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1. As ment ioned in Paper  I o f  this series, HARDY--LITTLEWOOD and LANDAU 
proved that  1 

(1.1) lim ( ~ e - ~ -  ~ e-pX) . . . . . .  
x ~ + 0  p ~ l  rood4 p-=-3 rood 4 

if  and only if the funct ion 

(1.2) ,•o ( - 1 ) "  
= ( 2 n +  1) s '  

s = a + i t  

does no t  vanish for  a > �89 (see HARDY--LITTLEWOOD [1], LANDAU [1], [2]). Shortly, 
(1 .2)  is a necessary and sufficient condit ion in order  to announce  that  ,,there are 
more  primes ---- 3 m o d  4 than -- 1 rood 4, in Abel-summabil i ty  sense". They proved 2 
also that  the same holds replacing (1.1)  by 

(1.3) lira ( z~ logp "e-p~- ~ logp-e -PO=-~ .  
x - * + 0  p-=l  m o d 4  p=-3 rood4 

Since the primes, apar t  f rom 2, are all ~ • 1 m o d  4, these two assertions cover the 
, , rough"  comparat ive  theory for k = 4 .  The corresponding results for  k = 3  could 
have been proved mutatis mutandis.  As ment ioned in Paper  I o f  this series, in the 
next-difficult case k = 8 a new phenomenon  occurs;  e. g. the funct ion 

(1.4)  z~ l o g p  "e-px - ~ log P ' e  -vx 
p = - 3 m o d 8  p - = 5 m o d 8  

changes his sign infinitely often when x ~ + 0. In  this paper  we are going to get a 
deeper insight into the oscillatory character  o f  the functions (11 ~ 12 m o d  8) 

(1.5)  r /'X) def J l l l~  . = ~ l o g p  " e - p ~ -  ~ logp  "e-p~ 
p=~l I rood 8 p ~ 1 2  rood 8 

for  x ~ + 0 .  We assert the 

1 p is throughout reserved for primes, el, c2 .... denote always positive, explicitly calculable 
numerical constants, el(x) means e ~ and e,(x)=el(e~-l(x)), further log1 x= logx  and log, x=  
=log(logv-lx). 

2 The necessity part does not occur explicitly but Landau's proof for the necessity of (1.2) 
for (1.1) can be used mutatis rnutandis. 
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THEOREM 1. I. I f  0 < t5 < Cl, then for l 1 ~ l 2 ~ 1 mod 8 the inequality 

max { .~  logp.e - p x -  Z l~ > 
~ x ~ l / 3  p~l l  rood 8 p~l  2 rood 8 

1 
> 1~--if-el 

holds without any conjectures. 

1 
log ~-- log 3 ~- 

- 22 . . . .  
1 

log2 ~- 

Since ll and l 2 can be changed, this gives automatically that the inequality 

(1.6) min { ~ logp.e  - p ~ -  2 logp'e-pX} < 
~x~r p=--ll rood 8 p=_l 2 mo d 8 

1( 
< ~ -  el" --22 

holds too without conjectures. 
For the case 11 = 1 we assert the 

THEOREM 1. 2. 1f for  an I S  1 mod 8 

1 1 
log 7 "  lOg3 ~- 

1 
log2-~ 

lim { ~ logp "e -px -  2 l~  "e~p~} = - ~  
x ~ + O  p ~ l  mod 8 p ~ / m o d  8 

then no L(s, z)-function rriod 8 with z( l)  7~ 1 can vanish for a>�89  

Further we assert the 

THEOREM 1. 3. I f  no L(s, Z) functions mod 8 with Z~Zo vanish for  ~>�89 then 
for all l ~ 1 mod 8 we have 

lim { ~ logp .e  - p ~ -  2 l~  "e-p~} . . . .  
x--* + 0 p-_--t rood 8 p-=t rood 8 

Theorem 1.2 will follow by a slight modification of  an argument of  Landau 
(see LANDAU [I]) and Theorem 1.3 by slight modification of  Hardy--Li t t lewood--  
Landau's argument (see HARDY--LITTLEWOOD [1], LANDAU [2]). Theorem 1.1 is 
of  course deeper. Since the congruences 

(1.7) x 2 - 1 m o d 8  l = 3 , 5 , 7  

are not solvable a n d  evidently 

(1.8, max .~  l o g p . e - P v x = o ( ~ l - ~ l o g 2 1 ~ .  
\ u , -  ~ , /  

- -  v ~ 3  
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Theorem 1.1 is equivalent to the inequality 

(1.9) max { ~ A(n)e . . . .  
a<=x~61/3 n=-Il mod  8 

Z A(n)e-"X} > 
n =- 12 rood 8 

1 1 / 1 !~ ~-" l~ 3 - 

> i/~-el --22 1 " 
log2 ~- / 

We shall prove Theorem 1.1 in this form. 
What can be said on the Chebyshev functions 

(1.10) X e - p X -  ~ e-pX ? 
p=-ll rood 8 p E l  2 mod 8 

The analogon of Theorem 1.2 follows by Landau's argument (LANDAU [1]) mutatis 
mutandis and can be omitted. The analogon of  Theorem 1.3 follows from Theorem 
1.3 at once, combining it with the following 1emma of  Hardy--Li t t lewood--Landau 
(see LANDAU [2]): 

I f  
l 

lira x2 { • logp.e - p x -  ~ logp-e-P~'} > 0, 
x - + + 0  p E l r n o d 8  p E 1  r o o d 8  

then also 

(1.11) 
1 1 

lira x 2 1 O g x {  ~ e - p x -  ~ e-pX}>0. 
x +  + 0  p E l  rood 8 p E 1  mod 8 

Hence we shall not go into details. However the analogon of Theorem 1.1 encounters 
difficulties; we shall return to it at another occasion*. 

The proof  of  Theorem 1.2 gives at once that if an L (s, Z*) has a zero e* = a* + it* 
with a* > �89 then for each l with Z* (I) # 1 each of,the,functions f i t(x) changes his 
sign infinitely often as x-+ + 0, even 

lim flz(X)X-,*+~ = + o~ 
x ~ + O  

lim f l l ( x ) x  -~*+~ = --co. 
x..~ +O 

However we cannot prove at present anything for this case concerning the locali- 
sation of  sign-changes. But as to the function 

(1.12) ,~ A(n)e  . . . .  ,~ A(n)e  -"x 
h E 1  r o o d 8  h E /  mod 8 

we can assert, in full analogy with (1.9) the 

* Added in proof (Nov. 2, 1963). Since then we proved among others the following 
"two-sided" theorem. If h and 12 are any two different among 3, 5 and 7, we have for 0<6<c  
the inequality 

1 1 
log -a- log3 

- 4 - 1  - -  
1 

l log2 ~-  
max I Z e  - ' ~  - ~ '  e-PX[ > ~ - e  

,}~x<=61/3 p E / l m o d  8 p E l 2  rnod 8 
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THEOREM 1.4. If 0 < 6 < C l ,  then for I S  1 mod 8 the inequalities 

max e 1 ~<_x<o,/3{n_zl~modsA(n) e "~ Z A(nle-"=}> 
_ = n - = / m o d  8 

and 

1 1 
1og,~- log s -~- 

-- 22- 
1 

Iog2 ~- 

1 1 
1 log -ff log 3 -ff 

rain { • A(n)e . . . .  Z A(n)e-,X} < ~ e l  --22 
~_x.~6l/3 n ~ l  m o d 8  n ~ l m o d 8  - - l / t ~  l 

log2 -~ 

hold. 
Since the proof  of this theorem runs quite parallel to that of (1.9) we shall 

not  go into details. 

2. In the proofs essential role is played by some numerical data, kindly furnished 
to us by Dr. P. C. HASELGROVE. Let 

(2. 1 )  1 1 1 1 s} 
L(s, Zi) d~j ~ -( 8n7+ 1)" I- - -  .= 0 (8n + 3y (8n + 5y (8n + 7) ' 

{1 1} 
(2.2) L(s'zz)def~,=o ( 4 n + l y  (4nq-3)" 

{ 1  1 1 1 }  
(2.3) L(s'z~)~eJ~,=o ( 8 n + l y  (8n+3)  ~ (8n+5)  s ] (8n+7)  ~ " 

Then in the domain 
0 < ~ < 1 ,  ]t[<-12 

all zeros of  L(s, •l) are 
�89 + i.4,89997399... 

(2. 4) 

those of L(s, ~(2) 

(2. 5) 

and those of  L(s, X3) 

(2. 6) 

�89 +_ i-7,62842884... 

�89 +_+_ i. 10,80658813... 

�89 _+ i.6,02094891... 

�89 __ i. 10,24377030... 

�89 + i-3,57615484... 

�89 +_ i'7,4344296... 

�89 ___ i-9,50320196 .... 

In particular, they are simple and different from each other. We shall also use the 
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simple inequality 
It 

(2.7) ~ l ogp . e -  P~ > 0,8 x -~- 
P 

valid for 0 < x < cz. A number of numerical lemmata we postponed to an Appendix. 

3. To sketch the proof  of Theorem 1.2 after the pattern of  Landau we remark 
that Euler's integral representation for F(s) gives for ~r > l, for I =  3 say, the formula 

{ 1 x f l a ( x ) d x  = F(s) Z pS Z -- 
p_=l rood 8 p~-3 rood 8 

0 

_ r(s)  (s, z~) + (s, z3) + ~(s) 
2 -L- 

w h e r e  ~0(s) is regular for tr >�89 From the hypothesis of the Theorem it follows the 
existence of  a q > 0  such that for O<x<=q the  function fi3(x) is of constant sign 
and obviously 

q 

(3.2) xS_l f la(x)  dx _ F(s) (s, Z2)+ (S, Za)+q)t(s) 
2 

0 

where 91(s) is regular for o->�89 But from (2. 5) and (2. 6) (and even simpler) the 
function on the right of (3.2) is regular on the segment �89 < s <= 1 ; hence the classical 
theorem of Landau (see e. g. LANDAU [1]) gives at once that 

Z t Z ~ 

T (s, z2) + - E  (s, z3) 

is regular for a >�89 and thus obviously both L(s, Z2) and L(s, Z3) do not vanish 
for a > � 8 9  For  / = 5  and / = 7  the proof  is analogous. 3 

To sketch the proof  of  Theorem 1.3 we start with Hardy--Li t t lewood from 
Mellin's integral which gives for x > 0 the formula (for l = 3 say) 

,~  A(n)e . . . .  ,~  A(n)e-"x = 
n---I rood 8 n_=3 rood 8 

- -  2 h i  x ~ ~-. -~- (s, Z2) + - L  (s ,  Za) ds. 
(2) 

Applying Cauchy's integral-theorem routine-estimations give 

A(n)e . . . .  ~ A(n)e-"x = 
n _ l  mod 8 n_=3 rood 8 

1 
- 2 ( Z ~ 2 ~ r ( o ) x - o +  Z~<~3~r(0)x-Q) + O(x-�88 

3 Obviously the same theorem holds for a general modulus k, supposed that no L-functions 
rood k vanish on the segment �89 < s ~ 1. 



256 S. KNAPOWSKI AND P. TUR.~N 

or owing to (1.7) and (1.8), if 0 < x  < c 3 ,  

i ~  " e - p x -  ~ logp "e-~x = - z ~  logp "e-p2x-  
p = - l m o d 8  p=-3mod8  p > 2  

1 
2 ( ~ ~ 1 7 6 1 7 6 1 7 6 1 8 9 1 7 6  " 

Hence, using also (2. 7) this gives 

(3.3) f13 (x) _<- x -~  -- 0,8 + ~ 2;.~(~2)lr(e)l + 

1 } 
+~-Z0c~3)lr(o)l  + o  x - � 8 9  2 . 

Since from Lemma VI (in Appendix) we have 

Theorem 1.3 follows from (3. 3) for l =  3 at once. So for the other /-values. 

4. For  the proof  of  Theorem 1.1 we shall need some lemmata. 

LEMMA I. For  0 < 6 < c 4 there is a Y l  with 

1 1 1 1 
(4. I) 20 log2 ~-=< Yx <= - ~  log2 ~- 

so that  f o r  al l  non-tr ivial  zeros  Q = cr o + itQ o f  al l  L- func t ions  mod 8 we have  

eito yl c 5 

(4. 2) 7t ~ a r c - -  ~ t6 log 3 Itol " 
o 

For  the proof  see Paper II of  this series. 
As to Lemma II let m be a positive integer and 

(4. 3) 1 = tzxl>=lz21>=,..>=lz.I 

and with a 0 < ~ <- 

(4. 4) 
Let the index h be such that 

(4. 5) 

and fixed. Further let 

(4. 6) 

x<= larc zjl-<7~. 

4n 
12hi ~> 

r 

B '~j min Re ,~b j .  
h ~ n  j=l 
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Then we have the 

LEMMA II. I f  B > O ,  then there are integers v~ and v2 with 

(4. 7) m +  1 <_--vl, v 2 < = m + n ( 3 + - ~ , )  

such that 

R e  e n (iz l) 
j=l 2 n + !  ( ( ~ ) )  \ 2 /  

24 m + n  3+  

R e ~  bfis2 < _ _ B  n . " ~" 

j=l = 2 n + l  2 4 ( m +  3+-~n))i ,  - -  " 

and 

This is a special case of Theorem 4. 1 from the Paper III of this series. 
We need further the 

LEM~ III. For x > 0  ( taking the real value o f  log x )  and a positive integer v 
we have 

1 ~ F(s) x -~dx 1 l o ~  " " x  
. . . .  e_~d r _ 1 e-X~'y ~-1 dy. 
2ni J s v ( v - - l ) !  r (v 1)! 

(2) x o 

Namely Cahen--Mellin's formula gives for r ~ 0  

1 f F ( s ) r _ S d s = e _ r .  
2hi 

(2) 

Multiplying on both sides by 

1 1 l o g  ~ -  1 r 
(v-- 1) f" 7 x 

and integrating with respect to r over (x, ~) we can obviously change on "the left 
the order of integration and we get 

27ti (vZ]) !  
(2) x 

Replacing in the inner integral r by xe  v, this is 

x-s  f e -~ '~ - l  dv -- 0 ' -  1)!x-Ss -~ 
o 

as well-known. 
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Finally we need the 
1 1 

LEMMA IV. There is in the vertical strip ~-0 <= a <= ~ a broken line V, symmetri- 

cal to the real axis, consisting alternately o f  horizontal and vertical segments, increasing 
from - ~  to + ~,  each horizontal strip o f  width 1 containing at most one horiz- 
ontal segment o f  V so that on V for all L-functions mod 8 the inequality 

- ~ ( s ,  Z) <c6  loga(2+ Itl) 

holds. 
For the (simple) proof  see Appendix III of  first named authors book (Tt r~N [1]). 

5. Now we turn to the proof  of Theorem 1.1. It will suffice to consider the 
case 
(5.1) 11=5, / 2 = 3  say. 4 

Let be 0 < 6 < C 4  (as in Lemma I); further Yl as in Lemma I and we stipulate the 
integer v at present only by 

(5. 2) y~l log 6-1 o 9 ~-1 -< 1 1 
- -  l o g  ' = v ~ __Y-~ log 

and start from the integral 

def 1 ~" {e rl~'~ ~ ( L "  L' 

(~) 

Inserting the Dirichlet-series we get owing to Lemma III with x =ne -vy' 

1 ~ A(nl(z2(nl_)~l(n)) fy ,_le_( ,e_v, , )e ,  dy" 
L ( 6 )  - ( v -  1)~ .=2  

0 

As easy to see the order of summationand integration can be changed and hence 

1 f y~_l{.~a(n)(z2(n)_zx(n)).e_,el(y_vyO}dy" 
J~(a)  - ( v -  1)! 

0 

Owing to (2. 1) and (2.2) this relation assumes the form 

(5.4) J~(6) - (v21 )  v -  �9 d f yv-1 {n_=sZmod sa(n)e-neI(Y-vY0-- 
0 

-- Z A (n)e-'e~(Y-~Y')} dY = 
n~3  rood 8 

_ 2 f (r+vyl)~_Xg s 3(e~)d r 
( v -  1)! - 

- vYl 

4 The slight changes, necessary in other cases will be indicated. 
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where 

(5.5) gs ,3(y)= ~ A(n)e-"y- .~ A(n)e-"Y. 
n-= 5 rood 8 n-=3 m o d  8 

Since evidently for y > 0 

1g5,3 (Y) ] < ,~  A (n)e- nr < c7 (1 + y -  1) e -  2y 
n 

we have 

(v/l)! ff (r-t-vyl)'-lgs,3(e')dr < 
Vyl 

(r+vyI)~-'dr<( vc-81 i (r+~r'~ C 8 e _ e l ( r  ) - e l  
<(v - -  1)! )! e "-T-'(r+vyl)~-ldr = 

VYl Vyl 

( v -  1) ! (v - 1)! 
2vyl 2Vyl 

Hence 

c8 (r~e-�88 <_c9.5~" <- max 
- ( v - -  1) t r=>2~y, 

2 ~ t log-~ 
(5.6) J~(6) ( v -  1 ) !_~  (r+vyl)~-lgs,3(er)dr <c9-5V<el 21 l o g 2 ~  

owing to (5. 2) and Lemma I if c4 is sufficiently small. 

6. Applying Cauchy's integral-theorem to J~(6) we get 

(6. 1) 4(~) = Ze(z,)F(~) - -  -Ze(x2)F(e)t--~- ) + 

l f l'eY,'\" f L" L" ) 
V 

where the dash means that the summation refers to the non-trivial zeros of L(s, X1) 
and L(s, Z2), respectively, right from V. Owing to Lemma IV the last integral is 
absolutely 

(6.2) < cIoe'~--~5~, lOv< ( l'~ �88 
�9 \al ' 
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using (5.2) (c4 again sufficiently small). Let us consider the contribution of the 
non-trivial zeros with 

1 

Itol > l o g  g 6 1  

to the sums in (6. 1). Since the number of zeros of L(s, ZI) and L(s, gz) with 
r<=to<r+l  (r real) is at most 

(6. 3) ell  log (2 +  tr[), 

this contribution is absolutely 
- ! a  ! pvy~ 

<=e12 z~ e 2 d z - ~ - l o g d  
L 1  

d ~  [ ! o g t ~  - ] 

and using (5.2) and Lemma I 

(6.4) < elael (log~ 1 )  �9 

If  Qa = al +it1 stands for one of the non-trivial zeros of L(s, Z1) and L(s, Z2) for 
which 

eqyl I 
(6.5) 

is maximal among those right of V witb 
1 

(6.6) Itol-<- log g 6 1  , 

further collecting (5.6), (6. 1), (6. 2) and (6. 4) we get 

vyl 

(6. 7) ( v -  1)[ ( r+vy l )V- lg3 ' s ( e ' )dr -  
- vyl 

if only c4 is sutficiently small. Here ~" means of course that the summation is to 
be extended to non-trivial zeros right to V, satisfying (6. 6); owing to the symmetry 
o f  V the sum in brackets is real. 

7. So far v was restricted only by (5.2); now we shall determine a v~ and a 
v 2 by Lemma II. The role of zj 's is played of course by the numbers 

e y 1 ( o - a D  
Io~i, 
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t h a t  o f  the  b i 's  by  the  n u m b e r s  
+_r (O) ;  

the  c o n d i t i o n  m a x  [zjl = 1 is o b v i o u s l y  sat isf ied.  Le t  be  
j. 

(7. 1) m = ~ -  log  ~-  --  log  ,9 . 

A s  to  n o f  the  L e m m a  I I  we have  o w i n g  to (6. 3) 

( 7 . 2 )  n < 2 q , l o g  Y6 . l o g  2 + l o g  V6 < l o g  ~6 �9 l o g 2 ~ -  , 

i f  c4 is suff ic ient ly  smal l .  O w i n g  to  L e m m a  I we have  

rr > [arg zj[ > 

_ 2  1 
z = l o g  3 

6 "  

i f  on ly  

( 7 . 3 )  

A s  to  the  i ndex  h let  be  s 

(7.4) 02 = 1 +  i '4 ,89997399.~.  

a n d  
dYt(02--~l) eYl(~2-at) 

(7. 5) Zh-a = Loll, Zh-- 
02 02 

T h e n  we have  to  ver i fy  (4. 5). W e  have  f r o m  (7. 3) 

m + n  

a n d  f r o m  ( 6 . 6 )  a n d  (4. 1) 

1 

4n 4 ~_ 
< - -  z < 2 1 o g  - ]  

3 +  

Io~I. 

e -5-~'  1 1 2 
izh[ > 1 2-0 ~ 1 - T 1  

= 10 ~ ~6o 1 " - -  > log  > 2 log  - - ,  
2 l o g  -~  

i f  o n l y  c4 is suff ic ient ly  s m a l l ;  hence  (4. 5) is fulf i l led i ndeed .  A s  to  B we have  o w i n g  
to  (7. 5), (2. 4), (2. 5) a n d  (2. 6) 

B ~ --  2 R e  F (  ) + i . 4 , 8 9 . . . ) -  21r(�89 + i .6 ,02 . . . ) [  - 

- 2 f ( � 8 9  + i . 7 , 6 2 . . . ) t  - 2 tF  (�89 + i.  10,243...)1 - 

- 2 1 r ( � 8 9  Z ~ ( x 1 ) I F ( o ) I -  Z~(~2)lr(0)t. 
[tol~ 12 1tot~12 

s I. e. ~2 is one of the non-trivial zeros of L(s, z,)L(s, Z2) with absolutely minimal imagi- 
nary part. In the cases, different from that in (5.!) we have to put according to (2.6) ,o2= �89 + 
+i .  3,57615484 .. . .  

3 Acta Mathematica XIV]3--4 
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Using (10. 2), (10. 7) and Lemma IX in Appendix we get indeed 

(7.6) B>-ci,. 

Further we remark that the interval [ m + l , m + , ( 3 + ~ ) ]  is owing to (7.1) 

contained in the interval (5.2), using also (7. 2) and (7.3). Hence, denoting the 
sum in curly brackets in (6.7) by Z(v), Lemma II is applicable and we obtain the 
existence of integer vl and v 2 satisfying (5. 2) and -- using (7. 2), (7. 1), (7. 3) and 
(7. 5) -- 

1 1 Z 2 \  2 1 1 

"\ 1~21 \ ~ > e  1 - 2 1  - -  
- - - ~ -  �9 

log2_~) \ 1021 

and hence from (6.7) 

,~ e ~-~r~ log ~- 

J (7. 7) (Vl-2 1)t (r+vlyl)v~-ig3,~(e')dr> (b21), l el -21  ~ / - f i - ~  
- -  VYl 

v2Yl 

f (r-t- v2 Yl) ~2- iga, 5 (e r) dr < 
- -  V2y I 

and 

e,2y~�89 ( l o g ~  
~ 2 - e l  - 2 1 - ~ - - ~ ]  + fi-~ 

log2 ~- ] 

if only c4 is sut~ciently small. Since the left member of (7.7) is owing to (5.2) 

2 <-- (2vlyl) v' max ga,s(y)<=2(2ey~)vlmaxg3,s(Y)~ 
- -  V 1  ! y~el(-Vlyl) Y~--~ 

1 1 
e 1 21 log ~- loga ~- 

1 
log2 ~- 

max g3,5 (Y), 

(7.8) (v2 - 1) ! 

The right member of (7. 7) is owing to (5.2) and (4. 1) 

1 
i l~  s ~ _2 

(7.9) >5-~el  --22- 1 1 . I 0 - ~ , - 6 - ~  2el  
log2 -8 ] 

l o g ~  
- 12o-  i - ] '  

log~ -~ } 
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the first assertion of  our Theorem follows from this, (7.9) and (7. 7) at once. The 
second follows analogously from (7. 8) and (6. 7). 

Appendix 

Numerical lemmas 

8. LEMMA V. With the notation 

1 
S(X) = ~'~(z) Q(1 - O) 

the sum being extended to the non-trivial zeros o f  L(s , )Omod  8, X#)Co, we have 

( 0 < ) S ( x )  < 3. 

For  X=Z2 this has been proved by Landau (see LANDAU [2], p. 216). In order 
to prove it for Z=X~ we start from 

r - s ,  z 0  = r xl) (8. 1) 

where 

(8. 2) 

(8.1)  gives 

s + l  

(8.3) ~ -  (s, ZI) -- ---~- (1 --s, )Cz). 

But (see e. g. PRACHAR [1], p. 217) 

r x1) = eC'"+c'~l/o(x,) 1 -  e7 

and hence 

, ( 1 )  
T ( s ,  xl) =c~5+Zo(z,) s - o  + ; 

putting s = 1 we get 

s(z1) = --eis + (1, X1) = (1, Zl) - X1)- 

and using (8. 3), resp. (8.2) 

(8, 4) = 2  ( 1 , z 0 =  (1)+ L 

3* 
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Now 

L/ 
L (1, Z1) = 

log3 , log5 , log7  
-1- - - - - 5 - -  ~ 3 7 

1 1 1 1 q F-... 
1 3 5 7 

. . ~  

< 

log3 . log5 log7 2 
~ _ _ _ T _ + _ _  _ 3 7 7 1 

1 1 1 1 104 3 q 
1 3 5 7 105 

and hence from (8.4) 

F" 2 <  2 
S(Z1)<log  + - F - - ( 1 ) + ~ -  1 - 0 , 5 7 + ~ - < 2 .  

( 8 . 5 )  

where 

For  Z = Z3 we start from 

4(1 - s ,  Z3) = r Z3) 

(8.5) gives again 

s 
r 

As before, we get 

~-  (s, Z3) = -- ~ -  (1 - s, Z3). 

~ (  (8.6) S(Za) = 2 1, Za) 

But 

Lt 
L (1, Z3) = 

= log~- + T + 2 (1, Z3). 

log 3 log 5 log 7 log 3 log 5 
---U -+ 5 7 ~ ~ - - + - T -  

and from the partial-fraction representation of ~-- 

1 )  1 1 1 1 1 1 t__q_ + 
1 3 5 '" 1 3 5 

F' 

1,2 2 + 
3 5 12 

< - -  - -  

7 7 

15 

G 1 5 1 = 1 
= < - ~ - + ~ - Z  n--y< - -  .=1 n n - ~ -  

and thus from (8.6) 
_ 3 24 

s(x3)< 1-~-+5-<3. 

3 
2 
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9. We need further the 

LEMMA VI. I f  for an l<=v~3 the non-trivial zeros O(Xv) of  L(s,x~) are on the 
line a =�89 then 

1 
Z ~ l r ( e )  l< 1--o" 

Since in the rectangle 
0 < a < l ,  ltl<=7 

there are only two zeros of L(s, Zv), owing to (2.4), (2. 5), and (2. 6), the simple 
inequality 6 

(9. 1) F + i7 <: 

gives at once 

(9. 2) ~ Ir(e) t<6e-5. 
lie (z~)l-<-7 

Again (9. 1) gives for ]Y] >7  (since the function 

Hence this and Lemma V give 

Z IF(o)l<3e-6Xo.(xo 
IL~(z2)[ > 7 

1 2 

<zs 

e ~lrl 

1 
- -  3 e - 6  

1 ~_+Tz 

(1 
+ # 2  e-5 -u decreases for 

< 3 e - 6 .  

I~0r a ( l l 0 )  <9e -6. 

This and (9.2) prove the Lemma VL 

LEMMA VII. With the notation 

1 
s l (z )  = Z ~  Iol2 

the sum being extended to the non-trivial zeros o f  L(s, Z) mod 8, Z #Xo we have 

(0 <)Sa (Z) < 4. 

6 See e. g. E .  LANDAU [1], p.  218. 
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Lemma V gives namely 

1 { 1 
-- Zo(z) 3 > Z ~  Q(1--O) to>o (ao+ito)(1--ao--i to)  

= 2  Zo(z) 
to> 0 

Hence 

o-o (1 - o" o) + t~ 
2 2 2 (o-~ + to){(1- ~o) § to) 

) 
(r -- ito) (-1-- ao qS ito)'~ = 

2 
to 

> 2  ZoCx) (o-~+ 2 2 2 " 
,o>o to){(1- o-o) +to} 

t~ 3 
(9. 3) Zo(z) z 2 - -  

'o>o (o-o+to){1--ao)2+t~} < 2 '  

and thus from the functional-equation 

{1+ 
(9.4) $1(~) = Zo(x) 

t e> o G o + t e 

1 } ' 
( l _ o - S z + t ~  "= 

1 2 
2 2 2 -~+  to 

{o-Q + (1 - ao) } + 2t o <_- 2 ~o(z) 
-~" Z O ( X )  ~ - -  - -  - -  2 - -  ~-2 2 t 2 )  { ( 1 0 " O )  2 "[- to 2} to>o (o-o+to)[(1-o-o) +to} ,o>o ( % +  - 

Since from (2. 4), (2. 5) and (2. 6) 

1 1 2 
$ < i 5  to 

(9. 3) and (9. 4) give 

( to 
$1 (Z) < 2 + (z)  (0 .2  ..~ 2 2 2 

t to) {(1 -- o-3 +to} 

10. LEMMA VIII. We have 

(10. 1) 2 Re F --(1 + i.3,57615...~" > l/~-~ .0,3 ] e 6 
and 

(10.2) 2 R e F  +i.4,899973... < - e8 .0,3. 

<4. 

For  the proof we shall use the slightly modified formula (see e.g.  GELFOND 
[11, p. 138) o 
(10.3) logF(s) = s--  l o g s - s +  log2z-t Isl '  

vafid for Isl ~3,5 with l#[<= 1. This gives 

}o 
(10.4) arc F(s) = I m  s -  log s - s  + - ~  
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and hence 

and 

These give 

(10. 5) 

and 

(10.6) 

(' ) 0 < a r c F  ~-+i.3,57615... <79 ~ 

(3~z < )  2,594 < arc F ( 1  + i.4,899973...) < 3,216 ( <  5~r ) .  

2 Re F (21--+ i-3,5761.. .)>2 sin ll ~ F ( 1  + i-3,5761...) 

2 R e F  (1+ i .4 ,899973 . . . )< - - ] /2  F (1+ i .4 ,89 . . . )  , 

respectively. Using the well-known formula 

(10. 7) +iv ~ = e~O+e_~O 

(10. 1) and (10. 2) follow from (10. 5) and (10.6) at once. 
Finally we need the 

LEM-MA IX. With the notatioJz (Z rood 8, Z # Zo) 

$ 2 9 )  d e_f {im~o~(=Z~/2 IF (~)l 

we have 

The well-known formula 

IS2(z) I < ]/~'0,14"e -8. 

1/iT~r(1 + 0 ] /  2m 
IF(s)l<- r  e='-e -=~ 

(see e. g. N. NIELSEN [1], p. 25) gives fo - It[ :> 12 the inequality 

(10.8) [r(ol<I/Un.Zl/~tle -~['i (0<a< 1). 
g 

Since 1/{(1 + t2)e - ~  decreases for t > 3, (10. 8) gives for It[ ~ i2 

IF(s)[ < (~r~.2]/]~.145.e_18,s<]/~.1015. e_lS,s 

(0<r 1) 

267 
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i . e .  u s i ng  L e m m a  V I I  

$2 (Z) < l /2n" 1015. e -  18,8 ,~o(z) - -  
l + t  2 

r2 

i ndeed .  

1 
< r  X.o(z~ ~ < 

< 2 ~ - 4 0 6 0 .  e-18,8 < l / ~ .  0 ,14-  e - 8  
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