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Abstract. We give a rigorous and self-cortained survey of the abelian sand-
pile model and rotor-router model on nite directed graphs, highlighting the
connections betweenthem. We presert sewral intriguing open problems.

1. Intro duction

The abelian sandpile and rotor-router models were discovered seweral times by
researdersin di erent communities operating independertly. The abelian sand-
pile model was inverted by Dhar [Dha9(] as a test-bed for the concept of self-
organized criticalit y introduced in [BTW87]. Related ideas were explored ear-
lier by Engel [Eng/5 [Eng7€] in the form of a pedagogicaltool (the \proba-
bilistic abacus") and by Spencer [Spe87 pp. 32{35]. The rotor-router model was
rst introduced by Priezzhev et al. [PDDK96] (under the name \Eulerian walk-
ers model”) in connection with self-organizedcriticalit y. It was rediscovered sev-
eral times: by Rabani, Sinclair and Wanka [RSW9f] as an approadc to load-
balancing in multipro cessorsystems, by Propp [Pra0]] as a way to derandom-
ize models such asinternal di usion-limited aggregation(IDLA) [DES1, [LBG92],
and by Dumitriu, Tetali, and Winkler as part of their analysis of a graph-based
game [DTWO3]. Articles on the chip-ring gamein the mathematical literature
include [Big99, Big97, BLS91, BL9Z]. Those on the rotor-router model include
[Cev0Z, [LPOS, [HPOY, [LPO74d, [LPO7D]. Below we briey describe the two models,
deferring the formal de nitions to later sections.
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The abelian sandpile model on a directed graph G, also called the chip- ring
game starts with a collection of chips at ead vertex of G. If a vertex v has at
least as many chips as outgoing edges,it can re , sending one chip along each
outgoing edgeto a neighboring vertex. After ring a sequenceof verticesin turn,
the processstops when ead vertex with positive out-degreehas fewer chips than
out-going edges.The order of rings doesnot a ect the nal con guration, a fact
we shall discussin more detail in Sectionl2

To de ne the rotor-router model on a directed graph G, for ead vertex of G,
X a cyclic ordering of the outgoing edges.To ead vertex v we assaiate a rotor

(v) chosenfrom amongthe outgoing edgesfrom v. A chip performs a walk on G
accordingto the rotor-router rule: if the chip is at v, we rst incremert the rotor

(v) to its successoe = (v;w) in the cyclic ordering of outgoing edgesfrom v, and
then route the chip along e to w. If the chip ever reachesa sink, i.e. a vertex of
G with no outgoing edges,the chip will stop there; otherwise, the chip cortinues
walking forever.

We develop the basic theory of the abelian sandpile model in section2 and
de ne the main algebraicobject assaiated with it, the sandpilegroup of G [Dha9(]
(also called the \critical group" by someauthors, e.g. [Big99, Wag0(). Further-
more, we establish the basic results about recurrent chip con gurations, which
play an important role in the theory. In Section[3 we de ne a notion of recurrent
con gurations for the rotor-router model on directed graphs and give a character-
ization for them in terms of oriented spanningtreesof G. The sandpile group acts
naturally on recurrent rotor con gurations, and this action is both transitiv e and
free. We deduce appealing proofs of two basic results of algebraic graph theory,
namely the Matrix-T ree Theorem [Sta99, 5.6.8] and the enumeration of Eulerian
tours in terms of oriented spanningtrees[Sta99 Cor. 5.6.7]. We also derive a fam-
ily of bijections betweenthe recurrent chip con gurations of G and the recurrent
rotor con gurations of G. Such bijections have been constructed before, for ex-
ample in [BW97]; however, our presertation di ers signi cantly from the previous
ones. Sectiond establishesstronger results for both models on Eulerian digraphs
and undirected graphs. In Section[d we present an alternativ e view of the rotor-
router model in terms of \cycle-popping," borrowing an idea from Wilson's work
on loop-erasedrandom walk; see[PW98]. We concludein Section@ by preserting
someopen questions.

2. Chip-Firing

In a nite directed graph (digraph) G = (V;E), adirected edgee 2 E points from
the vertex tail(e) to the vertex heade). We allow self-loops (head(e) = tail(€))
as well as multiple edges(head(e) = head(E® and tail(e) = tail(e?)) in G. The
out-degree outdeg(v) of a vertex v (also denoted by d,) is the number of edgese
with tail(e) = v, and the in-degree indeg(v) of v is the number of edgese with
head() = v. A vertex is a sink if its out-degreeis zero. A global sink is a sink s
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such that from every other vertex there is a directed path leadingto s. Note that
if there is a global sink, then it is the unique sink.

If G hasthe samenumber of edgesfrom v to w asfrom w to v for all vertices
v 6 w then we call G bidirected. In particular, a bidirected graph is obtained by
replacing each edgeof an undirected graph with a pair of directed edges,one in
ead direction.

Label the verticesof G asvy;Vvz;:::;Vn. The adjacencymatrix A of G is the
n n matrix whose(i;j)-entry is the number of edgesfrom v; to v;, which we
denoteby dy, v, or dj . The (graph) Laplacianof Gisthen nmatrix =D A,
where D is the diagonal matrix WPose(i; i)-entry is the out-degreeof v;. That is,

o dij fori 6 j ,

! d di fori=j.
Note that the entries in ead row of sumto zero.If the vertex v; is a sink then
the i row of s zero.

A chip con guration  on G, also called a sandpile on G, is a vector of non-
negative integers indexed by the non-sink vertices of G, where (v) represerts
the number of chips at vertex v. A chip conguration is stable if (v) < dy
for every non-sink vertex v. We call a vertex v active in if v is not a sink and

(v) dy. An active vertex v can re , resulting in a new chip con guration ©
obtained by moving one chip along ead of the d, edgesemanating from v; that
is, qw) = (w)+ dyy forallweé vand qv) = (v) d,+ dy.We call the
con guration  °a successorof

By performing a sequenceof rings, we may evertually arriveat a stable chip
con guration, or we might corntinue ring forever, asthe following examplesshow.

Example 2.1. Considerthe completedirected graph on three vertices (without self-
loops). Then placing three chips at a vertex givesa con guration that stabilizes
in one move, while placing four chips at a vertex givesa con guration that newver
stabilizes (seeFigure [).

It might appear that the choice of the order in which we re vertices could
a ect the long-term behavior of the system; howewer, this is not the case,as the
following lemma shows (and Figure B illustrates).

Lemma?2.2([Dha9(],[DEY]]). Let G be any digraph,let o, 1;:::; n beaseuene
of chip con gur ations on G, each of which is a sucessorof the one before, and let
9, 91, 9 be another suchsequene with = .
1. If , is stable, then m n, and moreover, no vertex r es more times in
0..... O than II”I .....
Oy Oy+++y n-

2. 1f 4 and m are both stable,thenm = n, , = 9, and each vertex r esthe
same number of times in both histories.

Proof. Part 2 is an immediate corollary of part 1, which we now prove. If part 1
fails, then considera counterexamplewith m+ n minimal. Let v; be the vertex that
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Figure 1. Some chip con gurations eventually stabilize, while
others never stabilize.

/
g

Figure 2. Commutation of the chip- ring operations.

res when ; ; becomes i, and v be the vertex that res when ? ; becomes °.
Vertex v must be red at somestage (say the i) in the sequenceof con gura-

(with initial con guration ), cortradicting minimalit y.

De nition 2.3. Starting from a con guration , LemmalZd shows that there is at
most one stable con guration that can be reached by a nite sequenceof rings
(and that if such a con guration exists, then no in nite sequenceof rings is
possible). If sudh a stable con guration exists we denote it and call it the
stabilization of
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Thus far, the presenceor absenceof sinks was irrelevant for our claims. For
the rest of this section, we assumethat the digraph G hasa global sink s.

Lemma 2.4. If digraph G has a glotal sink, then every chip con gur ation on G
stabilizes.

Proof. Let N bethe number of chips in the con guration. Given a vertex v of G,

res, it sendsa chip to the sink which remains there forever. Thus v, ; can re
at most N times. Every time v; , res, it sendsa chip to v, 1, and d,, , sud
chips will causev, i1 to re once,sov, , res at mostd,, ,N times. Iterating
backward along the path, we seethat v res at mostd,, d,, ,N times. Thus
ead vertex can re only nitely many times, soby LemmalZd the con guration
stabilizes.

We remark that when G is connectedand the sink is the only vertex with
in-degree exceedingits out-degree,the bound one gets from the above argumert
on the total number of rings is far from optimal; seeTheorem L8 for a better
bound.

De ne the chip addition operator E, asthe map on chip con gurations that
adds a single chip at vertex v and then lets the system stabilize. In symbols,

E, =( +1)
where 1, is the con guration consisting of a single chip at v.

Lemma 2.5. On any digraph with a glokal sink, the chip addition operators com-
mute.

Proof. Given a chip con guration  and two verticesv and w, whatever vertices
are activein  + 1, are also active in con guration °= + 1, + 1,,. Applying
to 9 a sequenceof rings that stabilizes + 1,, we obtain the con guration
E, + 1l,. Stabilizing this latter con guration yields E,E, . Thus E4E, isa
stabilization of ° Interchangingthe rolesof v and w, the con guration E,E,, is
alsoa stabilization of % From LemmalZZ2we concludethat E,E, = E,E,

LemmalZ3is called the abelian property; it justi es Dhar's coinage\ab elian
sandpile model". From the above proof we also deducethe following.

Corollary 2.6. Applying a sequene of chip addition operators to  yields the same
result as adding all the assaiated chips simultaneously and then stabilizing.

Let G be adigraph onn verticeswith global sink s. The reduced Laplacian °
of G is obtained by deleting from the Laplacian matrix the row and column
corresponding to the sink. Note that ring a non-sink vertex v transforms a chip
con guration  into the con guration 9, where 0 is the row of the reduced
Laplacian corresponding to v. Sincewe want to view the con gurations beforeand
after ring asequivalert, we are led to considerthe group quotient Z" *=H, where
H=2z" 1 Oisthe integer row-spanof °.
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De nition 2.7. Let G be a digraph on n vertices with global sink s. The sandpile
group of G is the group quotient

S(G)=z" 1=z" 1 9G):

The connection between the sandpile group and the dynamics of sandpiles
on G is made explicit in Corollary ZI8 For the graph in Figure B the sandpile
group is the cyclic group of order 3. The group structure of S(G) when G is atree
is investigatedin [LevO7].

Lemma2.8. The order of S(G) is the determinant of the reduced Laplacian 4G).

Proof. The order of S(G) equalsthe index of the lattice H = z" 1 %in z" 1,
and, recalling that the volume of a parallelepiped is the determinant of the matrix
formed from its edge-\ectors, we deducethat this in turn equalsthe determinant
of ©

Lemma2.9. Let G be a digraph with a glokal sink. Every equivalen classof Z" !
modulo YG) contains at least one stable chip con gur ation of G.

Proof. Let be the con guration givenby (v) = d, for all v, and let  beits
stabilization. Then (v) < d, forallv 6 s, so is a positive vector equivalert
to the zero con guration. Givenany 2 Z" 1, let m denote the minimum of all
the coordinates of  together with 0 (sothat m  0). Then the vector

= +( m) )

is nonnegative and equivalernt to . Hence is a stable chip con guration in the
sameequivalenceclassas

Example 2.10. An equivalenceclassmay cortain more than one stable chip con g-

uration. For example, considerthe complete directed graph on three vertices, with

one of the verticesmadeinto a sink by deletion of its two outgoing edges(seeFig-
ure3). It is easyto seethat there are two stable con gurations in the equivalence
classof the identit y: the con guration in which ead of the two non-sink vertices
has 0 chips and the con guration in which ead of the two vertices has 1 chip. It

might seemnatural that, if either of thesetwo con gurations is to be preferred
as a represerativ e of the identity elemer in the sandpile group, it should be the
former. Howewer, this instinct is misleading, as we now explain.

0)

| o
©

Figure 3. Two stable chip con gurations in the equivalenceclass
of the identit y.
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De nition 2.11. A chip con guration is accessiblef from any other chip con g-
uration it is possibleto obtain by a combination of adding chips and selectively
ring active vertices. A chip con guration that is both stable and accessibleis
called recurrent.

Remark 2.12. There are seweral de nitions of \recurrent" that are usedin the lit-
erature. LemmalZId below shows that thesede nitions (including the one above)
are equivalent for any digraph with a global sink.

We will seeshortly (in LemmasZI3 and 219 that ead equivalenceclass
in Z" 1=z" 1 Ocontains a unique recurrent chip con guration. It is customary
to represen eat elemen of the sandpile group by its unique recurrent elemert.
In Example 2710 the all-1 con guration is accessiblebut the all-O con guration
is not. Therefore the all-1 con guration is taken as the canonical represerativ e
of the identity. (However, in the context of cluster-ring and superstabilization
as described in De nition B3 and Lemma3, the all-0 con guration will be the
preferred represenativ e.)

Lemma 2.13. Let G be a digraph with a glokal sink. Every equivalen@ class of
Z" 1 modulo 9YG) contains at least one recurrent chip con gur ation of G.

Proof. Given 2 Z" 1, let m denote the minimum of all the coordinates of
together with 0, so that m 0. Write dmax for the maximum out-degree of a
vertex in G. Then s equivalent to the con guration
=+ [dmax + ( M))( )

with  asin the proof of LemmaZd Since has all ertries positive, we
have [dmax + ( M)|( ) dmax ( ) dmax- (Inequalities between
two vectors or betweena vector and a scalar are interpreted componertwise.) In
particular, is accessiblesince any chip con guration can rst be stabilized, so
that ead vertex has fewer than dmax chips, and then supplemeried with extra

chips to obtain . Therefore any con guration obtained from by ring is also
accessible.ln particular the stabilization is thus recurrent and equivalent to

Next we will show that every equivalenceclassmodulo  ° cortains at most
onerecurrent con guration, making use of the following lemma.

Lemma?2.14.Let = (2 ) (2) ,wher isgivenby (v) = d, ashbefore.If is
recurrent, then( + ) =

Proof. If isrecurrent then it is accessiblesoit canbereached from by adding
some(non-negative) con guration and selectively ring. But since is alsostable

this impliesthat ( + ) = . Considerthe con guration
=(+ )+ =2+ +  (2):
Since 0, we may start from and re a sequenceof vertices that stabilizes

+ , to obtain the con guration + . On the other hand, since (2) 0
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we may start from and re a sequenceof vertices that stabilizes 2 , to obtain
the con guration (2 ) + + (2) = + ,whichin turn stabilizesto . By
LemmalZZit followsthat ( + ) =

Lemma 2.15. Let G be a digraph with a glokal sink. Every equivalen@ class of
Z" 1 modulo 9YG) contains at most one recurrent chip con gur ation of G.

Proof. Let ; and > berecurrent qmd equivalent mod °. Label the non-sink ver-

ticesvy;iii;vn 1. Then 1= 2+ ,;G 9 wherethe ¢ are nonzeroconstarts,
0'is the row of the reduced Laplacian © corresponding to v;, and the index i
runs over somesubsetJ of the integers1;:::;n 1. Write J = J [ J., where

J =fi:g<0gandJ, =fi:qg > 0g, and let
X

= 1t (c) P= 2+ ¢

i2J i23.
Let denote the everywhere-positive chip con guration de ned in Lemma 214
Takek large enoughsothat %= + k satises Uv;) jgjdy, for all i. Starting
from © we may re ead vertex v; fori 2 J atotal of ¢ times, and eath
of the intermediate con gurations is a valid chip con guration becauseall the
ertries are nonnegative. The resulting con guration 1 + k then stabilizesto ;
by LemmalZIZ Likewise,starting from °wemay re ead vertexv; fori 2 J. a
total of ¢ times to obtain , + k , which stabilizesto ,. By LemmalZZit follows
that 1= ».

Corollary 2.16. Let G be a digraph with a glotal sink. The set of all recurrent chip
con gur ations on G is an akelian group under the operation ( ; 97! ( + 9,
and it is isomorphic via the inclusion map to the sandpile group S(G).

Proof. Immediate from LemmasZI3 and 213

In view of this isomorphism,we will henceforthusethe term \sandpile group”
to refer to the group of recurrent con gurations.

It is of interest to considerthe identity elemert | of the sandpile group, i.e.
the unique recurrent con guration equivalent to the all-0 con guration. Hereis one
method to computel . Let bethe con guration 2 2. (Arithmetic combinations

of vectorsand scalarsare to interpreted componertwise.) Since 1 we have
1,s0 is accessible Since is equivalent to 0, the identity
elemen is givenby | = ( ) .

Figure@showsidentit y elemerts for the L L squaregrid with \wired bound-
ary," for sewral valuesof L. (To be more precise,the graph G is obtained by re-
placing ead edgeof the undirected squaregrid with a pair of directed edges,and
adjoining a sink vertex s alongwith two edgesfrom ead of the four corner vertices
to s and one edgefrom ead of the other boundary verticesto s.) The identity
elemen of this graph wasstudied by Le Borgne and Rossin[BR0Z], but most basic
properties of this con guration, sud as the existenceof the large squarein the
certer, remain unproved.
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Figure 4. Theidentity elemen of the sandpilegroup ofthe L L
squaregrid for di erent valuesof L, namely L = 128 (upper left),
198 (upper right), 243 (lower left), and 521 (lower right). The
color schemeis as follows: orange=0 chips, red=1 chip, green=2
chips, and blue=3 chips.

Figure B shows another example, the identity elemen for the 100 100 di-
rected torus. (That is, for ead vertex (i; j) 2 Z=100Z Z=10QZ, there are directed
edgesfrom (i; j) to (i+ 1 mod 100;j) and to (i; j + 1 mod 100), and we make (0; 0)
(the lower-left vertex) into a sink by deleting its two outgoing edges.)

Figure @ shows a third example,the identit y elemert for a disk-shaped region
of Z2 with wired boundary.

Also of interest is the inverse of a recurrent chip con guration  (that is,
the recurrent chip con guration suchthat ( + ) = 1). One way to compute
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Figure 5. The identity elemer of the sandpile group of the
100 100 directed torus (left) and the 500 500 directed torus
(right). The color schemeis as follows: white=0 chips, black=1
chip, and the sink, which is at the lower-left corner, is shown in
red.

Figure 6. The identity elemen of the sandpile group of disk-
shaped regions of diameter 100 (left), 512 (middle), and 521
(right). The color scheme is as follows: orange=0 chips, red=1
chip, green=2 chips, and blue=3 chips.

the inverseisvia = ( ) , where is any chip con guration satisfying
3 3. (Here is accessiblesinceit hasat leastd, 1 chips at eath
vertex v.)

Given two chip con gurations and , we sa that is reachable from
(via excitation-relaxation operations) if there exists a con guration  such that
= ( + ) . Notethat this impliesthat isstable. A digraph is strongly connected
if for any two distinct verticesv; w there are directed paths from v to w and from w
to v. Wewrite Gr s for the graph obtained from G by deleting the vertex s along
with all edgesincident to s.
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Lemma 2.17. Let G be a digraph with a glotal sink s, and let be a chip con gu-
ration on G. The following are equivalent.

(1) is recurrent; that is, is reachablefrom any con gur ation

(2) If is any con gur ation reachablefrom , then is reachablefrom

(3) is reachablefrom any con gur ation of the form E, , wher v is a non-sink
vertex of G.

(4) Each strongly connected component of Gr s contains a vertex v such that
is reachablefrom E, .

Proof. Sincetrivially (1)) (2)) (3)) (4), it suces to show (4)) (1).
If (4) holds, there is a chip con guration such that ( + ) = and
is nonzeroon at least one vertex of ead strongly connectedcomponent of G.
There exists a positive integer k such that selective ring from k resultsin a chip
con guration  with at least one chip at ead vertex. Moreover, ( + ) = .
Now let be any chip con guration. Since has at least one chip at eath
vertex, we have + ° for someinteger . Thus we may add chipsto and
then stabilize to obtain the con guration ( +° ) = . Hence isrecurrent.

We also note that, for a digraph G with a global sink, the sandpile group
is isomorphic to the additive group of harmonic functions modulo 1 on G that
vanish on lgwe sink [Sal99. A function f : V(G) ! [0;1) is harmonic modulo 1 if
dyf (v) =, dvwf (W) mod 1 for all verticesv. For a sandpile con guration
the assaiated harmonic functi)c(m f is the solution of

Swf W)= (v):
w
For the graph in Figure § the three harmonic functions are (f (v1);f (v2)) = (0;0),
(f (va); f (v2)) = (1=3;2=), and (f (v1); f (v2)) = (2=3;1=3).

We concludethis section by pointing out a link betweenthe sandpile group
and spanning trees. By Lemma [Z8 the order of the sandpile group of G equals
the determinant of the reduced Laplacian © of G. By the matrix-tree theorem
[Sta9Y 5.6.8],this determinant equalsthe number of oriented spanningtrees of G
rooted at the sink (that is, acyclic subgraphsof G in which every non-sink vertex
has out-degreel). Various bijections have beengiven for this correspondence;see,
for example, [BW97]. In Section[dwe will usethe rotor-router model to describe a
particularly natural bijection, and deducethe matrix-tree theorem asa corollary.

3. Rotor-Routing

Chip-ring is a way of routing chips through a directed graph G in such a fashion
that the chips emitted by any vertex v travel in equal numbers along ead of the
outgoing edges.In order to ensure this equality, howewver, chips must wait at a
vertex v until su cien tly many additional chips have arrived to render v active.
Rotor-routing is an alternativ e approac to distributing chips through G which
dispenseswith this waiting step. Since we cannot ensure exact equality without



12 Holroyd, Levine, Mesaros, Peres,Propp and Wilson

waiting, we settle for the condition that the chips emitted by any vertex v travel
in nearly equal numbers along each of the edgesemanating from v. We ensure
that this near-equality holds by using a rotor medanism to decide where eath
successie chip emitted from a vertex v should be routed.

Given a directed graph G, x for ead vertex v a cyclic ordering of the edges
emanating from v. For an edgee with tail v we denoteby e* the next edgeafter e
in the prescribed cyclic ordering of the edgesemanating from v.

De nition 3.1. A rotor con guration is a function that assignsto eat non-sink
vertex v of G an edge (v) emanating from v. If there is a chip at a non-sink
vertex v of G, routing the chip at v (for one step) consistsof updating the rotor
con guration sothat (v) is replacedwith (v)*, and then moving the chip to
the headof (v)*. A single-chip-and-rotor state is a pair consisting of a vertex w
(which represerts the location of the chip) and a rotor con guration . The rotor-
router operation is the map that sendsa single-cip-and-rotor state (w; ) (where
w is not a sink) to the state (w*; *) obtained by routing the chip at w for one
step. (SeeFigure [ for examplesof the rotor-router operation.)

As we will see,there is an important link between chip- ring and rotor-
routing. A hint at this link comesfrom a straightforward count of con gurations.
Recall that a stable chip con guration is a way of assigningsomenumber of chips
betweenO and dy 1 to gad non-sink vertex v of G. Thus, the number of stable
con gurations is exactly ~, dy, wherethe product runs over all non-sink vertices.
This is also the number of rotor con gurations on G. Other connectionsbecome
apparert when one explores the appropriate notion of recurrent states for the
rotor-router model. We will treat two casesseparately: digraphs with no sink, and
digraphs with a global sink (Lemma 38 appliesto both settings).

De nition 3.2. Let G be a sink-free digraph, i.e. onein which ead vertex has at
leastone outgoing edge.Starting from the state (w; ), if iterating the rotor-router
operation eventually leadsback to (w; ) wesay that (w; ) is recurrent; otherwise,
it is transient.

Our rst goal is to give a combinatorial characterization of the recurrent
states, Theorem[Z8 We de ne a unicycle to be a single-cip-and-rotor state (w; )
for which the set of edgesf (v)g corntains a unique directed cycle, and w lies on
this cycle. (Equivalertly, is a connectedfunctional digraph, and w is a vertex on
the unique cyclein .) The following lemma showsthat the rotor-router operation
takesunicyclesto unicycles.

Lemma3.3. Let G be a sink-free digraph. If (w; ) is a unicycle on G, then (w*; *)
is also a unicycle.

Proof. Since(w; ) isaunicycle,the setofedges (v)gvsw = f * (V)gvsw coOMtains
no directed cycles.The set of edgesf * (v)g forms a subgraph of G in which every
vertex has out-degree one, so it contains a directed cycle. Since any such cycle
must contain the edge *(w) = (w)*, this cycleis unique, and w* liesonit.
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Lemma 3.4. Let G be a sink-free digraph. The rotor-router operation is a permu-
tation on the set of unicycles of G.

Proof. Since the set of unicycles is nite, by Lemma 33 it is enoughto show
surjectivity. GivenaunicycleU = (w; ), letU = (w ; ) bethe state obtained
by moving the chip from w to its predecessow in the unique cycle through w,
and replacingthe rotor at w with its predecessoin the cyclic ordering of outgoing
edgesfrom w . Then the rotor-router operation appliedto U vyieldsU. It remains
to show that U is a unicycle; for this it su ces to show that every directed cycle
in passesthrough w . Supposethat there is a directed cycle of rotors in
which avoidsw . Since  agreeswith exceptat w , this samedirected occurs
within  and avoidsw , a cortradiction sincew is on 's unique cycle.

Corollary 3.5. Let G be a sink-free digraph. If (w; ) is a unicycle on G, then (w; )
is recurrent.

In Lemma B4 below, we show that the cornverseholds when G is strongly
connected. We will needthe following lemma, which is analogousto Lemma[Z4
for the abelian sandpile. A vertex w is globally reachable if for ead other vertex
v there is a directed path from v to w.

Lemma 3.6. Let G be a digraph with a glokally reachablevertex w. For any start-
ing vertex and rotor con gur ation, iterating the rotor-router operation a suitable
number of times yields a state in which the chip is at w.

Proof. Sincew is globally reachable, either G is sink-free or w is the unique sink.
Thus either we caniterate the rotor-router operation inde nitely , or the chip even-
tually visits w. In the former case,since G is nite, the chip visits some vertex
v in nitely often. But if x is a vertex that is visited in nitely often and there is
an edgefrom x to y, then y is also visited in nitely often. Inducting along a path
from v to w, we concludethat the chip evertually visits w.

Lemma 3.7. Let G be a strongly connected digraph. If (w; ) is a recurrent single-
chip-and-rotor state on G, then it is a unicycle.

Proof. Since G is strongly connected, every vertex is globally reachable. Hence
by Lemmal3g, if we start from any initial state and iterate the rotor-router rule
su cien tly many times, the chip visits every vertex of G.

Suppose(w; ) isarecurrent state. Onceevery vertex hasbeenvisited and we
return to the state (w; ), supposethe rotors at verticesvs :::; vk form a directed
cycle. If w doesnot lie on this cycle, then for ead i, the last time the chip was
at v; it moved to vij+1, and hencethe edgefrom v; to vj+1 was traversed more
recertly than the edgefrom v; ; to v;. Carrying this argumert around the cycle
leadsto a contradiction. Thus, every directed cyclein the rotor con guration must
passthrough w. But now if we start from w and follow the rotors, the rst vertex
we revisit must be w. Hence(w; ) is a unicycle.

Combining Corollary B3 and Lemmal34 we have proved the following.
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Theorem 3.8. Let G be a strongly connected digraph. Then (w; ) is a recurrent
single-chip-and-otor state on G if and only if it is a unicycle.

S3sRes
SR tes

SsRtos
S3sRtes
SIshtes

10 11 12 13 14

Sishisepots
Frot- R
1ot
33
Ahs
ks
it

15 16 17 18 19 20 21

it
ARt
ool
ooyl
o
S35
S35

22 23 24 25 26 27 28

33
3%
oy
3%
o
giie

29 30 31 32 33 34

Figure 7. The unicycle con gurations resulting from the evolu-
tion of a particular unicycle on the bidirected 3-by-4 rectangular
grid. By LemmalLY, the chip traversesead directed edgeexactly
once before the original unicycle is obtained. Thus the number
of distinct unicycle con gurations equalsthe number of directed
edges,in this case34. From Lemmal Il it follows that from any
given unicycle, after somenumber of steps, the state will be the
samebut with the cycle's direction reversed.This occurs, for ex-
ample, with unicycles 1 and 13.

Next we considerthe casewhen G is a digraph with a global sink. Note that
we cannot apply the rotor-router operation to statesin which the chip is at the
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sink. We call theseabsorbing states. For any starting state, if we iterate the rotor-
router operation su cien tly many times, the chip must eventually arrive at the
sink by LemmaZ8

A chip-and-rotor stateisapair = ( ; ) consistingof a chip con guration
and rotor con guration on G. A non-sink vertex is active in  if it has at least
one chip. If v is active, then ring v resultsin a new chip-and-rotor state given by
replacing the rotor (v) with (v)* and moving a single chip from v to the head of

(v)* (and removing the chip if (v)* isasink). Wesay that Cis a successoof if
it is obtained from by ring an active vertex. We say that is stable if no vertex
can re, i.e., all chips have moved to a sink and disappeared. The rotor-router
operation has the following abelian property analogousto LemmalZ2

0, f;:::; ,91 is anothersuchsequence and , is stable,thenm n. If in add|t|on
9 is stable,thenm = n and , = 2, and for each vertex w, the number of times

w r esis the samefor both histories.

Proof. Let v; and v? be the vertices that are red in ; ; and P, to obtain ;
and 2 respectively. We will show that if , is stable and the sequencess and
v0 agreein the rst i 1 terms for somei m, then some permutation of v
agreeswith v%in the rst i terms. SinceV?is activein ; ; = 0, it must be
active in i; j+1;:::, until it is red. Since , is stable, it follows that v; = vi0
for somej > i. Let j be the minimal such index. Starting from o, the vertices
VI Vo, ti Vi 15V Vi Visd s Y 1 v,+1;::"vn canbe red in that order, result—
ing in the samestable con guration ,. Moreover, this sequenceagreeswith v°in
the rst i terms.

By induction, it follows that the sequencev® is an initial subsequenceof a
permutation of v. In particular, m n. If 3 is alsostable, by interchanging the

rolesof and © we obtain that vCis a permutation of v.

Given a non-sink vertex v in G, the chip addition operator E, is the map
on rotor con gurations given by adding a chip at vertex v and iterating the rotor-
router operation until the chip movesto the sink. By Lemmal3dand the reasoning
usedin the proof of Lemmal[Z3, the operators E, commute. This is the abelian
property of the rotor-router model.

If, rather than running the chips until they reach the sink, ead chip is run for
a xed number of steps,then the abelian property fails, asthe examplein Figure @
illustrates. (The proof of Lemmal3d requiresthat chips be indistinguishable, and
it is not possibleto run ead chip for a xed number of stepswithout distinguishing
betweenthem.) Despite the failure of commutativit y, this way of routing chips has
some interesting properties, similar to the bound given in Proposition B2T see
work of Cooper and Spencer [CSO¥].
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Figure 8. Failure of the abelian property for rotor-router walk
stopped after two steps.

A rotor con guration on G is acyclicif the rotors do not form any directed
cycles.If G has a global sink, then is acyclic if and only if the rotors form an
oriented spanning tree rooted at the sink.

Lemma 3.10. Let G be a digraph with a glotal sink, and let v be a vertex of G. The
chip addition operator E, is a permutation on the setof acyclic rotor con gur ations
on G.

Proof. We rst argue that applying E, to an acyclic rotor con guration yields
an acyclic rotor con guration: this is proved by induction on the number of rotor-
routing steps,wherethe induction hypothesisstatesthat every path leadsto either
the sink or to the chip.

Sincethe set of acyclic rotor con gurations is nite, it suces to show sur-
jectivity. Let  be an acyclic rotor con guration on G, add an edgee from the
sink s to v to form a sink-free digraph G° and assignthe rotor (s) = e. Then
U = (s; ) is a unicycle on G° Starting from U, we can iterate the inverse of the
rotor-router operation (which by Lemmal34dis well-de ned for unicycles) until the
next time we reach a state U°= (s; 9 with the chip at s. BecauseU?is a unicycle
with chip at s, deleting the edgee leavesan acyclic rotor con guration ° Obsere
that running the rotor-router operation from U°to U, upon ignoring the edgee,
is equivalert to applying E, to ©and obtaining

De nition 3.11. We next describe an action of the sandpile group on acyclic rotor
con gurations. Givena chip con guration andarotor con guration on G, write

() for the rotor con guration obtained by adding (v) chips at ead vertex v
and routing them all to the sink. By Lemma[Zd the order of these routings is

immaterial. Thus we may write ( 8 as 1

Y
(=@ E, WA ;
V2V (G)

where the product symbol represens composition of the operators.
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It istrivial that 2( () =( 1+ 2)().

Sinceacyclic rotor con gurations on G can beidentied with oriented span-
ning treesrooted at the sink, Lemmal3I0implies that every chip con guration
acts asa permutation on the set of oriented spanningtreesof G rooted at the sink.

Lemma 3.12. Let G be a digraph with a glotal sink, and let be an acyclic rotor
con gur ation on G. If the chip con gur ations ; and ; are equivalent modulo the
reduced Laplacian ©of G, then ()= 2().

Proof. If (v) dy, and weroute (for onestep) d, of the chips at v, then the rotor
at v makesonefull turn and one chip is sert along ead outgoing edgefrom v. By
Lemma[3g, it follows that if Cis a successoto (that is, °is obtained from
by ring someactive vertex v), then () = 9 ) for any rotor con guration
Inducting, we obtain ( )= () for any rotor con guration

In particular, if | is the recurrent chip con guration that represerts the iden-
tity elemen of the sandpile group, we have

AN =0+0C)=0+1)()=1(0)

for any rotor con guration . By LemmalIdthe map 7! 1( ) is a permutation
on the set of acyclic rotor con gurations, soit must be the identity permutation.
Now if 1; » areequivalent modulo © then( 1+ 1) and( 2+ 1) arerecurrent
and equivalert modulo  ©, henceequal by Lemma[ZT3 Since

()= 0N =0+DO)=Ci+H () i=L2

we concludethat 1( )= 2( ).

It follows from Lemma[3I2 that the sandpile group of G acts on the set of
oriented spanning trees of G rooted at the sink. Our next lemma shows that this
action is transitiv e.

Lemma 3.13. Let G be a digraph with a glokal sink. For any two acyclic rotor
con gurations and °on G, there exists a chip con guration on G such that

(="

Proof. For a non-sink vertex v, let (v) be the number of edgese such that (v) <
e %v) in the cyclic ordering of outgoing edgesfrom v. Starting with rotor
con guration , and with (v) chips at eat vertex v, allow ead chip to take
just one step. The resulting rotor con guration is % let be the resulting chip
con guration, sothat ()= ( 9, andlet be the inverseof the corresponding
element ( + 1) of the sandpile group. By Lemmal3Id and the fact that + is
equivalent to 0 modulo  ©, we have

(+)0)=0+ )%= °

Next we de ne recurrent rotor con gurations on a digraph with a global sink,
and shaw they are in bijection with oriented spanningtrees.
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De nition 3.14. Let G be a digraph with a global sink. Givenrotor con gurations
and %on G, we say that is reachable from 0 if there is a chip con guration
such that (9 = .Wesay that is recurrent if it is reachable from any other
con guration .

Note that in contrast to De nition B2 the location of the chip plays no role
in the notion of recurrent states on a digraph with global sink.

Lemma 3.15. Let G be a digraph with a glokal sink. A rotor con guration on G
is recurrent if and only if it is acyclic.

Proof. By LemmalEI0 any con guration readhable from an acyclic con guration
must be acyclic, so recurrent implies acyclic. Conversely if is acyclic and Cis
any rotor con guration, the con guration 1( 9 (where 1 denotesthe con guration
with onechip at ead vertex) is acyclic, sincethe rotor at eat vertex points along
the edgeby which a chip last exited. By Lemmal3I3 there is a chip con guration
sudhthat (1( 9) = , so isreadablefrom °and hencerecurrent.

Just as for the sandpile model, there are seeral equivalent de nitions of
recurrencefor the rotor-router model.

Lemma 3.16. Let G be a digraph with a glotal sink s, and let be a rotor con gu-
ration on G. The following are equivalent.

(1) is acyclic.

(2) is recurrent; that is, is reachablefrom any rotor con gur ation °.

(3) If Ois reachablefrom , then is reachablefrom ©

(4) is reachablefrom any rotor con guration of the form E, , wher v is a
vertex of G.

(5) Each strongly connected component of Gr s contains a vertex v such that
is reachablefrom E, .

Proof. By LemmaBTI3we have (1) ) (2), andtrivially (2)) (3)) (4)) (5).

of Gr s, andfor eadh i, let v; 2 C; be such that is reachable from E,, . Choose
an integer k large enoughsothat if we start k chips at any v; and route them to
the sink, every vertex in C; is visited at least once. Let

I

y K

0_ E,

Then in 9 the rotor at ead vertex points along the edge by which a chip last
exited, so %is acyclic. Since is reachable from © by LemmalZI0it follows that
is acyclic. Thus (5) ) (1), completing the proof.

Next we show that the action of the sandpile group on the set of oriented
spanning trees of G is free.
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Lemma 3.17. Let G be a digraph with a glotal sink, and let 1 and ; be recurrent
chip con gur ations on G. If there is an acyclic rotor con gur ation of G suchthat

1()= 2(),then ;= ».

Proof. Let = 1+ 3 (recall that 3 is the inverseof ;,.) By Lemma 313
()= 2020 ))=2(20)=(2+72)()= .Since ()= , after adding
to , for eat vertex v, the rotor at v makes some integer number ¢, of full

rotations. Each fqy rotation resultsin d, chips leaving v, one along ead outgoing

edge.Hence = ¢, , which isin the row spanof the reduced Laplacian, so
is equivalent to 0 modulo YG), and hence ; = , by LemmalZI3

Corollary 3.18 (Matrix Tree Theorem). Let G be a digraph and v a vertex of G.
The numkber of oriented spanning treesof G rooted at v is equal to the determinant
of the reduced Laplacian YG) obtained by deletingfrom ( G) the row and column
correspnding to v.

Proof. Without lossof generality we may assumethe graph is loopless,sinceloops
a ect neither the graph Laplacian nor the number of spanning trees.

If v is not globally reachable, then there are no spanning trees rooted at v,
and there is a set of vertices S not containing v, such that there are no edgesin
G from S to S¢. The rowsof 9G) corresponding to verticesin S sumto zero, so

%G) hasdeterminant zero.

If v is globally reachable, delete all outgoing edgesfrom v to obtain a di-
graph G°with global sink v. Note that G and G° have the samereducedLaplacian,
and the sameset of oriented spanningtreesrooted at v.

Fix an oriented spanning tree  of G°% The mapping 7! () from S(G9
to the set of oriented spanning trees of G° is a surjection by Lemma T3 and is
one-to-oneby Lemmal T4, and by LemmalZg, jS(G%j = det YGY).

Given a digraph G with global sink, de ne its rotor-router group as the
subgroup of permutations of oriented spanning trees of G generatedby the chip
addition operators E, .

Lemma 3.19. [LLO/] The rotor-router group for a digraph G with a glotal sink is
isomorphic to the sandpile group S(G).

Proof. The action of the sandpile group on oriented spanning trees is a homo-
morphism from the sandpile group S(G) onto the rotor-router group. For any
two distinct sandpile group elemenis ; and », for any oriented spanning tree

(there is at least one), by Lemma 314 we have () 6 »( ), sothe assai-
ated rotor-router group elemers are distinct, i.e., the group homomorphismis an
isomorphism.

Since the number of recurrent chip con gurations of G equalsthe number
of oriented spanning trees, it is natural to ask for a bijection. Although there is
no truly \natural" bijection, sincein generalthere is no canonical spanning tree
to correspond to the identity con guration, we can usethe rotor-router model to
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de ne a family of bijections. Fix any oriented spanningtree rooted at the sink,
and assaiate it with the identit y con guration | . For any other oriented spanning
tree O by Lemma[BI3 there exists 2 S(G) with () = & moreover, is
unique by Lemma T2 Asscciate  with  © Sincethis de nes a surjective map
from recurrent con gurations to oriented spanningtrees, it must be a bijection.

Remark 3.20. A variant of the rotor-router rule relaxes the cyclic ordering of
edgesemanating from a vertex, and merely requires one to choose some edge
emanating from the current location of the chip asthe new rotor-setting and move
the chip along this edge. This is the branching operation introduced by Propp
and studied by Athanasiadis [Ath97]. Alternativ ely, one can put a probability
distribution on the edgesemanating from ead vertex, and stipulate that the new
edgeis to be chosenat random. This givesthe tree-walk intro ducedby Anantharam
and Tsoucas[AT89] in their proof of the Markov chain tree theorem of Leighton
and Rivest [LR86].

We conclude this section with the following result of Holroyd and Propp
[HPQO8], which illustrates another area of application of the rotor-router model.

Proposition 3.21. Let G = (V;E) be a digraphandlet Y Z be setsof vertices.
Assumethat from each vertex there is a directed pathto Z. Let  be a chip con g-
uration on G. If the chips perform independent simple random walkson G stopped
on rst hitting Z, let H( ;Y) be the expected number of chips that stopin Y. If
the chips perform rotor-router walks starting at rotor con gur ation and stopped
on rst hitting Z, letH ( ;Y) bethe)?umber of chips that stopin Y. Then

H(O:;Y) H(;Y) jh(head of €) h(tail of €)j (2)

edges e
where h(v) ;= H(1,;Y).

Note that the bound on the right side doesnot dependon or
Proof. To eath edgee = (u(; V) we assigna weight

0 ife= (u);

WO = W) h(v)+ wi(e ) otherwise

Here e isthe edgeprecedinge in the cyclic ordering of edgesemanating from u.
Sinceh is a harmonic function on G, the sumof h(u) h(v) overall edgese = (u; V)
emanating from u is zero, so the formula v'g(e) = h(u) h(v) + wt(e ) remains
valid evenwhene = (u). Weassignweight , wt( (v)) to arotor con guration
and weight h(v) to a chip located at v. By construction, the sum of rotor and
chip weights in any con guration is invariant under the operation of rotating the
rotor at a chip and then routing the chip. Initially , the sum of all chip weights is
H( ;Y). After all chips have stopped, the sum of the chip weights is H ( ;Y).
Their dierence is thus at most the changein rotor weights, which is bounded
above by the sumin (D).
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Similar boundshold even for somein nite directed graphsin which the right
side of () is not nite. Thus rotor-routing can give estimates of hitting probabil-
ities with very small error. See[HPO§] for more details.

4. Eulerian Graphs

A digraph G = (E; V) is Eulerian if it is strongly connected,and for eat vertex
v 2 V the in-degreeand the out-degree of v are equal. We call G an Eulerian
digraph with sink if it is obtained from an Eulerian digraph by deleting all the
outgoing edgesfrom one vertex; equivalently, G has a sink and every other vertex
has out-degreethat is at least as large as its in-degree. An Eulerian tour of a
digraph G is a cycle in G that usesead edge exactly once. Such a tour exists
if and only if G is Eulerian. Note that for any connectedundirected graph, the
corresponding bidirected graph is Eulerian. In this section we shov someresults
that do not hold for generaldigraphs, but are true for Eulerian ones.We rst treat
the sandpile model, and then the rotor-router model.

Lemma4.1 (Burning algorithm [Dha9(]). Let G be an Eulerian digraph with sink.
A chip con guration is recurrentif andonlyif ( + ) = , where

(v) = outdeg(v) indeg(v) O:

If is recurrent, each vertex r esexactly once during the stabilization of +

Proof. By the\(4) ) (1)" part of LemmalZId if ( + ) = ,then isrecurrent.
Conversely suppose is recurrent. Label the non-sink verticesvs;:::;vy 1. Since
b4 1

= > 2

i=1
the con gurations and ( + ) are both recurrent and equivalent modulo °.
By LemmalZI3it follows that they are equal.
Let ¢ bethe number of times vertex v; res during the stabilization of +

Then

X 1

=( + ) = + G |0

i=1

The rowsof Carelinearly independent, sofrom () we deducec, = 1 for all i.

Informally, the burning algorithm can be described as follows: to determine
whether isrecurrent, rst \re the sink" to obtain the con guration + . Then
is recurrent if and only if every non-sink vertex res in the stabilization of +
In the non-Eulerian case,there is a generalization of the burning algorithm known

asthe script algorithm, due to EugeneSpeer [Spe94.

Let H be an induced subgraph of G not containing the sink. We say that H
is ample for a chip con guration  on G if there is a vertex v of H that has at
least as many chips asthe in-degreeof v in H.
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Lemma4.2. Let G be an Eulerian digraph with sink s. A stablechip con gur ation
on G is recurrent if and only if every nonemptyinduced sutgraph of Gr s is ample
for

Proof. If s recurrent, there is a chip con guration suchthat ( + ) = ,
where (v) = d,. Each vertex of G res at least oncein the processof stabilizing
+ . Givenanonempty induced subgraphH of G, let v be the vertex of H which
rst nishes ring. After v nishes ring, it must receiwe at least as many chips
from its neighbors asits in-degreein H, so (V) is at leastthe in-degreeof v in H.
Thus H is ample for
Conversely supposethat every nonempty induced subgraph of G is ample
for .Let bethe chip conguration de ned in Lemmall Starting from +
re asmany vertices as possibleunder the condition that ead vertex be allowed
to re only once.Let H be the induced subgraph on the set of verticesthat do not
re. Sinceead vertex v of H is unableto re even after receiving one chip from
ead incoming edgewhoseother endpoint lies outside H, we have

(v) + dy indeg, (v) dy 1

ThusH is not ample and consequetly must bepempty Soewery vertex res once,
after which we obtain the con guration + L, 2= .Hence( + ) = ,

which implies is recurrent by LemmalZI31

Next we de ne a variant of chip- ring called cluster- ring (seeFigure @), and
we useLemmalAto characterizethe stable statesfor cluster- ring. This givesrise
to a notion of \sup erstable states" which are in somesensedual to the recurrent
states.

De nition 4.3. Let G be adigraph with a global sink. Let be a chip con guration
on G, and let A be a nonempty subsetof the non-sink vertices of G. The cluster-
ring of A yields the con guration

0_—

i2A
If Ois nonnegative we say that the cluster A is allowed to re . We say that is
superstable if no cluster is allowedto re.

Note that a cluster A may be allowedto re evenif no subsetof A is allowed
to re. For example, in Figure @, a cluster of two vertices is allowed to re even
though neither of its vertices aloneis allowed to re.

One could consider an even more general operation, \m ulticluster- ring,"
in which dierent vertices can be red dierent numbers of times, so long as at
the end of the rings, ead vertex has a nonnegative number of chips. However,
this further-generalized ring operation doesnot yield anything new for Eulerian
digraphs, since any multicluster- ring can be expressedas a sequenceof cluster-
rings: Let m denote the maximal number of times that a vertex res in the
multicluster- ring, and C; denote the set of verticesthat re at leastj times in
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stable superstable

Figure 9. An exampleof cluster- ring, resulting in a superstable
chip con guration. The bottom vertex is the sink.

the multicluster- ring. Sincethe digraph is Eulerian, C,, may be cluster- red, and

Denote by the chip con guration (v) = d, in which ead vertex has as
many chips as outgoing edges,and by 1 the con guration with a single chip at
ead vertex.

Theorem 4.4. Let G be an Eulerian digraph with sink. A chip con guration on G
is superstableif and only if 1 is recurrent.

Proof. A cluster A is allowedto re if and only if for eadh vertex v 2 A we have
(v) dy+indegy(v) O

This is equivalent to d, 1 (v) < indeg, (Vv), i.e., the induced subgraphon A
is not ample for 1 . By Lemmal2 the proof is complete.

By LemmasZI3 and ZI8 every equivalence class modulo  © contains a
unique recurrent con guration, sowe obtain the following.

Corollary 4.5. Let G be an Eulerian digraph with sink. Every equivalen@ class
modulo  YG) contains a unique superstable con gur ation.

As a consequencewe obtain that the cluster- ring model on Eulerian di-
graphsis abelian; this was proved by Paoletti [Pac0] in the bidirected case.

Corollary 4.6. Let G be an Eulerian digraph with sink. Let o, 1;:::; 5 bea
segquene of chip con gur ations on G, each of which is obtained from the one before
by a cluster-ring, with , superstable. Then any sequene of cluster- rings that
starts from  and endsin a superstablecon gur ation endsin .

We call the con guration  in Corollary B8 the superstabilization of .
The following result provides a way to compute the superstabilization.

Proposition 4.7. Let  be a chip con gur ation on an Eulerian digraph with sink.
The sugerstabilization of is given by

= 1 (1 +1)
whee | is the identity elementof the sandpile group.
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Figure 10. Stable sandpile(on left) and superstable sandpile(on
right) of 100,000chips, obtained by placing 100,000chips at the
origin of the integer lattice Z? and (super)stabilizing. The color
schemeis as follows: white=0 chips, red=1 chip, green=2 chips,
and blue=3 chips.

Proof. Sincethe conguration = ( 1 + 1) isreachable from the identity
elemen, it is recurrert, hence = 1 is superstable by Theorem 4.4. Since
and are equivalent modulo @ it follows from Corollary 4.5 that is the

superstabilization of

Our nal result concerning the sandpile model on Eulerian digraphs is a
theorem of Van den Heuvel [vdHO1]; seealso [Tar88]. We give a shorter and more
direct proof than that preseried in [vdHO1]. By an bidirected graph with sink s,
we will mean the digraph obtained from an undirected graph by rst replacing
eat edgeby a pair of directed edgesin opposite directions, and then deleting all
outgoing edgesfrom s. The e ectiv e resistance between two vertices of G is an
important quantit y in electrical network theory; see,e.g.,[DS84. In particular, the
quantity Rmax appearing in the proposition below is always boundedabove by the
diameter of G, but for many graphsit is substartially smaller than the diameter.

Proposition 4.8. Let G be a bidirected graph with sink, and let  be a chip con g-
uration on G. The total number of chip movesneeddad to stabilize is at most

2mJ J Rmax

where m is the number of edges,j j is the total number of chips, and Ryax is the
maximum e ective resistan@ between any vertex of G and the sink.

Note that ring a vertex v consistsof d, chip moves.
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Proof. Let = o; 1;:::; k= be a sequenceof chip con gurations with
obtained from ; by ring a single act)i(ve vertex x;. De ne the weight of ; to be
wt( ) = i (X) wt(x);

X
where
wt(x) = ExTs

is the expected time for a simple random walk started at x to hit the sink. By
conditioning on the rst step X; of the walk, we compute

wi(x) = Ex(Ex,Ts Ts)= 1L
so ring the vertex x; decreaseghe total weight by dy,. Thus
wt( i) wt( je1) = dy;: 3)

By [CRR* 97], the function wt is bounded by 2mR .. Since the nal weight
wt( ) is nonnegative, summing (3) overi we obtain that the total number of chip
movesN neededto stabilize is at most

K 1

N = d, = wt( ) wit( ) 2mj jRmax:
i=0
Next we presert results about the rotor-router model speci ¢ to the Eulerian

case.An example of the next lemmais illustrated in Figure 7.

Lemma 4.9. Let G be an Eulerian digraph with m edges.Let U = (w; ) be a
unicycle in G. If we iterate the rotor-router operation m times starting from U,
the chip traversesan Eulerian tour of G, each rotor makesone full turn, and the
state of the systemreturns to U.

Proof. Iterate the rotor-router operation starting from U until somerotor makes
more than a full turn. Let it be the rotor at vertex v. During this process,v must
emit the chip more than d, times. Henceif v 6 w, then v must also receiwe the
chip more than d, times. Since G is Eulerian, this meansthat someneighboring
vertex u must sendthe chip to v more than once. However, when the chip goes
from u to v for the secondtime, the rotor at u hasexecutedmore than a full turn,
cortradicting our choice of v. Thus when the rotor at w has made a full turn, the
rotors at the other sites have made at most a full turn.

We can now repeat this argumert starting from the con guration obtained
after the rotor at w has made a full turn. In this way, the future history of the
systemis divided up into segmeits, ead of length at most m, where the chip is
at w at the start of each segmen. It follows that over the course of the future
history of the system, the chip is at w at least d,=m of the time.

Since G is strongly connected,we may apply this sameargumert to every
state in the future history of the system, with every vertex of G playing the role

f w. As the system ewlves, the chip is at v at least d,=m of the time. Since
v dv=m = 1, the chip is at v exactly d,=m of the time. Hence,asthe rotor at w
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executesa full turn, the rotors at the other sites also executea full turn. Since
every rotor makesa full turn, every edgeis traversedexactly once, so the chip
traversesan Eulerian tour.

We can uselLemma 4.9 to give a bijective proof of a classicalresult in enu-
merative combinatorics relating the number of Eulerian tours of an Eulerian graph
G to the number of oriented spanning trees of G (see,e.g.,[Sta99 Cor. 5.6.7]).

Corollary 4.10. Let G = (V;E) be an Eulerian digraph. Fix an edgee 2 E and let

tail(e) = w. Let T (G;Vv) denotethe numkber of oriented spanning treesin G rooted

at w, andlet (G;e) bethe number of Eulerian tours in G starting with the edgee.

Then %

(G;e) = T(G;w) (dy 1)
v2V

Proof. There are Qu2V (dy 1)!waysto x cyclic orderings of the outgoing edges
from ead vertex. There are T (G; w) ways to choosea unicycle U = (w; ) with the
chip at w and the rotor (w) = e , wheree isthe edgeprecedinge in the cyclic
ordering of outgoing edgesfrom w. Given these data, we obtain from Lemma 4.9
an Eulerian tour of G starting with the edgee, namely the path traversedby the
rotor-router walk in m steps.

To shaw that this correspondenceis bijectiv e, given an Eulerian tour starting
with the edgee, cyclically order the outgoing edgesfrom ead vertex v in the order
they appear in the tour. Let (w) = e andfor v 6 wlet (v) bethe outgoing
edgefrom v that occurslast in the tour. Then U = (w; ) is a unicycle.

The following result was rst announcedin [PPS9§, in the caseof rotor-
router walk on a squarelattice.

Corollary 4.11. Let G be a bidirected planar graph with the outgoing edgesat each
vertex ordered clockwise. Let (w; ) be a unicycle on G with the cycle C oriented
clockwise. After the rotor-router operation is iterated somenumber of times, each
rotor internal to C has performed a full rotation, each rotor external to C has not
moved, and each rotor on C has performed a partial rotation so that C is now
oriented counter-clockwise.

Proof. Let G° be the graph obtained from G by deleting all vertices and edges
external to C. Note that G°, like G, is Eulerian. Let be the rotor con guration

on G° obtained from by \regressing" ead rotor whosevertex lies on C; that is,
if vliesonCand (v) isthe edgee, let (v) = e , the edgeimmediately preceding
e in the cyclic ordering of the edgesemanating from v. Consider the unicycle
U = (w; ) on G°and note that it has C oriented counter-clockwise. Starting

from U and applying the rotor-router operation # C times, the chip will traverse
the cycle C° resulting in the state U = (w; jgo). By Lemma 4.9, further iteration

of the rotor-router operation on G° returns the systemto the state U . Sincethe
outgoing edgesat ead vertex are ordered clockwise, it is straightforward to see
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that applying the rotor-router rule to U on G°and to (w; ) on G results in the
sameewolution up until the time that state U on G®is reached.

Lemma 4.12. Let G be an Eulerian digraph, and let G, be the Eulerian digraph
with sink obtained by deleting the outgoing edgesfrom vertex v. Then the akelian
sandpile groups S(Gy) and S(Gy,) correspnding to di er ent choices of sink are
isomorphic.

Proof. Recallthat the sandpilegroup S(G,) isisomorphicto Z" 1=z" 1 4G); we
arguethat for Eulerian digraphs G it is alsoisomorphicto Z"=Z" ( G). Vectorsin
Z" 1 areisomorphicto vectorsin Z" whosecoordinates sumto 0, and modding out
avectorin Z" ! by arow of the reducedLaplacian °correspondsto modding out
the corresponding vector in Z" by the corresponding row of the full Laplacian .
For Eulerian digraphs G, the last row of the full Laplacian is the negative of the
sum of the remaining rows, so modding out by this extra row hasno e ect.

We mertion one other result that appliesto undirected planar graphs, due
to Corri and Rossin[CROQ].

Theorem 4.13 ([CROQ]). If G and G are dual undirected planar graphs, then the
sandpile groups of G and G are isomorphic. (By Lemma 4.12, the locations of
the sink are irr elevant.)

5. Stadks and Cycle-Popping

Let G be a digraph with a global sink. In this section we describe a more general
way to de ne rotor-router walk on G, using arbitrary stadks of rotors at eac vertex
in place of periodic rotor sequencesTo eact non-sink vertex v of G we assigna
bi-in nite stadk (v) = ( k(v))k2z of outgoing edgesfrom v. To pop the stadk, we
shift it to obtain ( k+1 (V))k2z. To reverse pop the stack, we shift it in the other
direction to obtain ( « 1(v))k2z. The rotor-router walk can be de ned in terms of
stacks asfollows: if the chip is at vertex v, pop the stack (v), and then move the
chip along the edge 1(v). We recover the ordinary rotor-router model in the case
when eadt stack (v) is a periodic sequenceof period dy, in which ead outgoing
edgefrom v appearsoncein ead period.

The collection of stacks = ( (v)), wherev rangesover the non-sink vertices
of G, is called a stack con guration on G. We say that is in nitiv e if for each
edgee = (v;w), and ead positive integer K, there exist stack elemerns

k(V) = w(v) = e
with k K and k° K. This condition guarantees that rotor-router walk
evertually reachesthe sink.
Given a stack con guration , the stack elemens ((v) de ne a rotor con-

guration on G. We say that is acyclic if  contains no directed cycles. If
C=fvy;:::;vngis adirected cyclein o, dene C to be the stack con guration
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obtained by reversepopping ead of the stadks (v;); we call this reversepopping

the cycle C. (If Cis not a directed cyclein o, setC = )
Theorem 5.1. [PW98] Let G be a digraph with a glokal sink, and let ° be an
in nitive stack con gur ation on G. There exist nitely many cycles C;;:::; Gy

suchthat the stack con gur ation

=G G°

conguration °= ¢ @ %is acyclic, then °=

If v is a non-sink vertex of G, the chip addition operator E, applied to the
in nitiv e stack con guration s the stack con guration © obtained by adding a
chip at v and performing rotor-router walk until the chip reachesthe sink. The
next lemma shaws that these operators commute with cycle-popping.

Lemma 5.2. Let G be a digraph with a glokal sink, let be an innitive stack
con gur ation on G, and let C be a directed cyclein G. Then

E.(C)= CE, ):

Proof. Write °= E, . Let v = vo;vi1;:::;V, = s be the path taken by a chip
performing rotor-router walk from v to the sink starting with stack con guration
If this path is disjoint from C, then the chip performsthe samewalk starting with
stack con guration C , and the cycle Cis presert in § if and only if it is present
in o, sothe proof is complete.

Otherwise, choosek minimal and * maximal with vi;v- 2 C. The rotor 3(v-)
points to a vertex not in C, so the cycle C is not presert in §. Thus we must
shav E,(C ) = © With stack con guration C , the chip will rst travel the path

in going from C to E,(C ) than in goingfrom to E, ; the stack at ead vertex
w 2 Cis popped the samenumber of times in both cases.

The next lemma usescycle-popping to give a constructive proof of the in-
jectivity of the chip addition operators E, on acyclic stack con gurations. In the
caseof periodic rotor stacks, we gave a non-constructive proof in Lemma 3.10

Lemmab5.3. Let G be a digraph with a glokal sink. Given an acyclic in nitive stack
con gur ation on G and a non-sink vertex v, there existsan acyclic in nitive stack
con gur ation °suchthat E, °=

Proof. Let 9 be the stack con guration obtained from by reversepopping the
stack at eadh of the verticeson the unique path in ¢ from v to the sink. A rotor-
router walk started at v with stack con guration © will travel directly along this
path to the sink, soE, ° = . If ©is acyclic, the proof is complete. Otherwise,
by Theorem 5.1 there are cyclesG;;:::;G, sudh that °= G, G ©is acyclic.
By Lemma 5.2, we have

Ev%=Gn G(Ev =G G =
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where in the last equality we have usedthat is acyclic.

Note that the proof shows the following: if ; © are acyclic in nitiv e stack
con gurations and E, °= , then the unique path in o from v to the sink is
the loop-erasure of the path taken by rotor-router walk started at v with initial
con guration .

6. Conjectures and Open Problems

In this section we discuss some natural questions about chip-ring and rotor-
routing that remain unanswered.

Fey-den Boer and Redig [FRO7] consider aggregationin the sandpile model
on Z9. In their setup, the underlying graph for the chip- ring gameis the in nite
undirected d-dimensional cubic lattice Z9. Start with ead site containing h
2d 2 chips. Here h may be even be taken negative, corresponding to starting
with a\hole" of depth H = h at ead lattice site; that is, ead site absorbsthe
rst H chips it receiwes, and thereafter res every time it receivesan additional
four chips. Now add n chips to the origin and stabilize. Denote by S,.y the set of
sitesin Z9 which red in the processof stabilization.

Theorem 6.1 ([FRO7]). Let C(r) denotethe cuke of side length 2r + 1 centered at
the origin in Z9. For each n there exists an integer r, suchthat Sp.2 29 = CQ(rn).

In two dimensions, Theorem 6.1 states that S,. » is a square. Simulations
indicate that for generalH 2, the limiting shape of Sp.y in Z? may be a
polygon with 4H + 12 sides.

H= 2 H= 1 H=0

Figure 11. Sandpile aggregatesof 250; 000 chips in Z? at hole
depthsH = 2 (left), H = 1 (center), andH = 0.

Question 6.2. In Z?, is the limiting shag of Sy asn! 1 aregular (4H +
12)-gon? Simulations indicate a regular (4H + 12)-gon with some\r ounding" at
the corners; it remains unclear if the rounded portions of the boundary become
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negligible in the limit. Evenif the limiting shape is not a polygon, it would still be
very interesting to establishthe weaker statementthat it hasthe dihedral symmetry

D4H +12 .

The square,octagonand dodecagoncorrespondingto the caseH = 2; 1;0
areillustrated in Figure 11. Regarding Question 6.2, we should note that eventhe
existenceof a limiting shape for S,y hasnot beenprovedin the caseH > 2.0n
the other hand,asH ! 1 the limiting shapeis a ball in all dimensions,as showvn
by Fey and Redig [FRO7] and strengthenedin [LPO7b]. In the theorem below, ! 4
denotesthe volume of the unit ball in RY, and B, denotesthe discrete ball

Br=fx22%x3+ :::+ x3<r?g

Theorem 6.3. [LPO7b]. Fix anintegerH 2 2d. Let S,y be the set of sitesin
Z9 that r e in the processof stabilizing n particles at the origin, if every lattice
site begins with a hole of depthH. Write n = ! 4r9. Then

Bclr c2 Sn;H

where
ci=(2d 1+ H) ¥

and ¢, is a constant deending only on d. Moreover if H 1 d, then for any
> 0 we have

S B<:‘13r+ cd
where
@=( +H) ™
and c3 is independent of n but may degendon d, H and .

In particular, note that the ratio clzdf "lasH" 1.

For many classesof graphs, the identity elemer of the sandpile group has
remarkable properties that are not well understood. Let |, be the identit y elemen
of the n n grid graph G, with wired boundary; the states |, for four dierent
values of n are pictured in Figure 4. Comparing the pictures of |, for dierent
valuesof n, oneis struck by their extreme similarity. In particular, we conjecture
that asn! 1 the pictures convergein the following senseto a limiting picture
on the unit square[0;1] [0;1].

Conjecture 6.4. Let a, be a sqquene of integerssuchthat a, " 1 and 2~ #0. For
x 2 [0;1] [O;1] let

1
22

fn(x) = In (y):
y2Gnp

iy nxjji an
There is a sqquene@ a, and a function f : [0;1] [0;1]! R o which is locally
constant almost everywhee, suchthat f,, ! f at all continuity points of f.
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Most intriguing is the apparent fractal structure in the conjectural f . Recernt
progresshas beenmadetoward understanding the fractal structure of the identit y
elemen of a certain orientation of the squaregrid; see[CPS07.

By Lemma4.9, the recurrent orbits of the rotor-router operation on an Euler-
ian digraph are extremely short: although the number of unicyclesis typically ex-
ponertial in the number of vertices, the orbits are all of sizeequal to the number
of edges.One would expect that such short orbits are not the norm for general
digraphs.

Question6.5. Doesthere exist an in nite  family of non-Eulerian strongly connected
digraphs G,,, suchthat for each n, all the unicycles of G, lie in a single orbit of
the rotor-router operation?

Another questionstemming from Lemma4.9is the following. Fix two edgesey
and e; of adigraph G. Starting from a unicycle on G, record a 0 each time the chip
traverseshe edgeey, and recorda 1 ead time it traversese;. If G is Eulerian, then
Lemma 4.9 implies that the resulting sequencewill simply alternate 0;1;0;1;:::.
For a general digraph, the sequenceis periodic, since the initial unicycle must
recur; what can be said about the period?

Lastly, the articles [PDDK96] and [PPS99g contain seweral conjecturesthat
are supported by both credible heuristics and computer experimerts, but that have
not beenrigorously proved. For instance, it appearsthat, with random initial rotor
orientations, the set of sitesvisited by a rotor-router walk of length n in the plane
typically has diameter on the order of n'=® [PDDK96] (compare this with the
corresponding growth rate for random walk in the plane, which is n172).
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