
Boundary Regularity

Theorem (H2 regularity up to the boundary): suppose ajk 2 C1(⌦̄),
bj, c 2 L1(⌦). We assume also @⌦ is C2 (locally the graph of a C2 function).
Then there is C > 0 (depending on ⌦ and the coe�cients) such that any weak

solution u 2 H1
0 (⌦) of the Dirichlet BVP

⇢
Lu = f ⌦
u = 0 @⌦

�
with f 2 L2(⌦),

satisfies u 2 H2(⌦), and

kukH2(⌦)  C
�
kfkL2(⌦) + kukL2(⌦)

�
.

Remarks:

• the kukL2 on the right side of the estimate is seen to be necessary by con-
sidering the case when there is non-uniqueness of solutions (the second Fred-
holm alternative), so any multiple of a non-trivial homogeneous solution can
be added to u. It can be shown that in the unique case (first Fredholm al-
ternative) that ku = L�1fkL2(⌦) . kfkL2 , and then the estimate above reads
ku = L�1fkH2(⌦) . kfkL2 ;

• one can also establish higher boundary regularity under more smoothness as-
sumptions on the coe�cients and ⌦ – see, eg, [Evans].

Main ideas of proof (see eg. [Evans] for details: first consider the special case of a
half-ball

⌦ = B(0, 1) \ {xn > 0},
and study the regularity up to the flat part of the boundary

B̄Rn�1(0, 1)⇥ {xn = 0}.

So we may think of the solution u as vanishing in a neighbourhood of the curved part

of the boundary (but not the flat part) – in practice, this is achieved using a cut-o↵
function. Under this assumption, derivatives @x

l

, l 6= n of u in the directions not

normal to the flat boundary all vanish on @⌦, so an integration by parts argument
like the one used for interior regularity (made rigorous by replacing derivatives by
finite di↵erences and then taking a limit) yields

X

(l,m) 6=(n,n)

kulmk2L2(⌦) . kfk2L2(⌦) + kuk2L2(⌦).

To deal with the second-derivative unn normal to the flat boundary, use the PDE (in
non-divergence form)

annunn = �
X

(j,k) 6=(n,n)

ajkujk + (bj � ajkk )uj + cu� f.
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Note that ann(x) � ✓ > 0 by the ellipticity (use ⇠ = ên). Note also by the interior
regularity, that this equation makes sense (at least almost everywhere). Then we may
bound

|unn| .
X

(j,k) 6=(n,n)

|ujk|+ |ru|+ |u|+ |f |

and so get the missing estimate

kunnkL2 .
X

(j,k) 6=(n,n)

kujkkL2 + krukL2 + kukL2 + kfkL2

from which follows
kukH2(⌦) . kfkL2(⌦) + kukL2(⌦).

To deal with an actual curved boundary piece which is given (by assumption) by
the graph of a C2 function, a change of variables is used to map this portion of the
region into a half-ball. This change of variables preserves ellipticity, and the above
half-ball estimate can be used, and the desired estimate recovered for that portion of
⌦.

Finally, by compactness of @⌦, it can be exhausted by finitely many such pieces on
which this change-of-variables procedure may be used. This gives the desired global
estimate. ⇤
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