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NOTATION 

The letters p and q denote prime numbers. We use v to denote a 

Dirichlet character mod q and YQ to denote the principal character. We have 

e = exp(l) and e(0) = exp(27ri 0). Also we have 

I k 
log p if n = p , 
0 otherwise, 

(p(n) = #{m, 1< m < n: m and n are relatively prime} , 

ir (u) = S 1, 
p<u 

9 (u) = 2 log p, 
p<u 

^(u) = 2 A(n), 
n<u 

and 

E 

^(u,x) = S A(n)X(n). 
n<u 

- t 
i<z) =4°° "i~dt» larszl <7r 

We let N(T) = {y : 0 < y < T } , where p = /3 + iy is a nontrivial zero 

of £(s), the Riemann zeta function. We use the Bessel functions 

vi 



C-1 A 
/ l \j °° V 4 / 

Jj(z) = [j *) £o k , r ( j+k+1) 

and 
1 . , 1 . 

- - 3 / r i - T r i 
I (z) = e J (ze ) (-ir < arg z < - TT). 

When we use Euler-Maclaurin summation, we make frequent use of 

the Bernoulli polynomials. The nth Bernoulli polynomial is by definition 

the unique polynomial of degree n with the properly that / B (t)dt = x . 
2L XX 

We make use of the fact that B? (x) = nB Ax). The Bernoulli polynomials 

which we use are 

B^x) = x - - , 

^ / v 2 1 
B2(x) = x - x + — , 

3 3 2 1 B3(x) = x - y x + y x , 

T, / v 4 0 3 2 1 B
4<x) = x " 2* + x - -go -

and 

r, , v 5 5 4 5 3 x B5(x) = x - y x +Tx - -

We use the standard notation 

^n(x) = Bn({x}), 

where {x} is the fractional part of x. 

vii 



CHAPTER I 

THE DISTRIBUTION OF arg L(l , x) 

1. Statement of results. Dirichlet L-functions and other sums involving 

Dirichlet characters have always attracted a great deal of attention. Here 

we discuss the distribution of arg L(l , x) , where 

- 1 L(1,X) = 2 X(n)n 

n=l 

and x is a Dirichlet character. More precisely, we examine 

D(x) = Urn Dq(x), 
q-* oo 
q prime 

where 

1 # 
(1) Dq(x) = •£-£- { x mod q, x^X0 • a r S M l . X) < x> • 

In section 2 we show that D(x) is the distribution function of a sum of independent 

random variables. In sections 3 and 4, we show how to calculate the values of 

D(x). The following table contains typical values for D(x): 

1 
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D(x) Maximum possible error 

-(.5)7T 
-(.4)7T 
-(.3)7T 
-(.2)7T 
-(.1)7T 
0 

(. 1)7T 
(•2)7T 
(.3)7T 

(.4)7T 
(.5)7T 

0.0000001894 
0.0007492671 
0.0208192351 
0.1080262718 
0.2767402886 
0.5 
0.7232597114 
0.8919737282 
0.9791807649 
0.9992507329 
0.9999998106 

0.000000002 
0.000000002 
0.000000002 
0.000000002 
0.000000002 
0.0 
0.000000002 
0.000000002 
0. 000000002 
0.000000002 
0.000000002 

A graph of D(x) for 0 < x < (. 5)7r appears as Figure 1. We also show that 

lim - L _ {xmod q, X^X0: Re L(1,X) < 0} = 0. 378 . 10_6+ e, 
q-*« 

q prime 

i i - 9 

where | e | < 4* 10 . We obtain these results using computer programs 

(Appendix A) based on Theorem 1.16. 

P.D. T. A. Elliott [8 ], [9 ], [10] has studied the distribution of L(l,x) 

and arg L(l, x), but has not obtained precise numerical results. Our 

computational approach is similar to that used by Rice [21]. 

It is interesting to observe that although L(l, x) has negative real part 

for about one in every three million characters, no such character is known. 

We have computed L(l, x) for all characters with prime modulus < 1300 using 

the formulas in section 5. The smallest real part which we found was 0.1886 

and the greatest argument which we found was 1.3865 = (0.4413)7r. 
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Fig. 1 - A Graph of D(x) for 0 < x < (0.5)7r 
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(0.5)7T 



2. Reduction to random variables. We wish to reduce the problem of finding 

D(x) to the problem of determining the distribution of a random variable. 

Since L(l, x) = n (1 - X(P)/p)~ for x ¥ Xn» w e n a v e a r S Mh X) = 2 a r g ( l -p ° p 
X(P)/p)~ . As X(2), X(3), X(5), . . . tend to be independently uniformly dis-

tributed on I z | = 1, we consider the possibility that the random variable 

TT = 2arg( l -e(0 )/p) , where the 6 are independent and uniformly distributed 

in [0,1), has a distribution similar to that of arg L(l, X). Using a standard 

result from probability theory (see Petrov [20, p. 266]), we have P(Y converges) 

= 1, since E(arg(l-e(0 )/p)~ ) = 0 and 

2 E(arg(l-e(0 j / p f 1 ) 2 << S ~^<<1. 
n=l P n=l p^ 

The relation between these two distributions is given in 

Theorem 1.1. Let T be as above. Then D(x) is the distribution function of Y. 

In addition, D(x) is differentiable, D(-x) + D(x) = 1 and for x > £ 
x x 

_ e
c l e _e

c2e 

e < 1-D(x) < e 

Here c1 and c are positive absolute constants. 

Since the summands arg(l-e(0 )/p) are symmetrically distributed, we 

have F(-x) + F(x) = 1, where F(x) is the distribution function of Y. From Montgomery [16, Theorem 6.2], we have 
M+N 

2 a ; 
n=M+l n 

M+N 
Lemma 1.2. Let s(X) = 2 a X(n), where X is a character modulo q.Then 

M+N 
s|s(X)|2< ?<q) f l + r ^ l ) S |an | 2 . 
X V L q J / M+l n 

(n,q)=i 
If N < q, then this holds with equality. 

We now prove 



Lemma 1.3. For all sufficiently large prime q, 

s |iogL(i,x)- s loga-xfto/pf1! < 2(q~2) i 
0 X^XA P<A (A log A)2 

uniformly for e < A < q(log q) . 

Proof. Since L(l,x) = II (l-x(P)/P) for x^Xft, w e have 
p ° 

(2) | l o g L ( l , X ) - S log(l-xtP)/p)_1| = | S logCL-xfcVpf1! 
p<A p>A 

-1 °° k i t 
As log(l-z) = 2 z A for I z I < 1, the above is 

GO 

I s s x(p)kApk| = 
p>A k=l 

2 A(n)x(n)/nlogn- 2 2 X(P)k/kpk 

n>A p<A k>log AAog p 

< | 2 A(n)x(n)/nlogn| + | 2 A(n)x(n)/n logn 
A<n<q q<n<U 

+ | 2 A (n)X(n)/nlogn| + | 2 2 x(P)kApk| 
U<n p<A k>log AAog p 

= TX(X) + T2(x) + T3(x) + T4(x). 

Using the Lemma 1. 2, we obtain 



(3) S |TxCx)| < ( 2 1)*( 2 | S A(n)X(n) /nlogn| 2 )* 
X^X0 X^X0 X^X0 A<n<q 

< (q-2)2(q-l)^( S |A(n ) /n logn | 2 ) ^ . 
A<n<q 

If A > 1, then 

,AK ^ » 2 / x / 2 i 2 1 ^ A(n) 2 f™ # i ) d u 
(4) 2 A (n)/n*log n < ^ J == - " V " < 1 ^ J A ^ - . 

A<n<q & n>A n 6 u 

For 17 < u, we have [ #(u)-u| < U-/8/177T Y 1 exp(-Y), where 

Y = Vlog u/9. 645908801 , as shown by Schoenfeld [24, Theorem 11]. Since 

i 1 

Y exp(-Y) attains its maximum at Y = -? , we have ip (u) < (1.166)u for 17 < u. 

As ip (u) < u for u < 19, we obtain ip (u) < (1.166)u for 0 < u. Using this 

inequality in (4), we obtain 

(5) S A2(n) 2.332 
( 5 ) . S 2 . 2 < A logA * 

A<n<q n log n ° 

Combining (3) and (5), we have 

(1. 55)q (6) S | T x ( x ) | < 
X^XQ (A log A) 2 

We observe that 

T iv\\ = | f p d » f a x ) I ~c l»ft .X)l , l»(P,X)l , r U l»(B.X)|chi A
2 ^ ' l IJq u l o g u ' q l o g q U log U Jq 2 . 

u logu 
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Vaughn [28, Theorem 2] has shown that if q > 1 and u > 2, then 

I ltm .I ,3 3/4 5/8,23/8 1/2 ,7/2 
Smax | #>(y, x) | << uZ +u q Z + u qZ , 
x y<u 

where Z = log(u q). Hence, 

1 I 
S | T2(X) | « q1 / 2aog q ) 5 / 2 + d+q5 / 8U ?

+ q U 2) (log U) 5 / 2 

x^x0 

1 
- TT,3 5/8,-1/4- TTV23/8 ~2n TT.7/2 

+ (log U) + q U (log U) + qU (log U) 
1/7 We now take U = exp(q ), so that 

(7) S |T2(x)| « q V 2 aog q) 5 / 2 . 
x^x0 

It is well known (see Davenport [6 ,pp. 135-136]) that # ( u , x ) « 
1/2 7 

uexp(-c(logu) )for X^XQ (mod q), provided that q< (logu) . Hence, 

I T tv\\ - If" d^<u»X) | . . I W , X ) I , f60 U(u ,x)Uu 
1 3 W ; | " IJU u logu ' UlogU JU 2. 

& & u logu 
, 1 n TT,1/2X -1 

« exp(- ^ c (log U) ) << q » 

so that 

(8) s | T 3 ( X ) | « 1. 
x^x0 

As for T.(x), we note that, for p < A, 
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X(P)' 
k>log A/log p kp 

2 -£ - < min(p" ,A" ) r-
k>log A/log p p 1 

-2 - 1 <2min(p ,A ). 

Hence, 

T4(X)I<2A"1 * 1 + 2 S V 2 p " 2 . 
p<A A>p>A 

From Rosser and Schoenfeld's work [23, Corollary 2], we have 

IT (x) < (1. 25506)x/log x for 1 < x. This gives us 

| T A ( X ) | < 2 A - 1
f f ( A 1 / 2 ) + 2 / C ° * M . .1/2 2 A u 

1/2 
- i - f A ^ A . n / ^ ( A ) , o r 0 0 7T (u) du < 2A " IT ( A " ") + 2 A + 2 ^ A l / 2 r 

A u 

<- * n ^ w r °° d u „ 5.02024 1 < 5.02024/ / — < _ _ _ 
A u log u log A A 

10. 04048 

" A1/2logA ' 

so that 

(9) 
(10.04048)q 

X^Xrt ' A l o g A 
2 |T A (x) | < 
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This completes the proof of Lemma 1.3, since by combining (2), (6), (7), 

(8), and (9), we obtain our desired result. 

Our next step is to relate this lemma to the distribution of arg L(l , x). 

Lemma 1.4. Let 

1 # Dq(x) = - j p j {x^XQ: arg L(1,X) < x} 

and 

D (x, A) = - — • * { X^X0: 2 arg(l-X(p)/pf * < x} 

for prime q. If q is sufficiently large and e < A < q(log q)~ , then 

D (x-6 , A) - — - < D (x) < D (x+5, A) + * TW 
q 5 ( A l o g A ) 1 / 2 q q 6 (AlogA) 1 / 2 

for all 6>0 . 
Proof. Let N denote the number of x^Xn(m°d Q) sac^ t h a t 

p<A arS(1_X (P)/P)" < x-6 but arg L(l , x) > x. Then D (x-6 ,A) < D (x) + — 

But by Lemma 1. 3, 

N < 2 ( " - 2 >
l / 2 . 

6 (A log A ) u * 

This gives the lower bound for D (x), and the upper bound is proved similarly. 

Finally, we relate D (x, A) to the distribution of a random variable. We first 

need 
•p 

Lemma 1.5 (Weyl's criterion). Let /x , (i , . . . be probability measures on I . 

Then the following are equivalent: 
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(a) the JLL tend weakly to Lebesgue measure on I ; 

(b) for any Riemann-integrable function f defined on I , 

Hm / f(§) dp^i) = ; R i{e) ae ; 
k-*co I I 

(c) for any ji e Z , h ^ 0, 

Um/ E e(h.£)o> k (£) = 0. 
k-«o I 

Proof. This lemma is a special case of the continuity theorem for R-dimen-

sional characteristic functions. Billingsley [3, p. 329-335], proves that for 

probability measures yt, and \i on IR , the following are equivalent: 

(i) n, converges weakly to n; 

(ii) lim / -p q d/n, = / „q dju for bounded continuous q; 
k 1ET k wr 

(iii) lim n. (A) = pi (A) for all Borel sets A with ju(8A) = 0. 
k K 

Since the measures in the lemma are zero outside the unit cube, we see 

immediately that (a) — pi) -* (c) and (b) -* (ii) — (a). By the definition of 

Riemann integration, we have (a)—(iii)-»(b). Finally, we have (c)—(li)—(a) 

using the Weierstrass approximation theorem. Using this lemma, we prove 

Lemma 1.6. Let F(x, A) be the distribution function of the random variable 

T . = S arg(l-e(0 )/p) , where the 0 are independent and uniformly A p<A P P 
distributed in [0,1). Given any € > 0, there is a q0(e) such that if q >q0(e), 
then 

|Dq(x,A)-F(x,A)| < e 
for ail x. 
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Proof. The function F(x, A) is continuous; thus, by compactness and mono-

tonicity, it suffices to establish the inequality for any fixed x. We use Lemma 1.5 

with R = 7r (A); the primes p<A index the coordinates of our vectors. Let 

f(i) = 

1 if S arg(l-e(0 ) /p) - 1 < x, 
p<A p 

0 otherwise. 

Thus, 

F(x,A) = J f<0) ae_ 

and 

Dq(x,A) = / R f<0) dMq(£), 

where n is the probability measure which has point masses of weight 

—— at each of the points ( a r y ( P ) j for X^X0 (mod q). Thus, the desired 

result follows from (b). We establish (c), which is to say 

to* / » e(h-£)du(0) = 0 
q-~> I* q 

q prime 

forh«r Z H , h y o . B £ - ( " Y 6 * ) • then 

p<A * p<A 
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h 
Put a/b = n p p in lowest terms; here a and b depend only on A and h, 

p<A 
Then e(h_. 9) = \(a) \ (b), and the integral above is 

- ^ - S x(a)x(b) = 
xA0 

1 if a = b (mod q), 

otherwise. 
q-2 

If q is large and a = b (mod q), then a = b. But (a,b) = 1, so that a = b = 1. 

But then h = 0̂ , contrary to supposition. Hence, 

Ip1kl>+q<!)--£j 

for all large primes q and (c) is established. This completes the proof of 

Lemma 1. 6. 

Combining Lemma 1.2, Lemma 1.4, and Lemma 1. 6, we obtain 

Lemma 1. 7. If A > e , then 
(10) 

F(x-6, A) — - < D(x) < F(x+6 ,A) + =-75-
S (A log A ) ' 6 (A log A) ' 

for any x and any 6 > 0. 

-1 /4 We can now complete the proof of the theorem. Taking 6 = A and 

letting A -* oo in (10), we obtain D(x) = lim F(x, A) = F(x), where F(x) is the 
A-»co 

distribution function of T , at every point x where the limit exists and F(x) 

is continuous. We have shown that Y converges almost surely. 
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Thus, F(x) exists for all x. In order to show that F(x) is continuous, we 

examine the characteristic function 

F(X) = / " e(-\x)dF(x) = J e(-\Y)d£ = n G(p, 2ir\), 
I P 

where 

! i/z arg(l-e(0)/p) 
G(P.M) = L e do. 

In order to bound F(\), we need 

Lemma 1. 8. Let 

B<p.,0>=Vr(6-v-?-¥ 
HM>M 0 >i rand — Bft>,(i0) J - ^ - < 1, then 

Proof. We first show that if -1 < p sin -rr— < 1 and -1 < p sin (sin" —) 
- 2\x - —e * p y.' 

< 1, then 

G(P,M)I < -f-ff " s m " 1 ^ s i n ^ s i n " 1 ! - Lj) -sin"1? s i n ~ 

We have 

G(P,„) = tf ^ ««0"<»>*>d. = £ . * \ » at. 
where h (t) is the density function of arg(l-e(0)/p). If we let H (t) be the 

distribution function of arg(l-e(0)/p), then 
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(11) 

/ 1 i f t > tan -1 1 
V P - 1 

Hp(t) « < 
1 sin~ p s i n t . . . - 1 1 . . -1 1 

+ E tf .tan N < t < tan . ^ 2 * >t2-T" " v -
r^» 

if t < -tan -1 1 
y^-F7 

Hence. 

p cos t 
2—2"* 

1-p sin t . h (t) = 
P 

Using this result, we obtain 

-1 1 -1 1 if -tan " , t7 . < t < tan ~ r-Z-^ , 
V p ^ l " " V P 2 - ! 

otherwise. 

G<P,fO = / . " e1*' hp(t)dt = -/_° a1"* hp(t + i ) dt 

• T 0*"*S,» " V 7" » * 7T 

P M 

This gives us 

(12) 

lG(P»M)| < 7 ( y " s i n " (psinN 
. - 1 1 7T 

s i n 
P M. 

|-sin" psin-—-

We next show that for all n > pi > ir 

(13) S i n - V s i n f s l n - 1 } - ^ ) > f - *«>.*#$ . 
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It is sufficient to demonstrate that 

cos ~ - p sin— - cos Bfp.u) J— > 0. 

This inequality follows from the fact that 

- \2 / \4 / \6 

cos — > 1 — ^ + -^L 

p sin 

ju - 2! 4! 6! 

JL < p ( i L - W + W ) 
ix - P\JJL 3! 5! y 

and 

OOSB(P>(1W^< i - B V P > » + ' V I P ' - B6(P,M)P3
 t svy 

' " " 2 ! " 4!„* 6!M
3 8!^4 

Combining (12) and (13), we complete the proof of the lemma. 

To show that F(x) has a continuous derivative, it is sufficient to show 

that 

f-m I *(*) I d * < °° <see Billingsley [ 3 ,p.301]). 

i 
This follows from the fact that | G(p,/x) | < 1 and | G(p,/n) | << p 2 for 

H > n > ir. Thus, F(x) is continuous and hence, D(x) = F(x) for all x 

(remark: this also has an elementary proof). We now determine upper 

and lower bounds for 1-D(x) = P(ST^x). The upper bound is standard. Let X > 0. 
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Since e X T > e X x for TT > x, we have P(T >x) < e" X x E (e X T ) . 

We write 

. . - 1 sin27r0 
A tan 

- f l / ^ e P - e o s a r * d 0 = n E ( p , A ) . 
P u P 

. - 1 sin27T0 . - 1 1 . Since tan =—— < sin — , we have p-cos 2ir8 - p ' 

A sin — 
E(p,X) < e p 

In addition, we have 

/ A - 1 sin27T0 t
2 

ir/ M f* U -, * - 1 sin27rg (A t a n p-cos 2TT 0 ' E ( P , A ) = fA 1+A tan —-r- + r£ «*» ' ^o \ p-cos 27T0 2! 

— ( a I n p> 
< e * 

Combining the above results, we obtain 

* 5* sin_1~ 4" S. (sin'1-)2 
E ( e X T ) < e P * A P e

 2 p > X p \ 

We have 

2 sin"1-^- = 2 i + O(l) = log log A + O(l) 
p< X p p< X p 

and 

Z (sta1! ,2^/* *\.o( l 

p>A P \ p ^ P 2 ' l U O g > ' ' 
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Hence, 

Xx+Xlog log X + 0(X) 
P(¥>x) < e 

c4e: 

Thus, we can choose \ = e so that P(T>x) < e 
c 4 e x _ec2ex 

We now obtain the lower bound. From (11), we have arg(l-e(0 )/p)~ > 

sin" t with probability 
P P 

1 sin p sin(sin t ) 

T 7T ' 

From (13), we have 

sin"1? sinCsin"1 A - y > | - - Bfip.Trp)^-^-

1 - 1 - 1 1 
for t < — . Since B(p,7rp) > V*3, we see that arg(l-e(0)/p) > sin t 

p — p . ' _ » o » ^ / * - / _ p p 
with probability > \ £- . Write 

T = S arg( l -e(*) /p)_ 1 + 2 arg(l-e(ff)/p)"1 = Y + Y 
p<T p>T 

1 c 3 e X 
Then P(ST>x) > P(Y >x) P(Y >0) > — P(T >x). But we can choose T = e 

""* 1"™" £d a X 

so that 

T - > S sin" — = log log T + O(l) > x 
p<T P 

with probability 

p<T VTTT ^TTT) 
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Thus, 

ciex 
-e P(Y>x) > e , 

which completes the proof of the theorem. 

3. Approximation of F(x, A) by an infinite sum. In the previous section, 

we reduced the problem of determining D(x) to the problem of determining 

the values of F(x+5, A). In this section, we establish the following 
00 k - 1 2 a2 2 2k 

Theorem 1.9. LetG(p,^)= 2 fl (j - •£- )/(kI) p , where 
Zl 2~ k=0 j=0 4 

„ ,.2 n . , r. . 37T rt . 1 A 647.5336 , _ . . . 
n (j - • % - ) = 1. I f O < x < - 2 " , 0 < h < - 7 r » A = e and R = *•(A), 

3=0 
then 

F(x,A) = | + h I ( g g i - H G(p,2,nh)). 
n=-<=° \ p<A / 

To calculate F(x, A), we write 

where 

V , A ) = /_°e(-Xx)dF(x,A); 

see Kawata [13, p.128] with a change of variables. Here 

F(A,A) = / e(-\YA)d0= n j^ef-^ arg(l-e(0)/pf V 
I P<A 

= II G(P,2TTX), 
p<A 
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where 

G<P.*> = .k 1
e

1 ' ' a r g ( 1 " e ( ' , ) / l V 
1 

_ . i arg z z5 ^ x 
But e & = — - , so that 

w 2 

Put 

where 

and 

where 

i p arg<l-e(0 )/p) /l-e(g)/p \ M / 2 

\ l - e ( - * ) / p / 

( l - e ^ / p ) ^ 2 » S a, e(kd), 
k=0 K 

S - ^ ( ! K 

- f i / 2 °° 
(l-e(-0)/p) ^ = S b . e H ? ) , 

Z=0 ' 

bi-eD'U'W. 
Then the integral is 

1 

But 
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(k!)2 J-0 l 4 ' 

so that 

G(P,M)= s n1(j2-V)/<k :)2P2 k-
k=0 j=0 \ 4 / 

In order to write F(x, A) as a sum, we use a method introduced by 

Rice [22]. From Weiss and Stein [31, Corollary 2.6], we take 

Lemma 1.10 (Foisson summation formula). Let f(t) = /°° e(-tA )f(A )dA. If 

f(A) = /^(t)e(tA)dt, |f(A)|<A(l+|A| f1'6 and |f(t)|< A(l+|t | ) - 1~6 for some 

6 > 0, then 
oo oo A 
2 f(m)= 2 f(m). 

m=-°° m=-oo 

If f (A) is integrable and of bounded variation over every finite interval, 

and f(A) = £(f(A+0)+f(A-0)) for all A, then f(A) = /^f(t)e(tA)dt (see Kawata [13, 

Theorem 4.34]). Thus, we have 

Corollary 1.11. If f satisfies the above conditions, and f(t)=0 for |t| >e>0,then 
OO °° 

/ f (A)dA = h S f (nh) 
~°° n=-oo 

for 0 < h < 1/e. 

We need to show that if 0 < x < ~ , [t|->47r and f(A) = e^A^"1F(A>A), 
A 

then f (t) = 0. In demonstrating this, we make use of the following result 

(see Whittaker and Watson [32, p. 115]). 

Lemma 1.12 (Jordan). Let r be the semicircle of radius r and center at 

the origin which lies above the real axis. If Q(z)-»0 uniformly with respect 

to arg z as [ z| — » for 0 < argz < TT and Q(z) is analytic when | z | > c and 
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0 < arg z < t , then lim / e Q(z)dz = 0 for all positive integers m. 
"~ r-»-oo p 

Using these two preliminary lemmas, we prove 

Lemma 1.13. Let f(z) = e ^ ) " 1 F(z,A). If 0 < x < -^- and 

0 < h < J J . 

p<A Vp^-l 

t h e n / " f(X)d\ = h 2 f(nh). 
— 00 

A 
Proof. By Corollary 1.11, it i s sufficient to show that f (t) = 0 for 
I tl > S i t + -?— + x, since |G(p,ju)|<l and |G(p^) l« ju^for 

- p<A v ^ T 2ir 

J" > M0 £ 7r« We have 

f(t) = /%(- tz) f (z)dz 

00 
00 

= lim / e(-tz)f(z)dz. 
r-*«o r 

From Lemma 1.12, we know that the above limit equals zero if 

e(-tz - -r—)f(z) -*- 0 uniformly with respect to arg z as z -*• <o for 
27T 

0 < arg z < 7r. For t < 0, z = r cos 0 + i r sin 6 and 0 < G < n, we have 

(14) 

| e(-tz - - | - ) f(z) | = |exp(-27rizt - i z ) | | e ( Z ^ h l | n |G(p,27rz)| 
p<A 

< | expert* l)r sin 0)\ | exp((-27rt-l)ir cos o) \ 

| exp(27rixr cosfl) | | exp(2ffxr sing)[+1 n | G f t j 27rz) 
p<A 

< 2 eXP<r •* * < * * » » < » „ |G<p,2,rz)|. 
p<A 
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In addition, 

(15) 2 f f i 2 a r g ( l - e
p<u> ) 

G(P,2TTZ) = / 0
x e x p 'du 

2f f i z t an ' 1 ***** 

and for 0 < u < 1 

l e p-cos2,ru d u 

- 1 sin2ffu \ A - 1 1 1 . , „ | . - l sin^ffu j . • 
P-COS27TU ' - fir? ~ / 2 -.* * 

Combining (15) and (16), we obtain 

o ,-̂  +„„-l sin2fft 
f™ o *l I 2 7 r i z t a n p-cos27ri 
|G(p,27rz)| < max | e y-wo 

(17) 
0<t<l 

, 2irr sin 9 
< exP{ 

Using (17) in (14), we obtain 

2 exp/27rrsin0/ 2 i + ——+ x + x\\ 
e(-tz - -^)f(z) < 

Thus, I e(-tz - -r—)f(z) I -*» 0 uniformly with respect to arg z as | z j -*« 

0 < arg z < 7 r i f t < - ( 2 + —— + x ] , which shows that f (t) = 0 
" \P<A v£^i 2ff / 

these t. For t > 0, we have 
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oo oo e/— zxW 1 
/ ^ e(-tz)f(z)dz = -La e(tz) K > n G(p,27rz)dz, 

p<A 
* 1 1 

and proceeding as before, we obtain f (t) = 0 for t > 2 — = = + -r— + x. 

This completes the proof of Lemma 1.13. Finally, we need 

Lemma 1.14. If 0 < x < - 5 - and A = e , then 

1 
< 

4TT - „ 1 1 
2 + -=— + x 

P<AVP^=T 2ir 

Proof. Put 

S . = 2 t + 2 ^ = S + S 
p<A / p 2 - l p<1010 7 p 2 - l 1010<p<A / p 2 - l 

We obtain S < 2.30316 by direct calculation. We have 

S < 1 0 1 ° 2 — < 1.0000005 2 — . 
7(1010)2-1 1010<p<A P 1010<p<AP 

Using Lebesgue-Stieltjes integration, we write the last quantity as 

i onnnnnJ g<A> 0(1010) f A + (log w-l)0(u)du X' 00000051 A - 1 0 1 Q + / 2 

\ u log u 

Schoenfeld [24, p.360] has shown that 6 (u) < (1.00008l)u for u > 2 and we 

have calculated that 6 (1010) > 963.149658. Thus, the above expression is less 

than 4.55. Hence, 

2 I v < 6.8532 
p<A / p 2 - l 
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and 

1 
< 

4TT _ 1 1 . 

p<A p - 1 

for 0 < x < -£- f which completes the proof of the lemma. 

The theorem follows directly from Lemma 1.13 and Lemma 1.14. 

4. The calculation of F(x.A). In Theorem 1.9 we reduced the problem of 

3TT evaluating F(x,A) for 0 < x < - 5 - to that of evaluating 

00 1 , .„ e(nhx)-l „, _. _ . . 
2 + h S 2irinn n G<P'2*nh> n=-oo p<A 

u n u 1 A A 647.5336 - . „ , . • • when 0 < h < -7— and A = e . For n = 0, we have 
— 47T 

Ux* h o ^ " 1 n G(p,27rnh) = hx. 
. 27rinh . yr* ' 

n-+0 p<A 

For n > 0, we have 

e(nhx)-l „ „ , n ,» e(-nhx)-l „ _. _ . . 
27rinh nAOft>,*rnh)+ : 2 7 r i i m H Gfe.-arnh) 

p<A p<A 

2 sin2irnhx rt _ . _ , , 
= ~ ! ^ n G(p,27rnh). 

p<A 

Using the above equalities, we obtain 

F(x,A) = i + h x + 2h S ^ £ * * n G0>,27rnh). 
n=l p<A 
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We now take h = -r- . We first truncate the above sum. By taking 

Ha = 800 in Lemma 1.8, we obtain 

n ~B(p,800)V-4-r 
i l " sinnx/2 rt „^ / o J 1 " P£241ff W 2 

ter S ~ — - 7 ~ — n G(p,n/2) <-— s - ^ 
2?r n=1601 n / 2 p l A 27r n=1601 

n72" 

(800)5 3 / 2
 foo p^241 

n — 4/6-J36 -
241 * V * 

24irp 127T 2̂  
800 _. 2 800 

d/n 

2TT '800 
0 WsT 

< 0.5 • 10" 1 6 . 

Using this, we obtain 

, , 1600 . ,_ 
•rw »» 1 x 1 „ sinnx/2 _ _ . ._. 
F(X'A> • 2 + "fa + &F ^ - 5 7 T - p

n
<A ^ - ^ + «• 

1 1 —16 

with I e I < 0.5 • 10 . To further truncate our sum, we need to compute 

G(p,/x). The method we use is justified by 
Lemma 1.15. Let L = f-^r-1 and f(p,pi,N) = ( * > 

2(Nfl) 2(N+1) 

o ™ ,x2Nf3 2(N+1) 2TT(N+1) p V ' 
If we choose 

iff(p,M,L) = 10"1 6, 

N 
• < 

S^^^logUU-ilog^]^) 
Wfrh-DJ 

logp iff(p,M,L)>10"1 6 , 
v20»D 1 , 6 I ue V ^ * ' 1 greatest integer k such tha t ( 0 / r ... J -r—^—— <10 

\2(k+l)p/ 27r(k+l) 

i f f (p , M ,L)<10" 1 6 , 
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then 
k-1 K _ 1 / o 2 \ 

1=0 (P'"> = £ , *»« » + R N ' 
k=0 (kl) p 

4 ««-16 
I < 

Proof. Put 

where | R | < -|- • 10"1 6 . 
JN "™" o 

k"V2 ^ 
^ W A » * 2 ^ A 4A* 4(2)2/-\ W / p * 

and 

2 
T „ = max ' ^ 

N I , _ . , ,2 2 2 / ' 2 \ , 1 
4(N+1) p \ x _ M / P V - -J" 

4(N+l)2p2 P 

We first show that 

(18) Vl*1"8^ WTN S HN S V l ' ^ M ' V 

We have 

\ (N+2) V 4(N+1) / p 

If we put 
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2 2 2 2 2 
SN 2 ' 2 ' ~ + 2 ' 2 1 1 2 ^ T *••» 

(N+2) 4(N+1) p (N+3) 4(N+1) 4(Nf2) p 

then 

uXT ,(1-Sxr) < RXT < u ,(1+S„) QX ,>0) N+lx N' - N - N+l* N' x N+ l - ' 

and 

Obviously, 

4(N+1) p 4(N+2) P 

Less obviously, we have, for all M > N, 

4(M+1) \4(M+1) / [ 1 otherwise . 

This is certainly true if M < ~ , since 
a 

2 2 2 
1_ JL-I „ J L - i < JL. 

2 ' 2 - 2 * 
4M 4M 4M 

When ^r < M < ~ , we have 

2 2 2 2 
I i - J L _ | < i it < a <JL-
' 2 ' — 2 — 2 — 2 

4M 4GI/V2) 4fli/V2) 4M 
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FinaUy, if M > - ^ , then 

2 

4M 
< 1. 

From the above, we have 

M M 

! »M 
2 2 1 2 2 

4(N+1) p \ 4(N+1) p 
1 1 
2 + 4 + . . . 

P P 

if N + l < £ 

otherwise. 

so that (18) is true. We have 

r i fcWY*" 2\ 4 A4 A 2 ( N + l ^ W V /\4 (2 ) 

( » 

2(N+1) 

lUNn'* ( 

(N 

„XT ,v.»2 2(N+1) ((N+l)!) p v ' 

+ D 2 ^ 4 A4 v £<2) 

fi)' 

2([|-]+l) 

. . „ 2 / 2(N+1) \4N / p 

* * < & • / 2 

M 

((tf^DnV^1' 

^ i ) 2 / P 2 ( N + 1 ) 

U N > 7 2 -
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Since (M-l)! = H^l~^e~M (2*)* e
s ' 1 2 M tor 0 < s < 1 (see Whittaker and 

Watson [32, p.253]), we have Ml > M 5 e (2ir)2 and thus, 

" S h - l l * / ^KftHW 
K[£> *)' 

rM 2 [ V # 3 2(N+1) 

" N ^ ^ 

" N > ^ 

If we choose N according to our algorithm, then 

*>-m- N+l > -(£ and T„ < JL 
- 2p N - 3 

Thus, our algorithm insures that j R | < -5- • 10 

Using (12) to bound | G(p,/i) | for p < 101, and Lemma 1.15 to compute 

I G(p,ju) I for 101 < p < 1871, we obtain 

1600 . / 0 sin nx/2 1 -t. 1 , • ^ 2 " " G(p-n/2>I s 0.««•• io"16. 
n=401 

From this, we obtain 

-, 400 a /n •r,, AV 1 x 1 ,̂ sinxn/2 „ _. /n. 
r<x-A> • 2 + *r+17 = —»7r- n

A
 G ( p - n / 2 ) + e • 

n=l p<A 

where e < 10 •16 
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Since we cannot compute G(p,/x) for all p < A, we need 

Theorem 1.16. Let 

oo 5 .. 
G(p,M) = S i^, SL(p,M)= S Uj+u^l-agnCa^a.l.lo" )) 

and 

5 
SH(p,/x)= S u^Ugfl+sgnfUgM^l-lo"10)). 

k=l 

Let 

36 _ 2 m 
B (p,n) = S b(m,p)p~ 

L m=l 

SLft),M)2 SLft),M)3 SL(p,/z)4 

= ST (p,M) r + l r , r / 2 3 4 

ST (p,M)5 1.00000001497 S_ (p,^)6 

Li Li 
+ = S 

and 

36 
BR(p,M) = S b(m,pi)p 

m=l 
2 3 4 

SH(P,M) SR(p,M) SH(p,M) 
SH(P,M) g + 

SH(P,M) SH(p,/z) 
+ ——= -x 
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Let V = 1155901, 

IL(n) 
0.998697 - 0(V) 0.998697 - 0(A) 

V ^ ' ^ o g V A 2 0 " 1 ! A 
A log A 

+ 0. 998697(E1((2n-l)log V)-E1((2nrl)log A)) 

and 

1 - 0(V) 

IH(n) V 0.000081 _ ... „ . „ 
2n-L v

 +
 nntL^\ 1nll + E l« 2 n - 1 ) 1 °S ^ V Hog V (10 ) log 10 

Let 

+ 0.000081 E ((2n-l) log 10 U ) . 

JL(n,M) = 
y n ) if b(n,jx) > 0, 

IH(n) if b(n,M) < 0, 

JH(n,M) 

QL«0 

IH(n) i fb(n, / i )>0 , 

IL(n) i fb(n , M )<0, 

36 
S b(n,M) 3 (n,n) 

n=l L 

and 

36 _ 
QHfo) = S b(n,pi) JH(n,/x). 

n=l 
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Let 

exp(Q to) i f ^ S J S i - n G(p , M )>0, 

exp(Q fyz)) otherwise 
ri 

and 

exp(Q to) if S 1 ° X M n G(p , M )>0 , 
RR*0 = J " 2<p<V 

exp(QT fa)) otherwise. L 

Sir 
If 0 < x < -^- , then 

n=l 2<p<V 

i _ 400 . / 0 
1 x 1 „ sin nx/2 . _. Jnx _ , ,_. 

< o + - Z T + 1 7 S JTTT" n G(p,n/2)R (n/2) + e , 
2 4* 2TT n = 1 n/2 2 ^ ^ v H 

— 16 where 0 < e < 10 . To prove Theorem 1.16, we need the following 

auxilliary results. 

Lemma 1.17. If 0 < y < 1 and M e Z , then 

M m M+l / - \ M m M+l / t \ 

Proof. For 0 < y < 1, we have 

M m oo m 
log(l-y) = - 2 •£ S -£— 

m=l m=M+l 
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The lemma follows from the fact that 

oo m M+l / -
s x_ < i LL. 7 , - m - M+l Vl-y m=M+l V J 

and 

« m aj m M + l / 
y y y / 1 

S- i ~™"~ " M i « , ,v_(M+l)-m - M+l V l-(y/2) 
m=M+l m=M+l (M+1)2X ' \ v / 

Lemma 1.18. If 0 < JU < 200, then 

*0 exp|2bM/t ^ )* n G(p' 
\n=l v u logu/ V<p<A 

\n=l v u logu/ 

Proof. From (16), we obtain 

1+ S Uj+u^l-sgnfu^Tg) <G(p,M) <1+ S i^+Uga+sgn^Tg). 

Since T < 2.1 • 10~ , we have 
0 """ 

1+ SLG>,M) < G(p,M) < 1+ SH(p,/i). 

-9 Since 0 < -S (p,ju) < -S (p,/i) < 7.485' 10 , we can use the above lemma 

to obtain 
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B
L(P.M) < log G(p,ju) < BH(p,M). 

To complete the proof of Lemma 1.18, we note that 

36 36 A . 
S BL(p,M) = Z b(n,M) 2 p ~ ^ = S b(n,M) / * ™ W 

V<p<A n=l V<p<A n=l V u logu 

and 
36 

V<p<A n=l V u logu 

To bound the integrals in the above lemma, we have 

Lemma 1.19. If n > 1 , then 

T . . .A d0(u) , .A d0(u) T . % 

V u logu V u logu 

Proof. Schoenfeld [24, p360] has shown that 0 (u) < (1.000081)u for all 

u >0 and 0(u) < u for 0 < u < 10 « Using this result, we obtain 

A d0(u) 10 1 1 d0(u) A d0(u) 
JV 2n . " JV 2n . J - A l l 2n , 

u log u u log u 10 u log u 

_ 0(1OU) 0(V) . 10n2ng(u)du 
11.2n_ 1 n l l _72n. Tr

 J__+ 2n+L 2 ) log 10 V log V V u log u 

r l o 1 1 0 M du 
+ V 2n+l, 2 

V u log u 
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0(A) 0 (1011) -A 2n0 (u)du 
.2n_ _ 1 1 " ,,,,11,211. _ 1 1 + J U 2n+l. A log 10 (10 ) log 10 10 u ^og u 

JL 6 (u)du 
J 11 2n+L 2 u log u 10 u log 

< IH(n). 

The lower bound is obtained similarly. 

Using Lemma 1.18 and Lemma 1.19, we have 

36 
exp(QL(f*)) = exp S b(n,M)JL(n,ju)) < H G(p,n) 

n=l V<p<A 

36 _ 
< exp S b(n,/Li)JH(n,/x)) = exp(QH0t)), 

n=l 

which completes the proof of Theorem 1.16. 

In computing F(x, A), we use the fact that 6 (1155901) = 1150824. 716. 

In addition, we use the following result from Abramowitz and Stegun [l,p.231J: 

Lemma 1. 20. Let 

a1 = 8.5733287401, 

a2 = 18.0590169730, 

a3 = 8. 6347608925, 

a = 0.2677727343, 
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Then 

b 1 = 9. 5733223454, 

b 2 = 25. 6329561486, 

b = 21.0996530827 and 

b„ = 3.9584969228. 
4 

/ 4 3 2 
, , , * r « _ £ ! d y 1 / v + a 1 v + a 2 v + a v + a 4 
E1(V> - /y ~ T ^ - — " 4 — 3 — 2 — — + e<v> • J ve \ v +b v +b_v +b v+b ' 

-8 where | e (v) | < 2-10~ . 

Since we compute G(p,/u) with an error of < — • 10 , the relative 

error in computing n G(p, ju) is less than 10 . Thus, we can compute 
2<p<V 

the bounds in Theorem 1.16 with an absolute e r ror < 1.9* 10 . Taking 
-40 6 = e in Lemma 1.7, we see that we can compute D(x) with an absolute 

-9 error < 2* 10 . 

5. Calculation of L(1. x). It is well known (see Davenport [6, pp. 67-69]) 

that 

1 q -
T u c ; m=l 

where q is a prime and 

q 
T ( X ) = 2 x(m)e(m/q). 

m=l 
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Hence 

1 Q °° 
L0..X) = —-— 2 x(m) S e(mn/q)/n 

T(X) m=l n=l 

- 1 q - 1 --—— S x(m) log(l-e(m/q». 
T(X) m=l 

Suppose that x (-1) = - 1 . We have 

X(m)log(l-e(m/q)Kx(q-m)log(l-e((-m)/q)) = x(m)logf £e(^/q) 

.. - 2m . 
But (l-e(m/q))/(l-e(-m/q)) = eff1*" q ' , so the above is 

X ( m ) 7 r i ( - 1 + — ) . 

Thus, 

^t)--sgr£x"w"(-1+^ 

i q ~ 1 

S mx(m). T<*>q
 m = i 

Suppose that x (-1) = 1. We have 

X(m) log(l-e(m/q)) + x(Q-m) log(l-e((-m/q)) = 2x(m) log| l-e(m/q)| . 

But | l-e(m/q) | = 2 sin ——, so the above is 

2x (m)(log 2 + log sin ~-
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Hence 

- 1 q-1 
Trm 

L(1,X) = 
T ( X - ) m ^ X ( m ) 1 ° g S i n Q 

q-1 - i r i 
T<x)q m = 1 

S mx (m) 

i f X ( - l ) = l , 

if y(-l) = - l . 

Given a primitive root g mod q, we compute 

q-1 
(19)T(xk) = S e| 

r= l ee e((g modq)/q), 

(20) 

L(l,Xk) 

- 1 ^ /"krN 
2 e 

T(X\) k' r= l vq-i> 
i««. «,-« TT (g mod q) . -
log sin — « — if x (-1) = 1, 

. T ( x k ) q r = l ^ " V 
i f x ( - D = - i , 

for 1 < k < q-1 
- - 2 * 



CHAPTER n 

THE DISTRIBUTION OF THE ERROR TERM 
IN THE PRIME NUMBER THEOREM 

1. Statement of results . When we examine the distribution of prime 

numbers, ip (u) is often a more natural function to use than 7r(u). If we define 

ip(u) if u 4 p , 
*0w = 

^(u)- iA(u) otherwise, 

then we have the von Mangoldt formula 

uP , -2 
#0(u) = u - 2 log2ir - i l o g ( l - u ) 

for u > 1, where the sum is taken over all non-trivial zeros of £ (s). We 

will examine 

-2 
Ip (U)-U + log27T +J log( l -U ) p-4 

H(u) = - ^ J 2 ±— 
u^ P P 

assuming the Riemann hypothesis and the rational linear independence of the 

positive imaginary parts of the non-trivial zeros of £(s). 

Given the Riemann hypothesis, we write the non-trivial zeros of £ (s) in 

the form p = i + i T , and obtain 

39 
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H<»' = - ? F F 
v Setting u = e , we write 

(1) H(u) = h(v)=- 2 / f M + a ( ± ! ) \ 

= _ s exp(i(yv-arffP)) _ x expH(rv-arsp)) 
r > ° I P I ?>O | P | X 2 

This function is related to the probability distribution of a random variable in 
2sin27r Ay Theorem 2.1 . Let "ST = .2 j—j , where the 9 are independent and 

7>0 | p | 7 

uniformly distributed in [0,1) (almost sure convergence follows by arguments 

analogous to those used in Theorem 1.1). Let G(x) be the distribution function of T.If 

the y > 0 are linearly independent over the rationals, then for every real x, 

lim — measfv: 0< v< V, h(v)<x} = G(x). 

We need several preliminary results. From Wintner and Jessen [33, 

Theorem 29] we have 

Lemma 2.2. Let $. be the circular equidistribution on S. = {z: | z | = r }, 
J J J 

where for any Borel set E, $.(E) = JU (S.OE)//i (S.) {jiis one-dimensional 

measure). Let r , r r be positive, X , AD \ be linearly 

independent and 6 , 6 , . . . , 6 be real. Then the asymptotic distribution of x a n 

sfl(t) = r1exp(i(A1t + 51)) + r2exp(i(A2t + 62)) + . . . +rnexp(i(Ant+6n)) 
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is the distribution ip == * 1 * * „ * • • • * * . 

From Wintner and Jessen [33, Theorem 7] we have 
2 2 Lemma 2.3. The convergence of the series r , + r + • • • is necessary and 

sufficient both for the convergence and the absolute convergence of the infinite 

convolution $ - * $ „ * . . . . 

Since N(T) < < T log T, we have 

r>o | p | 2 _ r*> y
2 i*=i n

2 

Using the previous two lemmas we see that the asymptotic distribution of 

h- (v) is $ - * $ * . . . and the asymptotic distribution of h (v) is $ * $ „< . . . , 
e(€y) 

where $. is the distribution of —;—*-. Hence, h(v) has asymptotic distribu-

tion * , * * , * $ „ * $ „ * • • • . But the distribution $. * $ . is the distribution 
2sin2ir0-y. 

of —r—7|—3 . Thus.the asymptotic distribution of h(v) is the distribution 

of Y, which completes the proof of the theorem. 

The following table contains typical values for G(x): 

X 

- 1 . 0 
- 0 . 8 
- 0 . 6 
- 0 . 4 
- 0 . 2 

0.0 
0.2 
0 .4 
0.6 
0 .8 
1.0 

G(x) 

0.000000263 
0.000047207 
0.00213582 
0.0309492 
0.178533 
0.5 
0.821467 
0.9690508 
0.99786418 
0.999952793 
0.999999737 

Maximum 
possible error 

0.000000194 
0.0000002 
0.0000002 
0.0000002 
0.000001 
0.0 
0.000001 
0.0000002 
0.0000002 
0.0000002 
0.000000194 

We obtain these results using computer programs (Appendix B) based on 
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Theorem 2.12. A graph of G(x) for 0 < x < 0.8 appears in Figure 2. 

Montgomery [18] has shown that G(x) is continuous, 

G(-x) + G(x) = 1 and for x > 1 

exp(-cVx e }< 1 - G(x) < exp^-c2vx e ). 

Here c and c a re positive absolute constants. 

For large values of u, we show in section 4 that 

G ( u ) - / 8 7 F ( T j ^ ^ v / n o g T ^ -

where 

f(z)= S log I / - M - z u / 2 
r>o ° \ | pi/ 

and T is chosen so that f'(T) = 0. 

Using this formula, we can find constants a ^ ^ ^ and ^ such that 

/ / x V2Tru+a \ 
G'(u) = exp (- ^VH^ulS"2 - a 3 J e + O(Vu)) . 

2. Approximation of G(x) by an infinite sum. In this section, we first 

establish 
2sin2ir6 

Theorem 2.4. Let G(x, B) be the distribution function of Y = 2 —i—i—^ 
B 0 < y < B I P I 

•m n i n 58.223085 , _ . , _ . ., 
If 0 <x< 1, B >e and R = N(B), then 

r I - 1 2 2 4 
|G (x ) -G(x ,B) | < 10 " • . 
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Fig. 2 - A Graph of G(x) for 0 < x < 0. 8 
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We need several preliminary results. From Edwards [7, p . 45] we have 

Lemma 2 .5 . Let f(z) be an analytic function on the disk [ z | < r, let f(0) = 0, 

and let M be the maximum value of Bef(z) on the circle | z | = r . If r < r , 

then | f(z) | < 2rx M/(r - r ^ on the disk | z | < r . 

We use this result in proving 

Lemma 2.6. Let S^T) = f£ S(t)dt = - f ? arg £ &+it) dt. Let 

A_ = -1.7412588, 
XJ 

B_ = -2.864789, 
Li 

C_ = -0.3936986, 
Li 

D_ = -3.8661494, L 
A = 0.0198943, H 
B = 0.4774648 and H 
D = -0.666871. H 

If the Riemann hypothesis is true and T > 1005, then 

A log T+B log log T + C log log ( T +^j-) + D 

< S ^ ^ A j j l o g T + B j j l o g l o g T + D ^ 

Proof. From Tltchmarsh [26, p . 188] we have 

S1(T)=^/riogU(ff + iT)|d(7-^/riogU((7)|dor. 
i. TV 2 " 2 

From Edwards [7, p . 192] we obtain 

/ 9
m l o g k ( a + i T ) | d o r | < / 0

0 ° 3 . 2 " ( 7 d a = 
2 o , & ^ * , , - « _ - 2 - - ~ 4 1 o g 2 

and 
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o<ClosU(^)U(r< 3 
2 & l b v ' « - " . 2 4 i o g 2 • 

Hence, 

(1) 
S 1 ( T ) = i / l

2 l o g | f ( o r + i T ) | d a - i / ? l o g U ( ( 7 ) | d ( r + R ( T ) = K - K 9 + R(T), 

where 

" 3
 0 < R(T) < 0. 7r21og2 - v ' — 

We first bound K . For a fixed T we let z = 2+i T and let C be the 

circle centered at z with radius R = 2 + e such that no zeros of £ (s) lie 

on C. Since € can be made arbitrarily small, we can assume that R = 2 

in our computations. Assuming the Riemann hypothesis, we let z. = J+ i t . , 
J J 

for 1 < j < n, be the n zeros of £ (s) inside C. Finally we let F(z) = 
n B 2 - ( 5 j - z t ) ( z - z 0 ) 

£(z) £ a.(z), wherea.(z)= ^ ^ . 

We apply Lemma 2.5 to the disk| z - z | < R with f(z) = Relog(F(z)/F(z )). 

Since f(z) is analytic in the disk and f(z ) = 0, f(z) satisfies the conditions of 

the lemma. Thus to use the lemma we need only to bound 

(2) Re log (F(z)/F(zQ)) = Re log F(z) - Re log F(zQ). 

On ( z - z [ = R, we have 

Re log F(z) = log | F(z) | = log U (z) | + Z log| a (z) | . 
j—1 J 

From Backland [2, pp.362-367], we obtain, for z = a + i t and 50 <t, 
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logt - .048 if 1<CT 

1-a 

<*>!-<{(£)* ^jf^fti %<<j < 1 

1 - ( T 

ih)* M y - «»<,,<*. 
U2-4 

Since [ a (z) | =1 on | z - z | =R we have 

(3) Re log F(z) <̂  Re log £ (z) 

log (logt - . 048) if 1 < o-

<!^l0Sh+l0Sl0St-l^(1+f) (1+j) i f ^<^l 

- ^ l o g — + loglogt + i o g ( - — 1 if 0 < a < k 
1 2 2lT \ t2-4, 

_ u _ 2 

for I z - z | = R. 

We next obtain a lower bound for 

(4) Re log F(zQ) = log U (zQ) I + Z log| a.(zQ) | 
J 

From Edwards [7, p. 190] we have 

(5) logl t (z0)l > "log &(2) = - l o g - j - . 

In addition, 



and thus 
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'w1 - E vv > 1 

(6) S logla^l^O. 

Combining (2), (3), (4), (5), and (6) we obtain 

f(z) = Re log(F(z)/F(z0)) < | log T + log log T - 0.4212345 = M 

for 1005 < t and [ z - z | = R. Applying Lemma 2.5 to f(z) we have 

(7) f(z) | <_ 6M 

m I z " z
0 1 < o • From this it follows directly that 

I Re logF(z) - Re log F(z ) | < 6M 

and combining this with (4), (5) and (6) we obtain 

(8) IT Re log F(z) > -6M - log-r- . 
6 

We can now bound K . Using (3), we obtain 

(9) K = - J i Relog£(<r+iT)d(7+- / , Re log ^ff + iTJdo-
.l 7T 2 It i. 

< " / i ( " i ^ l o g — +loglogT)dcr + - / . loglogTda 
It -n s & Zlt IT 1 

< 0.0198943 log T + 0.4774648 log log T - 0.0365633. 
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Using (8), we obtain 

1 r2 
(10) K, = ± J ^ R e l o g ^ a + i T J d a 

1 r 2 1 n , 2 

= - / i Re l o g F ( a + i T ) d a - - 2 / j Re log a (a+ iT)da 
ff 2 T j = l 2" J 
1 / 7T2\ 1 fl , 2 

> - ( - 6 M - l o g - r - ) - - 2 /x Re log a. (a+iT) d a . 
IT \ 6 / 7T j = l 2 j 

Thus we need to find an upper bound for 

n r 2 r 2 I I 
(11) 2 J i Re log a.(a+IT)da < n max J x l o g | a . ( a + i T ) | . 

j= l 2 J j 2 J 

From BacMand [2, p . 355], we have 

(12) 

| N ( T ) - ( £ l o g ^ - - ~ + | ) | < 0 . 1 3 7 l o g T + 0 . 4 4 3 1oglogT+4.350 

for T > 2. Since we are assuming the Riemann hypothesis, the zeros z. 

inside | z - z [ =R have real part equal to \ and for T > 1005 

(13) n<N^T + / | J - N ( T - / | ) 

T [ . T+V4 . T-V4 j 1 fl I, T-h/l . T-Jt\ 1 Jl 

IT* Vo g^r- l o g-^r/+i7vi \0S-^r+l0STr)'Vi 
+ 0.137 flog ( T + / | )f log ( T - / J ) J + 0.443 (log log ( T + / J ) + log log ( T V | ) J + 8 . 
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<^,JA\->-JL12. L£(21?)_IJI 
7T 4 \ 27T/ 7T 4 

+ 0.137 (2 log T) + 0.886 log log ( T +v f ) + 8.7 

< 0.6950843 log T + 0. 886 log log ( T 4 ) + 7 . 9266538. 

From the definition of a.((j+iT)t we write 
J 

/ i log | a (cr + iT) | dcr = / x log 
2 J 2 

R ~ (y V (Z"V 
B ( z - Z j ) 

= / i log 

= /f log 
2 

4 - ( ( ( i - i t ) ( 2 - i T ) ) ( ( a + i T ) - ( 2+ iT) ) ) 

2 ( ( a + i T ) - ( | + i t . ) ) 

l + | ( 7 - i b . ( ( r - 2 ) 

da 

da 

J. 
2o- - l + i 2 b . 

J 
da, 

where b. = T - t. . Since we are assuming the Biemann hypothesis, [ b. [ 
J J J 

and in this range 

0 < log 
l + - o - i b . ( o - 2 ) 

2 r 
2 c r - l + i 2 b . 

3 

o o 2 2 
/ ( 1 + f a) + ( o - 2 ) b ' 

= i l o g S = o - 1 -
\ (2cr-l) + 4 b . 

/(1 + fcr)2' 
< Jlog S-s-

\ ( 2 o - l ) 

Combining the above two results we obtain 

(14) /-. 3 V2V 
2 / ( l + o0-) 

0 < / x log|a.(o-+iT)[do- < i A log ( 2—r- Ida < 1.3959830 
\ ( 2 o - l ) 



50 

Combining (10),. (11), (13) and (14) we obtain 
(15) 

1 r 2 
Z A l os l £(ff+IT)| d<r > - (-6M - log—) - £ (1.3959830) (0.6950843 log T 

+ 0.886 log log ( T + v | ) + 7.9266538), 

which gives us a lower bound for K . 

To bound K we use the formula (see Edwards [7, p. 114-115]) 

! Bx(u)du 
^)-s^n+*-ff/i "^T- = ^ l + * + R 0 ' 

u 

where 0 < B. < — . This gives us 

i + ^ l < ? ^ ) < i + 7il + ^ -

Thus, 

(16) logl^TI + 12 I - l o S ( ^<cr)[ < l o g l ^ ; + *| (* < <r < 1) 

and 

(17) l 0g [~Y + i [ < l 0 g U ( ( 7 ) | < l 0 g | ^ ~ + | [ (1<<7<2). 

Since 

/^logl-ir + ol^i logU-ol- i logl l - f l 
S <T- 1 C ^ 

7 
for i < c < — , we use (16) to obtain 
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(18) * I o g g - ^ l o g g < / ^ l o g | t ( o ) | d < r < i I o g | - 2 1ogJ 

Since 

Jl l o*I^Ti + 0 l s < 1 + o > I o g l 1 + 0! 
2 for \ < c < — , we use (17) to obtain 
o 

(19) 3 1 o g f ^ l o g U ( a ) | d a < | l o g | . 

Combining (18) and (19), we have 

(20) 0.6303077 < K„ < 0.6541774. 

Combining (1), (9), (15) and (20) we complete the proof of the lemma. 

We next prove 

Lemma 2.7. If m _> 1» thea 

y (m+l)a (m+l)b ' 

J b log log y dy 1 /. . 1 \ 
J a m+2 - , 1V m + l \ 1 0 S l o s a + (m+l)logay y (m+l)a x ' 

(ii) 

• ^ ^ i ( l o g l o s b + ^ n ^ ) 
D 1ncrTr>cr\y+V4/c 
a m+2 — . _ m+1 log log(a + / | ) + X 

, (m+l)log(a+V£j, 
,PloglogVy+V4Aiy 1 
" m+2 — 

y (m+l)a 
(iii) 

^ 1 (log log(b + 4 ) + 1 
( m + l ) b m i \ v * ' (m+1) log R> 
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and 

(iv) 

Proof. We have 

/ b _ J d J L _ = J L /__!__ + _ l x 
a m+2 m + l \ m+1 . m + 1 / y x a b ' 

j b log y dy _ log a _ log b 1 fb dy 
a m+2 ,_ , . , , m+1 ~ , v l m + l + m + l a m+2 y (m+l)a (m+l)b y 

~S* fa* + Tmk) - T^TmTI (l0gb + mTl)' (m+l)a ' ( m + 1 ) / (m+l)b* 

r p log log y dy _ log log a log log b 1 fb dy 
a m+2 , , , m+1 " . , v .m+l (m+1) "'a m+2 . 

y (m+l)a (m+l)b y logy 

log log a log log b 1 |.b dy 
~ / , n m + l " , , . ,m+l (m+1) log a a m+2 (m+l)a (m+l)b v / & y 

= ^ i ^ ( l o s l o s a + ^ n ^ ) - ^ ^ ( t o g l o g b + < = r o > 
,* ^ / , d y s _ ^ _ ( l o g l o g ( a + / i ) + ^ ) 

— - L ^ ( l o g l o g ( L + / I > ( m + 1 ) l o g ( a + ^ 

and 

.b ll-hr. a m+2 m+1 V m+1 .m+1 
y \ a b 

We use this lemma in proving 
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+ 
Lemma 2 .8 . Let n e Z . Let A , B_ , C_, D , A , B and D__ be as in 
~~"i——————- L Li Li Li H H H 
Lemma 2.6. Let N(y) = J ^ - l o g ^ - - ^ - + - + S(y) + G(y), where 

S(y) = - arg £ ( |+ iy ) . If a > 1005, then 

a | | + i y [ - 47r \ \ s 2 i r / V & 2 i r / / b a 

+ "2 ( ^ T + ( A H " A L > l 0 g a + < V B L } l 0 g l 0 g a " ° L l 0 g l 0 g ( a + V 4 ) + <°H"DL> V 

A+-^V^H^+A + -^M 2 21oga/ 2b2V487r H l o g a / ' 

f b dN(y) 1 /. _a_ 1 \ 1 / b 1 \ 
a | i + i v | 2 n - 0 , . , 2 n - l l l 0 g 2 i r + 2 n - l / 0 / 0 1V, 2n - l \ l o g 27 r + 2n - l / l 2 + i y | 27r(2n-l)a 27r(2n-l)b 

S(b) +G(b) S(a) +G(a) 2n / _ 2 5 . _ A . _ U o f f l o 2 a 
+ 2n 2n + 2n+l\487r(2n+l) + (AH A L M O g a + (BH B L ) l ° g l 0 g a 

D a a 

- C L l o g l o g ( a + ^ ) + ( D H - D L ) + i J 
BH 

+ ' 2n+l (2n+l) log a, 

2n / 25 . , B H \ 
+ A.. + . ) eW1^48* H loga 

and 

•'ah . [2n-0 / 0 1V 2 n - l \ ° g 2 i r 2n - l / „ ,„ , . . 2 n - l \ T s 2 i r 2 n - l / j i + i y l 27r(2n-l)a 2ir(2n-l)b 

S(b)+G(b)_S(a)+G(a) 2n / -25 _ _ U o _ l o - _ 
+

 b2n a2n +
a2n+l\487r(2n+l) + ( A L V l ° g a + ^L V l o g l o g a 
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C L loglog(a+/[ )+ (DL-DR) +
 A L , ^ °L 
2n+l (2n+l)loga ^ + 1 ) l o g ( a + ^ 

B , C 2n /-25 A L 
— r — : — +A, + ; + 

n 
4 

(2n+l)b2n+lV487r ^ " L ^ ° g a T log(a+Vj) ) 

^2,(2n+l)a2n+lV 2 * 2a+1' 2*<2n+l)b2n+l1 * 2 * ^ 

S(b) +G(b)_ S(a) +G(a) 2n+2 / -25 U o _ a + ffi _ B 1 I o i r k M r a 
+ .2n+2 2n+2 + 2n+3\48^(2ii+3) + (AL V l 0 g a + ^ L B H ) 1 0 g l 0 g a 

D a a 

+ CT log log (a +Vr)+ (DT -D„) + -r^r + „ ^ + - s - J L & & \ 4 / * L H7 2n+3 (2n43)loga ,_ o v l /T / v ' & (2n+3)log a + v - ' 

2n+2 /-25 B L °L \ \ 
"(2n+3)b2n+3V48^ L l o g a l o g ( a W f ) / / ' 

Proof. We have 

(21) / b A</ b f i t t ) 
a l i + i y | - a y 

u d l - ^ l o e - ^ - - - ^ - + - J u 
= r b \27T S 2 T T 2TT 8 / + , b d(S(y) + G(y)) 

a y a y 

and similarly 

(22) ; b *«9) < / b fiiffiL 
a l i + i y f 2 " " a 2 n 
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r2n^i(log^r+in^i)- ,n l2n-i(log^r+iii) 
27r(2n-l)a 2ir(2n-l)b 

/
b d ( S ( y ) ^ G ( y ) ) 
a 2n 

y 

Since 

. 2 , l .n 2n n / 2n-2 /n- l \ 2n-4/ l \ , /n- l \ 2n-6/l\6 , . /T^-lX 
< y + 7 > - y ^ 4 ( y + ( i ) y ( l ) + ( 2 ) y y + " - + ( 4 " ) 

n . 2 l vn- l 
= 4 ^ + 4> 

we have 

r b dN(y) f
b d N j a _ n f b d N ^ 

J a i ! , | 2 n - J a 2n 4 ja 2n+2 
l i+iyl y y 

,Sn^l(log27 + i i l ) - .„ L2n-l(log27 + in3l) 27r(2n-l)a 27r(2n-l)b 

fl . 2n+l Vlog 2TT + 2n+l/ ~ ,„ ,., 2n+l \ l o g 2TT + 2n-l> 
>27r(2n+l)a 27r(2n+l)b 

f
b d(S(y) + G(y)> _ n f

b d(S(y) + G(y)) 
J a 2n 4 J a 2n 

y y 

For m j> 1. we integrate by parts to see that 

, 2 4 ) fb d(S(y) +G(y)) = S(b) + G(b) _ S(a) +G(a) + , b S(y)dy + , b G(y)dy 
v ' a m . m m a m+1 a m+1 

y b a y y 

. 8 (b ) , 0 (b ) . S(a)+0(a) / j l ^ _ ^ / f £ ^ + J b g ^ \ 
. m m \i.m+l m+1 v ' a m+2 a m+1 / 
b a \b a y y / 
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Using Lemma 2.6 and Lemma 2.7, we obtain 

b S (y)dy A / v 

<26> ^a^r^m^l^l^^^-^^^mTl)) va 

B. 

m+l\ m+1 . m+1/ 
a 

and 

<27> 'a ^ ^ I n T l H +mTl)-^i(loSb ^ J ) 
y â 

B 
+ U l 

( l o g l o g a + (m+Dtega)- ^ ( ^ l o g b + — ^ m+1 V m+1 V ° ° (m+1) log a/ b m + l \ ° ° (m+1) log a 

(m+1) log ^ . . 4 

+ ^ ^ L m+1 hm+i;-m+1 V m+1 . . a b 

Backland [2, p . 374] showed that 

25 
| G < y )^48^y 

for y > 50. Hence for m > 1 
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-25 / 1 _ 1 \ ,PG(y)dy^ 25 / 1 _ 1 \ 
487r(m+l)y m+1 m+1/—• J a m+1 - 487r(m+l)l m+1 m+1/* 

The upper bound for 

; b <*N(y) 
a U+iy 

follows from (21), (24), (26), (28) and Lemma 2.6 . The upper bound for 

r b dN(.v) 
a | , , r2n 

follows from (22), (24), (26), (28) and Lemma 2.6. The lower bound for 

b dN(y) 
a [ , . 12n 

U + i y | 
follows from (23), (24), (27), (28) and Lemma 2.6 . 

We now have the tools which we need to prove the theorem. To 

calculate G(x, B), we write 

C K « J B ) - i + £ * ^ Q C l . B ) d X , 

where 

G(X,B).= J * e(-Ax)dG(x,B) 
- O O 

as in Theorem 1.9. Here 

&(A,B) = / e ( - M _ ) d e = n / . e(~i sin27T0jd0. 
jR B "" 0<y<B ° \ | p I / 
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47TX 
1 r* I F T C° 

= n - L e I p I de 
0<y<B ff ° 

n j /^.N 
o<r<B ° \ l P 1 / 

since J
n( z) = "" /0

 e d^ ( s e e Abromowitz and Stegun [1, p. 360]). We 

note here that | «L(z) I <. exp (|Im(z) | ) . Hence 

— 27riA 0 < y < B o ^ | p | y 

and similarly 

•D 

Thus for any c < -r- we have 
— 47T 

(29) 

i^-*BiL<nD«4 B J ( ( |5)(%n/ og, 

^/.,,v*^(fifi,*t/^^.|,»(tS)ldx^+1*-
To bound the first integral, we observe that for lzl< 6, 

2 
J 0 W > 1 - V 

Thus 

^•tfu—U^t1-^))-
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Applying Lemma 1.17, we see that the above integral 

Next we apply Lemma 2.8 and obtain 

(30, L j < 2/0°| 1 - ^ ( - ( ^ S B - iiS*&f*)\ d x 
^ 144 TTB ' 

o A47T)2c3logB (47T)4c5logB\ 
- 2 \ 24TTB + „ O A 3 ) ' v 720 TTB / 

To bound the second integral, we use the well-known result (see 

Watson [30, pp. 206-208]) that 

I 

J 0 ( t ) =(lk) ( C 0 S ( t " 4 ) P ( t ' 0 ) " s M t - f)Q(t,0)) 

where 0 < t, 0 < P(t, 0) < 1 and ^r < Q(t, 0) < 0. Thus, 
8t 

(31, | J0(t)| < mm ( ( £ ) (l + £ ) . l ) . 

Using the above result, we obtain 

(32) L < J L n ((kL\*(1+isd: 
2 - 6 5 3 0 < r < 1 0 0 5 ^ 2 7 r 2 j \ 327TC, 

We choose c = e °/4TT. Using (30) we obtain L < l O - 1 2 ' 2 5 . Using (32) 
-78 we obtain L < 10 . Combining these results with (29), we complete 

the proof of the theorem. 



60 

Next we prove 

512 Theorem 2.9 . If 0 < x< 1, h< r ~ and B = e
5 8 ' 2 2 3 0 8 0 5 , then 

n=-°o 
3(nhx)-l /47rnh\\\ | 
27rinh 0<T<BJ0VT7TJJ) !" 

We need several preliminary results. 

Lemma 2.10. Let f(z) = e < z x ) " 1 Q(Z, B). K 0 < x < l a n d 
27riz 

0 < h < 
, / s T ^ + i + f 

\o<r<B|p[ 47r 2, 

then / f(X)dX = h 2 f(nh). 
~ —00 

Proof. By Corollary 1.11 and (31), it is sufficient to show that 

A 
f(t) =0 for[ti>2( s T i T + j . + ! y 

\0<Y<B | p ( 47 r *l 

We have 

f(t) = /~e( - tz ) f (z )dz 

= lin / e(-tz)f(z)dz. 
r - « o r 

From Lemma 1.12, we know that the above limit equals zero if 

e(-tz - —--)f(z)— 0 uniformly with respect to arg z as |z{-»» for 0 < arg z < ic. 

For t < 0, z = rcos 6 + irsintf and 0 < 6 < ir, we have 

1 [ 2 ^ ( ) l " * 0<r<B o ( | p [ j ' 
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hi addition 

n 
0<Y<.B 

/ 4arz 

'UP I 
, 4irz 

o < e x p ( r s i n e 0 < y ^ B — 

so that 

Thus |e f-tz - -r— f(z)j |-*-0 uniformly with respect to arg z as |z |-* « for 

/ T! 1 1 x \ 
0 < a rg z < 7T if t < -2 ( 0 < ^ B + TT + "o" I ' w h i c n s h o w s ftat '(*) = ° 

for these t. For t > 0, we have 

/-^^.-/-^^L^,.^). 

and proceeding as before, we obtain f(t) = 0 for 

11 2 [ o<y< B + "iiT + T ) ' T h i S c o m P l e t e s t*16 P r o o f of foe 
\ - IP 

lemma. 

We next prove 
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58 22^085 
Lemma 2.11. If 0 < x < 1 and B > e * , then 

5 1 2 - / S _ l _ _1_ x \ 
\0<r<B r I +4ff + 2 / 

Proof. Put 

S — = E — + E - L . - T + T , . 
0<v<B |p | 0<y<1005 |p | 1005<V<B \p\ 2 

We obtain T = 2.0325543 by direct calculation. From Lemma 2.8, we have 

_ „ C B+dNJY) „ 1 /?, B \2 /. 1005 \ 2 \ 

1005 

+ + 
+ JJBpifi>_ ^5^1005) + _ ^ _ ^ + ^ lQg 1005 

+ (BH-BL)loglogl005 - CLloglog ( l 0 0 5 + V i ) + D H . D L + i« + - J g ^ 

1 /_25_ AH A
 BH ) 

" B2 y96vr 2 ' 2logl005/* 

Since | S(B+)+G(B+)| <0.137logB+0.443 loglogB +4.35 and S(1005) + G(1005) 

> 0.34741 we have 

T2 < 251. 

This completes the proof of the lemma. 

The theorem follows directly form Theorem 2.9, Lemma 2.10 and 

Lemma 2.11. 
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3. The calculation of G(x). In Theorem 2.9, we reduced the problem of 

evaluating G(x) for 0 < x _< 1 to that of evaluating 

oo 

1 + h £ (e(nhx)-l n /4^nh\ 
* n = - o o \ 2 7 r i n h 0 < V < B 0 ' • • ' 

u n ^ u ^ 1 J « 5 8 - 2230805 
when 0 < h < -rr^ and B = e 

For n = 0, we have 

,. , e ( n h x ) - l n T /47rnh , , 
^ h L i n h 0<v<B * ' — ' = **• 

For n > 0, we have 

(nhx) - 1 n /47rnh \ e(-nhx)-l n / -
iTrinh 0<V<B 0 | I ) -27rinh 0<V<B °l 

2sin27rnhx II /47rnh\ 
27rnh 0<V<B o( ' I ) ' 

IP 

Using the above equalities, we obtain 

00 

G(x) = £ + hx + 2h E sin27rnhx n j / ± m h \ + 
w * n=l 27rnh 0<v<B 0( . . I 

I I -12.24 
where \e \ < 10 

We now take h = -=7TT • We first truncate the above sum. 
0 l £ 
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Using (31), we obtain 

CO 

1 J ] sin 7rnx/256 n 
2567T n=8065 n/256 0 < V < B 01 

Trn/128 

CO 

, __ _ n . / /256[p 
- 256 TT n=8065 n/256 0<y<B 

I 
2 

it n 

1 + 16 |p 
7rn , 1 

< i fm J- n /JPJ 
- * 31.5 < 0 < ^ 2 3 5 V , 2 t 

I 
1 + 

6TTt 
dt 

< 0 . 5 - 1 0 " 1 8 . 

Using this, we obtain 

8064 
i x 1 2 sin7r nx/256 n T /7rn/ l28 

n/256 0<v <B 0 
G < x > = *+ l i s + TO nti "'""—"" --" « J 

with e < 10. -12.23 

Through calculation we show that 

8064 
2 sin 7r nx/256 n Trn/128 

256TT n=5377 n/256 0<7<B 0 < 3.36 • 10 

Hence 
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5376 
r7rn/l28 , x 1 ]T sin 7rnx/256 n , j 

° ( X ) * 512 256TT n=l ii7256 0<V<B o! 

I I -12.22 
with | e I < 10 . 

Since we cannot compute J ( J for all 0 <y< B, we need 

Theorem 2.12 • Let Jr t ( J = Y) u, , 
°\M) k=o k 

T , ( — | = T. u, + 0.9999121 u„ 
h[M k=i k 6 

and 

Let 

and 

T t • 6 

H 1 | P l /k" i •2 v 

c L ( | p i . t ) = f : c (m,t)|pf-2m 

m=l 

+ € 

T L 
MP 

j \ _ TLV1P| j +
 T L\ | P | j _ T L \1PI ) +

 TLVIP | / 

T (JLY 
1.0043233 L \ | p | / 

36 
-2m c H ( | p | . t ) = m ? i c (m.t)|p 



66 

t \ HVlp|/. HVlpI/ HVlpI/, HVlpl/ HVlpl/ 
Hi I | / 2 3 4 5 

Put a = 1005. Put b = B. Let 

KL<n) = . „ \ 2n-l k°g^ + 2^l) " , „ 1
1,h2n-l(to8^T + 2n^, 27r(2n-l)a N ' 27r(2n-l)b ' 

S(b)+G(b) _ 0.34741 _2n__ / -25 / \ 
b2n a2n a2n+l V 48TT (2n+l) \ L H / B 

(BL-BH)logloga + CLloglog(a + ^ ) + K " D H ) 

a 

A B 
L L 

+ —— + 
2n+l (2n+l)loga 

CL \ 2n /-25 + A + \ _ +
 CL 

(2n+l)log(a^|:y (2n+l)b2n+1 \"* L l o * a log^) . 

n / 1 /. a 1 \ 1 A b 
4 I o /o _.-,% 2 n + 1 V 2TT 2n+l I _ ._ ^,vu2n+l V & 2TT 

27r (2n+l)a N / 2i: (2n+l)b \ 

_ J _ _ \ S(b) +G(b) _ 0.34741 _2n+2_ / -25 
2 n + l / fe2n+2 2n+2 a2n+3 \ 48 TT (2n+3) K L H; 8 

+ (B_ - B„) logloga + CT loglogi a H J ~ ) + (DT - D„) + - ~ + L 

L H' ° ° L & & \ 14 / * L H' 2n+3 (2n+3)loga 

+ % _ ) - 2n+* (**+A + ̂ - + ° L 
(2n43)loga+^f / (2n+3)b2n+3 \ 4 8 7 r L l o g a log a ^ T 

and 
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* = " • 2 , ( 2 n - l ) a 2 - 1 ( l 0 g ^ + ̂ ) " 2 , ( 2 n . l ) b ^ (""^ 

+ ^ V S(b)+G(b)_ 0.34741 _ 2 n / 25 
2 n - l / 2n 2n 2n+l \487r(2n+l) (AH 1/ g a 

a a 

+ (B - B ) logloga - C loglogfa + ̂  )+ ( D - D H 
H ~l) + 2n+l 

B H 
(2n+l)loga (2n+l)b 

2n f _25__ BH 
2n+l I 48 TT H + loga 

Let 

fe.t) = / 
KL(n) 

KR(n) 

if c (n, t) > 0, 

if c (n, t) < 0, 

LR(n,t) = < 

KR(n) if c (n, t) > 0, 

K_ (n) if c (n, t) < 0, 

ML(t) 

36 
<£_ c(n,t)LL(n,t) 

and 

MH(t) 
36 

n ? 2 c (n,t)LH(n,t). 

Let 
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NL(t) 

exp(ML(t» i f ^ ^ o < n < i o o 5 j M > 0 , 

exp(M„(t)) otherwise 
11 

and 

NH(t) = 
• * ¥ » tf^T^o<?<1oo5Jo(^li0' 

exp(M (t)) otherwise. 
Li 

If 0<x< 1, then 

5376 
1 x 1 2 sin7rnx/256 n J7rn/128\ /ir n \ 
2 + 512 + 256TT n=l n/256 0<T<1005 <\ | J i L \128/ 

- e < G(x) < i + ~ : 
512 

537fi / 
1 ^ sin7rnx/256 /7rn/l28\ / j rn \ 

2567T ^ n/256 0<?<1005 0 \̂  | | JNE\128j+€' 

-12 where I e I < 10 

To prove Theorem 2.12, we need the following auxilliary results. 

N 
vm , ,„.2m 

Lemma 2.13. Let J J z ) = ^ -^—Mr-=^ + R... If N is odd and 
0V ' n=0 (m!)* N 

z < 2(N+3), then 
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J\2 

((N+l) I ) 2 \ (N+2)2 (N+2)2(N+3)2 (N+2)2 

z 2 \ N + 1 

< B . < V 4 
- N - 2 

((N+l)'. ) 

Proof. We have 

R „ = 

- 2 v N+l / 2 \ N+2 

N ((N+1)I ) 2 ((N+2)! ) 2 

If M > N and M is odd, then 

2XM+2 . 2 , M + 3 

T) + H") 
((M+2)l )2 ((M+3)! ) 2 

2 \ M + 2 / 2 f f 
((M+2)!)2 \ ( M + 3 ) 2 

- 1 < 0. 

The lemma follows directly. 

Lemma 2.14. If 0 < t < 42T , then 
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3 6 ,B+ 

- \£ *"L* J ^ J W ^ B H9T) i 

36 + 

1005 | , . |2n / * 

Proof. From the previous lemma we have 

i+ £ a. + u L.iiiA + ii]£i'- _i2l£Ll)< j (JJS 

i * + k?i V 

t Since 10.1312904, we have 

1 > + T ' i w 1Jb l i r 1 1 + T - fe? 
Since 0 < -T ( i « -T j j < 0.0043047, we can use Lemma 1.17 

\\P\' \\P\ / 

to obtain 

C L ( | p | . t ) < l o g J 0 ^ < C H ( | p | . t ) . 
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To complete the proof of Lemma 2.14, we note that 

2 C (|p|,t) = £ L c (n,t) 
3 6 o 

I I -2n 
• r u n . - / < - t~, - V"»v/ IP 

1 0 0 5 < 7 < B 1 0 0 5 < 7 < B n=l 

n=l /1005 U + i y 2 n 

and 

3 6 ^ B + ^ T / X 
dN(y) 

1005<7<B n=l *1005 £ + iy 

Using Lemma 28, we obtain 

L -ioos U+iy 

. B + 

c 
• ' * iy 

Thus 

'36 
exp(ML(t)) = e x p ( £ c (| p | , t ) I^«n.t))< 1 0 0 5 < " < B J( 

36 
1 e x p ^ c (|p | , t ) LR(n,t) J= exp(MH(t», 

which completes the proof of the theorem. 
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In computing G(x), we use the tables in Haselgrove [12, pp. 58-64] to 
-6 approximate the value of 7 with an error of < 2.10 . Denoting the values 

from the table by 7 , we have 

2.032554186 < fl<£ _ 1 
i+i7| 

< 2.032554275. 

Thus, if H(x) is the number we calculate 

H(x - lO-7) < G(x) < H(x + 10"7). 

Our calculations show that this causes a relative error in G(x) of at most 10 

The relative error in calculating J ( ] , where £ = \ + 17 , is 
MPI / 

0.30 • 10"15 if 0 < — < 4, 

/ 0.60 • 10"15 if 4 < ~ < 8, 
|pl 

0.20 • 10 - 1 1 if 8 < — < 10. 

Thus for 0 < t < 21TT we have a relative error in calculating -yonn^ol ) 
-13 I P I ^ 

of < 2.0 • 10 . For 2l7r < t < 42TT we have a relative error in calculating 
' n J / l i - \ -11 

0<7<1005 0 I I I I of < 0.30 * 10 . Therefore, our absolute error in 

calculating H(x) is < 5 • 10* . 
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4. Asymptotic results for G'fti). In this section we prove 

Theorem 2.15. Let f(z) = 2 log I (-.—A- zu/2. If T > 50 is chosen so 
r>o o v | p r 

that f'(T) = 0, then 

G^=exp^m/1+0/_j_\\ 
V 8TTI"(T) \ V / T l o g T / / 

We need several preliminary results. 

Lemma 2.16. Let G'(u) be the density function of the random variable 
2sin27r0<y 

T = 2 — : — j — - . Then 
T>0 | p | 

1 r T + i » 
^ ) = ^ / T . l B exp(f(z))dz. 

Proof. As in Theorem 2.4 we have 

G'(u) = /°° e(Xu)G(A)dA 

where 

OW-C^X^dOW-^ J0(f2|). 

Since I (z) = J (-iz) we have 

G'<u) = -1 / _ £ e s p ^ z u ) ^ I 0 ( | ^ Idz 

•jsC"-^--^^^)-. 
which completes the proof of the lemma. 

Lemma 2.17. Let 
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T-i T2>/3/(iog ~ ) T-tiT 
V & ' - H T ** exp(£(z))dz+ J ^ J ^ / S / ^ i ) * eXp(f(z,)dZ 

and 

1 T—iT 1 X+ioo 
U2 " « W "*»)dZ + S3 ;T+1T °**m **• 

If T>50,then 

2 / 3 / ( log i ) 4 

s'(u) = — / „/3 / T V 

T - i T ^ o g i ) 

where 
I . I exD(-0.0207121T / T V^K exp(f(T))f expN u.muix«j.i 

\0.0414242Tr/log^- (l + / l + r;-) , 
2 7 r \ 0 . 0 2 0 7 1 2 1 T T T 1 / 3 / 

and 

lu l<exp(ffr))exP^°-0429599T) 
| U 2 | < exp(ici)) 0.0859198* * 

Proof. From the previous lemma we have 

1 T + l T 2 / 3 / ( l o g ^ ) * 

TMT /(log^J 

In order to estimate U, and U0 we first examine, for z = T + it, 
1 u 

Re f(z) - f(T) = Re f(T+it) - f(T) 

-log n [ i f - 5 - ) [-log n iJ-rj) 
y>o 0 V | p | / o<y ° V | P | / 
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log n r>o 
••© w 

We have 
cos5 .*" .cos6 

i^iiiO-"1 ii e 

it 
IPI ae 

Combining the two above equations we obtain 

(33) Be f (z) - f (t) < 2 log 
Y>0. 

I/Effiv 

^ ^ . ' ^ © x . l t l V l p I 
I P I " I P I " 

= i r log 
7>0 

°MP|J 

= 4 v f o l o g V 1 + I o ( | 7 | ) " S(Z'T' |p|>) 
T. M<|p| 

where 

«—H©sH»i© •"•'(..©••^M..©-'.© 
We have, for | x | , [ y | < 1, Re(I (x+iy))- I (x) < 0, and hence 

I P K 0 V I P P 

(34) 
2 Re(I0(x+iy) - IQ(x) )IQ(x) +Re2(I0(x+iy)-I0(x)) +Im2(I0(x+iy) - IQ(x)) 

2 4 6 18 . 
« 2Rea0(x+iy,-yx„(i+^+^+-f^ + ... +^o^) «»lW' 
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+ Re2(I0(x+iy) -IQ(x)) +Im2I0(x+iy). 

For s = x+iy we write 

2 4 6 8 10 12 
T / s ) = 1 + 5 _ + s_ + _ s — + _ s — + _ s + __s 
V ' „2 „6 rt8 2 14„2 „16„2 2 o20o4 2 ^B)t 

2 2 2 3 2 3 2 3 5 2 3 5 
2 4 s s where E(s) = 1 + + g + • • • . Using this in (34), we obtain 

4 • 7 4 7 8 

(35) 
2 Re(I0(x+iy) - IQ(x)) IQ(x) + Re2 (IQ (x+iy) - IQ(x)) + Im2(I0(x+iy) - IQ(x)) 

, 2 , 2 2 , 2 4 . 2 6 , 2 8 . 10 , v 
- V 2y X + 4 y X + 6y X + 8y X 10X + S ( X ' y ) ' 

where 

12 14 Ifi 18 20 22 
(36) g<x,y) = f12x + f l 4 x + V 6

+ f 1 8 x + f 2 Q x -nf^x 

, 24 . 26 , 28 . 30 
+ f24X + f 2 6 X + f 2 8 X + V 

and 

(
 f -1 , 3y2 5y4 35y6 7y8 461y10 17y12 19y14 

0 2 5 06„2 „13 2 „14 2 O1904 2 2 0 4 2 „2803 2 2 2 3 2 3 2 5 2 3 5 2 3 5 2 3 5 

16 18 / 10 12 14 16 
- - I + - * + (—E — Z + - J - - i 

rt29Q4 2 „32 4 4 V„14_4 2 21 4 2 O2504 2 O2706„2 2 3 5 2 3 5 x2 3 5 2 3 5 2 3 5 2 3 5 

18 20 x [ „ , r2 22 / 9 11 13 
+—X y. \ B e E / s U lE(s)l y + x [ — z __x +—y. 
+ _ « - 3 5 6 4 ) Re E(s) + + xl - + _ „33Q6 2 rt3506„4 / * ' n40o8„4 \ 0 17 0 3 2 o 20JL 22 4 2 

2 3 5 2 3 5 ' 2 3 5 N2 3 5 2 3 5 2 3 5 
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15 17 19 v 

(38) t -zi+Z.jzi+^L+^L.j5Z_+^_+j3^ 
\°°? *2 4 6 12 2 14 2 18 3 2 20 4 2 25 4 29 4 2 

2 2 3 2 3 2 3 5 2 3 5 2 3 5 2 3 2 3 5 
16 / „ 8 ._ 10 12 14 _, 16 18 \ 

2313453 V W 2213V 222
3

3
5

2 22V5
2
 2

32
3

7
5

2 232
3

5
5

3> 

1 E ( S ) | 2 20 / _ 7 9 11 13 „ 15 
R e E / s > . 4 1 ' E ( s ) ' y + x f - n y +_y. ___y _ _ y +_ly. 
«ej<,<s> 4 0 . 7 4 \ 0 17 4 O20 4 22 3 2 23 6 2 + 3 1 , 

9 3 K \ 9 9 K 9 9 K 9 9 K 9 9 5 9 ? 
- - „ . - x *. -* -~ - 22 3 2 23 6 2 31 4 2 

2 3 5 \2 8 5 2 3 5 2 3 5 2 3 5 2 3 5 

+ ^ w ) r m E < s ) ' 
9 4 ft a 10 19 14. 

ffl9) f =.=L+-z_. "y . V + iy + y . 2»y + 2569yi4 
m 4 273 2 ^ 3 21 33.5 2 1 9

3
3

5 2 2 ° 3 2
5

2 2 2 6 3 3
5 2 2 6

3
4

5 2 3 2
3 V 

j u l _ . 121y8 . y 1 0 . . i L 2 , . I39y1 4 . 893y16 \ 
W . 2213V 2233252 22¥5 2 3 W ,»Mr™ 
o ^ l , , . J 2 18 / , , 5 _ 7 9 11 , c , 13 
209lE(s){ y / l l y Hy y y 151y 

37 7 4 V 16 2 2 " 20 4 2 " 22 3 26 5 2 29 7 
2 3 5 \2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 

2 3 5 / 

2 4 fi 8 10 12 
, 4 ( n f „ = - Z Z _ + 29y _ 3599y _ 41yb 41y 217y _ 71y 
V*v* A6 12 2 12 2 17 4 2 19 3 2 25 2 2 24 4 2 29 3 

2 ^ 3 2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 2 3-5 
/ __ 4 _ 6 _ 8 _ 10 12 14> 
/ -77y _ l l y 
V 17 3 2 21 3 22 . _ „w . 
\2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 

- . , 8 nn 10 _„„ 12 ____ 14v U y _ + _ 2 9 y . 571y 8729y \ 
22A2 \ » W 9 2 W 2 M A 8 r e BW 
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12595 [E(S> I V 6 / -lly3 _ lly5 lly7 y9 931yU 

24°3853 V W 2183352
 2

22
3

4
5

2 223
3

4
5

2 2 2 W 

,41v f -67 701y2 41y4 1099y6 8209y8 6407y1 0 

1 ' A8 0 1 4 0 2 c
 +

 0 1 9 0 3 e 19 3 2 2 7 4 2 " rt2804 2 31 3 3 2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 

' l l y 2 l l y 4 l l y 6 l l y 8 34811y10 36086jL?x 

V214325 221335 2243252 2 2 6
3 V " 2 3 W " 234

3
6

5
4 > 

7 6 6 7 l E ( s ) l 2 y 1 4 / l l y l l y 3 l l y 5 l l y 7 1841y9 

24°3653 W s ' 22°3452 2 2 W 225
3

65 23°36
5

2 

2 3 5 / 

2 4 fi 8 10 9 
r 4 2 ) f _ -31y 7y 41yb 6169y 63937y / - l l y * 
v ' 10 0 18 0 3 e 2 o 20 o 2 2 O2502e2 2804 2 o 30 o 4 4 Ll8„31 ?2 

2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 ^2 3 5 
4 R 8 10 19 

121y l l y b l l y * 2233y1U , 9 7 5 7 1 y ^ \ 
21 4 2 22 4 2 26 5 2 31 6 2 35 6 4 / w 

2 3 5 2 3 5 2 3 5 2 3 5 2 3 5 / 

17017 1 E ( S ) 1 V 4 / -y y3 y5 y7 1519y9 

«3905 4 L l7 0 3 , . 2 18ft4 22 3^ 2304 2 o30 7 2 
2 3 5 \2 3 5 2 3 2 3 5 2 3 5 2 3 5 

2 3 5 / 
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,43v f y 2 17y4 3143y6 691961y8 

* ' 12 O2104 26„4 2 0 2 7 0 6 e ^ S S . e ^ S 2 3 2 3 5 2 3 5 2 3 5 

+ (Be E(s) - Be E(s) E(x) +634032 I E(s) 12)y1 2 / 1 _ 43y y_4 

34 8 4 \ 19 4 2 21 4 2 23 2 2 
2 3 5 V 3 5 2 3 5 2 3 5 

10, , 2 4 
+ ^ r * L _ 29y° _ 49y _24011y \ / -1 

25 6 2 32 5 e 0 34 5 4 J B e E ( S ) + l 1904B2 2 3 R 2 3 5 2 3 5 / \2 3 5 . , % — - _ 24 3 2 25 4 2 
2 3 5 2 3 5 2 3 5 / ^2 3 5 2 3 5 2 3 5 

10 
Z - ~ + . ^ ,. + ,? ,. , )E(x> + x( "y» » + „ / „ „ +-z?-6~2 + 35 6 4 ) E ( X ) + X ( 19~ 3 2 5 2 3 5 / \2 3 5 27 6 2 ft33 6 2 0 35 0 6 4 " \ 0 1 9 0 3 2 022 3 2 02405 2 

2 3 5 2 3 5 2 3 5 / \2 3 5 2 3 5 2 3 5 

7y7 _ 30817y9 (1 - E(x) ) y U \ 
24 5 2 0 33 6 4 +

 0 37 0 7 4 l 1 * 1 ^ 8 ) ' 
2 3 5 2 3 5 2 3 5 / 

,44> f 103y2 21439y4 101293y6 7y8 

( } 1 4 _ 2 2 5 3 2 5 2 7 2 2 2 6 3 5 5 2 7 2
 2

2 9 3 6
5 . 7 2

 2
3 4

3
6

5 

(-22 Be E(s) +22 Be E(s)E(x) -1531531E(s)l2)y10
 {1 

2 3 9 3 7 5 4 

4 6 „_„„ 8 12 
JL y_ 

21 4 2 2 3 5 

. / - 1 

2 
y 

2 2 W 
2 

y 
2 3 5 2 3 5 7 / \2 3 5 025 5 „25„7 2 O3406p2 41„8r4_2 T v ' Vo2104 2 02403 2 2 3 5 2 3 5 2 3 5 2 3 5 7 / ^2 3 5 2 3 5 

_ y 4. y 4. y \ v/y\ + v/ ~ y — _ y _ y 
27 5 31 7 2 35 4 3 / y ' 22 4 2 33 6 2 29 5 2 

2 3 - 5 2 3 5 2 3 5 / \2 3 5 2 3 5 2 3 5 

5069y7 ( - l l + l l E ( x ) ) y 9 y 1 1 \ 
+ 32 6 4 + 37 8 3 „397 u r 2 ' 8 ' ' 

2 3 5 2 3 5 2 3 5 7 / 

-7747y2 9238237y4 8797y6 83y8 

' 16 = 231355 • T2 + 235365372 " «*V8 V +
 2

4 3 3 6
5
3 7 

(22 Be E(s) - 22 Be E(s) E(x) +7667 [ E(s) [ 2 ) y 8 / 1 y 2 

* 4 0 A 3 + U 2 5 A 2 - 27,4 2 
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4 „.,.„ 6 . , 1 0 12 19y* _ 3 1 5 7 y ° , l l y " y " \ (_ + 

2333652 2353653
 2

4°3 V 7
2 241

3
8

5
472 / W \ 22 V r-sV 

y2 , 7y4 7y6 W-... ,,/ -J ^ 2237y5 

22?355 232365 ftV/ W W 2313652 234
3
6
5
4 

l l ( l -E(x) )y 7 _ l l y 9 y 1 1 \ 
36 „6 4 39 8 3 2 4 7 7 4 2 )mi!ila>» 

2 3 5 2 3 5 7 2 3 5 7 / 

f _. 181799y2 87368y4 2729y6 367y8 
( ' 18 03408e3_2 „37 8 3„2 " 41 10„3„2 44O10c3„2 2 3 5 7 2 3 5 7 2 3 5 7 2 3 5 7 

(1848(l-E(x)) Re E(s) - 629751 E(s) 12>y6 / 1 y2 803y4 

+ 40 8 4 + \ 2 7 6 2 + 3 2 6 2 + 3 5 6 4 
2 3 5 X2 3 5 2 3 5 2 3 5 

-., 8 , , 1 0 12 \ / „ 2 
+ — l i Z . 1 1y . I IPflE/Bl+l " 1 + — ^ 41 6 3 2 48 7 4 2 51 12 4 4 / H w \ 27 6 2 31 6 2 2 3 5 7 2 3 5 7 2 3 5 7 / X2 3 5 2 3 5 

2343553/ ( > V W 2333453 23 6
3

6
5

4 23 836
5V 

11 9 U \ 
" 04708V 3 2 +

 049fllR4_4 ) toE<8>» 2 3 5 7 2 3 5 7 / 

(47) f_= :! 2 2 7 y \ +
 391?y\- ,17?ylL+-^8 

20 O3707e3„2 04206c3_2 n44o10B3_2 04708c3_2 2 3 5 7 2 3 5 7 2 3 5 7 2 3 5 7 

(165(l-E(x))ReE(s)+836lE(s)[ )y4 / 1 y2 l l y 6 

+
 O3907 4 + L 3 3 o6 r .2 + 3504 4 " 03907 4„ 

2 3 5 x2 3 5 2 3 5 2 3 5 7 

+7w"?vw)EeE(s>+(?w+w)E(x>+xfe 
l i q - E ( s ) ) y 3 l l y 5 l l y 7 l l y 9 \ 

2 3 W 23 83W 24636
5V , » V W ' ^ 
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,48v f „ -12709y2 377y4 £__ 
{ } 22 ft4109 3 2 ft43 10 3„ „46„9 3 2 3 5 7 2 3 5 7 2 3 5 7 

(44(E(x)-l) Re E(s) - 411 E(s) 12)y2 Re E(s) - E(x) / l l y 

a W 2353654 V V « 

!4V«S 2513105374r ( > 2 3 7 3 V 239385372 24 636
5 

T2 

3„2 „46„6^4^ 

+7vw>I m E ( s ) ' 
)2+IE(S)I 2 

" '24 = 

- l l y 2 

2 4 5 3 1 0 5 3 7 2 ' 

l l v 4 

40375472 ' 249365 3 72 

24 639537 ' 

l l v 6 N 
2 4 4 3 U 5 4 7 3 y 

I Re E(s) «{ 

24°3V 

' -y 
V239375472 

l l v 3 

WsV 

AWl^"' 
(50) f =1 ReE(s)-E(x) / - l l y 2 l l y 4 

(50> 26"2
47385V 241385V W V ftW1 ^ 

+ x( "4T7V2 + " I sTi iVl ) I m E<s>« 
\2 3 5 7 2 3 5 7 / 

_ Re E(s) - E(x) l ly2ReE(s) -xylmE(s) 
( } 2 8 ~ 2 4 9 3 8 5 V ' 2

5 0 3 n 5 4 7 4 2 4 9 3 U 5 4 7 4 

and 

W 3 0 _ 2 5 1 3 1 2 5 4 7 4 ' 
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We now assume that 0 < x < 1 and -1 < y < 0. In order to bound the terms 

in (35), we need to examine E(x+iy) more closely. We have, for s=x+iy 

2 4 6 
E ( 8 > = 1 + J L 1 +

 2 \ 2+ 3 J 2 2 + '~ 4 . 7 4 - 7 - 8 4 - r - 8 -9 

x2+^)x( iy)+( iy)2 x44^)x3( iy) +(2)x2(iy)2 +(g)x(iy)3+(iy)4 

1 + + 2 2 2 + ' " 
4 -7 4 .7 .8 

Thus 

(53) BeE(s) = 1 + X " ^ + 
4 /4 \ 2 2 • 

: 2 -y 2 X ' W X y + y 

and 

4-72 4 2 . 7 2 . 8 2 

( 2 )xy ( i )x 3 y - Q x y 3 

+ 

(54) nnE<s)« F + 2 2 2 
4-7 4 .7 -8 

In addition, we write 

2 4 
E(x) = l + ^ T +

 X
 + . . . 

4 .7* 4 .7 -8 

Since 2 (. ) = 2 , the sum of the coefficients of the degree n polynomials 
i = 0 u / 

in (53) and (54) is < 2 n . Thus 

(55) | B e E ( s ) - l l < ^ ~ + * + 2 2 2 + 2 2S 
4 . 7 * 4 .7^.8 7 . 8 - 9 7 -8 -9 • ̂  + ' 

< 0.0052653, 

-Xy-^+0.0001633xy < ImE(S) < -X^r-0.0001633xy 
2 .7^ 2 . ^ 

and 
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2 2 
- : £-r-0.0001633y2 < ReE(s) - E(x) < - : :^+0.0001633y2. 
4 • 7 4 • T 

From the above two equations we obtain 

(56) 0.0103673xy < Im E(S)< 0.0100407xy 

and 

(57) -0.0052653y2 < Re E(s) - E(x)< -0.0049387y2. 

Using (55), (56), and (57) in (36) we obtain 

s(x vv ^ y 2 x ^ 2(ReE(s) - ReE(s)E(x) - E M ) + E(x>2 + [ E ( B ) | g(x,y> < 0 . + 4Q g 4 
2 3 2 3 5 

(O.Q103673)2y2 

40o8 4 * 2 3 5 

Since 

2(ReE(s) - ReE(s)E(x) - E(x)) + E(x)2 + | E(s)| 

= (ReE(s) - E(x)) (ReE(s) - E(x) + 2) + ImE(s)2 

< (0.0103673)2y2, 

we have 

12 2 
(58) g ( x , y ) < ^ 4 

2 3 

We next examine the leading terms in (35). We have, from (37), 
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W ° 2 25 2 V 21332 2145 21452( 8 V 

12 
r 

2~3~ 2"3~ ' 2 _ 1 3 4 5 ' 

16 
r 

2~3 ' 2"J365 ' 

20 
£ 

2"5~ 2"5~ ' 2 3 5* N 2"3" 

y (461 + BeE(s)) 5xy°ImE(s) \ . y / , » , _ _ . . _ _ T,/ v 
+ ^ 5 1 ^ * fl 4

 W ) + 91 4 2 I"3 4 " R e E<S> + 2 x y I m E<S> 
2 3 2 3 ' 2 3 5 V 

+ y2(57 + 128BeE(s)) _ xyf^E^x _ j » (-9-4ReE<s) + 5 M * ) 

+ y ( is15BeE<s) ) . g _ a a e » ) + - j _ ( . B a E W t L i a a L ) 

< ^1 + % . iJL_ + ^ J _ . J _ < -o. S994805y2, - 2 5 62 13 2 14 2 2 3 2 3 2 5 

_i + 3y___5y_ 
St T" _ — _ _ since each of the terms in parentheses is negative and - f . 

6 s 2 5 263 35v V 2 2 + , * 2 —rrr- is an increasing function of y for y < 1. From (38) we obtain 

2 3 2 5 

m 2 _ 2 4 263 21332 2 1 3 3 2 V 7 + ^ 5 ^ \ ^ ^ 

+ ̂ ) ^ ( - M e E ( S ) ^ + ^ - ^ 2 3 5 ' 2 3 5 \ 2 « 3 2 - 3 2 

y4 y6(53+4ReE(s)) y8(54 + 155BeE(s)) y BeE(s) 
+ J o „2 011 «14«4e " 01402p 

2 *3*5 2 3 2 3 5 2 3 5 

. 4 1 y 2 [ E ( s ) | 2 _ xy3ImE(s) _ xy5ImE(s)\ z l + j j . J f c L < _n 0573866 
22 4 2 4 5 3 7 - 4 6 13 2 - u ' u s > ' d 8 b b > 

2 3 5 2 2 3 ' 2 2°3 2 3 
2 _ 4 -1 y 7y 

since each of the terms in parentheses is negative and —r + -*; ~rr is 
2 4 263 2 1 3 3 2 

2 2 an increasing function of y for y < 1. From (39) we have 
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4 273 2 ^ 3 2 1 3 -3 -5 2 1 3 3 - 5 V 233-5 

y2(-19+33ReE(s)) llxy3ImE(s) y4(126-121ReE(s)) xy5Im E(s) 
6 2 7 3 8 3 9 2 

2 3 2 3 5 2 3 5 2 3 

12 
r 
6 4 

2~~3"5 2 " 3 ' 5 ' 2 3 5 x " 2"3* 

2 ,„„ 2„ „ , % _ _ 3T „ , v _ 4 . _ 6 

y (5-24ReE(s)) xy ImE(s)\ y / 2ReE(s) 151xyImE(s) 
ol302c „13 4 ) + 26 4 T 2 9 3 " O303 

2569y 139y ReE(s) 15719xy ImE(s) 893y ReE(s) 209y [E(S) [ \ 

2 6 5 2 ' 2?5 " 2 8 3 V ' 2 9 3 - 5 3 + 2 n
3

3 5 3 > 

2 _ 4 
< - ^ - + - S r — # - < -.01298, - „7„ 0 12 0 0 13 0 B 2 3 2 3 2 3*5 

9 4 -5 y lOy since each of the terms in parentheses is negative and —=- + * - —r~— 
2 2 3 2 3 2 3-5 

has its maximum at y = J. From (40) we obtain 

4 4 

2~~ 3~ 2~3"5 2-~3"5" 2~"3*:52 21 ?345" 
,62v f = - z Z _ + 29y _ l l x y ImE(s)_ 3599y __y. / 2 S 1 H e E f t v 
<62) f6 012 2 +

 O1202c 01602e2 01704c2 + 1 7 4 2 ^ Z 3 1 R e E ( s ) 

33xyImE(s) 3y2(164+55ReE(s>) llxy3Im E(s) y (369 + 88ReE(s)) 
2 " 2 4 " 25 2 8 

xy5ImE(s) y6(3906+29ReE(s>) 931xy7ImE(s) y8(-17253+2855ReE(s>) 
+ 6 + 8 2 1 2 2 122 

2 2 3 2 3 2 3 5 
9 10 121 t2 2 

11803xy ImE(s) 8729y ReE(s) 12595y |E(s) | \ 1 / 29yJ 
O1502c2 +

 01802e2 " „23JL / - 01202 \ + 5 

1 0ReE(s) 12595V12 

. 8 2 2 23 - _ . 
2 3 5 2 3 5 2 3 5 ' 2 3 
3 4 ImE(s) 3599y 
4 2 17 4 2, _ . 2 5 2 3 5 ' 2 3 

l lxy ImE(s) 3599y \ -3.4627824 
.4_2 " „17„4_2^~ „12„2 ' 
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29y2 
since each of the terms in parentheses is negative and -7 + —-*— 

3 4 5 

_ l lxy BnE(s) _ 3599y ^ & d e c r e a s i n g f ^ ^ ^ o f y f o r _x < y < 0# 
2 5 2 3 5 ~~ 

From (41) we have 

(63) * -67 llxylmE(s) y2(701+33BeE(s)) llxy3Im E(s) 
8 ' 2 1 4 3 2 5 21 7345 219335 " 2 2 0

3 V 

y (164+55BeE(s)) l lxy5ImE(s) y6(1099+792BeE(s)) llxy7ImE(s) 
21 3 2 22 4 2 27 4 2 + 25 6 

2 3 5 2 3 5 2 3 5 2 3 5 

i. y 8 ( n-nti 44BeE(s) 1841xyImE(s) y2(-691956-174055BeE(s)) 
2283452 ( " 8 2 0 9 3 " 2232 ^ 

47757xy3ImE(s) 36086y4Be E(s) 7667y6 [ E(s) | 2 \ 
5 2 2 ~ 6 2 2 + 1 2 2 j 

2 3 5 2 3 5 2 3 5 ' 

1 / l lxytmE(s) y2(701+33BeE(s)) llxy3ImE(s) 
- 1 4 2 \ 3 2 5 " 6 2 

2 3 5 2 3 2 3 2 3 5 

y4(164 +55 Re E(s)) l lxy 5 Em E(s) y6(1099+792BeE(s>) l lxy7ImE(s)\ 
Jn B „802,. +

 nlBn2^ +
 011„4 / 

2 3*5 2 3 5 2 3 5 2 3 

-59.23165 
" 01402e ' 2 3 5 

since each of the terms in parentheses is negative and 

+ l lxy!mE(s) { y2(701 + 33BeE(s)) llxy3ImE(s) +y4(164+55BeE(s>) 
2 3 3 2 253 26325 273-5 

+ l lxy5ImE(s) + y^lOOg^BeE^)) + llxy7ImE(s) i s a d e c r e a s i n g ^ ^ 
2 3 5 2 3 5 2 3 

of y for -1 < y < 0. Finally, it is clear from (42) that 
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(64) f < O f o r - l < y < 0. 10-

Combining (35), (58), (59), (60), (61), (62), (63) and (64) we obtain 

(65) 2 Re(I0(x+iy) -IQ(x) )IQ(x) +Re2(I0<x+iy) - IQ(x)) +Im2(I0(x+iy) - IQ(x)) 

< -0.3994805y2. 

Using the fact that I (x) < 0.46576e and (65) in (33), we have, for t < 0, 

t 2 

0.3994805 
(66) Ref(T+it) - f(T) < i X log (1 

y > 0 \ (0.46576)2e2 

T < | p | 
- | p | < t < 0 

2 
<£ 2 log exp (-0.260276-^-r-) 

r > o V \P\2J 

T < | p | 
- I p| <t<0 

t 2 

= -0.130138 2 
* > o , | P | 2 

T < | p | 
-|p[ <t<0 

-0.130138t2 C d N M _ if T < ! t f, 
^+iy[ 

-0.130138t2 / " d N ^ t if [ t | < T. 
T ' f ^ i y | 2 



88 

Using Lemma 2.8 we obtain 
. c l°STZ f°° dN(?) &2TT _ _ 1 . 

c f r2 — 2irc 2 |w( c 

for c >50. Applying this to (66), we obtain 

1-0.020712 I t log ^ - If T< [ t [ , 
27T "" 

2 
-0 .0207121^- log- • if [ t | < T . 

x ^ 7T We can now bound U and U . Since f(T-it) = f(T+it), we have 

,2 /3 , / , T \i ^ 2 / 3 , / . T \ : 
,„ „ , Reexp(f(T+it))dt. 
1 2 i r ' _ T 

Using (67) we obtain 

,2/3y / ,__ T_\h 
exp(Ref(T+it))dt 

m 2 /3 y / . T \ t 
| < f - / ( * . K ) 

1 l 1 2ff -T 

,2/3,/, T -2 
2 / 3 , / T \ t T 

< ~j:exp(f(T)) / /\°S 2v) exp ^-0.0207121 ^ l o g ^ ) d t 

7 ' _ x £. 0207121T log-7- 2 V = ^ exp(f(T)) 7 j X J / - 1 773 2rr exp(-u ) du. 
Z1r U * U ' i l H J ^ 1 1 0 S 27r VO.0207121T1/3 

Using a result from Abromowitz and Stegun [1, p . 298], that 
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2 2 
exp(-x ) f » y . 2 V J i exp(-x ) , 7 2 < 4 e x P H >dt < / 2 4 <x > °)» 

x + 7 x +2 x +Vx + -IT 

we have 

(69) | U | < exp(f(T)) exp (-0.0207121 T 1 / 3 ) 

T l / 3 

*<*(!+ L . 4 \ I. T~ v0.04142421 
\ V i t 

0.020712l7rTJ 

Similarly 

U2 = 2T ^ R e exp(f(T+it)) dt 

and for 50 < T, 

<™> M i ^ » T J 

This completes the proof of Lemma 2.17. 
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Finally, we prove 

Lemma 2.18. If f(T) = 0, then 

N I ^ / N ^ 
4 7 r i y T _ . T 2 / 3 / ( l o g . T _ ) l / 2 V8irf"(T) \ V T l o g T / 

Proof. We write 

(71) 

^iX • 
T^/h^ 

"W*/»,^ T 1/2 exP(f&))te 

- 2 / 3 / - T \ l / 2 
T / ( l o g y ) 
2 / 3 , , T l / 2 e X p ( f ( T ) 

-T / 0 / a o g ~ ) ^ 

+ 
df(T+iv) 

dv t + 
v=0 

d f(T+iv) 
2 

dv 
T +R2(t))dt, 
v=0 

3 I I 3 
where | R (t)| < max | d ( f(T+i v» | ±H— # We compute 

0<y<t dv ,nf . ,n 
derivatives using the formula — = (i) *-*-

dv11 dz n 

Abramowitz and Stegun [1, p.376], we have 

the 

_ . . From T+iv 

-£- - V i w -* XJW =Viw + «v z ) -
Since f(z) = 2 log I 

y>0 

f (z) = 2 
y>0 

HW - zu/2, we obtain 
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f»(z) = 
y>0 \P\ 

_ _ /z \ 2 
HW 

and 

f "(z) = 2 
y>0 

h(z, I p I ) 

where 

Mz.lph^'T/^lliAf-li-A'fV z W W / °IM, ^ M - o 
' u y^WFir^^Wft 

From Olver [19, p 269] we have, for Re s > l 

Vs> - ^?< A o< s > - * «***"HW*» 

and 

where 

Vs* = TSTS" ( A 1 ( S ) + * exP<-2s)Bi(s». 

A0(s) = l+ ~ + — % Y + —2iLj + c (s), 
0 8 S 128s2 1024s3 ° 

Bo<s> = 1 - ^ + ^ 
75 

128s 1024s 
3" + D 0 ( S ) ' 
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A / v <> 3 15 105 _ . . 
1 8 S 128s2 1024s3 X 

« / v -. 3 15 105 ^ , . 
B i<s> - 1 + si" - —T + T^TT + Di<s>> 

128s 1024s 

2.637 C 0 ( s ) | , |D (8)| < 
0 u (Re s f 

and 

C^I.ID^II 16.31 

(Re s) 

Hence, 

(73) 

•J- I0(s)(I1(s)2-I0(s)2) + 2I1(s)ai(s)2-I0(s)2 + ~ I (8)1 (s)) + - ~ I0(sJI (8)2 

s 

exp(3s) + 2A1(s) An(s) -An(s) + ——372 y - - » w ^ » w « w T 
(2ir s) * x 

2A0(s)Ax(s)2 A()(s)(B1(s)2-B0(s)2) m ^ t A ^ E ^ A (S>B0<B)) 
2 -+exp(-4s) 5 + -

s 

2 , 2 B
0 < S ) B 1 < S ) 

+ 2A1(s)\B1(s) -BQ(s) - s ~ J+ 2B1(s)^2A1(s)A0(s)f2A()(s)A1(s) 

AQ(s)B1(s)-B (s)A (s) \ 2A (s)B (s)2 4A1(s)B (s)B (s)> 
+ 1+ —!!—_ + _ _ ]+l(exp(-2s) 

/ s s 
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^A0(s)(A0(s)B()(s>fA1(s)B1(s)) B()(s)(A1(s)2-B0(s)2) 

A <s)A (s)> 
+ m ^ B ^ s ) - A 0 < B ) % u

 s 

+ 2A1(s)f2A1(s)B1(s)+2A0(s)B0(s) + 

4A()(s)A1(s)B1(s) 2B()(s)A1(s)2 

+ 

A0(s)B1(s)-B0(s)A1(s)> 

2 2 
s s 

/B (s)(B (s)2-A (s)2) / B (s)B (s) 
+ exp f6fl)^— ^ 2 2B1(s)^B1(s)^B()(s)i2 ° X 

2BQ(s)B1(s)2 

2 

s 

Using our definitions of A (s) and A (s), we obtain 

A (s)(A (s)2-A (s)2) / A <s)A (s)\ 2A (s)A (s) 

(74) J L _ J , 2 _ + ( ^ 2. 2 + J L ^ j + _ 0 _ L 
x s 

-1 3 49 _ ( 9183 9 9 75 \ 1 _ / 9183 81 2 „ 3 „„ 4 \ 16384 8-32 4*128 8.128/ 4 \ 8-16384 32-128 S 8s 128s N / s x 

75 225 
+ • 32-128 16384 / 

] - l ( 9-9183 9*75 225 | 1 
/ 6 " 1128-16384 + 8-128-32 " 8*16384/ 7 ' s x / s 

( 75-9183 9*225 ) 1 75*225 1 c / ^ J ^ 9 
" \8* 128* 16384 " 128* 16384 / 8 + 8* 128* 16384 9 + 0( S ) I 2 " . 3 " „ 4 x s s \ s 4s 32s 

9183 225 \ (n 1 9 _ 75 „ , \ f ~CQ(S) 1 1 i+—ziH2+4i+~-2+7m+co<s> l-r-8-72 
16384s 16384s / \ 64s 4*128s / v 8s 

9 75 \^ , v /_ 3 15 105 r , \ (" 0(S) 1 1 
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9 75 V, . v 2 5 15 /15 3 27 150 
ci(s) + o~ a" A." \ C A + Qic +' 

i n o 3 . , 0 0 4 r r D / 2 ^ 3 4 \64 8.16 2*128 8*128, 
128s 8* 128s J s 4s 64s 

15 v 27 225 1485 ) 1 _ ( 15*9 225 
' 5 \8*64 16*128 16*128 16*128/ 6 \64-128 8*16*128 
s N ' s 

1575 1485 1 1 / (105)2 . 1575 9*1485 15*75 \ 1 
16.128 8 . 6 4 . 1 2 8 / J ^ ^ 2 U ( | M ) « ^ ^ 2 8 - 6 4 . 1 2 8 ^ 8 

, (105)2 9*1575 75*1485 \ 1 / 9(105)2 75*1575 \ 1 
+ 1 ~ 2 2 + q~ + 2 ~9 + — s + i In 

^4-8(128) 2(128) 8*64(128) / s \32(128) 16(128) / s 

( 75(105)2 1 c {a) I 2 x 3 t 15 x 105 V * V } ^ ,. 1 
8*32(128)3 s 1 1 * \ s 2 4 s 3 64s4 4* 128s5 s 2 / V 8 S 

9 75 _ , A 2 C 0 ( S ) / , 3 3 15 1485 
+ 2 + 3 + C 0 ( S ) + T " l 1 "^ 2" 3+ Tl 

128s 8* 128s / s V 32s 128s (128) s 

1575 (105)2 \_ 1 3 /-2.10335 9 JL5_\ 1_ 1-1:36480 
2 5 2 2 6/ 2 3 \ 16384 32 128 7 4 1 2 2 

4(128) s 8 (128) s 7 s 8s \ / s \ 8 (128) 

6*10335 45 105 \ 1 / - 2 * 2070 6 * 36480 30»10335 315 
+ 8* 16384 + 4* 128 + 8* 128 ) 5 + l 0 / , o o v 2 +

 03/10QV2 + 128*16384 + 8*4* 128 
/ s \ 8(128) 8 (128) j 

_1_ /-150-105 6*2070 30* 36480 2*105*10335 ] 1 (450*105 
s 6 + \ (8 .128)2 (8-128)2 + 82(128)3 8 - U 8 - M " * ; . ' \ 8 W 

30'2070 210*3648o\ 1 /15*150*105 210*2070) 1 (105)2150 1 
+ 3 3 3 I 8 i 2 3 2 3 / 9 + 3 10 

8(128) 8 (128) / s \ 8 (128) 8 (128) / s (8-128) s 

o n / x i z L _JL 10335 36480 2070 75* 105 
+ 2G. (S)l _ - „ - 4 ~ 2 2 5 " 2 6 " 2 7 

\ 2 s 8s 16384s 8 (128) s 8(128) s (8*128) s 

o / , 3 15 105 ~ , \ L , Jl 1 9 75 

file:///64-128
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..n /.J1 3 15 105 , C 1 ( S ) \ C l ( S ) / _ 3 15 105 
+ C0(S)VI~~"2 3 4+~~7~7 "~7""I2 + 4 ^ + 2 + S 

0 XS 8s2 128s3 8-128s4 S ' S V 4 S 64s2 4- 128s3 

-v>)-T(-^-V-^4-o<°>)) 
' 64s 4*128s 7 / 

s v(Res) ' N(Res) ' 

Combining (73) and (74), we obtain, for Re s > 1. 

1 2 2 / 2 2 VS)MB)\ 
(75) - ^ ( 8 ) ^ ( 8 ) - I 0 ( B ) ) + 2 I^s) ( i ^ s ) -IQ(s) + u

 s
x ) 

s 2 V / 2 ( R e s ) 3 ^ 

We have 
/ 2 v k - m. 

and 

s °° 

(kl) 

2 k 

r i ( S ) 2 j j 0 kl(k+l)! ' 

Thus 

Ms) 

where 
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•*xk 

Q(s) = 
k=0 (k!)(k+l): 

0 0 2 i 
2 / s V 

k=0 VTj 
(ki) 2 

z 4 
1 +"TT +T7T + • • • 8 192 

2 4 
, s s 

4 64 

For Re s < 1 and [ Ims [ < Re s, we have 

r r 2 22 23 

[Q(s)|< l + ^ + -5 + 1 + - < 1.28. 
4 .2*6 4-6-24 

Hence for Re s < 1 and [ Ims [ < Re s we have 

(76) 

Jl0(8)(I1(B)2-I0(s)2) +2I1(s)(l1(s)2-I0(s)2 + ° s
1 \ 

1,(8)1, (B)v 2I()(8)I1(8y 
2 

2 
8 

2 2 
= £ I0(s) (% I0(s)2Q(s)2- I0(s)2) + s IQ(s)Q(s) (S- io(s)2Q(s)2- I0(s)2 

I0(s)2Q(s), I0(s)3Q(s)2 

2 / + 2 

Using (72), (75), (76) and Lemma 2.8, we obtain 

(77) 

|fM,(*)l« S — T ^ •+ Z - ^ ^ + 1 + — + - 4 . ^ 
[p|<T Mpr |p|>T PI IPI 

«l2Sl 
rn 2 ' 
T 
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We next estimate _ _ 

, / T S » , / T V ' I o (y ) r i (u ) 
£.,(T)= j . "MoM ^ l . ^ (T/I.l> 

r>o i [ 2 r / J L \ 2 

|P[ IO(IP[> 

From Abromowitz and Stegun [1, 9.1.14, 9.63], we have, for real x 

w:fc)k 
I (x) = J (ix) = S 

0 ° k=0 (k!)* 
2 

• ) 2 /xX2 - (2k + 2 ) ! (^ ) k 

I (x) =-J(ix) = ( f ) 2 -
1 * W k=0 vi 

and 

k=0 kI((k+l)!)2(k+2)! 

2 xk 
w (2k+l)! (^_) 

I (x)I (X) = - i J (ix)J (ix) = f 2 V 4 ^ . 
0 1 ° * 2 k=0 (k!)2((k+l):)2 

Hence 

/ x 2 \ k / x 2 \ k + 1 

2 2 y x J I ^ x ) ,« <2k)'(—J - (2k+2)! (—) 
I (x) - I (x) - — — = 2 ^ 2 

0 1 x k=0 ( k I ) * k = 0 k ! ( ( k + 1 ) i ^ ( k + 2 ) i 

. (2k+l)!(4)k 

2 2 
k=o (k:)2((k+i>:)2 

2 k 

= ii 
00 

2 <2k>! ( T ) 2 
^ ( k ! ) ((k+1)!) 

2" < i U x ) . 

Thus 
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I (X) - I (X)" 
(78) 0 < - ^ i ^ < i . 

As before, we write I.(x) and I (x) in terms of A (x), B (x), A (x) and 

Bt(x) for x ^ l . We have 

yx)-!^) — — = ^ r ( v x > - A i < x > -—x— 

/ 2 2 B 0 ( X ) B 1 ( X ) \ 
+ exp(-4x)(-B0(x) +B1(x) - x ) + i exp(-2x)(-2 A0(x)B0(x) 

+ 2A1(x)B1(x) +A()(x)B1(x) - A^xJB^x)) 

and 

A , x2 A , ,2 A 0 ( X ) A 1 ( X ) 1 3 3 285 
An(x) -A,(x) - = — + — + - + Y*, «-|V"7 2 3 4 «i 

2x 8x 1024x 8192x 

1395 7875 
+ T + 131072X6 (1024)2x7 

+ o0» (2 - £ • J L + -8^4 + ^ + c0(x) - o l W ) 
u V 4 X i o s ^ mo/L^ i n 9 ^ 4 u 1 / 

„ , Jn 1 14 138 75 _ . ,\ 
* C 1 ( X ) (* + 4x" ~ 2 " 3 + 4 + C1(X)) 

1 \ 4 X i9««r m s ^ inf t*r4 -1 / 

Since [ CQ(x) ( < - ^ — a n d |C ( x ) [ < — ^ — , we have, forx_>8 

0.0324768 A , ,2 A t v2 0(X)A
1(X> l t 3.422185 

1 < A0(x) -Ai(x) ' < £ 
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Thus there are constants d , d , d > 0 such that if x >d , 
1 2 u 1 

2 2 V^l*** „9) y y V - ^ r - / , 
<79> 2 - 2 - 2 ' 

x I.(x) x 

Combining (78) and (79), we have 
d d 

2 - § < f " ( T ) < S - f + i 2 - ^ 
?>o T ?>o T Y>O |p[ 

[ p f ^ T ^ [ p l l T A ^ [p[>T/d1 

Applying Lemma 2.8 to the above equation, we obtain 

(80) 1 2 £ T < < ( „ ( T ) < < 1 0 | T . 

Combining (71) and (77), we obtain 
,2 /3 , / , T \ 2 i r'^Y ..._. f-mt* G ' W - D , - ^ = ̂  / / , exp(f(T) — ^ — B (t»dt, 

where [B„(t)[<< 1 ° S T l t l . Letting y = / £ | S 3 t, 
2 _,^ 2 

we write 

2/3 /mm/rIOSJ-Y t 

i 2 /¥"m J i i e x p 

4 V"2 -T2/3 / Q B / ( i „ - ^ " \ 

(81) _ 

/ff i^X)* \, 2 l / f 
2 / 3 >jf"(T} / T \ a 

' ^ " m _T2/3 pI)/(: n J \ \TV<T)>3 /V, 
dv 
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/8irf"(T) V \ / T log T / / 

which completes the proof of Lemma 2.18. 

We obtain Theorem 2.15 by combining Lemma 2.16, Lemma 2.17, 

and Lemma 2.18. 

We now examine f(x) more closely. We have 

x (82) f(x)= 2 log I / — \ 
y>o °Mp|/ 

\ 

Olver [19, p. 93] has shown that 

I0(v) = eV n 1 r(s-f i )a2 g ) 1 ,ff vcost [n-1 M « ^ 2 S „ , J 1 ,* v c o s t ^ 
S=0 v

S +fa ' 2 n , : L 2 n ' 2 ) * £ 
2 

where for v > f, 

_1_ 
7T25 

0 n? 

-V 

and 

(v-i) 7T2 

Thus for v > 1, we have 
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(83) I (V) = &&£ E(v), 
0 V2lrv 

where 

E(v) = 1 + 
" ( $ ) • 

Since 

In(v) = . 2 . > I = i + — + • • • 
0V ' k=0 — 2 4 

we have, for 0 < v < 1, 

v2 4 
(84) i o ( V ) = i + — +0<v ). 

Since 
1 \ 2 

l 1 + 2 ) - 1 

0 < i . 1 =
v ay ; < _1_ 

y (i+y2)2 <*+yV 2y3 

we can write 

1 r = ^ ( l + F(y)) 
<*+y2>* y 

where 

• — < F(y) < 0. 
2y2 

We write N(y) = " £ r l o g ^ - - ^ L + -+S(y ) + G(y). Then 



102 

+ / * log lj(j (l + F(y)))d(S<y)-K}(y)) + f" log IQ(j (l + F(y)j)d(S(y)4G(y); 

= K 1 + K 2 + K 3 + K 4 . 

Using (83) and letting t = - , we obtain 

V£'l("^)-*^2rt-*^1 + F(!)) 
+ logE(t(l + F ( ^ l o g _x_dt_ 

27rtt2 

= ~ / 1
X ( t - i l o g 2 7 r t + l o g E ( t ) ) l o g i | I f 

£ / " M T ) - M 1 + ' © ) •M'H®)) -"* E(t>)tos^ § 
- L l / L 2 -

Since 

_x 
2 

« r x , „„L% , x dt x , x / f°° log Eft)dt ^ / l 0 

_x_ (r» logEft) l o g t d t /log x\\ 
~2TT l J l +2 + U V 2 J ) ' 

we have 

(85) 

h = ^ l 0 g 2 x + C l , l X l 0 S X + C l , 2 X + C l , 3 l 0 g X + C l , 4 + 0 ( l 2 P > 

To evaluate L we let y = — , so that 
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(86) 
1 r x /X L2 = £7 k (y F<y)-^loS(1 + F(y)) +logE^(l+F(y)))-logE^ l°S^dy 

Using (84) and letting t = - , we obtain 

* f1, / • t 2 ( 1 + F ( f ) ) 2 \ . X dt 

= C 2 1 x l o g X + C 2 2 x + 
x X t ' 

= C 2 1 x l o g x + C 2 2 x + o ( ^ ) . 

Recall that S(y) + G(y) = 0(log y). Using (83), we have 

(88) 

K3 = J*(z a + F(y)) - i log 2?rX(1
y

+F(y) ) + log E (* (1 + F(y)|d (S(y) +G(y); 

= (S(x)+G(x)) (1 + F(x) - I log27T(l+F(x)) + log E(l + F(x)) 

- (S(l)+G(l)) (x(l + F ( l ) ) - |(log27rx)(l + F(l)) +logE(x(l + F(l))) 
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+ f*QW+Q(y))fr& <l + F(y)) + £ ^ a V i^Sfe 

E'(|(l + F(y))^f(l+F(y))+|F»(y)\ 
+ * - + y E^(l+F(y)j 

= C3 3 x + Q(log x). 

Similarly, using (84), we have 

- x 2 
(89) K 4 < < / x ~2d(S(y)+G(y))<<logx . 

y 

Combining (85), (86), (87), (88), and (89), we obtain 

(90) f(x) = ^ J ; log x + C5 x x log x + Cg 2 x - xu/2 + 0(log x) 

= g(x) + 0(log x), 

say. We have 

g'(x) - i log2 x • ( £ + c5i Jiog x + (c5_ 1 + c5) 2-uA), 

so the minimum of g(x) occurs at 

I 2 2 -1 - 27rC + / 2iru + 1 + 4?T C_ , - 47rC_ _ X = e 5,1 5,1 5,2 

Since there are constants C. , and C_ _ such that 
6,1 6,2 

g(x) + C6 x log x < f (x) < g(x) + CQ 2 log x, 
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we have 

lim g'(x) = f'(x) 
X-ooo 

and 

lim X = T , 
X-»oo 

where f'(T) = 0. 

Taking T = X , we have 

f(T) = - —•( V2TTU + 47r2Cg + 1 - 4TTC5 2 - 1 J T + 0(log T). 

Since -2§;— << fM(T) << -̂ —— , there are constants a„, a„, a„ and a, T \ / T » 1 2 3 4 

such that 

G'(u) = exp f - ( / a u+a -a J e ffU 4 + 0(Vu)J. 



CHAPTER m 

THE ZEROS OF £„T(s) 
N 

N —s 1. Introduction. Let £._(s) = 2 n . We show that £.T(s) has a zero N n _ i N 
s = o- + it with a > 1 for all N > 30. The question is of particular interest 

because Turan [27] showed that the Riemann hypothesis is true if there 

exists an N. such that for all N > N_, £„(s) has no zero with a > 1. The 0 0 N 
question has been considered by many others, including Haselgrove [11], 

4 
Spira [25] and Voronin [29]. Montgomery [17] has shown that i f O < c < 1, 

IT 

then for all N > N (c), £N(s) has a zero with a > 1 + c(log log N)/log N. 

The following table summarizes the current knowledge concerning zeros of 

£N(s)witha >1: 

N zero with a > 1? 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

No (Turan) 
No (Turan) 
No (Turan) 
No (Turan) 
No (Turan) 
No (Spira) 
No (Spira) 
No (Spira) 
No (Spira) 

? 
? 
? 
? 
? 

106 
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N zero with a > 1? 

15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

29-50 
51-Nrt 

>N„° 

? 
? 
? 
? 

Yes (Spira) 
? 
? 

Yes (Spira) 
Yes (Spira) 
Yes (Spira) 
Yes (Spira) 
Yes (Spira) 
Yes (Spira) 

? 
Yes (Spira) 
Yes (Monach) 
Yes (Montgomery) 

Van de Lune and Te Riele [15] have explicitly computed zeros of £M(s) 

with a > 1 for small values of N. 

By the classical work of Bohr [4], £M(s) takes the same values in the 

half-plane Re s > a as f^s) = 2 a(n) n~ , where | a(n) | = 1 for all n 
0 N n=l 

and a(n) is totally multiplicative. Hence, fN(s) has a zero with a > 1 if 
and only if £ „(s) has such a zero. We write 

N 
N 

f (s)= S*a(n)n's+ , S 1 0 / a(p)p"S s a(m)nfs 

n=l N2<p<N19/20 m<N/p 

N I -i 19/20 
where S* is the sum over all n such that p |n-»- p<N2 or p > N . We 

n=l ~" 
choose aft)) = p for p<N and p > N , leaving the aft)) for 

l/2 19/20 
N < P < N to be chosen later. Thus, f^(cr+i2r) has a zero with 
a > 1 if for some T 
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(1) G(l+iT) > |F( l+ i r ) | 

and there i s no prime q, N < q < N , for which 

(2) 
-11 _ -1- i r r ^, - l i _ -1- i r 

q ' M / ' " « V » 2„19/2<>P ' „ / m 

m<N/q N <p<N m<N/p 

Here, 

N <p<N m<N/p 

and 

N 
2 

n=l 
F(s) = 2 * n~s. 

2TT We will show that (1) and (2) are true for T = -=—— for every 

N > 549798. The choice of T i s inspired by Levinson's work [14] on the 

zeros of £„(s) near 1. 
N 

2. An upper bound for | F(l+iT) I . In this section, we prove 

Theorem 3.1. Let T = _ \ r . Let a = N and b = N1 9 . Let 
log N 

F r 0 = 7 ("0. 4257265+K+L) -0.05177 6 (a) - I+( J L - - J i - + J ^ L . 
r ' ° T \ 2 N 12N2 120N4' 

+(0.575+xi)(,1466715- J J ^ I I . ^ . ^ 
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-±( ch-M- + -2M I M - + r b + <fo>du \ 
2N »N

J
a log u log b log a J

&+ 1(jg2 u / 

and 

i( b ^ W ^ T o i T ^ 
Fi,0 = TV0' 7 8 8 5 2 5 5 + I + J - V ttl4u J+ °-6366197 e(a) 

2 
+ K-0.0081994 e(b) + (0.575 + - £ — ) (-0.4257265 - °' 32?28*f ^ 

120 log N 

^ i ^ n * (aa^X1-MlilW111- s ^ ^ S ^ 

l 0 g N / 12N2 720N4 

T [ f b udu | bT(b) aT(a) f b + T ( u ) ( 1 " logu ) d u 

2N2 \ l o g u + l o g b l o g a
 a

+ l o g U 

where T(u) = 0 (u)-u, e(u) = - 2 ^ -

b e(u) cos T log u du 
1 = / i 

J„+ u log u a' 

.b e(u)cosr log udu 
v — r ~ 2 

a u log u 

K _ .b e(u) sin T log u du 
~ \+ u logu * 

and 

. b e(u) sin T log u du 
L = J _ 

a u log u 
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Let 

_ . . -s(s+l)(s+2)(s+3)(s+4) .00 A - s - 5 . 
E(u, s) = —* VM - t B 5 ( x ) x ** 

and r(p) = N/p. Let 0 represent any number such that | 0 | < 1. If 

N > 549798, then 

|F(l+iT)| < ( F ^ Q + ^ 0 ) i |E(l,l+iT)-E(N,l+iT)| 

+ I 1/2 S 19/20 P " ^ ^ ( E ( 1 ' 1 + i T > - E < r < P > + ' 1 + i T »I 
N <p<N 

-7 + 5-10 (log N)0. 

We need several preliminary results. From Edwards [7,pp.ll4-115], 

we have 

Lemma 3. 2. If a > 1, then 

1-s . . . „ . . N 1 - s s XT-s-l s(s+l)(s+2) -s-3 
f W B V B , + 7 T - 2 N + I 2 " N - 720 N 

+ E(N,s). 

Using this lemma, we prove 

Lemma 3.3. If N is an integer > 1, then 

f N ( l + i r ) = ( o . 5 7 5 + ^ 3 - ) + U - - J ^ + i*-L-L 
\ " " / \ ^ 12N 120N 

49T+T T H T - T 
+ I 720 2 

12N 720N 

3 \ 
J r - +E(1,1+iT)- E(N, 1+iT). 

/ 
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Proof. Using the previous lemma, we write 

fN(l+iT) = t(1+ir) - -jf N + ^ N ~ 12
 N 

+ ( 3 r i T ) ^ ) < M r ) H - 4 H i r _ E ( W > l r t r ) 

and 

. „ . . , 1 1 1+ir (l+iT)(2fiT)(&fiT) - , - - . . £ < 1 + I T ) = 1+ — - - + — - - i J l — 2 i *- + E ( 1 , 1 . I T ) . 

Combining these equalities with the fact that N = 1, we complete the 

proof of the lemma. 

Next we have 

Lemma 3.4. Let h(p, s) = 2 m , 
m<N/p 

A p A D A n /2-T . 
C(p) = -B <r(p)) i - B (r(p)) ^ - B (r(p)) p ^ l > 

1 N 2 2N2 3 6N3 

4/-. 2V A 5,nA oc 2 4V A / «^v P (1-T ) „ . , .. p (24-35r +T ) - B (r(p)) - B (r(p)) -£-* - '— 
4N 12QN 

and 

A 2 A 3 A 4 n i 3 \ 
D(p) = -B (r(p)) ^ - L - B (r(p)) ^ - B (r(p)) P ( 1 T ~ T ' 

2 2N2 . 3 2N3 4 24N4 

- B><p)) J^fc j i . 
5 12N5 
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If N > 549798, then 

2 / T \ 1 
h(p, 1+iT) = 10.575 + ^20") sin T log p + C(p) cos T log p 

/ / 3 \ 
-D(p) sin T log p+i I—(cos T log p-1) + v - * * - - / » 7 2 0 

+D(p)cos T logp+C(p) sin T log p)+E(l, 1+iT )-E(r(p)+, l+ir) . 

Proof. For tr > 1, we have 

h(P,s) = £ ( s ) - S n"S 

n>N/p 

\p"/ A / k V S .eo A - s - 1 . 
= f (s) _ - *£ ! Bi(r(p))lF) +s ' +

Bi(x)x dx-
r(p) 

Integrating by parts, we see that this 

s(s+l) £ , , , V / N \ " S " 2 s(s+l)(s+2) A ^ , V / N \ _ S " 3 

B(«-1)(«-3)(W-8) £ / N \ " 8 " 4 

— m B5(r(P)) \T j 

g(s+l)(s+2)(s+3)(s+4) co A - s -5 + 120 / B5(x)x dx. 
r(p) 
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Since this expression remains valid for cr = 1, we set s = l+ir and obtain the 

desired result. 

To bound the C(p) and D(p) in the previous lemma, we need 

Lemma 3.5. I f N > 549798 and p < N 1 9 , then 

P / A - _?_ + PVT2)\ < P / n v < p/ i - _£_ + PV1^) Ni 2 12N 120N3 - C ( P ) £ N U 12N+
 120N3 

and 

N \ / 2N 

Proof. We have t < 0.4753755 and -^ < 0.5164054. Replace { r(p)}by 

x in the definition of C(p). We have 

8C(p) p/-p4(24-35r2+T4) 4 / p (24 -35T 2 +T 4 ) p3(l-T2) ] 3 
* = N^ 24N4 " A 12N4 " N 3 

./-p4(24-35T2+T4) 3p3(l-T2) p2(2-T2) \ ..2 
4 ^ ~ 2 

24N 2N 2N 
3 2 2 2 \ / 4 2 4 2 2 

, , -P fir ) , P (2-T ) p \ / p (24-35T +T ) p (2-T ) 
3 2 "N J I 4 ~ 2 

2N 2N / \ 720N 12N 

+ ir-x 

Since this is < 0 for 0 < x < 1, we have our desired result for C(p). In 

the case of D(p), we replace {r(p)} by x and observe that our desired result 

is true since x < x < x < x < x for 0 < x < 1. 
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We now prove the theorem. Write 

F(l+iT) = f (1+ir) - y S , p" 1 " i T h(p, l+ir) . 
N v <p<N ' 

Using Lemma 3. 3 and Lemma 3.4, we obtain 

V 1 2 0 / \ 2 N 12N2 120N4/ \ 7 2 ° 12N2 720N4 

+ E(l, Mr ) -E(N, l + i r ) - N l / 2 < p 2 N l 9 / 2 0 P " t i r ( ( . 575 + ^ 

+ i(~+ 4%2o ) + E(l/l+iT>f^ + e(pKma)))p1T-E(ra))+,l+iT)l. 

We need to evaluate several summations over primes in this expression. 

Using Lebesgue-Stleltjes integration, we obtain 

(4\ S D" 1 _ i T - fb+ u"1"1 T d g<u> ( 4 ) 1/2 S , 1 9 / 2 0 P ~ U logu N <p<N a & 

= -0.1466715 + 0.4257265i 

1.0011126e(b) 0. 32528l€(b)i 
log N log N 

+ ? g ( t l + I+J+ K-iK-iL+iTl+2- l ( f 70 logN 
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Similarly, we have 

(5) 

, I , ,"} =0.641854+4i« . ^ . ^ ^ M ^ ^ - . . 
N l /2 < p < N W20 l 0 g b l o S a J

a+ ulogu 

(6) 

T t _ ,b _du_ T(b)_ T(a) b+ 6(u)du 
XTl/2 ,119/20 " Ja log u log b " log a J + . 2 N <p<N & e a log u 

and 

(7) j ^ 
f b u d u bT(b) aT(a) b+ T ( u ) ( l o g u " 1 ) d u 

1/2 P
M19/20 Ja log u + log b " log a + * + log u 

Using Lemma 3.5, (6) and (7), we obtain 

(8) 

S tT^fol c 1 /Vb d u . T ( b ) T ( a ) • fb+ c ( u ) d u ^ 
N 1 / 2 <p<N 1 9 / 2 0 ^ ^ " a l o g U l o g b l o g a a+ log2u > 

and 

(9) 

T - 1 n / \ T / . b u d u bT(b) aT(a) 
N 1 / 2 < p < N 1 9 / 2 0 P 2N2 I a l0g U + l0g b " l0g a 

_ f b + T < u " x - l5gT >duN 

" -J + log u 
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We note that Re F(l+ir) and ImF(l+iT) are both negative, so that 

| F(l+ir) f is maximized when 2 p" C(p) and 
. N 1 / 2 < p < N 1 9 / 2 0 

S p" D(p) are maximized. Combining (3), (4), (5), (8), and (9), 
N 1 / 2 < p < N 1 9 / 2 0 

we complete the proof of the theorem. 

3. A lower bound for G(l+ir). In this section, we prove 

Theorem 3.6. Let 

J + 
. + e(u)cos -g log u du 

u log u a 

. + e(u)sin ~ log u du 
Q = f r 
^ J + u log u 

£1 

and 

. + e(u)sin — log u du 
R = ' + —2 • 

a u log u 

If N > 549798, then 

G(l+iT) > 0.1518588 log N+ 0.0524155e(b) - 0. 6366197e(a) 

N < p<N 

-E(r(p), 1+iT) | + 5- 10"7(log N)0. 

We need a lower bound for | h(p, 1+iT) | . Using Lemma 3.4, we obtain 



117 

(10) 

r 2 . 2 h(l, 1+iT) [ > (3- (l-cos T log p) + (0.575 + - ^ _ ) 

/ 4 9 T + T 3 \ 2 4 9 + T 2 _ . .2 _ . .2 2D(p) 

s m T l o g p ( ^ ( l . l 5 + ^ ) + C < p ) ( i £ 
3 

+T 
360 

2 \ _ . \ / _ 2 

+ ccp>(,15 + 4)+BCp,(i^!)-^L))V 

- | E ( l , l + i T ) - E ( r ( p ) + , l + i T ) | . 

We simplify this result in 

Lemma 3. 7. If N > 549798 and p < N 1 9 , then 

, l + i r ) | > f ~ (1-COST logp) j 1 / 2 - |E( l , l+ iT)-E(rO)) + , l+ iT) | . 

1/2 3/4 
Proof. We first assume that N < p < N . We have cos T log p < 0, 

2 
sin T log p < 0, ̂  < 0. 0367239, £~ < 0.001349 and T < 0.4753755. 

N 
From Lemma 3.5, we have 
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and 

N \ / 2N 

Thus, the coefficient of sin T log p in (10) is negative and the right-hand 

side of (10) is minimized when this coefficient is replaced by 0 and we 

c h o o s e C f l ^ ^ L / i + . j y and Dfe) « ^ ^ ( i + i ^ ) . The right-hand 

side of (10) is obviously still 

> (-^ (1-cos T log p))1 / 2 - | E(l, 1+ir )-E(r(p)+, 1+ir) | , 

1/2 3/4 
which proves the lemma for N < p < N 

3/4 19/20 
We now assume that N < p < N . We have 0 < cos T log p < 

2 
0. 951057, -0. 309017 < sin T log p < 0, £ < 0.5164043, -^ < 0. 266674, 

N 
and T < 0.4753755. As before, the coefficient of sin r log p in (10) is 
negative. Thus, the right-hand side of (10) is minimized when this 

coefficient is replaced by 0 and we choose cos T log p = 0.951057, 

C*» = i f ( l + " l b ) ^ D<P> = ^ f (h + 4N") ' T h e ** •* -*»* «We 
of (10) is obviously still 

> ^ - | - (1-cos r log p)j1/2-1 E(l, 1+ir )-E(r(p)+, 1+ir) | , 

which completes the proof of the lemma. 

Using this lemma, we have 
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G ( l + i r ) = / S / a o p " 1 | h f r , l + l T ) 
N ' <p<N ' 

-1/ 2 \" 
* 1/2 2 19/20* K d - c o s r l o g p j j -

" 1/2 = u / a o P ' 1 | E ( l , l H i T ) - E ( r f t ) ) +
i l H T ) | . 

N <p<N 

Using Lebesque-Stleltjes integration, we obtain 

- 1 / 2 „ . Al /2 2 _ - 1 . T . 
1/2 S 1 9 / 2 0 P ( - 2 ( l - c o s r l o g p ) j = - / 2 S ^ s i n - l o g p 

2 b s i n y l o g u d 6 ( u ) 
- • = • / . T Ja u log u 

= 0.1518588 log N + 0.0524155e(b) 

- 0. 6366197e (a) 

7T 7T 

+ 5- 10~7(log N)0 , 

which completes the proof of the theorem. 

4. The zeros of ?N(s) . In this section we prove 

Theorem 3.8. For every N > 30, £ (s) has a zero with <r > 1. 
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We first establish 

Lemma 3.9. If N > 549798, then 

|E(l,l+iT)-E(N,l+iT)| < 0.0040729 

and 

- 1 
1/2 S 1 9 / 2 0 P " (E<M+iT)-E(r<p)+,l+iT)| < 0.002627. 

N <p<N 

Proof. We have 

w i i • * T./XT i « it f (l+iT)(2+iT)(3+iT)(4fiT)(5+iT) i ,N|A . - 6 , E(l,l+iT)-E(N,l+iT)| < P & n
1 2 Q " ii ' l / j |B5(x)|x dx. 

Since T < 0.4753755, the first factor above is < 1.1656289. In addition, 
A _7 A 

the minimum of B_(x) occurs at 0.2403353 + 10 and the maximum of B_(x) 
5 "~ 5 

occurs at 0.7596647 + 10~ . Thus, | B (X)| < 0.0244588. Using these 

results, we obtain 

|E(l,l+iT)-E(N,l+iT)| < 0.0040729. 

Similarly, we have 

| E(l , l+iT)-E(r(p)+, l+lT) | < 0.0040729. 

Using the formula for . Sp ^ , in (8), we obtain 
N <p<N 
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1/22*" 1 9 /20 lE<M+iT)-E(r(p)V^T) | < 0.002627. 
N ' <p<N ' 

This completes the proof of the lemma. 

Combining the results of Theorem 3.1, Theorem 3. 6, and Lemma 3.8, 

we see that G(l+ir) > [ F(l+ir) | for a given N > 549798 if 

D0 = G0 + ^ T ~ Q " ^r 0+Ff 0 ) 1 / 2 > °'0093269 + 1 0 " W N), 

where 

GQ = 0.1518588 log N + 0.0524155e(b) - 0. 6366197e(a) 

7T 

We first examine the case when N > 10 . 

Lemma 3.10. If N > 10U
f then 

G(l+ir) > |F(l+iT)| . 

1/2 Proof. We have N ' > 316226, log N > 25. 32835 and t < 0. 2480684. 

Schoenfeld [24, p. 360] has shown that 0(u) < 1.000081, for all u > 0. 

Hence, e(u) < 0.000081 for all u > 0. Schoenfeld [24, Corollary 2*] has 

determined values of c and d such that if d < u, then 

u-u/(c log u) < 0(u). 
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Thus, 

(11) 

1 ; <e(u). c log u v ' 

In particular, (11) is true for d = 315437 and c = 29. Hence, for a 

-0.00273 < e(u). 

22 From Schoenfeld [24, 5.66*], we have, for u > e , 

[0(u)-u[ < 0.0077629 u/Log u. 

22 Hence, for u > e 

-0.0077629Aog u < e(u). 

Therefore, 

-0.000030649 < e(b). 

Combining the above results, we obtain 

-0.00273 < e(u) < 0.000081 (a<u<b) 

and 

-0.000030649 < c(b) < 0.000081. 
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Thus, 

0.0524155e(b) > -0.000017 

and 

-0. 6366197e(a) > -0. 000052. 

In addition, we have 

/l9ffV" /19TT\ 
A 20/ . 2V/T) . A 20/ , 
/ x ele cos v dv ~_ / ^ 'cos v dv 

-P = - / + ^ t;ub_vuv 0 0 2 7 3 / ^ua_vuv_ # 001726. 

11) T If) v 

In a similar manner, we obtain 

l o g N Q > -0.0007593 log N 
and 

logN 
7T 

R > -0.0023854. 

Combining these results, we have 

+ logJL Q > 0.1510995 log N - 0.0041804. 
0 7T ~" 

To bound F . and F , we need bounds on I, J, K, and L. Using 

the same method as we used to bound P, we obtain 
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11 | < 0.0019875, 

|j[ < 0.0004931, 

-0.0000345 < K < 0.0021287 

and 

-0.0000085 < L < 0.0005217. 

Combining these results with those previously obtained, we have 

F > -0.0677634 log N + 0. 6450713 r , u 

and 

F > -0.125909 log N - . 2483715. 

Hence, 

D
0 > °- 0091103 log N - 0.0041804 

> .2012154+ 10" 6 logN. 

Since D > . 0093269 + 10_6(log N), we have G(l+ir) > | F(l+ir) | for 

every N > 10 , which completes the proof of the lemma. 

Next, we examine the case when 549798 < N < 10 . I n this range, 

we use Schoenfeld's result[24, p. 360]that 0(u) < u for 0 < u < 10 . This 

result implies that e(u) < 0 for 0 < u < 10 . 
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Treat 

2 2 1/2 
0 * r , 0 i , 0 ' 

as a function of K and L. Since F rt and F. _ are negative for N > 549798, 
r , 0 i,o 

i t is obvious that H i s maximized when K and L are minimized. But 

K > 0 and L > 0, so H < H , where 

_ 2 2 1/2 
H l " ( F r , 1+Fi, 1> * 

and F .. and F. are defined by replacing K and L by 0 in the definitions r, l i , l 

of F rt and F . _. r , 0 i, 0 

Treat H.. as a function of I. Let 

2 2 1/2 

where F 9 and F. are defined by replacing I by 0 in the definitions of 

F , and F. , . We have r, 1 i , l 

8H1 «2 2 AL l«L„~ r2) /49T+T3 
= t * . -,+F. J - F , i " H O . 575- f -^ - + T 31 * r , l i , r \ r , l \ y - — !2o/ y 720 

+ F. J T I 0.575 + i f l \T \ 120/ \ 720 

< 0. 
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Thus, H is a decreasing function of I. Hence, if I > 0, then H < H . 

If I < 0, then 

dW = H
2 T I - H i 

i s a decreasing function of I which is 0 when 1 = 0 . Thus, H, < H_ I 
1 "" 2 T 

if I < 0. We now examine D If I > 0, then 

(12) D > G + g N Q - H 
1 ' 0 - 0 7T 2 " 

If I < 0, then 

vv^'-v^ 
But 

l o g N ^ 1 1 , b + ^M 8 1 1 1 \ l o g u + c o s T l o g u ) d u 

2 7T T T ^ + U log U 
a 

and 

sin -— log u + cos T log u > 0 

for a < u < b. Thus, if we let 

m(j) = min e(u), 
v < u<b 
x j - l - -

n x. sin — log u du 
Q l - ^ 1

n C ) ^ 1 u l o g u 



127 

and 

_ «» <. j cos T log u du 
I , = S m(j) f J s—2 
1 ,_- Jx. u l o g u 

J J 

for a = x < x < x < . . . < x = b , then o l a n 

<13> Do * V "¥*•«-V 7 Hi"1^ 

But m(j) is an increasing function of j , so I > 0. Hence, for 

549798 < N < 10 , we have 

loeN 1 

Treat H as a function of J, and let 

,_2 „2 .1/2 
H 3 = < F r , 3 + F l , 3 > ' 

where F „ and F. _ are defined by replacing J by 0 in the definitions r , 3 i ,3 * 

of F „ and F. 0 . Using the same methods we used above, we obtain, r, 2 i , it 

for 549798 < N < 1 0 U , 

^VV^r 
Let 

x. cos — log u du 
' i - ^ " * ) ^ — T O 
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and 

n x sin — log u du 
R - 2 m ( j ) / x

3 ^—g 
j=l j - 1 ulog u 

Then 

(14) '(iVVf 

where 

G± = 0.1518588 log N + 0.05241556(b) - 0. 6366197e(a) 

- p + JttiL Q + J££*L R 
1 7T 1 7T 1 

Let D be defined by replacing e(a) by e * in D , where 
o X 

0 > e* > / 2 niax / 6<u). 
N fu<N 

Let D be defined by replacing e(a) by v in D . We have 
u x 

9 D 2 _ _ _ 2 „2 %-*/ / / _ . r 2 V 2 
= -0 . 636619-(F „+F. .) * F J - 0 . 05177-0 . 575 + 9v * x r,3 i,3' \ r,3\ \ " 120/\logN 

a \ F. A 6366197 - fe!)(!»} + T^NNN fl> 2Nloga/ i , 3 \ * \ 720 / \ l o g N / . 2 
zn 

Thus, Dn > D . for 549798 < N < N < N . < 101 1, where 

D3 = 0.1518588 log N + 0. 0524155e(b) - 0.6366197 e* 

_ logN Q + l o g N R -((-0.0677564 log N-0.05177 e*) 
X It X 7T X y 

*(«--*i)(.«-™-(ia^tt-^r) 
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• l i ^ Y o . 4257266 • ^ l i / / . " , * - + P& - ^ * 720 A log N / 2N Wa log u log b log a J 

+ -0.1254977 log N + 0. 6366197 e* - 0. 0081994 e(b) 

( o . 5 7 5 + i ) ( - o . 4 2 5 7 2 e 5 - ' ^ ^ . 

N , 
2\l /2 

logu' T / b i n b'.(b) a V b+ ' W P - ' g 
2^2 Wa logu logb loga ^ + logu 

8 D 3 Replacingr inDgbyW, we have — >0. Thus, DQ > D 4 f o r 

549798 < N- < N < N < 10 , where D is defined by replacing T by 

r^inDg, with O ^ ^ . 

Hence, for 549798 < N < N < N < 10 , we have 

2 2 1/2 (!5) DA > D. = G. - (F .+F~ .) ' 
x ' 0 4 4 * r,4 i,4' 

where 

G = 0.1518588 log N + 0.0524155e(b) - 0. 6366197e*- P 

logN , logN „ 
+ "T~Qi+—~Rr 

2 
T * 

F = - 0.0677564 log N - 0.05177c* + (0. 575 + - j ^ 

,,ueens- 2*™** - & . +(^Il,,o.42572a5 

0.325281e(b)\ _ __1_ / b du be(b) _ ag* \ 
log N / " 2N \/a logu + log b " log a / 
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and 

F = -0.1254977 log N + 0. 6366197e* - 0.0081994e(b) 

+ (o.5 7 5 +4)( .„.4 2 5 7 2 6 5 .o i-^L 

720 -)H" -hsgpa..*,) 

2N 

* / u ^ . 2 , v 2 . . + e(u)u(l - = )du 
* / b udu b g(b) a e* f b v ' * log u 
2 I •'a log u + log b " log a " •* + log u 

We use the following upper bounds when calculating D : 

1 .b du 1 /1.11111112 0.1388889 0.1785714 
2N U log u - 2 log N I XTl/20 +

 XT1/10 + TI75 
\ N N N 

2380952 0.3333334 2 \ 

and 

1_ f b udu 1 
.2 4 log u - "~l720 S(N)* 2N e N 

The x. used in computing P , Q , and R are 
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* 0 = a = N ^ 2 . X l = N 1 - 8 8 / * , x 2 = N 1 - 8 9 / * , x 3 - N1- 6 0 / * 

X, = N1- « * , x , = N 1 " 7 0 A , Xfi = N 1 - 7 5 / * » = N1- 8 / * 
4 5 6 7 

X(j = N1- 8 8 / * , x , = N 1 - 9 0 / * , x M = N1- 9 5 / * . x u = N 2 ^ 

X X 6 = N 2 - 5 A . X
l 7 = b = N l 9 / 2 ° -We now prove 

Lemma 3.11. If 2193361 < N < 101 1, then 

G(l+ir) > | F ( l+ iT ) | . 

Proof. We have - P . > -0.0058212, ° g N Q, > -0.0034335 log N and 
1 — IT 1 — 

loe N 

—2 R > -0.006867. We choose e* = 0. From Schoenfeld [24, 5. 2*], 

we have 0. 998697 u < 0(u) for u > 1155901, so that -0 . 001303 < €(b) < 0. 

Hence, G > 0.1484253 log N - 0.0127565. 

In evaluating the res t of D we choose T^= 0. Since g(N) < 0.0164211, 

we have D > 0.0058052 log N - 0.0362244 > 0.0485223 + 10"6 log N, 

which completes the proof of the lemma. 

Continuing, we have 

Lemma 3.12. If 549798 < N < 2193361, then 
G(l+iT) > | F(l+ir) | . 
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Proof. Schoenfeld [24, Corollary 2*] has shown that (11) holds with 

d = 8623 and c = 6 as well as with d = 486377 and c = 37. Using (11), we 

obtain 

-0.0178032 < e(u) (u > 11633) 

and 

-0.0020448 < e(u) (u > 549798). 

Supplementing these results with our own calculations of minimum values 

of e(u) for 1 < u < 11633, we obtain 

e(u) < -0 . 01872009 (549798)1/2 < u < (2193361)l/2 

and 

-0.0020448 < e(u) < 0 549798 < u < 2193361. 

Hence, we choose e* = -0.01872009 and we have -0 . 0020448 < e(b) < 0. 

We have -P., > -0.0068286, l 0 g N Q, > -0.004764 log N and l o g N R„ > 

-0.009528, so that G^ > 0.1470948 log N - 0.0052253. 

In evaluating the res t of D . , we choose T^ = 0.4303274. Since g(N) < 

0. 0237707, we have 

D4 > 0.0044747 log N - 0. 0221691 > 0.0369611 + 10"6 log N, 

which completes the proof of Lemma 3.12. 
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We have now shown that G(1+1T ) > | F(l+ir) | for N > 549798. To 

show that £„(s) has a zero with a > 1 for N > 549798, we need 

Lemma 3.13. If N > 549798, then there is no prime q, N / 2 < q < N °, 

such that 

m<N/q N <p<N m<N/p 
P q̂" 

Proof. It is sufficient to show that 

q" 1 |b<q t l i . i r ) | < | G ( l + i T ) 

1/2 19/20 
for all primes q, N < q < N . Using Theorem 3. 6 and Lemma 3.9, 
we obtain 

G(l+ir) > 0.1518578 log N+ 0. 0524155e(b) - 0. 6366197e(a) 

_ P + i £ g N _ Q + i 2 g N _ R _ 0.002627 
7T IT 

> 0.1470948 log N - 0.0198213. 

1/2 19/20 

Thus, it is sufficient to show that for all primes q, N < q < N , 

q"X Ih(q, 1+iT) | < 0. 0735474 log N - 0.0099106. 

Using Lemma 3.4, Lemma 3.5, and Lemma 3.9, we obtain 
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h ( , U + i T > | < ( 0 . 5 7 5 ^ ) ^ ^ ( 1 ^ ) 
2 \ , „ / . x 2 

2N 

3 2 
logN 49T+T P T p / l p \ - n n n „ n r t ,«-6, „ 

+ ^ + ^ 2 T - + ^ 2 + l ( 2 + l W J + 0 - 0 0 2 6 2 7 + 1 0 ^ N 

< 0.4774657 log N + 3. 

Hence, 

q" 1 |h(q, 1+iT) | < 0. 07354741 log N - 0.0099106, 

which completes the proof of the lemma. 

Combining the results of Lemma 3.10, Lemma 3.11, Lemma 3.12, 

and Lemma 3.13, we see that 

£N(s) has a zero with a > 1 for every N > 549798. 

Finally we have 

Lemma 3.14. If 30 < N < 549798, then 

£ (s) has a zero with a > 1. 

Proof. Using Bohrfs result as before, we have a zero of £ (s) with 

cr > 1 if for some T 

(16) ^ Z p " 1 ! Z m-1"1^ > | I n"1"* 
N <p<N m<N/p n=l , 

p/nr*p<N 
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1/2 and there is no prime q, N < q < N, such that 

(17) q- X | S nf1-*1*! > S p " 1 ! 2 nf1"17" 
m<N/q N1/2<p<N m<N/p 

P& 
Using a computer program (Appendix C), we showed that the above inequalities 

are true for 30 < N < 549798. Thus, £„(s) has a zero with <r > 1 for 
N 

30 < N < 549798. 

This completes the proof of the theorem. 
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APPENDIX A 

The following programs are used to obtain the results in Chapter 1. Our 

polynomials are stored as vectors of coefficients, with the first element equal 

to the position of the highest degree non-zero term, the second element equal to 

the value of the constant term, and the remaining elements equal to the values 

of the other coefficients. The program listings follow: 

A program to add two polynomials 

SUBROUTINE ADD (P, Q, R) 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION P (38) 
DIMENSION Q (38) 
DIMENSION R (38) 
MDEGP = P(l) 
MDEGQ = Q(l) 
MDEGR = MDEGP 
IF (MDEGQ . GT. MDEGP) MDEGR = MDEGQ 
R(l) = MDEGR 
DO 10 I = 2, 38 
R(I) = P(I)+Q(I) 

10 CONTINUE 
RETURN 
END 

A program to multiply a polynomial by a scalar 

SUBROUTINE SMULT (P, S, R) 
IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION P(38) 
DIMENSION R(38) 
MDEG = P(1) 
DO 10 1 = 2, 38 
R(I) = P(I) * S 

10 CONTINUE 
R(l) = MDEG 
RETURN 
END 
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A program to multiply two polynomials 

SUBROUTINE MULT (P, Q, R) 
IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION P(38) 
DIMENSION Q(38) 
DIMENSION R(38) 
MDEGP = P(l) 
MDEGQ = Q(l) 
R(l) = MDEGP + MDEGQ - 2 
DO 5 K = 2 , 38 
R(K) = 0. ODO 

5 CONTINUE 
DO 20 1 = 2, MDEGP 
DO 10 J = 2, MDEGQ 
IF (P(I) • EQ. 0. ODO) GO TO 10 
IF (Q(J) . EQ. 0. ODO) GO TO 10 
R(I + J - 2) = R(I + J - 2) + (P(I) *Q(J)) 

10 CONTINUE 
20 CONTINUE 

RETURN 
END 

A program to evaluate polynomials 

SUBROUTINE EVAL(P, X, Y) 
IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION P(300) 
MDEGP = P(l) 
Y = P(MDEGP) 
MSTOP = MDEGP - 2 
IF (MSTOP . LT. 1) GO TO 10 
DO 10 I = 1, MSTOP 
INDEX = MDEGP - I 
Y = P (INDEX) + (X*Y) 

10 CONTINUE 
RETURN 
END 
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A program to bound 0 •=• ?6 - "V36 — 1_ 
P1P0

 ff T * B B 2 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION MP(13) 
FPI = 3.14159265358973D0 
CONSQ = 2. ODO/FPI 
TOTAL = 1. ODO 
N = 0 
READ (4, 50) T 

50 FORMAT (F13.6) 
10 READ (5, 100) (MP(I) , 1 = 1, 13) 

100 FORMAT (1316) 
I = 1 

15 IF (MP(I) . EQ. 0) GO TO 20 
P = MP(I) 
BOUNDP = (2. ODO * T)/FPI 
IF (P . GT. BOUNDP) GO TO 20 
BOUNDl = 36. ODO - (((24. 0D0*FPI*P)/T) + ((12. 0D0*FPI*FPI)/(T*T))) 
BOUND2 = 6. ODO - DSQRT (BOUNDl) 
BOUND = CONSQ*DSQRT (BOUND2) 
IF (BOUND . GT. 1. ODO) GO TO 20 
TOTAL = TOTAL* BOUND 
N = N + l 
WRITE (6,200) N, TOTAL 
1 = 1 + 1 
IF (I . EQ. 14) GO TO 10 
GO TO 15 

20 WRITE (6,200) N, TOTAL 
200 FORMAT (15, E15. 6) 

RETURN 
END 
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A program to bound 
P ± 1 0 1 0 V P T T 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION IP(169) 
READ (5,100) (IP(I) , 1 = 1, 169) 

100 FORMAT (1316) 
TOTAL = 0. 0 
DO 10 I = 1, 169 
P = IP (I) 
TOTAL = TOTAL + (1. ODO/DSQRT ( (P* P) - 1. 0D0)) 
WRITE (6, 200) IP(I), TOTAL 

200 FORMAT (16, E20. 6) 
10 CONTINUE 

RETURN 
END 

A program to compute p i
n

1 Q 1 $ ( | - s i n _ 1 p s in^sin"1^ - ^ j - s i n " 1 ? sin -Eg J 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION MP(26) 
FPI = 3.14159265358973D0 
CONSQ = 2 .0D0/FPI 
READ (5 ,100) (MP(I) , 1 = 1,26) 

100 FORMAT (1316) 
DO 40 IT = 401, 410 
T = I T 
T = T * . 5 D 0 
TOTAL = 1. ODO 
DO 30 I = 1, 26 
P = MP(I) 
BOUNDP = (2. ODO * T) /FPI 
IF (P . GT. BOUNDP) GO TO 20 
BOUNDl = DARSIN (P*DSIN(DARSIN(1. 0D0/P) - (FPI/T))) 
BOUND2 = DARSIN (P * DSIN(FPl/(2. ODO * T))) 
BOUND = 1. ODO - (BOUNDl + BOUND2) * CONSQ 
IF (BOUND . GT. 1. ODO) GO TO 20 
TOTAL = TOTAL* BOUND 
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30 CONTINUE 
20 WRITE (6, 200) TOTAL 

200 FORMAT (D24.16) 
40 CONTINUE 

RETURN 
END 

A program to compute <
11 G(p, nh) using Lemma 1.15 

o— — 1 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION MP(13) 
DIMENSION MPRIME (200) 
DIMENSION P(160) 
DIMENSION TOTAL (400) 
N = 0 

10 READ (5,100) (MP(I) , 1 = 1,13) 
100 FORMAT (1316) 

I = 1 
15 IF (MP(I) . EQ. 0) GO TO 20 

N = N + l 
MPRIME (N) = MP(I) 
1 = 1 + 1 
IF (I . EQ. 14) GO TO 10 
GO TO 15 

20 CONTINUE 
DO 40 I = 1, 400 
TOTAL(I) = 1. 0D0 
FI = I 
FI = FI* .5D0 
CALL COMFPT (43, FI, M) 
CALL PRE POL (FI, M, P) 
DO 30 J = 1, N 
CALL COMFPT (MPRIME(J), FI, IDEG) 
P(l) = IDEG + 2 
FP = MPRIME (J) 
X = 1 .0D0/(FP*FP) 
CALL PREEVA (P, X, Y) 
TOTAL (I) = TOTAL (I) *Y 

30 CONTINUE 
WRITE (6,150) TOTAL (I) 

150 FORMAT (D24.16) 
40 CONTINUE 

RETURN 
END 
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A program to compute the number of terms of * \- . 

necessary to compute G(p, nh) using Lemma 1.15 

SUBROUTINE COMFPT (IP, T, N) 
IMPLICIT REAL* 8 (A-H, O - Z ) 
CO = - 8 . 0D0* DLOG (10. ODO) 
CI = DLOG (2. ODO *3.14159265358973D0)/2. ODO 
C2 = DEXP(l.ODO) 
C3 = T/2.0D0 
K = T/DSQRT (2. ODO) 
F P = IP 
FK = K 
FKl = FK + 1. ODO 
REMAIN = (FK1*DLOG((T*C2)/(2.0DO*FP*FK1)) - (CI + (DLOG 

l (FKl ) /2 . ODO)) 
N = K 
IF (REMAIN . EQ. CO) GO TO 90 
IF (REMAIN . LT. CO) GO TO 10 
N = ((FKl + (FKl *DLOG(C3))) - (CO + CI + ((FKl + . 5D0) *DLOG 

1(FK1))))/DL0G(FP) 
GO TO 90 

10 NLOW = (C2 * C3) /FP 
FNLOWl = NLOW + 1 
REMAIN = (FNLOWl *DLOG ((T * C2)/(2. ODO * FP *FNL0W1))) -

1(C1 + (DLOG(FNLOWl)/2. 0D0)) 
IF (REMAIN . GT. CO) GO TO 15 
N =NLOW 
GO TO 90 

15 NHIGH = N 
DO 40 IBISEC = 1, 40 
NDIFF = NHIGH - NLOW 
IF (NDIFF . LT. 2) GO TO 50 
NMID = (NHIGH + NLOW)/2 
FNMID1 = NMID + 1 
REMAIN = (FNMEDl * DLOG ((T*C2)/(2. ODO* FP*FNMID1))) -

1(C1 + DLOG(FNMIDl)/2. 0D0)) 
IF (REMAIN . GT. CO) GO TO 30 
IF (REMAIN . EQ. CO) GO TO 20 
NHIGH = NMEO 
GO TO 40 
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20 N = NMD 
GO TO 90 

30 NLOW = NMID 
40 CONTINUE 
50 N = NHIGH 
90 RETURN 

END 

N 
j=0V 4 / A program to compute ~ - . as a 

k.—0 n . .a &K (k!) p 

polynomial in p for given n 

SUBROUTINE PRE POL (T, N, P) 
. IMPLICIT REAL * 8 (A-H, O-Z) 

DIMENSION P(160) 
NPLUS2 = N + 2 
P(l ) = NPLUS2 
P(2) = 1. ODO 
P(3) = - ( T * T ) / ( 4 . ODO) 
DO 10 I = 4, NPLUS2 
FI = I 
P(I) = P(I - 1) * (FI - 3 . ODO) * (FI - 3 . 0D0)/(FI - 2. ODO) * 

1(FI - 2 . 0D0)) 
P(I) = P(I) * ((1. ODO) - ((T * T)/(4. ODO *(FI - 3 . ODO) * 

1(FI -3 .0D0)) ) ) 
10 CONTINUE 

NPLUS3 = N + 3 
DO 20 I = NPLUS3, 160 
P(I) = 0. ODO 

20 CONTINUE 
RETURN 
END 
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A program to evaluate polynomials 

SUBROUTINE PREEVA (P, X, Y) 
IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION P(160) 
DIMENSION PPOS(160) 
DIMENSION PNEG(160) 
MDEGP = P(l) 
PPOS (1) = MDEGP 
PNEG(l) = MDEGP 
DO 20 I = 2, =DEGP 
PPOS(I) = 0.0D0 
PNEG(I) = 0.ODO 
IF (P(I) . GT. 0. ODO) GO TO 10 
PNEG(I) = P(I) 
GO TO 20 

10 PPOS (I) = P(I) 
20 CONTINUE 

CALL EVAL (PPOS, X, YPOS) 
CALL EVAL (PNEG, X, YNEG) 
Y = YPOS + YNEG 
RETURN 
END 

A program to compute ^ Q(p, nh) in multiple precision 
P o - p - p l 

using Lemma 1.15 

IMPLICIT REAL * 8(A-H, O-Z) 
INTEGER B, T, R 
DIMENSION IP(32, 160) 
DIMENSION R(258) 
DIMENSION JP(32) 
DIMENSION KP(32) 
DIMENSION LP(32) 
DIMENSION MPRIME(13) 
COMMON B, T, M, LUN, MXR, R 
MXR = 258 
LUN = 8 
B = 10000 
T = 30 
M = 800 
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READ (5, 100) (MPRIME(I) , 1 = 1, 13) 
100 FORMAT (1316) 

DO 40 I = 1, 400 
TOTAL = 1. 0D0 
FI = I 
FI = F I* .5D0 
CALL COMFPT(2, FI, MDEG2) 
CALL PREPMP(FI , MDEG2, IP) 
DO 30 J = 1, 13 
CALL COMFPT(MPRIME (J), FI, IDEG) 
IDEG2 = IDEG + 2 
CALL MPCIM(IDEG2, IP (1,1)) 
MPS = MPRME(J)*MPRIME(J) 
CALL EVALMP (IP, MPS, Y) 
TOTAL = TOTAL*Y 

30 CONTINUE 
WRITE (6,200) TOTAL 

200 FORMAT (D24.16) 
40 CONTINUE 

RETURN 
END 

The MP routines are due to Bren t and are available in the Michigan computer 

l ibrary. 

N knV.2 (nh)2 \ 
y j=ov ~~4—/ 

A program to compute *^ -——. as a 
(kl) P 

polynomial in p for given n in multiple precision 

SUBROUTINE PREPMP(X, N, IP) 
IMPLICIT REAL * 8 (A-H, O-Z) 
INTEGER B, T, R 
DIMENSION IP (32, 160) 
DIMENSION R(258) 
DIMENSION JP(32) 
DIMENSION KP(32) 
DIMENSION LP(32) 
COMMON B, T, M, LUN, MXR, R 
MXR = 258 
LUN = 8 
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B = 10000 
T = 30 
M = 800 
Y = (X*X)/4. 0D0 
II = 1 
NPLUS2 = N + 2 
CALL MPCIM (NPLUS2, IP (1,1)) 
CALL MPCIM (II, I P ( 1 , 2)) 
OPPY = -Y 
CALL MPCDM (OPPY, IP( i , 3)) 
DO 10 I = 4, NPLUS2 
IL2SQ = (I - 2) * (I - 2) 
IL3SQ = (I - 3) * (I - 3) 
CALL MPMULQ(IP(1, I - l ) , IL3SQ, IL2SQ, JP) 
CALLMPDIVI(IP(1, 3), IL3SQ, KP) 
CALL MPADDI (KP, II , LP) 
CALL MPMUL(JP, LP, I P ( 1 , I)) 

10 CONTINUE 
NPLUS3 = N + 3 
DO 20 I = NPLUS3, 160 
IP (1,1) = 0 

20 CONTINUE 
RETURN 
END 

A program to evaluate polynomials in multiple precision 

SUBROUTINE EVALMP(IP, MP, Y) 
IMPLICIT REAL * 8 (A-H, O-Z) 
INTEGER B, T, R 
DIMENSION IP(32, 160) 
DIMENSION R(258) 
DIMENSION JP(32) 
DIMENSION KP(32) 
DIMENSION LP(32) 
COMMON B, T, M, LUN, MXR, R 
MXR = 258 
LUN = 8 
B = 10000 
T = 30 
M = 800 
CALLMPCMI(IP(1, 1), MDEGP) 
CALL MPSTR(IP(1, MDEGP), JP) 
MSTOP = MDEG - 2 
IF (MSTOP . LT. 1) GO TO 10 
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DO 10 I = 1, MSTOP 
INDEX = MDEGP - I 
CALL MPDIVI (JP, MP, JP) 
CALL MPADD(JP, IP (1, INDEX), JP) 

10 CONTINUE 
CALL MPCMD (JP, Y) 
RETURN 
END 

A program to compute R , (nh) and R..(nh) using Theorem 1.16 
Li H 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION SI (38) 
DIMENSION S2(38) 
DIMENSION S3 (38) 
DIMENSION S4(38) 
DIMENSION S5(38) 
DIMENSION S6(38) 
DIMENSION BL(38) 
DIMENSION BH(38) 
DIMENSION H(38) 
DIMENSION HL(38) 
DIMENSION HH(38) 
U = 1155901. ODO 
THETAU = 1150824. 716334041D0/U 
DLOGU = DLOG(U) 
DLOG11 = DLOG(1155901. ODO) 
DO 60 IT = 1, 400 
T = IT 
T = T * . 5 D 0 
T5 = 1 .0D0/ ( ( (144 .0D0*U*U) / (T*T)) -1 .0D0 ) 
IF (T . L T . 12. ODO) T5 = 1. 0D0/((U *U) - 1. ODO) 
Sl( l ) = 8. ODO 
Sl(2) = 0.0D0 
Sl(3) = -(T * T)/(4. ODO * U * U) 
DO 3 I = 4, 8 
FI = I 
S1(I) = S1(I - 1) * (FI - 3 . ODO) * (FI - 3 . 0D0)/((FI - 2. ODO) * 

1 ( F I - 2 . 0 D 0 ) ) 
S1(I) = S1(I) * ((1. ODO) - ( (T*T)/ (4 . ODO * (FI - 3 . ODO) *(FI - 3 . 0D0))) 

1)/(U*U) 
3 CONTINUE 

SAVS18 = SI (8) 
Sl(8) = SAVS18 - (DABS(SAVS18)*T5) 
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DO 5 K = 9, 38 
S1(K) = 0.0D0 

5 CONTINUE 
CALL MULT (SI, SI, S2) 
CALL MULT (SI, S2, S3) 
CALL MULT (SI, S3, S4) 
CALL MULT (SI, S4, S5) 
CALL MULT (SI, S5, S6) 
Sl(8) = SAVS18 + (DABS(SAVS18)*T5) 
CALL MULT (SI, SI , S2) 
CALL MULT (SI, S2, S3) 
CALL MULT (SI, S3, S4) 
CALL MULT (SI, S4, S5) 
CALL MULT (SI, S5, S6) 
DO 10 K = 1,38 
BL(K) = S1(K) 

10 CONTINUE 
D2 = - .5D0 
CALL SMULT(S2, D2, H) 
CALL ADD(BL, H, BL) 
D3 = 1.0D0/3.0D0 
CALL SMULT(S3,D3, H) 
CALL ADD(BL, H, BL) 
D4 = -1.0D0/4.0D0 
CALL SMULT(S4, D4, H) 
CALL ADD(BL, H, BL) 
D5 = 1.0D0/5.OD0 
CALL SMULT(S5,D5, H) 
CALL ADD(BL, H, BL) 
D6 = - 1 . 0098775D0/6. 0D0 
CALL SMULT(S6,D6, H) 
CALL ADD(BL, H, BL) 
DO 20 K = 1, 38 
BH(K) = S1(K) 

20 CONTINUE 
D2 = - .5D0 
CALL SMULT(S2, D2, H) 
CALLADD(BH,H,BH) 
D3 = 1.0DO/3.0DO 
CALL SMULT(S3, D3, H) 
CALL ADD(BH, H, BH) 
D4 = -1 .0D0/4 . 0D0 
CALL SMULT(S4, D4, H) 
CALL ADD(BH, H, BH) 
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D5 = 1.0D0/5.0D0 
CALL SMULT(S5, D5, H) 
CALL ADD(BH, H, BH) 
D6 = -1.0D0/6.0D0 
CALLSMULT(S6,D6,H) 
CALL ADD(BH, H, BH) 
I = 41 - K 
IF (BL(I) .NE. O.0D0) GO TO 22 
IF (BR(I) .NE. O.ODO) GO TO 22 
GO TO 30 

22 I2L1 = (1*2) - 5 
FI2L1 = I2L1 
FI = I - 2 
PI = ((1.0D0 - (THETAU)) + (EI(FI2L1 *DLOGU)/FI2Ll))/DLOGU 
P2 = .00000003DO/(FI2L1*DLOGU) 
P3 = . 001303D0 * (1. ODO + ((EI(FI2L1 *DLOGll) + . 0000000300) 

1/FI2L1)) * ((U/1155901. ODO) **I2Ll)/DLOGll 
HL(I) = BL(I)*U*(P1 - (P2 + P3)) 
IF (BL(I) .LT. O.ODO) HL(I) = BL(I)*U* (PI + P2) 
HH(I) = BH(I) * U* (PI + P2) 
IF (BH(I) .LT. O.ODO) HH(I) = BH(I) * U * (PI - (P2 + P3)) 
TOTHL = TOTHL + HL(I) 
TOTHH = TOTHH + HH(I) 

30 CONTINUE 
BOUNDL = DEXP (TOTHL) 
BOUNDH = DEXP(TOTHH) 
WRITE (6,400) BOUNDL 
WRITE (7,400) BOUNDH 

400 FORMAT (D24.16) 
60 CONTINUE 

RETURN 
END 

A program to compute exponential integrals using Lemma 1.20 

REAL FUNCTION EI*8(V) 
IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION Ql(6) 
DIMENSION Q2(6) 
Ql(l) = 6. ODO 
Q2(l) = 6. ODO 
Ql(2) = . 2677737343D0 
Q2(2) = 3.9584969228D0 
Ql(3) = 8. 6347608925D0 
Q2(3) = 21.0996530827D0 
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Ql(4) = 18.0590159730D0 
Q2(4) = 25.6329561486D0 
Ql(5) = 8. 5733287401D0 
Q2(5) = 9.5733223454D0 
Ql(6) = 1.0D0 
Q2(6) = l.ODO 
CALLEVAL(Q1,V,Y1) 
CALLEVAL(Q2,V,Y2) 
EI = Y1/Y2 
RETURN 
END 

A program to compute 6 (u) 

IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION IP(9592) 
READ (5,100) (IP(I) , 1 = 1, 9592) 

100 FORMAT (1316) 
TOTAL = 0.0D0 
DO 10 I = 1, 9592 
P = IP(I) 
TOTAL = TOTAL + DLOG (P) 

10 CONTINUE 
WRITE (6,200) TOTAL 

200 FORMAT (D30.16) 
RETURN 
END 

A program to compute upper and lower bounds for 

F(x, A) using Theorem 1.16 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION FUNVAL(400) 
DIMENSION BOUNDL(400) 
DIMENSION BOUNDH(400) 
DIMENSION TOTLO.W(601) 
DIMENSION TOTHIG(601) 
DIMENSION TOTLOD(601) 
DIMENSION TOTHID(601) 
DIMENSION XDIST(601) 
NPOINT = 400 
READ (5,100) (FUNVAL(I), I = 1, NPOINT) 
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100 FORMAT (3D24.16) 
READ (2,200) (BOUNDI(I), I = 1, NPOINT) 
READ (3,200) (BOUNDH(I), I = 1, NPOINT) 

200 FORMAT (D24.16) 
FPI = 3.14159265358973D0 
NDIST = 601 
DC 2 J = 1, DIST 
FJ = J - 1 
XDIST(J) = FJ *. 001D0 * FPI 

2 CONTINUE 
H = .5D0 

5 READ (4,50) INCR 
50 FORMAT (16) 

IF (INCR . EQ. 0) GO TO 40 
NUSED = NPOINT/INCR 
DO 10 K = 1, NDIST 
TOTLOW(K) = O.ODO 
TOTHIG(K) = O.ODO 
TOTLOD(K) = O.ODO 
TOTHED(K) = O.ODO 

10 CONTINUE 
DO 30 J = 1, NUSED 
I = (NUSED + 1) - J 
INDEX = I* INCR 
FINDEX = INDEX 
X = FINDEX *H 
DO 20 K = 1, NDIST 
FUNC = DSIN(X*XDIST(K))/X 
F = FUNC * FUNVAL(INDEX) 
TRALOW = F*BOUNDL(INDEX) 
IF (F .LT. O.ODO) TRALOW = F*BOUNDH(INDEX) 
TRAHIG = F*BOUNDH (INDEX) 
IF (F .LT. O.ODO) TRAHIG = F*BOUNDL(INDEX) 
TOTLOW(K) = TOTLOW(K) + TRALOW 
TOTHIG(K) = TOTHIG(K) + TRAHIG 
FUNC = DCOS(X*XDlST(K)) 
F = FUNC * FUNVAL(INDEX) 
TRALOD = F*BOUNDL(INDEX) 
IF (F .LT. O.ODO) TRALOD = F*BOUNDH(INDEX) 
TRAHID = F*BOUNDH(INDEX) 
IF (F .LT. O.ODO) TRAHID = F*BOUNDL(INDEX) 
TOTLOD(K) = TOTLOD(K) + TRALOD 
TOTHID(K) = TOTHID(K) + TRAHID 

20 CONTINUE 
30 CONTINUE 
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FINCR = INCR 
DO 35 K = 1, NDIST 
TOTLOW(K) = TOTLOW(K) + (.5D0*XDIST(K)) 
TOTHIG(K) = TOTHIG(K) + (. 5D0*XDIST(K)) 
TOTLOD(K) = TOTLOD(K) + .5D0 
TOTHID(K) = TOTETD(K) + .5D0 
TOTLOW(K) = TOTLOW(K)*H*FINCR/FPI 
TOTHIG(K) = TOTfflG(K)*H*FINCR/FPI 
TOTLOD(K) = TOTLOD(K)*H*FINCR/FPI 
TOTHID(K) = TOTHID(K)*H*FINCR/FPI 
PRINTl = TOTLOW(K) + . 5D0 
PRINT2 = TOTHIG(K) + .5D0 
PRINT3 = . 5D0 - TOTHIG(K) 
PRINT4 = . 5D0 - TOTLOW(K) 
FK1 = K - 1 
PRINTO = FK1*.001D0 
WRITE (6,250) PRINTO, PRINTl, PRINT2, PRINT3, PRINT4 

250 FORMAT (F13.3, fPI?, 4D24.16) 
WRITE (6,260) TOTLOD(K), TOTHID(K) 

260 FORMAT (2D24.16) 
35 CONTINUE 

GO TO 5 
40 RETURN 

END 

A program to compute L(1,X ) using (19) and (20) 

IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION MPRIME(400) 
DIMENSION MPRMR(400) 
DIMENSION FG(2000) 
DIMENSION FLSIN(2000) 
DIMENSION FRETAU(2000) 
DIMENSION FIMTAU(2000) 
PI = 3.14159265358979323D0 
TWOPI = PI*2.0D0 
READ (4,100) M,N 

100 FORMAT (1316) 
READ (4,100) (MPRIME(I), I = 1, N) 
READ (5,100) (MPRIMR(I), I = 1, N) 
DO 40 I = M, N 

IPRIME = MPRIME(I) 
IPR1MR = MPRIMR(I) 
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FPRME = IPRIME 
IPHI = IPRIME - 1 
FIPHI = IPHI 
KSTOP = IPHI/2 
FM = TWOPI/FIPHI 
IPROD = 1 
DO 10 IR = 1, IPHI 

IPROD = IPROD *IPRIMR 
IF (IPROD . GT. IPRIME) IPROD = IPROD -

1 (IPRIME * (IPROD/IPRIME)) 
FIPROD = IPROD 
FG(IR) = FIPROD 
FLSIN(IR) = DLOG(DSIN(PI*FIPROD/FPRIME)) 
FRETAU(IR) = DCOS(TWOPI*FIPROD/FPRIME) 
FIMTAU(IR) = DSIN(TWOPI * FIPROD/FPRIME) 

CONTINUE 
FREMIN = 1000. 0D0 
ARGMAX = 0. 0D0 
DO 30 K = 1, KSTOP 

FK = K 
FRE1 = DCOS(TWOPI*FK/FIPHI) 
FIM1 = -DSlN(TWOPI*FK/FIPHI) 
FRE = 1.0D0 
FIM = 0.0D0 
TOTRE = 0. 0D0 
TOTIM = 0. 0D0 
TAURE = 0. 0D0 
TAUIM = 0. 0D0 
KEY = -1 
QUO = K/2 
IF ((FK/2.0D0) .EQ. QUO) KEY = 1 
DO 20 IR = 1, IPHI 

HRE = (FRE * FRE1) - (FM * FIM1) 
HIM = (FRE * FIM1) + (FIM * FRE1) 
FRE = HRE 
FIM = HIM 
FMULT = FLSIN(IR) 
IF (KEY . EQ. -1) FMULT = FG(IR) 
TOTRE = TOTRE + (FRE * FMULT) 
TOTIM = TOTIM + (FIM * FMULT) 
TAURE = TAURE + (FRE *FRETAU(IR)) - (FIM* 

1 FIMTAU(IR)) 
TAUIM = TAUIM + (FRE *FIMTAU(IR)) + (FIM* 

1 FRETAU(IR)) 
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20 CONTINUE 
HRE = (TOTRE * TAURE) + (TOTM * TAUM) 
HM = (TOTM*TAURE) - (TOTRE*TAUM) 
FMOD = (TAURE **2) + (TAUM**2) 
FRE = -HRE/FMOD 
F M = -HM/FMOD 
IF (KEY . EQ. 1) GO TO 25 
HRE = - F M * P I / F P R M E 
HM = FRE*PI/FPRME 
FRE = HRE 
F M = H M 

25 ARG = DATAN(FM/FRE) 
ARG = DABS(ARG) 
IF (FRE .LT. FREMIN) FREMIN = FRE 
IF (ARG . GT. ARGMAX) ARGMAX = ARG 

30 CONTINUE 
WRITE (6,300) IPRME, FREMIN, ARGMAX 

300 FORMAT (* ', 14, 2F16.8) 
40 CONTINUE 

STOP 
END 
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APPENDIX B 

The following programs are used to obtain the results in Chapter II. The 

polynomial manipulation routines are the same as those in Appendix A. The 

program listings follow. 

A program to bound ^ ^ ( l - M ) * ( l + JgL ) u s l n g ( 3 l ) 

DIMENSION GAMMA (6) 
CONSQ = 2. 0/3.141593 
CONS = SQRT(CONSQ) 
TOTAL = 1. 0 
N = 0 
T = EXP(10. 0) 

10 READ (5,100) (GAMMA(I), I = 1, 6) 
100 FORMAT (6F13.6) 

I = 1 
15 IF (GAMMA(I) .EQ. 0.0) GO TO 20 

N = N+l 
RHO = SQRT(.25 + (GAMMA(I) *GAMMA(I))) 
XRECIP = RHO/T 
TOTAL = TOTAL * CONS *(1. 0 + (XRECIP/8. 0)) *SQRT(XRECIP) 
WRITE (6,200) N, TOTAL 
1 = 1 + 1 
IF (I . EQ. 7) GO TO 10 
GO TO 15 

20 WRITE (6,200) N, TOTAL 
200 FORMAT (15, E15. 6) 

RETURN 
END 
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A program to compute ft<rv<c. i n n K 7-7 and related sums 
U^ ' _ lUUu | « j 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION GAMMA (653) 
READ (5,100) (GAMMA(I), I = 1,653) 

100 FORMAT (6F13.6) 
TOTALL = 0. 0D0 
TOTAL = 0. 0D0 
TOTALH = 0. 0D0 
DO 10 I = 1, 653 
RHOL = DSQRT(. 25D0 + ((GAMMA(I) + . 000002D0) * (GAMMA(I) + 

1. 000002D0))) 
RHO = DSQRT(.25D0 + ((GAMMA(I)) * (GAMMA(I)))) 
RHOH = DSQRT(.25D0 + ((GAMMA(I) - . 000002D0) * (GAMMA(I) -

1. 000002D0))) 
TOTALL = TOTALL + (1. 0D0/RHOL) 
TOTAL = TOTAL + (1. 0D0/RHO) 
TOTALH = TOTALH + (1. 0D0/RHOH) 
WRITE = (6,200) TOTALL, TOTAL, TOTALH 

200 FORMAT (3D24.16) 
10 CONTINUE 

RETURN 
END 

°\ u/ A program to calculate n^ 1 f l n . . " 0<y< 1005 

IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION GAMMA (6) 
DIMENSION RHO(653) 
DIMENSION TOTAL(2688) 
N = 0 

10 READ (5,100) (GAMMA(I), 1 = 1,6) 
100 FORMAT (6F13.6) 

I = 1 
15 IF (GAMMA (I) . EQ. 0. 0D0) GO TO 20 

N = N + l 
RHO(N) = DSQRT(.25D0 + GAMMA (I) * GAMMA (I))) 
1 = 1 + 1 
IF (I . EQ. 7) GO TO 10 
GO TO 15 

20 CONTINUE 
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FPI = 3.14159265358973D0 
H = FPI/128.0D0 
DO 40 I = 1, 2688 
TOTAL(I) = 1.0D0 
FI = I 
FI = FI*H 
FI = FI + (21. ODO*FPI) 
DO 30 J = 1, N 
X = FI/RHO(J) 
F = BESJO (X) 
TOTAL(I) = TOTAL(I)*F 

30 CONTINUE 
40 CONTINUE 

WRITE (6,200) (TOTAL(I), 1 = 1,2688) 
200 FORMAT (3D26.16) 

RETURN 
END 

The program BESJO is in the Michigan computer library. 
A program to compute C_ (|jp> |, t) and C_( \p |',t) using Theorem 2.12 

IMPLICIT REAL * 8 (A-H, O-Z) 
DIMENSION SI (38) 
DIMENSION S2(38) 
DIMENSION S3(38) 
DIMENSION S4(38) 
DIEMNSION S5(38) 
DIMENSION S6(38) 
DIMENSION BL(38) 
DIMENSION BH(38) 
DIMENSION H(38) 
R = (1.0D0/(4. ODO*36. ODO* 14745600.0D0)) 
CI = .9999121D0 
C2 = 1.0D0 
Sl(l) = 8. ODO 
SI (2) = 0.0D0 
SI (3) = - (1 . 0D0/4. ODO) 
Sl(4) = (1. 0D0/64. ODO) 
SI (5) = -(1.0D0/2304.0D0) 
Sl(6) = (1. ODO/147456. ODO) 
Sl(7) = - (1 . 0D0/14745600. ODO) 
Sl(8) = CI *R 
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DO 5 K = 9, 38 
S1(K) = 0. 0D0 
CONTINUE 
CALLMULT(S1,S1,S2) 
CALL MULT(S1, S2, S3) 
CALLMULT(S1,S3,S4) 
CALLMULT(S1,S4,S5) 
CALLMULT(S1,S5,S6) 
WRITE (5,200) (SI(I), 
WRITE (5,200) (S2(I), 
WRITE (5,200) (S3(I), 
WRITE (5,200) (S4(I), 
WRITE (5,200) (S5(I), 
WRITE (5,200) (S6(I), 
DO 10 K = 1, 38 

1, 38) 
1,38) 
1,38) 
1,38) 
1,38) 
1,38) 

BL(K) = S1(K) 
10 CONTINUE 

D2 = - .5D0 
CALL SMULT(S2, D2, H) 
CALL ADD(BL, H, BL) 
D3 = 1.0D0/3. 0D0 
CALL SMULT(S3, D3, H) 
CALL ADD(BL, H, BL) 
D4 = -1.0D0/4.0D0 
CALL SMULT (S4, D4, H) 
CALL ADD(BL, H, BL) 
D5 = 1.0DO/5.0DO 
CALL SMULT(S5, D5, H) 
CALL ADD(BL, H, BL) 
D6 = - 1 . 0043233D0/6. 0D0 
CALL SMULT(S6, D6, H) 
CALL ADD(BL, H, BL) 
WRITE (6,200) (BL(I), I = 1,38) 

200 FORMAT (3D26.16) 
Sl(8) = C2*R 
CALLMULT(S1,S1,S2) 
CALLMULT(S1,S2,S3) 
CALL MULT(S1, S3, S4) 
CALLMULT(S1,S4,S5) 
CALLMULT(S1,S5,S6) 
WRITE 
WRITE 
WRITE 
WRITE 
WRITE 
WRITE 

(5,200) 
(5,200) 
(5,200) 
(5,200) 
(5,200) 
(5,200) 

(SI (I), ] 
(S2(I), ] 
(S3(I), ] 
(S4(I), ] 
(S5(I), ] 
(S6(I), ] 

[ = 1, 38) 
[ = 1, 38) 
[ = 1, 38) 
[ = 1, 38) 
t = 1, 38) 
[ = 1, 38) 
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DO 20 K = 1, 38 
BH(K) = S1(K) 

20 CONTINUE 
D2 = -.5D0 
CALL SMULT(S2,D2,H) 
CALLADD(BH,H,BH) 
D3 = 1.0D0/3.0D0 
CALL SMULT(S3, D3, H) 
CALL ADD(BH, H, BH) 
D4 = -1.0D0/4.0D0 
CALL SMULT(S4, D4, H) 
CALL ADD(BH, H, BH) 
D5 = 1. 0D0/5. ODO 
CALL SMULT(S5, D5, H) 
CALL ADD(BH, H, BH) 
D6 = -1.0D0/6.0D0 
CALL SMULT(S6, D6, H) 
CALL ADD(BH, H, BH) 
WRITE (7,200) (BH(I), 1 = 1,38) 
RETURN 
END 

A program to calculate M_ (t) and M ( t ) using Theorem 2.12 

IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION BLVEC(38) 
DIMENSION BHVEC(38) 
DIMENSION QL(38) 
DIMENSION QH(38) 
T = 1005. ODO 
E = .34741D0 
READ (2,200) (BLVEC(I), 1 = 1,38) 
READ (3,200) (BHVEC(I), I = 1, 38) 

200 FORMAT (3D26.16) 
A = 3. 0767998D0 
B = 1.2046751D0 
C = (DLOG((T * T)/((T * T) - 4. 0D0)) * 2.864789D0) + 7.2371007D0 
D = .1657863D0 
CO = DLOG(T + 1.322875D0) 
CI = (A * CO) + (B *DLOG(C0)) + C 
C2 = A + (B * (DLOG(C0)/C0)) 
C3 = 2.0D0*3.14159265358973D0 
C4 = DLOG(T/C3) 



160 

AL = -1.7412588D0 
BL = - 2 . 864789D0 
CL = -.3936986 
DL = -3.8661494 
AH = .0198943 
BH = .4774648 
DH = -.666871 
IBOUND = BLVEC(l) 
QL(1) = IBOUND 
QH(1) = IBOUND 
DO 5 K = 2, 38 
QL(K) = 0. 0D0 
QH(K) = 0.0D0 
CONTINUE 
DO 10 I = 3, IBOUND 
FI2 = 2 * (I - 2) 
FI2P1 = FI2 + 1. 0D0 
P I = T * (C4 + (1. 0D0/(FI2 - 1. 0D0)))/((C3 * (FI2 - 1. 0D0))) 
P I = P I - E 
PH2 = D/FI2P1 
PH2 = PH2 + ((AH-AL)*DLOG(T)) + (AH/FI2P1) 
PH2 = PH2 + ((BH-BL)*DLOG(DLOG(T))) + (BH/FI2P1 *DLOG(T))) 
PH2 = PH2 + ((-CL) *DLOG(DLOG(T) + 1.322875D0)) 
PH2 = PH2 + (DH-DL) 
PH2 = (PH2*FI2) /T 
PL2 = D/FI2P1 
PL2 = PL2 + ((AH-AL)*DLOG(T)) - (AL/FI2P1) 
PL2 = PL2 + ((BH-BL)*DLOG(DLOG(T))) - (BL/(FI2P1 *DLOG(T))) 
PL2 = PL2 + ((-CL)*DLOG(DLOG(T) + 1.322875D0)) - (CL/(FI2P1* 

1DL0G(T + 1.322875D0))) 
PL2 = PL2 + (DH-DL) 
PL2 = - (PL2*FI2 ) /T 
FI2 = FI2 + 2. 0D0 
FI2P1 = FI2 + 1. 0D0 
PL3 = T * (C4 + (1. 0D0/(FI2 - 1. 0D0)))/((C3 * (FI2 - 1. 0D0))) 
PL3 = PL3 - E 
PL3 = P L 3 * ( ( F I 2 - 2 . 0 D 0 ) / ( T * T * 8 . 0D0)) 
PL4 = D/FI2P1 
PL4 = PL4 + ((AH-AL)*DLOG(T)) - (AL/FI2P1) 
PL4 = P L 4 + ((BH-BL)*DLOG(DLOG(T))) - (BL/(FI2P1 *DLOG(T))) 
PL4 = PL4 + ((-CL)*DLOG(DLOG(T) + 1.322875D0)) - (CL/(FI2P1 * 

1DL0G(T + 1.322875D0))) 
PL4 = PL4 + (DH-DL) 
PL4 = -PL4 * (((FI2 - 2. 0D0) * FI2)/(T * T * T * 8. 0D0) 
QL(I) = BLVEC(I) * (PI + PL2 - (PL3 + PL4)) 
IF (BLVEC(I) . L T . 0. 0D0) QL(I) = BLVEC(I) * (PI + PH2) 
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QH(I) = BHVEC(I)*(P1 + PH2) 
IF (BHVEC(I) . L T . O.ODO) QH(I) = BHVEC(I)*(P1 + PL2 - (PL3 + 

1 PL4)) 
10 CONTINUE 

WRITE (6,200) (QL(I), I = 1,38) 
WRITE (7,200) (QH(I), I = 1,38) 
RETURN 
END 

A program to compute upper and lower bounds for 

G(X) using Theorem 2.12 

IMPLICIT REAL * 8(A-H, O-Z) 
DIMENSION FUNVAL(5376) 
DIMENSION QL(38) 
DIMENSION QH(38) 
DIMENSION TOTLOW(40) 
DIMENSION TOTHIG(40) 
DIMENSION TOTLOD(40) 
DIMENSION TOTHID(40) 
DIMENSION XDIST(40) 
READ (2,200) (QL(I), 1 = 1,38) 
READ (3,200) (QH(I), 1 = 1,38) 

200 FORMAT (3D26.16) 
NPOINT = 5376 
READ (5,200) (FUNVAL(I), I = 1, NPOINT) 

100 FORMAT (2D30.16) 
FPI = 3.14159265358973D0 
READ (1, 150) NDIST 

150 FORMAT (16) 
READ (1, 160) (XDIST(I), I = 1, NDIST) 

160 FORMAT (6F13.6) 
T = 1005. 0D0 
H = FPI/128. 0D0 

5 READ (4, 50) INCR 
50 FORMAT (16) 

IF (INCR . EQ. 0) GO TO 40 
NUSED = NPOINT/INCR 
DO 10 K = 1, NDIST 
TOTLOW(K) = O.ODO 
TOTHIG(K) = O.ODO 
TOTLOD(K) = O.ODO 
TOTHID(K) = O.ODO 

10 CONTINUE 
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DO 30 J = 1, NUSED 
I = (NUSED + 1) - J 
INDEX = I*INCR 
FINDEX = INDEX 
X = FINDEX *H 
X2 = ( X * X ) / ( T * T ) 
CALL EVAL(QL, X2, Yl) 
BOUNDL = DEXP(Y1) 
CALL EVAL (QH, X2, Y2) 
BOUNDH = DEXP(Y2) .. 
DO 20 K = 1, NDIST 
FUNC = DSIN(X*XDIST(K))/X 
F = FUNC * FUNVAL(INDEX) 
TRALOW = F*BOUNDL 
IF (F . L T . O.ODO) TRALOW = F*BOUNDH 
TRAHIG = F * BOUNDH 
IF (F . L T . O.ODO) TRAHIG = FBOUNDL 
TOTLOW(K) = TOTLOW(K) + TRALOW 
TOTHIG(K) = TOTHIG(K) + TRAHIG 
FUNC = DCOS(X*XDIST(K)) 
F = FUNC * FUNVAL(INDEX) 
TRALOD = F*BOUNDL 
IF (F . L T . O.ODO) TRALOD = F*BOUNDH 
TRAHID = F * BOUNDH 
IF (F . L T . O.ODO) TRAHID = F*BOUNDL 
TOTLOD(K) = TOTLOD(K) + TRALOD 
TOTHID(K) = TOTHID(K) + TRAHID 

20 CONTINUE 
30 CONTINUE 

FINCR = INCR 
DO 35 K = 1, NDIST 
TOTLOW(K) = TOTLOW(K) + (. 5D0*XDIST(K)) 
TOTHIG(K) = TOTHIG(K) + (. 5D0 *XDIST(K)) 
TOTLOD(K) = TOTLOD(K) + . 5D0 
TOTHID(K) = TOTHID(K) + . 5D0 
TOTLOW(K) = TOTLOW(K)*H* FINCR/FPI 
TOTHIG(K) = TOTHIG(K) * H * FINCR/FPI 
TOTLOD(K) = TOTLOD(K)*H* FINCR/FPI 
TOTHED(K) = TOTHID(K)*H* FINCR/FPI 
PRINTl = TOTLOW(K) + . 5D0 
PRINT2 = TOTHIG(K) + . 5D0 
PRINT3 = . 5D0 - TOTHIG(K) 
PRINT4 = . 5D0 - TOTLOW(K) 
WRITE (6,250) XDIST(K), PRINTl, PRINT2, PRINT3, PRINT4 
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250 FORMAT (F13.6, 4D24.16) 
WRITE (6,260) TOTLOD(K), TOTHID(K) 

260 FORMAT (2D24.16) 
35 CONTINUE 

GO T 0 5 
40 RETURN 

END 
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APPENDIX C 

The following program is used to obtain the results in Chapter 3. The 

program listing follows. 

A program to verify (16) and (17) for N = NBEGIN, NEND 

IMPLICIT REAL*8 (A-H, O-Z) 
DIMENSION MPRIME (50000) 
DIMENSION SLHSRE (50000) 
DIMENSION SLHSIM(50000) 
DIMENSION AM(1000) 
READ (4, 51) MPRIME 

51 FORMAT (618) 
READ (5, 100, END = 6000) NBEGIN, NEND 

100 FORMAT (218) 
N = NBEGIN 

10 IF (N . GT. NEND) GO TO 5000 
FLOATN = N 
TEE = 6.2831852/(DLOG(FLOATN)) 
MBOUND = DSQRT(FLOATN) 
DO 50 1 = 1, MBOUND 
AI = I 
AM(I) = TEE*DLOG(AI) 

50 CONTINUE 
DO 120 I = 1, N 
MPRIM = MPRIME (I) 
IF (MPRIM . GT. N) GO TO 121 
IF (MPRIM .GT. MBOUND) GO TO 120 
NLASTP = 1 

120 CONTINUE 
121 MSTART = 1 - 1 

TOTLHS = 0.0 
NSTART = 1 
TLHSRE = 0.0 
TLHSIM = 0.0 
TOTLRE = 0.0 
TOTLIM = 0.0 
DO 250 K = 1, MSTART 
I = (MSTART + 1) - K 
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MPRIM = MPRIME(I) 
IF (. NOT. (MPRIM . GT. MBOUND)) GO TO 251 
NSTOP = N/MPRIM 
DO 225 J = NSTART, NSTOP 
IF (NSTART .GT. NSTOP) GO TO 225 
A = AM(J) 
AJ = J 
TLHSRE = TLHSRE + ((DCOS(A))/AJ) 
TLHSIM = TLHSIM - ((DSIN(A))/AJ) 

225 CONTINUE 
FMPRIM = MPRIM 
TOTHOL „= ((1. 0/FMPRIM)) 
TOTHOL = TOTHOL *DSQRT(TLHSRE ** 2 + TLHSIM **2) 
TOTLHS = TOTLHS + TOTHOL 
A = TEE * (DLOG(FMPRM)) 
PRE = (DCOS(A))/FMPRIM 
PIM = -(DSIN(A))/FMPRIM 
TOTLRE = TOTLRE + ((PRE * TLHSRE) - (PIM * TLHSIM)) 
TOTLIM = TOTLIM + ((PRE * TLHSIM) + (PIM * TLHSRE)) 

235 SLHSRE(I) = TLHSRE 
SLHSIM(I) = TLHSIM 
NSTART = NSTOP + 1 

250 CONTINUE 
251 TRHSRE = TLHSRE 

TRHSIM = TLHSIM 
DO 200 I = NSTART, N 
AI = I 
A = TEE*DLOG(AI) 
TRHSRE = TRHSRE + ((DCOS(A))/AI) 
TRHSIM = TRHSIM - ((DSIN(A))/AI) 

200 CONTINUE 
TRHSRE = TRHSRE - TOTLRE 
TRHSIM = TRHSIM - TOTLIM 
TOTRHS = DSQRT((TRHSRE * TRHSRE) + (TRHSIM * TRHSIM)) 
DIFF = TOTLHS - TOTRHS 
WRITE (6,252) N, TOTLHS, TOTRHS, DIFF 

252 FORMAT (18, 3F16. 8) 
WRITE (6,255) TRHSRE, TRHSIM 

255 FORMAT (2F16.8) 
IC = 0 
NPLUS1 = N + 1 
NEXTP = NLASTP + 1 
DO 500 L = NPLUS1, NEND 
IC = IC + 1 
FLOATL = L 
DSQRTL = DSQRT (FLOATL) 
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IF (MPRIME(NEXTP) .GT. DSQRTL) GO TO 305 
FMPRIM = M PRIME (NEXTP) 
HOLDTO = (DSQRT(SLHSRE(NEXTP)**2 + SLHSIM(NEXTP)**2))/ 

1 FMPRIM 
TOTLHS = TOTLHS - HOLDTO 
NLASTP = NEXTP 
NEXTP = NLASTP + 1 
MPRIM = M PRIME (NLASTP) 
DO 302 M = 1, MPRIM 
K = M*MPRIM 
FK = K 
A = TEE*DLOG(FK) 
IF (M .EQ. 1) AM(K) = A 
TRHSRE = TRHSRE + ((DCOS(A))/FK) 
TRHSIM = TRHSM - ((DSIN(A))/FK) 

302 CONTINUE 
GO TO 430 

305 HOLDL = FLOATL 
DO 407 1 = 1, NLASTP 
FMPRIM = MPRIME(I) 

310 SAVE = HOLDL/FMPRIM 
ISAVE = SAVE 
IF (. NOT. (ISAVE . EQ. SAVE)) GO TO 405 
HOLDL = SAVE 
GO TO 310 

405 IF (HOLDL . EQ. 1.0) GO TO 410 
407 CONTINUE 
410 IF (.NOT. (HOLDL . EQ. 1.0)) GO TO 413 

A = TEE*DLOG(FLOATL) 
TRHSRE = TRHSRE + ((DCOS(A))/FLOATL) 
TRHSIM = TRHSIM - ((DSlN(A))/FLOATL) 
GO TO 430 

413 ITEST = MSTART + 1 
IF (MPRIME(ITEST) . GT. L) GO TO 900 
HOLD = MPRIME (ITEST) 
TOTLHS = TOTLHS + (1. 0/HOLD) 
MSTART =ITEST 
SLHSRE (ITEST) = 1.0 
SLHSIM (ITEST) = 0.0 
GO TO 430 

900 IHOLDL = HOLDL 
IBEGIN = NEXTP 
IEND = MSTART 
DO 1100 IBISEC = 1, 20 
ISEAR = (IBEGIN + IEND)/2 
MPRIM = MPRIME (ISEAR) 
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IF (MPRIM . LT. IHOLDL) GO TO 1050 
IF (MPRIM . EQ. IHOLDL) TO TO 1040 
IEND = ISEAR - 1 
GO TO 1100 

1040 J = ISEAR 
GO TO 418 

1050 IBEGIN = ISEAR + 1 
1100 CONTINUE 
415 DO 417 J = IBEGIN, IEND 

FMPRIM = MPRIME(J) 
IF (FMPRIM .EQ. HOLDL) GO TO 418 

417 CONTINUE 
WRITE (6,255) FMPRIM, HOLDL 
STOP 

418 NSTOP = L/IHOLDL 
A = AM(NSTOP) 
AJ = NSTOP 
HOLDTO = DSQRT(SLHSRE(J)**2 + SLHSIM(J) **2)/HOLDL 
SLHSRE(J) = SLHSRE(J) + ((DCOS(A))/AJ) 
SLHSIM(J) = SLHSIM(J) - ((DSIN(A))/AJ) 
TOTHOL = DSQRT(SLHSRE(J)**2 + SLHSIM(J) **2)/HOLDL 
TOTLHS = (TOTLHS + TOTHOL) - HOLDTO 

430 TOTRHS = DSQRT(TRHSRE **2 + TRHSIM **2) 
DIFF = TOTLHS - TOTRHS 
IF (TOTLHS . LT. 1. 0) GO TO 999 
IF (IC . LT. 1000) GO TO 450 
IC = 0 

999 WRITE (6,252) L, TOTLHS, TOTRHS, DIFF 
WRITE (6, 255) TRHSRE, TRHSIM 

450 IF (DIFF . GT. .1) GO TO 500 
N = L 
GO TO 10 

500 CONTINUE 
5000 CONTINUE 
6000 CALL EXIT 

END 
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