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oN THE REMAINDER TERM OF THE PRIME NUMBER FORMULA VI.
INEFFECTIVE MEAN VALUE THEOREMS

by
J. PINTZ

In part V [6] we gave effective lower bounds for the mean value of [4;(x)|, where

def . def
4,(x)= —lix= 1-—
PoA@A T B f log .

o def .
m A(0) 11 (%) — hx—g'—n(xl/")—hx

4,0Z 0(x)-x= 3 logp—x
P=Xx

4,(0= v/(x)—xﬁeszx A(m)—x.
With the notation

(1.2) D)= 1 lA (x)|dx

We proved that if {(B,+iy,)=0 (131%%, y,>0) and Y=>max (cy, 1) then

r

(13) Dy(Y) = % [ 1A®)|dx >Y"1exp(—2Vlog ¥ log}Y)
Yexp (—5)ilogY)

: ;h::;nl?sgz Y=loglog Y and c, further ¢, , ¢, cs, ... are explicitly calculable positive

Taking Bi+iy;=1/2+i-14.13..., the first zero of {(s), (1.3) implies for ¥>c¢,

| 1, X
e Dy(Y) 5% f |4;(x)|dx > V¥ exp(—2 VlogY logiY)

Yexp(—5YiogY)
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which improved the estimate D,(Y)=VY exp(—2log Y log;* ¥) of §
POWSKI [5].

In the present work we shall prove the ineffective improvement of (1.4
is as follows.

_ e course of proof of the Theorem 1 we can restrict ourselves for the case when the
. pann hypothesgs is supposeq to be true. In this case we can prove the following
ilfzcﬁve result which also furnishes a better localization than Theorem 1.

TuEOREM 2. If the Riemann hypothesis is true then for Y =>c,

THEOREM 1. For Y=Y, (an ineffective constant) we have
Y

Y 1
(1.5) D,(Y) > % [ h@lax =062 ﬁy 114 7./ -4, (logx dx < ~0.62¥
Yexp(—5YlogY) o y
1 3 VY 115) L f |[43(x)|dx =9+ 10‘5£
(1.6) D,(Y) > % [ 14@)|dx>9- 1078 e 2 Yy log ¥
Y exp (~5Yiog7) . o oh
4 16) = 45(x)dx < —0.62 /7.
(1.7) Dy(Y) >% [ |4&)ldx > 062V { Y lo-[y .
Yexp (—5ylog¥) A
y (117) - [ 14:®)|dx > 10-*}7.
1.9 =3 [ M@ldx=1074VF. Yo

Yexp(—5)iogY)

Assuming the Riemann hypothesis, CRAMER [1] showed for Y=>c, »‘5‘1

We want to note that analogously to (1.14) and (1.16) it would be possible to
prove

1 Y
- (L18) —— [ A (x)logxdx < —0.68 /Y
(1.9) % [ £ dx<cY, (57/6) v/{ ;i
2
. . . Y
which implies 1119) [ 4,()dx < —0.68VF
L GY76) v
(1.10) 7 J Ma@ldx < Ve, VY w
5 =
. . . . (120) R A4,(x)log x d VY
and applying our Lemma 1 and 2 mentioned later, from this one gets also (Y/10) 9,7{0 1 logxdxr 103 G0
(1.11) Dy(¥Y)=c, VY " 1 Y VP
/7 21) T [ 4:(x)dx < =i
(1.12) Dy(Y) = Tog ¥ 9Y/10
& b!po'{tlll:g;em t2nz;m1h Cramér’li;esmttls] (1.10)—(1.13) together give that if the Riemann
is true then we i :
(1.13) D,(Y) = ¢, T "mely the efiogs ow the exact order of magnitude of Dy(Y); we have

Lo T ; L U
This shows that if the Riemann hypothesis is true then all the inequalities HEOREM 3. If the Riemann hypothesis is true then for Y >c,

(1.8) are best possible apart from the values of the constants. Using some nu
computations Cramér’s result shows that with the constant 0.16 instead
and 9-10~% the inequalities (1.6) and (1.8) are already false for every
and atrllla]ogously one cannot substitute 0.62 by 0.83 in (1.5) and (1.7) if the B j
hypothesis is true. . - D. .

On the other hand if the Riemann hypothesis is false then (1.5)—(1.8) ul¥ <Di(Y) <eul¥ (i=34).
optimal since in this case (1.3) gives a better lower bound. This means 2

VY Y
csm <Dy(Y) < Clo'l‘oyg—_y (=12

2,
For the proof of Theorem 2 we shall need the following lemmata.
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LemMmA 1.
Vx
2.1) 4;(x) = 45(x)—(1+0(1)) e
2 Ay(x) = 4,(x)—(1+0 (1) V.

The proof follows from the prime number theorem.

LEMMA 2. If the Riemann hypothesis is true then
(2.3) A;(x)log x = 4,(x)+0(Vx).

For the proof see INGHAM [3], p. 104.

LemMMA 3 (see Ingham [3], Theorem 28).

x 1
(2.4) Ao (x) 2L J A,(Hdt = — ;L,(’;';jrl)JrO(x)

where (as in the following always) ¢=p+iy runs through the non-trivial ze 08

LEMMA 4 (see DE LA VALLEE PoussIN [7], p. 13).
@.5) > < 00464,
z ol

From Lemmata 3 and 4 we get immediately
LEMMA 5. The Riemann hypothesis implies for x=>cy3

(2.6) 145 ()| < 0.0464 x*/2.
(2.1)—(2.3) and (2.6) together give
Y ¥
f A, (x)log x dx = f Az(x)dx+o(Y3?) =
10-3Y 10-3Y
Y b 4 X
2.7 = [ A@dx— [ Vxdx+o(¥¥?) <
10-3Y 10-3Y

< Y3/2{0.0464 (1 + 10-%) —% (1 = 10—%] +o(1)}

which proves (1.14) and (1.16).

of

THEOREM 4. If the Riemann hypothesis is true then for Y >c;, there exi

(3.1) x', x"€[Y 6, Y]
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ith
;;2) Ay(x) < —8-10"4(x)32 < —5.10-3Y3/2
ad " ~4(y”)3/2 5ys/
6 Ap(x") =8-10-4(x")*2 > 5.10-5Y3/3,

By Lemma 3 we have
Ao(ev) u ei)vv def
(34) ©@)PE = %’ PTERTRY +o()=-G@®)+o(1).
5o to prove Theorem 4 it will be sufficient to show that for every H there exist
— log 6 log 6

b, o028y, Lo
with
(3.6) ' G@)>8.1:10"%, G(@") < —8.1-10-%

In the following let 12t and y, denote the imaginary parts of the first two zeros
o, and ,, resp., of {(s) in the upper half-plane for which we shall use

(3.7 14 <y, <14.14, y,=>21

(see e.g. GRAM [2]).
In thg proof an idea of Ingham [4], the use of the Fejér-kernel will be of impor-
tance, which satisfies for every real u the relation

. = sin% 1—|u| f ; 1
(3.8) M emdy = { u| for |ivy| <
2 _J. y 0 for [y =1.
2

Using the properties of the Fejér-kernel we shall estimate the following weighted
Mean values of G (v):

st
3'9 1 An Slﬂ7
(39) L@=— [ G |o+-Jdy
—4n y 2
2
. 2
b { z|sins
) L(w) 9—52— “| e [w+LJ "
T "/ l ‘yg
If we b X
4N assure the existence of
(EX T}
) w,’w,,E[H_log6+4_n’ fylogé 4
2 Y2 2 V2
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with

(3.12) L(@) >8.1-10"%, L(»w”)< —8.1.10-* w
then in view of (3.8) we get the existence of v/, »” with (3.5)—(3.6) and so the
will be proved. Further to satisfy (3.12) it is enough to find @', ®” with (
which i
(3.13) L) >3.2:1073, L(»”) < —3.2-10-3
since by (2.5), (3.4) and (3.7)

oN THE EXPLICIT FORMULA OF RIEMANN — VON MANGOLDT

by
DIETER WOLKE

—cos 1. Introduction

1, ~1—cosy 0.0464 |
(3.14) III(w)—I,,(w)|<0.046471?24_[ oo =g < 239410

The classical formula of Riemann — von Mangoldt, which connects primes and

But (3.4), (3.8) and (3.10) imply gros of the zeta-function, reads in the most important case as follows

LA
o | sin= x? g
e 1 2| 2 L1 Y(x)=x- =—+o0 [_ 2
I(w) = Z_Q(Q—+ﬁﬂ. / eVydy = b a.l%r e logx},
¢ oo _%’_ where 2=T=x,
(3.15) el g Yx) = 3 A(n) = > logp
oo ' h’l] 2( ,},1} o eino n=x pr=x s
¥ I,é;’ e+ L 1) "\ _'m ¥ o(e+1) ud 9=p+1iy denotes the non-trivial zeros of the Riemann zeta-function (see Pra-
and this obviously assumes positive and negative values with absolute i GiAR [4], p. 229). As the order of magnitude of the error term plays an important
y p g - ole in the prime number theorem on may ask whether (1.1) can be proved with
o 1 > b ibetter error term estimation. Using mean value theorems for Dirichlet polyno-
(3.16) 2 1_3}_; SRS 45919 {0 nials (see HUXLEY [2], §19) and zero density results, we will derive a slight improvement.
THEOREM. Let x=2, log® x=T=log%x. Th j
in every closed interval of length 2—n<log 6—2. Q. E. D. : § TG
N P2 pe” ( K 3T ]
ith g 3
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