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Abstract

Let � be a discrete set in Rd. Call the elements of � centers. The
well-known Voronoi tessellation partitions Rd into polyhedral regions
(of varying sizes)by allocating each site of Rd to the closestcenter.
Here we study \fair" allocations of Rd to � in which the regionsallo-
cated to di�eren t centers have equal volumes.

We prove that if � is obtained from a translation-invariant point
process,then there is a unique fair allocation which is stable in the
senseof the Gale-Shapleymarriage problem. (That is, sites and cen-
ters both prefer to be allocated as closeas possible,and an allocation
is said to be unstable if somesite and center both prefer each other
over their current allocations.)

We show that the region allocated to each center � is a union of
�nitely many boundedconnectedsets. However, in the caseof a Pois-
sonprocess,an in�nite volume of sitesare allocated to centers further
away than � . We prove power law lower bounds on the allocation
distance of a typical site. It is an open problem to prove any upper
bound in d > 1.
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Figure 1: A stable allocation in the critical case � = 1. (If
you are looking at greyscale images, color versions are available at
http://www.math.ubc.ca/ � holro yd or math.PR/0505668).
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1 In tro duction

Let d � 1. We call the elements of Rd sites. We write j � j for the Euclidean
norm andL for Lebesguemeasureor volume on Rd. Let � � Rd bea discrete
set. Wecall the elements of � centers . Let � 2 [0; 1 ] bea parameter,called
the app etite . An allo cation (of Rd to � with appetite � ) is a measurable
function

 : Rd ! � [ f1 ; � g

such that L [ � 1(�)] = 0, and

L [ � 1(� )] � �

for all � 2 �. We call  � 1(� ) the territory of the center � . We say that �
is sated if L [ � 1(� )] = � , and unsated otherwise. We say that a site x is
claimed if  (x) 2 �, and unclaimed if  (x) = 1 . Note that 1 and � will
have very di�erent meanings: (x) = 1 meansthat x is unable to �nd any
center willing to acceptit, whereas (x) = � meansthat  (x) is \unde�ned"
{ we allow a L -null set of such sitespurely asa technical convenience.

The following de�nition is an adaptation of that introducedby Gale and
Shapley [6]. The idea is that sites and centers both prefer to be allocated
ascloseaspossible,and an allocation is said to be unstable if somesite and
center both prefer each other over their current allocations.

De�nition of stabilit y. Let � be a center and let x be a site with  (x) =2
f � ; � g. We say that x desires � if

jx � � j < jx �  (x)j or x is unclaimed.

We say that � covets x if

jx � � j < jx0 � � j for somex0 2  � 1(� ), or � is unsated.

We say that a site-center pair (x; � ) is unstable for the allocation  if x
desires� and � covets x. An allocation is stable if there are no unstable
pairs. Note that no stable allocation may have both unclaimed sites and
unsatedcenters. 3

Figures1 and 2 illustrate stable allocations for several valuesof � on the
2-torus.
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Figure 2: Stable allocations with appetites � = 0:2; 0:8; 1; 1:2; 2; 1 . The
centers arechosenuniformly at random in a 2-torus, with onecenter per unit
area. Each territory is represented by concentric annuli in two colors.
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We considerthree main questionsabout stable allocations. Firstly, given
a countable set in the plane, doesthere exist a stable allocation? Secondly,
if there is a stable allocation, is it unique? Finally, what do the territories
look like for a typical set of centers, qualitativ ely and quantitativ ely?

Theorem 1 (existence) For any discrete set of centers � � Rd, and any
appetite � 2 [0; 1 ], there existsa stableallocation.

Note that somecondition on � is neededto guarantee existenceof a stable
allocation. For example,if d = 1 and � = f 1; 1=2; 1=3; : : :g then it is easyto
seethat somecenter must form an unstablepair with the site � 1.

We can establishuniquenessof the stable allocation if � is a su�cien tly
well-behaved set in two dimensions,or if � arisesfrom a point process.

Theorem 2 (uniqueness for recurren t con�gurations) Given discrete
� � Rd, let Gb be the graphwith vertexset � and with an edgebetween every
pair of centersat distance at most b from each other. Suppose� is suchthat
for all b > 0 the graph Gb is recurrent for simple symmetric random walk.
Then for any � 2 (0; 1 ), there existsa L -a.e. unique stableallocation.

Now let � be a translation-invariant simple point processon Rd, with
intensity (i.e. mean points per unit volume) � 2 (0; 1 ) and law P. The
supp ort of � is the random set [�] = f z 2 Rd : �( f zg) = 1g. We consider
stable allocations of the random set of centers � = [�].

Theorem 3 (almost sure uniqueness) For a translation-invariant point
process� of �nite intensity on Rd and for any � 2 (0; 1 ), there existsP-a.s.
a L -a.e. unique stableallocation 	 � to � = [�] . Furthermore, 	 � can be
chosento be a measurable, isometry-equivariant factor of � .

Note that uniquenesscan fail for a general set of centers, at least in
the setting of su�cien tly generalspaces.For example, let d = 1, and � =
f
P n

i=1 1=i : n = 1; 3; 5; : : :g, and considerinstead of L the measurewith a
unit point massat each of

P n
i=1 1=i : n = 2; 4; 6; : : :. With � = 1 there

are multiple stable allocations: one assignseach massof sites to the center
immediately on its left; another assignsthem to the right and leaves the
center 1 unsated. We do not know whether uniquenesscan fail for stable
allocations of Lebesguemeasureto a set of centers in Rd.

Henceforth,we let 	 = 	 � be as in Theorem3.
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Theorem 4 (phases) Considera stableallocation with appetite � to a point
processof intensity � 2 (0; 1 ) which is ergodic under translations.

(i) If �� < 1 (sub critical) then a.s. all centers are sated but there is
an in�nite volumeof unclaimed sites.

(ii) If �� = 1 (critical) then a.s. all centers are sated and L -a.a. sites
are claimed.

(iii) If �� > 1 (sup ercritical) then a.s. not all centers are sated but
L -a.a. sites are claimed.

Note that by scalingRd, there is no lossof generality in assuming� = 1 or
� = 1. (The assumptionof ergodicity can of coursebe weakened to cover
any mixture of ergodic point processesall of whoseintensities satisfy the
appropriate condition in (i){(iii)).

Note that the assertionsof Theorem 4 may fail when generalizedin the
most obvious way to a generalset of centers �. Indeed let d = 1 and � = 1
and let � = Z n f 0g. The set � has \in tensity" 1 in the sensethat
# f � \ [� r; r ]g � L [� r; r ] as r ! 1 , so we might expect the con�guration
to be \critical". However, the stable allocation has a.e. site in (� 1=2; 1=2)
unclaimed. (This may be deducedfrom a monotonicity result, Proposition
21, by comparisonwith the case� = Z).

We now considerthe geometryof territories.

Theorem 5 (geometry of territories) Consider a stableallocation to a
translation-invariant point processof �nite intensity.

(i) All territories are bounded a.s.

(ii) Any bounded subsetof Rd intersects only �nitely many territories
a.s.

(iii) 	 � may be chosento be a stableisometry-equivariant factor of �
in sucha way that a.s. each territory is a union of �nitely many open
connected sets.

We now restrict to the casewhen � is a homogeneousPoissonprocess
with intensity 1. The following result contrasts with Theorem5.
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Theorem 6 (in�nite demand) Let � be a Poisson processand consider
the critical case� = � = 1.

(i) A.s. every center is desired by an in�nite volumeof sites.

(ii) A.s. every site is coveted by in�nitely many centers.

(Note that (i) above holds trivially in the subcritical case,while (ii) holds
trivially in the supercritical case,by Theorem4).

We now considerquantitativ e properties of stableallocations. The quan-
titativ e behavior turns out to be very di�erent in the critical and non-critical
phases.Broadly speaking,we �nd exponential tails in non-critical casesand
power law tails in critical cases.A natural quantit y to consideris

X = j	 � (0)j;

(that is the distancefrom the origin to its center) wherewe take j1j = 1 .
Let E be the expectation operator associated with P.

Theorem 7 (critical lower bounds) Let � be a Poissonprocesswith in-
tensity � = 1.

(i) For d = 1; 2 and � = 1 we haveEX d=2 = 1 .

(ii) For d � 3 and � = 1 we haveEX d = 1 .

Proofs of the following two theoremsappear in a secondarticle by the
sameauthors, [8].

Theorem I I{ 1 (critical upp er bound) Let � be a Poisson processwith
intensity � = 1. For d = 1 and � = 1 we haveEX 1=18 < 1 :

We have not beenable to prove any quantitativ e upper bound for X when
d � 2.

Theorem I I{ 2 (non-critical upp er bounds) Let � be a Poissonpro-
cesswith intensity � = 1.

(i) For all d and � > 1 we haveEecX d
< 1 ;

(ii) For all d and � < 1 we haveE(ecX d
; X < 1 ) < 1 ,

where c = c(d; � ) > 0.

It is straightforward to seethat the boundsin TheoremII{2 are tight up to
the value of c, since the distance from the origin to the closestcenter has
tail decaying exponentially in volume. Someof the above bounds may be
strengthenedto boundsinvolving the radius of a typical territory; see[8] for
more details.
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Remarks.

(i) The conceptof stabilit y was introducedby Gale and Shapley[6] in the
context of discrete \marriage problems", and has since been studied
extensively; see[12] for more information. The model consideredhere
appearsto be the �rst extensionto a continuum setting.

(ii) The cases� = 0; 1 are relatively simple. When � = 0, every center's
territory is either empty or consistsonly of the center itself. When � =
1 , every center covets every site, soeach  (x) equalsthe closestcenter
to x and we obtain the Voronoi tessellation(see[14]moreinformation).
Thus we restrict our attention to the cases� 2 (0; 1 ).

(iii) A stable allocation has the following informal interpretation. Denote
the ball B (x; r ) = f y 2 Rd : jx � yj < rg. Fix � and � , and imagine
a spherecentered at each center, simultaneously growing linearly, so
that at time t all sphereshave radius t. Now let each center capture
all sitesencountered by its sphere,provided the center is not yet sated,
and provided no other center captured the site �rst. It is easy to
convince oneselfthat if this informal model exits, it should give rise to
a stableallocation, and the territory captured by � up to time t should
be  � 1(� ) \ B (� ; t). However it is by no meansclear a priori that
the model doesexist, sincethe proposedevolution involveslong-range
dependence. (See [1] for an example of a seemingly natural model
which turns out not to exist in certain settings). One consequence
of proving existenceand uniquenessof stable allocations is that the
informal picture described doesindeedmake sense.

(iv) Our proof of existence(Theorem1) will bea generalizationof a proof in
[10], which in turn is an adaptation of the algorithm introducedin [6].
In [10], stableallocationswereusedto construct certain shift-couplings
of point processes.

(v) It shouldbenoted that stablemarriageproblemsdo not in generalhave
unique solutions;see[6]. In this casethe key to uniqueness(Theorems
2,3) is that the preferencesof sites and centers are \consistent", both
being basedon Euclideandistance.

(vi) The condition on � in Theorem2 is natural whend � 2. In particular,
by Corollary (3.52) in [16] it holds provided for any b< 1 we have

#
n

f � ; � 0g � � \ B (0; r ) : j� � � 0j < b
o

= O(r 2 logr ) as r ! 1 :
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(vii) In the courseof proving our main theoremswe will obtain several other
results which are interesting in their own right, and which may be
summarizedas follows. Stable allocations are monotonic in both �
and � in the sensethat adding extra centers or increasingthe appetite
makes sites happier but centers more unhappy (Propositions 21,22).
Although stable allocations are unique only almost everywhere, there
is a unique \canonical version" having the properties in Theorem 5
and other good properties (Theorem 24). In the secondarticle [8]
we prove that stable allocations are robust to far-away changesin �
in the sensethat if a sequenceof sets of centers convergesweakly in
the discretetopology then the sequenceof stable allocationsconverges
almost everywhere. The supercritical phaseis rigid in the sensethat if
� is only just greater than one,a large proportion of centers are sated.

(viii) Note that there is a partial symmetry between the roles of sites and
centers in the de�nition of stabilit y. In the light of this it is not surpris-
ing that many of our results (and the arguments usedto prove them)
comein \dual" pairs obtained by exchanging the rolesplayed by sites
and centers.

2 Existence

In order to prove Theorem 1, we shall construct an allocation  using a
variant of the Gale-Shapleystable marriage algorithm [6]. The algorithm
has two di�erent versions,called \site-optimal" and \center-optimal". (The
reasonfor the nameswill becomeapparent in Lemma 15). For our present
purpose,one version will be su�cien t, but later in the proof of Theorem 3
we shall have occasionto considerboth.

Site-optimal Gale-Shapley algorithm. Let W be the set of all sites
which are equidistant from two or more centers. Since� is countable, W is
L -null. For convenience,we take  (x) = � for all x 2 W.

We now construct  by meansof a sequenceof stages.For each positive
integer n, stage n consistsof two parts as follows.

(a) Each site x 62W applies to the closestcenter to x which has not
rejectedx at any earlier stage.
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(b) For each center � , let An (� ) be the set of sites which applied to � in
stagen (a), and de�ne the rejection radius

rn (� ) = inf
n

r : L
�

An (� ) \ B (� ; r )
�

� �
o

;

wherethe in�m um of the empty set is takento be1 . Then � shortlists
all sitesin An (� )\ B (� ; r n(� )), andrejects all sitesin An (� )nB(� ; r n(� )).

We now describe  . Considera site x 62W. Since� is discrete,the following
is clear. Either x is rejectedby every center (in order of increasingdistance
from x), or for somecenter � and somestagen, x is shortlisted by � at all
stagesafter n. In the former casewe put  (x) = 1 (so x is unclaimed); in
the latter casewe put  (x) = � . 3

Pr oof of Theorem 1. Let  be constructed according to the site-
optimal Gale-Shapleyalgorithm above. We�rst check that  is an allocation.
Let Sn (� ) be the set of sites shortlisted by a center � at stage n. By the
construction in (b) and the intermediate value theoremwe have L (Sn(� )) �
� . But by the de�nition of  above we have  � 1(� ) = lim supn!1 Sn (� ) =
lim inf n!1 Sn (� ), so by Fatou's lemma we have L ( � 1(� )) � � as required.
Note also that if a center � ever rejects sites (at stagen say), then we must
have L (Sm (� )) = � for all stagesm � n. Hencean unsated center never
rejectedany sites.

We must check that  is stable. Considera center x and a site � .
Supposex desires� . If x is unclaimedthen it wasrejectedby all centers.

On the other hand if x is claimed and jx � � j < jx �  (x)j, then the site x
applied to  (x) at somestage,therefore it was rejectedby the closercenter
� at someearlier stage. In either case� rejectedx.

Now suppose� covets x. If jx � � j < jx0� � j for somex0 2  � 1(� ), then �
never rejectedx0, so x0 was never outside � 's rejection radius, and the same
holds for the closersite x. On the other hand if � is unsated then it never
rejectedany sites. In either case� did not reject x.

We deduceas required that (x; � ) cannot be an unstable pair. 2

3 Uniqueness for recurren t con�gurations

In this sectionwe prove Theorem2. We thereforeconsidera set � satisfying
the assumptionof the theorem. Without lossof generality (by scaling Rd)
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we may also assumethat � = 1. We work by contradiction. Supposethat
 1 and  2 are two stable allocations to � which di�er on a L -non-null set.
We will usethem to de�ne a certain 
o w on a directed graph with vertex set
�, and then show that this 
o w hasproperties which are impossiblewhen �
satis�es the given condition.

For each center � westart by de�ning several sets. Let the setof disputed
sites for � be the symmetric set di�erence

D(� ) = [ � 1
1 (� ) 4  � 1

2 (� )] n [ � 1
1 (�) [  � 1

2 (�)] :

Let
N (� ) = D(� ) \ B (� ; r (� )) :

where
r (� ) = supf r : L [( � 1

1 (� ) [  � 1
2 (� )) \ B (� ; r )] < 1g:

This is the set of disputed sites that � prefers. Also de�ne

M (� ) = D(� ) \ f x : jx � � j < max[jx �  1(x)j; jx �  2(x)j]g:

This is the set of disputed sites that prefer � .
De�ne for every pair of centers � ; � 0,

F (� ; � 0) = N (� ) \ M (� 0):

Let G be the directed graph with vertex set � and a directed edgefrom �
to � 0 whenever LF (� ; � 0) > 0. We label the directed edge(� ; � 0) with the
quantit y LF (� ; � 0). We will regard theselabels as capacities. We �rst show
that G hasno directed cycles.

Lemma 8 For each center � ,

LF (� ; � ) = 0:

Thus G has no cyclesof length one (self-loops).

Pr oof. Supposethat LF (� ; � ) > 0. Then without lossof generality there
exist a region A of positive volume and a center � 0 6= � such that

(i) A � N (� ) \ M (� );

(ii) A �  � 1
1 (� ), and
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(iii) A �  � 1
2 (� 0),

We claim that either

(a) L ( � 1
2 (� ) n B(� ; r (� ))) � LA (> 0), or

(b) L ( � 1
2 (� )) < 1.

To seethis, supposecontrary to (b) that L  � 1
2 (� ) = 1. The de�nition of r (� )

then implies

1 = L ([ � 1
1 (� ) [  � 1

2 (� )] \ B (� ; r (� )))

= L ( � 1
2 (� ) \ B (� ; r (� ))) + L ([ � 1

1 (� ) n  � 1
2 (� )] \ B (� ; r (� ))) :

Conditions (i),(ii) and (iii) above imply A � [ � 1
1 (� ) n  � 1

2 (� )] \ B (� ; r (� )),
therefore L [ � 1

2 (� ) \ B (� ; r (� ))] � 1 � LA. SinceL  � 1
2 (� ) = 1 this implies

(a) above.
Now considera site x 2 A. We have that x 2 N (� ) � B (� ; r (� )). In case

(a), for any y 2  � 1
2 (� ) n B(� ; r (� )) we have

jx � � j < jy � � j:

Hencein either case(a) or (b), � covets x under  2. Also sincex 2 M (� ) we
have that

jx � � j < jx � � 0j;

therefore x desires� under  2. Thus (x; � ) is an unstable pair for  2, a
contradiction. 2

Lemma 9 (monotonicit y of distances) For centers � 1 6= � 2 and x1 2
F (� 1; � 2) we have

(i) j� 1 � x1j > jx1 � � 2j, and

(ii) for any center � 0 and x0 2 F (� 0; � 1) n N (� 1),

jx0 � � 1j > j� 1 � x1j:

(Note that by Lemma 8, the condition in (ii) above applies to a.e. site
x0 2 F (� 0; � 1)).
Pr oof. Since x1 2 M (� 2), statement (i) follows from the de�nition of
M (� 2). For (ii), sincex1 2 N (� 1) and x0 2 D(� 1) n N (� 1), the de�nition of
N (� 1) implies that jx1 � � 1j < r (� 1) � jx0 � � 1j. 2
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Lemma 10 G hasno directed cycles.

Pr oof. By Lemma 8 there are no cyclesof length 1. Supposethere is a
cyclewith vertices� 0; � 1; � 2; : : : ; � n = � 0: Then for all i 2 f 0; : : : ; n � 1g there
existsx i 2 F (� i ; � i +1 ). By Lemma8 we canfurther requirethat x i =2 N (� i +1 ).
Then Lemma 9 yields

j� 0 � x0j > jx0 � � 1j > j� 1 � x1j > : : : > jxn� 1 � � n j > j� n � x0j = j� 0 � x0j:

2

Lemma 11 (increasing capacit y) For any center � we have
X

� 02 �

LF (� 0; � ) �
X

� 002 �

LF (� ; � 00):

Pr oof. By the de�nitions of F (� ; � 0); N (� ) and M (� ) we have that
G

� 02 �

F (� 0; � ) � M (� ) (1)

and G

� 002 �

F (� ; � 00) = N (� ): (2)

(Here t denotesdisjoint union). We claim now that

LM (� ) � LN (� );

which combined with (1) and (2) provesthe lemma. To prove the claim we
considertwo cases.Firstly, if

LN (� ) < 1 � L ( � 1
1 (� ) \  � 1

2 (� ))

then r (� ) = 1 , soN (� ) = D(� ), and by Lemma8 it follows that LM (� ) = 0,
establishingthe claim. Secondlysuppose

LN (� ) = 1 � L ( � 1
1 (� ) \  � 1

2 (� )) : (3)

By Lemma 8 we have

2L ( � 1
1 (� ) \  � 1

2 (� )) + LN (� ) + LM (� ) � L  � 1
1 (� ) + L  � 1

2 (� ) � 2;
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and combining this with (3) yields

LM (� ) � 1 � L ( � 1
1 (� ) \  � 1

2 (� )) ;

again establishingthe claim. 2

Supposingthat  1 and  2 do not agreeL -a.e., there existssomecenter �
with LD(� ) > 0, and thereforeLN (� ) > 0. Any site x 2 D(� ) lies in M (� 0)
for somecenter � 0. Therefore G has someedge(� ; � 0). Now �x a directed
edge(� ; � 0) of G and let H be the directed subgraphconsistingof this edge
together with all vertices and edgesof G that can be reached by directed
paths from � 0.

Lemma 12 (b ounded edges and summable paths) Let H be a graph
as de�ned above.

(i) The edgesof H haveuniformly bounded length.

(ii) There exists K < 1 such that for any directed path (� 0; � 1; � 2; : : :)
in H we have

1X

i =0

LF (� i ; � i +1 ) � K :

Pr oof. We start by proving (ii). Let (� 0; � 1; � 2; : : :) be a directed path.
Without lossof generality we may assumethat � 0 = � and � 1 = � 0. De�ne

ai = essinfz2 F (� i ;� i +1 ) j� i � zj

and
bi = esssupz2 F (� i ;� i +1 ) j� i � zj:

Clearly bi � ai for each i , and we claim that also

ai � bi +1 ; i = 0; 1; : : : (4)

To prove this, note that by Lemma 9 (and Lemma 8), for L -a.e. x i 2
F (� i ; � i +1 ) and every x i +1 2 F (� i +1 ; � i +2 ) we have

j� i � x i j � jx i � � i +1 j � j� i +1 � x i +1 j; (5)

then usethe de�nitions of ai ; bi +1 .
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Let c = c(d) < 1 be the volume of the unit ball. Using (4) we have

1X

i =0

LF (� i ; � i +1 ) � LD(� 0) +
1X

i =1

(cbd
i � cad

i )

� 2 + c
1X

i =1

(ad
i � 1 � ad

i )

= 2 + cad
0:

But a0 = essinfz2 F (� ;� 0) j� � zj, and this quantit y is �nite and independent of
the choiceof path, sowe obtain (ii).

Turning to (i), note that for a directed path asabove, for i � 1 and L -a.e.
x i 2 F (� i ; � i +1 ) we have from (5) and (4) that

j� i � � i +1 j � j� i � x i j + jx i � � i +1 j

� 2j� i � x i j

� 2bi � 2a0:

Sinceevery edgeof H lies in somedirectedpath starting with the edge(� ; � 0),
(i) follows. 2

Wewill now deduceTheorem2 from the following result on randomwalks.
The proof of Proposition 13 usesstandard technology, and is deferreduntil
later in this section.

Prop osition 13 (transience from capacities) Let H = (V; E) be a lo-
cally �nite, directed graph with no directed cycles,and with a distinguished
vertex � 2 V. Suppose there exists a \capacity" function q : E ! [0; 1 )
which satis�es the following three conditions.

(i) For every vertex v 6= � we have
X

u:(u;v )2 E

q(u; v) �
X

w:(v;w)2 E

q(v; w):

(ii) X

u:(u;� )2 E

q(u; � ) = 0 and
X

w:(�;w )2 E

q(�; w) > 0:
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(iii) There exists K < 1 such that for every directed path (u0; u1; : : :)
in H , starting at u0 = � , we have

1X

i =0

q(ui ; ui +1 ) � K :

Then simplesymmetric randomwalk on the undirected version of H starting
at � is transient.

Pr oof of Theorem 2. Suppose � has two stable allocations which
di�er on a L -non-null set, and construct the graph H as described before
Lemma 12 above. By the construction of H and Lemmas10, 11 and 12(ii),
H satis�es the assumptionsof Proposition 13 with q(� ; � 0) = LF (� ; � 0), hence
it is transient (for simple symmetric random walk on the undirected version
of the graph). However by Lemma 12(i), the assumptionon �, and the fact
that a subgraphof a recurrent graph is recurrent (Corollary (3.48) of [16]),
H is recurrent. This is a contradiction. 2

Pr oof of Pr oposition 13. Without lossof generality, we may assumeq
is normalizedso that

P
w:(�;w )2 E q(�; w) = 1. By a unit 
o w on H we mean

a function f : E ! [0; 1 ) satisfying:

(i) for every vertex v 6= � we have
X

u:(u;v )2 E

f (u; v) =
X

w:(v;w)2 E

f (v; w);

(ii) X

u:(u;� )2 E

f (u; � ) = 0 and
X

w:(�;w )2 E

f (�; w) = 1:

First we claim that there exists a unit 
o w f with f � q on E. This is
proved using the max-
ow / min-cut theorem (seee.g. [15] Theorem 2.19).
As a notational conveniencewe extend q to be 0 on (V � V) n E. For any
�nite setof verticesS 3 � , conditions(ii) and (iii) of the proposition together
with the normalization assumptionyield

X

v2 S

X

w =2 S

q(v; w) �
X

v2 S

X

w2 V

[q(v; w) � q(w; v)] � 1;
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sothe claim follows. Now from condition (iv) of the proposition we have also

1X

i =0

f (ui ; ui +1 ) � K (6)

for every directed path (u0; u1; : : :) starting at � .
If (u0; u1; : : :) is a directed path starting at � then there is a unit 
o w

which takes the value 1 on each edgeof the path and 0 elsewhere. Let �
be the set of all unit 
o ws of this form. By Proposition 2.20of [15], for any
acyclic unit 
o w f there exists a unit 
o w f 0 satisfying f 0 � f on E, and a
probability measure� on �, such that for all e 2 E

f 0(e) =
Z

�

 (e) d� (
 ): (7)

Now, apply this to the unit 
o w f constructed earlier, which is acyclic
since f � q. The summability condition on paths (6) implies that for any

 2 � we have X

e2 E

f 0(e)
 (e) � K :

Thereforeby (7) and Fubini's theorem,

X

e2 E

f 0(e)2 =
X

e2 E

f 0(e)
Z

�

 (e) d� (
 ) �

Z
K d� = K :

So f 0 is a unit 
o w of �nite energy, and it follows (seee.g. [4]) that H is
transient as required. 2

4 Almost sure uniqueness

In order to prove Theorem 3, we introduce a secondversion of the Gale-
Shapleyalgorithm which constructs a potentially di�erent allocation. Our
approach to proving uniquenesswill be to show that the two Gale-Shapley
allocations are extremal (in an appropriate sense),and then to show that
they in fact coincide.
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Center-optimal Gale-Shapley algorithm. Let W be the set of all sites
which are equidistant from two or more centers, and take  (x) = � for all
x 2 W. For each positive integern, stage n consistsof two parts as follows.

(a) For each center � , let Rn (� ) be the set of siteswhich have rejected� at
someearlier stage,and de�ne the application radius

an (� ) = inf
n

a : L
�

B(� ; a) n Rn (� )
�

� �
o

:

The center � applies to every site x 2 B(� ; an (� )) n Rn (� ) n W.

(b) Each site x =2 W shortlists the closestcenter of those which applied
to x in stagen (a) (if any), and rejects any others which applied.

We now describe  . Considera site x 62W. If no center ever applies to x,
we put  (x) = 1 . Otherwise, if x shortlists somecenter at somestage,then
x will shortlist this or a closercenter at all later stages.Since� is discrete,
it follows that for somecenter � and somestagen, x shortlists � at all stages
after n. In this casewe put  (x) = � . 3

Lemma 14 For any � , the center-optimal Gale-Shapleyalgorithm yields a
stableallocation.

Pr oof. We mimic the proof of Theorem 1 in the site-optimal case. To
seethat  is an allocation, note that the set An (� ) of sites which � ap-
plies to at stage n satis�es L (An ) � � , and  � 1(� ) = lim inf n!1 An (� ) =
lim supn!1 An (� ), and apply Fatou's lemma.

To check stabilit y, considera pair (x; � ). If x desires� then � did not
apply to x, while if � covets x then � did apply to x. Hence(x; � ) is not
unstable. 2

For any allocation  and any r 2 [0; 1 ], de�ne the following quantities.
For any site x =2  � 1(�),

gx ( ; r ) = 1
h
jx �  (x)j < r

i
;

and for any center � ,


 � ( ; r ) = L
h
 � 1(� ) \ B (� ; r )

i
:

18



As r varies, the above quantities measurehow good the allocation is from
the point of view a particular site or center respectively.

The following result states that the site-optimal Gale-Shapleyallocation
is the best for sites and the worst for centers, and vice-versafor the center-
optimal allocation. (The analogousfact for discretestablemarriageproblems
is well-known: the algorithm in which boys proposegives the best possible
stable system of marriages for boys and the worst possible for girls - see
[6],[12]).

Lemma 15 (optimalit y) Fix a set of centers � , let  be any stableallo-
cation, and let  GS;  GSc be respectively the site-optimal and center-optimal
Gale-Shapleyallocations to the same� . For all r 2 [0; 1 ] we havethe fol-
lowing:

(i) for L -a.e. site x,

gx ( GS; r ) � gx( ; r ) � gx ( GSc; r );

(ii) for every center � ,


 � ( GSc; r ) � 
 � ( ; r ) � 
 � ( GS; r ):

The proof of Lemma 15 is deferreduntil the end of this section.

Stable allo cations to a poin t pro cess. Now let � be a translation-
invariant simple point processon Rd with intensity � 2 (0; 1 ), law P and
expectation operator E. The assumptionof �nite intensity ensuresthat [�]
is discretea.s. A factor allo cation is a measurablemap 	 � which assigns
to P-a.e.point measure� an allocation 	 � of [� ], and which is translation-
equivariant in the sensethat for any translation T of Rd, if 	 � (x) = � then
	 T � (Tx) = T� (here it is understood that 	 T � is de�ned if and only if
	 � is). A factor allocation is isometry-equiv arian t if the above holds for
all isometriesT. Note that the two Gale-Shapleyalgorithms clearly yield
isometry-equivariant factor allocations; we denote them 	 GS

� ; 	 GSc
� respec-

tively. For a factor allocation 	 � we shall consider the random allocation
	 � , and when there is no risk of confusionwe denoteit simply 	. Note that
the joint law of the pair (� ; 	 � ) is then translation-invariant. 3

Let � � be the Palm version of the point process�, with law P � and
expectation operator E � . (Recall that � � may bethought of as� conditioned
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to have a center at the origin, and that when � is a Poissonprocess,� � is a
Poissonprocesswith an added center at the origin; see[11] Chapter 11 for
details). By results of Thorisson [17] (seealso [10],[11]), � � and � may be
coupledso that one is almost surely a translation of the other. Hence,if 	 �

is a factor allocation then 	 � � is de�ned P � -a.s.

Lemma 16 (site-cen ter consistency) If � is a translation-invariant
point process of intensity � 2 (0; 1 ) and 	 � is a factor allocation of �
then

Eg0(	 � ; r ) = � E � 
 0(	 � � ; r )

for all r .

The key to Lemma16 is that the preferencesof sitesand centers expressedin
the functions g; 
 are \consistent" - both beingde�ned in terms of Euclidean
distance,so that on averagethey coincide. The proof is deferredto the end
of this section.

Pr oof of Theorem 3. Note that 	 GS
� ; 	 GSc

� are clearly isometry-equi-
variant factor allocations. Taking expectations in Lemma 15 and applying
Lemma 16, we obtain

Eg0(	 GS
� ; r ) � Eg0(	 GSc

� ; r ) = � E � 
 0(	 GSc
� � ; r ) � � E � 
 0(	 GS

� � ; r ) = Eg0(	 GS
� ; r ):

Hence we have equality throughout. Hence, by translation-invariance we
have

Egx (	 GS
� ; r ) = Egx (	 GSc

� ; r )

for all r and all sitesx. Also, by Lemma 15 we have

gx(	 GS
� ; r ) � gx (	 GSc

� ; r ) for all r

wherever both quantities are de�ned. Hencefor all sitesx we have P-a.s.

gx(	 GS
� ; r ) = gx (	 GSc

� ; r ) for all r; (8)

wherever both quantities are de�ned. Thereforeby Fubini's Theorem,P-a.s.
we have that (8) holds for L -a.e.x.

Provided x is not equidistant from two centers, (8) implies that 	 GS(x) =
	 GSc(x). HenceP-a.s.,for L -a.e.x wehave 	 GS(x) = 	 GSc(x). Finally, using
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Lemma 15 again, P-a.s. we have for any stable allocation  of � = [�] and
L -a.e.x,

gx (	 GS
� ; r ) � gx( ; r ) � gx (	 GSc

� ; r ) = gx (	 GS
� ; r ) for all r;

and so we have equality throughout. Thus any two stable allocations to [�]
agreefor L -a.e. 2

Finally in this sectionwe prove Lemmas15 and 16. The proof of Lemma
16 proceedsvia the following lemma (see[7],[2] for generalizations).

Lemma 17 (mass-transp ort principle) Let m : Zd � Zd ! [0; 1 ] be a
function satisfying m(u + z; v + z) = m(u; v) for all z 2 Zd. Then

X

v2 Zd

m(0; v) =
X

u2 Zd

m(u; 0):

Pr oof. X

v2 Zd

m(0; v) =
X

v2 Zd

m(� v; 0) =
X

u2 Zd

m(u; 0):

2

For z 2 Zd we de�ne the unit cube Qz = [0; 1)d + z � Rd.

Pr oof of Lemma 16. We shall apply the mass-transport principle
(Lemma 17) to

m(u; v) = EL
n

x 2 Qu : 	 � (x) 2 Qv ; jx � 	 � (x)j < r
o

:

Using Fubini's Theoremand translation-invariancewe have
X

v2 Zd

m(0; v) = EL
n

x 2 Q0 : jx � 	 � (x)j < r
o

= P(j0 � 	 � (0)j < r );

while by a standard property of the Palm process,
X

u2 Zd

m(u; 0) = E
X

� 2 [�] \ Q0

L
h
	 � 1

� (� ) \ B (� ; r )
i

= � E � L
h
	 � 1

� � (0) \ B (0; r )
i
:

So the result follows. 2

The proof of Lemma 15 dependson the two lemmasbelow. It is conve-
nient to prove the �rst in a generalform which will alsobe useful in proving
monotonicity results in Section6. For the present purposewe may assume
� 0 = � and � 0 = � .
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Lemma 18 Let � 0 � � be two setsof centers, and let � 0 � � . Let  be any
stableallocation to � 0 with appetite � 0, and consider the site-optimal Gale-
Shapleyalgorithm for � with appetite � . Then for L -a.e. site x we havethat
 (x) never rejects x.

Lemma 19 Let � be a setof centers. Let  be any stableallocation to � and
consider the center-optimal Gale-Shapleyalgorithm for � . Then for L -a.e.
site x we havethat x never rejects  (x).

Pr oof of Lemma 18. The proof is by induction on the stage. Suppose
that the statement is false,and let n be the �rst stageat which it is violated.
So at stage n, somecenter � 2 � 0 rejects a set of sites R �  � 1(� ) with
LR = � > 0. Then at stagen, the center must have shortlisted a set S with
LS = � 0, and with every site in S closer to � than somesite in R is to � .
Since is an allocation we have L  � 1(� ) � � � � 0, so there must exist a
set T � S, disjoint from  � 1(� ), with LT � � . Since� shortlisted S at stage
n, every site x 2 T must earlier have beenrejected by all closercenters in
�. Henceby the assumption,for L -a.e. x 2 T we have j (x) � xj > j� � xj.
But this implies that (x; � ) is an unstablepair for  . 2

Pr oof of Lemma 19. The proof is by induction on the stage. Suppose
that the statement is false,and let n be the �rst stageat which it is violated.
So at stagen, somenon-null set of sites R �  � 1(� ) all reject somecenter
� . Thereforeeach site in R shortlisted someclosercenter at stagen, and we
may therefore �nd somecenter � 0 and somenon-null set T � R such that
every site in T shortlisted � 0. In particular � 0 applied to T at stagen. Now
consider  � 1(� 0). If every site in  � 1(� 0) is closer to � 0 than T is, then � 0

must earlier have rejectedsomenon-null subsetof  � 1(� 0), which contradicts
our assumption. Therefore there exist sites x 2 R0 and y 2  � 1(� 0) with
jy � � 0j > jx � � 0j. But then (x; � 0) is an unstable pair for  . 2

Pr oof of Lemma 15. The �rst inequality in (i) is equivalent to the
assertionthat for L -a.e. x we have

jx �  GS(x)j � jx �  (x)j; (9)

where we write jx � 1j = 1 . Note that in the site-optimal Gale-Shapley
algorithm, for any x not equidistant from two centers we have that  GS(x)
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equalsthe closestcenter to x which never rejectsx, or 1 if all centers reject
x. Therefore the �rst inequality in (i) follows from Lemma 18 with � 0 = �
and � 0 = � .

Next weconsiderthe secondinequality in (ii). Supposefor a contradiction
that 
 � ( ; r ) < 
 � ( GS; r ). Since GS is an allocation this implies that in  ,
the center � is unsatedor hassomesite outside B(� ; r ) in its territory . Also
there exists a L -non-null set T � B(� ; r ) \ [( GS)� 1(� ) n  � 1(� )]. From (9),
for L -a.e.site x 2 T wehave jx �  GS(x)j < jx � � j. But now (x; � ) is unstable
for  .

Next we turn to the �rst inequality in (ii). Suppose on the contrary
that 
 � ( GSc; r ) < 
 � ( ; r ). Since GSc is an allocation this implies that in
 GSc, the center � is unsatedor hassomesite outsideB(� ; r ) in its territory .
Also there exists a L -non-null set T � B(� ; r ) \ [ � 1(� ) n ( GSc)� 1(� )]. But,
consideringthe center-optimal Gale-Shapleyalgorithm, this implies that �
rejectedT, and this contradicts Lemma 19.

Finally we prove the secondinequality in (i). Supposeon the contrary
that for every site x in a L -non-null set T and two �xed centers � ; � 0 we have
 GSc(x) = � and  (x) = � 0, where jx � � j < jx � � 0j. Then either � must be
unsatedin  , or  � 1(� ) must contain a site y further from � than a.e.site in
T, otherwisewe would have a contradiction to the �rst inequality in (ii) just
proved. But now for a.e. x 2 T we have that the pair (x; � ) is unstable for
 . 2

For the remainderof the article we take 	 = 	 � where 	 � is any factor
allocation, unlessotherwisestated. For de�niteness,we may take 	 � = 	 GS

� .

5 Phases

Pr oof of Theorem 4. Using translation-invariance, the result is an
immediate corollary of Proposition 20 below. 2

De�ne the residual app etite of a center � to be U(� ) = U	 (� ) = � �
L 	 � 1(� ).
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Prop osition 20 Let � be an ergodic point processof intensity � 2 (0; 1 ).
We have

P(0 is unclaimed) = (1 � �� ) _ 0;

E � U(0) = (� � � � 1) _ 0:

Pr oof. Lemma16with r = 1 statesthat P(0 is claimed) = � E � L 	 � 1
� � (0).

Thereforefrom the de�nition of residual appetite we have

� E � U(0) � P(0 is unclaimed) = �� � 1:

Recall that no stable allocation may have both unclaimedsitesand unsated
centers. Also, by ergodicity, the existenceof unsated centers and the exis-
tence of a L -non-null set of unclaimed sites are zero-oneevents. Therefore,
at most oneof the two terms on the left can be non-zero.The result follows.
2

6 Monotonicit y

We present several results concerning monotonicity in stable allocations.
Proposition 21 will be usedin the proofs of Theorems6 and 7. Recall from
Section4 the quantit y


 � ( ; r ) = L [ � 1(� ) \ B (� ; r )]

which measureshow good an allocation is for a given center.
The following result statesthat adding extra centers makessiteshappier

while making the existing centers lesshappy.

Prop osition 21 (monotonicit y in � ) Fix � , let � 1 � � 2 be two sets of
centers, and let  1, 2 be their respective site-optimal Gale-Shapleyalloca-
tions.

(i) For L -a.e. site x we havejx �  1(x)j � jx �  2(x)j.

(ii) For every center � 2 � 1 and all r 2 [0; 1 ] we have

 � ( 1; r ) � 
 � ( 2; r ).

The following result states that increasingthe appetite makessites hap-
pier while making centers more unhappy (in an appropriate sense).
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Prop osition 22 (monotonicit y in � ) Fix � , let � 1 � � 2, and let  1, 2

be the respective site-optimal Gale-Shapleyallocations to � .

(i) For L -a.e. site x we havejx �  1(x)j � jx �  2(x)j.

(ii) For every center � 2 � and all r 2 [0; 1 ] we have
� 1 � 
 � ( 1; r ) � � 2 � 
 � ( 2; r ).

Pr oof of Pr oposition 21(i). We apply Lemma 18 with � 0 = � 1,
� = � 2,  =  1,  GS =  2, � 0 = � . The result follows on recalling that
the site-optimal Gale-Shapleyalgorithm allocatesa site to the closestcenter
which doesnot reject it. 2

Pr oof of Pr oposition 21(i i). Supposethe statement fails for some�
and r . Then there existsa positive volumeof sitesx 2 B(� ; r ) with  2(x) = �
but  1(x) =2 f � ; � g, and furthermore � covets all such sites under  1. Pick
such an x which is not equidistant from any two centers. By Proposition
21(i), we have jx �  1(x)j � jx � � j, and sincex is not equidistant from any
two centers, the last inequality is strict. But now x desires� under  1, so
(x; � ) is an unstable pair for  1. 2

Pr oof of Pr oposition 22(i). Weapply Lemma18with � 0 = �, � = � 1,
� 0 = � 2,  =  1,  GS =  2. The result follows on recalling that the site-
optimal Gale-Shapleyalgorithm allocatesa site to the closestcenter which
doesnot reject it. 2

Pr oof of Pr oposition 22(i i). Supposethe statement fails for some�
and r . Then there existsa positive volumeof sitesx 2 B(� ; r ) with  2(x) = �
but  1(x) =2 f � ; � g, and furthermore � covets all such sites under  1. Pick
such an x which is not equidistant from any two centers. By Proposition
22(i), we have jx �  1(x)j � jx � � j, and sincex is not equidistant from any
two centers, the last inequality is strict. But now x desires� under  1, so
(x; � ) is an unstable pair for  1. 2
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� 0

� j

x

y

Figure 3: An illustration of the proof of Theorem 5(i). If the all centers
illustrated have unbounded territory we obtain a contradiction to stabilit y.
Here (x; � j ) form an unstablepair.

7 Geometry of territories

In this section we prove Theorem 5. Statement (iii) of that theorem will
follow from a somewhatstrongerresult, Theorem24, in which we construct a
\canonical" versionof the stableallocation which hasseveral good properties.

A key tool in proving Theorems5 and 6 is the following geometriclemma
inspired by arguments in [3]. Figure 3 illustrates the main idea. Let S =
f x 2 Rd : jxj = 1g be the unit sphere. A cap is a proper subsetof S of the
form H = S \ B(y; r ), wherey 2 S. A cone is a set of the form

V = VH =
n

� h : h 2 H and � 2 (0; 1 )
o

;

whereH is a cap.

Lemma 23 (cones) For each d � 1 there exist an integer k, and cones
V1; : : : ; Vk whoseunion is Rd n f 0g, such that for any x; y lying in the same
cone Vi ,

if jxj � jyj then jx � yj � jxj � 1
2 jyj:
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(For example,when d = 2 we may take k = 13 and Vi = f x 6= 0 : argx 2
[2� (i � 1)=13; 2� i=13)g).

Pr oof of Lemma 23. The set of all capsof diameter 1=2 is a cover of the
compactset S, henceit hasa �nite sub-cover H1; : : : ; Hk say. Put Vi = VH i .

Supposex; y 2 Vi and jxj � jyj. Let � = jyj=jxj, so that j� xj = jyj, and
hence� x; y 2 jyjH i . Then we have

jx � yj � jx � � xj + j� x � yj � (1 � � )jxj + diam(jyjH i ) = jxj � jyj + 1
2 jyj:

2

Pr oof of Theorem 5(i). Without loss of generality we may assume
that � is ergodic under translations; if not we may appeal to the ergodic
decomposition theorem([11] Theorem10.26).

Call a center bad if its territory is unbounded. Supposingfor a contradic-
tion that bad centers exist, they must form an ergodic translation-invariant
point processof positive intensity. Let V1; : : : ; Vk be conesas in Lemma 23,
and note that, since any cone contains arbitrarily large balls, it contains
in�nitely many bad centers a.s.For R > 10, de�ne the sets

T0 = B(0; 1);

Ti = Vi \
h
B(0; R) n B(0; 10)

i
; i = 1; : : : ; k:

The above observations imply that if R is chosen su�cien tly large, with
positive probability we have

each of T0; : : : ; Tk contains a bad center. (10)

Supposethe event in (10) occurs, and let � i be a bad center in Ti , for
each i . Since� 0 is bad, there exists a site x 2 Rd n B(0; R) in its territory .
And x lies in somecone,Vj say. Since� j 2 Vj also,and jxj � R � j� j j � 10,
Lemma 23 appliesto give

jx � � j j � jxj � 1
2 j� j j

� jxj � 5

< jx � � 0j:

Furthermore, since� j is bad, thereexistsa site y in its territory with jy� � j j >
jx � � j j. But then the pair (x; � j ) is unstable,a contradiction. 2
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Pr oof of Theorem 5(i i). Without loss of generality � is ergodic.
By translation-invariance, it is su�ces to prove that B(0; 1) intersectsonly
�nitely many territories a.s.Note also that since� is almost surely discrete,
if a ball B intersects in�nitely many territories, then 	( B) must contain
centers at arbitrarily large distancesfrom B.

Consider the integer lattice Zd. Call a lattice site z 2 Zd bad if B (z; 1)
intersects in�nitely many territories, and suppose for a contradiction that
P(0 is bad) > 0. De�ning T0; : : : ; Tk as in the proof of part (i), a similar
argument shows that R may be chosensuch that with positive probability

each of T0; : : : ; Tk contains a bad lattice site. (11)

On the event in (11), thereexistsa sitex 2 B(0; 2) with 	( x) 2 RdnB(R),
and 	( x) 2 Vj say. Let zj be a bad lattice site in Tj ; then there exists
y 2 B(zj ; 1) with jy � 	( y)j > jy � 	( x)j. Lemma 23 gives

jy � 	( x)j � jzj � 	( x)j + 1

� j	( x)j � 1
2 jzj j + 1

� j	( x)j � 4

< j	( x) � xj:

So the pair (y; 	( x)) is unstable. 2

The statement in Theorem 5(iii) does not hold for an arbitrary stable
factor allocation, sincefor instancewe allow 	( x) = � on an arbitrary L -
null set. Indeed, it doesnot necessarilyhold for 	 GS, since	 GS(x) = � for
all siteswhich are equidistant from two or more centers. We shall de�ne a \
canonicalversion" 	 of the stable allocation, for which Theorem 5(iii) and
other desirableproperties hold.

Let  be a stable allocation, and de�ne a new function  as follows. For
Borel sets A; B 2 Rd we say A is essentially a subset of B , and write
A � ess B, if L (B n A) = 0. For a site x, if there exists � 2 � [ f1g such
that x has someneighborhood which is essentially a subsetof  � 1(� ), then
we put  (x) = � . If there is no such � we put  (x) = �. Note that  
is well-de�ned, becauseno neighborhood can be essentially a subsetof two
disjoint sets. Note alsothat any two allocationswhich agreeL -a.e. yield the
same .

Pr oof of Theorem 5(i i i). Immediate from Theorem24 below. 2
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For the remainderof the sectionwe assumethat � is ergodic.

Theorem 24 (canonical allo cation) Let 	 � be an isometry-equivariant
factor allocation to � (for example	 GS

� ) and de�ne 	 � by the above proce-
dure. Then P-a.s., 	 � is the uniqueminimizer of the set  � 1(�) in the class
of stableallocations  of [�] having all territories open and the unclaimed
set open. Furthermore, 	 � is an isometry-equivariant factor allocation, and
a.s. each territory of 	 has only �nitely many connected components, and
hasL -null boundary.

In order to prove Theorem 24 we �rst needto establishsomeproperties
of 	. For a center � de�ne

eR(� ) = supfj x � � j : x 2 	 � 1(� )g:

(Note that eR(� ) may di�er betweenallocations which agreea.e.) De�ne the
random set of sites

Z =
[

�

n
x 2 Rd : jx � � j = eR(� )

o

[
[

� 6= � 0

n
x 2 Rd : jx � � j = jx � � 0j

o
;

wherethe two unionsare over all centers and all pairs of centers respectively.
Since� countable, Z is L -null a.s.

Lemma 25 P-a.s., for every site x =2 Z , x has a neighborhood N suchthat
#(	( N ) n �) = 1.

Before proving Lemma 25 we make somefurther de�nitions. Let B be
a ball. By Theorem 5(ii), a.s. B intersects only �nitely many territories,
belongingto centers � 1; : : : ; � k say. De�ne the set

ZB =
[

i

n
x 2 Rd : jx � � i j = eR(� i )

o

[
[

i 6= j

n
x 2 Rd : jx � � i j = jx � � j j

o
:

De�ne a cell (of B) to be any connectedcomponent of B nZB . SinceB nZB

is open, all cellsare open sets,and the following lemma implies that for any
given B there are only �nitely many cells.
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Lemma 26 (in tersecting hyp erplanes) Let Y be a union of �nitely many
(d � 1)-spheresand (d � 1)-dimensionalhyperplanesin Rd. Then Rd nY has
only �nitely many connected components.

Pr oof. By applying an inversion about a site not in Y, we may assume
that Y is a union of spheresonly, and is thereforebounded. Supposingthat
Rd nY hasin�nitely many components, a repeatedbisectionargument shows
that there must exist a site z all of whoseneighborhoods intersect in�nitely
many components. But consideringa neighborhood of z small enough to
avoid all those sphereswhich do not pass through z, we seethat this is
absurd. 2

Lemma 27 P-a.s., if C is any cell then j	( C) n � j = 1.

Pr oof. We claim �rst that for each x 2 B n ZB with 	( x) 6= �, we have
that 	( x) equalsthe unique closestcenter to x in the set

T(x) =
n

� i : jx � � i j < eR(� i )
o

;

or 	( x) = 1 if T(x) is empty. To prove this, note �rst that by the de�nitions
of eR(� ) and ZB , we must have 	( x) 2 T(x) [ f1g . But if T(x) contains a
center � j which is closerto x than 	( x) is, then the pair (x; � j ) is unstable.
This provesthe claim.

Now note that the k2 quantities

jx � � i j � eR(� i ); i = 1; : : : ; k

jx � � i j � jx � � j j; i 6= j

are continuous in x, and non-zeroexcept on ZB . It follows that their signs
are all constant on any given cell. The result now follows from the above
claim. 2

Pr oof of Lemma 25. Let B = B(x; 1), and de�ne ZB and cellsasabove.
Clearly we have ZB � Z , so x lies in somecell. Sinceall cells are open, x
hasa neighborhood lying in the cell. Now we useLemma 27. 2

Pr oof of Theorem 24. First note that, sinceZ is L -null, Lemma 25
implies that a.s. 	 agreeswith 	 L -a.e. It follows immediately that 	 � is an
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allocation a.s. By the construction, 	 � inherits the isometry-equivarianceof
	 GS

� . It alsofollows immediately from the de�nition of 	 that the territories
and the unclaimedset are open.

To prove that 	 is a stable allocation, suppose on the contrary that
(x; � ) is an unstable pair. Suppose�rst that 	( x) = � and 	( y) = � where
jx � � j < jx � � j and jx � � j < jy � � j. Then x and y have neighborhoods
intersecting 	 � 1(� ) and 	 � 1(� ) in full measurerespectively, so we may �nd
x0; y0 with 	( x0) = � and 	( y0) = � , and closeenoughto x; y that we still
have jx0 � � j < jx0 � � j and jx0 � � j < jy0 � � j. Similarly if x is unclaimed in
	 then we may �nd a nearby x0 which is unclaimed in 	, and �nally if � is
unsated in 	 then it is unsated in 	. In each casewe deducethat (x0; � ) is
an unstable pair for 	, a contradiction.

To prove the required minimalit y statement, we note that a.s., for any  
as described in the statement of the theorem and any x with  (x) 6= � we
have that  takesthe value (x) on someneighborhood of x, so	( x) =  (x).

To prove that the territories of 	 have only �nitely many components,
note that in view of Theorem 5(i) and translation-invariance, it is su�cien t
to rule out the possibility that the intersectionof B(0; 1) with someterritory
has in�nitely many components. Let B = B(0; 1) and de�ne ZB and cells
as above. Recall that there are only �nitely many cells (by Lemma 26) ,
and that each cell is connected.Lemma 27 combined with the de�nition 	
implies that 	 is constant on each cell. Henceit is su�cien t to rule out the
possibility that the intersection of someterritory with B has a component
lying entirely in B \ ZB . But this is impossiblesinceany such component is
open, while ZB is L -null.

Finally, to prove that the territories of 	 have L -null boundaries,note
that by Lemma 25, if x =2 Z then x does not lie in the boundary of any
territory . But Z is L -null a.s. 2

8 In�nite demand

In this sectionwe prove Theorem6. Weshall deduceit from a strongerresult
which appliesto more generalpoint processes.

For a simple point process� and a Borel set S � Rd with LS 2 (0; 1 ),
let � S be the point processobtained by adding a random extra center in S:

� S(A) = �( A) + � U (A);
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whereU is uniformly distributed in S, independent of �. We call the process
� insertion-toleran t if the law of � S is absolutelycontinuouswith respect
to the law of � for every S. Let � S be the point processgiven by obtained
by deleting all centers in S:

� S(A) = �( A n S):

We call � deletion-toleran t if the law of � S is absolutely continuouswith
respect to the law of � for every S.

Theorem 28 Let � be an ergodic point processand let �� = 1.

(i) If � is insertion-tolerant then a.s. every center is desired by an in-
�nite volumeof sites.

(ii) If � is deletion-tolerant then a.s. every site is coveted by in�nitely
many centers.

Pr oof of Theorem 6. It is easyto check that a Poissonprocessis both
insertion-tolerant and deletion-tolerant, so the result follows immediately
from Theorem28. 2

Next we prove Theorem28. Our starting point is the following weaker re-
sult which statesthat an in�nite setof siteswould desiresomeappropriately-
positioned center in the unit ball. This result will also be usedin the proof
of Theorem7. In the following, we take jx � 1j = 1 for x 2 Rd.

Lemma 29 Let �� = 1 and let � be an ergodic insertion-tolerant process.
We havea.s.

L
n

x 2 Rd : jx � 	( x)j � jxj � 1
o

= 1 :

Pr oof of Lemma 29. Fix K < 1 . We shall show that the quantit y
in question is at least K . Let � 0 be a point processobtained from � by
superposingm extra centers, independently uniformly distributed in the ball
B = B(0; 1), where m is an integer such that � m � K . By repeatedly
applying the insertion-tolerancecondition, the law P 0 of � 0 is absolutely
continuous with respect to the law P of �. Henceif 	 � is a stable factor
allocation as usual, 	 � 0 is de�ned L -a.e. P0-a.s. Also, since �� = 1, by
Theorem4, P-a.s.every center is satedin 	 � . Hencethe sameholds P0-a.s.
in 	 � 0.
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B(0; 1)

z

V � 2u V � u

Figure 4: An illustration of the proof of Theorem 28(i). Somecone must
contain an in�nite of volumeof siteswhich desireall centers in the ball at its
apex, and therefore it must also contain an in�nite of volume of sites which
desireall centers in the ball B (0; 1).

The last observation implies that P 0-a.s.we have

L 	 � 1
� 0 (B ) � � m � K : (12)

Now since[�] � [� 0], Proposition 21(i) givesthat, almost surely with respect
to the joint law, for L -a.e.x 2 	 � 1

� 0 (B ) we have

jx � 	 � (x)j � jx � 	 � 0(x)j � jxj � 1:

Combining this with (12) yields that P-a.s.

L
n

x 2 Rd : jx � 	 � (x)j � jxj � 1
o

� K :

2

Pr oof of Theorem 28(i). The proof is illustrated in Figure 4. Let
V1; : : : ; Vk be the conesof Lemma 23. Sincethey partition Rd n f 0g, Lemma
29 implies that for some�xed ` we have

P
h
L

n
x 2 V` : jx � 	( x)j � jxj � 1

o
= 1

i
> 0: (13)
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Pick such an ` and write V = V` , and alsopick w 2 Rd such that B(w; 1) �
V n B(0; 10). Note that for any n � 1 we alsohave

B(nw; 1) � V n B(0; 10): (14)

For z 2 Rd and A � Rd we denotethe translated set A + z = f a+ z : a 2
Rdg. De�ne the set of sites

Ln =
n

x 2 V � nw : jx � 	( x)j � jx + nwj � 1
o

;

and the event
An = fL (Ln) = 1g :

The sequenceof events (An )n� 0 is stationary and ergodic under P, and (13)
implies that P(A0) > 0. Thereforewe have

P
h 1[

n=1

An

i
= 1: (15)

Now supposethat the event Am occurs, where m � 1. We shall deduce
that every center in B(0; 1) is desiredbe an in�nite volume of sites. Let

z 2 Lm n B(� mw; mjwj + 1)

(the occurrenceof Am guarantees that an in�nite volume of such sites z
exists). Let � be any center in B(0; 1) (if oneexists). We shall apply Lemma
23with x = z+ mw and y = � + mw. Note that z 2 V � mw implies z+ mw 2
V, while (14) implies � + mw 2 V. Furthermore, sincez =2 B(� mw; mjwj+ 1)
we have jz + mwj � mjwj + 1 � jmwj + j� j � j� + mwj. Thus Lemma 23
appliesto yield

jz � � j � jz + mwj � 1
2 j� + mwj:

Sincez 2 Lm we have jz+ mwj � jz � 	( z)j + 1. By (14) we have j� + mwj �
10. Substituting into the above equation we obtain

jz � � j � jz � 	( z)j + 1 � 5 < jz � 	( z)j:

Hencez desires� .
The above argument together with (15) shows that almost surely, every

center in B(0; 1) is desiredby an in�nite volume of sites. SinceRd may be
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coveredby a countable collection of unit balls, by translation invariancethe
sameclaim appliesto every center. 2

Now we turn to the proof of Theorem 28(ii), which follows similar lines
to that of (i). For a center � de�ne the radius of its territory:

R(� ) = R	 (� ) = esssupx2 	 � 1 (� ) j� � xj:

Lemma 30 Let �� = 1 and let � be an ergodic deletion-tolerant process.
We havea.s.

#
n

� 2 � : R(� ) � j� j � 1
o

= 1 :

Pr oof. We mimic the proof of Lemma 29. We show that the quantit y in
question is at least K . Write B = B(0; 1). By scaling Rd, without loss of
generality we may assumethat � K � LB, and the processis still deletion-
tolerant. Let � 0 be the processobtained by deleting all centers in B. By
Theorem4 and deletion-tolerance,for � 0, a.s. in�nitely many centers desire
somesite in B . Henceby Proposition 21(ii), the sameis true for �. 2

Pr oof of Theorem 28(i i). We mimic the proof of (i). Take a coneV
such that

P
�

# f � 2 V \ � : R(� ) � j� j � 1g = 1
�

> 0;

and take w as before. A.s. someevent

An =
n

# f � 2 (V � nw) \ � : R(� ) � j� + nwj � 1g = 1
o

occurs,and the previousargument goesthrough to show that in�nitely many
centers desireevery site in B(0; 1). Thereforethe sameis true for every site.
2

9 Critical lower bounds

In this sectionwededuceTheorem7 from moregeneralresults. The following
is Corollary 15in [10], whereit wasprovedmaking useof resultsfrom [13],[9].

Theorem 31 For � a Poissonprocesswith � = � = 1 and for 	 � any (not
necessarily stable) factor allocation with a.e. site claimed and every center
sated, we haveEX d=2 = 1 for d = 1; 2.
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Interestingly, for d � 3 there exist \transp ort rules" (theseare a mild gener-
alization of factor allocations) with exponential tails; see[10] for details. We
shall prove the following.

Theorem 32 Let � be ergodic and insertion-tolerant and let �� = 1. For
any d � 1 we haveEX d = 1 .

Pr oof of Theorem 7. Immediate from Theorems 31,32 above (and
Theorem4(ii)). 2

We prove a somewhatweaker statement for deletion-tolerant processes.
Recall the de�nition of the radius R(� ) from the last section, and write
R� (� ) = R	 � � (� ) for the radius associated with the Palm process.

Theorem 33 Let � be ergodic and deletion-tolerant and let �� = 1. For
any d � 1, for the Palm process� � we haveE � R� (0)d = 1 .

Pr oof of Theorem 32. Since� is insertion-tolerant, Lemma29 applies.
Taking the expectation of the quantit y in Lemma 29 and using Fubini's
Theoremand translation-invariance,we have

EL
n

x : jx � 	( x)j � jxj � 1
o

=
Z

Rd
P

�
jx � 	( x)j � jxj � 1

�
L (dx)

=
Z

Rd
P

�
X � jxj � 1

�
L (dx):

For a constant c = c(d) 2 (0; 1 ), the last integral may be written
Z 1

r =0
P(X � r � 1)crd� 1 dr:

Writing � for the law of the random variable X + 1 and using Fubini's The-
orem again, the above equals

c
Z 1

z=0

Z z

r =0
r d� 1 dr � (dz) =

c
d

E[(X + 1)d]:

HenceLemma 29 implies that the above quantit y is 1 . 2
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Pr oof of Theorem 33. The expectation of the quantit y in Lemma 30
equals Z

Rd
P � (R� (0) � jxj � 1) L (dx);

so this quantit y is in�nite. We now proceedas in the proof of Theorem 32.
2

Op en problems

(i) Non-uniqueness. Does there exist a discrete set of centers in Rd

which admits two stable allocations (di�ering on a non-null set)? By
Theorems2 and 3, such a setmust have greaterthan quadratic growth,
and may not arise from a translation-invariant point process.

(ii) Critical tail behavior. What is the tail behavior of X for the critical
Poissonmodel? In particular, give any quantitativ e upper bound for
d � 2.

(iii) Percolation. In the Poissonmodel, does the set of unclaimed sites
have an in�nite component for � su�cien tly small? Doesit fail to have
an in�nite component for su�cien tly large � < 1? Similar questions
apply to the set of claimed sites. After this paper was acceptedfor
publication, progresson theseproblemswas achieved in [5].

(iv) Connected territories. Is there a translation-equivariant allocation
(not stable)of the Poissonprocessin which every territory is connected,
in the critical two-dimensionalcase(d = 2 and �� = 1).

(v) Hyp erb olic Space. The concept of a stable allocation extends to
more general settings such as hyperbolic spacein place of Rd. The
proofs of Theorems 1, 3 and 4 adapt to this setting, but the proof
of Theorem 5 does not. Are all territories bounded in the setting of
hyperbolic space?
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