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NOTATION

The letters p and q denote prime numbers, We use ¥ to denote a
Dirichlet character mod q and X0 to denote the principal character. We have

e = exp(l) and e(f) = exp(2ri 0). Also we have

log p ifn= pk,
An) =
0 otherwise,

o) =#m, 1< m < n: m and n are relatively prime} ,

@@= T 1,
p<u

g(u) = = logp,
p<u

Yu) = = A(),
n<u

Y,x) = Z A) x(0).
n<u

and

© e
El(z)=fz T-dt’ ]argzl <T.

We let N(T) = #{'y: 0 <y < T}, where p =g + iy is a nontrivial zero

of ¢£(s), the Riemann zeta function, We use the Bessel functions



k
1 \J = (-i- 22)
5@ =(3 7) 2o KITGFR+T)

and

—}-J'tri l11'i

L@=e 2 3@’ ) crsargzgm.

When we use Euler-Maclaurin summation, we make frequent use of
the Bernoulli polynomials, The nth Bernoulli polynomial is by definition
the unique polynomial of degree n with the prt.;perty that j‘xx+1 Bn(t)dt = xn,
We make use of the fact that Bl'l(x) = an_ 1(x). The Bernoulli polynomials

which we use are

) 1
Bl(x)-x--é-,
Bx)—xz-x+-—

o) = 6 °*

3 3 .2 1
B3(x)=x--2—x + 3 X,

4 3 .2 1
B4(X)—X-2X +X-—3—6-

and

Bs(x) = x5-—5-x4+5—x3--}-‘- .

We use the standard notation

8 @ = B_{x}),

where {x} is the fractional part of x,



CHAPTER I

THE DISTRIBUTION OF arg L(1,x)

1, Statement of results. Dirichlet L-functions and other sums involving

Dirichlet characters have always attracted a great deal of attention, Here
we discuss the distribution of arg L(1, x), where

LiL,x) = £ x@n ’
n=1

and y is a Dirichlet character, More precisely, we examine

D) = lim Dy,

q-> @
q prime
where
1 #
1) Dy®) = ey {x mod q, x#xg: arg L(1,x) < x} .

In section 2 we show that D(x) is the distribution function of a sum of independent
random variables, In sections 3 and 4, we show how to calculate the values of

D(x). The following table contains typical values for D(x):



X D(x) Maximum possible error
-(.5)r 0. 0000001894 0. 000000002
-(. 4)r 0.0007492671 0. 000000002
-(.3)n 0.0208192351 0. 000000002
-(. 2)r 0.1080262718 0. 000000002
-(. 0. 2767402886 0, 000000002

0 0.5 0.0

(. V) 0. 7232597114 0. 000000002
(.2)r 0. 8919737282 0, 000000002
(.3 0.9791807649 0. 000000002
(.4 0. 9992507329 0. 000000002
(.5)r 0. 9999998106 0, 000000002

A graph of D(x) for 0 < X < (. 5)r appears as Figure 1, We also show that

# -
lim 5}7 {x mod q, X;‘xoz Re L(1l,x) < 0} = 0.378 . 10 6+€’
q—®
q prime

where | € I < 4 10 9. We obtain these results using computer programs
(Appendix A) based on Theorem 1, 16,

P.D.T.A, Elliott[8 ], [9 ], [10] has studied the distribution of L(1, y)
and arg L(1, y), but has not obtained precise numerical results, Our
computational approach is similar to that used by Rice [21],

It is interesting to observe that although L(1, x) has negative real part
for about one in every three million characters, no such character is known,
We have computed L(1, x) for all characters with prime modulus < 1300 using
the formulas in section 5, The smallest real part which we found was 0. 1886

and the greatest argument which we found was 1, 3865 = (0, 4413)x.
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2. Reduction to random variables, We wish to reduce the problem of finding

D(x) to the problem of determining the distribution of 2 random variable,

Since L(1, x) = I; a- x(p)/p)-1 for x # x o Ve have arg L(1, x) = farg (1-
X(p)/p)-l. As X(2), X(8), X(5), ... tend to be independently uniformly dis-
tributed on [zl =1, we consider the possibility that the random variable

Y= Z‘arg(l—e(ep)/p)_l, where the Gp are independent and uniformly distributed
in [0, 1), has a distribution similar to that of arg L(1, X). Using a standard
result from probability theory (see Petrov [20,p.266]), we have P(¥ converges)

= 1, since E(arg(l-e(6 p)/p)"l) = 0 and

® -12 21
Z E(arg(l-e(6_ )/p) ) << = -5 << 1
n=1 P n=1

The relation between these two distributions is given in

Theorem 1.1, Let ¥ be as above, Then D(x) is the distribution function of ¥,

In addition, D(x) is differentiable, D(-x) + D(x) = 1 and for x

cex cex
_e°1 2

e < 1-D) < e

22

Here c, and c, are positive absolute constants.
Since the summands arg(l--e(ap)/p)m1 are symmetrically distributed, we
have F(-x) + F(x) = 1, where F(x) is the distribution function of ¥,

From Montgomery [16, Theorem 6,2], we have

M+N
Lemma 1,2, Let s(X)= X a_X(n), where X is a character modulo q. Then
n=M+1 B
M+N
2 N-1 2
z[s]” < @ <1+[—q]> z |al®
X M+1
(n, @)=1

If N < q, then this holds with equality.

We now prove



Lemma 1,3. For all sufficiently large prime q,

z |lgL(,x)- = log(l—x(p)/p)-ll < 22
X#X P<A (A log A)Z

uniformly for e6315 A < q(log q)-7.

Proof, Since L(1,x)= I (1-x (p)/p)-l for y#x o Ve have
D

@ |logLx)- = logt-x®/p) 1| = | = loga-x@/e) Y.
pP<A p>A

[« ¢]
As log(l-z)"1 =z, 2/ for |z| <1, the above is

[e0]
k, k
T T xp) /kp | =
P>A k=1
k, k
| = A@x@/nlogn- = = X®) /kp |
n>A p<A k>log A/log p

< = A(@@)yx(@m)/nlog nl + | Z A@M®y@m)/nlog nl

A<n<q q<n<U
k, k
+| =A @x@m/mlogn| + | = = x( /o |
U<n p<A k>log A/log p

= T, () + Tylx) + Tolt) + T,00).

Using the Lemma 1, 2, we obtain
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® = |rwl<c= piz | = rwx@/mlogal?
X#X g x#X, Xx#x, A<nsq

1 1
< @2 = |A@/nlogn| R,
A<n<q

If A > 1, then

4 = Az(n)/nzlogzn < Té_l-A_ = A(zn) 102A f A (u)sdu .
A<n<q % nsA n g u

<

1
For 17 < u, we have l zp(u)-u[ < uy8/17r Y? exp(-Y), where

Y =\110g /9, 645908801 , as shown by Schoenfeld [24, Theorem 11}, Since

1
Y? exp(-Y) attains its maximum at Y = -%'- ,

As P (u) < ufor u < 19, we obtain ¥ (u) < (1, 166)u for 0 < u, Using this

we have ¥ (u) < (1. 166)u for 17 < u,

inequality in (4), we obtain

2
A<n<g n log n
Combining (3) and (5), we have
1,55
(©) z [T < 22N
X#x (A log A)*

We observe that

| T. )| = “U dg @, %) | M _l¢_(U_J U | @, )| du
2 .

“ulogu qlogq UlogU u2 log u




Vaughn [28, Theorem 2] has shown thatif q > 1and u > 2, then

Zmax l vy, x)l << ul3+u3/4 q5/8 123/ 8 + ul/2 ql7/ 2,

X ysu

where I = log(u q). Hence,

11
2 |1 00 <<aaog0®?+ v T qu 2 gogy™/?
X#X
5/8 ~1/4 / -3
+ aog 1)+ ¢ 20 4 0g 1)*/8 1 qu 2 gog 1y’
We now take U = exp(q1/7), so that
) = |1l << %oz ™2

xa‘xo

It is well known (see Davenport [6 ,pp. 135-136]) that ¥ (u, x)<<

1/

uexp(-c(logu) 2) for x;éxo (mod q), provided that q < (log u)7_ Hence,

o2 SEx) v, = 13@,x)|du
ITB(X)l B lfU ulog u I << J_I_Ilo_gUl+fU 2

u logu
1/

<< exp(- %c(log nH<<a’?,

so that

(®) z |T,m0l <<
X#X

As for T4(x), we note that, forp < A,



s X8l (p) = ik < min@ 2,47}
k>log A/log p kp k>log A/logp p 1- —

Hence,

Tolc2a™ =z e

p<A 1/2

A>p SA
From Rosser and Schoenfeld's work [23, Corollary 2], we have

7 (x) < (1. 25506)x/log x for 1 < x, This gives us

T, 00l 227t r @ s 2 1/291r_(u>_
1/2
< @A /2) 2( w(z ) . 2fA1/2 1r(u)3du>

du 5.02024 1

< 5.02024 [ © <
AY2 Zogu  log a2 A2
. 10.04048
- Alz 2logA ’
so that
10, 04048
©) z |T,ml <4 A

xa‘xo - Al/zlog A
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This completes the proof of Lemma 1, 3, since by combining (2), (6), (7),
(8), and (9), we obtain our desired result,
Our next step is to relate this lemma to the distribution of arg L(1, x).

Lemma 1.4, Let

D@ = 25 ' Xy sE LAY < x}

and

D (x,A) = T-l'z" #{x;lxo: = arg(l-x ®)/p) < x}
P<A

for prime q. If q is sufficiently large and 831 < A < q(log q)_7, then
D (x~6,A) - 2 <D (X) <D (x+6,A) + 2
? s
q 5 log A2 9 < 5(A Tog A) Y2
for all 6 >0.
Proof, Let N denote the number of y#y 0(mod q) such that
-1 N
ngA arg(l-x (0)/p) ~ < x-6 but arg L(1,x) > x, Then Dq(x-a yA) < Dq(x) + -q-_z .

But by Lemma 1, 3,

2(0-2)
"~ s(AlogA)

1/2 °

This gives the lower bound for Dq(x), and the upper bound is proved similarly,
Finally, we relate Dq(x, A) to the distribution of a random variable, We first
need

Lemma 1.5 (Weyl's criterion), Let Bys Bor v be probability measures on IR,

Then the following are equivalent:
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(a) the My tend weakly to Lebesgue measure on IR;

(b) for any Riemann-integrable function f defined on IR,

lim 5 10) (@) = [ (0 40 5

(c) forany h € ZB, h#0,

lim [, e(h-0)du (9) =
k—»ooIR(- k(_

Proof, This lemma is a special case of the continuity theorem for R-dimen-
sional characteristic functions. Billingsley [3, p. 329-335], proves that for

probability measures Py and u on IRR, the following are equivalent:

i) p, converges weakly to u;

(i) lim [ _qdp, =/ qdu for bounded continuous q;
k IRR k ]RR iy

@ii) lim uk(A) = u(A) for all Borel sets A with u(6A) = 0
k

Since the measures in the lemma are zero outside the unit cube, we see
immediately that (a) - (ii) = (c) and (b) - (ii) = (a). By the definition of
Riemann integration, we have (a)—(iii)==(b). Finally, we have (c)—=(ii)—(a)
using the Weierstrass approximation theorem. Using this lemma, we prove

Lemma 1,6, Let F(x,A) be the distribution function of the random variable

¥,=Z arg(l-e(o )/p) , Where the ep are independent and uniformly
pP<A

distributed in [0,1), Given any ¢ > 0, thereis a qo(e) such that if q >q0(€),
then
IDq(x,A) - F&,A)| < €

for all x,
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Proof, The function F(x, A) is continuous; thus, by compactness and mono-~

tonicity, it suffices to establish the inequality for any fixed x. We use Lemma 1.5

with R = 7 (A); the primes p<A index the coordinates of our vectors, Let

1 if = arg(l-e(6 )/p)_1_<_ X,
| e P

£(8) =

0 otherwise,

Thus,

Fx,A) = [

F

£(g) do
and
DyfsA) = [ 1@ duy(0),

where u q is the probability measure which has point masses of weight
-q—_l— at each of the points <E%X1F@—)> for x#x 0 (mod q), Thus, the desired

result follows from (b), We establish (¢), which is to say

Lim — [pe@ 8)du @) =0

2r
h-g= = h 2XBX® _ 1 ... (p)hp
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h
Puta/b= I p Pinlowest terms; here a and b depend only on A and h,
pA
Then e(h. 8) = x(a) x (b), and the integral above is

1 ifa=b (mod q),
= 2 x@x® =

q-2
x¥x0 - -63'—2 otherwise,

If gislarge and a=b (mod q), thena=b, But (a,b)=1, sothata=b=1,

But then h = 0, contrary to supposition, Hence,

ol 8) d (0) = - =

for all large primes q and (c) is established, This completes the proof of
Lemma 1, 6,

Combining Lemma 1,2, Lemma 1,4, and Lemma 1, 6, we obtain

Lemma 1,7, A> e631, then
(10)
2 2
F(x-6,A) - 75 < D(x) < F(x+6,A) + 173
6(A log A) 6(A log A)
for any xand any 6 > 0,
1/4

We can now complete the proof of the theorem, Taking 6 = A~ and

letting A + © in (10), we obtain D(x) = lim F(x,A) = F(x), where F(x) is the
A—x

distribution function of ¥, at every point x where the limit exists and F(x)

is continuous, We have shown that ¥ converges almost surely,
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Thus, F(x) exists for all X, In order to show that F(x) is continuous, we

examine the characteristic function
A
FQ) = [1, eCAxdF@) = [, e(-A¥)dg = I Gep, 272),
1 p

where

iy arg(1-e(6)/p)
G,un) = fol € de.

A
In order to bound F(A), we need

Lemma 1,8, Let

A

M 2
B(p.# 0) =J:ITQ- <6" 36 - 2:172 - 122“ > .
.- 0 1]

0

Hp > py 27 and = B(p,uo)‘/;p— <1, then
0

2 p
e B(P,MO)J; .

Proof, We first show thatif -1 < p sin Eﬂf < land-1<psin (sin-l-% - %)

lG(p,#)

<1, then

2 (r . =1 . ~11 7« -1 .7
|G(p.u)| s-—(—z--sm <psin<sm -I-;--”->>-sin p sin 2u>

T

We have

G@,u) = fol eiﬂ arg(l-e(6 )/p)de - f_mm eiuthp(t) dt,

where hyt) is the density function of arg(l~-e(6)/p). If we let Hp(t) be the

distribution function of arg(l-e(8)/p), then
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(11)
/1 it > tan L e
\}p -1
-1
1 sin psint -1 1 -1 1
—_— if -tan <t<tan
H(t)={( 2 Stz ’
o® = ¢ T Vo1 Vi1
\ 0 ift < _tan-1+
\/p -1
Hence,
pcost -1 1 -1 1
— = if -tan <t<tan ,
7V1-p sin t. p -1 \/p -1
h (t) = |
P
0 otherwise,

Using this result, we obtain
Go,u) = [Z e#th ydt=-" ¥t ¢+ T )at
-® p ~® p [
- -;'- e ei“t(hp(t) - B (t+ % )) dt.
This gives us
(12)
IG(p,u)l < %(% - :si.nm1 <p sin<sin_1-§- - %—))-sin-lp sin —%) .

We next show that for all & > Ho2T

-1 -11 7 T F
(13) sin psin(sin D ) > 5 B(p,po) "
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It is sufficient to demonstrate that
T T
cos — -psin— - cos B - >0,
m p r (p.u)J #i 2

This inequality follows from the fact that

i3
coso 2 21 T 4l 61’
3 5
E) .G
_’_’.. T oAl B
psinu =P 1] 3! 75

and

8 4
B (®,n)p
4

2 4 2 6 3
cos B, uE < 1- BCuIP, B@up B,
g g 4lp 6lu 81u

Combining (12) and (13), we complete the proof of the lemma,
To show that F(x) has a continuous derivative, it is sufficient to show

that

j‘_: If‘(h)ldh < o (see Billingsley [ 3,p.301)).

This follows from the fact that ' G({p, 1 )l < land I G(p, 1 )l << u- 2 for
B 2pp 2. Thus, F(x) is continuous and hence, D(x) = F(x) for all x
(remark: this also has an elementary proof). We now determine upper

and lower bounds for 1-D(x) = P(¥ >x). The upper bound is standard, Let A > 0,
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Since exY > exx for ¥ > x, we have P(¥ >x) < e-"\‘x E(eAY),
We write
AY 1A arg(l—e(a)/p)"1
Ee ")=1f_e de
p O
-1 sin 2r@
1 A p-cos 218
=1'[f0 e dé =1I E(p, 7).
p p
Since tan L S 210 11 , we have
p-cos 276 - P
asin T L
E(,A) < e P
In addition, we have
-1 sin 270
Atan T — )
_ 01 -1 sin 278 ( p-cos 276
Ep,A) = fO 1+ tan 5-005 21 0 + 31 dé
2
A -11.2
7 G )
<e
Combining the above results, we obtain
2
-11 A -11.2
A Z sin = = 2 (sin =)
E(eAY) <e pg)t P, 2 p>A P
We have
-11 1
Z sin == Z —+0(1)=1loglog A + O(1)
pLA Popea®
and

> i try2-of = --;- =°<T%R>'
p>A P P>\ P J
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Hence,

P(¥>x) < e—xx+hlog log A + 0(7@).

C4ex ) _ec2ex
Thus, we can choose A = e so that P(¥>x) < e

We now obtain the lower bound, From (11), we have arg(l-e(9 )/p)-.'l >

11

sin 7 tp with probability

-1 -11
sin sin(sin " — -t
p sin( ) p)

1.
2 T

From (13), we have

-1 ., .-11 T Jpp
—_—- > — - T —
sin “p sin(sin > tp)_A2 B(p, 7p) = _
11

for tp < -:—;- . Since B(p,mp) > V3, we see that arg(l-e(d )/p)-l > sin’ > tp

3p
with probability > :p . Write

Y= = arg(1-e(a)/p)'1+ = arg(1-e(a)/p)'1=y +¥_.

p<T p>T 1 2
1 cge®

Then P(¥ >x) > P(¥,>x) P(¥,>0) > 5 P(lex). But we can choose T = e

so that

-11 1
Yl > Z sin  —~-=-=1loglog T+ O(1) >x
p<T
with probability
7 (T) X
_ecle

1
> 1 _P=<_3_> 2 oM,
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Thus,
eclex
P(¥>x) >,

which completes the proof of the theorem,

3. Approximation of F(x,A) by an infinite sum. In the previous section,

we reduced the problem of determining D(x) to the problem of determining

the values of F(x+5,A). In this section, we establish the following

° k1o 2 2k
Theorem 1,9, LetG(p,u)-kZ 1'[ G - 4 )/(kl) p , where
-1 2 =0 j=
mogi-E-)-1, If0<x<—3— o<h<-3- A=e#"5336 paR=r@a)
J—O 2 _4qr 9 ?
then

w
F(z,A) = 5+h = (fz%‘:g'—l 1 G(p,21rnh)>.
p<A

N ==
To calculate F(x,A), we write

© e(Ax)-1 A

1
F(x,A) = §+f_OD Ty F,A)da,

where

A
F(L,A) = [ e(-Ax) dF(x,A);
see Kawata [13, p.128] with a change of variables, Here

e-A XY, )6 = 1 j(')le(-h arg(l—e(e)/p)-l)de

p<

I G{p,2r2),
pP<A
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where

Glp,u) = j(')l o 1 1 arg(l-e(8 )/p)do.

1
2
But ei argz_ 2

= e , so that
2%
e 1H arg(l-e(6)/p) _ <1-e(0 )/p > I'.‘(/z
- \1-e-6)/p )
Put
a-e(0)/p)/? = = a, e(ko),
k=0
where
k 5 k
a = 1) ( 13)/;)
and
(l-e("a)/p)_p/z =2 bl e(-19),
=0
where
l <' E") l
2
b, = 1) ] /p .

Then the integral is
fol(*f{ a ek0)(She-lo)ds = T ab .
l

But
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B\ [ &
) 2o -4)
k/\x/ @0\ 4

o k-1 2
cEun =z I (jz - FT) /acty? o2,

so that

k=0
In order to write F(x,A) as a sum, we use a method introduced by

Rice [22]. From Weiss and Stein [31, Corollary 2, 6], we take

A
Lemma 1,10 (Poisson summation formula), Let f(t) = f:oe(-th @a)da., If

A -] A -]
=1 twetrrdt, |t [<aa+al) 1-0 and [t)| < A+lt]) ™79 for some
6 >0, then
0 © A
= fm)= = f@m).
S=00 m==c0
If £(0) is integrable and of bounded variation over every finite interval,
A
and £() = 3(E(A+0)+£(A-0)) for all A, then f(A)=/"_ f(t)e(tA)dt (see Kawata [13,
Theorem 4, 34]), Thus, we have

A
Corollary 1,11, If f satisfies the above conditions, and f(t)=0 for ltl >€>0,then

[Z fpydr =h = fmh)

=00

for0<h<1/e.

We need to show that if 0 < x< %‘E, |t|241r and f(A)=%%§-—1-/];‘(A,A),
then ?(t) = 0, In demonstrating this, we make use of the following result
(see Whittaker and Watson [32, p.115]).

Lemma 1,12 (Jordan)., Let T be the semicircle of radius r and center at

the origin which lies above the real axis, If Q(z)—0 uniformly with respect

to arg z as |z|—~°o for 0 <argz < v and Q(2) is analytic when Izl > c and
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0O<argz<m, thenlim f eisz(z)dz = 0 for all positive integers m,
I~ p
Using these two preliminary lemmas, we prove

_ex-1 A 3
Lemmal, 13, Let f(z) = iz F(z,A). f0<x< 5 and
0<hg 1 ,
> 1 + 1 +X
p<A ,pz—l\ 2r
© @
then f f(A)dA =h Z f(nb),
-
A
Proof, By Corollary 1, 11, it is sufficient to show that £ (t) = 0 for
1
| tl > Z 1 + 21 + x, since |G(p,p)|_51 and |G(p,~u)| <<y§for
p<A /p2-1 4

B2py2T. We have

A
£ (t)

L: e(-tz)f(z)dz

lim [ e(-tz)f(z)dz.
r—o I

From Lemma 1, 12, we know that the above limit equals zero if
e(-tz - 2i1r-)f(z) = 0 uniformly with respect to arg z as | zl - o for

0<argz<m., Fort<0,z=rcosf+irsing and0 < 6 < 7, we have

(14)

| e¢-tz - —2%) fz)| = | expe2rizt - iz)] lfﬁ‘)—'—l—

| n |Ge,2rz)]
p<A

s”l exp<(21rt+1)r sin 9)| lexp((—z'irt-l)ir cos 0)'

| exp(@rixr cose)|| exp(2rxr sing)|+1

4 n|cw, 2rz)|

p<A

2 exp(r sin 0 (1+ 27 x+2r t))
T

n |cp,2rz)].
P<A

A
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In addition,
(15) ) 2riz arg(1- e (W) )
G(p,2r2) = [ e P du
, 2miz tan"1 —-——*"’“‘oz’;u
= fo e p—-cosaru du
and for0<u<1l
(16) [ta.n-l sin2ru I < ta.n-l 1 < 1 ]
p-cos2ru /pz-l - ,/pz-f

Combining (15) and (16), we obtain

. -1 sin2rt
2riz tan~1
@) |ce,2r2)| < max |e p-coSrY |
o<t<1
( 2rr sin @
L &Xpl——"].
Jpg-l
Using (17) in (14), we obtain
2 exp(2rrsing( = = + —1-+ X+ t>>
2 ( <p<A h2-1 &
e(-tz - 5@ < —== :

Thus, I e(-tz - ;—“)f(z)l =+ 0 uniformly with respect to arg z as l zl -o for

O<argz<mift<-{ = 1—+21 +x>,whichshowsthat?(t)=0for
p<A /p2-1 T

theset, Fort > 0, we have
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[ e(-t2)f(z)dz = [ " e(tz) -P%f-’i-‘g-'l I G, 2rz)dz,

P<A

and proceeding as before, we obtainf(t) =0 fort > = 1 + 1 + X,
P<A /p2-1 2
This completes the proof of Lemma 1, 13, Finally, we need

Lemmal 14, If0<x< 3r and A = e647' 5336, then

2

Proof, Put

1 1 > 1

= = = + =S.+S
p<A Jp?-1 p<1010 Yp2-1 1010<p<A Jp2-1

1 72

We obtain S, < 2.30316 by direct calculation, We have

1010 z = < 10000006 x =

S, < =
2= f1010)2-1 1010<p<A P 1010<p<AP

Using Lebesgue-Stieltjes integration, we write the last quantity as

L 0000005( 0 (A) 0 (1010) (log u+1) 9(u)du> .

A
- + f
AlogA ~ 1010 log 1030 " /1020 2 2

Schoenfeld [24, p.360] has shown that 6 (u) < (1. 000081)u for u > 2 and we
have calculated that 6 (1010) > 963, 149658, Thus, the above expression is less

than 4, 55, Hence,

< 6.8532
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and
1 < 1
am P> 21 + 2—1 +X
pP<A p -1 i
foro<x< —321- , Which completes the proof of the lemma,

The theorem follows directly from Lemma 1, 13 and Lemma 1, 14,

4, The calculation of F(x,A). In Theorem 1, 9 we reduced the problem of

evaluating F(x,A) for 0 < x < 3r to that of evaluating

2
1 2 e(nhx)-1
Ml h = “orinh I G(p,2rnh)
n=-o p<A
when 0 < h < 741? and A = el 5336. For n= 0, we have
lim h-‘zﬂ?n%'i I G(,2rnh) = hx,
n—+0 4 p<A

Forn > 0, we have

e(-nhx)-1

= m;l pgA G(p, 2rnh) + —5— pISIA G(p, - 27 nh)
_ 2 521:1121’1”‘1"‘ nA G(p, 2rnh),
J 53
Using the above equalities, we obtain
F(x,A) = %+ hx + 2h ; sl;riznhx n  G(p,2rnh),

n=1 p<A
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We now take h = -41? . We first truncate the above sum, By taking

Bo = 800 in Lemma 1, 8, we obtain

n 2 Bp, 8°°’4Upz‘

© «© T
= B ncpamlsy z RS,
n=1601 psA n=1601

2\
I T o T
. 800) © pg24l

- 27 J 800 Il55/ 2

< 0.5 10716,

Using this, we obtain
FXA) = o+ X4 o- = Ss— T Glo,n/2)+
(9 )_2 4,” 2,", n2 p<A ’ 69

with |e| <0.5. 107", To further truncate our sum, we need to compute

G(p,u). The method we use is justified by (.‘.‘_)2 (1) 2% 1)
2

21 (N+1)

Lemma 1,15, LetL = [L] and f(p,p,N) =

V2 23 20T) -

If we choose

4
L if £(o, 1, L) = 1076,

8 1og10+( [ |+ )10g(—ES—\- L1og2n([E] 1
og 0+([ ‘/2]+ ) og<2([$_2}+1)> 5 og w([/2]+ )
N = < log p if £p,, L) >10° 16,

20c+1) 4 -16 .
> B @ 1) <0

ue
greatest integer k such that<——2 & ip

if £(p,u, L) <105,
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then

Gp,u) = =
k=0 (kl)zp2k

4 . -16
where R | < = - 207,

Proof, Put

k-1 2
m (2 - £
. < 4) 2 2\/ 2 2
= 2 -2 Je- 2o -5 (1 - )1
2 2k 2 \4 4 2/°°° 2 2k
&!p k 4(2) 4k-1) /' p
and
g
© 1 1 1
T _ = max
N 2 2 2 * 2 1
a1y P

We first show that

u -
18) Oy -sen(hy, PTy < Ry < Yy, (+seny )T)-

We have

2 2
R.=u 1. 8D [k 1

(N+ 2)2 4(N+ 1)2 p2

+ool

If we put
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|1
24

2
8 = (N+1) |1 B [ 2 (Nd) |1 “1_
(N+2) 4(N+1) ¥ 3)2 4(N+1) 4(N+2)

+ooo’

then

Une 1Sy S By S W (S (Mg, 420)
and
uN 1(1+SN) < RN < Uy 1(1-SN) ( N 1<0).
Obviously,
SNsll- "2|:‘lz+l1- K |1’1+
4MN+1) p 4N+2) p
Less obviously, we have, for all M > N,
2

g if N+1 -’;—,

2 2
4(M+1) 4(M+1) 1 otherwise ,
This is certainly true if M < —"2‘- , Since
2 2 2
|- M2 = “2_15_&_2’
AM 4M
B -
When2 _<__M_<_‘/2 , we have
“2 uz uz u2
|1-E£5]< 1- < <.

Y aw/va? T apv2® T o
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“2 Hz 2 I-l
5 5 + ) + e if N+1 —2-
4(N+1) p 4(N+1) p

otherwise,

so that (18) is true, We have

(1 (#2>(H-2> u’ > “2\ 1
e\ NN T %) 2T
<E2-)2(N+1)
< N <&,
(1) 20D )
ol < < '
L) i
My N Ay ) \agley® / p2 0
n
" >2<[21+1)
< if N> £,
(5 1% ve
\
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Since M-1)! = MM-%e-M (21r)% es/12M for 0 < s < 1 (see Whittaker and
Watson [32, p.258]), we have M! > i e M on ) and thus,
r
({i.)Z(N-I- l)ez M+1)
2 u
ifN< ~—
I [ o (N+1)2N+3p2(N+1) 272
u <
N+1' = {
L 2
RUCEREE
2 - if N >Tf&2'
2 73
[ : 2(N+1)
gl )

If we choose N according to our algorithm, then

B e 1
N > [zp],N+1_>_ 2padeN§3.

4.
3

Using (12) to bound | G(p, M)I for p < 101, and Lemma 1, 15 to compute

Thus, our algorithm insures that IRNI < 10-16.

l G(p,u)| for 101 < p < 1871, we obtain

1 1690 i nx/2 -16
I o7 z a2 II G(p,n/2)| < 0,44249-10 ",
T n=401 p<A

From this, we obtain

F(x,A) =

Nh—-
3
+
™

n G{,n/2)+ ¢,
p<A

where | e| < 10718,
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Since we cannot compute G(p,u) for all p < A, we need

Theorem 1, 16, Let

® 5
-10
G,u) = Z uw, S (P,u)= Z u+u,(l-sgn(,)(2.1-10 "))
’ k=0“k L k=1“k 6 6
and
5 -10
S..(P,u) = = Y +u (I+sgn(u,)(2,.1-10 7)),
H k=1 6 6
Let
36
-2m
B; ®,4) = Z Db(m,p)p
m=1
2 3 4
= §; o,p) - + -
LY’ 2 3 4
5 6
SL(p,u) 1. 00000001497 SL(p, i)
T8 B 3
and
36
= -2m
ByP,u) = Z b(m,p)p
m=1
2 3 4
= S,0,1) - + -
H™? 2 3 4

5 6
. S PsH) i Sy, 1)
5 6
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Let V = 1155901,

-8 -84
0. 998697 - —- 0, 998697 - —

V2n- 1log \'A A2n-1 log A

IL (n) =

+ 0. 998697(E 1((Zn- log V)-El((zn- 1)log A))

and

-2
v 0. 000081

+
v llog \' (1011)211- 11og 101!

IH(n) = + El((2n- 1)log V)

+0,000081 E_((2n~1) log 10%Y),

Let

L@ ifbmw >0,

I (@,p) =
@ ifb@,u <0,

I@ ifb@,u) >0,

I @ ifbm,p <o,

36

Q W) = T ba,u) I, (n,u)
n=1

and
36

Qu®) = T b(n,u) I, p).
n=1
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Let
sin xu
R ) = B a<pev
L(P') -
exp(QH(p)) otherwise
and
xp@uE) =K 1 6w 20,
R _ K 2<p<V
H("‘") = -
exp(QL(p)) otherwise,
3
H0<x< 5 then
400 ‘
%+ — 2:; = 11;7;/2 I Go,n/2R; (©/2) - € < F(x,A)
n=1 2<p<V
400
1 x 1 sin nx/2
< z+=—t=— I I Gfp,n/2)R_10/2)+¢,
2 47 2rn n=1 n/2 2<p<V H

where 0 < € < 10 16 7o prove Theorem 1. 16, we need the following
auxilliary results,

Lemma 1,17, If0<y<landMe Z+, then

M ym yM+1 1 M ym yM+1 1
B ? m M+l (1_y>510g(1—y) <0 B T W (1—(y/2) )

m=1 m=1
Proof, For 0 <y < 1, we have
M m © m
lg-y) =- = - =z I,

m=1 m=M+1
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The lemma follows from the fact that

® m M+1
s J y <1>

IA

m=M+1 m M+l \1l-y
and
@ m ® m M+1
r -5 = y y ( 1 )
m=M+1 m - m=M+1 (M+ 1) 2(M+ 1)-m = M+1 1- 0’/2)

Lemma 1.18, If 0 < u < 200, then

36
exp(z b, [ —;‘—:i“l->s T Gi,u)
=1 LAY log u V<p<A

36
- A do ()
< exp< = bw [, —2;———>

n=1 u logu

Proof, From (16), we obtain

5 5
1+ = uk+u6(1-sgn(u6)T5) <Gp,p) <1+ Z uk+u6(1+sgn(u6)T5).
=1 k=1
-10
Since T_ < 2.1+ 10 ", we have

5

1+ S, (0,k) < G, 4) < 1+ S, (0,1).

Since 0 < -8, (P, 1) < -S; B,1) < 7.485" 10-9, we can use the above lemma

to obtain
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By (P, 1) < log G(p,u) < B (p,H).

To complete the proof of Lemma 1, 18, we note that

36 36
-2n A de
Z B = Zbou I o= 3 baufs 8
V<p<A n=1 V<p<A n=1 V u logu
and
36
= A do(u
z Byp,p) = Z b(n.u)f,r—z;'i')—- .
V<p<A n=1 V u logu

To bound the integrals in the above lemma, we have

Lemma 1.19, Ifn >1, then

A do) A doq
L g [ —r——and [ ———— < L)

V u logu V u logu

Proof, Schoenfeld [24, p360] has shown that 8 (u) < (1.000081)u for all

u>0and 6(uy<ufor0<ucx 1011. Using this result, we obtain

(A_G@ o't do ) LA _ds
v uZn log u v u2n logu 1011 u2r1 log u
_ s T 101! 2n ggu)du
0oz 10 v®10ev VT a® hog’u
10]'1 6 (u) du

+[ ] 2
u ogu
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+ 0 (A) _ 0 (1011) + 2n6 (u)du
10101 (101 P0g 1011 20M 0 Yog u
0 (u)du
+ fA ol L 2 -
og u

The lower bound is obtained similarly,

Using Lemma 1, 18 and Lemma 1, 19, we have

36

exp@ @) = exp Z b, @u) < T Glo,u)
n=1 V<p<A

36
< exp = b(n,u)I,m,p) = exp@p 1),
n=1
which completes the proof of Theorem 1, 16,
In computing F(x,A), we use the fact that 6 (1155901) = 1150824, 716,
In addition, we use the following result from Abramowitz and Stegun [1,p.231]:

Lemma 1, 20, Let

a, = 8,5733287401,
a, = 18,0590169730,
ag = 8, 6347608925,
a =

0.2677737343,
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= 9, 5733223454,
= 25, 6320561486,

bl
b2
b3 = 21, 0996530827 and
b 4 = 3. 9584969228,

Then

- v4+a v3+a v2+a v+a
E(V)_fooeydy 1 M M
1V Ty y -

+ €(V)
v 4 3 2 ’
ve v +b1v +b2v +b3v+b 4
-8
where |e(v)| <210 °,

Since we compute G(p, 1) with an error of < 20 16, the relative

3

error in computing II G(p,pu) is less than 10 10. Thus, we can compute
2<p<V 9

the bounds in Theorem 1, 16 with an absolute error < 1,9-10 ., Taking

5 =e 0 in Lemma 1, 7, we see that we can compute D(x) with an absolute

error < 2 10—9.

5, Calculation of L(1,x). Itis well known (see Davenport [6, pp. 67-69])

that

where q is a prime and

T(x) = Z x(m)e(m/q).
m=1
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Hence

q ®
~—— = x(m) = e(mn/q)/n
T(x) m=1 n=1

L(lv)() =

a1 _
- Z  x(m) log(l-e(m/q)).
T(x) m=1

-1

Suppose that x (~1) = -1, We have

X (m)log(1-e(m/q))+x (¢-m)log(1-e((-m)/q) = X (m)log (——7—1:‘;2/ ‘;’) ) :
riE1+ 22
But (1-e(m/q))/(1-e(-m/q)) = e q ’, so the above is

X @)mi-1+ 22,
q
Thus,
a1 Tt 2m
L(L,X) = 5= Z Xx(m) 1ri<-1+ --)
21X q q
q-1

= my(m),
m=1

ri
T(X)

Suppose that x (-1) = 1, We have
X (m) log(1-e(m/q)) + ¥ (q-m) log(l-e((-m/q)) = 2 (m) log| 1-em/q)| .
But | 1-em/q)| = 2 sin lq@-, so the above is

2% (m)<log 2 + log sin ”—:1—> .



Hence

-1
T(X)

L(L,x) =<

-ri

T (¥)a
\
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Given a primitive root g mod q, we compute

- Q-1
19 7T(x,)= = e(—_—)e
k r=1 a-1

1 1
_—
(20) T()Ek) ot
L(lnxk) =
‘ -ri q;
T
forl1<k < a1 .

2

q-1

= x@m)logsin T  ify(-1)=1,
m=1 1

q-1

z my(m) if x(-1) = -1,
m=1

T
(" mod q)/q),

r

e<2-lj"T) logsinlr—(-g—:l;.dgl R =1,
1 -kr\, r -
e(—T>(g mod q) ey =-1,
1\



CHAPTER I

THE DISTRIBUTION OF THE ERROR TERM
IN THE PRIME NUMBER THEOREM

1, Statement of results, When we examine the distribution of prime

numbers, 3 (1) is often a more natural function to use than w(u). If we define

y@) fufp™,
b o) =

P(u)-3A(u) otherwise,
then we have the von Mangoldt formula
po(u) =u=-2— -log2r - 3log(l-u ")
p P

for u > 1, where the sum is taken over all non-trivial zeros of ¢ (s). We

will examine

z,bo(u) -u+log2m + Llog(1 -u-z)

H(u) = ==-2
p

i

u

assuming the Riemann hypothesis and the rational linear independence of the

positive imaginary parts of the non-trivial zeros of ¢(s).

Given the Riemann hypothesis, we write the non~trivial zeros of ¢ (s) in

the form p = 3 +iv, and obtain

39
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uw
Setting u = e', we write
(lr)uu) =h(v)=~- = (exp(iw) + exp(-tw)>
yso\ F+iY 3-ly
=- z SQOV-3tEe))  » SCIV-SIER)) .y (v) +h,w).
>0 Lo 7>0 [l

This function is related to the probability distribution of a random variable in

2 8in2q Oy _
Theorem 2.1, Let W= .Z ‘—,—r"" , where the 97 are independent and
P

Y>0
uniformly distributed in [0, 1) (almost sure convergence follows by arguments

analogous to thoseused in Theorem 1,1), Let G(x) be the distribution function of ¥.If

the ¥ >0 are linearly independent over the rationals, then for every real x,

lim -l-meas{v:0<v<V, h(v) < x} = G(x).
Voo V - - =

We need several preliminary results, From Wintner and Jessen [33,

Theorem 29] we have

Lemma 2.2, Let &, be the circular equidistribution on Sj ={z: l zl = rj} ,

j
where for any Borel set E, & j(E) =u (SjﬁE)/p (Sj) is one-dimensional

measure), Let Tis Tos oo r be positive, 11, A POREE An be linearly

independent and 6_, 6

1* 992 eees Gn be real, Then the asymptotic distribution of

sn(t) = rlexp(i(A 1t +6 1)) + rzexp(l(A ot +6 2)) oo +rnexp(1(A nt + Gn))



41

is the distribution zpn= PR A RN X
From Wintner and Jessen [33, Theorem 7] we have

Lemma 2.3. The convergence of the series ri + rz + +++ is necessary and

sufficient both for the convergence and the absolute convergence of the infinite

convolution o, * q>2 Koeve,

Since N(T) << T log T, we have

-}
z 125_. b2 -35<< El_ogz_n<°°.
'y>0|P' y>0 o =1 ,

Using the previous two lemmas we see that the asymptotic distribution of

h,(v) i8 &, * &_ * «+. and the asymptotic distribution of h_(v) is &, « & ooy
1 1" 72 e(6.) 2 17 72
Y5
where ‘I’j is the distribution of -[—-—'IL . Hence,h(v) has asymptotic distribu-
Pj
tion & 1* 31 * By P g* e . But the distribution 'I’j * '&j is the distribution

28in2m 6,
J . Thus,the asymptotic distribution of h(v) is the distribution

]
of ¥, which completes the proof of the theorem,

of

The following table contains typical values for G(x):

% Gx) Maximum
possible error

-1,0 0,000000263 0.000000194
-0.8 0.000047207 0.0000002
-0.6 0.00213582 0.0000002
-0.4 0,.0309492 0.0000002
-0,2 0.178533 0,000001
0.0 0.5 0.0

0.2 0.821467 0,000001
0.4 0.9690508 0,0000002
0.6 0.99786418 0,0000002
0.8 0.999952793 0.0000002
1,0 0,999999737 0,000000194

We obtain these results using computer programs (Appendix B) based on
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Theorem 2.12, A graph of G(x) for 0 <x< 0.8 appears in Figure 2.

Montgomery [18] has shown that G(x) is continuous,
G(-X) +G(x)=land for x>1

exp (-cf/'i em)s 1 - G(x) < exp (-czw/_x efm).

Here ¢, and ¢, are positive absolute constants,

For large values of u, we show in section 4 that

1y = EXRE(T)) 1
G'® = FerT) <1+°(JTlog' T)) ,

where

fz)= = logI< > /2
Y>0 el

and T is chosen so that £'(T) = 0

Using this formula, we can find constantsa_, a_, a_,and a 4 such that

1’ 72’ 73
Y2mu +a4
G'(u) = exp <— (1/ a,u+a, -aa)e + 0(ﬁ)> .

2. Approximation of G(x) by an infinite sum, In this section, we first

establish
2sin27 6
Theorem 2,4, Let G(x, B) be the distribution function of ¥ =z
58,223085 B 0<7<B P
f0<x<1l B>e ° and R = N(B), then

|Ge) - G, B)| < 10712-2%
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1.0

0.9

0.8 1

G(x)

0.7 -

0.6 -

0.5
0.0 0.2 0.4 0,6 0.8

Fig. 2 - A Graphof G(z) for 0 < x< 0.8
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We need several preliminary results, From Edwards [7, p. 45] we have
Lemma 2.5. Let f(z) be an analytic function on the disk l zl <r, letf(0)=0
and let M be the maximum value of Ref(z) on the circle l z| =r, If r,<T,
then |f(z)|_<_ 2r, M/(r- r,) on the disk l z|5 r,.

We use this result in proving

T

0 28 ¢(3+it)dt. Let

Lemma 2.6. Let S(T) =/, St)dt = 1

A =-1,7412588,
B_ = -2,864789,

e

L
CL = -0, 3936986,
DL = -3.866149%4,
AH = 0,0198943,
BH = 0,4774648 and
DH = -0,666871,

If the Riemann hypothesis is true and T > 1005, then

7
ALlogT+BLloglog T + CLloglog (T +J-4_- )+ DL

< Sl(t)g AH logT +BH loglog T +D .
Proof. From Titchmarsh [26, p. 188] we have

5,0 = 7 J; log |t 0+ 1) do- 1 1og £ )] do.

2

From Edwards [7, p.192] we obtain

© ] -0 3
| 15 10gl e +im o] < 1) 302 do= i

and
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0 3

Hence,

(1)
1,2 1,2
5,(T)= 3 J3 log] g(a+iT)ldo-1-r'f% log]| g(o)[dg+R(T)=K1— K, + R(T),

where

-3
m21l0g2 = R(T) =2 0.

We first bound K, . For a fixed T we let 7, = 2+1T and let C be the

circle centered at 2, with radius R = 2 + ¢ such that no zeros of ¢ (s) lie

on C. Since e can be made arbitrarily small, we can assume that R = 2
in our computations., Assuming the Riemann hypothesis, we let zj = %-l-itj,
for 1<j<n, be the n zeros of ¢ (s) inside C. Finally we let F(z) =
n RZ - @-Z,) (2 2)
z) T a_(z), wherea (z)=
t@ 1 2,0, §(@ RE-z)
We apply Lemma 2,5 to the diskl z-2, | < R with £(z) = Relog(F(z)/ F(zo)).

Since f(z) is analytic in the disk and f(zo) = 0, f(z) satisfies the conditions of

the lemma. Thus to use the lemma we need only to bound

@) Re log (F(z)/F(zo)) = Re log F(2) - Re log F(z).
On [z-zol = R, we have

n
Re log F(z) = log| F()| ~log| ¢ (| + Z oglayea].

From Backland [2, pp.362-367], we obtain, for z=o+it and 50 <t,
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logt - .048 if1<0o
1l-g
—_— -1 -1
_t) 2 4 5\ ey
lg(z)l5< (21r) logt<1+t2> <1+t2> fs5<0<1
T [
KE;) log't<—2—> ifo<o<%.
t -4
Since la.j(z)|=1 on I z- z0 ' =R we have
(3) Re log F(z) < Re log ¢ (2)
(log (logt - .048) if1<¢
g, .t - 4 3\ 1
S< > log 27r+loglogt log <1 +t2) (1 +t2> fz<0o<1
1- t t2
—Glog——+loglogt+log< > if0<o<i
L 2 27 2 - -
t7-4
for ,z-zol = R.
We next obtain a lower bound for
e+ = togla(z)]
4) Re log F(zo) = log g(zo) + jfl log aj(zo) .
From Edwards [7, p.190] we have
1r2
®) log| ¢ (zo)l > -log £(2) = - log =

In addition,



47

laz )l =| =B—[>1
ito (zo-zj)
and thus
6 Z log| [0
( ) j=1 Og a'j(zo) 2. b

Combining 2), (3), (4), (5), and (6) we obtain
f(z) = Re log(F(z)/F(zo) )< 3log T +loglog T - 0.4212345 = M
for 1005 < t and I z-zol = R. Applying Lemma 2.5 to £(z) we have
(") !f(z) | < 6M
in [ N l =< g . From this it follows directly that
fRe log F(z) - Re log F(zo)[_g 6M.

and combining this with (4), (5) and (6) we obtain

2

(8) Re log F(z) > -6M ~ log£6— .

We can now bound Kl' Using (3), we obtain

1 2
9) K1 =j"]= J1 Relog g(a+iT)da+?:rl. fl Relog ¢ (c+iT)do

1
2

1,1 1-¢ T 1,2
_51rf (S log21r+loglogT)do-+1rf loglogTdo

3 1

<0,0198943 log T + 0.4774648 loglog T - 0,0365633.
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Using (8), we obtain

(10) K, =

3=

2
f% Relog¢(o+iT)do

2 n
[, Relog F(c+iT)do -1 T [, Reloga (¢c+iT)do
3 T =1 2 J

n

3 =

2

1 n 2
>-(-6M-loglr—)--]-‘- = [, Reloga
T ‘"J 2

5 Z (c+iT)dg.

j

Thus we need to find an upper bound for

n 2 2
(11) 'El J1 Relog aJ.(o+iT) do < n mjax f log| aj(a+iT), .
j=1"2 3

From Backland [2, p.355], we have
(12)
T T T

IN(T) - <-27r log — - o +%>|<0.137 log T+0.443 loglogT + 4.350

for T > 2., Since we are assuming the Riemann hypothesis, the zeros zj

inside l z2-2z, I =R have real part equal to 3 and for T > 1005

(13) n< N<T+ﬁ>-N(T-‘/£>

4 4
/z‘ /i T i i
T T+y4 T-v 4 1 /7 T+ 4 T-v4\ 1 J7
527r log 2mT - log 27 +21r 4 <log 27 + log 27 >_1r 4

+ 0,137 (log <T+\/%— )+ log (T-\/; )>+ 0.443 <log log (T+~/Z )+ loglog (T-\/z

4

o
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_JI) 2m 4

4

I AW (NESRY.

+ 0,137 (2 log T) + 0.886 loglog (T +‘/g>+ 8.7

< 0.6950843 log T + 0. 886 loglog ('r +/;Z? ) +17,9266538,

From the definition of aj (0+iT), we write

R @-7) (2-7)
R(z-zj)
4 - (((3-1t)(2-1T)) ((+iT) - 2+iT)))
log L -
2((+iT) - (§+1tj))
1+§-o-ibj(0'—2)

do

2 2
f; log{aj(o-ﬂT)ldc = fl log
2 2

do

]
—
Doje o

2
20-1+ i.2bj

f

log do,

il

(MY

where bj =T - tj. Since we are assumhig the Riemann hypothesis, [bj [ < «/Z-_ ,

and in this range
3

1+ 0')2 + (0'-2)2 b,2
1 2 1
=zlog 2 2
(20-1) + 4bj

u+gaf
< 1 log — |-
(20-1)

Combining the above two results we obtain

3 .
1 +20-1bj(0'-2)

20‘--1+i.2bj

0 < log

(14) 3 2

2 2 (1+Ea')

0</f, loglaj(o+1'r)fda < %f% log (—2—
) .

>dcr < 1,3959830,
20-1)
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Combining (10),.(11), (13) and (14) we obtain
(15)

2 ' 2
L 10glr@rimy)de 52 (-6M - log-’-'—) -1 (1.3959830) (0.6950843 log T
T35 -7 6 T
+0.886 log log ('r + /Z ) + 7.9266538),

which gives us a lower bound for Kl'

To bound K2 we use the formula (see Edwards [7, p.114-115})

A
o Bl(u) du 1

(@) ==Sp+h-0ol] T iRy

where 0 < ROS%. This gives us
bt cr@ s S,

Thus,
a6  logl="7 + L l<togle@l<ioglls + 4l G0 <)
and
an  logl=s+dl<rogle@lstosl 5+ 2 <o <.
Since

1
f% logl-&-_-l_—i+cl=—;—logiz-c[-%log[l--qu

fori<ecx -],.7_2' , We use (16) to obtain
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17
18) %logJ; lzlog24_f% logls(o)ldcr<%log§-2log4

Since
leogl-L+cf=(1+l)log[1+cl
1 o-1 c
for § < cg%,weuse (17) to obtain
(19) 3log§< leoglg(cr)ldo<-5-log-5-
2= <083

Combining (18) and (19), we have

20) 0.6303077 < K, < 0.6541774.

Combining (1), (9), (15) and (20) we complete the proof of the lemma.
We next prove

Lemma 2.7, Ifm > 1, then

b log ydy 1 1 1 1
@ J = — <log a+ )- <logb .,...___)
a ym+2 (m+1) am+1 m+l m+1) bm+1 m+l
b log log y d 1 1
J R 0B Y Y 5—-———<log log a +--———-)
a ym+2 (m+1) am+1 (m+1) log a
(ii)
1 1
- ) bm+1 (log logb + (@1 log a)
b 10g log<y +\/§ )dy 1 7) 1
fa m+32 S m+l log log (a. +‘/£ * _'i-
y (m+1)a (m+1) logla+ 2 )
(iii)
- —-l-m (log log (b +\/-Z)+ L
(m+1)b (m+1) log (a g )
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and .
b dy 1 1 1
tv) fa m+2 m+1( m+l * m+1) ‘
y a b
Proof. We have
fblgx y__ loga _ loghb 1 (b gy
ym+2 (m+1)am+1 (m+1)bm+1 m+1 a ym+2
1 1 1 1
= ——————| Joga + <logb + ),
(m+1)am+1( (m+1)> @ +1)bm+1 m+1

fb loglogydy _logloga _ _loglogh , _1 J’b dy

a ym+2 - m+1 m+l (m+l)“a m+2

(m+1)a (m+1)b logy

logloga __loglogh 1 fb dy

- (m+1)am+1 m +1)bm+1 (m+1) log a “a ym+2

= -——1—-—-<log loga+ 1 )- 1 <loglogb + —1-—)
(m+1)am+1 (m+1) loga (m+1)bm+1 (m+1) loga

fb log log(y + /;)dy < 1m+1 <loglog< ﬁ ) . ) )

a ym+2 (m+1)a (m+1) log (a + V’Z

(m+1)b

<loglog6> +\/_ @) log (a.+ 77 )>

and

[ 11
a m+2 m+l m+1 m+1 [’
y a

We use this lemma in proving
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+
Lemma 2,8, Letne® . Let A B C y,D_,A_ ,B andD be as in

L’ L’ "H H
Lemma 2,6. Let N(y) = %rl log-é};—r éy— + 7 + S(y) + G(y), where

S(y) =%r arg ¢ (5+1iy). If a > 1005, then

b dNy) _ 1 ( b)
fa iliiy e log2'1r

2

2
) (h)g ga;) >+ S(b) + G(b) _ S(a) +Ge)

1/25 7
+ 2<96 + (A AL) loga + (B L) log log a - CL log log <a. +/;)+ (DH-DL)

s e - )_ L (2 a +BH>
2 2loga 2b2 487 H loga/’
b dNg) 1 ( 1 1 b 1
P < — (log >— ) = <IOg +
a [1+iy]20=, en-1)a2""1 21r ¥ 2n-1 2r@En-1)p2a1\ 27 20 1)

Sk) +G(b) _S@)+G(@)_ _2n 25 ) _
¥ 20 2n 2ol (481r(2n+1)+(AH A;)loga + (B, -B,)logloga

A B
7 i =
- Cy, loglog (“ ‘/;)‘“ ®y~P1) *2n+1 * 20+1) log a>

2n (25 LA+ BH )
(2n+1)b2n+1 48T H loga

and

J > log = + —=—)- log 2 + =)
2 |3+1y[®® 21r(2n-1)a2n-1< 2w 2n-1) T F(loe gy + 57

Sk) +G@) _S@)+G@), _2n [ -25 ) )
¥ ,20 420 2n+1\481r(2n+1)+(AL Ap) loga + (B, -Bp) logloga
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A B C
ki L L L
+C, loglog(a+vs )+ ©®.-D_) + + + —
L ( 4) L "H" 2n+l1 (2n+l)loga @n+1) log(a +/q

) 2n <-25 A 4 Br °y >
(2n+1,)b2n+1 48t L loga 1°g< /Z’ )

n 1 (

g e + ) o (2 )
a4\, (2n+1)a2n+1\ 2r " 2n+l/ @n +1)b2n+1 27  2n+l

,S0)+GO)_5@)+G@) | 2042 ( 22—+ (A A loga + B -B)logloga

2042 Ini2 2043 \487(20+3) *(
A B C.
T L L L
+ C_ loglog a+1/: + (D ) — —>
L ( 4 > 2n+3 (2n+3) loga (2n+3)log a +v %

2n+2 (-25 By, N CL ))

- + + -
(2n+3)b2n+3 48T L loga log (a_w.%)
Proof, We have
b
1) [0 -aNG) <) _(X)

2 [3+1y] =

Yoo L X T
bd< log 5  ~ %7 s)+ fb d(S(y) + G(V))

=/, y a y
L (i _b_>2 - (i .?:...)2 + fb d(S(y) +G())
T 4w (°g21r (og 27 a y
and similarly
b b
22) o —9N@) P ANG)

<
a l%+iy,2n— a y2n
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= - 2n-1 <1°g % + 2n1-1) - - 2n-1 (1°g E% + 2n1-1)
27w (2n-1)a 27 (2n-1)b

b ds@y) +Gy)
+ fa y2n °

Since
(yz + % )n _ y2n-<_ % (y2n—2 . (nzl) y2n-4 (%) . (n;1) y2n-6 (%)6 Fees +(%)n-1)

n,2 1n-1
"‘4(y +4)

we have

jP_aNw  PdNg) n fb dN(y)
a, 2n="a 2n 4”"a 2n+2
!§+1Y[ y y

= - 2n-1 <l°g '2'?_ T3 1-1)' - on-1 (l°g 2L *3 1—1)
27(2n-1)a T AT ar@n-1yb T en

..-’-1-< L <logi-+ L )- 1 (log-ll-+—1—>>
4 o (2n+1)a2n+1 27  2n+l o (2n+1)b2n+1 27  2n-1

. fb dSw) +GE)) _n (P dSw) + Gw)
a y2n 4°a y2n *

For m > 1, we integrate by parts to see that

b b b
24) I d(S(y) +G(y)) - S(b) + G(b) _S(@)+G() +m/ S(y)dy +m G(y)dy
a ym bm am a ym+1 a ym+1

_ 50b)+G(b) _ 5(a)+G(@) +m< 5,0 5@ b 80y ® Gmdz> _

m m Ml ma ) 'ra m+2 ‘a m+l
b a b a y y
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Using Lemma 2.6 and LLemma 2,7, we obtain

bS;0dy Ay 1 1 1
(26) fa ym+2 = m+1 \am+1 (loga * m+1> T m+l (logb * m+1>>

b
BH 1 1 1
* m+1<am+1 (log loga + ('m+1)loga> bm+1 (loglog b+ (m+1) loga)>
. £H_< 1 1 >
m+1 am+1 bm+1
and

bS,0dy A 1 1 1
@7 fa ym+2 2 m+1\am+1(1°g a+ m+1> B I+l (logb + m+1)

BL( 1 1 1
* m+1\ m+l (log loga + (m+1) loga> bm+1 (log logh + (m+1) loga>>

m( —r) (log log(a +/— ) o) log » /7}. —] (log log(b +\/_ )

i (m+1) lcj.g (a. +x/?) »

L1 1
m+1< m+1 m+1>'
a b

Backland [2, p.374] showed that

lew| < £

fory > 50, Henceform >1
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-25<1 1>fb_m_x 25<11b1>

487 (m+1) a‘m+1-bm+1 Z ym+1 = 487 (m+1) m+l/*
The upper bound for
fb dN(y)
2 |31yl

follows from (21), (24), (26), (28) and Lemma 2,6. The upper bound for

fb dN(y)
a 2n
[4+iy]

follows from (22), (24), (26), (28) and Lemma 2.6. The lower bound for

fb dN(y)

a . [2n
|4+1y]
follows from (23), (24), (27), (28) and Lemma 2.6,

We now have the tools which we need to prove the theorem, To

calculate G(x, B), we write

e(A .X
G By =4+ /2 SREL G pyap,

where

A )

G(,B).=J__ e(-Ax)dG(, B)
as in Theorem 1.9, Here

A
GO\,B)= [ e(-A¥_)do = sin 2 9>d0
o R el °<'Y<B ([ [ "
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4T
—= co88
fﬂ ol IPI : de

= n 0

0<vy<B

=

477
= N J (T7T
0<'ySBO<lP[

1 ,7 izcosé
==

since J 0(z) = dé (see Abromowitz and Stegun [1, p.360]). We

note here that lJo(z) Ii exp (|Im(z)'). Hence

_1 e(Ax)-1 4T
G(X, )"2+f°° 21‘_1}‘ 0<$<B lpl

and similarly

_ e(Ax)-1 47
G =4+/, 2TIA 450 0 o)

Thus for any c < %r we have

(29)

© 2sin27TAX 4T 2TA
Gx) - Gix, B £BIReTAX g J [—= -0 Jd (—)]d
|G- i )!5“0 27X 0<Y<B °<|pl>< v>B °<lp|>> .

4wA 4T
2 1- d J d L L,.
<2yl L ()1 o (1) 142 -

To bound the first integral, we observe that for lzl< 6,

2

Z
Jo(z)_>_1- 7

Thus

2
c
L1_<_2f0 ll-exp = log<1--(iu)3>>ld7\.
\Y >B 4]p]
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Applying Lemma 1,17, we see that the above integral

2 4
_52f:[1-exp<- 5 ((4w%+(41rh)4>>[da.
v>B\a[ o[ 24[p]

2 4
I _@ma) e dN@) @TA)” e dNG)
_2f0[1 exp( 1 B+[§+1yl2 24 fB l%+1y[4>ld}“

Next we apply Lemma 2,8 and obtain

2 4
L <2f)]1- exp<-(41m) logB _ (472) ‘10&13)'%
1447B

247B 7207B°

<2 (@)2c3 logB . “ 'rr)405 logg)
To bound the second integral, we use the well-known result (see

Watson [30, pp.206-208]) that

1
2
5,0 =(Z) (cost- TP, 0) - sing- HQ, 0))

where 0<t, 0<P(t,0)<1 and_-;Tlg Q(t,0) < 0. Thus,

31) l3,&)| < min <<172—t-)%(1+é), 1).

Using the above result, we obtain

1

2 lel)® _l_p_l.>
2 “2= 653 o<y %1005 (( 2 > <1 "3270C > '

2n¢c
We choose ¢ = 910/41r. Using (30) we obtain L1 < 10—12’25. Using (32)
we obtain L_ < 10-78. Combining these results with (29), we complete

2

the proof of the theorem,
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Next we prove

Theorem 2,9, If0<x<1, h<§-i-§andB— 58'2230805, then

_ > (e(@bx)-1 4 nh -12
la@) <%+hn=z_m(—LL-2mh 0<$_<_BJO(_T[P ))) |< 10712,

We need several preliminary results,

Lemma 2,10, Let £(z) = —(—L— G(z,B). f0<x<1and

1
1 1 x

—— ==

2<0<§£B|p[ 4w 2) ~,

0 0
then [ f(A)dA =h Z f(nh).

-00

0<hc<

Proof. By Corollary 1,11and (31), it is sufficient to show that

A 1 1 x
£ty = 0 for[t|_>_2< p> ——+—+—>.
0<Y<B lpl 4m 2

We have
A o0
£ty = [ _e(-tz)f(z)dz

= lin [ e(~tz)f(z)dz,
r-=o I

From Lemma 1, 12, we know that the above limit equals zero if
‘ e(~tz - EZ;T) f(z)—0 uniformly with respect to arg z as | z}—« for 0 <argz< mw,

Fort<0, z=rcosf+irsinf and 0< 6 < v, we have

e(-tz - =)f 2 exp(rsing(l+2wx+2wt)) n 3 <.417:> .
l ( z 2,”) @|< T vcyep 0 (o]
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In addition

I
0<y<B

E 4qrz>

< exp(rsineo<y£B Ip

(32%)

so that
2 1 1 t
"*(’”'Ez;) fe) < exp(‘*" rsme(owziB o] & *3 *'5))

Thus |e (—tz - ?zﬂ_ f(z)) ,-0 uniformly with respect to arg z as ,z l- o for

. ):, 1 1 X . ey =
OLargz <7 if t< -2<0<‘V§B m+z1r- +-2—),wh1chshowsthatf(t) 0

for theset. Fort > 0, we have

© © (-zx)-1 irz
J_o e-tz) f(z)dz = -j'_a° e(tz) L= nog ( ) ’
- 2miz 0<A<B 0 'P,

and proceeding as before, we obtain f(t) = 0 for

> 1 1 X .
t>2 <0<7§B ’p’ + = * -3-) . This completes the proof of the

lemma.

We next prove
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Lemma 2,11, f0<x<landB > 358.223085’ then
1 < 1
512 = z 1 1 x\°
0<Y<B Pl 4r 2

Z__l_= ) 1. ) DU S S

0<v<B |p| 0<y<1005|o| 1005<v<B [p] 1 2

We obtain T1 = 2.0325543 by direct calculation. From Lemma 2.8, we have

B

+ 2
dN(Y) _ 1 <( B )2_( 1005) )
T2 f'/ |%+i , T log 27 log 27
1005 'Y

+ +
S(B)+G(B)  S(1005)+G(1005) . 1 25 )
T 1005 * Ttoosy2 \ 96r " BrAL) log 1005

7 AgN By
+ (By~B; ) loglog 1005 - C_ loglog | 1005 *G Dy D+ 3~ * 3og1005

1 25 | AH N BH
Bz 96T 2 "~ 2logl1005 /°

Since I S(B+)+G(B+)l <0.137 log B+0 . 443 loglog B +4. 35 and S(1005) + G(1005)
> 0.34741 we have

T2 < 251.
This completes the proof of the lemma.

The theorem follows directly form Theorem 2.9, Lemma 2.10 and

Lemma 2.11.
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3. The calculation of G(x). In Theorem 2.9, we reduced the problem of

evaluating G(x) for 0 < x <1 to that of evaluating

@
}+h 2 (emhm-1 - @  [4mh
n=-o \ 2rinh 0<Y<B 0 N

Forn = 0, we have

. e(nhx)-~1 n 4mh ) _
Um h 27 inh 0<v<B J0< hx.
n—0 = lo |

For n > 0, we have

e(n?x)-l vﬂ T 4mnh \ eg-nl}x)-l I 3 -47nh
27inh 0<"<B ,p, ~2rinh  0<Y<B ,°|

- 2 sin 2 rnhx n J 47rnh
27 nh 0<'V§B 0 IPI *

Using the above equalities, we obtain

(o]

|p|

G(x) = %+hx+2hn>:

sin 21 nhx II 3 47nh +e
=1 ~ 2gnh  0<v<B“0

where | | < 1071224,

We now take h = We first truncate the above sum.

1
512 °
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Using (31), we obtain

«©

1 ) sin mnx/256 n m™m/128
2561 n=8065 n/256 0<v<B 0 l Pl

o 0]

s e ) (2.

1
= 3567 n=8065 n/256 0<Y<B

A

o 3
1 f 1 I _LP_L. 1 + _lﬂ.l_ dt
T t 0<7<235 2 167t
31.5 - T t

0.5-10 18,

iA

Using this, we obtain

8064
_1, X 1 3 sinT nx/256 I /128
GO = 2% 513 * 2567 n=1 ~ n/256  O<w <B %0 ENARE
with|e | < 10, 71223,

Through calculation we show that

8064
1 Y, _sinmnx/256 I Tn/128\| 4 oo 10724
2567 n=5377 1n/256 0<Y<B "0 lo | -7 )

Hence
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5376
X 1 _ 3 _sinmnx/256 II Tn/128

= ————— €
G(x) = #+ 333 * 3567 41 — /356 0<v<B o,<'p| ) *

with | € | < 10712:22,

Since we cannot compute Jo < t ) for all 0 <Y< B, we need

p

[+ )
Theorem 2.12. Letd < | I > Z U
p =

5
<t > Z u, + 0.9999121u,

|e]

and
L\
H<|P|> k=1 k
Let
36 om
cy <Ipl,t> =X ¢ m v
‘ m=1
¢ \2 <t>3 (t )4 (t)s
(t > ) TL(I_pl_>+ BAr) ) BACD . T\T
L 2 3 4 5
le]
(Er)
_ 1.0043233 TL\ToT,
6
and
36

cy (lol.t)y = 2 & @m,t) [o 2



2 3 4 5 6

*w(i), TaleD)_ TueD), M) WD)
=T<t>_ H\lpl/ . _H\Ip| H\p| H\Ip | H\ip |
. :
le|
Put a = 1005. Putb = B. Let

1 1

a 1 1 b
K. @) = - <log + o > - = <log-—- +——_—>
L 27 (20-1) a2n 1 2t  2n-1 21r(2n-1)b2n 1\"°27 2n-1

-+

Sp)+G(b) _ 0.34741 . 2n -25 ( ) )
2n n * _2n+1 \ 487 @n+1) *(Ap Ay )loea

|’ 7 AL BL
+<BL-BH)1°g1°ga * CLl°gl°g<a+ T> +(DL'DH) * 2n+1 ' @oi)loga

CL 2n =25 BL CL
* - ool (287 ALt Toga T
(2n+1) log (a*&) (2n+1)b log<a+J—Z—>

b

1 log =——
on+l \ °8 37

27 (2n+1)b

n 1 1

a
- — log — _._> -
+ ( +
4 21 @n+1) a2n 1 27 2n+1

+ (AL -AH) loga

1 + Skb) +G(b) _ 0.34741 + 2n+2 -25
2n+1 b2n+2 a2n+2 32n+3 4871 (2n+3)

AL By,

7 |
(B, = By logloga + C; loglog <a W&?’ > * @ =Dy * 5538 T @nrs)loga

+

. °L 242 25 ., L, °L
7 2n+3 \ 487 L loga
(2n+3)log a + 4 (2n+3)b log a + 4

and
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1

Kp® = 2n-1 (bgégv}'*z 1—1) i e (hgép"
27(2n-1)a n 2r(2n-1) b2 4

1 >+ S(b) + G(b) _ 0.34741 _2n ( 25

2n-1 b2n a2n a2n+1 487 (2n+1) * (AH-AL) log a

+ (BH-BL) logloga - CL loglog (a + J—%- >+ (DH-DL) * Sntl

+ BH > _ 2n 25 AL BH
(2n+1) loga (2n+1)b2n+1 48T H" loga

Let
KL(n) ifc m,t) >0,

LL(n, t)

KH(n) ifc @m,t) <O,

\

f KH(n) ife @m,t) > 0,
LH(n,t) = 1

K, (@) i£T @t < 0,

36
D
2 e @t Lot

M, ®

and

36
2 5 (8,1) Ly, @, ).

Mu® = =
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.. sinxt/2 0 t
exp(ML(t)) if — 0<7y< 1005J0<m>2 0,

N (1) = <
| exp(MH(t)) otherwise

and

r .
o Sinxt/2 1 t
expMy () i === 4 v<1005 JO("’)2 0,

| |
Nyt = <
exp(ML(t)) otherwise.

If 0<x< 1, then

5376
1, X, _1_ 2 sinmnx/256 g (rn/128) <1r n>
2 512 2561 n=1 n/256 0<Y<1005 l p, L\128

- 1. X
€ < G(x) < 2+512

L1 5‘356 sinwnx/256 o (mn/128\ <1r_n> .
256m = n/256 0<Y<1005 O lPl H\128 ’

where fc-: ‘i 10-12.

To prove Theorem 2. 12, we need the following auxilliary results.

N

Z (_l)m (z/2)2m . R
n=0 2 N’
(m!)

If N is odd and

Lemma 2.13. Let Jo(z) =

z < 2(N+3), then
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A I ) )

(¥+1) )2 a2 qezPaee)? ey ?aws)? v

9 N+1
._Z_.>
(2

< R
(1)1 )2

<
N -

Proof. We have

< 2>N+1 < 2>N+2
Z Z_
R = 4 - 4 + L 2N )

Nooaen? avep)?

KM > N and M is odd, then

SR
= Z_
.._4_ + —L_

(@2t )2 (@1+3)t)2
=z 2
4 4

- -1 <0,
@+2)1)% \ ar+3)2

The lemma follows directly.

Lemma 2.14. If 0 <t < 427, then
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36 +
5 .
> dN() m t
exp<n=1 e @ /1005 75/ -1005 <v<B 0 =
| 4+iy| | ol

36 B+
exp Z C (n,t) —ING)__ .
n=1 1005 | §+iy|2n
Proof. From the previous lemma we have

' 2 4 6
1+§ +u<1_(?75-l)+<§%ﬁ)_ (ﬁﬁl_)><J <t>
T ke T Y% 22 22 222 /= 70 \7,]

78 789

6
>
< 1+k=1 uk

Since ﬁ <0.1312904, we have
P

t ) "t
Since 0 < -T, [—] < -T
H<|P|} L(

to obtain

l , > < 0.0043047, we can use Lemma 1. 17
p

CL ('pl, t)i logJ0 (-lt—-) < CH<'pl, t).

Pl
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To complete the proof of Lemma 2. 14, we note that

| 36 o
Z o (blt)= = T ¢ wmulel
1005< 7<B 1005<Y<B n=1

+

36 B
d
= 2 cmt) ARG _ =
n=1 1005 | & +iy|

and

+

36 B
D cH(!pl,t)’= I
1005< Y<B n=1 1005 | 1 +iy|°"

Using Lemma 28, we obtain

B+

dN(y)
K (n):[ —U < k).
L 005 |4+iy|%® H

Thus

36

I t
exp(M, (t)) = exp n§1 ¢ (I ol ,t> L@ 005<v<B Jo<,—,—>

IA

36
exp<nz=:1 c <lp l,t> LH(n,t)> = exp (My(t)),

which completes the proof of the theorem.
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In computing G(x), we use the tables in Haselgrove [12, pp. 68-64] to
approximate the value of v with an error of < 2. 10-6. Denoting the values

from the table by ¥, we have

2 1

2.032554186 < 0<Y<1005 l%‘*‘i'yl

< 2.032554275.

Thus, if H(x) is the number we calculate
-7 -7
H(x-10 ') < G(x) < H(x+10 ').

Our calculations show that this causes a relative error in G(x) of at most 10-7.

The relative error in calculating J (,—t-> , wherep =+ +17, is
e

( ,
0.30- 10°° if0 < —— < 4,
le
< < 0.60- 107 if4 < - < g
B lel
0.20+ 1011 i£8 < £ < 10,
\ le]
. . II t
Thus for 0 < t < 21r we have a relative error in calculating 0<y<1 005J 0( 'p , )
13

of< 2.0° 10 ~°. For 2lr < t < 42r we have a relative error in calculating

I L -
0<7<1005 Jo (,p'> of < 0.30° 10 11. Therefore, our absolute error in

calculating H(x) is < 5 10-10.
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4, Asymptotic results for G'(u). In this section we prove

Theorem 2,15, Letf(z)= X logl < ) zu/2., ¥ T >50 is chosen so
>0 [ P l

that f'(T) = 0, then

') = ERE@) (1 +O<_1___>> .
¥ SWT"(T) v TlogT

We need several preliminary results,

Lemma 2,16, Let G'(u) be the density function of the random variable
2sin27 0y
Y= ¥ ————_, Then
v>0 o]

1

T +ico
G'(u) = Il Teivo exp(f(z) )dz.

Proof. As in Theorem 2.4 we have
0 A
G'w)=J _e@AuwG@A)dx
where

' o0 '41r7\
GA) =/ _ e(-Ax)dGx)= = J .
: 2o olTl)
Since Io(z) =d 0(-1 z) we have

G'() = -1f " exp(-2rzu) N 10<4"z>dz
v>0 lp[

1 T+io
J

= To1 i exp(-zu/2) 1 1 ( z )dz,

ys0 0 lp[

which completes the proof of the lemma,.

Lemma 2,17, Let
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, T- 12/ 3/(log 2W)ilf THT

=L 1
LB lrpery exp(f(z) )dz + 41rifT+iT2 /3 /<l°g':'zr—1r)% exp(f(z) )dz

and

T-iT
U, = me 1o €XP(E(2))dz + 4,,if " exp(i(z) )dz.

If T>50,then

T+1T2/ 3/( g3 W)%

1
G'(u) ==/ exp(f(z))dz + U +U
ami’ i,1,2/3/(1 gL )% 17 2

where

exp (-0. 0207121 T1/3) T1/3

0.0414242 71 log ;;%r (1 + / 1+ 4 T /3)

0. 02071217 T

|, | < expitcr))

and

exp(-0. 0429599T)
|0, < expecm)) 0.08591981  °

Proof. From the previous lemma we have

1

1 T+1T2/ 3/(log 1>§
-y, 2

T
exp(f(z))dz + U, +U
dri’y  2/3 /(log % ) 5

G'(u) = 1 2°

In order to estimate U1 and U2 we first examine, for z= T +it,

Re £(z) - £(T) = Re £(T+t) - £(T)

_logyl>l [I(lpl>[ log II.Y o(lpl>
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Tait
=log N fgglﬂlz

Y50 Io(ﬁ-l-) )

We have

——co86 A coss

(B 127l l elel g

Combining the two above equations we obtain

Tt WENE
(33) Ref(z) - f(t) < 72‘0 log .—(-L&L) %on log Io<l§_l)
l E >lltll (lpl)T[d o] (|p|)
p

T \72, )
1 2>Jolog<1+ I°<lp|) 2@, T, o)

r, ki<l
s 1 = 2mefu ()G )+ )

We have, for lxl , [yl_g 1, Re(Io(x+iy))- Io(x) < 0, and hence

(34)
2 Re(IO (x+y) - IO (%) )I0 x) +Rez(I0 (x+Hy) -Io X))+ Im2 (I0 (x+Hy) - I0 (x))

X x4 x6 18
SZRe(IO(xHY)-IO(X))(l to+=g+ Foee 03248 272)

o? 98 9852
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2 2
+ Re (Io(x+1y)-Io(x))+I.m Io(x+iy).

For s = x+iy we write

82 S4 S6 S8 s10 S12
IL(s)=1+—+—+ + * + E(s),
0 22 26 2832 21432 2163252 220 3452
52 s4
where E(s) = 1 + + + ¢« , Using this in (34), we obtain
4- 72 427282

(35)
2
2 Re(Io(x+iy) - Io(x))Io(x) + ReZ(IO(x+iy) -Io(x)) +Im (Io(x+1y) - Io(x))

2 2 2 2 4 26 2 8 10
Efoy +f2yx +f yx +f6yx +f8yx +f10x + g(xX,¥),

4
where
12 14 16 18 20 22
(36) gX,y)= f12x +f14x +f16x +f18x +f20x +f22x
24 26 28 30
+f24x +f26x +f28x +f30x
and
(38)
g _:_:!_+3y2_ 5y4 + 35y6 _ 7y8 + 461y10 _ 17y12 + 19y14
0 2 5 62 132 142 1942 2042 2832

2 23 23 2 56 2 35 2 35 2 35

16 18 10 12 14 16
I +< y ¥y~ ¥y ¥
529542 82,04 T\ 14,427 21427 25427 27,62

18 20 2 22 9 11 13
¥ __¥ )ReE(s)+LE@)[y +x< y ¥y . _¥
53356,2  ,35,6.4 540,84 o 1753:2  ,20,4, " 22,42



(ki

15 17 19

y y y
- + - Im E(s)
5 > ’

2263 52 2313652 2343654

2 4 6 8 10 12 14
38) £ _-1+y _ Ty + Ty + 19y = _13y LY + 53y
T2 2
2 24 263 2123 214325 2183352 2203452 22534; 2293452

16 8 10 12 14 16 18
L +(-lly+43y_.v Y 8y ¥y )
2
SLa s \Jis 32 2142 232" 21 22" 272 3253
2 20 T 9 11 13 15
'ReE(s)—41,E(s)[y <-11y R A SR S ) |
,40,72 174 " 202 " 2233 2362 3142
L
+ o Jim £
2°°3%
68 £ = vyt e’ 7% g1 295" aseey™
4= n, 1B, T s, T 193t 2023 263 " 264 " 3243
+< y° ey’ 10 p® 1sey™®  sesy™® )Re Ees)
J19.2, 2142 2322 255 8342 3553
1
+209[E(s)!2y18+x< 1y’ oy’ §° .yt 11y
31,72 J16,2.2 2042 223 ' 2652 29,7
15719y"
" 346 4)1“1 E@),
2°*3%
120  ssegyt  any®  ay®  oam!® P2

40) fg= + - - + + -
21232 212325 2173452 2193352 2253252 22434:52 2293.53

4 6 8 10 12 14
+< -7y 11y 1ly 29y 571y " 8729y )Re E(s)

1732 213 ' 2242 2562 2962 .356.3

235 2 35 2 35 235 235 2 35
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_12595[E(s)[2y16+x< -y’ ay® uyt P esy™
,40,8.3 J16,22 1832 2242 313" 2963

13
11803y )Im E(s),

+
592,61
an 1 -1, 101y | _41y* ,10995°  s200y° ea07y™
B 3 - 3
87 14,2 T 19,5 " 10 52" 2142 2842 " 3133
+< uy? | uyt 1y 1 _34811y10_36086L12>Re E)
J14.2. " 215 " 24227 26527 3367 3464
+7667lE(s)lzy14 +x< 11y 11y° . 11y° . 1y’ _ 1841y°
L1063 lTgd 2042 22437 256 " 30,62
e
"33 6.4 )I‘nE(S)’
2°°3%
2 f - -31y” 7y _au®  e1e0y° 3937y (-11y2
107 183,27 2022 2522 28432 3042 "\ 1832

121y* . 11y° 11y° +2233y10+97571y12

- - Re E(s)
2lg42 " 22,427 26,52 " 31,62 2353654>

170171 ) 2y14+x< —y v v v, 15195°

+ + +
2393554 2173352 21834 222335 2233452 23()3752

11
3812y

*31 5 4>ME<S)'
9%13%
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@43) f_= Y2 + 17.v4 _3143y6 +691961y8
12 21,4 2263452 227365 2333653

34 8 4 194 2° 2142 2322

+(ReE(s)-ReE(s)E(x)+634032[E(s)[z)ylz +< 1 43y2 y4
2°7°8°5 27735 2°735° 2°93%5

1
_ 20y° _ 49y8 _24011y °>ReE(S) +< n? S y2 _ y4
2253652 592585  53455.4 1954,2 24,32 ;25,42

3 5
=y +—
2193352 2223352 2243552

t 62 3362 3564

6 8 10
J N )E(x)+x<
2°8°5° 2998°5° 2°°3%5

7 9

11
7 -
S R Sl >ME(S)’
2*%3%" 2°°8°5°  2°'3's
wty 1 - 103 _21439y* _ 101203,° _ 74°
147 25,2227 26,522 206 2 34,63
+(-2ZBeE(s)+2239E(S)E(x)-153153IE(S)‘2)VIO +< S A
539,74 242 2232
- y* 5 +15773'8 + y” >ReE(s) +< =t S, y*
255, 2572 3462 41842 242" 24,32
v 7y y8 -y P v
- + + E(x)+x< - -
) 3
215, 8172 3543 22,42 3362 39572

7 9 11
+ 5ng39§4 * (-11+3}71 f";’ v, 39y7 2 2>ME(S)'
2°%3%5 2°'3°5 2%73 5%y
_Ta7y®  9238237y-  8797y° 83y°

45) f__= + - +
16 231355.72 235365372 237365372 2433653,7

40_6_3 25 4 2 27 .4 2

+(22ReEjs)-22ReE(S)E(x)+7667[E(S)Iz)ys +< 1 Yz
2°°3% 2785 2735
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ooyt _seny® _ay?® g )ReE(s) +<_:_1__
593,62 85,63 407 42 ' 41842 ,25,42
2 4 6 3 5
- 7
A gge * 3?6 3>ReE(") “‘( 565z~ PleZ - 2322,4
9473% 239305 9%3% 2°63%52 313052 53446,
+11(1-E(x))y7 _ lly9 . yn )LmE ©)
]
3,64 89832 A7 42
s t = 181799y>  s7sesy” _ _amaoy® 367y
187 34,832 " 37832 411032 " 341032
+(1848(1-E(x))ReE(s)-62975[E(s)[z)y6+< 1, v . 803y~
540,84 ,21.6.2 3262 " 35,64
+ 11y° - 115" + y12 >ReE(s) +< e S 7y”
,A1632 48742 " 511244 ,27,6,2  81.62

4 3 5 7
Ty ) E(x) + x< -y _y . 11(Ex)-1)y . 11y
2343553 2313652 23‘33453 2363654 238365472

11y9 y11

- + ) Im E(8),
247 385372 2493115474

an £ - -1207y” | _songyt _ammy® 50
20° 37732 " 426372 44,1032 " 47832
2
, (1650-E@) Re E(s) + 836 [E(s) [ *)y* +< 1L,y _uf
7 2 Z
239375 2333%5%  93%3%%  9%%3T5%

8
11y 11y y

10 2
-1 -y
+ - >ReE(s) +< + >E(x) +x(
24936&_,372 2503115474 2333654 2353453 2343654

LUA-E@®) Yol _ 11y° . 1y’ _ 11y° ) Im E(s)
?
o3748:4  ,38,6.4,2" 46,6.4,2 ,49.12 3,4
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48 £ - -12709y* 3775 8
2

= + -
2 241395372 24331053,7 24639537

+ (44(E(x)-1) Re E(8) - 41[ E(8) [ 2)y2 + Re E(8) - E(x) +< 11y4

2403754 2353654 241365372

6 8 3 5
11y 11y >Re E(s) +x <(E(x)—1)y 11y 11y

- + -
24737547 2513105374 2373'754 239385372 246365472

7
* 48110 2 4)ME(S)’
277375717
869y~ 4 2 2, gl 2
@49) £ = -869y + y v + (Re E(s) - Re E(s)E(x) - E(X))+E(X)"+1 E(8)
24 24531053,72 9 639537 2403854
2 4 6 ’ 3
~-11ly 11y 1ly ) ( -y 1ly
+ + - ReE(s) +x +
<240375472 249365372 24431154,73 239375472 247385372
1115
- 48 10 4.4 | E®),
2773757
-1 Re E(s8) - E(x) -11y2 lly4
60 f . = + +< + >ReE(s)
26 247385372 2413854,_1,2 248375472 2513105374

47 7 4 2 49,12 3 4

3
+ x< = + 11y ) Im E(s),
2357 2 3 57

_ReE(s)-E(x) _ llyzRe E(s) =-xyIm E(s)

61 f _= +

28 2493854,72 2503115474 24931154.74
and
62) f =ReE(s)-E(x)

30 2513125474
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We now assume that 0 <x<1and -1<y <0, Inorder to bound the terms
in (35), we need to examine E(x+ly) more closely., We have, for s=xHy

52 84 86
E@s) =1+ +

+
4-72 42-72-82 43-72-82'92

ZC)xanrn® S +(5) P an)’ +(3)xan Py’

+ oo

=1+ + 4 oo
4-72 42-72-82
Thus
4 /4\ 22 4
xz_yz X -(2)x y +y
4.7 42.7%.8
and
2 4\ 3 4\ 3
<1)"y (1)" y “(3)"y
(54) Im E(s) = 5 + 5 2 o +oeee,
4.7 4.7 .8
In addition, we write
2 x4
E(x)=1+x2+2 > 5t
4.7 4 -7 8 *

n
Since iEO (f) = 2n, the sum of the coefficients of the degree n polynomials

in (53) and (54) is < 2%, Thus

55) | Re E(s)-1] < — + = t ot

< 0,0052653,

2

=¥ +0,00016338y < ImE(s) < —x?-o. 0001633xy
2.7 2.

and
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2 2
—-2—2--0.0001633y2_5 ReE(s) - E(x) < :-L+0. 0001633 2.
4.7 4.7
From the above two equations we obtain
(56) 0.0103673xy < Im E(8)< 0.0100407xy
and
2 2
(567) -0, 0052653y < ReE(s) - E(x)< -0,0049387y ",

Using (55), (56), and (57) in (36) we obtain

“x2  2(Re E(s) - Re E(S)E() - E(®)) + E(x)> + | E(s)] 2
BX.Y) <50 4" 40 8 4
273 2°3%5
_(0.0103673)2y2
L3084
Since

2(Re E(s) - ReE(s)E(x) - E(x)) + E®)Z + | E@s)| 2
- (ReE(s) - E(x)) (Re E(8) - E(x) +2) + Im E(s)>

< (0.0103673) 252,

we have
x12 2
(38) 8%, Y) < S,
22034

We next examine the leading terms in (35). We have, from (37),
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2 4 6 8 8
59) £ =:l 3y _ S5y + 35y .Y + y _2+szmE(s)
0o 2 5 6 2 13_2 14 14 2 3.3
2 23 273 275 2756 273

2 . 3 12
L, Y (461 + ReE(s)) _ §_:»3LImE(s)> R <_34 - Re E(s) + 2xy Im E(s)

2534 2634 2213452
2 3 16
y (67 +128Re E(s)) xy Im E(s) vy xy Im E(s)
+ 7 - 3 + 39 6 2 -9-4Re E(8) + >
2 2°3 2 35 2

2 3 20 2 2
LY (18+25ReK(s)) Xy l'mE(s)>+ y (_ReE(S)+z IE(S)[ )

2
255 2552 2353654 2532
2 4 | 6 8
< -1 + 3y 8y + 39y y_ . -0. 3994805y2,

- 2 25 2632 21332 2145—

2 4
since each of the terms in parentheses is negative and -3 + 3y oy

5 6_2
35y6 y8 2 2 2 23
+ - is an increasing function of y~ for y"< 1. From (38) we obtain
13 2 14 -
273 2 5
(60) f, =1 y2 - 7y4 + 'V4 (_7+7y2_11xy3l'mE(s)+ 19y4
2 2 . 2
2 24 263 2133 2133 25 243 5 25-3-52
y51mE@) y8 13y2 43y2Re E(s) y4Re E(s)
*Tw 2 )t 1832 (T1REE(s) - T+ T 1
235 27785 273 2.3 2
4 6 8 2
vy y (63+4ReE(s)) y (64+155ReE(s)) y ReE(s)
w27 11 * 14_4 "2
2 35 23 277835 2735

2 2 3 5 2 4
_4ly [E(s)[ _Xy ImE(s)_xxImE(s))<_-_1+_L_ Ty < -0. 0573866

2223452 24 2533 —24 263 21332—

2 4
since each of the terms in parentheses is negative and = + L - . is
24 26 3 21332

an increasing function of y2 for y2 <1, From (39) we have
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2 4 4
61) f, = '75 =t lgo;r + (—1+1 3MES,
23 273 27735 2 3-5 2°3.5
2 3 4 5
y (-19+33ReE(s)) 1llxy ImE(s) y (126-121ReE(s)) xy Im E(s8)
* 6.2 - 73 8.3 “T 92
23 235 235 23
6 7 12
Yy (5-24ReE(s)) . Xy Im E(s) y 2ReE(s) 151xyIm E(s)
* 13,2 *T8a Jreea \RFYT g - 3.3
2785 235 2785 273

L2569y _ 139y°ReE(s) _ 15719xy Im E(s) _ 893y Re E(s) . 2097° [Es)| ® >

2652 275 283253 293 . 53 2113353

-5 + y2 _ 10y4
273 2123 2133-5

< < -.01298,

' 2 4
since each of the terms in parentheses is negative and -75 + {2 - igy

9 23 273 2 35
has its maximum at y =. From (40) we obtain

2 3 4 4
__=" 29y _1llxy ImE(s) 3599y y (_
©2) f,= 22 122 6.2 2 17.4 2 " 17 4.2 \"231ReE()

35 2735 2735 2 385

_ 33xy Im E(s) _ 3y2 (164 +55Re E(s)) _ 11xy31m E(s) + y4(369 +88Re E(s))

2 24 25 28

+ xyslm E(s) + y6(3906 +29 Re E(s)) + 931xy7Im E(s) + y8(_17253 +2855 Re E(s) )
6 8,2 12 2 : 12 2

2 2°3 23 2“3%
11803xy Im E (s) _ 8729y  “Re E(s) _ 12595y [E(g)[z)< 1 (_7 L 299
,1552.2 L1822 L2354, )~ 122 5

11x°ImE@) 3599y ) . =8.4627824

1
24 52 2173452 212 32
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since each of the terms in parentheses is negative and -7 + 2—95ﬁ
_1xy’mE@E) _ 8599y

is a decreasing function of y for -1<y <0,
S4-2 17542
From (41) we have
67  1llxyImE(s) y>(701+33ReE(s)) 1lxy Im E(s)
©3) fo=—y 5 +~— wra T 193 - T %042
2**3%s  27'3%5 2-73% 2°73%5
4 5 6 . 7
y (164 +55ReE(s))  1lxyImE(s) , y (1099 +792ReE(s)) _ 1lxy ImE(s)
,21,3,2 ,22.4.2 ,2T4 2 5256,
yo 44ReF(s) 1841xyImE(s) y>(-691956-174055 Re E(s))
+2842(’8209+ 3 2 2 + 5.2
2“°3%5 2°3 2°3%
_47157xy’ ImE(s) _ 36086y Re E(s) , 7667y’ E(s)|® )
253252 283252 212525
1 11xy Im E(s) y2(701 +33 Re E(8) ) 11xy3Im E(s)
ST 8T+ 35  * 5 "7 6.2
2-"3%5 2°3 2°3 2°3%
4 5 6 7
y (164 +55Re E(s)) 1lxy° Im E(s) y (1099 +792ReE(s)) 11xy Im E(s)
+ 7 + 82 + 13.2 tT 11 4 )
2'3.5 2°3°5 2-°3% 23
. =59.23165
= pl%52,

since each of the terms in parentheses is negative and

67 + 11Xy Im E(s) + y2(701 +33ReE(s)) _ 11xy3I.m E(s) +y4(164 +55 Re E(8))

2352 2°3 28325 273.5
11xy°ImE (s) v (1009 +792) ReE(s)) 1llxy Im E(s)
+ + L R LA is a decreasing function
2825 ,13.2 L1148

of y for -1<y<0. Finally, it is clear from (42) that
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64) flOE Ofor-1<y<0,

Combining (35), (58), (59), (60), (61), (62), (63) and (64) we obtain

(65) 2 Re(l(x+iy) I (x))1,(x) +Re? (T Gx+y) =1 (x)) +Im2(10(x+iy) -1,))

< -0.3994805y°.

Using the fact that IO (%) < 0.46576e and (65) in (33), we have, fort<o,

(2
0.39948057 T3
(66)  Ref(T+it) - £(T) <3 z 1°g<1‘ 2 2 )
Ys>0 (0.46576) e
T< | ol
-lolst<o
2
<% P log exp (-0.260276 —-—2>
Y>>0 Pl
T< [ pl
-lelst<o
2
= -0.130138 z
>0 |p]
T< lol
~[plst<o

-0,130138t% [~ _.(X).__ if T<|t],
§+1Y[

-0.130138t2 In -———m—z if [t] < T.
[§+1Y[
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Using Lemma 2.8 we obtain

C
[ N log o7

_L
c [w[z-— 2me 2

for ¢ >50, Applying this to (66), we obtain

-0,0207121 tlog-z%r if T< [t],

67) Ref(T+t)-{(T) < 2
¢ T
~0.0207121 = log 5~ if [t]<T.

We can now bound U1 and Uz. Since f(T-it) = £(T+it), we have

1
/ /(log )2 .
U =—Lf 2m Re exp (£(T+t) )dt
1 27 T '

Using (67) we obtain

1

2/ 2
/ log
[U I<—f ( 2n ) exp(Re £(T+t) ) dt

1
2 2

< —1— = exp(£(T)) f ™/ /( o8 21r) exp 60 0207121 —log = )d

)T fﬁ 0207121 Tlog ——

1
= = exp((T)) ¥ T 27 exp(-u) .
oy 0.0207121 log o~ /=00 07151 71/3

Using a result from Abromowitz and Stegun [1, p.298], that
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2 2
FR < [ exp(-t)dt < —ZREEL_ 5 ),

X +Vx +2 x+"x2+%r

we have
(69) [ U, | < exp(t(T)) exp (-o. 0207121 TV 3)
] < T1/3 )
0.04142427 (1 + [1 . 4 - ) \/log é_r;r
0.0207121 7T
Similarly

1 ,-T
U, =5, J_. Re exp(f(T+t))dt
and for 50 < T,
exp(-0.0429599T)
(70) o, | < expetm)) 0.08591987  °

This completes the proof of Lemma 2,17,
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Finally, we prove

Lemma 2,18, If f'(T) = 0, then

2/3 T 1/2

THT™ “/(og
71%'1' 2/3 T 1/2 exp(f(z)dz = £xpE(T) 1+o<-;—> .

/(og — o ) //81rf"(T) 4Tlog T

Proof, We write

(71)
T+iT2/3/(l T 1/2 2/3/(1 T 1/2
1 1
—_ exp(f(z))dz = f exp(f(T)
iy, n2/3 3/ dog T 1/2 2/3 /(og T 1/2
2 2
df(T+1v) £+ d f(T+iv) t + R_()dt
dv 2 2 2 ?
v=0 dv v=0
where IR 2(1:)| < max | d (f(T; iv)) I It' . We compute the
O<vst dv dnf(T+1v) n df(z)
derivatives using the formula —— = (f)  — ... From
dav? dzt T+iv
Abramowitz and Stegun [1, p.376], we have
@ : j
4z = Ij-l(z) iy Ij(Z) = Ij+1(z) o Ij(Z).

Since f(z) = £ logl Z\-zu 2, we obtain
@ = wosty () - =

v >0

I(=

fiz) = = -l%l i(g[)- - u/2,
70 Pl )




and

where

o e il =l 6

) (ﬁl»”lpl i) <|7>i>2

From Olver [19, p 269] we have, for Re s>1

1,60 = Z2E (A (9) - 1 exp(-28)B (s))

and
1,(8) = S (A, (5) + 1 exp(-26)B, (5)),
where
A(S)_1+8]é+ 9 + 753+Co(8),
128s 1024s
(s) = 1~ 818+ J . 3 +Do(s),
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Ay(s) = 1- :s .18 > - 1053 +C, (o),
128s 1024s
Bl(s) = 1+ 8?5 - 15 3 + 105 3 + Dl(s),
1285  1024s
2, 637
lc,@!, Iy <« ===
Re s)
and
16, 31
[y, D@l < T
Re s)
Hence,
(73)

1

= 1,8 -1y(8)) + A, ) -1 (8 + < T (ST, () + -3-2- 1), (E)

Ao(s)Al(s)>

S

3/2

2
exp(3s) (Ao(s)(Al(s)z-Ao(s> )
S

2
= + 2A_(s) <A (s)°-A (s)” +
2r8) 1 1 0

2
28 \(s)A 1 (s) AO(S)(BI(S)Z-BO(S)Z) 2B (5)(A,(s)B, (8)+A (5)B ()
+ 5 +€xp(-4s) - +

S

8 s
9 g By(8)B,(8)
+ 2A1(s) ’Bl(s) -Bo(s) -— ) 2B1(s) 2A1(s)A0.(s)+2AO(s)A1(s)

2
A _(s)B_(s;-B (s)A (s)\ 2A (s)B ()" 4A_(s)B.(s)B,(s)
+0101>+o1 .110>+1<(_2S)

s 2 + 2
s s



93

(Ao(s)(Ao(s)Bo(s»Al(s)Bl(s» B,(8)(A,(5)*-B, (5)")

A_(s)A.(s)
+ 231(8)<A1(S)2-A0(8)2+ A i _ 1 >

Ay (8)B, (s)-B (s)A, ()
+ 2A1(s) 2A1(s)Bl(s)+2A0(s)B 0(s) +

+ ) 3
S <]

2
4A0(s)A1(s)Bl(s) ZBo(s)Al(s) )

2 2
B _(s)(B,(s) -A_(s) )
+ exp 6-65)< 0 1 0

s

2
. 2B (s)B, (s) ))

2
s

B_(s)B,(s)
- 2B1(s)<B1(s)2—B0(s)2 - —"——;—1——>

Using our definitions of A 0(s) and Al(s), we obtain

2 2
AjE)A (8 -AE))

A (s)A_(s)\ 2A_(s)A_(s)
+A1(s)<A1(s)2-A0(s)2+ 9 L >+ L 1

(74) s 2
s
_-1_8 49 (o183 9 9 7 )1 ( 918 _ 81
T2 3 4 \16384 8.32 4-128 ' 8.128/ 4 \8-16384 = 32-128
s 8s 128s s
L—T5___ 225 \1 | 99188 975 225 )1
32-128 16384/ 6 \128-16384 ~ 8-128-32 8-16384/ 7
_(_75-9183 _ 9-225 >_;_+ 75:225 1 g oofzi_ 1 __9
5. 128- 16384  128-16384,/ 8 '8.128-16384 9% 0| 273" 1
s s 45"  32s

-C,(8)
- 91835+ 228 6>¢<2+-‘-1-1§+ 92+ 7 3+Co(s)> < (; --;.__1_2
163848 16384s 64s 4.128s

-C,®)
-5 4)%‘”*(“1%* "k 1059,'01(3)) ( bty
128s° g.1288 64s° 4.128s
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9 _ C(s)+l-—5—-15-<15+3+27 150)
12855 8 1285% | 1 2”3 47 \64 " 8.16 2128 ~ 8.128

1 <15 27 225 1485 ) 1 (15~9 225
8

"5 .64 "16-128 T 16-128 ~ 16- 128 6" 64-128 | 8.16-128
1575 _ 1485 > 1, (105)2 L1575 9-1485 __15-75 > 1
16-128 7 864128 T "\ 002 10100 ?  gaaog? 6 64128) 8

105)° 91575  175-1485 9(105)° L5 1575 1
* 22+ 3t 5 10
a.8%128)° 20128)°  8.64(128)° 32(128) 16(128)

2 C_(s)
sy 1 ¢, <_2§+ N L >(2) <1 vk
8-32(128) s s 4s 64s 4-128s s
9 1 N2 3 38 15 s
3+ %® 2 3 2 4

128s°  8.128s a2 45 g0 1288 (128

1575 (105 > 1 3 (-2.10335 9 15) 1 <—2'.36480
+ -S-—3*t —pe | = [
8

- +
4(128)2 S5 82(128)286 s2 16384 32 128 S4 82(128)2

5

610335 45 105 > 1 <-2'2070 + 636480 30-10335 315 >
S

+ + + =+ + +
8.16384 4-128 8-128 8(128)2 83(128)2 128-16384 8-4.128

1, (-150-105 _ 6-2070  30-36480 2-105-10335> 1 +<450-105
S \ (81282 (81287 oPazs)’ 12816384 [ T\ (3 02

30 2070 + 210- 36480) 1 . <15-150'105 + 210-2070)__]_._ (105) 150 1
9

2 10
s(128)°  85(128) 8 28’  £28° /s® (128)° s
voc (el S8 10335 _ 36480 __ 2070 75- 105
25> 8s° 16384s° 8°(128)°% 8(128)256 (812825

+2 <1--8%- 152— 1053+Cl(s)> <1(s)<—+-8ls+ 93+ 75 4>>
128s~ 8.128s 1285 8.128s


file:///64-128
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C,(s), C,(s)
1 3 15 105 1 1 3 15
+Co(s)(-s-_ 2 3" 47 s >- 8 (2+Z§+
8s 128s 8+ 128s 64s
C.(s)
1 9 75
-C.(8))~ 2 +—+ + +C_(9)
1 ) < 48 e4s” 4.1288° © »
-2 1 1
==-—4+0 =0 .
83 <(Re s)4> ((Re s)3)
Combining (73) and (74), we obtain, for Res > 1,
I ()L (s)
1 2
(75) ST (), (s) -Io(s)z) +21(s) (Il(s)z,-xo(s) +L—L->
21 (s)I (s)2
+—0 1 _ < exp(3s) )
s2 s3/ 2(Re 8)3
We have
()
® 4
I (sy= =2 )
O k0 gy
and
§_2_ k
s 2 4
L® =3 Z, k)
Thus

L, (®)
I,()

LE) =1, 5 =3 [©Qe),

where
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2.k
s (5) 2 o
= 4 1+ 424,

k-o ki)(k+1)! _ 8 192
Q(e) = gl ;
k
z S—- s~ S— L
k=0 (4> 1+ z tea?t
)
For Res<1and [Ims[_g Res, we have
2 3
2 2 2
Q@ [<1+5+ +—t—— g 128,

4 .26 4°+6-24

Hence for Res < 1 and f Ims[g Res we have

(76)

2
I,)L, (5) . 2 1,(s)L, (s)

2
]

1 2 2. 2 2
S Io(s)(Il(s) -Io(s) ) +2Il(s) (Il(s) —Io(s) +

2 2
2
=21,(s) (ST I, (5 Q) 10<s)2) +5 1 (6)Q() (—s’z 1,6)°QE)*-1,6)°

LEQE) | 1,6)°aE)
)+

T 2

=16 <s3c’i(s)3 +s <3Qis) Q(s)> 9.(_)_ B} _1_)

Using (72), (75), (76) and Lemma 2.8, we obtain

an
[£@] << 0%y 773 VIR z 3('[5[ 3)
[p[<T 7 ol Re([p') [g[:'r lo] [p[ lo]
< lgT
L2

T
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We next estimate . I T I T
PRI (kR
IO( ) _11< l) /bl

R | LA N
[ [9[210(‘?')

lol

From Abromowitz and Stegun {1, 9.1.14, 9.63], we have, for real x

2. k
o (2k)! E
Io(x)2=Jo(ix)2= z ——&)—

k=0 (k! )4

2\k
X

9 2 o @Ck+2)! | =
I(x) = -Jl(ix)z = (g) = <24>
k=0 k! ((k+1)!)" (k+2)!

and
2.k
. w (2k+1)!('xz>
Iy, (x) = =1 I ()T, (%) = 5 > = .
k=0 (!)"((k+1)!)
Hence
k 2 k+1
. 5 LELE « (2k):(§4-) o (2k+2)!<§j4-)
@ -1 () - = T ——2—- T >
k=0 () k=0 k! ( (k+1)!)" (k+2)!
o @)l (5)

=
k=0 ()2 (k1))

| &0

2

k
<«, @2k)! ("z) > .
=il = <3l (x)°.
k=0 4,1 2 1 2 ) - 0
-V (kl) ((k+1)l)

Thus
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I (%)L, (%)

1,601, ()2 -

(78) 0< ) <3
1,

As before, we write Io(x) and Il(x) in terms of Ao(x), Bo(x), A

B, (x) forx>1, We have

I ()L, (x)
2 0" 17"  exp(2x) 2 2 _
S R (A0<x) A, x)

A 0 Xx)A 1(x)
X

5 By®)B, )

+ exp(-4x)(-Bo(x)2+B1(x) -

+2A, (0B, (x) +A (OB, (x) - A 1(x)B0(x)>

and
2 o HA®A® ;g 3 285
A -AR®) -— =g+ 3+ 2 T 5
2x 8x 1024x 8192x
1395 _ 7875
131072°  (1024)%x"
+Cy(x) (2 -3, 8,20, 2B 6 - Cl(x)>
128x°  1024x° 1024x
) cl(x)(z +Zli' 142 - 1383 2 - +Cl(x)> .
128x 1024x 1024x
Since [CO(x)[ <— and [Cl( )[ < 16431 , We have, forx > 8
x X
0.0324768 2 g Bo@A® o015
2202200 ¢ Ag®) -Ar(x)” - ‘¢ ¢ = .

2 X - 2
X X

> + i exp(-2x)(-2 Ao(x)BO(x)
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Thus there are constants dl’ d2, d3 > 0 such that if x >d

1’
L (x)L, (x)
A L@P-1m)°2-2—-to g
2 0 1 3
(79) oS- ) A
X I (X) b4
0
Combining (78) and (79), we have
d d
= -2 f"(T) < z 2. 3 p2 1 .
2~- - 2 2
ol < T/d; lol < T/4; ol > T/d,
Applying Lemma 2, 8 to the above equation, we obtain
T T
Combining (71) and (77), we obtain
1
G'(W)-U,-U, == | Y (o837 oy - DO B et
@W-U=Us=3r | 2/ T \4 SFPET) - —5— - R,®)dt,
-7/ <log e )

3 !
where [ Rz(t)[ << ng_'ﬂzil_ . Letting v = «Jﬂzy t, we write
T

(81) 2/3 ff(T) T\2
_expEm) L V2 /(log 27) 2 v
Gf(u)-Ul- U2 = T J y , €XP(-V +R2<—,T-> dv
ar B 273 [T T\Z 0
2 T / 2/ (1°g21r) 2

2/3 D) /(100 L2
_ exp(i(T IT 2 /<10g21r) exp(—v2)<1+0<l°gT[V[3>>dv

~ w,/8F(T) T 1 2 i 1372
7 D e ) T
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- &xpd(T)) (1 * o(—-—-—-——1 ))
V87i(T) VTlog1//’
which completes the proof of Lemma 2,18,
We obtain Theorem 2,15 by combining Lemma 2.16, Lemma 2.17,
and Lemma 2,18,
We now examine f(x) more closely. We have

82 fx)= = logl (=
(82) @=_= °g°<[p>

° X
= fl log 10< >dN(y).

|4 +iy]

Olver [19, p.93] has shown that

n-1 T'(s+3)a :

2 1 T vcost

I,v)=e sf() vsﬂ%) = €om, 1O+ €on, 2 ) }+ = f1r e dt,
2

where for v > 1,

and

T(3/2)
3/2
%%,

[62’2(V)[< 5/2

'\ 2

Thus for v >1, we have
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exp(v)
(83) L(v)= E(v),
0 Vorv
where
1
Since
2k
2 2
I(v)— 2 =1l4=—drer,
k=0 (kl 4
we have, for0 < v < 1,
v2 4
(84) Io(v) =1 +—4- +0O(Vv).
Since .
1 +i2>2 -1
1 1 2y 1
0y~ 231° 23 ~.3°
F+y)*® z+y") 2
we can write
1 1
5"y L+ FO)
G+y)*
where
=L Fy) < 0.
2 -_—
2y

We write N(y) = -X- log -X- _X_ + +5(y) + G(y). Then

1 X "
f(x) = 5= J; log I (—;— 0! +F(y))> log %r-dy+ [ log Io<§ 1+F(y) )) log 5‘% dy
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+ 7 log Io(§ L+F(y) ))d(sw)+G<y)> +]7 log I ( <1+F<y>))d(8<y>+G<y))

=K1+K2 +K3 +K4 .

Using (83) and letting t = =, we obtain

< I

X XL X\ _1 _1 X
K =5 J) (t tF<t> 1 log 27t glog<1+F<t>>

X x dt
+ log E<t<1+F<t)»> log St 2

t

=§x;ff -1 log 27t + log E(t)) log zxt dzt
t
+§7 fl( ( ) 1log (1+F(§)) +(logE(t(1 +F(z:->>> - log E(t)) logz—% 1%
= L1 /+ Lz.

Since

x % x d_ x ., x (reologE€)dt /1
37 1 log E() log 7= 2" 2n log o7 <fl 2 +O(x2)>

_ X [~ log E(t) logtdt log x
2 <f1 2 +°( 2 ) ’

X
we have
(85)

_X log x
L1 yp logx+Cllxlogx+Cl’2 1310gx+014 O( - )

To evaluate L2 we let y = t , So that
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(86)

1 .X
L=5- (’;f F(y) - 4log(l+F(y)) + log E(? L +F(y) )) -log E (Z;F)) log 3= dy

1 o0
=Ef1<§F(Y) -1log (1 +F(y))) loggzﬂ_-dy +0(1_°;5{_’_!)

- ' ' logx
Cr,2 €14 +°( X )

Using (84) and letting t = =, we obtain

<IN

Ky = E%Ffol log I, (t (1 * F(%))) log 57 d_;

2 rE)” .
(1+ ( 2 ) +--->o—-

log 57t

1l
X
27 fO log

“ro |8

A L]
[

=C xlogx +C

4
1¢ dt
2,1 x+0<xf0 2 log )

2,2

log x
- 1 J_)
Cz’lx ogx+C2,2x+0( <

Recall that S(y) + G(y) = O(log y). Using (83), we have

(88)

K3

+ log E('z' (1+F(y)>)d (S(v7) +G(¥))

X/x 1 27x(1+F(y))
f1 (y (1+F(y)) - 5 log 7

= X +G(X)) 1+F(x) - 2 log27(1+F(x)) + log EQ+F(x))

- (8(1)+G()) (x(L+F(1)) - #(log 2mx)(1 +F(1)) + log E(x(L+F(1)))
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+ [ (S(Y)+G(Y))(x<y (1+F(©y)) +—(z)'> 3 IF:F(y)
| BGarEm)(Z o g (y))

+3=+
y E<§(1 + F(y))

= Cs’ g X + O(log x).

Similarly, using (84), we have

o0 2
(89) K, << [ ’;—2d(S(y) +G(@y)) << log x.

Combipmg (85), (86), (87), (88), and (89), we obtain

90) f(x)= ;x7 logx+C_ . xlogx+C_ _ x-xu/2 +0O(log x)

5,1 5,2

= g(x) + O(log x),
say. We have
1 2 1
! = — -
g'(x) = ;- log” x +( +C )logx + (05’ 1 *Cs 5-u2),

2w 51 5,2

so the minimum of g(x) occurs at

2 2
X0=e 1—21r05’1+\/21ru+1+41r 05’1-41:'05’2

Since there are constants C and C such that
6,1 6,2

g(x) + C log x < f(x) < g(x) + C log X,
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we have
lim g'(&x) = f'(x)
X ==t~ QO
and
lim XO =T,
X == 00
where f'(T) = 0,
Taking T = XO, we have

£(T) = - —];-<s/27ru + 41r202

" 5,1 +1- 41rC5’2- 1) T + O(log T).

Since l—o,i,g—T << f"(T) << I—Q%-’I: , there are constants a a,, a and a

1 3 4
such that
G'(u) = exp (— (\/ a,u+a, —as)e 2mu +ay + O(\/Tl)) .



CHAPTER III

THE ZEROS OF £ (s)

N
s

1, Introduction. Let gN(s) = Z n . We show that !,‘N(s) has a zero
n=

s=¢0 + itwith ¢ > 1 for all N > 30, The question is of particular interest
because Turén [27] showed that the Riemann hypothesis is true if there

exists an N0 such that for all N > NO’
question has been considered by many others, including Haselgrove [11],

§N(s) has no zerowith ¢ > 1. The

Spira [25] and Voronin [29]. Montgomery [17] has shown that if 0 < ¢ < -:— -1,
then for all N> N,(c), zN(s) has a zero with ¢ > 1+ c(log log N)/log N.
The following table summarizes the current knowledge concerning zeros of

gN(s) with o >1:

N zerowitho > 17
1 No (Turdn)
2 No (Tur4n)
3 No (Turén)
4 No (Tur4n)
5 No (Tur4n)
6 No (Spira)
7 No (Spira)
8 No (Spira)
9 No (Spira)

10 ?

11 ?

12 ?

13 ?

14 ?

106
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N zerowith g > 1?
15 ?

16 ?

17 ?

18 ?

19 Yes (Spira)
20 ?

21 ?

22 Yes (Spira)
23 Yes (Spira)
24 Yes (Spira)
25 Yes (Spira)
26 Yes (Spira)
27 Yes (Spira)
28 ?

29-50 Yes (Spira)

51-N 0 Yes (Monach)
>No Yes (Montgomery)

Van de Lune and Te Riele [15] have explicitly computed zeros of §N(s)
with ¢ > 1 for small values of N,

By the classical work of Bohr [4], IN(s) takes the same values in the

N -
half-plane Re s > ¢, as tN(s) = Z amn S, where l a(n)| =1lforalln
0 n=1

and a(n) is totally multiplicative, Hence, fN(s) has a zero with ¢ > 1if
and only if IN(S) has such a zero, We write

N
£ (6) = B a@n S+ |, I ap > T amm °
n=1 N2<p5_N19/ 20 m<N/p

19/20

N 1
where =* is the sum over all n such that pln-» p_<_N2 orp>N We

n=1
choose a(p) = piT for p_<_N1/2 19/20

1/2 <p<N 19/20 to be chosen later, Thus, f.N(a+i21') has a zero with

andp > N , leaving the a(p) for

N

o >1if for some T
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(1) G(1Hr) > |FQsir)|
and there is no prime q, Nl/ 2 <q< N19/20, for which
(2)
q—l' = m—l—i‘r l S s = 19/20 p—ll = m-l-i'r .
m<N/q N “<p<N m<N/p
P#q
Here,
G(s) = = p-ll = m7
N1/2<p_<_1\119/2o meN/p
and
N -s
F(s) = Z*n
n=1

We will show that (1) and (2) are true for 7 = Toz'g”—N for every
N > 549798, The choice of T is inspired by Levinson's work [14] on the

zeros of L‘N(s) near 1,

2. An upper bound for | F(l+ir )| . In this section, we prove

1/2
Theorem 3.1, LetT = —21L— Leta=N / and b = N19/ 20, Let
log N
1 1 1 1-7 2
£ 0= r (-0.4257265+K+L) -0.05177€(a) - 1 +( 5N " ) + 4>
! 12N 120N

2
T _ 1,0011126e(b)  2¢(a)
+ <0. 575 + 130 >(1 1466715 Tog N Tog N I-:+TK

+<4_§ﬁf_a><o, 4257265 + 2:325281e®) o . . 1)

720 log N
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+
S (P _I@ b dwdu
2N \a lo log b log a at log2 u

and

1
+efu)(L+ e )du
F, o= Tiéo. 7885255+ L+J - fa'i log u + 0, 6366197 ¢ (a)
9

ulogu
2 0. 325281¢ (b
+K-0,0081994 e(b) + (0.575 + 55 ) (-0. 4257265 - —— = N€ )
' 497 47" 1, 0011126 ¢(b)
+ K+L-71I) + %30 1, 1466715 - Tog N
3
_2e(a) . 1 __T 1lr-T1
Tz ¥ - 19 TK) 5 + 7
12N 720N
T [ budu  DbTE) _aT@ _ fb+ T(w( - logu Jdu
2N2 jé. logu logb log a ot log u ’
where T(u) = 0 (u)-u, e(u) = T(u) ’
I= fb+ €() cos T log u du
T gk ulogu ?
J = b €(u) cos T log u du
=/ 5 ,
a ulogu
K= ¥ €(u) sin T logu du
- at ulogu ?
and
I = fb+ e(u) sin T logudu

4

a u logzu
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Let

-8(s+1)(s+2)(5+3)(s+4)

£, 8) = 120

A -S-
f:’ Bs(x)x 5~Dax

and r(p) = N/p. Let 8 represent any number such that I 6 I <l If

N > 549798, then

2

lraeir)| < @ 0+Fi?0)%+ [EQ, 1+i) - E(N, 1+it)|

1

= I B, 147 )-E(x(), 1rir |

<N

+]

-
N1/2<p 19/20

r 51077 (log N9 .

We need several preliminary results, From Edwards [7,pp.114-115],
we have

Lemma 3,2, Ifc > 1, then

1-s
_ N _l.-s 8 .-s-1 s(stl)(s+2) ,-8-3
£E) = L&)+ 5 -3 N +4g N 720 N

+ E(N, s).

Using this lemma, we prove

Lemma 3.3. If Nis an integer > 1, then

2 2
§N(1+i'r)=(0.575+ I20> +(2]1.\I - 12+ Cats l)
12N 120N
3 3
i<49'r+'r __T . 11t -1
720 12N2 720N4

) + E(1, I+it) - E(N, 1+ir).
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Proof, Using the previous lemma, we write

1 AT 1 -l (WiT) | -2-iT

IN(1+i'r) = &(+iT) - Ir N +3 N T3 N
+ (1+ir)($+2-zr)(3+ir) N—4—-i'r - E(N, 1+i7)
and
E(leir) = 1+ -117- - %+ 1{;” - (1““1"')‘_2;;'3)(3*1") + EQ, Li7).

Combining these equalities with the fact that N T = 1, we complete the

proof of the lemma,

Next we have
Lemma 3,4, Leth(p,s)= = m °,
m<N/p
2 3 2
A p A p A p (2-7 )
C{) = -B,(x(p)) 55 - B,(r(P)) —5 - B,(r®)) ———F—
1 N 2 2N2 3 6N3
4, 2 A 5 2 4
A p (-7) P (24-351 +7)
- B4(1‘(P)) —;I\IT— - Bs(r(P)) 120N4
and
2 3 4 3
A pT A pT A p (llr-7")
D() = -B,(r()) —5 - B,(r(P)) —5 - B,(r(p)) ————
2 2N2 ' 3 2N3 4 24N4

A 5. 3
- 35(1-@)) _E_Sig_)_ .

12N
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If N > 549798, then

2
h(p, I+it) = <0. 575 + —IE(-)-> - % sinT logp+C(p) cosT logp

3
-D(p) sin T log p+i <‘.,17 (cos T log p-1) + (%)

+D(p)cos T log p+C(p) sin 7 log p>+E(1, 1+ir )—E(r(p)+, 1+ir),

Proof. For ¢ > 1, we have

h(p,s) = £(8)- = n °

n>N/p
N 1-5
(-f)-) A (N -8 © ﬁ -s-1
= g(s) - —T - Bl(r(p)) -I-)- +8 fr(p)+ l(x)x dx,

Integrating by parts, we see that this

(%I') e A NY® s A N\t
= £(s) - ~E—— - B (o)) (—5> - & B,(r(m) (;)

-5-3

-5-2
- 2D ﬁs(r(p»(N> - 2ererd) ﬁ4(r(p»<5:;>

6 E)

A -s~4
) s(s+1)(1s2462)(s+3) B, (o) <_1;i>

+ 8(s+1)(s+2)(s+3)(s+4) .

-8-5
120 + ﬁ5(")" dx.

r(p)
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Since this expression remains valid for ¢ = 1, we set s = 1+ir and obtain the
desired result,
To bound the C{p) and D(p) in the previous lemma, we need

19/20
L]

Lemma 3,5, If N > 549798 andp < N then

3, 2 ©8,. 2
pll_ P ,PC@T))  py<R(i_ 2 ,PCT)
N2 " 12N 3 | =“WaN\Z 1N 3

120N 120N
and
2 2
-5 (12*4%1) < Dp) <
N 2N

Proof. We have t < 0, 4753755 and -% < 0,5164054, Replace { r(p)} by

x in the definition of C(p), We have

Cp) _p -p4(24-35r2+1'4) X4+ p4(24-351'2+'r4) _ p3(1-1'2) x3
ox N 24N 12N NS

4 3 2

+ -p4(24-351'2+1'4) . 3p3(1—1'2) _ pZ(Z-'rz) x2
24N 2N 2N

3 2 N 4 2

3 2 2 2 4 2 4 2 2
+-p(1—’r)+p(2-'r)__9_x+p(24-35'r+'r)_P(2-'r)
2N 2N 720N 12N

Since this is < 0 for 0 < x < 1, we have our desired result for C{p), In
the case of D(p), we replace {r(p)} by x and observe that our desired result

istruesincex55x4_<_x3_<_x25xfor0_<_x5_1.
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We now prove the theorem, Write

-1-it
F(+ir) = & (I+ir) - =z P h(p, 1+ir),
N N1/2<p5_1\r}9/zo

Using Lemma 3, 3 and Lemma 3, 4, we obtain

(3
F(l+it) = (.575+ 112-0>+<2]I.\I S 5+ -t 4)> +i / 49;"2'; __T 5+ 11'1'--'1'4 >
128% 1208%/ \ 1282 720N

2
-1-it T
+ EQ1, I+it )-E(N, 1+ir) - =z P << 575 + ———>
N1/2<p5N19/2° 120

3 .
¥ i(-: - 2 >+ E(1, 1T H(;—:-+Cm)+iD(p)>p"—E(r(p)+, L+ir ))

We need to evaluate several summations over primes in this expression,

Using Lebesgue-Stieltjes integration, we obtain

e b u T g )

) p> p =[
N1/ 2<p_<_N 19/20 o Tog u

-0, 1466715 + 0,42572651

N 1,0011126¢(b) . 0. 325281¢(b)i
log N log N

+ 2¢ (a) + I+J+ K-iK-iL+iTI+2- 10-70.
log N
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Similarly, we have

®)

1
b e(u)(1+ )du
;1> = 0, 641854 + i(fb)b - 12% +f+ - 1:gx‘11 10
<p<N / g J a g
(6)
b_du TMH) _ T b e@du
1 = - § 0 L
N1/2<p_ 19/20 ~ Ja Togu " Togh loga ot logzu
and
(7)
- buda bT®) _ aT(a) f pt TW g ~Ddu
1/2< <N19/20 =l logu  logb loga " “ + logu

Using Lemma 3.5, (6) and (7), we obtain

8

b du T(b) T(a)

Op Cu)) < <f + - + fb+ M)
1/2 <p<N 19/2 a logu " logh loga "+ logzu

N

and

&)

T <b udu bT() aT(a)
N 2 ) i

Z 1o /00P D) < +
1/2<p_<_N19/ 20P a logu logh log a

2N
1
) ~ T(u)(1~ Tog u ydu
/ + logu :

a
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We note that Re F(1+ir ) and ImF(1+ir ) are both negative, so that
-1
F(1+ir )| is maximized when P p Cp) and
| Py Ni/2 <p <N19/20 )

z p-lD(p) are maximized, Combining (3), (4), (5), (8), and (9),
N1/2 <p<N 19/20

* we complete the proof of the theorem,

3, A lower bound for G(1l+ir). In this section, we prove

Theorem 3,6, Let

T
b e(u)cos 5 log u du

P= fa+ ulog u ’

T
b €(u)sin 5 log u du

Q= fa+ ulogu

and

~ e(u)sin -12-— log u du

+ 2
a ulog u
If N > 549798, then

G(l+it) > 01518588 log N + 0, 0524155¢(b) - 0, 6366197¢(a)

log N
T

_p+_1_°_g1;.1.“_Q+ Y g@, 1ir)

R -

1/2 Z 19/20P

N " <p<N
_E(r(p), 1+ir)| + 5- 10" (log N)8.

We need a lower bound for l h(p, 1+ir )I . Using Lemma 3, 4, we obtain
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(10)
2 2
| nq, 1+ir) | >< (1-cos T log p) + (0. 575 + = 120
T
3\2 2
4971 +1 49+ 2 2D(p)
( 720 ) -~ =380 * @ %) +

.2 3
+ sin T log p(-_rl <1 15 + >+ C(p) (49;; >

2 2
) 2P ) (a911”
D(p) <1 15 + 60) + cos T log p< 360

-
2 3 | 1/2
+Co) (1. 15 + Ie'd)* D@)<49; had >- 2D1_(.I.’)_> )

- | EQQ, 1+ir) - E@p), 1+ir)] .

We simplify this result in

Lemma 3.7, If N > 549798 and p < N19/20 then

lh(p, 1+i'r)| > <—2§- (1-cost log p)) 1/2_| EQ, 1+it )-E(r(p)"', L+ir )l .
T

1/2 3/4

Proof, We first assume that N <p<N"'", WehavecosT logp < 0,
2
sint logp < 0, % < 0, 0367239, pz < 0,001349 and 7 < 0, 4753755,
N

From Lemma 3,5, we have
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and

pzr 1l P p2'r
-t o) $P@s<
N2 (12 4N) 2N2

Thus, the coefficient of sin 7 log p in (10) is negative and the right-hand

side of (10) is minimized when this coefficient is replaced by 0 and we

2
P (1 p _pT (1 D >
choose C(p) = N <2+ 12N> and D(p)_—Nz <12+ /- The right-hand
side of (10) is obviously still

> <—22- (1-cos T log p))l/ 2_| EQ, 1+ir -E(r)’, 1i7)]
.

1/2 3/4

which proves the lemma for N“ " <p< N ',

3/4 19/20
We now assume that N° "< p< N ', Wehave 0 < cosT logp <

2
0. 951057, -0, 309017 < sin T logp < 0, £ < 0,5164043, 2 < 0. 266674,

N NZ

and T < 0.4753755, As before, the coefficient of sin 7 log p in (10) is
negative, Thus, the right-hand side of (10) is minimized when this
coefficient is replaced by 0 and we choose cos 7 log p = 0, 951057,
2
_zp(l P _ 7 (1. D joht-
Clp) = N <2+ 12N> and D{p) = N2 <12+ o) - The right-hand side
of (10) is obviously still

> <_’%. (1-cos T log p)> Y2 | B, wir B, i),
T
which completes the proof of the lemma,

Using this lemma, we have
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-1
G(l+ir) = = | nep, 1+17) |
N2 5N19/2op

1/2

—1< 2
> = —= (1~-cos T log p)) -
1\11/2<plesa/2op 2

-1 +
- = |EQ@, 1+i7)-E(xe) ", 1+i7)] .
/2 <Nw/zop

Using Lebesque-Stieltjes. integration, we obtain

2 -1. T
T V2 = 19/20P FngloEp

Z o / 20p'1<---%i (1-cos T log p)>1/ 2
T N <piN

12, on

N

T
b sin—z-logu d 6(u)

2
—?fa ulogu

= 0, 1518588 log N + 0, 0524155¢(b)

- 0. 6366197¢ (a)

-P+l°—§_N Q+ BN ¢

T
-7
+ 5-10 (log N)o,

which completes the proof of the theorem.,

4, The zeros of zN(s). In this section we prove

Theorem 3.8, For every N > 30, gN(s) has a zero with ¢ > 1,
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We first establish

Lemma 3,9, If N > 549798, then

[EQ, 1+ir)-EN, 1+it)| < 0,0040729
and

"L @, 1ir-E@p), 1+ir)| < 0. 002627,

= p
N1/2<p5N19/20

Proof, We have

| (LHT)(21i7) (B+ir) (e i) B i)

A -
e | 17 1B ol ®ax.

|E(1, 1+ir)-EQ, 1+ir)| <

Since 7 < 0,4753755, the first factor above is < 1, 1656289, In addition,
A - A
the minimum of Bs(x) occurs at 0, 2403353 + 10 7 and the maximum of B5(x)
- A
occurs at 0, 7596647 + 10 7. Thus, | Bs(x)l < 0,0244588, Using these

results, we obtain
|EQ, 1+ir)-E, 1+ir)| < 0.0040729,
Similarly, we have
| E(1, 1+ir)-E@(@) ,1+1r)| < 0.0040729,

. -1 .
Using the formula for 1/2 Zp 19/20 in (8), we obtain
N <p<N
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-1

zZp
Nl/ 2<p_<_N19/ 20

| EL, 1+ir)-E@@), 1+ir)| < 0.002627,

This completes the proof of the lemma,
Combining the results of Theorem 3,1, Theorem 3, 6, and Lemma 3, 8,

we see that G(l+ir) > | F(l+ir)| for a given N > 549798 if

D, = Gy+ l°iN Q- (Fi 0+F12’ 0)1/ 2 5 0.0093269 + 10 810g M),
where
G, = 0.1518588 log N + 0. 0524155¢(b) - 0. 6366197¢(a)
-P+ _l:o_g__N__ R.
T
We first examine the case when N > 1011.
11

Lemma 3,10, IfN > 10", then

G(+ir) > |Fa+ir)].

Proof, We have N:"/2

> 316226, log N > 25, 32835 and t < 0, 2480684,
Schoenfeld [24, p.360] has shown that g(u) < 1, 000081, for all u > 0,
Hence, e(u) < 0, 000081 for all u > 0, Schoenfeld [24, Corollary 2*] has

determined values of ¢ and d such that if d < u, then

u-u/(c log u) < 6(u),
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Thus,
(1)

—_
clogu

-

<€ (u).
In particular, (11)is true for d = 315437 and ¢ = 29, Hence, fora<u<b
-0, 00273 < €e(u).

From Schoenfeld [24, 5. 66*], we have, for u > e22,

[oq-u| < 0.0077629 u/log u,
Hence, for u > e22

-0,0077629/log u < €(u).
Therefore,
-0.000030649 < e(b).
Combining the above results, we obtain
-0, 00273 < e(u) < 0,000081 (a<u<b)

and

-0, 000030649 < e(b) < 0.000081,
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Thus,

0.0524155¢(b) > -0, 000017

and

-0, 6366197¢(a) >. -0, 000052,

In addition, we have

> -0, 00273 S0S VY 5 _-0.001726,

5) ' )

<1_97£> 191r>
-P= _/. 20 é(ezv/ﬂ cos v dv 20/00s v d
T

In a similar manner, we obtain

1°g1rN Q > -0.0007593 log N

and

log N
T

R > -0,0023854,

Combining these results, we have

log N

c;'0 T

—— Q > 0,1510995 log N - 0, 0041804,

To bound F 0 and Fi o Ve need bounds on I, J, K, and L, Using
? ?

the same method as we used to bound P, we obtain
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[1] < 0.0019875,

|3] < o0.0004931,
-0, 0000345 < K < 0, 0021287
and
-0.0000085 < L < 0.0005217,
Combining these results with those previously obtained, we have

Fr 0 > ~0.0677634 log N + 0, 6450713
?

and

Fi 0 > =0, 125909 log N - , 2483715,

Hence,

D, > 0,0091103 log N - 0, 0041804

> .2012154 + 10 % Jog N,

Since D > . 0093269 + 10"810g N), we have G(+ir) > | F(l+ir)] for

every N > 1011, which completes the proof of the lemma,

Next, we examine the case when 549798 < N < 1011. In this range,

we use Schoenfeld's result[24, p. 360]that 6(u) <ufor 0 <u< 1011. This

result implies that e(u) < 0 for 0 < u < 1011.
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Treat

2 2 .1/2
Hy = Fy o*Fy o)

as a function of K and L., Since Fr and F are negative for N > 549798,

0 i,0

it is obvious that HO is maximized when K and L. are minimized, But

K>0andL >0, soH, < H , where

0 v
2 2 1/2

Hy =@, F ) -

1

and Fr 1 and Fi 1 are defined by replacing K and L by 0 in the definitions
14

of Fr, 0 and Fi, 0
Treat H1 as a function of I, Let
2 2 1/2
Ho = F, otF1 o

where Fr 2 and Fi g are defined by replacing I by 0 in the definitions of
? ?

F and ¥, .. We have
r,1 i1

oH . 2 3
1 2 2 -2 T 497 +7
st - ®p 0t F Y <F r, 1< 1 <°' 975 + 120)”( 750 >>

2 3
1 T 49T 4T
+ Fi, 1<? -7 <0. 575 + 120> - < 750 >>>

IA
o
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Thus, H, is a decreasing function of I, Hence, if I > 0, then H1 < Hz’

1
IfI< 0, then

1
dQ@) = Hz-;_-I-H1
is a decreasing function of I which is 0 whenI =0, Thus, Hl _<_H2- 7:3- I
if I < 0. We now examine Dy- IfI > 0, then
log N
(12) Dy 2 G+ —— Q- H,
IfI <0, then
log N 1
DO G0+ m Q-H2+—I
But
. T
log N b e(u)(sin 5 log u+cos T log u)du

+ ulogu

sin-Z—logu+ cosT logu > 0

for a < u< b, Thus, if we let

Xy Susb
T
n X sm-z—logudu
Q1= z m(])j)" ulogu
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and
Il = ; m(j) fxxj COSI:‘ kl,;guu du
=1 j-1 ‘
for a=X, <X, <X,<.., < xn=b, then
(13) Dy 2 Gy + lozgqu Q-Hy+ 71r' QL))

But m(j) is an increasing function of j, soI. > 0, Hence, for

1
11
549798 < N <10 ', we have

log N 1
Dy 2 G+ 55— Q- Hy+ Q.

Treat H gasa function of J, and let

Fz 2 1/2

3= ( r,3+F

H i, 3) 9

where Fr 3 and Fi g are defined by replacing J by 0 in the definitions
H ?

of F and F,
r,2 i,

Using the same methods we used above, we obtain,

2.
for 549798 < N < 1011,

log N
DOZGO-H3+ = Ql’

Let
T
n xj cos & log udu
Pl = Z m() fx._ ulogu

=1 j-1



128

and
T
n xj sin = log u du
R1 = Z m() fx 2

=1 j=1 ulog u
Then
(14) D0 > D1 = Gl - H3,
where

G, = 0.1518588 log N + 0, 0524155¢(b) - 0, 6366197¢(2)

log N log N R

-P1+ T Q1+ T 1

Let D3 be defined by replacing e(a) by € * in\Dl, where

0>e*> max . ,, €(u).
N1/2<u<N1/2
1 —="2
Let D2 be defined by replacing e(a) by v in Dl‘ We have
oD 1 2
2 2 2 -3 T 2
v - 0.636619 (Fr, 3+Fi, 3) <Fr, 3< 0. 05177 <0. 575 + 120><10g N>

3 2
a 4971 +1 2 Ta
~ 2Nlog a>+ Fi,3<0' 6366197 - < 720 ><log N > * 2n2>>>

> D, for 549798 < N

0.

IA

Thus, D <N<N_ < 1011, where

1 1 2

D, = 0,1518588 log N + 0, 0524155¢(b) - 0, 6366197 ¢*

3
log N log N
- P1+ - Q1+

2
T _(1.0011126¢()  2¢*
+ (o. 575 + 755 ><1 1466715 < e N TN >

R1-<(-O. 0677564 log N-0, 05177 ¢*)
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3 2
4971 +1 0. 325281¢(b) 1/.b du be(b) ae*
+ ( 720 )(0 4257265 + log N )- 2N<fa Togu ' Togb  Toga

+ <-o. 1254977 log N + 0, 6366197 ¢* - 0. 0081994 € (b)
2

+ (0,575 + ==—=)|-0. 4257265 - 2-325281e(b)
log N

3
497 +7 1,0011126e(b)  2¢*
+ < )(1 1466715 e N~ TogX )

1 2\1/2
r fb udu , b2 e®) _ aze* i B e(wu(l ~ o Ydu
2 \Ya logu log b loga at logu :

oD

. 3
Replacing T inD3 by W, we have - >0, Thus, D0 ?_D4 for

549798 < N. < N< N, < 1011, where D, is defined by replacing T by

1 2 4

'Y . 2"’
‘T*mDa, with OST*ST(';g—Nz.

< 1011, we have

Hence, for 549798 < N, < N< N

1 2

2 2 1/2

(15) Dy >Dy = Gy = (F, +F; )

0 4 4

where

G4 = 0, 1518588 log N + 0, 0524155¢(b) - 0, 6366197 ¢*- P1

N log N Q1+ log N R

T T 1’
2
Tx
= - - * —
Fr,4 0.0677564 log N -~ 0,05177¢* + G) 575 + 120)
3
4971 471
1,0011126¢(b) 2¢* * %
(1. 1466715 Tog N - Tog N + ( 730 ><0 4257265

0.325281e@)) 1 (b du  be®) _ ae*)
log N 2N fa logu * log b log a
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and
Fi 4= -0, 1254977 log N + 0, 6366197¢* - 0, 0081994¢(b)
]
"
* 0, 325281¢(b)
+ <0 575 + 150 ( 0, 4257265 Tog N >
49r +'r3
. * ok 1 466715 - 1,0011126¢(b) _ 2e*
720 ' log N log N
L2 2 1 1 d
) T <fb udu  be®) _ ale* _ pt c@u( -logu) u)
2N2 a logu logb log a ot log u
We use the following upper bounds when calculating D 4
1 b du < 1 1,11111112 N 0. 1388889 0, 1785714
5N Ja Togu S 2Tog N NV/20 N/10 + N7/

0.2380952  0.3333334 2 > )
N3/ 10 N2/5 N1/2
and
1 b udu 1
) < g).
ZN2 a logu N1/20
The X used in computing Pl’ Ql’ and Bl are
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x, = 8= N1/2’ x, = N1 58/m , %, = N1 59/m %= N1 60/
x, = N1' 65/m , % = Nl. 70/ %y = Nl. 75/7 , %= Nl' 8/r
xg = N1 85/1 xy = N 90/11" X, = N 95/1r, X, = N2/T
X, = N2. 1/ %= NZ. 2/ %, = N2 s/r X = N2' 4/
X, = N2 5/m % =b= N19/20

We now prove

Lemma 3,11, If 2193361 < N < 107, then

G(l+ir) > |F(sir)].

log N
T

Proof, We have -P_ > -0, 0058212,

1
log N
= R1 >-0,006867, We choose e*= 0, From Schoenfeld [24, 5, 2¥],

we have 0, 998697 u < @(u) for u > 1155901, so that -0, 001303 < €(b) < 0,

Q, 2 <0.0034335 log N and

Hence, G, > 0, 1484253 log N - 0, 0127565,

1
In evaluating the rest of D 4 Ve choose 7= 0. Since g(N) < 0, 0164211,

we have D 42 0. 0058052 log N ~ 0. 0362244 > 0, 0485223 + 10"6 log N,

which completes the proof of the lemma,

Continuing, we have

Lemma 3,12, If 549798 < N < 2193361, then

G(l+ir) > | Fawn)].
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Proof, Schoenfeld [24, Corollary 2*] has shown that (11) holds with
d = 8623 and ¢ = 6 as well as with d = 486377 and c = 37, Using (11), we

obtain

-0,0178032 < €(u) (u > 11633)
and

-0,0020448 < e(u) (u > 549798),

Supplementing these results with our own calculations of minimum values

of e(u) for 1 < u < 11633, we obtain

1/2 /2

e(w) < -0,01872009  (549798) u< (21933(:‘»1)1

and
-0,0020448 < €(u) < 0 549798 < u < 2193361,

Hence, we choose e* = -0, 01872009 and we have -0, 0020448 < €(b) < 0.

We have =P, > -0, 0068286, E’_g;rﬁ_ Q, > -0.004764 log N and 1°g1rN R, >

-0,009528, so that G4 > 0, 1470948 log N - 0, 0052253,

In evaluating the rest of D,, we choose 7, = 0,4303274, Since g(N) <

4’
0, 0237707, we have

D, > 0.0044747 log N - 0, 0221691 > 0, 0369611 + 10" %10g N,

which completes the proof of Lemma 3, 12,
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We have now shown that G(1+ir) > | F(l+ir)| for N > 549798, To

show that L‘N(s) has a zero with o > 1 for N > 549798, we need

Lemma 3,13, If N > 549798, then there is no prime q, Nl/ 2 <q< ng/ 20

such that
q-l l s m 1-it [ 5 s Zp- 119/20l s m 1-ir .
m<N/q N “<p<N m<N/p
: pAq

Proof, It is sufficient to show that

q- 1 l h(q, 1+it) I < % G(1+iT)

1/2 <q< N19/20,

for all primes q, N Using Theorem 3, 6 and Lemma 3. 9,

we obtain
G(1+it) > 0,1518578 log N + 0, 0524155¢(b) - 0, 6366197¢(a)

-P+lﬁf-r-§-Q+ 1°g1rN R - 0, 002627

> 0,1470948 log N - 0, 0198213,

1/2 <a< N19/20

Thus, itis sufficient to show that for all primes q, N
qa ! |n@, 1+ir)| < 0.0735474 log N - 0, 0099108,

Using Lemma 3,4, Lemma 3,5, and Lemma 3,9, we obtain



1‘2 log N 1 2.,-
| hg, 11| < (o.575+—_-. +_§_+%<_2_+ pN> LB

< 0,4774657 log N + 3,
Hence,
q ! |h(, 1+ir)| < 0.07354741 log N - 0. 0099106,

which completes the proof of the lemma,
Combining the results of Lemma 3, 10, Lemma 3, 11, Lemma 3, 12,

and Lemma 3, 13, we see that
:N(s) has a zero with ¢ > 1 for every N > 549798,

Finally we have

Lemma 3, 14, If 30 < N < 549798, then

4 N(s) has a zero with o > 1,

Proof. Using Bohr's result as before, we have a zero of é‘N(s) with

o > 1if for some 7T

. N
(16) s =p 1 I s m 1-iT ! s I , - n 1-ir
N~ “<p<N m<N/p n=1

1/2
p/n—p<N /
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and there is no prime q, Nl/ 2 < q < N, such that

-1 ~1-i7 -1 ~1-i7
an o | z m | > =zpo| oz m|,
pAa

Using a computer program (Appendix C), we showed that the above inequalities
are true for 30 < N < 549798, Thus, ;N(s) has a zero with ¢ > 1 for
30 < N < 549798,

This completes the proof of the theorem,
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APPENDIX A

The following programs are used to obtain the résults in Chapter 1. Our
polynomials are stored as vectors of coefficients, with the first element equal
to the position of the highest degree non-zero term, the second element equal to
the value of the constant term, and the remaining elements equal to the values

of the other coefficients. The program listings follow:

A program to add two polynomials

SUBROUTINE ADD (P, Q,R)
IMPLICIT REAL*8 (A-H, O-Z)
DIMENSION P (38)
DIMENSION Q (38)
DIMENSION R (38)
MDEGP = P(1)
MDEGQ = Q(1)
MDEGR = MDEGP
IF (MDEGQ .GT. MDEGP) MDEGR = MDEGQ
R(1) = MDEGR
DO 101=2, 38
R(@I) = P(I) + Q(I)
10 CONTINUE
RETURN
END

A program to multiply a polynomial by a scalar

SUBROUTINE SMULT (P, S, R)
IMPLICIT REAL *8 (A-H, O-Z)
DIMENSION P(38)
DIMENSION R(38)
MDEG = P (1)
DO 10 I=2, 38
R(I) = P(I) *S
10 CONTINUE
R(1) = MDEG
RETURN
END
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A program to multiply two polynomials

SUBROUTINE MULT (P, Q, R)
IMPLICIT REAL * 8 (A-H, O-Z)
DIMENSION P(38)

DIMENSION Q(38)

DIMENSION R(38)

MDEGP = P(1)

MDEGQ = Q(1)

R(l) = MDEGP + MDEGQ - 2

DO 5 K =2, 38

R(K) = 0. 0DO0

CONTINUE

DO 20 I=2, MDEGP

DO 10 J =2, MDEGQ

IF (P(I) .EQ. 0.0D0) GO TO 10
IF (QJ) .EQ. 0.0D0) GO TO 10
RI+dJ ~2) = RI+d~2) + (P(I) *Q(J))
CONTINUE

CONTINUE

RETURN

END

A program to evaluate polynomials

SUBROUTINE EVAL (P, X, Y)
IMPLICIT REAL *8 (A-H, O-Z)
DIMENSION P(300)

MDEGP = P(1)

Y = P(MDEGP)

MSTOP = MDEGP - 2

IF MSTOP .LT. 1) GO TO 10
DO 10 I = 1, MSTOP

INDEX = MDEGP - I

Y = P (INDEX) + (X*Y)
CONTINUE

RETURN

END
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Yoy
A program to bound pgpo - - ¥36

IMPLICIT REAL *8 (A-H, 0-Z)
DIMENSION MP(13)
FPI = 3.14159265358973D0
CONSQ = 2.0D0/FPI
TOTAL = 1.0D0
N=0
READ (4,50) T

50 FORMAT (F13.6)

10 READ (5, 100) MP(I) , I =1, 13)

100 FORMAT (1316)
I=1

15 IF MP(I) .EQ. 0) GO TO 20
P = MP(l)
BOUNDP = (2. 0D0 * T)/FPI
IF (P .GT. BOUNDP) GO TO 20
BOUNDL1 = 36. 0D0 - (((24. 0DO*FPI*P)/T) + ((12. 0DO*FPI*FPI)/(T*T)))
BOUND2 = 6.0D0 - DSQRT (BOUND1)
BOUND = CONSQ *DSQRT (BOUND2)
IF (BOUND .GT. 1.0D0) GO TO 20
TOTAL = TOTAL * BOUND
N=N+1
WRITE (6,200) N, TOTAL
I=1+1
IF I .EQ. 14) GO TO 10
GO TO 15

20 WRITE (6,200) N, TOTAL

200 FORMAT (I5, E15. 6)
RETURN
END
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A program to bound 2 -1
p<1010 p2_1

IMPLICIT REAL * 8 (A-H, O-2Z)

DIMENSION IP(169)

READ (5,100) (IPI), I=1, 169)
100 FORMAT (13I6)

TOTAL = 0.0
DO 10 I = 1, 169
P = IP(l)

TOTAL = TOTAL + (1. 0D0O/DSQRT ((P * P) - 1. 0D0))
WRITE (6, 200) IP(I), TOTAL
200 FORMAT (I6, E20. 6)
10 CONTINUE
RETURN
END

n_?_i_ -1 o f. 11 _w \ . -1 . 7
A program to compute T ( sin p sm(sm nh) sin "p sin 5nh

p<101 T \'2

o=

IMPLICIT REAL * 8 (A-H, O-2)
DIMENSION MP(26)
FPI = 3.14159265358973D0
CONSQ = 2.0D0/FPI
READ (5,100) (MP(), I=1, 26)
100 FORMAT (13I6)
DO 40 IT =401, 410
T =IT
T = T *.5D0
TOTAL = 1.0D0
DO 30 I=1, 26
P = MP(I)
BOUNDP = (2.0D0 * T)/FPI
IF (P .GT. BOUNDP) GO TO 20
BOUND1 = DARSIN (P * DSIN(DARSIN(1. 0D0/P) - (FPI/T)))
BOUND2 = DARSIN (P * DSIN(FPI/(2. 0D0 * T)))
BOUND = 1.0D0 - (BOUND1 + BOUND2) * CONSQ
IF (BOUND .GT. 1.0D0) GO TO 20
TOTAL = TOTAL*BOUND
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30 CONTINUE
20 WRITE (6, 200) TOTAL
200 FORMAT (D24.16)
40 CONTINUE
RETURN
END

A program to compute I G(p, nh) using Lemma 1.15
Poi p=p,

IMPLICIT REAL * 8 (A-H, O-Z)
DIMENSION MP(13)
DIMENSION MPRIME (200)
DIMENSION P(160)
DIMENSION TOTAL (400)
N=0
10 READ (5,100) (MP(I), I=1,13)
100 FORMAT (13I6)
I1=1
15 IF (MP() .EQ. 0) GO TO 20
N =N+1
MPRIME (N) = MP(I)
I=1+1
IF (I .EQ. 14) GO TO 10
GO TO 15
20 CONTINUE
DO 40 I=1, 400
TOTAL(I) = 1.0D0
FI = 1
FI = FI*.5D0
CALL COMFPT (43, FI, M)
CALL PREPOL (FI, M, P)
DO30 J =1, N
CALL COMFPT (MPRIME(J), FI, IDEG)
P(l) = IDEG + 2
FP = MPRIME (J)
X = 1.0D0/(FP*FP)
CALL PREEVA (P, X, Y)
TOTAL (I) = TOTAL () *Y
30 CONTINUE
WRITE (6,150) TOTAL (I)
150 FORMAT (D24.16)
40 CONTINUE
RETURN
END
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3 (e
j=0 4
A program to compute the number of terms of k=0 5 5k

k)" p

necessary to compute G(p, nh) using Lemma 1. 15

SUBROUTINE COMFPT (IP, T, N)

IMPLICIT REAL*8 (A~H, O-2Z)

CO = ~8.0DO0 * DLOG (10. 0D0)

Cl = DLOG (2. 0DO0 *3. 14159265358973D0)/2. 0D0
C2 = DEXP (1. 0D0)

C3 = T/2.0D0

K = T/DSQRT (2. 0D0)
FP = IP

FK = K

FK1 = FK + 1. 0D0

REMAIN = (FK1*DLOG ((T *C2)/(2.0D0 * FP *FK1)) - (C1 + (DLOG
1(FK1)/2. 0D0))

N =K

IF (REMAIN .EQ. C0) GO TO 90

IF (REMAIN .LT. C0) GO TO 10

N = ((FK1 + (FK1 *DLOG(C3))) - (C0 + C1 + ((FK1 + . 5D0) *DLOG
1(FK1))))/DLOG(FP)

GO TO 90

10 NLOW = (C2*C3)/FP

15

FNLOW1 = NLOW + 1
REMAIN = (FNLOW1 *DLOG ((T * C2)/(2. 0D0 * FP *FNLOW1))) -

1(C1 + (DLOG(FNLOW1)/2. 0D0))

IF (REMAIN .GT. C0) GO TO 15

N = NLOW

GO TO 90

NHIGH = N

DO 40 IBISEC = 1, 40

NDIFF = NHIGH - NLOW

IF (NDIFF .LT. 2) GO TO 50

NMID = (NHIGH + NLOW)/2

FNMID1 = NMID +1

REMAIN = (FNMID1 *DLOG ((T * C2)/(2. 0D0 * FP * FNMID1))) -

1(C1 + DLOG(FNMID1)/2. 0D0))

IF REMAIN .GT. C0) GO TO 30
IF (REMAIN .EQ. C0) GO TO 20
NHIGH = NMID

GO TO 40
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N = NMID

GO TO 90
NLOW = NMID
CONTINUE

N = NHIGH
RETURN

END

kﬁl(.Z_ (nh)z)
j=o\) ~ "2

(k! )2 p21(

N
A program to compute k§0 as a

polynomial in p for given n

SUBROUTINE PREPOL (T, N, P)

IMPLICIT REAL *8 (A-H, O-2)

DIMENSION P(160)

NPLUS2 = N +2

P(1) = NPLUS2

P@2) = 1.0D0

P(3) = -(T*T)/(4.0D0)

DO 10 I = 4, NPLUS2

FI =1

P(I) = P(I - 1) * (FI - 3.0D0) * (FI - 3.0D0)/(FI - 2. 0D0) *
1(FI - 2. 0D0))

P(I) = P(I) * ((1.0D0) - ((T * T)/(4. 0DO *(FI ~ 3. 0D0) *
1(FI - 3. 0D0))))

CONTINUE

NPLUS3 = N+ 3

DO 20 I = NPLUS3, 160

P(I) = 0.0D0

CONTINUE

RETURN

END
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A program to evaluate polynomials

SUBROUTINE PREEVA (P, X, Y)
IMPLICIT REAL *8 (A-H, O-2)
DIMENSION P(160)

DIMENSION PPOS(160)
DIMENSION PNEG(160)

MDEGP = P(1)

PPOS (1) = MDEGP

PNEG(1) = MDEGP

DO 20 I = 2, =DEGP

PPOS(I) = 0.0DO0

PNEG(I) = 0.0D0

IF (P(I) .GT. 0.0D0) GO TO 10
PNEG (I) = P(I)

GO TO 20

PPOS (I) = P(I)

CONTINUE

CALL EVAL (PPOS, X, YPOS)
CALL EVAL (PNEG, X, YNEG)
Y = YPOS + YNEG

RETURN

END

m
<
PSPSP;

using Lemma 1.15

IMPLICIT REAL * 8(A-H, O-Z)
INTEGER B, T, R

DIMENSION IP(32, 160)
DIMENSION R (258)

DIMENSION JP(32)

DIMENSION KP(32)

DIMENSION LP(32)

DIMENSION MPRIME (13)
COMMON B, T, M, LUN, MXR, R
MXR = 258

LUN = 8
B = 10000
T =30

M = 800

G(p, nh) in multiple precision
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READ (5, 100) (MPRIME(I), I=1, 13)
FORMAT (1316)

DO 40 I = 1,400

TOTAL = 1.0D0

FI =1

FI = FI*.5D0

CALL COMFPT (2, FI, MDEG2)
CALL PREPMP (FI, MDEG2, IP)
DO30 J =1, 13

CALL COMFPT(MPRIME (J), FI, IDEG)
IDEG2 = IDEG + 2

CALL MPCIM(IDEG2, IP (1, 1))
MPS = MPRIME (J) * MPRIME (J)
CALL EVALMP (IP, MPS, Y)
TOTAL = TOTAL*Y

CONTIN UE

WRITE (6,200) TOTAL
FORMAT (D24. 16)

CONTINUE

RETURN

END

The MP routines are due to Brent and are available in the Michigan computer

library.

N k-1 (j2 i (nh)z )
A program to compute Z =0 4 as a
k=0 2 2k
ki) p

polynomial in p for given n in multiple precision

SUBROUTINE PREPMP(X, N, IP)
IMPLICIT REAL *8 (A-H, O-Z)
INTEGER B, T, R

DIMENSION IP (32, 160)
DIMENSION R (258)

DIMENSION JP(32)

DIMENSION KP(32)

DIMENSION LP(32)

COMMON B, T, M, LUN, MXR, R
MXR = 258

LUN = 8
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B = 10000

T = 30

M = 800

Y = (X*X)/4. 0D0
In=1

NPLUS2 = N +2
CALL MPCIM (NPLUS2, IP(1,1))

CALL MPCIM (I1, IP (1, 2))

OPPY = -Y

CALL MPCDM (OPPY, IP(i, 3))

DO 10 I = 4, NPLUS2

1125Q = (I-2)*( - 2)

IL3SQ = (I-3)*(I - 3)

CALL MPMULQ (IP(1, I-1), IL3SQ, IL2SQ, JP)
CALL MPDIVI (IP (1, 3), IL35Q, KP)

CALL MPADDI (KP, I1, LP)

CALL MPMUL (JP, LP, IP(1, I))

CONTINUE

NPLUS3 = N + 3

DO 20 I = NPLUSS3, 160

IP(1,1) = 0

CONTINUE

RETURN

END

A program to evaluate polynomials in multiple precision

SUBROUTINE EVALMP (IP, MP, Y)
IMPLICIT REAL * 8 (A-H, O-Z)
INTEGER B, T, R

DIMENSION IP(32, 160)
DIMENSION R(258)

DIMENSION JP(32)

DIMENSION KP(32)

DIMENSION LP(32)

COMMON B, T, M, LUN, MXR, R
MXR = 258

LUN = 8

B = 10000

T = 30

M = 800

CALL MPCMI(IP (1, 1), MDEGP)
CALL MPSTR(IP (1, MDEGP), JP)
MSTOP = MDEG - 2

IF (MSTOP .LT. 1) GO TO 10
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DO 10 I = 1, MSTOP

INDEX = MDEGP - I

CALL MPDIVI (JP, MP, JP)

CALL MPADD (JP, IP (1, INDEX), JP)
10 CONTINUE

CALL MPCMD (JP, Y)

RETURN

END

A program to compute RL(nh) and RH(nh) using Theorem 1. 16

IMPLICIT REAL * 8 (A-H, O-Z)

DIMENSION §1(38)

DIMENSION $2(38)

DIMENSION S3(38)

DIMENSION $4(38)

DIMENSION S5(38)

DIMENSION $6(38)

DIMENSION BL(38)

DIMENSION BH(38)

DIMENSION H(38)

DIMENSION HL(38)

DIMENSION HH(38)

U = 1155901. 0DO

THETAU = 1150824. 716334041D0/U

DLOGU = DLOG(U)

DLOG11 = DLOG(1155901. 0D0)

DO 60 IT = 1, 400

T = IT

T = T*.5D0 <

T5 = 1.0D0/(((144. 0DO * U * U)/(T * T)) - 1. 0DO)

IF (T .LT. 12.0D0) T5 = 1.0D0/((U*U) - 1. 0DO0)

S1(1) = 8.0D0

S1(2) = 0.0DO

S1(3) = =(T *T)/(4. 0D0 * U * U)

DO3 I = 4,8

FI = I

S1(I) = S1(I - 1) * (FI - 3. 0D0) * (FI - 3. 0D0)/((FI - 2. 0DO) *
1(FI - 2. 0D0))

S1(I) = S1(I) * ((1. 0DO) - ((T *T)/(4. 0DO * (FI - 3. 0D0) * (FI - 3. 0D0)))
1)/(U*U)

3 CONTINUE
SAVS18 = S1(8)
S1(8) = SAVS18 - (DABS(SAVS18) * T5)
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DO5 K = 9, 38

S1(K) = 0.0DO0
CONTINUE

CALL MULT (S1, S1, S2)
CALL MULT (S1, S2, S3)
CALL MULT (S1, S3, 54)
CALL MULT (S1, S4, S5)
CALL MULT (S1, S5, S6)

S1(8) = SAVS18 + (DABS(SAVS18) * T5)

CALL MULT (81, S1, S2)
CALL MULT (81, S2, S3)
CALL MULT (S1, S3, S4)
CALL MULT (S1, S4, S5)
CALL MULT (81, S5, S6)
DO 10 K = 1,38

BL(K) = S1(K)
CONTINUE

D2 = ~.5D0

CALL SMULT(S2, D2, H)
CALL ADD(BL, H, BL)
D3 = 1.0D0/3.0D0
CALL SMULT(S3, D3, H)
CALL ADD(BL, H, BL)
D4 = -1.0D0/4.0D0
CALL SMULT(S4, D4, H)
CALL ADD(BL, H, BL)
D5 = 1.0D0/5. 0D0
CALL SMULT(S5, D5, H)
CALL ADD(BL, H, BL)
D6 = -1.0098775D0/6. 0D0
CALL SMULT(S6, D6, H)
CALL ADD(BL, H, BL)
DO 20 K =1, 38

BH(K) = S1(K)
CONTINUE

D2 = ~-.5D0

CALL SMULT(S2, D2, H)
CALL ADD(BH, H, BH)
D3 = 1.0D0/3.0D0
CALL SMULT(S3, D3, H)
CALL ADD(BH, H, BH)
D4 = -1.0D0/4. 0DO
CALL SMULT(S4, D4, H)
CALL ADD(BH, H, BH)



22

30

400
60

149

D5 = 1.0D0/5.0DO

CALL SMULT(S5, D5, H)

CALL ADD(BH, H, BH)

D6 = -1.0D0/6.0D0

CALL SMULT(S6, D6, H)

CALL ADD(BH, H, BH)

=41 -K

IF BL(I) .NE. 0.0D0) GO TO 22

IF (BR(I) .NE. 0.0D0) GO TO 22

GO TO 30 .

2L1 = (I*2) -5

FI2L1 = I2L1

FI =1-2

P1 = ((1.0DO0 - (THETAU)) + (EI(FI2L1 *DLOGU)/FI2L1))/DLOGU
P2 = .00000003D0/(FI2L1 * DLOGU)

P3 = .001303D0 * (1. 0DO + ((EI(FI2L1 *DLOGI11) +. 0000000300)
1/FI2L1)) * ((U/1155901. 0D0) **121L1)/DLOG11

HL() = BL(I)*U*(P1 - (P2 + P3))

IF (BL{I) .LT. 0.0D0) HL(I) = BL(I)*U* (P1 + P2)
HH(I) = BH(I) *U* (P1 + P2)

IF (BH(I) .LT. 0.0D0) HH(I) = BH(I)*U=*(P1 - (P2 + P3))"
TOTHL = TOTHL + HL(I)

TOTHH = TOTHH + HH(I)

CONTINUE

BOUNDL = DEXP (TOTHL)

BOUNDH = DEXP(TOTHH)

WRITE (6,400) BOUNDL

WRITE (7,400) BOUNDH

FORMAT (D24. 16)

CONTINUE

RETURN

END

]

]

A program to compute exponential integrals using Lemma 1.20

REAL FUNCTION EI*8(V)
IMPLICIT REAL * 8(A-H, O-Z)
DIMENSION Q1(6)
DIMENSION Q2(6)

Q1(1) = 6.0D0
Q2(1) = 6.0D0
Q1(2) = .2677737343D0
Q2(2) = 3.9584969228D0

Q1(3) = 8.6347608925D0
Q2(3) = 21.0996530827D0
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Q1(4) = 18.0590159730D0
Q2(4) = 25.6329561486D0
Q1(5) = 8.5733287401D0
Q2(5) = 9.5733223454D0
Q1(6) = 1.0DO

Q2(6) = 1.0DO0

CALL EVAL(Q1,V, Y1)
CALL EVAL(Q2, V,Y2)
EI = Y1/Y2 -

RETURN

END

A program to compute € (u)

IMPLICIT REAL * 8(A-H, O-Z)

DIMENSION IP(9592)

READ (5,100) (IP(I), I=1, 9592)
100 FORMAT (1316)

TOTAL = 0.0D0

DO10 I = 1, 9592

P = IP(I)

TOTAL = TOTAL + DLOG (P)
10 CONTINUE

WRITE (6,200) TOTAL
200 FORMAT (D30.16)

RETURN

END

A program to compute upper and lower bounds for

F(x, A) using Theorem 1.16

IMPLICIT REAL * 8 (A-H, O-Z)
DIMENSION FUNVAL400)
DIMENSION BOUNDL(400)
DIMENSION BOUNDH (400)
DIMENSION TOTLOW (601)
DIMENSION TOTHIG (601)
DIMENSION TOTLOD(601)
DIMENSION TOTHID (601)
DIMENSION XDIST(601)
NPOINT = 400

READ (5,100) (FUNVAL(I), I =1, NPOINT)
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FORMAT (3D24.16)

READ (2,200) (BOUNDI(I), I = 1, NPOINT)
READ (3,200) (BOUNDH(I), I = 1, NPOINT)
FORMAT (D24.16)

FPI = 3.14159265358973D0

NDIST = 601

DC 2 J = 1, DIST

FI=J-1

XDIST(J) = FJ*.001D0 * FPI

CONTINUE

H = .5D0

READ (4,50) INCR

FORMAT (I6)

IF (INCR .EQ. 0) GO TO 40

NUSED = NPOINT/INCR

DO 10 K = 1, NDIST

TOTLOW(K) = 0.0D0

TOTHIG(K) = 0.0D0

TOTLOD(K) = 0.0D0

TOTHID(K) = 0.0D0

CONTINUE

DO 30 J =1, NUSED

I=(NUSED+1)-J

INDEX = I*INCR

FINDEX = INDEX

X = FINDEX*H

DO 20 K = 1, NDIST

FUNC = DSIN(X * XDIST (K))/X

F = FUNC * FUNVAL(INDEX)

TRALOW = F * BOUNDL(INDEX)

IF (F .LT. 0.0D0) TRALOW = F *BOUNDH(INDEX)
TRAHIG = F *BOUNDH(INDEX)

IF (F .LT. 0.0D0) TRAHIG = F*BOUNDL(INDEX)
TOTLOW(K) = TOTLOW(K) + TRALOW
TOTHIG(K) = TOTHIG(K) + TRAHIG

FUNC = DCOS(X * XDIST(K))

F = FUNC * FUNVAL(INDEX)

TRALOD = F *BOUNDL(INDEX)

IF (F .LT. 0.0D0) TRALOD = F*BOUNDH(INDEX)
TRAHID = F * BOUNDH(INDEX)

IF (F .LT. 0.0D0) TRAHID = F*BOUNDL(INDEX)
TOTLOD(K) = TOTLOD(K) + TRALOD
TOTHID(K) = TOTHID(K) + TRAHID
CONTINUE

CONTINUE
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FINCR = INCR

DO 85 K = 1, NDIST

TOTLOW(K) = TOTLOW(K) + (- 5D0 * XDIST(K))
TOTHIG(K) = TOTHIG(K) + (. 5D0* XDIST(K))
TOTLOD(K) = TOTLOD(K) + .5D0

TOTHID(K) = TOTHID(K) + .5D0

TOTLOW(K) = TOTLOW(K) *H * FINCR/FPI
TOTHIG(K) = TOTHIG(K) * H *FINCR/FPI
TOTLOD(K) = TOTLOD(K) *H * FINCR/FPI
TOTHID(K) = TOTHID(K) *H * FINCR/FPI

PRINT1 = TOTLOW(K) +.5D0
PRINT2 = TOTHIG(K) + .5D0
PRINT3 = .5D0 - TOTHIG(K)
PRINT4 = .5D0 - TOTLOW(K)
FK1 =K-1

PRINTO = FK1*.001D0
WRITE (6,260) PRINTO, PRINT1, PRINT2, PRINT3, PRINT4
FORMAT (F13.3, 'PI', 4D24. 16)

WRITE (6,260) TOTLOD(K), TOTHID(K)

FORMAT (2D24. 16)

CONTINUE

GO TO 5

RETURN

END

A program to compute L(1,X ) using (19) and (20)

IMPLICIT REAL * 8(A-H, 0-Z)
DIMENSION MPRIME (400)
DIMENSION MPRIMR (400)
DIMENSION FG(2000)
DIMENSION FLSIN(2000)
DIMENSION FRETAU (2000)
DIMENSION FIMTAU(2000)
PI = 3.14159265358979323D0
TWOPI = PI*2.0D0
READ (4,100) M,N
FORMAT (13I6)
READ (4,100) (MPRIME(I), I
READ (5,100) (MPRIMR(I), I
DO40 I =M, N
IPRIME = MPRIME (I)
IPRIMR = MPRIMR(I)

1, N)
1, N)
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FPRIME = IPRIME
IPHI = IPRIME - 1
FIPHI = IPHI
KSTOP = IPHI/2
FM = TWOPI/FIPHI
IPROD =1
DO 10 IR = 1, IPHI
IPROD = IPROD *IPRIMR
IF (IPROD .GT. IPRIME) IPROD =IPROD -
(IPRIME * (IPROD/IPRIME))
FIPROD = IPROD
FG(IR) = FIPROD
FLSIN(IR) = DLOG(DSIN(PI * FIPROD/FPRIME))
FRETAU(IR) = DCOS(TWOPI * FIPROD/FPRIME)
FIMTAU(IR) = DSIN(TWOPI * FIPROD/FPRIME)
CONTINUE
FREMIN = 1000.0D0
ARGMAX = 0.0DO0
DO 30 K =1, KSTOP
FK = K
FRE1 = DCOS(TWOPI * FK/FIPHI)
FIM1 = -DSIN(TWOPI * FK/FIPHI)
FRE = 1.0D0
FIM = 0.0D0
TOTRE = 0.0D0
TOTIM = 0.0D0
TAURE = 0.0D0
TAUIM = 0.0D0
KEY = -1
QUO = K/2
IF ((FK/2.0D0) .EQ. QUO) KEY =1
DO 20 IR = 1, IPHI
HRE = (FRE * FRE1) - (FIM * FIM1)
HIM = (FRE *FIM1) + (FIM * FRE1)
FRE = HRE
FIM = HIM
FMULT = FLSIN(IR)
IF (KEY .EQ. -1) FMULT = FG(IR)
TOTRE = TOTRE + (FRE * FMULT)
TOTIM = TOTIM + (FIM * FMULT)
TAURE = TAURE + (FRE * FRETAU(IR)) ~ (FIM *
FIMTAU(IR))
TAUIM = TAUIM + (FRE * FIMTAU(IR)) + (FIM *
FRETAU(IR))
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20 CONTINUE
HRE = (TOTRE * TAURE) + (TOTIM * TAUIM)
HIM = (TOTIM * TAURE) - (TOTRE * TAUIM)
FMOD = (TAURE **2) + (TAUIM **2)
FRE = ~HRE/FMOD
FIM = -HIM/FMOD
IF (KEY .EQ. 1) GO TO 25
HRE = ~FIM * PI/FPRIME
HIM = FRE * PI/FPRIME

FRE = HRE
FIM = HIM

25 ARG = DATAN(FIM/FRE)
ARG = DABS(ARG) )

IF (FRE .LT. FREMIN) FREMIN = FRE
IF (ARG .GT. ARGMAX) ARGMAX = ARG
30 CONTINUE
WRITE (6,300) IPRIME, FREMIN, ARGMAX
300 FORMAT (' ', I4, 2F16. 8)
40 CONTINUE
STOP
END
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APPENDIX B

The following programs are used to obtain the results in Chapter II. The

polynomial manipulation routines are the same as those in Appendix A. The

program listings follow.

A program to bound n (E-I—l) ¥ (1 + L)-L ) using (31)

0<y<1005 \ 7c 8¢

10
100

15

20
200

DIMENSION GAMMA (6)
CONSQ = 2.0/3.141593

CONS = SQRT(CONSQ)

TOTAL = 1.0

N=0

T = EXP(10. 0)

READ (5,100) (GAMMA(), I = 1, 6)
FORMAT (6F13.6)

I=1

IF (GAMMA(I) .EQ. 0.0) GO TO 20

N = N+1

RHO = SQRT(.25 + (GAMMA (I) * GAMMA(I)))
XRECIP = RHO/T

TOTAL = TOTAL * CONS *(1. 0 + (XRECIP/8. 0)) *SQRT(XRECIP)
WRITE (6,200) N, TOTAL

I=1+1

IF I .EQ. 7) GO TO 10

GO TO 15

WRITE (6,200) N, TOTAL

FORMAT (I5, E15.6)

RETURN

END
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2z 1

-~ and related sums

A program to compute 0<¥ < 1005 |P|

IMPLICIT REAL * 8 (A-H, O-Z)
DIMENSION GAMMA (653)
READ (5,100) (GAMMA(I), I = 1, 653)

100 FORMAT (6F13.6)
TOTALL = 0.0DO0
TOTAL = 0.0D0
TOTALH = 0. 0DO0
DO10 I = 1, 653
RHOL = DSQRT(. 25D0 + ((GAMMA(I) + . 000002D0) * (GAMMA(I) +
1.000002D0)))
RHO = DSQRT(.25D0 + ((GAMMA (I)) * (GAMMA (I))))
RHOH = DSQRT(. 25D0 + ((GAMMA(I) - . 000002D0) * (GAMMA(I) -
1. 000002D0)))
TOTALL = TOTALL + (1. 0D0/RHOL)
TOTAL = TOTAL + (1. 0D0/RHO)
TOTALH = TOTALH + (1. 0DO/RHOH)

~ WRITE = (6,200) TOTALL, TOTAL, TOTALH

200 FORMAT (3D24.16)

10 CONTINUE
RETURN
END

I nh
A program to calculate 0<y< 1005 J0 (|p| )

IMPLICIT REAL * 8(A-H, O~Z)
DIMENSION GAMMA (6)
DIMENSION RHO(653)
DIMENSION TOTAL(2688)
N=0
10 READ (5,100) (GAMMA(I), I = 1, 6)
100 FORMAT (6F13.6)
I1=1
15 IF (GAMMA(I) .EQ. 0.0D0) GO TO 20
N=N+1
RHO(N) = DSQRT(. 25D0 + GAMMA (I) * GAMMA (I)))
I=1+1
IF (I .EQ. 7) GO TO 10
GO TO 15
20 CONTINUE
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FPI = 3.14159265358973D0

H = FPI/128.0D0

DO 40 I = 1, 2688

TOTAL(I) = 1.0DO0

FI = I

FI = FI*H .

FI = FI + (21.0DO0 * FPI)

DO30 J=1,N

X = FI/RHO(J)

F = BESJO (X)

TOTAL(I) = TOTAL(I)*F
30 CONTINUE
40 CONTINUE

WRITE (6,200) (TOTAL(L), I = 1, 2688)
200 FORMAT (3D26.16)

RETURN

END

The program BESJO is in the Michigan computer library,
A program to compute CL('I p l, t) and Cﬁ( |‘p l',t) using Theorem 2.12

IMPLICIT REAL *8 (A-H, 0-2)
DIMENSION $1(38)

DIMENSION S2(38)

DIMENSION S3(38)
'DIMENSION 54(38)

DIEMNSION S5(38)

DIMENSION S6(38)

DIMENSION BL(38)
DIMENSION BH(38)
DIMENSION H(38)

R = (1.0D0/(4. 0DO * 36. 0DO * 14745600, 0D0))
Cl = .9999121D0

C2 = 1.0D0

S1(1) = 8.0D0

S1(2) = 0.0D0

$1(3) = -(1.0D0/4.0D0)

S1(4) = (1.0D0/64.0D0)

S1(5) = -(1.0D0/2304. 0DO)

S1(6) = (1.0D0/147456. 0D0)

S1(7) = -(1. 0D0/14745600. 0D0)
) =

Cl1*R
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DO5 K = 9, 38
S1(K) = 0.0D0
5 CONTINUE

CALL MULT(S1, S1, S2)
CALL MULT(S1, 52, S3)
CALL MULT(S1, S3, S4)
CALL MULT(S1, S4, S5)
CALL MULT(S1, S5, S6)

WRITE (5,200) (S1(I), I = 1, 38)
WRITE (5,200) (S2(I), I = 1, 38)
WRITE (5,200) (S3(I), I = 1, 38)
WRITE (5,200) (S4(I), I = 1, 38)
WRITE (5,200) (S5(I), I = 1, 38)
WRITE (5,200) (S6(I), I = 1, 38)

DO 10 K = 1, 38
BL(K) = S1(K)
10 CONTINUE

D2 = -.5D0
CALL SMULT(S2, D2, H)
CALL ADD(BL, H, BL)
D3 = 1.0D0/3. 0DO
CALL SMULT(S3, D3, H)
CALL ADD(BL, H, BL)
D4 = -1.0D0/4.0D0
CALL SMULT (S4, D4, H)
CALL ADD(BL, H, BL)
D5 = 1.0D0/5.0D0
CALL SMULT(S5, D5, H)
CALL ADD(BL, H, BL)
D6 = -1.0043233D0/6. 0D0
CALL SMULT(S6, D6, H)
CALL ADD(BL, H, BL)
WRITE (6,200) (BL(), I = 1, 38)

200 FORMAT (3D26.16)
S1(8) = C2*R
CALL MULT(S1, S1, §2)
CALL MULT(S1, S2, S3)
CALL MULT(S1, S3, S4)
CALL MULT(S1, S4, S5)
CALL MULT(S1, S5, S6)

WRITE (5,200) (S1(I), I = 1, 38)
WRITE (5,200) (S2(I), I = 1, 38)
WRITE (5,200) (S3(I), I = 1, 38)
WRITE (5,200) (S4(I), I = 1, 38)
WRITE (5,200) (S5(I), I = 1, 38)
WRITE (5,200) (S6(I), I = 1, 38)
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DO20 K =1, 38
BH(K) = S1(K)

20 CONTINUE
D2 = -.5D0
CALL SMULT(S2, D2, H)
CALL ADD(BH, H, BH)
D3 = 1.0D0/3.0D0
CALL SMULT(S3, D3, H)
CALL ADD(BH, H, BH)
D4 = -1.0D0/4.0D0
CALL SMULT(S4, D4, H)
CALL ADD(BH, H, BH)
D5 = 1.0D0/5. 0D0
CALL SMULT(S5, D5, H)
CALL ADD(BH, H, BH)
D6 = -1.0D0/6.0D0
CALL SMULT(S6, D6, H)
CALL ADD(BH, H, BH)
WRITE (7,200) (BH(), I = 1, 38)
RETURN
END

A program to calculate ML(t) and MH(t) using Theorem 2.12

IMPLICIT REAL *8(A~H, O-Z)

DIMENSION BLVEC(38)

DIMENSION BHVEC(38)

DIMENSION QL(38)

DIMENSION QH(38)

T = 1005. 0DO

E = .34741D0

READ (2,200) (BLVEC(I), I

READ (3,200) (BHVEC(D), I
200 FORMAT (3D26.16)

1, 38)
1, 38)

A = 3.0767998D0

B = 1.2046751D0

C = (DLOG(T *T)/((T *T) - 4. 0D0)) * 2. 864789D0) + 7.2371007D0
D = .1657863D0

C0 = DLOG(T + 1. 322875D0)

Cl = (A*C0) + B*DLOG(C0)) + C

C2 = A + (B *(DLOG(C0)/C0))

C3 = 2.0D0*3.14159265358973D0

C4 = DLOG(T/C3)
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AL = -1.7412588D0
BL = -2.864789D0
CL = -.3936986
DL = -3.8661494
AH = .0198943

BH = .4774648

DH = -.666871

IBOUND = BLVEC(1)
QL(1) = IBOUND
QH(1) = IBOUND
DO5 K = 2, 38
QL(K) = 0.0D0
QH(K) = 0.0D0
CONTINUE

DO 10 I = 3, IBOUND
FI2 = 2*(I - 2)

FI2P1 = FI2 + 1. 0D0

Pl = T *(C4 + (1. 0DO/(FI2 - 1. 0D0)))/((C3 * (FI2 - 1. 0D0)))

Pl1 =Pl -E

PH2 = D/FI2P1

PH2 = PH2 + ((AH-AL) *DLOG(T)) + (AH/FI2P1)

PH2 = PH2 + ((BH-BL) *DLOG(DLOG(T))) + (BH/FI2P1 *DLOG(T)))
PH2 = PH2 + ((-CL) *DLOG(DLOG(T) + 1.322875D0))

PH2 = PH2 + (DH-DL)

PH2 = (PH2 * FI2)/T

PL2 = D/FI2P1

PL2 = PL2 + ((AH-AL) *DLOG(T)) - (AL/FI2P1)
PL2 = PL2 + ((BH-BL) *DLOG(DLOG(T))) - (BL/(FI2P1 * DLOG(T)))
PL2 = PL2 + ((-CL) *DLOG(DLOG(T) + 1.322875D0)) - (CL/(FI2P1 *

1DLOG(T + 1. 322875D0)))
PL2 = PL2 + (DH-DL)
PL2 = -(PL2 *FI12)/T
FI2 = FI2 + 2. 0D0
FI2P1 = FI2 + 1. 0D0

PL3 = T *(C4 + (1. 0DO/(FI2 - 1. 0D0)))/((C3 * (FI2 - 1. 0D0)))

PL3 = PL3 - E

PL3 = PL3 * ((FI2 ~ 2. 0D0)/(T * T * 8. 0D0))

PL4 = D/FI2P1

PL4 = PL4 + ((AH-AL) *DLOG(T)) - (AL/FI2P1)

PL4 = PL4 + ((BH-BL)*DLOG(DLOG(T))) - (BL/(FI2P1 *DLOG(T)))
PL4 = PL4 + ((-CL) *DLOG(DLOG(T) + 1. 322875D0)) - (CL/(FI2P1 *

1DLOG(T + 1. 322875D0)))
PL4 = Pl4 + (DH-DL)
PL4 = -PI4 * (((FI2 - 2.0D0) * FI2)/(T * T * T * 8. 0D0)
QL(I) = BLVEC(I) *(P1 + PL2 - (PL3 + PL4))
IF (BLVEC(I) .LT. 0.0D0) QL(I) = BLVEC(I) * (P1 + PH2)
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QH(I) = BHVEC(I) * (P1 + PH2)
IF (BHVEC(I) .LT. 0.0D0) QH(I) = BHVEC(I)* (Pl + PL2 - (PL3 +
1 PL4))

10 CONTINUE

200

100

150

160

5
50

10

WRITE (6,200) (QL(I), I = 1, 38)
WRITE (7,200) (QH(I), I = 1, 38)
RETURN

END

A program to compute upper and lower bounds for

G(X) using Theorem 2.12

IMPLICIT REAL *8(A-H, O-Z)
DIMENSION FUNVAL(5376)
DIMENSION QL(38)
DIMENSION QH(38)
DIMENSION TOTLOW (40)
DIMENSION TOTHIG(40)
DIMENSION TOTLOD(40)
DIMENSION TOTHID (40)
DIMENSION XDIST (40)
READ (2,200) (QL(I), I
READ (3,200) (QH(I), I
FORMAT (3D26. 16)
NPOINT = 5376

READ (5,200) (FUNVAL(I), I = 1, NPOINT)
FORMAT (2D30. 16)

FPI = 3.14159265358973D0

READ (1, 150) NDIST

FORMAT (I6)

READ (1, 160) (XDIST(I), I = 1, NDIST)
FORMAT (6F13. 6)

T = 1005. 0DO

H = FPI/128. 0D0

READ (4, 50) INCR

FORMAT (I6)

IF (INCR .EQ. 0) GO TO 40

NUSED = NPOINT/INCR

DO 10 K = 1, NDIST

TOTLOW(K) = 0. 0D0

TOTHIG(K) = 0.0D0

TOTLOD(K) = 0.0D0

TOTHID(K) = 0.0D0

CONTINUE

]

1, 38)
1, 38)
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DO 30 J = 1, NUSED

I = (NUSED +1) - J

INDEX = I*INCR

FINDEX = INDEX

X = FINDEX *H

X2 = (X*X)/(T*T)

CALL EVAL(QL, X2, Y1)

BOUNDL = DEXP(Y1)

CALL EVAL (QH, X2, Y2)

BOUNDH = DEXP(Y2)

DO 20 K = 1, NDIST

FUNC = DSIN(X * XDIST(K))/X

F = FUNC * FUNVAL(INDEX)

TRALOW = F*BOUNDL

IF (F .LT. 0.0D0) TRALOW = F*BOUNDH
TRAHIG = F *BOUNDH

IF (F .LT. 0.0D0) TRAHIG = FBOUNDL
TOTLOW(K) = TOTLOW(K) + TRALOW
TOTHIG(K) = TOTHIG(K) + TRAHIG

FUNC = DCOS(X * XDIST(K))

F = FUNC * FUNVAL(INDEX)

TRALOD = F*BOUNDL

IF (F .LT. 0.0D0) TRALOD = F*BOUNDH
TRAHID = F*BOUNDH

IF (F .LT. 0.0D0) TRAHID = F*BOUNDL
TOTLOD(K) = TOTLOD(K) + TRALOD
TOTHID(K) = TOTHID(K) + TRAHID
CONTINUE

CONTINUE

FINCR = INCR

DO 35 K = 1, NDIST

TOTLOW(K) = TOTLOW(K) + (. 5D0 * XDIST (K))
TOTHIG(K) = TOTHIG(K) + (. 5D0 * XDIST (K))
TOTLOD(K) = TOTLOD(K) + .5D0
TOTHID(K) = TOTHID(K) + .5D0
TOTLOW(K) = TOTLOW(K) *H * FINCR/FPI
TOTHIG(K) = TOTHIG(K) * H * FINCR/FPI
TOTLOD(K) = TOTLOD(K) *H * FINCR/FPI
TOTHID(K) = TOTHID(K) *H * FINCR/FPI

PRINT1 = TOTLOW(K) + .5D0
PRINT2 = TOTHIG(K) + .5D0
PRINT3 = .5D0 - TOTHIG(K)

PRINT4 = .5D0 - TOTLOW(K)

WRITE (6,250) XDIST(K), PRINT1, PRINT2, PRINT3, PRINT4
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FORMAT (F13.6, 4D24.16)
WRITE (6,260) TOTLOD(K), TOTHID(K)
FORMAT (2D24.16)

CONTINUE

GO TO 5

RETURN

END
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APPENDIX C

The following program is used to obtain the results in Chapter 3. The

program listing follows.

51
100

10

50

120
121

A program to verify (16) and (17) for N = NBEGIN, NEND

IMPLICIT REAL *8 (A-H, O-Z)
DIMENSION MPRIME (50000)
DIMENSION SLHSRE (50000)
DIMENSION SLHSIM (50000)
DIMENSION AM(1000)

READ (4, 51) MPRIME

FORMAT (618)

READ (5, 100, END = 6000) NBEGIN, NEND
FORMAT (2I8)

N = NBEGIN

IF (N .GT. NEND) GO TO 5000
FLOATN = N

TEE = 6.2831852/(DLOG(FLOATN))
MBOUND = DSQRT(FLOATN)

DO 50 I = 1, MBOUND

Al = I

AM(l) = TEE *DLOG(AI)

CONTINUE

DO120 I =1, N

MPRIM = MPRIME(I)

IF MPRIM .GT. N) GO TO 121

IF (MPRIM .GT. MBOUND) GO TO 120
NLASTP = 1

CONTINUE

MSTART = I1-1

TOTLHS = 0.0

NSTART =1
TLHSRE = 0.0
TLHSIM = 0.0

TOTLRE = 0.0
TOTLIM = 0.0

DO 250 K = 1, MSTART
I = (MSTART +1) ~K
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MPRIM = MPRIME(])
IF (.NOT. (MPRIM .GT. MBOUND)) GO TO 251
NSTOP = N/MPRIM
DO 225 J = NSTART, NSTOP
IF (NSTART .GT. NSTOP) GO TO 225
A = AM(J)
AJ =7
TLHSRE = TLHSRE + ((DCOS(A))/AJ)
TLHSIM = TLHSIM - ((DSIN(A))/AJ)
225 CONTINUE
FMPRIM = MPRIM
TOTHOL = ((1.0/FMPRIM))
TOTHOL = TOTHOL *DSQRT(TLHSRE **2 + TLHSIM **2)
TOTLHS = TOTLHS + TOTHOL
A = TEE * (DLOG(FMPRIM))
PRE = (DCOS(A))/FMPRIM
PIM = -(DSIN(A))/FMPRIM
TOTLRE = TOTLRE + ((PRE * TLHSRE) - (PIM * TLHSIM))
TOTLIM = TOTLIM + ((PRE * TLHSIM) + (PIM * TLHSRE))
235 SLHSRE(I) = TLHSRE
SLHSIM(I) = TLHSIM
NSTART = NSTOP + 1
250 CONTINUE
251 TRHSRE = TLHSRE
TRHSIM = TLHSIM
DO 200 I = NSTART, N
Al =1
A = TEE *DLOG(AI)
TRHSRE = TRHSRE + ((DCOS(A))/AI)
TRHSIM = TRHSIM - ((DSIN(A))/AI)
200 CONTINUE
TRHSRE = TRHSRE - TOTLRE
TRHSIM = TRHSIM - TOTLIM
TOTRHS = DSQRT((TRHSRE * TRHSRE) + (TRHSIM * TRHSIM))
DIFF = TOTLHS - TOTRHS
WRITE (6,252) N, TOTLHS, TOTRHS, DIFF
252 FORMAT (I8, 3F16. 8)
WRITE (6,255) TRHSRE, TRHSIM
255 FORMAT (2F16.8)
IC =0
NPLUS1 = N+1
NEXTP = NLASTP + 1
DO 500 L = NPLUS1, NEND
IC=IC+1
FLOATL = L
DSQRTL = DSQRT(FLOATL)
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IF (MPRIME(NEXTP) .GT. DSQRTL) GO TO 305
FMPRIM = MPRIME(NEXTP)

HOLDTO = (DSQRT(SLHSRE(NEXTP) **2 + SLHSIM(NEXTP)**2))/
1FMPRIM

TOTLHS = TOTLHS - HOLDTO

NLASTP = NEXTP

NEXTP = NLASTP + 1

MPRIM = MPRIME(NLASTP)

DO 302 M = 1, MPRIM

K = M *MPRIM

FK = K

A = TEE *DLOG(FK)

IF M .EQ. 1) AMKK) = A

TRHSRE = TRHSRE + ((DCOS(A))/FK)
TRHSIM = TRHSIM - ((DSIN(A))/FK)
CONTINUE

GO TO 430

HOLDL = FLOATL

DO 407 I = 1, NLASTP

FMPRIM = MPRIME (I)

SAVE = HOLDL/FMPRIM

ISAVE = SAVE

IF (.NOT. (ISAVE .EQ. SAVE))GO TO 405
HOLDL = SAVE

GO TO 310

IF (HOLDL .EQ. 1.0) GO TO 410
CONTINUE

IF (.NOT.(HOLDL .EQ. 1.0)) GO TO 413
A = TEE *DLOG(FLOATL)

TRHSRE = TRHSRE + ((DCOS(A))/FLOATL)
TRHSIM = TRHSIM - ((DSIN(A))/FLOATL)
GO TO 430

ITEST = MSTART + 1

IF (MPRIME(ITEST) .GT. L) GO TO 900
HOLD = MPRIME(ITEST)

TOTLHS = TOTLHS + (1. 0/HOLD)
MSTART = ITEST

SLHSRE(ITEST) = 1.0

SLHSIM(ITEST) = 0.0

GO TO 430

IHOLDL = HOLDL

IBEGIN = NEXTP

IEND = MSTART

DO 1100 IBISEC = 1, 20

ISEAR = (IBEGIN + IEND)/2

MPRIM = MPRIME(ISEAR)
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IF MPRIM .LT. IHOLDL) GO TO 1050
IF MPRIM .EQ. IHOLDL) TO TO 1040
IEND = ISEAR -1

GO TO 1100

J = ISEAR

GO TO 418

IBEGIN = ISEAR +1

CONTINUE'

DO 417 J = IBEGIN, IEND

FMPRIM = MPRIME (J)

IF (FMPRIM .EQ. HOLDL) GO TO 418
CONTINUE

WRITE (6,255) FMPRIM, HOLDL

STOP

NSTOP = L/IHOLDL

A = AM(NSTOP)

AJ = NSTOP

HOLDTO = DSQRT(SLHSRE(J) **2 + SLHSIM (J) **2)/HOLDL
SLHSRE(J) = SLHSRE(J) + ((DCOS(A))/AJ)
SLHSIM(J) = SLHSIM(J) =~ ((DSIN(A))/AJ)
TOTHOL = DSQRT(SLHSRE(J) **2 + SLHSIM(J) **2)/HOLDL
TOTLHS = (TOTLHS + TOTHOL) - HOLDTO
TOTRHS = DSQRT(TRHSRE **2 + TRHSIM **2)
DIFF = TOTLHS - TOTRHS

IF (TOTLHS .LT. 1.0) GO TO 999

IF (IC .LT. 1000) GO TO 450

IC =0

WRITE (6,252) L, TOTLHS, TOTRHS, DIFF
WRITE (6, 255) TRHSRE, TRHSIM

IF (DIFF .GT. .1) GO TO 500

N =1L

GO TO 10

CONTINUE

CONTINUE

CALL EXIT

END
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