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Abstract

We study maximal averages associated with singular measures on
R. Our main result is a construction of singular Cantor-type mea-
sures for which the corresponding maximal operators are bounded on
LP with p > 2. We also prove the LP boundedness of the restricted
(single-scale) maximal operator for all p > 1, as well as LP — L4
bounds with appropriate scaling. As a consequence, we are able to
answer a question of Aversa and Preiss on density and differentiation
theorems in one dimension. Our proof combines probabilistic tech-
niques with the methods developed in multidimensional Euclidean
harmonic analysis, in particular there are strong similarities to the
proof of Bourgain’s circular maximal theorem in two dimensions.

Mathematics Subject Classification: 26A24, 26 A99, 28A78, 42B25.

1 Introduction

1.1 Maximal operators

Let {Sk : £ > 1} be a decreasing sequence of subsets of R. We define the
maximal operator associated with this sequence by

~ 1
Mf(z) = sup — |f(z + ty)|dy. (1.1)
>0.k>1 |Sk| Js,

While the definition (1.1) is quite general, we will focus on cases where the
sequence {Si} arises from a Cantor-type iteration, so that in particular each



Sk is a union of finitely many intervals. We will further assume that |[Si| — 0
as k — oo.

Under mild conditions on the Cantor iteration process, the densities ¢ =
|s_1k|15k converge weakly to a probability measure p supported on the set

S = (e Sk We then define the maximal operator with respect to j:

B (o) i=sup [ 1o+ t9)| du(y) (1.2)

We will be interested in the LP mapping properties of M. Since 9 is
clearly dominated by M, similar estimates will follow for 9t with the same
range of exponents.

We will also be concerned with LP — L7 maximal estimates with p < ¢.
For this purpose, it is necessary to define the modified maximal operators

Mof(z):= sup / (e + )| on(y)dy . (1.3)
t>0, n>1

M f(z) = sup t° / @+ ty)] duly) . (1.4)
t>0

where the exponent a = %— 7 accounts for the appropriate scaling correction.

Note that M® = M and 9M° = M.
Finally, we will need the restricted maximal operators

Mia@) = s |1l (15)
M) i= sup [ 17+ )| du) (1.6)

where the range of ¢ is limited to a single scale. These operators will play a
critical role in the proofs of the unrestricted maximal estimates. Furthermore,
we are able to prove maximal estimates for M and 9 with a better range
of exponents; this is likely be of interest from the point of view of possible
applications in harmonic analysis, where restricted maximal estimates are
often sufficient.



1.2 The main results

Theorem 1.1. There is a decreasing sequence of sets S, C [1,2] with the
following properties:

(a) each Sy is a disjoint union of finitely many intervals,
(5) 19K\ 0 as k — oo,
(c) the weak-* limit p of the densities 1g, /|Sk| exists,

(d) The restricted mazimal operators M and I defined in (1.5) and (1.6)
are bounded from LP[0, 1] to L4(R) for any p,q € (1,00), and from LP(R)
to LY(R) for any 1 < p < g < 0.

(¢) The unrestricted mazimal operators M® and I defined in (1.1) and
(1.2) are bounded from LP(R) to LY(R) whenever 1 < p < ¢ < oo and
q > 2, with a = i — %. In particular, M and 9 are bounded on LP(R)
forp > 2.

As a corollary, we obtain a differentiation theorem for averages on Sy, that
answers a question of Aversa and Preiss [3] (see §1.3.3 for more details).

Theorem 1.2. Let {Si : k > 1} be the sequence of sets given by Theorem
1.1. Then for every f € LP(R) with p € [2,00) we have

lim sup f(y)dy — f(x)| =0 for a.e. x € R. (1.7)

r—0 p

T|Sk’ z+7Sk

The limiting set S = [ J;-, Sk constructed in our proof of Theorem 1.1 has
Hausdorff dimension 1. However, we are also able to prove similar maximal
estimates for sequences of sets whose limit has Hausdorff dimension 1 — €
with € > 0, provided that the range of exponents is adjusted accordingly.

Theorem 1.3. For any 0 < € < %, there is a decreasing sequence of sets

{Sk} contained in [1,2] such that Sy obey conditions (a)-(c) of Theorem 1.1
and:

(a) S = e, Sk has Hausdorff dimension 1 — €,



(b) The restricted mazimal operators M and 9 are bounded from LP[0,1] to
Li(R) for any p,q such that

1 1-—
+€<p<ooand1<q<—€p, (1.8)
1—c¢ 2¢

and from LP(R) to LY(R) for any p,q such that p < q and (1.8) holds.

(¢) The unrestricted mazimal operators M® and 9 are bounded from L?|0, 1]
to LY(R) for any p,q such that (1.8) holds, p < q and q > 2, with

a = zla — %. In particular, M and O are bounded on LP(R) for p > 2.

(d) The family of sets S = {rSy : k > 1} differentiates LP(R) in the sense
of (1.7) for all p > 2.

Remarks.

1. The statements of Theorems 1.1 and 1.3 do not mention any Fourier-
analytic estimates on p. In fact it is possible to use the ideas of [21] to
construct, with some additional effort, sequences of sets Sy such that, in
addition to the existing conclusions of Theorems 1.1 and 1.3, the limiting
set S =\, Sk is a Salem set.

2. What is possibly of greater interest is that the correlation condition (4.2)
used to prove Theorems 1.1 and 1.3 already implies that S has positive
Fourier dimension, provided that the € in Theorem 1.3 is small enough
(e < 3 will suffice). We hope to address this issue at length in a subsequent

paper.

See §1.3.2 for the definitions and more details.

1.3 Motivation

The motivation for the study of the maximal operators introduced in this
article comes from two different directions. On the one hand, our maxi-
mal operators provide a one-dimensional analogue of higher dimensional Eu-
clidean phenomena that have been studied extensively in harmonic analysis
in the context of hypersurfaces and singular measures on R?. On the other
hand, they arise naturally in the consideration of density and differentiation
theorems for averages on sparse sets. We describe these below.



1.3.1 Analogues of averaging operators over submanifolds of R?

There is a vast literature on maximal and averaging operators over families
of lower-dimensional submanifolds of R?. A fundamental and representative
result is the spherical mazimal theorem, due to E.M. Stein [32] for d > 3 and
Bourgain [8] for d = 2. We state it here for future reference.

Theorem 1.4. (Stein [32], Bourgain [8]) Recall the spherical maximal op-
erator in RY:

Fos f(a) = sup [ 1@+ t)ldoty) (1.9

t>0

where o is the normalized Lebesque measure on the unit sphere S4=1. Then

190501 f (2) || Loy < CllFllo@ay, > 3%, (1.10)
and this range of p is optimal.

Many results of this type are known for other classes of manifolds in
R? obeying appropriate smoothness and curvature conditions. We refer the
reader to [34], [9], [25], [26] for an introduction to this area of research and
further references.

No similar theory has been developed so far in one dimension. Indeed, it
is not clear a priort what such a theory might look like, given that the real
line has no nontrivial lower-dimensional submanifolds. However, given any
€ > 0, there are many singular measures on R supported on sets of Hausdorff
dimension 1 — e. Viewing € as an analogue of “codimension”, it is natural
to ask whether by imposing additional structure on these sets that would
assume the role of curvature, one might obtain LP estimates similar to those
in Theorem 1.4 for the associated maximal operators and for a range p > p.,
where p. \, 1 as € — 0. Theorem 1.3 provides an affirmative answer to this
question in the context of the restricted operator 9. Theorem 1.1 may be
viewed as the limiting situation as € — 0 (compare with Theorem 1.4 as
n — 00) where the maximal range (1, 00| of p is achieved for a single set S
of zero Lebesgue measure.

1.3.2 Maximal averages via Fourier decay estimates

We now turn to the study of maximal operators 9t defined as in (1.2) with p
obeying appropriate Fourier decay conditions. It turns out that such condi-
tions may often be substituted for the geometric assumptions of §1.3.1. The



L? boundedness of maximal averages in this context has long been a pro-
ductive avenue of research. Our result may be viewed as an extension of the
following result by Rubio de Francia [28]. We write (&) = [ e 2™ dpu(x).

Theorem 1.5. (Rubio de Francia [28]) Suppose that o is a compactly sup-
ported Borel measure on R, d > 1, such that

o) < C+[¢))™ (1.11)

for some a > % Then the mazimal operator M, defined as in (1.2) but with
w replaced by o, is bounded on LP(R?) for p > (2a + 1)/(2a).

Theorem 1.5 implies Theorem 1.4 for d > 3, since then the surface mea-
sure o on the sphere obeys the above assumption with a = (d—1)/2 > %, but
it fails to capture the circular maximal estimate (d = 2) for which a = % just
misses the stated range. We also observe that the range of p in Theorem 1.5
is independent of the dimension d; rather, it is given in terms of the Fourier
decay exponent a.

It is not possible for a singular measure in dimension 1 to obey the as-
sumptions of Theorem 1.5 as stated above. Indeed, it is well-known (see [29])
that

there exists a finite Borel measure p on R that is

a > 0| singular with respect to Lebesgue and for which
sup [12(€)(1 4 [£)*] < o0
¢eR

sup

In particular, a singular measure on R cannot obey (1.11) with a > % How-
ever, there are many such measures obeying (1.11) with a smaller exponent.
Recall that the Fourier dimension of a compact set S C R is defined by

dimp(S) = sup{# > 0: 3 a probabilistic measure p supported on S
such that |7i(€)] < C(1 + €))% for all £ € R}.

It is well known ([23], [12]) that
dimp(S) > dimg(S) for all compact S C R, (1.12)

and that the inequality in (1.12) is often sharp. Whenever dimp(S) =
dimg(S), we say that S C R is a Salem set. There are many constructions
of Salem sets in the literature, including [29], [20], [5], [6], [19], [21]. It is
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therefore of interest to ask whether there is an analogue of Theorem 1.5 that
might apply to Salem sets on R.

Our Theorems 1.1 and 1.3 are related to Theorem 1.5 as follows. The
proofs of Theorems 1.1 and 1.3 do not use any Fourier decay conditions of
the form (1.11). Instead, the key to the proofs is the correlation condition
(4.2). If (1.11) indicates the linear uniformity of S (see [21]), then (4.2)
may be viewed as analogous to higher-order uniformity conditions in addi-
tive combinatorics (cf. [14], [16]). Such conditions are known to be strictly
stronger than Fourier-analytic estimates. It is in fact possible to prove that
the correlation condition (4.2) implies Fourier decay estimates of the form
(1.11); in particular, it follows that the sets we construct must have posi-
tive Fourier dimension, at least if the € in Theorem 1.3 is sufficiently small
(e < % will do). However, the rate of decay obtained in this manner is far
from optimal. In the case of the set S of dimension 1 given by Theorem 1.1,
our current methods yield (1.11) for all @ < 1 (the optimal range would be
a<3).

Alternatively, it is possible with some additional effort to construct se-
quences of sets S; obeying all conditions of Theorems 1.1 and 1.3, respec-
tively, such that S is also a Salem set. This can be done by adding the
appropriate Fourier-analytic conditions to Theorem 5.1 and proving them
along the same lines as in [21, Section 6]. Since the Fourier decay is not
actually used in the proofs of any of our theorems, we omit the details.

Finally, note that our maximal estimates on 9 hold for all p € 2, o0,
which is better than (222 co] when a < 3. It is known that the range
p > (2a+1)/(2a) in Theorem 1.5 is sharp, at least for a > 1, if no additional
hypotheses are made beyond the Fourier decay of p. Our Theorems 1.1 and
1.3 show that the range of p can be improved if the Fourier decay assumption
is replaced by the stronger correlation condition (4.2). We do not know
whether it is possible to prove maximal estimates such as those in Theorems
1.1 or 1.3 based solely on Fourier decay with a < %

1.3.3 Density theorems and differentiation of integrals

In addition to the considerations above, there are natural questions concern-
ing density and differentiation theorems in one dimension that suggest the
directions that we pursue in this article. We do not attempt to survey the
vast literature on density theorems and differentiation of integrals (see [7],
[11] for more information) and focus only on the specific problems relevant



to the present discussion.

The following question was raised and investigated by Preiss [27] and
Aversa-Preiss [2], [3]: to what extent can the Lebesgue density theorem be
viewed as “canonical” in R, in the sense that any other density theorem
that takes into account the affine structure of the reals must follow from the
Lebesgue density theorem?

Let us clarify and motivate this statement. Consider a family S of mea-
surable subsets of R. We will say that S has the translational density property
if for every measurable set £ C R we have

|(z+S)N E|

im =1forae x€F. (1.13)
SeS,diam(SU{0})—0 |S]

Here and below, we use x + S to denote the translated set {z +y: y € S}.

It follows from the Lebesgue density theorem that the collection of in-
tervals {(—r,r) : 7 > 0} has this property. A moment’s thought shows that
collections such as {(0,7) : » > 0} or {(§,r) : r > 0} also have it, simply
because the intervals in question occupy at least a fixed positive proportion

of (—r,r).
Consider now the family of intervals S = {I,}72,, where I, = (5, ).
We have |I,,| = m and diam(Z, U {0}) = 2, hence the last argument

no longer applies. In other words, the Lebesgue density theorem does not
imply any density properties of S. Nonetheless, S does have the translational
density property, courtesy of the hearts density theorem of Preiss [27] and
Aversa-Preiss [2] (see also [10] for an alternative proof).

The collection § in the last example does not generate an affine invariant
density system: if we let I, = (ﬁ, %) as before and define &' = {rS} :
r > 0,k € N}, then (1.13) does not hold with S replaced by S’. (Note that
the limit in (1.13) is now being taken over the two parameters n and r.) In
fact, Aversa-Preiss prove in [2] that no sequence of intervals Iy can generate
an affine invariant density system unless lim infy_, |Ix|/diam(I; U {0}) > 0,
in which case the density property in question follows from the Lebesgue
theorem as explained above.

On the other hand, if we drop the requirement that S be a family of
intervals, it is possible for S to generate an affine invariant density system
independently of the Lebesgue density theorem. This was announced by
Aversa and Preiss in [2] and proved in [3].



Theorem 1.6. (Aversa-Preiss [2], [3]) There is a sequence {Si} of compact
sets of positive measure such that |Sg| — 0 and:
(a) 0 is a Lebesque density point for R\ |J Sk, and in particular we have

lim |51

A Fam (S, u (o)

(b) the family {rSy : r > 0,k € N} has the affine density property.

This essentially settles the matter for density theorems, except that con-
structing an explicit example of sets S; as in Theorem 1.6 is still an open
problem. (The Aversa-Preiss construction is probabilistic, and so is ours
below.) However, the analogous question for L? differentiation theorems re-
mained unanswered.

We will say that S differentiates® LV (R) for some 1 < p < oo if for every
fe Lt (R)we have

loc

1
. = dy = f(x) for ae. z € R. 1.14
SeS,diam(SU{0})—0 S| /:c+s fy)dy = f(z) for a.e. z € (1.14)

For instance, the Lebesgue differentiation theorem states that the collec-
tion {(—r,7) : r > 0} differentiates L} _(R). Note that the differentiation
property (1.14) implies the density property (1.13), by letting f range over
characteristic functions of measurable sets. There is no reason, though, why
the converse implication should automatically hold.

While density theorems (such as Theorem 1.6 or the hearts density theo-
rem mentioned earlier) can often be proved using purely geometrical consid-
erations, differentiation theorems tend to require additional analytic input,
usually in the form of maximal estimates. A well-known and representative
example is provided by the Hardy-Littlewood maximal estimates of Hardy-
Littlewood [17] and Wiener [36], which easily imply the Lebesgue differenti-
ation theorem.

Aversa and Preiss conjectured in [3] that their Theorem 1.6 could be
strengthened to an L? differentiation theorem. Specifically, there should exist
a sequence of sets {Sy} as in Theorem 1.6 such that the family {rSy : r >
0, k € N} differentiates L*(R) in the sense of (1.14). This is equivalent to
our Theorem 1.2: although we state it for all p > 2, (1.14) is a local property

!This is a slight abuse of the standard terminology, which would require us to say
instead that the family {S + z},cr differentiates L? (R).

loc
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and L C L for p > 2. Our maximal estimates in Theorem 1.1 provide
an analogue of the Hardy-Littlewood estimates for sparse sets and imply the
Aversa-Preiss conjecture along the lines of the standard Hardy-Littlewood

argument.

1.4 Outline of the proofs

The intuition behind the construction in Theorems 1.1 and 1.3 is, roughly,
that such results might hold if the sets Si (hence also S) are sufficiently
randomly distributed throughout the interval [1,2]. Accordingly, the proof
is divided into two parts. In the first part (Sections 2-4 and 7), we formu-
late the needed deterministic pseudorandomness conditions on Sy and prove
that they indeed guarantee the boundedness of our maximal operators as
required by Theorems 1.1 and 1.3. Our arguments here are largely inspired
by considerations from multidimensional harmonic analysis, and in particu-
lar Bourgain’s proof of the circular maximal theorem [8]. In the second part
(Sections 5 and 6), we give a probabilistic construction of sets Sy that obey
these conditions. The construction here is somewhat similar to that in [21,
Section 6], but significantly more complicated.

Our main task is to prove appropriate L — L? bounds on the auxiliary
restricted maximal operators

My f(z) = sup

1<t<2

/ fx+ ty)onm)dy| |

where o, = ¢r11— ¢k, and ¢y, is the normalized Lebesgue density on Sj. Once
such bounds are obtained, summation over k£ and interpolation yields similar
bounds on the restricted maximal operator M, and the bounds on M are
obtained through the scaling analysis in Section 7. A further preliminary
reduction is to replace M, by its discretized counterparts, the discretization
being in the space of affine transformations. All the reductions discussed so
far are standard in the harmonic analysis literature, even though the exact
details are specific to the problem at hand. We will follow the approach of
8], [31], and especially [30], with relatively minor modifications.

We now pause for a moment to recall the main ideas of Bourgain’s proof
of the circular maximal theorem in [8]. Having performed the appropriate
preliminary reductions, Bourgain considers discretized maximal operators of
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the form

Orf(z

|E

zk

Here each E, ) is an annulus of thickness 27% and radius r, centered at z,
with r, taking values in a discrete subset of [1,2]. We wish to prove that @y,
is bounded on L? for p > 2, or equivalently that its dual

" = x L z)dx
i9(2) = [ 60 10, ()

is bounded on L*". In fact it suffices to prove this for characteristic functions,
since then the general case follows by interpolation. Let g = 1q, then

1
z) = —1 z2)dx
)= | e

This is trivially bounded on L, and the proof would be complete if we could
prove a similar bound on L?. We have

®; | L, . (2)da|d
10l = [ | | pgte.s s

—1Ez (2)1g, , (2)dx dy dz 1.15
//ng Bl | Eyil " - (1.15)
1
- —|Em7kﬂE’k|dl‘dy
/QXQ |Ex,k| |E ,k| 4
If we had
|Evge O Ey gl < Crl By gl [ Byl (1.16)

the needed L? bound would follow. Unfortunately, (1.16) need not always
hold. Specifically, if the two annuli are “internally tangent” in a clamshell
configuration, one inside the other with

|z —y| = |ry — 1yl (1.17)

up to 27 *< errors, the area of the intersection on the left side of (1.16) can
easily be much larger than |E, x| |E, x| ~ 272

Bourgain’s key observation is that (1.17), together with additional geo-
metric information specific to circles, restricts those (z,y) € Q2 for which
internal tangencies are possible to a rather small set. Once the internal
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tangencies are eliminated from consideration, a generic (or transverse) inter-
section of two annuli does have reduced area. This allows Bourgain to split
the region of integration into two parts. One of them involves only trans-
verse intersections, hence there is a good L? bound as described above. The
other part covers the internal tangencies; here the L? estimates are poor, but
on the other hand the L' estimates can be improved thanks to (1.17). An
interpolation argument completes the proof.

Let us now try to apply a similar argument in our setting, with p restricted
for the moment to the range (2,00] so that 1 < p’ < 2. As in Bourgain’s
proof, the restricted weak L? bounds for ®; are based on estimates on the size
of the double intersections (x4 rSk) N (y + sSk) via the appropriate analogue
of (1.15). While we still expect that generic double intersections should be
significantly smaller than |Ej|, the task of actually estimating them turns
out to be quite hard, due to the interplay between the different scales in the
Cantor iteration.

To illustrate the problem, we consider the following somewhat simplified
setting. Suppose that the k-th iteration Sy of the Cantor set is given. Sub-
divide each of the intervals of Sy into Ny, subintervals of equal length, and
choose N ,L:f of them within each interval of S;.. Given the translation and
dilation parameters x,y,r, s, what is the size of (x 4+ rSk1) N (y + $Sk11)?

Consider first an intersection of the form

(x+7r(I N Sks1)) N (y + s(J N Sks1)), (1.18)

where I and J are two different intervals of S;. In this case, the Si;-
subintervals of I and J were chosen independently, hence the intersection
is expected to consist of about N,i;fe such subintervals. In other words, we
expect a substantial gain compared to the size of each of the sets I N Sgyq
and J N Skiq.

This argument does not apply directly to intersections of the form (1.18)
with [ = J. However, if z and y are sufficiently far apart, the intersection
of x4+ r(I N Sky1) and y + s(J N Sk41) will consist mostly of intersections of
distinct (k+1)-level intervals of Syy1. We may then apply the same argument
as above, but at the level k£ + 1 instead of &, to obtain the desired gain. The
procedure may be iterated as needed.

Following Bourgain, we will refer to the first type of intersections ((1.18)
with I # J) as transverse intersections, and to the second type (with I = J)
as internal tangencies. At each step k of the iteration, a typical intersection
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of two affine copies of Si will consist of both transverse intersections and
internal tangencies. If there are few internal tangencies, we have a gain as
described above. If on the other hand there are many internal tangencies,
that leads to conditions analogous to (1.17) above. In fact, it implies the
stronger statement that both |z — y| and |t — s| must be small, which in turn
restricts the relevant domain of (z,y). As in Bourgain’s proof, we are able
to combine these two observations to prove the desired maximal bound. To
extend our bounds to 1 < p < 2 (hence 2 < p' < ), we consider the L"
analogues of (1.15) which involve n-fold intersections of affine copies of Sy.

The exact statement of the intersection bound that we need is given by
the transverse correlation condition (4.2) in Section 4. The correlation con-
dition may be viewed as a multiscale analogue of the higher order uniformity
conditions in additive combinatorics, see e.g. [14], [16]. We hope to explore
this connection further in a subsequent paper.

It remains to construct a sequence of sets S, which satisfies our correlation
condition. This is accomplished in Sections 5 and 6. The construction is given
by a randomized Cantor-type iteration. Having already chosen Sy at the k-th
step, at the next step of the iteration we subdivide each of its intervals and let
each such subinterval be in Sk independently with a fixed probability p..
We then use large deviation inequalities (specifically, Bernstein’s inequality
and Azuma’s inequality) to prove that there is a positive probability that
Sk+1 obeys the correlation condition.

The paper is arranged as follows. In Section 2, we describe the general
class of Cantor-type constructions used in this paper, introduce the nota-
tion to describe the n-fold intersections of affine copies of S, and collect
some basic facts regarding such intersections. The preliminary reductions of
discretization, linearization and interpolation are carried out in Section 3.1;
by the end of that section the question of proving LP estimates for M is
reduced to proving restricted weak type L* estimates for the linearized and
discretized operators ®;. In Section 4 we introduce the correlation condition
(4.2) and deduce from it the restricted weak type estimates just mentioned.
The actual probabilistic construction of the sets Sj and the proof of (4.2),
which contain the technical bulk of the paper, are given in Section 5. In
Section 6, we fix the parameters in the random construction and complete
the proof of those parts of Theorems 1.1 and 1.3 which concern the restricted
maximal operators with the scaling factor 1 < ¢ < 2. We extend these bounds
to the unrestricted maximal operators in Section 7. Finally, in Section 8 we
prove Theorem 1.2.
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2 The general Cantor-type construction

2.1 Basic construction of the sets {S;}

All the nested sequences of sets {Si : k > 1} considered in this paper will
be obtained using a Cantor-type construction, whose basic features we now
describe. The parameters in the construction are the following:

(a) a sequence of positive integers {IVy : k > 1},
(b) certain sequences Ky and Ty41(i) of 0-s and 1-s,
K ={rp() 1= (i1, - ,ix), 1 <i; < N;,; 1 <j <k}, and
Ter1 (1) = {71 (i,g) : 1

Frpr (1) = (D)1

<j < Ngya} satisfying

N —

i), wherei= (iy, - ,ips1).

Given these quantities, we denote

H:Hk:{lz(zlv7Zk)€Zk1§ZTSNT7 1§T§k}a

and for every multi-index i = (i, -+ ,ix) € I,
. . 1n—1 -1 i — 1
pu— prm— 1 . S — 2.1
o) =and) =1+ F—+ T+t 2D
Ny ~
(i) = [a(i), a(i) + &), sothat I(i)= ] La@). (22
ik—‘—l:l

The argument k& will sometimes be suppressed if it is clear from the context.
We also set for k > 1,

My = NNy Ny, 6p=M" Po=#{i:r(i) =1}
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The construction proceeds as follows. Starting with the interval [1,2]
equipped with the Lebesgue measure, we subdivide it into /V; intervals {/;(4) :
1 < i < Np} of equal length. We choose the P; intervals [;(i) for which
k1(r) = 1 and assign weight P;' to each one. At the second step, we sub-
divide each of the intervals chosen at the first step into N, subintervals of
equal length &2, and choose from [;(i;) the subintervals {I5(i), i = (i1,42)}
such that 7»(i) = 1. The total number of chosen subintervals at this stage is
therefore P, and each one is assigned a weight of P, '. We continue to iterate
the procedure, selecting at the (k 4 1)-th stage subintervals of the intervals
chosen at the k-th step, based on the sequences Tjy1(i). In summary, the
sets S are chosen according to the scheme

So=[12,  Sp=J{L(): m() =1}.
We will always assume that |Si| \, 0, i.e., P, — 0.

2.2 The Hausdorff dimension of the set S

We now investigate the Hausdorfl dimension of the resulting set S = (-, Sk
as a function of the parameters of the construction.

Lemma 2.1. Let dimg(S) denote the Hausdorff dimension of S constructed
above. Then

(a) dimg(S) < liminfy_ log(Py)/ log(My).
(b) dimy(S) > s¢ := liminfy_ . log(Py/Ny)/log(Mj_1).

Proof. The proof of part (a) follows immediately from Proposition 4.1 in [13].
For the proof of part (b), we follow an approach similar to Example 4.6 in
[13]. The goal is to define a measure v on S such that for any s < so, there
exists a constant Cs < oo satisfying

v(J) < C4|J|* for all intervals J C R. (2.3)

The desired conclusion would then follow from Frostman’s lemma (see e.g.
Proposition 8.2 in [37]).

In order to define v, we follow a standard procedure due to Caratheodory
(see Chapter 4, [23]). Let B = |J Bk, where By = [1,2] and By, for k > 1 is the
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family of all basic intervals of Si, i.e., intervals of the form {I;(i) : kr(i) = 1}.
For each interval I € B, we define its weight w(I) to be

w([1,2]) =1, w(l) =Pt if I € By, (2.4)

and a family of outer measures v, as follows,

e}

v(F) = inf{Zw(Ji)  F C D‘Ji’ |Ji| < O, Ji € B} (2.5)

i=1

for all FF C S. It is easy to see that v, is monotonic, so we can define v by

v(F) = lim v (F) = Sup vi(F). (2.6)

Then v is a non-negative regular Borel measure of unit mass on subsets of S
(Theorem 4.2, [23]).

To prove (2.3), let J be an interval with 0 < |J| < §;. Given such a J,
there is a unique k = k(J) such that 0541 < |J| < 6. The number of basic
intervals of Sy, that intersect J is

(i) at most 2Ny, since J intersects at most two intervals of Sy, and

(ii) at most |J|/dk+1, since the basic intervals comprising Sk are of length
0r+1 and have disjoint interiors.

It therefore follows from the definitions (2.4) and (2.5) that

_ . J
Vi1(J) < Pl min |:2Nk+17 6|_|}
k1
—1 1—s |J| °
< P (2N341) —— ) forall0<s <1,
Okt1

Vis1(J) < 2" N3
’ |J|S - Pk+161f;+1

Letting & — oo and recalling (2.6), we find that the right hand side of the
inequality above is bounded above by a constant provided that s < sy. This
completes the proof. n

Remark: In our applications, the sequences K, of 0-s and 1-s will be chosen
according to a random mechanism, to be described in Section 5. We will see
in these instances that the upper and the lower bounds given by Lemma 2.1
coincide, providing an exact value of the Hausdorff dimension.
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2.3 A limiting measure

Although most of our results can be stated purely in terms of the maximal
operators M associated with the sequence of sets {Sy. : k > 1}, it is often of
interest to know whether the normalized Lebesgue measures ¢, = 1g, /|Sk|
have a nontrivial weak-* limit p. In this case, the maximal operator asso-
ciated with p is bounded by M. If each interval in Sy contains the same
number of subintervals of Sy, it is easy to see that u exists and is identical
to the measure v defined in the last subsection. Below we provide a sufficient
condition for the existence of the limiting measure under a slightly weaker
assumption that will be verified for certain constructions in the sequel.

Lemma 2.2. Suppose that the distribution of the chosen subintervals {I;(k) :
ki(k) = 1} within Sk_1 is approxzimately uniform in the following sense:

—0 as k— oo (2.7)

/ by — &) (2) da
I (i)

Then there exists a probability measure pu on [1,2] such that ¢, — p in the
weak® topology, i.e., for all f € C[1,2]

[to= [gan o koo

Proof. 1t suffices to show that limy .. [ féx exists for all continuous func-
tions f on [1,2], i.e., that the sequence { [ f¢y : k > 1} is Cauchy. Since f
is uniformly continuous, given any € > 0 there exists 6 > 0 such that

lf(z) — fly)| < i whenever |z —y| <. (2.8)

Fix K > 1 such that éx <  and

€
< —— forall k > K. (2.9)
21l

/ b — 4] (2) da
I (1)

Let {xy(i) : k(i) = 1} be a collection of points in [1, 2] such that zx (i) € I (i).
Then for all &' > k > K,

‘ / F(@) (o (@) — gp(x)) da
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(f(z) = f(2x(i))) (Pnr — 1) (x)‘ dx

<
B Z /Ik(i)

1

i,

f{k(il):l

| [ 00 @)

€
<{feera@asife 3| @o-o@i
Kk 1) 1
€ €
<2ty fo
Syt =6
where we have used (2.8) and (2.9) at the last two steps. O

2.4 Internal tangencies and transverse intersections

An important ingredient in the derivation of the maximal estimates is the be-
havior of the intersections of a fixed number of affine copies of Si. Obviously,
much of our analysis will depend on the specific structure of { Sy}, which will
be described in detail in Section 5. However, we also need certain general
properties of the n-fold intersections of affine copies of sets S, constructed
as in Subsection 2.1. The relevant results of this type are collected in this
subsection.

Fixk > 1,2,y € [0,1],and r, s € [1,2]. We will be interested in classifying
pairs of multi-indices (i,j) € I3 such that

(2 + (1) N (y + s, () # 0. (2.10)

We will need to distinguish between the situations where |ay (1) — ()] is
“small” or “large”. The first case will be referred to as an internal tangency
and the second as a transverse intersection. In view of subsequent appli-
cations, we give the precise definitions of these notions for general n-fold
intersections of intervals. However, the main ideas are already contained in
the case n = 2, which we encourage the reader to investigate first.

Definition 2.3. For integers k > 1,n > 2 and any set

A, ={(co,re) i 1<l <m, ¢ € (0,17 € [1,2]}
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of n translation-dilation pairs, we define a set F = F[n, k; A,] and n projec-

tion maps mp = me[n, k; Aypl(iy, -+ 1) : F — I as follows,
F:{(ih 71n) E]IZ ﬂ(Cg—l—’I“g]k(lg)) %@}, (211)
=1
me(iy, -+, 1n) = ir.
Remarks:
1. We emphasize that F consists of all tuples (iy, - - - ,1,) € I} such that (2.11)

holds, regardless of the actual choice of the sets Si. Thus ' depends only
on the parameters n, k, N;, and on the choice of A,,.

2. Eventually, our translation and dilation parameters x, and r, will be cho-
sen from discrete subsets C, R of the respective spaces [0,1] and [1,2].
Then the total number of possible collections F cannot exceed |C|"|R|",
again irrespective of the choice of the sets ;.

The next lemma is an easy observation concerning the “almost injectivity”
of the projections .

Lemma 2.4. For any 1 < ¢ < n and any choice of multi-indices (iy : 1 <
U <nl £0) el

max{ag(ip) : (i1, - ,1,) € F}—min{ax(iy) : (i1, -+ ,1i,) € F} <46y (2.12)
In particular, for any 1 < £ <n the map m; is at most four-to-one, i.e.,

sup #(m; ' (ir)) < 4. (2.13)

ig€ly

Proof. The second part of the lemma follows from the first. The inequality
in (2.12) is essentially a fact about two-fold insersections. Let us fix ¢/ # ¢
and (iy,--- ,1,) € F, so that by definition (2.11)

(I’g/ N ?”g/[k(ig/)) N (.Q?g N Tg[k(ig)) #* .

Since ry, - € [1, 2] any interval of the form zp+7p I} (i) can intersect at most
four intervals of the form xy + r¢I;(i;) and these intervals must necessarily
be adjacent. The claim follows. O]
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Corollary 2.5. There exists a decomposition of F into at most 4”1 subsets
so that all the projection maps m, restricted to each subset is an injection.

Proof. The proof is an easy induction on n combined with (2.13), and is left
to the interested reader. O

The lemma above motivates the following definition. Setting i, = (i), i) €
Ip—1 x {1,2,---, N}, we find that each F = F[n, k; A,,] decomposes as

F=Fu| JFw, where Fiy:= | J Full,0), with

1< <n
Fint(gu f’) = {(il, e ,ln) clF: 12 = i/el’ ‘ng — ig/k| S 4}, and
Ftr = ]F \ Fint-
Note that in view of (2.1),
(i, ,1,) € Fie(6,0)  implies |y (ip) — ar(in)| < 405 (2.14)

Definition 2.6. The collections IF;,, and Fy,., which depend only onn, k,{Nj;
1<j<k}and A, ={(coe,m¢) : 1 <L < n} are referred to as the classes of
internal tangencies and transverse intersections respectively.

A large number of internal tangencies forces a relation between the trans-
lation (and hence dilation) parameters, in a sense made precise by the next
lemma. (A similar observation was made by Aversa and Preiss in [3].)

Lemma 2.7. Suppose #(F;,;) > L. Then
min{|c, —cp| : 1 <L # ¢ <n} <min(1,80n(n —1)/L).

Proof. Since the translation parameters all lie in [0, 1], we may assume with-
out loss of generality that L > 80n(n — 1). Using the definition of Fy,, and
pigeonholing we can find indices ¢ # ¢ such that #(Fi(¢,¢)) > n(i£1)' By
Lemma 2.4, there exists a further subset F* C F;(¢, ¢') such that

L
2n(n — 1)’

#(Fin (€, ) >

and 7'(‘(‘ is injective . (2.15)
]F*

|

#(F*) >

Let (i1, 1), (1, - ,jn) € F. Since ry,mp € [1,2], it follows from the
definition (2.11) that

| (co + rean(ic)) — (co + roay(ie))| < max(re, 7¢)d, < 26y,

2.16
and similarly ‘(Cg + T’gOék(jg)) — (c@ + TK/Qk(jgl))‘ < 26;. ( )
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If further (iy,--- ,i,), (1, - ,jn) € Fi(¢,€'), then (2.16) and (2.14) imply
that

|(C@ — Cg/) + (7“@ — Tg/)ak(ig)} S 2514 + Tg/‘&k(ig/) — ak(ig)] S 10(5k,
’(C@ - Cg/) -+ (T’g - Tg/)&k(jg)‘ < 25k + ré”akOZ’) — Oék<_]g)’ < 10(5k.

Eliminating (1, — rp) from the two inequalities above we find that

|ce — col|en(ie) — ax(Ge)| < 400
If we now choose (ir, -+ ,in), (1, ,Jn) € F* so that o (ir) — o (je) | is max-
imally separated in this class, it follows from (2.15) that |ax (i) — ax(e)| >
W‘Sfl), from which the desired conclusion follows. O

We end this section by applying these definitions to the intersections
of the sets Si. Fix k > 1, and suppose that the sets Si,...,S; have been
chosen. Recalling from Subsection 2.1 that Sy, = (U, 4= {r(i) and restricting
the scale factors r, s € [1,2], we find that any intersection of the form (x +
rSk) N (y + sSk) is nonempty if and only if there exists at least one pair of
multi-indices (i,j) such that k(i) = xx(j) = 1 and (2.10) holds. In general,
there may be many such pairs (i,j). Given two affine copies of Sj with a
large intersection, one of two cases must arise: either there will be a strong
match, in the sense that the number of internal tangencies will be large, or
else all but a few such pairs will be transverse intersections. We will need
to treat these two situations differently. As before, the exact definitions are
stated for general n-fold intersections of affine copies of Sy.

Definition 2.8. Let {Sy : k > 1} be a sequence of sets constructed as in
Subsection 2.1. Given A,, = {(ci,re) = 1 < € < n} C [0,1] x [1,2], the
sets xy + ¢Sy are said to have L internal tangencies (respectively transverse
intersections) if

#{(i1, -+ ,ip) € Fyy (resp. Fy) @ kp(ih) = - = ki(in) = 1} = L.

The total number of intersections among x, + r4Sy is defined to be the sum
of the numbers of internal tangencies and transverse intersections.

A large number of internal tangencies among x, + 7,5, implies a lower
bound on #(Fi,), which in light of Lemma 2.6 (and regardless of what Sy
may be) provides a gain in the form of relative proximity of the translation
parameters {x,}. On the other hand, controlling the transverse intersections
will be possible only under certain additional assumptions on S;. We take
up this issue in Sections 4 and 5.
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3 Preliminary reductions

3.1 Linearization and discretization

In order to analyse the restricted maximal operator M defined in (1.5), we
define the auxiliary restricted maximal operators

M f(x) := sup /f(x—l—ty)ak(y)dy‘ where oy = ¢py1 — dr, (3.1)

1<t<2

so that .
Mf <3 M.
k=1

In this section, we replace each My by a linearized and discretized operator
&, whose LP — L9 mapping properties we will subsequently investigate.
These reduction steps are well known and have been extensively used in the
literature. However, minor variations are needed to adapt to the specific
situation at hand, and we include these for completeness.

The discretization will be in the space of affine transformations. Observe
that if f is supported in the interval [R, R + 1], then the support of M f is
contained in [R—4, R+ 1]|. Decomposing a function f € LP(R) into functions
fi of disjoint support, and exploiting the essential disjointness of M f;, it is
easy to deduce that (see also the proof of Corollary 7.3)

M LP([0,1)) — LY([—4,1]) implies M : LP(R) — LYR) for p <gq.

(3.2)
We will henceforth assume that all functions are supported on [0, 1], so that
the maximal functions are also supported within a fixed compact set. We
decompose the space of translations = (namely the interval [—4, 1]) and the
space of dilations r into disjoint intervals {Q;} and {R;}, respectively, of
length 6/, ,, where L is an integer to be fixed at the end of this subsection.
The centers of @); and R; are denoted by ¢; and r; respectively. Let C = {¢; :
1< < (5,;51} and R={r;: 1 <i< (5,;51} denote the discretized spaces of
translation and dilation parameters.

Proposition 3.1. Fix 1 < p < oo. Then there is a large integer L and a
small constant n =n(p) > 0 such that the following conclusions hold:

(a) For every f € C.[0,1], there are measurable functions c(x) and r(x)
depending on f and taking values in C and R, respectively, such that

My f(x) < 4Py f ()] + Ef (@), (3-3)
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where

) f(z / F(2) Vil with  Via(2) = o (z ;(j)x))

(b) Both @i f and E.f are supported on [—4,4].

(¢) For every g > 1 there is a constant C,, such that
1€Fllg < Crg2 [ f1l,- (3.4)

Proof. Fix a function f € C.[0,1]. Since f is bounded, so is My f(x). Hence
we may choose z; € Q; and 7; € [1,2] such that for all z € Q); we have

Mf) <2 [ +fiy>ak<y>dy]

<4 /f(z)ak (Z:x“) dz (3.5)
<4/ [ 110 ( )dz Ef(@),
e Skf(az):él’ / £(2) [ak (Z ;"") o (ZTJ_()C)} dz (3.6)

and 7;(; is chosen so that 7; € R;(;). Note that |7; — ;)| < 6f,,. Thus (3.3)
holds with ¢(z) = ¢; and r(z) = 1.

It is obvious from (3.5) and (3.6) that ®,f and & f are supported in
[—4,4]. It remains to prove (3.4). For this we observe that

csor=f oo () - ()]
e (5) - (]

By Hélder’s inequality, the first term on the right side of (3.7) is bounded by

z — T zZ— C;
o (52) - (52)
Ti Tj(0)
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pk+15k+1 ”f”p Z( wit I T 1C +T](l)I(k+1)) y
2 1/p'
N Pk+15k Pl Z( et I T 1Ci+7’j(i)1»,(ylf+1)) 1
= P/chTHpr <Z (s + L) Aes + Tj(i)]T(,I:+1))|> .

By Lemma 3.2 below, each symmetric difference (a:z—l—er(Hl))A(cer]( )I(k+1))
has measure bounded by 3% ., Hence the last expression is bounded by

21/p ( 1p ottt /b
P 1l (P k41 (f%+¢6k+1ﬁfp”fup

< 2”%;;1 I1fll, < C2-FF07) 111,

where 1 = 1% — 1 is positive for large enough L whenever p > 1. We have
used the trivial bounds Pyy; > 1 and N > 2. The second term in (3.7) is
bounded similarly, with Py, dx.1 replaced by Py, dx. Finally, (3.4) follows
from the pointwise bound above and the fact that &£, are supported on the
bounded interval [—4,4]. O

Lemma 3.2. Let 0 <t < 1, % <r,s < 2. Then for any x,y € R we have
[z, z + rt]Aly,y + st]| < 3n
whenever n < t/2 and |x —y| <n, |r —s| <n.

Proof. We may assume without loss of generality that z < y. Observe first
that the two intervals cannot be disjoint, since y —z < n < % < rt. Hence
we must have either z <y <z +rt <y+storx <y <y+st<ax+rt.
In the first case, the symmetric difference has measure (y — z) + (y + st —
x—rt) =2y —x)+tlr —s) < 3n. In the second case, its measure is
(y—z)+(x+rt—y—st)=(r—s)t <n.

O

3.2 The interpolation argument

In view of Proposition 3.1, we need to obtain appropriate L” — L4 bounds
for ®;. Equivalently by duality, it suffices to obtain LY — L bounds for
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the “adjoint” operator ®; given by

Big() = [ 9(@)Veal2) e 33)

This turns out to be a consequence of a weaker bound, via an interpolation
argument which we explain in the next lemma. Such arguments are ubiqg-
uitous in harmonic analysis, but our specific situation necessitates a careful
application of these standard techniques, since we need to keep track of the
size (in k) of the operator norm.

Lemma 3.3. Let ®; be the operator defined in (3.8) and qo > 2. Sup-

pose that @} acting on characteristic functions of measurable sets, satisfies
g

an qu%l[o, 1] — L%[—4,1] estimate with an exponentially decaying bound:

specifically, there is a constant ng > 0 such that

40

o for all sets 2 C [0, 1]. (3.9)

193 Lally, < 2757[0)

Then for all p > qoqﬂl , there is a positive constant n(p) such that @y, is bounded

from LP[0,1] to LP{0~Y[—4, 1] with operator norm bounded by 2~*1(P),
Note that the hypothesis (3.9) is a restricted strong-type estimate.

Proof. The operator ®; satisfies a trivial L' — L' bound, with operator
norm bounded by a constant independent of k. On one hand, by a standard
interpolation theorem for operators satisfying restricted weak-type endpoint
bounds (Chapter 4, Theorem 5.5, [4]), ®} is bounded from L — L7 for all
(p, q) satisfying p’ = qo/0 and ¢’ = qo/(0(qo — 1)), 0 < 6 < 1, with norm
bounded uniformly in k& but not necessarily decaying as k — oo. On the
other hand, by Holder’s inequality,

1
1251all; < [1231ally 10510l 1™ < C275%|0)7.

The last line implies (by Theorem 5.3, Chapter 4, [4]) that the weak-type
(p,q) norm of ®; continues to satisfy the same exponentially small bound.
Note that p < ¢, hence we may apply the Marcinkiewicz interpolation the-
orem (Theorem 4.13 and Corollary 4.14, Chapter 4, [4]) to two such pairs
(p,q) to get the desired strong-type Lebesgue mapping properties on all the
intermediate spaces and with the operator norm decaying exponentially in
k. The statement for ®, follows by duality. O
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Combining Lemma 3.3 with Proposition 3.1, we arrive at the following
corollary.

Corollary 3.4. Suppose that @}, satisfies the restricted strong-type estimate
(8.9). Then for every p > qoqﬂl, there exists a positive constant n(p) such
that

M fll@o-vp < 27| £1],

holds for all f € L?[0,1]. In particular, this means that the restricted mazximal
operator M is bounded from LP(R) to L%~YP(R).

4 Transverse correlations

In this section, we translate the problem of deriving restricted strong-type
L7 T — L™ estimates for ®; to a question involving n-fold correlations be-
tween affine copies of Sy with few internal tangencies. We start by setting
up the notation for such n-fold correlations and giving a precise statement
of our correlation criterion. The construction of a sequence of sets S; that
will meet our criterion will be addressed in Section 5.

We will use 2 = [n, k, L] to denote the finite collection of all n-tuples
of translation-dilation pairs that arise from the &5 ; discretization procedure

in Section 3.1:

A:={A,: A, ={(c,,re): 1 <l <n}, c,€C,rp €R}.

In particular, we have #(2) < &, 71"". We will also use 2y, to denote the
subcollection of those n-tuples which have few internal tangencies:

Q[tr = {An cA: #(Flm[n,k,An]) < Pklie()},

where ¢y € (0,1) is a fixed constant (eventually, we will let ¢y = 3). We write
Qlint =2 \ 22[tr-

Definition 4.1. Let A, € A, and let fi, ..., f, be functions on R. We define

the n-fold correlation of fi,..., f, according to A,, as follows:
“ zZ — Cy
MA o f) = [TL0( ) = (1)
=1
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If fi=---=f.=f, wewill write A(A,; f,..., f) = A(A,; f).
The main result in this section is the following.

Proposition 4.2. Suppose that for some positive even integer n > 1 and
small constant ey > 0, the following transverse correlation condition holds:

sup |A(An;or)| < Co(k,n,€) (4.2)

A, ey,

Then the operator ®; defined in (3.8) satisfies the restricted strong-type es-
timate

|95 10llx [ ( 2"t P! B
sup —— < C |max | ———F—— Cy(k,n, e , 4.3
acoy Q" (Prt10p41)" 1 of o) (43)

where C' > 0 is an absolute constant independent of n, k and €.
Remarks:

1. While we have not yet specified any size estimate for Cy(k,n,€p), in
view of Proposition 3.1 we will of course be interested in sets S, for
which Cy(k, n, €y) is summable in k, and in fact for which the right hand
side of (4.3) has exponential decay. It would then follow from Corollary
3.4 that M is bounded from LP(R) — L~VP(R) for all p > 2.

2. The heuristic reason why (4.2) should hold is that, essentially, o) are
highly oscillating random functions with [ o} = 0, so that two affine
copies of o5, with generic translation and scaling parameters should be
close to orthogonal. In other words, there should be a lot of cancellation
in the integral defining A(A,; 0%). The only exception to this is when
relatively close correlations between two or more such copies are forced
by a large number of internal tangencies.

In the proof of the proposition we will need the following trivial bound
(ignoring all cancellation) on A(A,; o).

Lemma 4.3. For allk > 1 and A,, € A, we have

2n+1
|A(An;0k)‘ <

—_— 4.4
= (Prg10g1)" ! (44)
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Proof. Recalling that o, = ¢p41—¢y, and expanding the product in A(A,,; o),
we arrive at the expression

AAG o) < D A AR ki ki)l (4.5)
Ae{0,1}n
where A = (A1,--+ , A,). We treat each summand separately. Suppose first

that A, = 1 for some ¢y. Recalling that ¢p11 = (Pey10k+1) '1s,,,, and
estimating all factors pointwise by (Pyy10511) ", we see that in this case

1 Z — ¢y,
|A(An7 ¢k+/\1a s 7¢k+)\n)| S DS \n / 1Sk+1 ( . ) dz
(Pk+15k+l) Tt (4 6)

2P, 1081 2
T (Peg10k41)”  (Prg10pgr)™

If on the other hand A\, = 0 for all ¢, we have

1 Z—C
. < - .
M din o dion)] € s [ 1(2) a

2P,6), 2 2

(4.7)

< )
T (Peor)™ (Pidp)™ b T (PegaOpsn)™ !

where the last step uses the fact that the sequence { Py} is monotone de-
creasing. Combining (4.5), (4.6) and (4.7) yields the desired conclusion. [J

Proof of Proposition 4.2. For x1,x,...,x, € [0,1]", let
Az, @) = {(e(xe), m(20)) 1 1 < £ <},

where ¢(xy), r(z,) are chosen as in Section 3.1. Thus A(xq,...,z,) € A. Let
2 C [0, 1], then

foital = | [ Vit
Q

- /1%[1 [/Q Vi, (2) dx]} dz
:/m [/ﬁlvmj(z)dz] day - - - day
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A(A(ml,...,x );ox)dzy ... dz,

|:/ / :| xla 7[L'n);0'k)d$1...d$n,
01 O

O1={(z1, - ,m,) €Q": A(xq,...,7,) € Ains },
Oy ={(x1, -+ ,2,) €™ A(x1,...,2,) € Ui}

I
\

where

We first estimate the integral on ©;. While the high order of internal
tangency does not allow a better estimate than (4.4) on the integrand, the
domain of the integration is restricted to a small set. Specifically, the dis-
cretization in Section 3.1 combined with Lemma 4.3 shows that

n 80n(n - 1)
80 -1
C U {(3:1,--- ,Ty) € Q" imin |z — x| < # —|—25,§+1}
040 P €0
1<0£0'<n k
160n(n — 1
< U {(331,---,xn)GQn:|x@—xMS%}‘
1<0£0'<n k
Combining this with Lemma 2.7 we obtain
AA(z1,...,x,);0k) dxy ... dxy,
O1
> [ II
< — n dxy dx; 4.8
(Pk'+15k+1 ! 1<£7é£1< n—1 |$E*Z[/|S% ]#E ! ( ’ )
21160n%(n — 1 2"n 4PE° !
< n (nl 1)6 |Q|n—1 S 320—|Q|n 1
(Prt10p41) 1P, (Prt10k41)"

We now turn to the integral on ©,, where the desired gain will follow
from the hypothesis (4.2). Namely, for (zi,...,z,) € O2 we have

‘A(A<x17 R 7$n)a Uk)’ < Co(k, n, 60)7
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hence

/ AA(z1,...,2,);0%) day ... dx, < Co(k,n,e)|Q" < Co(k,n, 60)|Q|”_1.
S}

Combining this with (4.8) yields the conclusion.
O]

5 The random construction

5.1 Selection of the sets {S;}

We are now ready to describe the probabilistic mechanism and the selection
procedure that gives rise to the sets {Sy} satisfying the transverse correlation
condition (4.2) with acceptable constants Cy(k,n, €p). The contruction is as
in Subsection 2.1, with the crucial additional point that the sequences Kk, Ty
are now randomized. The parameters of this construction will be a sequence
{Ny : k > 1} of large constants and a sequence {e; : & > 1} of small
constants.

Let X; = {Xi(i) : 1 < ¢ < Nj} be a sequence of independent and
identically distributed Bernoulli random variables:

X, (4) 1 with probability p; = N; !,
1) =
' 0  with probability 1 — p,.

Each realization of the Bernoulli sequence generates a possible candidate for

Sli
SiX) = |J (i), (i +1)].
1<i<N
X1 (i)=1

In general, at the end of the k-th stage, we will have selected a realization
of 51,85, - ,Sk_. At_the (k + 1)th stage, we will consider an iid Bernoulli
sequence {Yii1(i) : 1 = (i,4k41) € Ipy1} with success probability pry1 =
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—€
N7, and set

Xir1 = {Xpn1 (D) ri€ en ), Xina(i) = Xi()Yan (),
P = Pyop1 (X)) = ZXkH(i)’

—e 5.1
Qi1 = PuNpp1Dry1 = PkN;inH (5.1)
Skt1(Xg1) = U [s1 (1), 1 (3) + O] -

Xpr1(1)=1

At the (k + 1)-th stage, the only random variables are the entries of the
sequence Y11 (and hence Xy1), the sequence Xj, having already been fixed
at the previous stage. Thus at the (k+ 1)-th step, Py is a random variable,
whereas (Qp11 is not.

Let us take this opportunity to clarify the exact probabilistic nature of the
construction of the set S = N2, Sk. Unlike Salem’s construction of Salem sets
(see [29]), where S satisfying a certain criterion is shown to exist almost surely
in a measure space consisting of a large family of Cantor-type constructions,
in our case the randomness is limited to individual stages of the process.
More precisely, we do not attempt to randomize the entire sequence of steps
simultaneously. By the (k + 1)th stage of the iteration we have restricted
attention to a deterministic sequence Xy, with the probabilistic machinery
being applied to the random sequence Xj; conditional on the previously
obtained X,. As a consequence, we ensure the existence of some sequence
of desirable sets, but can make no claim as to its frequency of occurrence
among all possible iterative constructions subject to the given parameters.

For every k > 1, we have a large sample space of possible choices for S.
The goal of this section is to show that at every stage a selection can be
made that satisfies a specified list of criteria, eventually leading up to (4.2).
The main result in this section is the following.

Theorem 5.1. There exists a sequence of sets {Sk} constructed as in Sub-
section 2.1 (i.e., there exists a nondecreasing sequence of large integers { Ny},
a nonincreasing sequence of small positive numbers {ex} and a realization of
the Bernoulli sequences Yy ) satisfying the following properties. There is an
absolute constant B > 0 (independent of k and n) such that

(a) 27 H?ZI le_ej < Pk(Xk) < 2% Hjﬂ le_gj.
(b) |Pu(Xi) — Qx| < BVQy.
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(c) the transverse correlation condition (4.2) holds with g = 3 and

1

Colk,n. ) < 4™+n] B2k+3)
k _1g ( _l) k+1 1/2
T 2 g mamt BTN (52
j=1 J=1

Corollary 5.2. Let {Si} be a sequence of sets given by Theorem 5.1. Then
the associated operator @ defined in (3.8) satisfies the restricted weak-type
estimate

| 2510 : 1n
sup $ < C( 'B 1/n2k(1+2n [H —*+€J :| N]:I:rll
aclo,]  |Q ]T e,
k+1 1/ (5.3)
x [1n(4"n! B]] N].QL”)}
j=1
where C' > 0 is an absolute constant independent of n and k.
Proof. This follows from Proposition 4.2. By Theorem 5.1(a), we have
2”n4P_1/2 1 ( —
< 22n 1 42k(n |: N g e \N— ]N(n 1)5k+1.
(Prg101)" "t — H Pt
Plugging this together with (5.2) into (4.3), we get (5.3).
[

5.2 Two large deviation inequalities from probability
theory

In this subsection, we record two large deviation inequalities widely used in
probability theory that will play a key role in the sequel. We state them here
without proof but with appropriate references. The first one is a version of
Bernstein’s inequality borrowed from [15]. We will use it here much as we
did in [21].
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Lemma 5.3 (Bernstein’s inequality). Let Z, ..., Z,, be independent random
variables with |Z;| < 1, EZ; = 0 and E|Z;|* = o7. Let Y 07 < 0, and
assume that 2 > 6mM\. Then

P(‘izj

We will also need a similar inequality for random variables which are
not independent, but instead are allowed to interact with one another to a
limited extent. The exact statement that we need is contained in Lemma 5.4
below. Recall that a sequence Uy, Us, ... of random variables is a martingale
if E|U;| < oo for all j and

> mA) < 4 mIN/RE (5.4)

E(Upst|Urs. .., Up) = Up, m=1,2,....

Lemma 5.4 (Azuma’s inequality, [35] or [1], p. 95). Suppose that {Uy, : k =
0,1,2,---} is a martingale and {cy : k > 0} is a sequence of positive numbers
such that |Uyyq1 — Ug| < ¢ a.s. Then for all integers m > 1 and all A € R,

)\2
P(U, — Ug| > A) < 2exp (—T) .
’ 2> ik

5.3 Proof of Theorem 5.1 (a)-(b)

The proof is by induction. We fix a large absolute constant B whose exact
value will be specified in the sequel (in fact B = 10 will work), and choose
N sufficiently large relative to B. For k > 1, we show that the probability
of any single item on the criteria list being false is < B~!. The probability
of the intersection of the desired events is therefore positive, allowing us to
pick a realization of the Bernoulli sequence that satisfies all the properties
simultaneously.

We start by verifying (a) and (b). For k = 1, let N; be chosen so that
68 < Nl(l_el)/Q. By Bernstein’s inequality (Lemma 5.3) with Z; = X3 () —py,
m= N, 02 = Nip, = Nll_61 and \ = BNI_(HEI)/Q, we have

1—€p
> BN, ® )

P(|P1(X1) - N1P1} > BN;%) = P(‘Z[Xl(@) _pl]

< 4e 7w,
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Since @, = Nyp; = N; ', this shows that the inequality in (b) holds for
k = 1 with probability > 1 — 4e=5°/8. Further, for any X; that satisfies (b),
the estimate

1 _l=a _l=a

SN S N (1- BN, ") < P < NI9(14+ BN, ? )< 2N}
holds. Let us assume then that (a) and (b) hold for some k > 1. Recalling
that X} is a deterministic sequence at step (k + 1), we find that for every
i € I, such that X, (i) = 1, the random variables

1 Ni41 B
Zi = Nert ikgl [Yk+1(1) - pk+1]

are iid with mean zero and variance pyi1(1 — pri1)/Niy1. Hence Lemma
5.3 applies with m = P, 02 = Pypri1/Ni+1, and X = By/pri1/(PelNit),
yielding

P(‘Pk-&-l(xkz-i-l) - ka+1‘ > By Qk+1>

= P(‘ZXk(i) Nfr:l [YkHG) - pk—f—l} ) > By Qk+1>
i€l ik+1=1
V@
_ P((X%:lzi > Bﬁ - P\

Thus with large probability, (b) holds with k replaced by k + 1. Further by
induction hypotheses,

k+1 k+1
2N, < Quar = PN <2 N7, (5.5)
j=1 j=1

which in particular means that Q.1 > Z*kNl(kH)(l_El) > 4B? if N, is chosen
sufficiently large. Thus for any X, satisfying (b),

B Pri1(Xiy1) B
= <1 \/Qk+l> = Qrt1 \/Qk+1) =2

which coupled with (5.5) proves the inductive step for (a).

1
3 < SQk+1<1+
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5.4 Proof of Theorem 5.1(c)

We now begin the proof of (c), which is substantially more difficult. The
strategy of the proof is outlined in §5.4.1 below, the execution of the various
steps being relegated to the later parts of this subsection.

5.4.1 Steps of the proof
The first step is to replace the measure oy, = @1 — ¢y in (4.2) by G, where

1 1
S S | _
Qr+10k+1 11 (2) Py,

1g,(2). (5.6)

Ek(Z)

This renders the expression in (4.2) more amenable to the application of the
large deviation inequalities from Subsection 5.2, at the expense of a harmless
error term that we estimate below.

Lemma 5.5 (Step 1). For any A,, = {(ce,r0) : 1 <l <n} e,

L
(A (A 03)] < [A(A )| + 22 B2 D [T N0 (57)

j=1
In particular, this means that for any 0 < €y < 1, (4.2) holds with
k1

Colk,n,e0) < sup |A(A,;a,)| + 220+ B2A+3 {HNJ,—%“J'(”‘%)]. (5.8)

An Eﬁtr le

Proposition 5.6 (Step 2). Suppose that there is a constant Cy(k,n, €y) such
that for all A,, € Ay, the following estimate holds:

Z HXk(ie) Z H(YkJrl(i@) - pk+1> : ‘ﬂ(ce + relpy (ip)) |

IeFy =1 L 4=1 (59>

S Cl (kv n, 60)
where I = (i1, -+ ,i,), and L = (ikﬂ_,l, o ,i_kﬂ,n) denotes the n-vector whose
entries are the (k+ 1)-th entries of iy, - , 1, respectively (thus ¢ ranges over
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the set {1,2--- , Nx41}"). Then

k+1
sup |A(A,; )| <Oy(k,n,€0)2"" [H Nnej]
A Emtr j 1
- (5.10)
+ 2k(n+1—eo)+3 |:H NjfeoJrej(nJreofl))} N’?j_kl-o-l
j=1

Proposition 5.7 (Step 3). Let Cy(k,n,eq) be the smallest constant satisfy-
ing (5.10) in Proposition 5.6. Then

k e, k+1 1
Cy(k, n, eo) < 4™n) [H N | x [m(amnt T w2 7. (5.11)
J=1 Jj=1

Assume for now the claims in steps 1-3.

Conclusion of the proof of Theorem 5.1 (¢). Combining (5.8), (5.10), and (5.11),
we see that

[A(An; o)
1 ()]
22n+lB2k n+ [H N 2+€] n—y
j=1 i
k .
+ 2]€(n+1760)+3 [H Nj_60+6j(n+60—1) N}?j_klﬂ
J=1 i
k+1 1
n n 41 —7+e n— ne n n | 2
a2t TN 27902 et o [in(armt B T V22|
=1 j=1

We now plug in ¢y = % After some simple algebra, we see that

IA(A,; 01| < 4" 20l B2kn+3)

1) e Al L (5.12)
% [H Nj 2T 2 i|Nk+kl+l [hl 47 BHNQLn i|
j=1 j=1
as required. O
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5.4.2 Proof of Lemma 5.5

It suffices to prove (5.7), since (5.8) follows directly from it and the definition
of Co(k,n,€p) in (4.2). We write oy, = Gy + e, where Gy, is as in (5.6) so that

1 1
} 1Sk+1 (Z),

{PI@—I—l(Xk—&-l)ék—&-l  Qri10ki

er(2) =

Then
A(A,;01) = A(A,; ) + Ey, where

o, it A=0,

By = Z A(An;u)qa s 7u)\n) with wuy = {ek =1

Aef{0,1}™
AteAAn>1
We need to show that Ej is bounded by the quantity in (5.7).
We observe that by the definition of @), in (5.1) and part (a) of Theorem
5.1

ml < | g = [Ny L
z 2) = | ——— z
ok T Qig10k+1 Prog & Pioy,  Pyog &
€k+1 k—l—l
k+1 k+1 €5
<2 P.0s 1Sk(z) <2 ENJ‘ 1Sk<z)7
whereas by part (b) of the same theorem
|Qk+1 — Prta] 1
ep(2) < —/——m— 2)< B 1 z
le(2)] < Py 1Qp10k41 S0 (2) P/ Q10841 11 (2)
k—"_l 3€;
3k -3+
§322+1 [HN] :|1Sk+l(z)'

j=1

Therefore for any A € {0,1}" with A\; +---+ A, > 1, there exists an index
1 < /{9 < n such that

n —e
supp [H uy, <T—z>] C ¢y + Ty Skt1,
=1

in which case

|A(An;U)\l, e ,U)\n)|
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k+1 k+1

< <2k+1HNjEj> ( 3k+1HN 3 T) (cto + 700 St )|
=1

[
< 2n Bok(nts) [H Nj»_§+e'7(n+2)] Pry10p41

J=1

k+1
n+1 k(n+§) —l-‘re‘-(n—l)
< gntl poklntsy [H N ED]

j=1

-

Since the total number of terms in the sum representing FEj. is 2" — 1, the
desired conclusion follows. O

5.4.3 Proof of Proposition 5.6

We need to estimate

A(A:Ty) = /ﬁak(Z;C@)dz (5.13)

for A, = {(ce,me) : 1 <€ <n} €Ay,
Recalling our notation i = (i,4x41) € Ix11, let us rewrite 7, as

_ 1
= g X Mol 7y 2 T

)
Qr+10k11 e
1 , 1
N m X%:—l Yk+1(1>11k+1(§)(z) o POy X%:_l 1Ik+16)(2)
1§ikil<Nk+1 1§ikj—1§Nk+l
N1
Qk+15k+1 Z Z <Yk+1 pk+1>11k+1(§)(z)
=1igy1=1
Ni11
Qk—i—l k+1 ZXk Z (Yiea (1) = pk"‘l)llkﬂﬁ)('z)a
i€l igp1=1

where the penultimate step follows from the definition of Q41 in (5.1). We
will use this representation to express A(A,;o%) explicitly in terms of the
random variables Y ;(i). We have
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zljf’“( )" Gahr & [HX’““”

Iely

X Z (H Yies( le pk—i—l))1ﬂ?:1(c5+rglk+1(ig))(z)] (5.14)

where I and ¢ are as in Proposition 5.6. Since

n n
(e + relia (i) ﬂ ce + reli(ie))
(=1 =1

a summand in (5.14) is nonzero only if the n-fold intersection on the right
hand side above is nonempty, i.e., only if I € F = F[n, k; A,,]. Splitting F
further into F;; and Fy, as in Subsection 2.4, we find that

AA,; o) = Qk+15k+1 { Z Z} [HXk(ie)

IeFlnt Ie[Ftr

x Z (H Yier1(ie) — prsa )‘ ﬂ co+relpi lz))‘]

1= Eint + S

We treat these two sums separately.

Since A,, € 2y;, we have #(Fyy) < Pkl_eo, therefore

Eint| € ————— Qk+15k+1 Z ZH’Yk+1 i) — prra] X |ﬂ(0£+77[k+1(i€))‘

I€F,, ¢ ¢=1 (=1

< G 5o, DIttt

IE]Fmt L
AP Ny 410841
(Qr410k41)"
k
k(n4+1—eo)+3 —eotej(nteo—1)] nrme
< i) [HNJ ’ }Nk—kklﬂv
=1

where at the third step we have used Lemma 5.8 below to estimate the
number of non-zero summands in the inner sum on the second line by 4Ny
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On the other hand, by (5.9)

k1
—_ Cl(k n EO) k ne;
S| < —— < Ci(k,n,e 2”[ N-J]
= (Qr+10k41)" 1 0) ]1_[1 !
Combining the two estimates, we get (5.10). O

Lemma 5.8. For each fixed I € I, there are at most 4Ny distinct choices
of t = (k1,1 s ik41,n) Such that

n

() (ce + relisa (ie)) # 0. (5.15)

=1
Proof. Suppose that (5.15) holds, then
(i1, .in) € F[n k+1,A,]. (5.16)

If 45411 is fixed, this fixes i; and it follows from Lemma 2.4 that the number
of possible vectors in (5.16) is at most 4, hence the number of possible choices
of (ig412,---,%k+1,n) is at most 4. This proves the claim, since there are at
most Ni41 choices of 4j41 1. O

5.4.4 Proof of Proposition 5.7

The heart of the proof is a convenient re-indexing of the sum in (5.9) that
permits the application of Azuma’s inequality from Subsection 5.2. The next
lemma is a preparatory step for arranging this sum in the desired form. The
lemma following it completes the verification of the martingale criterion.

Lemma 5.9. Fiz A,, € 2. Then there is a decomposition of Fy,. into at most
4" n! subclasses such that

(a) For all 1 < ¢ <n, m, is injective on each subclass.
(b) For each subclass, there is a permutation p of {1,...,n} such that
Oék(ip(l)) <0< Oék(ip(n)) (517)

for all1 = (iy,...,1i,) in the subclass.
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Proof. Let I = (iy,...,i,) € Fy,, then for all £ # ¢ we have
|Olk(ig) — Ozk(ig/)| > 45k (518)

Thus for every I, all ay(iy), 1 < ¢ < n, are distinct, and in particular there
is a permutation p = p(I) such that (5.17) holds for that I. Let F, = {I:
p(I) = p} for each such permutation. By Corollary 2.5, each F, can be
decomposed further into at most 4"~! subsets on which all the projections
7y are injective. O

By a slight abuse of notation, we will continue to use F, to denote a
subclass of Fy, such that both (i) and (ii) hold for the permutation p. In
view of Lemma 5.9, it suffices to estimate

n

> TT el Yo TT(VewnGo) = i) - 1) (e + el i) \‘ (5.19)

IeF, (=1 ¢ o0=1 =1

for each such F,.

Observe that by part (a) of Lemma 5.9, the index I in the outer sum is
in fact determined uniquely by i,n) = 7, (I). In other words, the elements
{ar(ipm)) : I € F,} are all distinct. Furthermore, the only indices that
contribute to (5.19) are those with [],_, Xx(i¢) = 1. Accordingly, let

J = {1: (i1, da) € Fp o [] Xalie) = 1},
/=1

and let us arrange the elements of J in a sequence {I(j) = (i1(j), ..., 1.(j)) :
j=1,...,T} so that

(o) (1)) < -+ < ap(ipm)(T)). (5.20)

For 1 < j < T, we define

W, = Z ﬁ(YkH(ig(j),ikH,e)—pk+1> ﬁ(ce+7”z1k+1(iz(j)7 ikt10)) ‘, (5.21)

L 4=1 (=1
where the summation index ¢ = (ig41.1,...,%+1.,) IS as in the statement of
Proposition 5.6, hence ranges over all vectors in {1,..., Ny 1}". We also let

Wy = 0.
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Lemma 5.10. {W; : 0 < j < T} is a martingale difference sequence (i.e.
the sequence {Wy+---+W,, 1 1 <m < T} is a martingale), with |W;| < 44y,
forall1 <53 <T.

Proof. We need to prove that E(W,,|Wy,...,W,,_1) = 0. It suffices to
demonstrate that the random variables Y11 (iym)(m), ) are

(i) independent of all Y1 (iyp(m),-) with £ <n,
(ii) independent of all W; with j < m.

Once we have this, the desired conclusion follows by setting W to be the col-

lection of random variables in (i) and (ii) above, and W = W\{Wy,--- , W,,,_1},
so that

E(WinlWs, -+ Wi 1) = B [E (W | )]

= By

Z F,m(W)E (Yk+1(ip(n)<m)u ik+1,p(n)) - pk—H)
= 0.

Here {F, ,,} are measurable functions of W specified by the expression (5.21)
for W,,, but whose exact functional forms are unimportant.
By (5.17), we have

ripte (m)) < iy (m)), £ <,

which implies immediately the first claim (i). It remains to prove (ii). Ob-
serve that W, depends only on Y 11(is(j),-), 1 < ¢ < n, hence it suffices to
prove that

ip(n)(m) & {ipw)(j) c1<0<n, 1<j< m}.

But this follows from

k(o) (7)) < ar(ipm)(9)) < arlipm(m)), £ <n, j<m

where we used (5.17) again and then (5.20).

It remains to prove the almost sure bound on W;. Indeed, by Lemma 5.8
the number of summands in (5.21) that make a non-zero contribution to W;
is bounded by 4N, ;. Since the size of each summand is bounded by 0y,
it follows that |W;| < 4Npy10k4+1 = 0k, as claimed.

O

42



Conclusion of the proof of Proposition 5.7. In light of Lemma 5.10, we apply
Azuma’s inequality (Lemma 5.4) to the martingale sequence U; = Wy +-- -+
W;, with ¢; = 44, and

A = 46,/2PIn(4nnl BS, M),

and obtain
)\2
]P( 5.19 A) < 2exp(—
(5.22)
A2 pkn
< 2exp(— < .
< 2exp(-35p) S B

Since there are at most 4" !n! classes F,, the probability that (5.22) holds
for at least of them is bounded by B2, Summing over such classes, we

see that
2Ln

5
IP(LHS of (5.9) > 4" n! /\> <

Finally, since #(21) = 6,;31“‘, there is a probability of at least 1 — 4 that (5.9)

holds for every A € 2, with
Ci(k,n,e0) = 4" n! A
= 470l 6/2P\/In(4mnl BS, 27

1+4e,; k+1 1

k =
< 4rplotH [H NJ._T] x [ln(4”n! B]] N]?L")} .
=1 j=1

This completes the proof of the proposition. n

5.5 Existence of a limiting measure

We now turn to the question of the existence of a weak-* limit p of the
normalized Lebesgue densities ¢y, = 1g, /|Sk|, where the Si-s have been con-
structed according to the random mechanism described earlier in this section.
It turns out that it is relatively simple to choose a realization of the Bernoulli
sequence Y, at every stage so that the condition (2.7) in Lemma 2.2 can be
verified. We now proceed to do so. The two main results in this subsection
are the following.
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Proposition 5.11. Assume that the sequence ln(Pk)N;’ff_l is bounded by a
small constant n < 1, say
In( P, 1

sup % <n<—. (5.23)

E>1 Nk+1k+1 16
Then it is possible to choose a sequence of sets { Sk} and an absolute constant
B which satisfy, in addition to the properties listed in Theorem 5.1, the two
conditions below:

(a) For every k > 1,

Ni41
81(11)3 ‘ Z (Xk+1(i) —pk+1) < [SNk—Hpk—i—l 1H(4BP1€)}%-
X (1)=1 ipp1=1

(b) For allk>1, m >0 and every i € I, with X;(i) =1,
27 [T Nesrbisr | P < 30 Xeom(io) < 27 [T Nosrbrse| P (5:24)
r=1 j r=1

where the sum is taken over all m-dimensional multi-indices j such that
(i7J) € ]Ik-l-m-

Proposition 5.12. If the sets {Si} satisfy the two properties stated in Propo-
sititon 5.11, then

N[

) [hl(BP]H_m)}

1= €k4m41
2
Nk+m+1

D SN INCIRTATEEET) e - (525)
I (i) m=0

N
KAk 2k 5 X () =1

In particular, if the quantity on the right hand side above tends to zero as
k — oo, then the hypothesis (2.7) of Lemma 2.2, and hence the conclusion
hold.

5.5.1 Proof of Proposition 5.11

Proof. We first discuss the proof of part (a). Since Xip1(i) = X ()Y (i) =
Yit1(i) for any i € I, with Xy (i) = 1, we obtain the identity

Ny ~ Niq1 ~
Z [Xk:+1(i) - pk+1} = Z [Yk+1(i) - pk+1} :
ipp1=1 tg1=1
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The summands on the right hand side are independent random variables, so
1
by Bernstein’s inequality with 0% = Ny 1pgpy1 and A = (8ppy 1 In(4BPy)/Nyy1)2

Nea1 N2, )2 1
P ‘ Vi (i) — ‘>N A < dex {— b1 }: .
uc;l[ k) = e ! P 8Nk+1Pk+1 BPF;

Taking the supremum of the sum above over the P.-many choices of indices
i € Iy with X;(i) = 1, we find that the statement in part (a) holds with
probability 1 — %.

The proof of part (b) follows from (a) and induction on m. For m = 0
the inequalities in (5.24) can be replaced by equalities, and reduce to the
definition of Pj. Assuming that (5.24) holds for m and setting j = (j, jm+1),
we arrive at the following estimate

> Xesm1(13) = D X (o) N 19811

J

J
- ‘Z Xk+m(i7J> Z [Yk+m+1(i7jajm+1) - pk—i—m—H]
J

jm+1

=

2

S Z Xk+m(i7j) [Nk+m+1pk+m+1 ln(4BPk+m)] )

j
< (4B Py im)
NV Nigtma1Prrmer

By (5.23) and choosing N; sufficiently large relative to B we can ensure that

Ngt1pp+1 — 47 us

so that

Zj Xtm+1 (173)
Nitm+1Pktmt1 D5 Xierm (1, J)

-1

Zij—i-m—H (175)
Nitm+1Pk-+m+1 Zj Xiprm(1,)
which combined with the induction hypothesis yields the desired result. [J

< <2forallm>1,

N

5.5.2 Proof of Proposition 5.12
Proof. Since

sup Zzl‘/lk(i) (o — 1) (2) dfl?‘

/.1
Kk 2k 5 X )
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k' —k—1

= /1 Z Drtmi1 — Orym) (@ )dﬁ‘

k:’ k’>k

z z / (Bremn — ) (2)d
1: X (i)=1 m= 0
it suffices to prove that the quantity in the last line is bounded above by
the right hand side of (5.25). To this end, we fix an m > 0 and i € [; with
Xk (i) = 1 and write

< P, sup [ ‘ ¢k+m+1 — Prm) () dz
X (1 I, (i

Py / (¢k+m+1 - ¢k+m) (fE) dx
I, (i)
Pk: . v
/1 0 Z Xirm1(L,3) Ly, g do
k(1

Prtmt10k4+m+1

Py / ..
-5 Xirm(1,3) 11,6 d
PitmOktm J 1) EJ: ! e 9

= =1 + Zo, where

Oktmt1 LPoyme1  Qrmtr

—_ Pk 1 1 o« v
=1 = [ - ]/I(') E Xk+m+1(17~]>11k+m+1(ij)(SE) dz
k(i) 3
J

1 1

Prrmi1  Qrrmst

= Pk[ ] ZXk+m+1<l j), and

Py C.
SORES / ZXker ij) Z (Yk+m+1(la.]7jm+1> _pk+m+1)

Qktm+10k+m+1
]m+1

X 1Ik+m+l(i7j7j7n+l) (23) dx

ZXker ij) Z (Yk+m+1<i7j7jm+1> - pk+m+1)-

]m+l

Qk—i—m-‘rl
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In order to estimate =;, we invoke part (a) of Theorem 5.1 and part (b) of
Proposition 5.11 to conclude that

Qk+m+1 - P/c+m+1

= Pritmt1Qrtrm+1 ZJ: erm1(1J)
BPk m+1
< 2m+1[ Nisip ] 5.26
Pritmi1vV Qrtm1 31:[1 HAELE (5.26)
k+m—+1 1

< B gk+m+1 [ H Nl 6]:| 5.
On the other hand using both parts of Proposition 5.11,

‘Z Xiym(i,]) Z (Yk+m+l<iajajm+l) —Pk+m+1)

_
|Zs| =

Qk+ +1 -
P l
< O ZX’H’” i .]) [8Nk+m+1pk+m+1 IH(BPk+m)]
P L (5.27)
< [H Nk+jpk+j} X |:8Nk+m+1pk+m+1 ln(BPk+m)i|
ka+m+1

D=

< 22(k+m)\/§ [IH(BPHW)] i _ 22(k+m)\/§ [ln(BPk+m):|

1 1—€ptm+1
1 1=Chim+1
[Nk+m+1pk+m+1] Niimia

Combining the estimates in (5.26) and (5.27) we obtain

N

k+m+1

_ _ 5 173 In(BPyim)
=1 + |22l < B23En [ TT Ny 2+22““*’"W§%
7=1 Nk+m—2|—1
1
< 232%(k+m+1) [ln(BPk+m)] :
- 175k—2km+1
Nk’-{—m—i—l

6 The restricted maximal estimates

In this section we prove those parts of Theorems 1.1 and 1.3 that concern
the restricted maximal operators with 1 < ¢ < 2. We will do this by fixing
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the parameters Nj, €; of the random construction in Section 5 and showing
that the conclusions of the theorems hold for the sets S, with those choices
of parameters. Specifically, the conclusions of Theorem 1.1 will hold for Sy
with 1

Nj:Nj, Gj:;7 (61)

and the conclusions of Theorem 1.3 will hold for S}, with
Nj =N/, ¢ =¢, (6.2)
where N is a large integer.

Lemma 6.1. Let Nj, ¢; be as above. Then:

(a) the set S = (=, Sk has Hausdorff dimension 1 if (6.1) holds and 1 — ¢
if (6.2) holds,

(b) assuming (6.1), (3.9) holds for all ¢y > 2,

(¢) assuming (6.2), (3.9) holds for all 2 < qy < qc, where g = S+ as in
Theorem 1.3,

(d) assuming either (6.1) or (6.2), (5.23) holds.

Lemma 6.1 will be proved in Subsections 6.1 and 6.2 for (6.1) and (6.2),
respectively.

Assuming the lemma, the proof of the restricted maximal estimates is
completed as follows. By parts (b) and (c) of the lemma, (3.9) holds with go
as above. It follows by Corollary 3.4 that

qo0

IMfllao-p < OISy p > =7 (6.3)
for the same qq.
Consider first the case when (6.1) holds. We claim that then
HMkaq < O2_kn(p)||f“p (6-4)

for all p,q € (1,00). Indeed, fix p and ¢, and choose ¢y large enough so that

qg—fl < pand (g — 1)p > q. Since My f is supported on [—4, 1], we have

11
My fllg < 5e @=Dao ||Mkf||(q071)p
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by Holder’s inequality. Combining this with (6.3), we get (6.4).

Summing up (6.4) in k, we see that M is bounded from L?[0,1] to
L9]—4,1] for any p,q € (1,00). By (3.2), it follows that M is bounded
from from LP(R) to LI(R) whenever 1 < p < ¢ < 0.

Assume now that (6.2) holds instead. We claim that in this case (6.4)

holds whenever
1+¢€

1—c¢

Indeed, fix such p and ¢, then p’ < % = ¢.. Choose g so that p’ < ¢y < ¢,
then (6.3) yields (6.4) with ¢ = (go—1)p. As in the first case, (6.4) also holds
for ¢ < (g0 — 1)p by Hoélder’s inequality. Taking ¢o — ¢., we get (6.4) for
all p’ < g and ¢ < (g. — 1)p, which is equivalent to (6.5). We now sum up
(6.4) in k to obtain the boundedness of M from L?[0, 1] to L[—4,1] for p,q
as in (6.5). By (3.2), M is bounded from LP(R) to L?(R) whenever p < ¢
and (6.5) holds. Note that the range of p, ¢ is nonempty whenever e < 1/3.

The same conclusions follow automatically for 91, provided that the weak
limit p of ¢y exists. But thanks to Lemma 6.1(d), (5.23) holds, hence the

existence of p follows from Proposition 5.11.

1—
<p<ooand1<q<—2 6p. (6.5)
€

6.1 The 1-dimensional case

k(k+1)

Let Nj,¢; be as in (6.1). Then My = N~ 2 and, by Theorem 5.1(a),

k(k—1) k(k—1)

<P, <2"N

27FN
By Lemma 2.1(b),
dimg(S) > li}gn inf log(Py/Ny)/ log(My_1)

log(2_k’Nk(k2_l)_k)
k(k—l))

> lim inf =1.

k=eo og(N

Hence S has dimension 1.

To prove Lemma 6.1(b), it suffices to show that for any gy > 2 the right
side of (5.3) is bounded by C(qo)2~" with n = n(qy) > 0. Suppose first that
go = n is an even integer. Plugging our values of N, and ¢; into (5.3), we see
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after some simple but somewhat cumbersome algebra that
sup —”Cbzlﬁyn < C(n! B)l/”2’f(1+%)]\f—%+(l—%)k+1
acfoa] Q7w
1/2n

x |In(4"n! B) + (k+1)(k+2)Lnln N )

which is bounded by C(n)27"™* with n(n) = L > 0 for all even integers n.
The estimate in (b) for all ¢o > 2 (not necessarily an even integer) follows by
interpolation.

It remains to prove (d), i.e. the estimate (5.23). We have

In P, <km2+ﬂ%ﬁmN<:1
N;;;kJrl - NE 20

uniformly in &, provided that N has been chosen large enough. This proves
the claim.

6.2 The lower-dimensional case

Let Nj,¢; be as in (6.2). Then M; = N5 as before, and by Theorem
5.1(a),
o—k \r S (1) <P, < ok \TEE (1—€).

By Lemma 2.1(a),

dimg(S) < lilzn inf log(Py)/ log(My)

log(Zka(k;D (1*6))

< liminf - =1—¢,
k—o0 log(]\fk(kz+ ))
whereas by Lemma 2.1(b),
dimg(S) > h;?lg}f log(Py/Ny)/ log(Mj,_1)
—k N EEED (1)
> Tim inf 082N — ) _1_e

Hence S has dimension 1 — e.
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Next, we verify Lemma 6.1(c). Plugging (6.2) into (5.3), we see after
some more algebra that
sup —Hcpzlﬂ‘” < C(n! BYYnk(+sm) N G (- +e(n= ) (k4
aca] Q7

1/2n
X |In(4"n!B) + (k +1)(k+2)Lnln N

This is majorized by C(n)27"™* with n(n) = Lt — . Note that n(n) > 0 if
and only if e(n — 1) < 3, ie.
1 1 1
e<g—p orn<gto-=q (6.6)
Let n1 = ny(e) be the largest even integer such that (6.6) holds, and let
ny = ny + 2. Interpolating between the estimates for n; and no, we get that

d*1
sup [Pitallay Q_HIQO < C(qo)2 )"

acoal |0

with 7(go) > 0 for all ¢y < g..
Finally, we prove (5.23). We have

P _ k24 "1 - ghN _ 1
Né;flwrl - N (k+1)(1—e€) — 20

for all k, if N was chosen large enough.

7 Extension to the unrestricted operator

Recall that

1
= 171,
o () Ps E Li(k)
ri(B)=1

and denote by A;[k] the averaging operator associated to ¢y:

AR @) = [ fa+ tp)only) dy. (7.1)

o1



Recall also that

M f(z) = sup

1<r<2

/ £+ ry)on(y)dy| (7.2)

where oy(x) = ¢ri1(x) — ¢r(x). The purpose of this subsection is to justify
the following statement.

Proposition 7.1. Let 1 <p < g < oo, g > 2. Let

N f = supr® / @+ 19)|6u(y)dy
r>0

where a = . Assume that for all f supported on [0,1] we have

1
q

D=

IMefllg < C27 ¥ £l (7.3)
for some C > 0 and ng > 0. Then M® is bounded from LP(R) to L4(R).

Assuming the proposition, the unrestricted maximal bounds are proved
as follows. It suffices to prove the bounds on M¢%. Suppose first that we
are in the one-dimensional case (6.1). Then (6.4) asserts that (7.3) holds for
all p,q € (1,00). By Proposition 7.1, M? is bounded from L?(R) to L%(R)
whenever 1 < p < ¢ < oo and ¢ > 2, as claimed in Theorem 1.1. In the
lower-dimensional case (6.2), the same argument shows that M® is bounded
from LP(R) to LY(R) whenever p, g obey (6.5), p < ¢, and ¢ > 2.

Proposition 7.1 will be proved in a sequence of lemmas. Following [8],
we denote by Dy, the o-algebra generated by dyadic intervals of length 2%,
and by Ej, the corresponding conditional expectation operators, i.e., Ex(f) =

E(f|Dr).

Lemma 7.2. Let 1 < p,q < oo and 1y > 0. Suppose that (7.3) holds for all
f supported on [0,1]. Then

for some n > 0 and all functions f supported on [0,1] satisfying Es(f) = 0.

sup |4l ()| < 027771, (7.4)

n>1
1<t<2
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Proof. Let f be as in the lemma. We have
Adnl(f)] < Z Mif(a

hence -
| sup 1AdlN1]| < D2 1Ml (7.5)
1<t<2 k=1

The right side is clearly summable by (7.3). To obtain decay as required in
(7.4), we will use the assumption that E;f = 0 to improve the estimate on
the terms with k& < kg, where ky will be determined shortly. We have

M () = | [ £t )0 ()~ ou(0)ds]
<| [ e+ ot +| [ 1+ t)onata]

Suppose that 27% < d;11. Each of the J;-intervals in the support of ¢, can
be written as a union of some number of dyadic 27 *-intervals and at most
2 additional intervals at both ends, each of length less than 27°. Using also
Holder’s inequality, we see that

),
P k5k o(p,) intervals of length <2-

S I fllp(Pe - 275) Y

M f(x) =

| (ty)|dy

_P5
1

27| £]
P75, ’

The term with ¢, is estimated similarly. Taking the L? norm of the left
side and using that f is supported on a fixed bounded interval, we see that

c o,
[Mifllqg < plrs A

kr10k+1
Let kg =~ ¢s with a small enough constant. Then for k£ < ky we have
] L o ,
y kﬁ(;kﬂ
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so that
IMiflly < C27|I £, -
We now use this along with (7.3) to estimate the right side of (7.5):

> Mty = Z IMifllg + D IMefll,
k=1

k>ko

S ko2‘s/2” 11+ > 2711l

k>ko
S 27 fllp + 27 f |

as claimed in (7.4) O

Corollary 7.3. Suppose that the assumptions of Lemma 7.2 hold, and let
R >1. Then

for some n > 0 and all functions f supported on [0, R| such that Es(f) = 0.

sup |A[n](f)

n>1
1<t<?2

< 2R3 1|, (7.6)
q

Note in particular that if p < g, then the bound in (7.6) is independent
of R, hence it also holds for all f € LP(R) without the compact support
assumption.

Proof. We may assume that R is integer. Write f = Zf;l f@ where £ is
supported on [i — 1,i]. Then

( sup | A \‘ sup | Ai[n Zf‘) |H
1<t<2 1<t<2
q
<[[32 s 14,
1<t<2 . (77>
<3| s 1,
i 1<t<2

R
<oy 2L

i=1
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We used that A;[n](f®) have finitely overlapping support, then applied
Lemma 7.2 to each f®
If p < ¢, we estimate the last sum in (7.7) by

rwzmwmm<2w§mwww<2mmw

=1

If on the other hand p > ¢, we use Holder’s inequality to bound the last sum
in (7.7) by

R
. a/p
2 (S O) R = o g RE
i=1

]

Proof of Proposition 7.1. Given m € Z such that 27™ <t < 27! we write

+ Y A(f),  where A(f) = Era(f) — Bi(f).

k>m
Therefore
AB(S) = Adnl En(1) + 32 Adln (75)
k>m
We claim that
sup t* A [n]Ey (f) (@) < Cf(2), (7.9)
t>0

where

ﬁmzwwﬁ}w%mw
y|<r

r>0

Indeed, since Sy C [1,2] and ¢t < 27™FL the set x + ¢S}, is contained in an
interval .J centered at x of length 27™%3, Observe that J can be covered by at
most 10 dyadic 27™-intervals J;. On each J;, we have E,,(f) = \;, where \;
is the average of f on J;. Since A;[n|E,,f(z) is a convex linear combination
of the A;-s, it suffices to prove that t*\; < f*(z). But this follows from

ay _ 10t
" |Jz|/J|f(y) ys \J]/lf |y—u/‘1a/|f Ndy < f*(),
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where J’ is an interval of length 2|.J| centered at = so that J C |JJ; C J'.

If p = ¢q, then a = 0 and f* is simply the Hardy-Littlewood maximal
function of f, which is bounded on all L? for p > 1. If on the other hand
1<p<qg<oo, then 0 <a<1and

f(z) = supr“l/l_ § |f(2)]|dz < /_OO Mdz,

r>0 S |$ - Z|1_a

Since f € LP(R) and |z|*"! is in weak L= (R), it follows by Young’s inequal-
ity that the mapping f — f* is bounded from L? to L? with 1+% = %—1—(1—@),
as claimed.

Turning our attention to the sum in the second term of (7.8), it suffices
to prove that

sup sup 27 |) At[n](Ak(f))‘ < Clflly - (7.10)
meZ n>1

q

We write

sup sup 2°™¢
meZ n>1

> At[n](Ak(f)>|

1<t2m<2 hzm

) g1
< Z 9—magq sup Z At [n](Ak(f>>

n>1

| mEZ 1<gam<g k=zm

- qq 1/q
<[ (30 sup |A[n] (A ()]

_mEZ k>m IS?Q_mS2

Taking the L-norms of both sides, then using Lemma 7.4, we see that the
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left side of (7.10) is bounded by

q\ 4
> 27N sup | Ain](Ax(f))]
n>1
meZ k>m lgtfm <2 q
a\ 1/q

< [SSamma ST sup [Addnl(An()]

n>1

meEZ k>m 1<t27m <2 .
a\ 1/aq
<o (3 | eison,| )
meZ Lm>k

The last line is the ¢%-norm of the convolution of the discrete functions
1,5027"" and ||An(f)|lp,- Applying Young’s inequality with s = max(p,2)
and%—k%zl—i—%,webounditby

(som) N (St

It remains to show that

1/s
(Z HAm(f)HZ) <C[fllp - (7.12)

Suppose first that p > 2, so that s = p. Then the claim is trivial for p = oo,
and for p = 2 it follows from the orthogonality of A,,(f). By interpolation,
this implies (7.12) for all p € [2,00).

Assume now that 1 < p < 2, so that s = 2. Then

1/2 2 1
(ZnAm(f)n;) — (X ([oannrre) />

m

1/p
>/ <|Am<f>|2>p/2)

) 1/p
/ <Z|Am(f)l2)p/> .

o7

1/s

1/s
§C<ZHAm(f)HZ> - (711)

/2

IA

IN




The claim (7.12) now follows from the Littlewood-Paley inequality.

]
Lemma 7.4. Suppose that (7.4) holds for all functions f satisfying Es(f) =
0, and define Ay f as above. Then
| sw Al @Dl | <2 Al (713)
1§Ttb2_m§2 !
Proof. Let u= 12", so that 1 <u < 2. We have
Alilf(@) = [ o+ ty)ouw)dy
= +2™" n(y)d

[ a2 ugontdy -

_ / FE™(27 4 uy))da(y)dy
= Au[n](fm)(me),

where f,,(-) = f(27™). Note also that (Agimf)m = Asim(27™) is constant
on dyadic 27 *-intervals, i.e. Es((Asimf)m) =0. By (7.4), we have

sup [ Ad[n](Assm (M|} = || sup | (Auln](Asim(f))m) (27™)]
=2 ™/ sup | Au[n](Asim (f))ml]
1<u<?2

S C2—m/q 27" ||(As+m(f))m”p
— 2 ™/a9=ns gm/p |1 Agsm(f)
= C2™ 27 || A g (f)

I,

Hp N

58



8 Proof of Theorem 1.6
Let f € L?[0,1]. We need to prove that

lim sup |A,[k]f(z) — f(z)| =0

t—0 k>1

for almost all z, where the averages A;[k](x) are defined as in (7.1). It suffices
to show that

timsup (|45 — ]l = 0. (5.1)
t—0 k>1

Given € > 0, we may choose a continuous function f. on [0, 1] such that
I f — fell2 < e. Furthermore, since f, is uniformly continuous on [0, 1], there
is a function n(t) with n(t) — 0 as t — 0 such that

|fe(y) — fe(y)| < n(t) for all y,y" such that |y —y'| <e. (8.2)

We have

[AKLf = fll2 < AR — fll2 + 1Ak fe — fella + [ fe = fll2
< IM(f = flla +m(t) + €
< €| M2z +1(t) + €.

By Theorem 1.1, ||[M||z2_p2 is finite. Thus if ¢ is small enough so that
n(t) < e, we have

HALKLS = fll2 < (IMlz2—r2 + 2)e.

SInce € > 0 was arbitrary, it follows that the limit in (8.1) is 0, as claimed.
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