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1. Introduction and statement of results. The Shanks—Rényi race
problem can be formulated as follows (cf. [9]). Let ¢ > 2 be a natural
number. Given a permutation (ai,...,a,(q)) of the reduced set of residue
classes (mod ¢), there exist infinitely many natural numbers m such that

7"(77%(1,@1) > Tr(m’qv a2) > > W(ma q’ago(q))v

where, as usual, we denote by 7(z, ¢, a) the number of primes p < x congru-
ent to a (mod ¢). This problem is one of the most interesting open problems
concerning the distribution of primes in arithmetic progressions. The first

result towards its solution has been proved in [6] and reads as follows (see
also [7], [8]).

Assume the Generalized Riemann Hypothesis (G.R.H.) for Dirichlet’s
L-functions mod q, ¢ > 3. Then there exist infinitely many positive integers
m with

mw(m,q,1) > max 7w(m,q,a).
(m,q,1) a;_:l(modq)( q,a)

Moreover, the set of m’s satisfying this inequality has a positive lower den-
sity. The same statement holds for m satisfying

1) < i .
m(m,q,1) aﬁr{lr;gdq/r(m,q,a)

Hence there exist at least two permutations (az,as,...,a,()) and
(b2, b3, ...,by(q)) of the residue classes a (mod ¢), (a,q) =1,a# 1 (mod q)
such that

(1) m(m,q,1) > m(m,q,az) > ... > m(m,q,auq))
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and
(2) m(m,q,b2) > ... > w(m,q,by(q)) > m(m,q,1).

This leaves (¢(q) —1)! possibilities for each permutation. A natural question
is whether or not, for a given ¢, one can construct explicit examples of
permutations for which (1) and (2) hold. The aim of this paper is to solve
this problem assuming of course the G.R.H.

Before stating our result let us introduce the following notation. Let
q > 1 be a natural number. We write

12 if2]|q
m(q) =42 if8]q,
1 otherwise,
1
N, :—mq?"(q),
BRI @

where w(q) denotes the number of distinct prime divisors of ¢ and ¢ denotes
Euler’s totient function. For a prime number p let

PV a, gy =aqp7"'V, gpg=ordp (modg,).

Let now (a,q) = 1. Then we denote by @ the inverse of a (mod ¢): aa =1
(mod ¢). Moreover, we put

(g,a) = 1 if a is a quadratic residue (mod q),
ALY =10 otherwise,

Moo= Y R S D

a—1 -1 e/
A e B R A
a=1 (mod gp) a=1(mod gp~™ )

_f1 ifa=-1 (mod q)
5 — )
(g,0) { 0 otherwise.

Suppose now that p is a prime number and that a (mod ¢,) belongs to
the cyclic multiplicative group generated by p (mod ¢,). Then we denote by
l,(a) the natural number uniquely determined by the following conditions:

1 <ly(a) < ggps plp(“) =a (mod gp).

Then we set

B logp 1 \!
a(q, a) - Z (p(p”p(Q))plp(a) (1 N pgq,p) ’

plg

the summation being restricted to primes p for which I,(a) is defined; if
there are no such primes p we put a(q,a) = 0.
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Let as usual

_ Jlogp if n=p™, p prime,
An) = {O otherwise,

and for real x let
baa)= S Am).
n<z,n=a (mod q)
An easy consequence of Dirichlet’s prime number theorem is that for every
a prime to ¢ there exists a constant b(q, a) such that

Z Afln) = go(lq) logz + b(g,a) + o(1)

n<zx
n=a (mod q)

as x tends to infinity. We call b(q, a) the Dirichlet—Euler constants.
Finally, we define the following quantities which play the crucial role in
what follows:

r*(q,a) = alq,a) + b(q,a) + %5(q,a) log2 + A(q,a),
r(g,a) =17 (g,a) — XNg a),

R*(g,a) =" (g,a) — o(q,a) Ny,

R™(q,a) =17 (q,a) — o(q, a)Ny.

THEOREM. Let q > 5, g # 6 be a natural number and assume the G.R.H.
for Dirichlet’s L-functions (mod q). Define permutations

(az,a3,...,ap0)), (b2,b3,...,bu(q)),
(c2,€3,. ., Co(q))s  (d2,d3,...,dyg)),
of the set of residue classes
a (mod q), (a,q)=1, a#1 (mod q)
so that the following inequalities hold:
R'(q,a@2) > R"(q,@3) > ... > R"(q,Qy(q)),
R™(q,b2) > R (q,b3) > ... > R™(q,by(q))>
r(q,C) > 1T (q,¢3) > ... > 7‘+(q,6¢,(q)),
r(q,d2) > 17 (q,d3) > ... > 17 (q,dy(q))-

Then there exists a positive constant by such that each of the sets of natural
numbers

(3) {meN:m(m,qa2)>...>7(m,q,a,4)) > m(m,q,1),
min w(m,q,a) — w(m,q,b)| > bg/m/logm},
i fr(ng.0) — w(m,.0)| > bov logm}

(4) {meN:m(m,q,1)>7n(m,q,b2) > ...>m(m,q,byg)),

min w(m,q,a) —m(m,q,b)| > bg/m/logm},
sty oin,  (m.q,a) = 7(m, q,B)| > bov/m/log m}
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(5) {meN:yp(m,q,c3)>...>1(m,q, s(,(q)) > (m,q,1),
min [¥(m, q,a) —b(m, q,b)| > bov/m},

a#b (mod q), (ab,q)=1
(6) {meN:¢¥(m,q1l)> w(m q,da) > ... >(m,q,dyq)),
W( m,q,a ) (m q, )’ >b0\/7}

a?‘éb(modq) (ab,q)=1

has a positive natural density.

In the case when r*(q,b;) = r%(g,b;) or R¥(q,b;) = R*(gq,b;) for some
i # j the corresponding permutations are undefined. Then a weaker version
of the theorem is still valid, in which all but one terms corresponding to the
equal r*’s or R*’s are removed from (3)—(6). We conjecture, however, that
all quantities r* and RT are distinct and this situation cannot occur.

Finally, let us remark that a well known and classical technique used in
the proofs of the class number formula or the Kronecker limit formula for
abelian extensions of rationals gives finite expressions for Dirichlet—Euler
constants. For simplicity we consider the case of prime modulus only. Ob-
serve first of all that in this case the permutations (a;), (b;) and (c;), (d;)
are equal. Let p be a prime number and let ( = exp(27i/p) denote the
primitive pth root of unity. We set

(7) D =detflog(1 - ¢Y)], 1<ij<p-1.
Moreover, for 1 <a <p—1, let
(8) D, = (—1)"detflog(1—¢7)], 2<i<p—1,1<j<p—1, j+a.

As we shall see in Lemma 6, D ## 0 for all primes p.
Next let R denote the R-function introduced by Deninger [3]. By defi-
nition R : (0,00) — R is the unique solution to the difference equation

R(z +1) — R(z) =log” z

which is convex in some interval (A, c0), A > 0, and such that fol R(z)dx =
0. As explained in [3], R is the right analogue of log I'(z), and the under-
standing of its properties is comparable with that of Euler’s gamma func-
tion. In particular, R has the following Weierstrass-type representation as
a relatively fast convergent infinite series:

2 = 2 logn
(9) R(x)=A-Cixz—log"x — Z <log (z +n) —log*n — 2xn>,

n=1

where

n—1
1
¢, = lim (22 Oik ~ log? n> — —0.145631690967 . . .

n—oo
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denotes the Stieltjes constant,

2

A=— <1og (2m) + ﬁ —Cc? - 01> = 2.006356455908 . . .

and C = 0.577215664901 ... is the Euler constant.

Let x be a non-principal Dirichlet character (mod p), and 7(x) the
corresponding Gauss sum. Then
1

i~
|

(10) L(1,x) —T(IX aZx a)log(l — () = T(P? a:lX a)log(1 —¢*),
1 I
(11) T~ T(x);x(a) -

Writing, for real 0 < £ < 1 and d € {0, 1},
W*(&,d) = { 1(C +log(2m)) log(2 — 2 cos(2m)) — R(¢) if d =0,

7(C + log(2m))§ + wlog I'(€) ifd=1,
we have

1) = — (100 T0) 5™ (@
(12) e Ol (p,doo),

where d(x) € {0,1} is such that x(—1) = (—1)400),
Formula (10) is well known and classical (see e.g. [10], Theorem 2.2).
In the proof of (11) we use (10) and the following relation:

iy Do _ [ -1 ifa=1,
(13) Zk’g - {0 if2<a<p-—1.
We then have
p—1 —1p—1 _D
L(1 —:— (ab) log(1 — —
. X) Zx ;;X s(1-¢")—%
p— 1

=—Z>< Z*logl— ZX

Formula (12) is equivalent to (3.4) and (3.6) of [3]. Let us remark here
that in the case of odd x the result is classical and is due to A. Berger [1]
and M. Lerch [11] (cf. also [2]).

Let {{} = € — [¢] denote the fractional part of a real number . For
¢ € R\Z we set

W(§) = (C + log(2m)) log(2(1 — cos(2m{¢}))) — R({¢}) — R(1 — {£})
+im((C +log(2m)) (2{¢} — 1) +1log I'({£}) — log I'(1 — {&})).-
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We have
W(&) =W ({&},0) + W*({—=£10) + a(W ({&} 1) — W*({-¢£},1)).

It is easy to see that (compare Lemma 5 below)

logp C
o = 5 3@ - Lo} - g% - 05

X#X0

and hence using the formulae for L’ and 1/L, after some easy but long
computations we conclude that for p > 3,1 <a<p-—1,

§R(pzli/? <> D, + ofo),

where
log®p — 2C'log p v L/
c(p) = 1 ® >

Dy log p C

D (p-1?% p-1

b=1

The foregoing formulae give also finite expressions for 7*(p,a) and
R¥*(p, a) suitable for numerical computations. Hence there is no problem in
finding permutations (a;) and (c;) for every given prime modulus p. The
author performed calculations for p < 29. The output is displayed in the
following tables:

D Permutation (a;)

5 (3,2,4)

7 (5,6,3,4,2)

11 (6,10,8,7,4,9,2,3,5)

13 (7,8,9,2,6,12,10,11, 5,3, 4)

17 (6,9,5,7,16,14,4,10,3,15,12,11, 13,2, 8)

19 (13,18,10,4,3,5,11,7,2,12,8,17,9, 15, 14, 16, 6)
23 (12,22,14,10,8,21,19,6,16,17,15,5,20,18,3, 11,7,4,9,13,2)

29 (15,10,28,6,8,25,11,26,9,12,17,24,22,27,21,13,2,7, 18, 14, 3, 19, 16, 23, 20, 4, 5)

p Permutation (c;)

5 (3,4,2)

7 (4,5,6,3,2)

11 (6,4,9,10,8,3,7,5,2)

13 (9,7,8,12,10,2,6,11, 5,3, 4)

17 (9,6,16,5,7,4,14,15,13,2,10, 3,12, 11, 8)

19 (13,18,4,10,5,11,7,3,17,9,2, 12,8, 16,6, 15, 14)
23 (12,8,22,14,10,6, 16,21, 18,19, 3,17, 15,4, 5,9, 20, 11, 13,7, 2)

29 (15,10,28,6,25,9,8,11,24, 22,26, 13,12, 7,17,27, 16, 21,23, 2, 20, 18,4, 14, 3,19, 5)

The meaning of these numerical data is obvious. For instance, the fact
that permutation (a;), for p = 7 is equal to (5, 6, 3,4, 2) implies that the set
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of natural numbers m for which
w(m,7,1) > n(m,7,5) > 7(m,7,6) > n(m,7,3) > 7(m,7,4) > m(m,7,2)

has a positive lower density (assuming the G.R.H. for L-functions (mod 7)).
Similar statement holds true for m’s satisfying

w(m,7,5) > m(m,7,6) > n(m,7,3) >n(m,7,4) > n(m,7,2) > n(m,7,1).
The second table provides analogous information concerning 1 (m,q, a).
2. Some lemmas. Let us denote by x (mod ¢) Dirichlet’s character

(mod g). For such x (mod ¢) we denote by x' (mod ¢’), ¢'| ¢, the corre-
sponding primitive character.

LEMMA 1. Let ¢ > 2 and

Si(q,0) = —— > x(@ and S (q.0) = —— > x).

wla) | o= PO o
x(=1)=1 e
Then
_J1/2 ifa=+1 (mod g),
Si(q,a) = {0 otherwise,
1/2 ifa=1 (mod q),
S-(¢:0) =4 -1/2 ifa=-1 (modg)
0 otherwise.

Proof. The case of a = +1 (mod q) is obvious. Otherwise, by the
orthogonality law for characters we have
S—i—(qv a‘) + S—(Qa (L) =0
and
S+(q7 a) - S—(Qa (I) = S+(q7 —CL) + S—(qa —CL) =0.
Hence S, (q,a) = S_(gq,a) =0, and the lemma follows.

LEMMA 2. For every a (mod q), natural number m and a prime p we
have

1
1 m ———— ifp" =a (mod gp),
@ Z X(CL)X/(P ) _ @(p””(q)) fp ( QP)
x (mod q) 0 otherwise.
Proof. See [5], p. 243.

LEMMA 3. Let ¢ > 1 and a #1 (mod q), (a,q) = 1. Then

1 -
Mg,a) = —— Z x(a)logq'.
wla) | o=
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Proof. For (a,d) = 1 write

s = Y X,

x (mod d)

where the star indicates that the summation is restricted to primitive char-
acters. Then

 sald)y= > m:{m) if a =1 (mod g),

dlq X (mod ) 0 otherwise.
Hence
d
sald)= Y Soufm(k)
k|d
a=1 (mod k)
and consequently
1 1
(14) ﬁ Z x(a)logq = T Zsa(d) logd
v X (mod q) Piq dlq
1 d
= o) o(k) u<> log d
(q) kzq: Zd: 2
a=1 (mod k) k|d|q
1
=ow 2 k) D uld)log(ka).
o\ klq dlq/k
a=1 (mod k)

Since a # 1 (mod ¢), we have k < g. Therefore ¢q/k > 1 and

3 u(d)log(kd) = S~ u(d)logd = —A(Z).

dla/k dlg/k
Hence the expression in (14) equals
1 q e(gp~®)
- wk/l<>=— logp = —A(¢; a),
©(q) %: R4 % Ea: o(p®) (2.9)
q p%lq
a=1 (mod k) a=1(mod gp~%)

and the result follows.

LEMMA 4. Let ¢ > 1, (a,q) =1 and
(15) N(g,a) = #{b (mod q) : b* = a (mod q)}.
Then N(q,a) = ¢(q)Nqo(q; a).

Proof. Let G(q) denote the group of reduced residue classes (mod q)
and consider the group endomorphism

f:G(qg) = G(q), a—a® (mod q).
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Then N(q,a) = #f 1(a) = o(q,a)#ker f and ker f consists of course of
elements of orders less than or equal to 2. Let ¢ = 2%p{" ...p;"* be the
canonical factorization of ¢ into prime powers and write ¢; = ¢(p"), i =
1,...,t. Then

Glg) =G2") &GP ®...aG(p") =GR & C(q) & ... 8 Clq).

Each cyclic group C(g¢;), i = 1,...,t, contains exactly two elements of order
less than or equal to 2. Let ng(«) denote the number of such elements in
G(2%). Then

2 ifa=2
4 if > 3.
Hence # ker f = na(a)2' = ¢(q) Ny, as required.

LEMMA 5. Let (a,q) = 1. Then

! YL %) = alg,a a)+ <
_QD(Q)X;OX(G)L(LX)_ (Q7 )+b(Q7 )+SO(Q)

Proof. Inserting —L'/L(1,X') = >, A(n)x’(n)n~" we see that the sum
equals

(16) Zlogp{l 3 x(a)x’(pm)—l}.

o oLl e (a)

na(a) =

{1 if a € {0,1},

Write

1 log p
S=— .
©(q) p%:p—l

By Lemma 2 the part of the sum in (16) corresponding to primes p | ¢ equals

logp ~—
2 logp ) (%(q) —9= Z (pr(@) &= ph(@thgar

plq p™=a (mod gp) P p\q
=a(g,a) — S.
The sum over remaining primes equals
) A(n) 1 A(n) } . b(1,1)
lim —_—t = — —= ¢ =0b(g,a) — +S
N—oo { 2 n () 2 n (2.3) ¢(q)

n<N n<N
n=a (mod q) (n,q9)=1

Since b(1,1) = —C, the assertion follows.
LEMMA 6. Let D be as in (7). Then D # 0.

Proof. We make use of the following well known Dedekind determinant
relation (see e.g. [10], Theorem 6.1):
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For every complex-valued function f defined on a finite abelian group G
we have

—17\ _ -1
et 1) = T Y ) fta™),
x€EG a€G
Applying this theorem to G = Z/pZ and f(a + pZ) = log(l — (%),
a=1,...,p—1, we obtain

D= JI Y x@og1—¢*) =tog ([T -¢*) [T (-7 X)),
X (mod p) a=1 a=1 X#X0

where we use the well known finite formula for L(1, x). Hence D # 0 because
T()L(L,x) # 0 for x # xo and [} (1 = (%) =p.

3. The behaviour of K-functions on the real axis. Let x be a
primitive Dirichlet character (mod q), ¢ > 1. For z € H = {x +iy,y > 0},
we define the K-function by

}((zaX):: ji:

F0>0

el

.
These functions have been studied in detail in [4]. We collect here some of
their basic properties which are essential in this paper. For real x let

Fa,x) = lim (K(z+iy,x) + K(@ +y,X)).

The limit exists for every x and can be computed explicitly as follows (cf. [4],
Theorem 4.1). Denote by m(p, x) the multiplicity of L(s, x)’s zero at s = p;
we put m(o,x) = 0 when L(g,x) # 0. Moreover, we denote by x¢ the
principal character and let

e(x) = {O if x # xo, er(x) = {0 otherwise,

1 if x(-1)=-1
d ::{ X )
%) 0 otherwise.
For positive = we put

R(z,1) = %log Zz - 1 R(x,0) = %log(l _ ),
v = 3 A, By = 30 A,

Yoz, x) = 3 (0(x +0,X) + ¥(z — 0,x),

Fo(z,x) = 58w +0,%) + Bz~ 0,x)).
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Under this notation and assuming the G.R.H., for x > 0 we have
(17)  F(x,x) + 2¢**m(1/2,x)
= —tho(e”, x) +e(x)e” — e1(x)r — R(z,d(x)) + B(x),

(18) B(x) =2m(1/2,x) —e(x) — d(x) log2 — % - ;logg + F'(0, x),

and for x < 0,
(19)  F(z,x) + 2¢**m(1/2, x)

= Po(el™!, x) + e(x)e” + e(x)z + Rz, 1 - d(x)) + C(x),
(20) €0 = B +C +log .

C = 0.577... being Euler’s constant.

LEMMA 7. Suppose x (mod q) is a primitive Dirichlet character. Then
for x = xo we have

B(x) = —log(2wr) and C(x)=C

whereas for x # Xo,

e L L LS

Proof. The numbers F(0,x), x = X' (mod ¢), have been computed
in [7], Lemma 1:

C 1
F(0,x0) = 5 +1 - log(4n)

and for y # xo,
/

1 C L _
F(0,x) = log T — =+ (d(x) — Dlog2+ (LX) — Y
v=0

)

=

the summation being taken over non-trivial, real zeros 3 of L(s, x) (if there
are any). Substituting these results into (18) and (20) we obtain the asser-
tion of Lemma 7.

Let ¢ > 1and a, 1 < a < g, be two coprime integers. For z € H we write

(21)  F(z,q,a)

=2 S @K~ 2 Y X(@m(1/2,0)

©(q) (i) ©(q) (ki)

Further, for real z, let

P(z,q,a) = lim RF(z +iy,q,a).
y—0+
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LEMMA 8. For (a,q) =1, a Z1 (mod q) we have

. I
(22) mli)%l+ P($a q, CL) =T (Q7 (Z) - SO(Q)
and
lim P(z,q,a) =71 (q,a) — L
r—0~ SO(CI)
Moreover, lim,_,g+ P(x,q,1) = —00 and lim,_,o- P(z,q,1) = cc.

Proof. We have
671/2

©(q)

(23) P(‘r?%a’) ==

> X@)(F(z,x') + 2m(1/2,x)e""?).
X (mod q)
Let > 0. Using (17) we split the sum into five parts:
5

P(z,q,a) = Z Si(,q,a),

i=1
say. Trivially we have S;(07,q,a) = 0 for ¢ = 1,3 and S3(0",q,a) =
—1/¢(q). Moreover, for positive z we have
Sa(,4,a) = ¢~/2(S (g, @) R(z,0) + S_ (g, @) R(x, 1).

Hence, by Lemma 1,

if a Z+1 (mod q),
*/2(log(e® + 1) —z) ifa= —1 (mod q),
e=®/2(log(e®* — 1) —z) ifa=1 (mod q),

S4(ZE, q, a) -

== O
Q)

and therefore S4(07,q,a) =0, %10g2 or —oo respectively.
Since obviously S5(x,q,1) = O(1) as  — 0T, we have lim,_,o+ P(z,q,1)
= —00.
Let a Z1 (mod ¢). Then using Lemmas 7, 3 and 5 we obtain
1

T.g,a) = ——— a !
(24) S5(07,q,a) SO(Q)X(n%q)X( )B(X')
c o1 __ / v
ZSOQ)_SO(Q)X%OX(Q)<10g2q7T_C+L(LX))

/

X%x(a)f;(l,x@
= a(q,a) + b(g,a) + Mg, a).

C 1
= o Yo

Gathering the foregoing formulae we obtain (22).
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For x < 0 we proceed similarly. Using (19) in place of (17) we write

P(z,q,a Ejgx%
Then simple computations show that S/(07,a,q) = S;(07,q,a) for i =
1,2, 3. Further,
Si(w,q,a) = —e~*2(S4(¢,a)R(x, 1) + S—(g,a) R(z,0))

and therefore

0 if a # £1 (mod q),
S4(07,q,a) = 3log2 ifa=-1 (mod g),
o0 ifa=1 (mod q).
Moreover, using (24) and (20) we have
_ 1 —
SH0700) =~ Y X@CK) = $5(0%,0.0) = Mg.0)

x (mod q)
Hence P(0~,¢q,1) = oo and for a Z 1 (mod q)

lim P .iL‘ ,q,a ZS, ,q,a ZS 7Q7 /\(q,a)

r—0~

_ 1
=T \q,a)— —F—,
(@.) ¢(q)

which ends the proof.
LEMMA 9. For x > 1 we have
1
P x,q,a) = e—x/Z (1/} ew7Q7a -

( ) ( ) ()
f

Proof. This follows from (23) and (17) (c

em> + O(ze™2/?).

. [5], proof of Corollary 7).

4. An auxiliary result on generalized Dirichlet series. We for-
mulate now a subsidiary theorem which has been proved in [6]. We need
some additional notation. Let B denote the class of all functions

[e.e]
(25) F(z)= Zaneiw"z, z=x+1iy, y >0,

satisfying the following conditions:

1. 0 <w; <wsy < ... are real numbers.
2. a,eCn=12,...
3. The series in (25) converges absolutely for all y > 0.
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4. The limit P(x) = lim,_,o+ P(z + iy), where P(z + iy) = RF (x + iy),
y > 0, exists for almost all real z; we put P(x) = 0 for the remaining z, so
that P is well defined on the closed upper half-plane H = {z € C : Sz > 0}.
5. We have
1/2
lim sup [ |P(x+1) — Pla+1t+iy)* dt =0.
y—0% zcR 12
LEMMA 10 (see [6], Lemma 3). Let F; € B forj =1,...,n and let xy € R
be a continuity point of the mapping

PZHBZH(Pl(Z),...,Pn(Z))GR”, széRFj, ]:1,,7’L

Then for every open neighbourhood U C R™ of P(xq) there exist constants
bo = bo(U) >0 and ly = 1o(U) > 0 such that

p(P~HU)NT) > bo

for every interval J of length > Iy, u being the Lebesgue measure on the real
azxis.

5. Proof of the Theorem. Let us start by proving that the set in (5)
has a positive lower density. To this end we apply Lemma 10 with n = ¢(q)
and
F.(Z>_{F(Z>Q>Cj+1) fOI'jzl,,QO(Q)—l,

’ F(z,q,1)  for j =(q),

the functions F'(z,q,a) being defined by (21). Then Fj}’s belong to the
class B as proved in [6]. Moreover, they are holomorphic and therefore also
continuous on the interval (0,log2). From Lemma 8 and from the definition
of the permutation (cz, 3, . . ., ¢y (q)) We know that there exists xo € (0,1og2)
such that

P(l’o,q,CQ) > P(£07Q7 63) > 0> P(m()aq?Cga(q)) > P(£U7Q7 1)
Let

5= i P(z0,q,a) — P(z0,q,b)| >0
aibr?égdq)l (w0,q,a) — P(zo0,q,b)|

and let U be the open ball with centre P(z() and radius 6/3. Here and in
what follows the minimum min, £y (mod ¢) 18 restricted to a and b prime to g.

Then for (y1,...,Yu(q) € U we have y1 > ... > y,(q) and ming.; |y; —
yj| > 6/3. Hence for x € P~(U),

P(x,q,c2) > P(x,q,¢3) > ... > P(x,q,c9)) > P(x,q,1)

and

min |P(xg,q,a) — P(xzg,q,b)| > /3.
azb(modq)| (70,4, a) (z0,9,0)| /
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Write

Y(x,q,0) —x/p(q)
NG :

Then by what we have already proved and Lemma 9 we have, for sufficiently
large x € P71(U),

E(e®,q,c2) > ... > E(e",q,c

E(z,q,a) =

so(q)) > E(ewa q, 1)

and

min  |FE(e*,q,a) — E(e*,q,b)| > §/4,
i in 1B(e",q,0) — E(e”, ¢, 0)[ > 0/

which is equivalent to

w(6x7Q7 02) >0 > ¢(€w7Q7c<p(q)) > 1/1(6907% 1)
and

: x o x x/2
i (e, q,a) —¥(e”, q,b)| > (6/4)e™ .
Now we conclude that the set in (5) has indeed a positive lower density
upon changing the variable e* = t and observing that for every real t we
have ¥ (t, q,a) = ¥([t], ¢, a).
The proof for (6) is very similar. We choose zy € (—log2,0) sufficiently
close to 0 and we apply Lemma 10 to the functions

F(z,q,1) for j=1,
Fi(z) = .
i(2) {F(z,q,dj) for j=2,...,0(q).
The proofs for (3) and (4) need some modifications but in principle they
go along similar lines. For instance, consider (3); modifications needed for
(5) will then become obvious. We consider the functions

F(Z) — { F(Za Q7aj+l) - Q(Qa aj—l—l)Nq for ] = 17 ey QO(C_[) - 17
! F(z,q,1) = N, for j = ¢(q).
According to the definition of the sequence (a;), for sufficiently small pos-
itive 2o we have RF1(zo) > ... > RF ) (7o) and 0 = min,»; [RF;(z0) —
RF;(x0)| > 0. Write
E*(.%', q, a) - E(.CL', q, CL) - Q(Q7 a’)NQ'
Then of course RFj(z) = E*(x,q,aj41) +0(1) (j =1,...,9(¢) — 1), and
RE, () (x) = E*(x,q,1) +0(1) as x — oo by Lemma 9. Using Lemma 10 we
conclude that the set of natural numbers m satisfying
E*(m,q,a2) > ... > E*(m,q,a,(q)) > E*(m,q, 1),

min  |E*(m,q,a) — E*(m,q,b)| > /4
a;éb(modq)‘ (m,q,a) (m,q,b)| > 6/

has a positive lower density.
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Let
0(z,q,a) = > log p.

p<x, p=a (mod q)
Then by partial summation we have

1 N O(m,q,a) —m/e(q) vm
m(m,q,a) — @(Q)l logm +O(log;Qm)

and

m,q,a) = 0(m,q,a Mg, a) m mt/3
¥(m,q,a) = 0(m,q,a) + (@) Vm+0(m'/?),

N(q,a) being defined by (15). Hence, using Lemma 4 we obtain

m(m,q,a) — (im)/o(q)
vm/logm

as m — oo, and thus the result follows.

E*(m,q,a) =

+o(1)
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