
Lecture 10 (Oct. 1)

Linear Approximation

Recall that the tangent plane to the graph z = f(x, y) at the point (a, b, f(a, b))
is given by the equation

z = f(a, b) + f

x

(a, b)(x� a) + f

y

(a, b)(y � b).

This is the plane which best approximates the surface z = f(x, y) at (a, b, f(a, b)).
Equivalently, this is the linear function which best approximates the function f near
(a, b).

Definition:
L(x, y) = f(a, b) + f

x

(a, b)(x� a) + f

y

(a, b)(y � b)

is called the linearization of f at (a, b), and the approximation f(x, y) ⇡ L(x, y) is
called the linear approximation or tangent-plane approximation to f at (a, b).

Remark: Compare this with the single variable case, where we have the “tangent line
approximation”:

f(x) ⇡ f(a) + f

0(a)(x� a)

for x near a.

Example:

f(x, y) =

⇢
xy

x

2+y

2 (x, y) 6= (0, 0)
0 (x, y) = (0, 0)

So we see that the tangent plane may not be a “good” approximation to the graph
of a function near a point.

Recall again the one-variable situation: f(x) is “di↵erentiable” at x = a means

f(a+ h)� [f(a) + f

0(a)h]

h

! 0 as h ! 0.
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In other words, the tangent line approximation f(a+ h) ⇡ f(a) + f

0(a)h is a “good”
one.

In the several variable case, we use the requirement that the tangent plane ap-
proximation be “good” as the definition of di↵erentiability:

Definition: We say f is di↵erentiable at (a, b) if

lim
(�x,�y)!(0,0)

f(a+�x, b+�y)� [f(a, b) + f

x

(a, b)�x+ f

y

(a, b)�y]p
(�x)2 + (�y)2

= 0.

Remark: This definition is stated slightly di↵erently in the text. But it is equivalent.

Example: So in the previous example, the function is not di↵erentiable at (0, 0) (even
though the partials exist there).

The definition of di↵erentiability is complicated to check for specific examples.
Here is an easy criterion:

Theorem: if f
x

(x, y) and f

y

(x, y) exist for (x, y) near (a, b), and are continuous at
(a, b), then f is di↵erentiable at (a, b).

Proof: see text.

Example: show that for our example above, the partials are not continuous at (0, 0).
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Example: show that f(x, y) =
p

20� x

2 � 7y2 is di↵erentiable at (2, 1). Find the
linearization at that point, and use it to approximate

p
20� (1.95)2 � 7(1.05)2.

We can re-phrase linear (tangent-plane) approximation in the language of “di↵er-
entials”: let z = f(x, y), and let �z be the amount z changes when we change x by
�x and y by �y. The linear approximation can be written

�z = f(x+�x, y +�y)� f(x, y)

⇡ f(x, y) + f

x

(x, y)�x+ f

y

(x, y)�y � f(x, y)

= f

x

(x, y)�x+ f

y

(x, y)�y.

Now thinking (�x,�y) ! (0, 0), and changing notation �x 7! dx, �y 7! dy, �z 7!
dz, we write the linear approximation as

dz = f

x

(x, y)dx+ f

y

(x, y)dy =
@z

@x

dx+
@z

@y

dy.

This is just notation!

Remark: Of course, partial di↵erentiation, linear approximation, and the notion of
di↵erentiability, all extend to function of � 3 variables in the obvious way.

For example,

f(x+�x, y +�y, z +�z) ⇡ f

x

(x, y, z)�x+ f

y

(x, y, z)�y + f

z

(x, y, z)�z.
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