
Math 437/537 Homework #6
due Wednesday, November 28, 2007 at the beginning of class

I. Of the first 1000 multiples of e, which one is closest to an integer? (Don’t use brute force!)

II. Calculate the entire infinite continued fraction expansion of 1 +
√

3/5. Calculate the real
number whose continued fraction expansion is 〈4, 3, 2, 1, 3, 2, 1, 3, 2, 1, . . . 〉.

III. Given integers 1 ≤ m ≤ n, define xm,n = 〈0, 1, . . . ,m− 1, m, . . . , n〉.
(a) Put the infinite set of real numbers {xm,n : 1 ≤ m ≤ n} in order by size.
(b) Prove that if n ≤ s, then |xm,n − xr,s| < 2/(n!)2 for all 1 ≤ m ≤ n and 1 ≤ r ≤ s.

IV. (a) Given an integer k ≥ 2, compute the continued fraction expansions of
√

k2 − 1 and√
k2 + 4.

(b) Prove that the equation x2 + 1 = (k2 + 4)y2 has no integer solution (x, y) if k is even,
but infinitely many integer solutions if k is odd.

V. Niven, Zuckerman, and Montgomery, Section 7.6, p. 344, #3 and #4

VI. Suppose that d is a positive integer, not a square, that has a prime factor p ≡ 3 (mod 4).
Prove that the period of the continued fraction expansion of

√
d is even.

VII. In this problem and the next, “smallest solution” means the ordered pair (x, y) of positive
integers with y as small as possible.
(a) Prove that the continued fraction expansion of

√
61 is

√
61 = 〈7; 1, 4, 3, 1, 2, 2, 1, 3, 4, 1, 14 〉.

(b) Find the smallest solution to x2 − 61y2 = −1.
(c) Find the smallest solution to x2−61y2 = 1. (Hint: derive it directly from your answer

to part (c).)

VIII. Find the three smallest solutions to x2 − 73y2 = 3. (Remark: these three solutions involve
integers x and y with at most nine digits. If you think the third-smallest solution involves
15- and 16-digit numbers, try again.)

IX. Niven, Zuckerman, and Montgomery, Section 7.8, p. 357, #12

X. Niven, Zuckerman, and Montgomery, Section 7.8, pp. 357–8, #13

XI. Prove that there are infinitely many Pythagorean triples (x, y, z) with x− y = 1.
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XII. In Triangle Town, the streets are named 2nd Avenue, 3rd Avenue, 4th Avenue, and so on.
There are exactly n houses on nth Avenue, the numbers of which (from west to east) are
1, 2, . . . , n. Alice, Bob, and Eve have the following conversation:

BOB: What street do you live on, Alice?
(Alice whispers the answer to Bob so that Eve does not hear)

BOB: What’s the number of your house, Alice?
ALICE: I won’t tell you the number, but I will tell you how to find my house. Start
at one end of my street and walk down it, adding up the numbers of all the houses
one by one as you come to them. When your running total equals the following
number . . . (Alice whispers a number to Bob so that Eve does not hear) . . . then
my house is the last house you added in. (Alice starts to walk away)

BOB: Wait, Alice: which end of your street do I start from, the west end or the
east end?
ALICE: That’s the best part: it doesn’t matter! (Alice leaves)

EVE: I know you don’t want to tell me Alice’s address, Bob, but at least tell me
this much: how many digits are there in her street number?
(Bob answers Eve’s question)

What is Alice’s address (street and house number) if Bob’s answer was “One digit”? if
Bob’s answer was “Two digits”? if Bob’s answer was “Three digits”? (Hint: complete the
square.)


