt T ST > 40
It follows that A=2 < tOA26"5" . Substituting this in (55) yields

3d—3

[P(fa)l S N85,

which is (37) on scale /0.
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for

We may thus apply Lemma 6.2 or 6.3 respectively to fa, and obtain that

d+1 .d_(d=p

{Ifal = X S Ao 02752 [P(fa)l-

any v > (1 — ©)a. Hence

{12 A S 6% me > A

S Cﬁéd“ZA PSP ()]
< FTONTRE T f 2

as required. []
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