Ward Identities and a Perturbative Analysis of a U(1) Goldstone Boson in a Many Fermion System

Joel Feldman^{∗†}

Department of Mathematics University of British Columbia Vancouver, B.C. CANADA V6T 1Z2

Jacques Magnen^†, Vincent Rivasseau^†

Centre de Physique Théorique, CNRS UPR14 Ecole Polytechnique F-91128 Palaiseau Cedex FRANCE

Eugene Trubowitz

Mathematik ETH-Zentrum CH-8092 Zürich SWITZERLAND

Abstract. We derive Ward identities, to all orders of perturbation theory, in many Fermion systems with short range interactions and broken U(1) number symmetry. They imply that the system is superrenormalizable in the Goldstone boson regime.

∗ Research supported in part by the Natural Sciences and Engineering Research Council of Canada and the Schweizerischer Nationalfonds zur Forderung der wissenschaftlichen Forschung † Research supported in part by the Forschungsinstitut für Mathematik, Zürich

§I Introduction

We consider a many Fermion system, in dimension d ≥ 2 , formally characterized by the (renormalized) generating functional

S(ϕ, ϕ̄) = log^1_Z ∫ e^{[ϕ̄ψ]+[ψ̄ϕ]} e^{A(ψ,ψ̄)} ∏ k,σ dψ_{k,σ} dψ̄_{k,σ} (I.1) for the connected Euclidean Green’s functions, where the action A(ψ, ψ̄) = −V(ψ, ψ̄) − δμ(λ, μ) ∫ d̄k ψ̄_kψ_k − ∫ d̄k ( ik_0e(k) )¯ ψ_kψ_k (1.2) and V(ψ, ψ̄) =^λ_2

∫_4 ∏ i=1 d̄k_i (2π)^{d+1}δ(k1+k2−k3−k4 ) ψ̄_{k1} ψ_{k3} ⟨k_1, k_2|V|k_3, k_4⟩ ψ̄_{k2} ψ_{k4} (I.3)

=^λ_2 ∑ σ,τ ∈{↑,↓} ∫_4 ∏ i=1 d̄k_i (2π)^{d+1}δ(k1+k2−k3−k4 ) ⟨k_1, k_2|V|k_3, k_4⟩ ψ̄_{k1 ,σ}ψ̄_{k2,τ} ψ_{k4 ,τ} ψ_{k3,σ} In these expressions, the internal and external electron fields ψ(ξ) = ( ψ(ξ, ↑) ψ(ξ, ↓) ) ϕ(ξ) = ( ϕ(ξ, ↑) ϕ(ξ, ↓) )

ψ̄(ξ) = ( ψ̄(ξ, ↑) ψ̄(ξ, ↓) ) ϕ̄(ξ) = ( ϕ̄(ξ, ↑) ϕ̄(ξ, ↓) ) where ψ(ξ, σ), ϕ(ξ, σ), ψ̄(ξ, σ) and ϕ̄(ξ, σ) , ξ = (t, x) ∈ IR × IR^d, σ ∈ {↑, ↓} , are genera- tors of an infinite dimensional Grassmann algebra over C and

k = (k_0, k) ∈ IR × IR^d d̄k =^{dk0}_{2π} d̄k =^{dd+1k}_{(2π)d+1} ψ_{k,σ} = ∫ dξ e^{i⟨k,ξ⟩−} ψ(ξ, σ) ⟨k, ξ⟩_− = −k_0t + ⟨k, x⟩ e(k) =^{k2}_{2m} − μ

When we wish to make explicit the dependence on the chemical potential μ, we expand the notation e(k) to e(k, μ). For a function f

[f] = ∫ dξ f(ξ) so that, in particular

[ϕ̄ψ] = ∫ dξ ϕ̄(ξ)ψ(ξ) = ∑ σ∈{↑,↓} ∫ dξ ϕ̄(ξ, σ)ψ(ξ, σ)

We assume that the interaction ⟨k_1, k_2|V|k_3, k_4⟩ is real and in addition rotation, reflection and time reversal invariant. Precisely,

⟨k_1, k_2|V|k_3, k_4⟩ = ⟨Rk_1, Rk_2|V|Rk_3, Rk_4⟩ for all R ∈ O(d) ⟨k_1, k_2|V|k_3, k_4⟩ = ⟨T k_1, T k_2|V|T k_3, T k_4⟩

(S1) where Rk = (k_0, Rk), T k = (−k_0, k) . We also assume ⟨ k_1, k_2 | |V | |k_3, k_4⟩ = ⟨−k_3, k_2 | |V | | − k_1, k_4⟩ = ⟨ k_1, −k_4 | |V | |k_3, −k_2⟩ (S2)

and that ⟨ k_1, k_2 | |V | |k_3, k_4⟩ is short range.

The counterterm −δμ(λ, μ) ∫ d̄k ψ̄_kψ_k in the action renormalizes the radius of the Fermi surface. It is discussed in the next section. Finally, the denominator Z is chosen so that S(0, 0) = 0

One of our long term goals, stated precisely near the beginning of the next section, is to give a rigorous proof that the standard model

⟨k_1, k_2|V|k_3, k_4⟩ = ~V (k_1 − k_3) − α^2θ ( ω_D − ω(k_1 − k_3)

)_{2 ω(k1−k3)}2

(k_1−k_3 )^2_0+ω(k_1−k_3)^2 (I.4)

for an interacting system of electrons and jellium phonons has a superconducting ground state at sufficiently low temperature. To explain why Ward identities are required to prove that the condensate of Cooper pairs is stable, we briefly review the overall strategy.

We investigate the long range behavior of correlation functions at low temperature using a renormalization group analysis near the Fermi surface [5,6]. This entails slicing the free propagator around its singularity on the Fermi sphere. The renormalization group resums the dominant graphs of the theory to create an effective slice-dependent interaction.

The natural scales correspond to finer and finer shells around the Fermi surface. Fix a constant M > 1. For each j = 0, −1, −2, ... the j-th slice contains all momenta in a shell of thickness M^j a distance M^j from the singular locus { k ∈ IR^{d+1} | | k_0 = 0, |k| = √ 2mμ } . The propagator for the j-th slice is

C^j (ξ_1, ξ_2) = δ_{σ1,σ2} ∫ d̄k e^{i⟨k,ξ1−ξ2⟩−} ik_0 − e(k)

1_j ( k^2_0 + e(k)^2 )

where 1_j ( k^2_0 + e(k)^2 ) is the characteristic function for the set M^j ≤ |ik_0 − e(k)| < M^{j+1}.

For simplicity, we have introduced a sharp partition of unity even though a smooth one is required for a complete, technically correct analysis [6, II.1]. Summing over j ≤ 0 , we obtain the full infrared propagator C(ξ_1, ξ_2) = ∑ j≤0 C_j (ξ_1, ξ_2) .

These shells induce an infrared renormalization group flow. It was shown in [6] that the important part of (I.3) comes from the reduced interaction λ ⟨s^′, −s^′|V|t^′, −t^′⟩. Expanding in spherical harmonics λ ⟨s^′, −s^′|V|t^′, −t^′⟩ = ∑ n≥0 λ_n(0) π_n(s^′, t^′)

For appropriate α the coefficients in the expansion of (I.4) satisfy λ_0(0) < 0 and |λ_0(0)| ≫ |λ_n(0)| , n ≥ 1 . That is, the electron phonon interaction is dominated by the zero angular momentum sector, which is attractive. We assume that this is the case for the rest of this section.

The set of coupling constants { λ_n | | n ≥ 0 } evolves under the renormalization group flow. At scale j their values are denoted { λ_n(j) | | n ≥ 0 }. In the ladder approximation the flow equation is (see [6, I.85]) λ_n(j − 1) = λ_n(j) + β(j) λ_n(j)^2 where β(j) > 0 and lim_{j→−∞} β(j) = β > 0.

Thus, in the ladder approximation, λ_0(j) grows slowly as j goes down to the symmetry breaking scale δ = −[1/λ_0(0)] and then quickly takes off to infinity. The other coupling constants remain much smaller than λ_0. Of course, this approximation breaks down at about scale δ. The divergence of a flow generated by a “Fermi surface” away from a Gaussian fixed point towards a nontrivial fixed point is typical of many symmetry breaking or mass generation phenomena in condensed matter physics.

The renormalization group analysis described in the preceding paragraphs reveals three distinct energy regimes. Fix a ≫ 1 and let Δ ≈ M^δ be the BCS gap. In the first regime at scales j for which M^j > aΔ the effective coupling constant λ_0(j) can be used as a small parameter. Symmetry breaking takes place in the second regime where 1 a Δ < M^j < aΔ . In the third regime M^j <^1_a Δ the physics of the Goldstone boson dominates. As explained above the effective coupling constant is not small in the latter two regimes.

In [6, 1] the first regime is controlled nonperturbatively in 2 + 1 dimensions and perturbatively in 3 + 1 dimensions. That is, in 2 + 1 dimensions the full model has been constructed down to scale δ and shown to obey the natural estimates suggested by perturbation theory. We remark that it is also shown in [6] that, for a fixed external field that selects a single phase, the renormalization group flow, truncated to any finite order of perturbation theory, converges to a nontrivial pairing fixed point. The main idea for controlling the intermediate regime is an intrinsic decomposition of the Fermi surface into N = M^{−(d−1)δ} “colors” and the accompanying 1/N expansion [3].

This paper is devoted to a tool that is essential in the third regime. Cooper pairs interact with each other through a long range force mediated by the “Goldstone boson”. The Goldstone boson is a massless particle, in d+1 dimensions, whose propagator behaves like [q^2_0 + const q^2]^{−1} near zero. This singularity superficially generates nonrenormalizable power counting for d = 2, 3. The Ward identities of Corollary IV.5 imply that the power counting is in fact superrenormalizable. A detailed discussion of power counting is given in §V.

The Ward identities of §IV relate certain expectation values. The “string” and “ladder” amputation algorithm developed in §III can be applied to these Ward identities to identify classes of diagrams that add up to zero. This is feasible at low order, but because the symmetry breaking mixes orders, the classes become very complicated. Oppermann and Wegner[7] and Hikami [8] have derived the low order graphical analogues of our Ward identites for the Anderson model. We imagine that the methods of this paper can also be applied to the Anderson model.

The simplest way to see the Goldstone boson is to make a Hubbard-Stratonovich transformation writing the exponential of the effective interaction V_{eff} , given by the renormalization group flow at scale δ, as an integral over an intermediate boson field γ. Let λ_0(δ) = −2g^2 and

V_{eff} = −2g^2 ∫ d̄s d̄t d̄q ψ̄_↑(t+^q_2 ) ψ̄_↓(−t+^q_2 ) ψ_↓(−s+^q_2 ) ψ_↑(s+^q_2 )

= −2g^2 ∫ d̄p d̄q (∫ d̄t ψ̄_↑(t+^p_2 ) ψ̄_↓(−t+^p_2 ) ) B(p, −q) (∫ d̄s ψ_↓(−s+^q_2 ) ψ_↑(s+^q_2 ) )

with B(p, q) = (2π)^{d+1}δ(p+q). If (γ_1, γ_2) is a C^2 valued Gaussian variable with the real, even covariance ⟨γ_i(p)γ_j(q)⟩ = δ_{i,j} B(p, q) then

e^{−V} = e^{−V+Veff} e^{−Veff} = e^{−V+Veff} ∫ exp ( g ∫ dξ Ψ̄(ξ) γ(ξ) Ψ(ξ) ) dμ(γ) where γ = σ^1γ^1 + σ^2γ^2.

The propagator for the Goldstone boson is gotten by integrating out the Fermion field, computing the effective potential for γ and expanding about its minimum. This is done in detail in §V. The effective potential is a Mexican hat. The propagator of the component γ_{tan} of γ tangent to the circle of minima looks like [q^2_0 + const q^2]^{−1} near zero and is given by

⟨γ_{tan}(p_1); γ_{tan}(p_2)⟩ − (2π)^{d+1}δ(p_1 + p_2)

= −g^2 ∫ d̄s d̄t ⟨¯ ψ_{s−p1↑}ψ̄_{−s↓} − ψ_{−s+p1↓}ψ_{s↑}; ψ̄_{t−p2↑}ψ̄_{−t↓} − ψ_{−t+p2 ↓}ψ_{t↑} ⟩

Here the truncated expectation ⟨A; B⟩ is given by ⟨AB⟩ − ⟨A⟩ ⟨B⟩ and, on the right hand side, ⟨ · ⟩ is the fermionic expectation of the model before the Hubbard-Stratonovich transformation was applied. This identity, in conjunction with the amputation procedure of §III, is used in (V.4) to demonstrate that the full Goldstone boson propagator is the sum of generalized ladders.

In §II we discuss self-consistent U(1) symmetry breaking and derive a Ward identity using global U(1) symmetry transformations. In §III we determine the structure of Feynman graphs in terms of string and ladder amputation. This makes it possible to isolate the fragments of graphs contributing to the Goldstone Boson propagator. In §IV we derive more precise and general Ward identities exploiting local U(1) gauge transformations. §V is devoted to the power counting of the intermediate boson introduced above. In the last section, we discuss the simple ladder contribution to the Goldstone Boson propagator in great detail.

§II U(1) Symmetry Breaking

We first rewrite the many Fermion generating functional (I.1) in a form that is a suitable starting point for a rigorous construction. Let

dμ(ψ,^¯ψ) =^1_{Z0} exp { − ∑ σ∈{↑,↓} ∫ d̄k ψ̄_{kσ} ( ik_0e(k) ) ψ_{k,σ} } ∏ k,σ dψ_{k,σ} dψ̄_{k,σ} be a formal Grassmann-Gaussian measure. The denominator Z_0 chosen so that ∫ 1 dμ(ψ,^¯ψ) = 1

Mathematically, dμ(ψ,^¯ψ) is characterized by ∫ e^{[ϕ̄ψ]+[ψ̄ϕ]} dμ(ψ,^¯ψ) = e^{<ϕ̄,Cϕ>} where, the inner product ⟨¯ ϕ, Cϕ ⟩ = ∫ dξ dξ^′ ϕ̄(ξ) C(ξ, ξ^′) ϕ(ξ^′) The covariance

C(ξ_1, ξ_2) = ∫ ψ(ξ_1)ψ̄(ξ_2) dμ(ψ,^¯ψ) = δ_{σ1 ,σ2} ∫ IR^{d+1} d̄k e^{i⟨k,ξ1−ξ2 ⟩−} ik_0 − e(k) = δ_{σ1 ,σ2} ∫ IR^d d̄k e^{i⟨k,x1−x2⟩}e^{−|e(k)(t1−t2 )|} { −θ(e(k)), t_1 > t_2 θ(−e(k)), t_1 ≤ t_2

where θ(s) = { 1, s > 0 0, s ≤ 0 We have

S(ϕ, ϕ̄) = log^1_Z ∫ e^{[ϕ̄ψ]+[ψ̄ϕ]} e^{−V(ψ,ψ̄) − δμ(λ,μ)} ∫_{d̄k ψ̄kψk} dμ(ψ, ψ̄) (II.1) The proper self-energy, Σ, is implicitly defined by

S_2(k, p) = 1 ik_0 − e(k) − Σ(k)

(2π)^{d+1}δ(k − p)

in which S_2(ξ_1, σ_1, ξ_2, σ_2) = δ δϕ̄(ξ_1, σ_1) S(ϕ, ϕ̄) δ δϕ(ξ_2, σ_2) | | |_{ϕ=ϕ̄=0}

The functional derivative^δ_{ϕ̄(ξ1 ,σ1)} acting on the left of a monomial moves the factor ϕ̄(ξ_1, σ_1) all the way to the left with the appropriate sign and deletes it. Similarly, the functional derivative^δ_{ϕ(ξ2,σ2)} acting on the right of a monomial moves the factor ϕ(ξ_2, σ_2) all the way to the right with the appropriate sign and deletes it. For example, δ δϕ̄(ξ_1, σ_1) e^{[ϕ̄ψ]+[ψ̄ϕ]} δ δϕ(ξ_2, σ_2)

= ψ(ξ_1, σ_1) e^{[ϕ̄ψ]+[ψ̄ϕ]} δ δϕ(ξ_2, σ_2) = ψ(ξ_1, σ_1) e^{[ϕ̄ψ]+[ψ̄ϕ]} ψ̄(ξ_2, σ_2) = ψ(ξ_1, σ_1)ψ̄(ξ_2, σ_2) e^{[ϕ̄ψ]+[ψ̄ϕ]}

so that δ δϕ̄(ξ_1, σ_1) S(ϕ, ϕ̄) δ δϕ(ξ_2, σ_2) | | |_{ϕ=ϕ̄=0} = ⟨ ψ(ξ_1, σ_1)ψ̄(ξ_2, σ_2) ⟩ − ⟨ψ(ξ_1, σ_1)⟩ ⟨¯ ψ(ξ_2, σ_2) ⟩

where ⟨ f(ψ, ψ̄) ⟩ =^1_Z ∫ f(ψ, ψ̄) e^{−V(ψ,ψ̄) − δμ(λ,μ)} ∫_{d̄k ψ̄kψk} dμ(ψ, ψ̄) Perturbatively, Σ is the sum of all nontrivial one-particle irreducible, two legged diagrams.

The counterterm δμ(λ, μ) is the formal power series in λ uniquely determined [5,6] by the renormalization condition ∂^n ∂λ^n Σ(0, |k| = k_F , μ, λ) | | |_{λ=0} = 0 , n ≥ 0

where k_F = √ 2mμ is fixed by the particle density. In other words, the proper self-energy vanishes on k_0 = 0, |k| = k_F and, by definition, k_F is the radius of the interacting Fermi surface.

Observe that e^{−δμ(λ,μ)} ∫_{d̄p ψ̄pψp} dμ(ψ,^¯ψ) =^1_{Z0} e^− ∫_{d̄k} (_{ik0 e(k,μ+δμ)})_{ψ̄kψk} ∏ k,σ dψ_{k,σ} dψ̄_{k,σ} Therefore, the counterterm can be interpreted as the shift in the radius of the Fermi surface induced by ⟨k_1, k_2|V|k_3, k_4⟩ .

We now state one of our goals precisely. To keep the statement simple, we use periodic boundary conditions on IR^{d+1}/LZZ^{d+1}. Define dμ_L to be the Grassmann Gaussian measure whose covariance is the multiplication operator 1 ik_0 − e(k) ( 1 − δ_{k0 ,0}δ_{e(k),0} )

on ℓ^2 (_{2π} L ZZ^{d+1)}. For convenience let ∫ d̄k f(k) = (_{2π} L )_{d+1} ∑

k∈^{2π}_L ZZ^{d+1} f(k)

Incorporate in the finite volume interaction V_{L,r} a counterterm for the chemical potential and a small external field V_{L,r}(ψ, ψ̄) = V(ψ, ψ̄) + δμ(λ, μ; L, r) ∫ ψ̄_kψ_k − r ∫ d̄k(ψ̄_{k↑}ψ̄_{−k↓} + ψ_{−k↓}ψ_{k↑}) and define the generating functional S_{L,r}(ϕ, ϕ̄) = log^1_{ZL,r} ∫ e^{[ϕ̄ψ]+[ψ̄ϕ]} e^{−VL,r (ψ,ψ̄)} dμ_L(ψ, ψ̄) We ultimately want to prove the

“Theorem”. Let d = 2, 3 and let ⟨k_1, k_2|V |k_3, k_4⟩ be a Schwartz class function on IR^{4(d+1)} satisfying symmetries (S1,2) of §I. (Actually, it is sufficient that the interaction be in a suitable weighted Sobolev space.) Let ⟨t^′, −t^′|V |s^′, −s^′⟩ = ∑ n λ_nπ_n(t^′, s^′)

be the expansion of the rotation invariant reduced kernel in spherical harmonics. Here k^′ = (0, k_F k/|k|) is the projection of k on the Fermi surface. Fix ϵ > 0. Let λ > 0 and κ be sufficiently small. If λ_0 < 0 and κ|λ_0| > |λ_n|, n ≥ 1 then the limit S(ϕ, ϕ̄) = lim_{r↘0} lim_{L→∞} S_{L,r}(ϕ, ϕ̄) exists and has the following properties:

(i) There is a Δ > 0 with Δ ≈ const e^{−const /λ} such that ⟨ψ_k′_↑ψ_{−p↓}⟩ = ⟨¯ ψ_{−k}′_↓ψ̄_{p↑} ⟩ = − (2π)^{d+1} Δ δ(k^′ − p)

(ii) The 2n point moments of S(ϕ, ϕ̄) with n odd decay exponentially at a rate at least (1 − ϵ)Δ.

(iii) The 2n point moments of S(ϕ, ϕ̄) with n even decay at least polynomially. In particular, there are constants c_1, c_2 > 0 such that

lim_{q→0}(c_1q^2_0+c_2q^2) ∫ d̄s d̄t d̄p ⟨¯ ψ_{s−q↑}ψ̄_{−s↓} − ψ_{−s+q↓}ψ_{s↑}; ψ̄_{t−p↑}ψ̄_{−t↓} − ψ_{−t+p↓}ψ_{t↑} ⟩ = −1

Thus there is a channel in the four point function that does not decay exponentially.

One consequence of this Theorem is that the Hilbert space is a direct sum of “even” and “odd” subspaces. The restriction of the Hamiltonian to the odd subspace has a gap of at least (1 − ϵ)Δ between its ground state energy and the rest of its spectrum. There is no such gap in the even subspace.

The rest of this section motivates the “Theorem”. The action A(ψ, ψ̄) = − ∫ d̄k ( ik_0e(k) )¯ ψ_kψ_k − δμ(λ, μ) ∫ d̄k ψ̄_kψ_k −^λ_2

∫_4 ∏ i=1 d̄k_i (2π)^{d+1}δ(k1+k2−k3−k4 ) ψ̄_{k1} ψ_{k3} ⟨k_1, k_2|V|k_3, k_4⟩ ψ̄_{k2} ψ_{k4}

has six basic symmetries. Namely (i) Particle number: A(e^{iθ}ψ, e^{−iθ}ψ̄) = A(ψ, ψ̄) ∀ e^{iθ} ∈ U(1) (ii) Spin: A(g ψ, ψ̄ g^{−1}) = A(ψ, ψ̄) ∀ g ∈ SU(2) (iii) Spatial rotations and reflections: A(Rψ, Rψ̄) = A(ψ, ψ̄) ∀ R ∈ O(d) where (Rψ)(ξ, σ) = ψ(R^{−1}ξ, σ) and (Rψ̄)(ξ, σ) = ψ̄(R^{−1}ξ, σ). (iv) Translations: For all ξ ∈ IR^{d+1} , A(T_ξψ, T_ξψ̄) = A(ψ, ψ̄) ∀ ξ ∈ IR^{d+1} where (T_ξψ)_{k,σ} = e^{i<k,ξ>−} ψ_{k,σ} and (T_ξψ̄)_{k,σ} = e^{−i<k,ξ>−} ψ̄_{k,σ} (v) Time reversal: A(ψ, ψ̄)^# = A(ψ, ψ̄) where # is the involution on the Grassmann algebra defined by ψ^#_k = ψ_{T k} , ψ̄^#_k = ψ̄_{T k} and by complex conjugation of scalars. (vi) Charge conjugation: A(iψ̄^t, iψ^t) = A(ψ, ψ̄) To verify (v), note that

⟨k_1, k_2|V|k_3, k_4⟩ = ⟨k_3, k_4|V|k_1, k_2⟩

follows from the reflection invariance and symmetry (S2) of V . Observe that, in contrast to the other symmetries, neither time reversal nor charge conjugation commute with the number symmetry. However, their product (vii) CT: A(ψ, ψ̄)^{CT} = A(ψ, ψ̄) does commute with the number symmetry. Here, CT is the involution on the Grassmann algebra defined by ψ^{CT}_k = iψ̄^t_{T k} , ψ̄^{CT}_k = iψ^t_{T k} and by complex conjugation of scalars.

By definition, a general symmetry U of the action is broken if A ( U(ψ, ψ̄) ) = A(ψ, ψ̄) but S ( U(ϕ, ϕ̄) ) ≠ S(ϕ, ϕ̄) where S is the generating functional (I.1), carefully defined by some limiting process. In

this paper we study the situation when the number symmetry is broken S(e^{iθ}ϕ, e^{−iθ}ϕ̄) ≠ S(ϕ, ϕ̄) but symmetries (ii,iii,iv) and (vii) above are inherited by the generating functional.

The symmetry

(viii): ( ψ_{k,↑} ψ_{k,↓} ) → ( e^{iϕ} 0 0 e^{−iϕ} ) ( ψ_{k,↑} ψ_{k,↓} )

( ψ̄_{k,↑} ψ̄_{k,↓} ) → ( ψ̄_{k,↑} ψ̄_{k,↓} ) ( e^{−iϕ} 0 0 e^{iϕ} )

is a subgroup of SU(2). Applying this symmetry to the first derivatives of S we obtain

⟨_{( )} ψ_{k,σ} ⟩ = e^{±iϕ} ⟨_{( )} ψ_{k,σ} ⟩

forcing ⟨ψ_{k,σ}⟩ = ⟨¯ ψ_{k,σ} ⟩ = 0 for all k, σ . Thus the second derivative of S simplifies to, for example, δ δϕ̄(ξ_1, σ_1) S(ϕ, ϕ̄) δ δϕ(ξ_2, σ_2) | | |_{ϕ=ϕ̄=0} = ⟨ ψ(ξ_1, σ_1)ψ̄(ξ_2, σ_2) ⟩

There are sixteen two point expectation values ⟨ψ_{k↑}ψ_{p↑}⟩ ⟨ψ_{k↑}ψ_{p↓}⟩ ⟨ψ_{k↓}ψ_{p↑}⟩ ⟨ψ_{k↓}ψ_{p↓}⟩ ⟨ ψ_{k↑}ψ̄_{p↑} ⟩ ⟨ ψ_{k↑}ψ̄_{p↓} ⟩ ⟨ ψ_{k↓}ψ̄_{p↑} ⟩ ⟨ ψ_{k↓}ψ̄_{p↓} ⟩ ⟨¯ ψ_{k↑}ψ_{p↑} ⟩ ⟨¯ ψ_{k↑}ψ_{p↓} ⟩ ⟨¯ ψ_{k↓}ψ_{p↑} ⟩ ⟨¯ ψ_{k↓}ψ_{p↓} ⟩ ⟨¯ ψ_{k↑}ψ̄_{p↑} ⟩ ⟨¯ ψ_{k↑}ψ̄_{p↓} ⟩ ⟨¯ ψ_{k↓}ψ̄_{p↑} ⟩ ⟨¯ ψ_{k↓}ψ̄_{p↓} ⟩

obtained by differentiating S twice with respect to^{( )}ϕ(ξ, σ) . By conservation of momen-

tum, that is translation invariance, the distributions in the first and fourth rows vanish

unless k = −p while those in the second and third vanish unless k = p . By anticom-

mutation, the second row determines the third row and the second column determines the

third column.

The four corners, ⟨ψ_{k↑}ψ_{p↑}⟩ , ⟨ψ_{k↓}ψ_{p↓}⟩ , ⟨¯ ψ_{k↑}ψ̄_{p↑} ⟩ ⟨¯ ψ_{k↓}ψ̄_{p↓} ⟩ , of the above table

and the four central elements, ⟨ ψ_{k↑}ψ̄_{p↓} ⟩ , ⟨ ψ_{k↓}ψ̄_{p↑} ⟩ , ⟨¯ ψ_{k↑}ψ_{p↓} ⟩ , ⟨¯ ψ_{k↓}ψ_{p↑} ⟩ , vanish by SU(2)

invariance. For example, by symmetry (viii) ⟨ ψ_{k↑}ψ̄_{p↓} ⟩ = e^{2iα} ⟨ ψ_{k↑}ψ̄_{p↓} ⟩ forcing it to be zero. The other cases are similar. Thus there are eight ( ⟨ ψ_{k↑}ψ̄_{p↑} ⟩ ⟨ψ_{k↑}ψ_{−p↓}⟩ ⟨¯ ψ_{−k↓}ψ̄_{p↑} ⟩ ⟨¯ ψ_{−k↓}ψ_{−p↓} ⟩ ) ( ⟨¯ ψ_{k↑}ψ_{p↑} ⟩ ⟨ψ_{−k↓}ψ_{p↑}⟩ ⟨¯ ψ_{k↑}ψ̄_{−p↓} ⟩ ⟨ ψ_{−k↓}ψ̄_{−p↓} ⟩ )

potentially nonzero two point expectation values with the second matrix determined by the first and all matrix elements vanishing unless k = p .

For this reason it is algebraically convenient to combine the four internal physical fields ψ_{k↑}, ψ_{−k↓}, ψ̄_{k↑} and ψ̄_{−k↓} into a pair of 2-vectors

Ψ(k) = ( Ψ^1(k) Ψ^2(k) ) = ( ψ_{k↑} ψ̄_{−k↓} )

Ψ̄(k) = ( Ψ̄_1(k) Ψ̄_2(k) ) = ( ψ̄_{k↑} ψ_{−k↓} )

called “Nambu fields”. The external physical fields are combined into

Φ(k) = ( Φ^1(k) Φ^2(k) ) = σ^3 ( ϕ_{k↑} ϕ̄_{−k↓} )

Φ̄(k) = ( Φ̄_1(k) Φ̄_2(k) ) = ( ϕ̄_{k↑} ϕ_{−k↓} ) σ^3

Note that the external fields are twisted by σ^3, the third of the Pauli matrices

σ^1 = ( 0 1 1 0 ) σ^2 = ( 0 −i i 0 ) σ^3 = ( 1 0 0 −1 )

With this vector notation all potentially nonzero expectation values are contained in ( ⟨ Ψ^i(k)Ψ̄_j(p) ⟩ ) = ( ⟨ ψ_{k↑}ψ̄_{p↑} ⟩ ⟨ψ_{k↑}ψ_{−p↓}⟩ ⟨¯ ψ_{−k↓}ψ̄_{p↑} ⟩ ⟨¯ ψ_{−k↓}ψ_{−p↓} ⟩ ) = (2π)^{d+1}δ(k − p)S(k)

and ( ⟨ Ψ̄_i(k)Ψ^j (p)⟩ ) = −(2π)^{d+1}δ(k − p)S(k)^t while ( ⟨ Ψ^i(k)Ψ^j(p) ⟩ ) = ( ⟨ψ_{k↑}ψ_{p↑}⟩ ⟨ ψ_{k↑}ψ̄_{−p↓} ⟩ ⟨¯ ψ_{−k↓}ψ_{p↑} ⟩ ⟨¯ ψ_{−k↓}ψ̄_{−p↓} ⟩ )

and ( ⟨ Ψ̄_i(k)Ψ̄_j(p)⟩ ) remain identically zero.

Lemma II.1 Suppose the generating functional S inherits the symmetries (ii,iii,iv) and (vii) from the action A . Then ( ⟨ Ψ^i(k)Ψ^j(p) ⟩ ) = ( ⟨ Ψ̄_i(k)Ψ̄_j(p)⟩ ) = 0 Furthermore

S(k_0, k) = S(k_0, |k|) S(0, k) = S(0, k)^∗ S_{22}(k) = −S_{11}(T k) S_{11}(k) = S_{11}(T k) S_{22}(k) = S_{22}(T k) S_{12}(k) = S_{21}(T k)

Proof: The first statement has already been proven. The identity

S(k_0, k) = S(k_0, |k|)

is an immediate consequence of the symmetry (iii). Next

S_{22}(k)(2π)^{d+1}δ(k − p) = ⟨¯ ψ_{−k↓}ψ_{−p↓} ⟩ = ⟨¯ ψ_{−k↑}ψ_{−p↑} ⟩ = − ⟨ ψ_{−p↑}ψ̄_{−k↑} ⟩ = − ⟨ ψ_{T p↑}ψ̄_{T k↑} ⟩ = −S_{11}(T p)(2π)^{d+1}δ(T p − T k) = −S_{11}(T k)(2π)^{d+1}δ(k − p)

In passing from the first to the second line we used SU(2) invariance with g = ( 0 i i 0 )

To pass from the third to the fourth line we used invariance under spatial reflection.

Similarly, S_{12}(k)(2π)^{d+1}δ(k − p) = ⟨ψ_{k↑}ψ_{−p↓}⟩ = − ⟨¯ ψ_{T k↑}ψ̄_{−T p↑} ⟩ = ⟨¯ ψ_{−T p↑}ψ̄_{T k↑} ⟩ = S_{21}(T p)(2π)^{d+1}δ(T p − T k) = S_{21}(T k)(2π)^{d+1}δ(k − p)

We used CT invariance in the second line. The proof of the third and fourth identities is similar.

The third fourth and fifth identities may be combined to give S(k) = S(T k)^∗ . The last identity follows at once.

Formally, the Grassmann-Gaussian measure in Nambu fields is

dμ(Ψ,^¯Ψ) =^1_{Z0} exp { − ∫ d̄k Ψ̄(k) ( ik_01le(k)σ^3 ) Ψ(k) } ∏ k,i dΨ^i(k) dΨ̄_i(k)

and is rigorously characterized by its characteristic functional ∫ e^{[Φ̄Ψ]+[Ψ̄Φ]} dμ(Ψ,^¯Ψ) = e^{<Φ̄,CΦ>}

where the covariance ( ⟨ Ψ^i(k)Ψ̄_j (p) ⟩ ) = (2π)^{d+1}δ(k − p)C(k)

with C(k) = 1 ik_01l − e(k)σ^3 = − ik_01l + e(k)σ^3

k^2_0 + e(k)^2 = ( [ik_0 − e(k)]^{−1} 0 0 [ik_0 + e(k)]^{−1} )

The generating functional (I.1) becomes, in Nambu fields,

S(Φ, Φ̄) = log^1_Z ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−δμ(λ,μ)} ∫_{d̄k Ψ̄(k)σ3Ψ(k)} dμ(Ψ, Ψ̄) (II.2)

where

V(Ψ, Ψ̄) =^λ_2 ∫ d̄s d̄t d̄q (¯ Ψ(t+^q_2 )σ^3Ψ(s+^q_2 ) ) ⟨_{t+ q} 2 ,−t+^q_2 |_V |_{s+ q} 2 ,−s+^q_2 ⟩ ( Ψ̄(_{−t+} q_2 )σ^3Ψ(_{−s+} q_2 ))

(II.3) Define the real numbers Δ_1 and Δ_2 by

Δ_1 − iΔ_2 Δ^2_1 + Δ^2

= −S_{12}(0, |k| = k_F )

By Lemma II.1 Δ_1 + iΔ_2 Δ^2_1 + Δ^2

= −S_{21}(0, |k| = k_F )

Let dμ_Δ be the Grassmann-Gaussian measure with covariance

C_Δ = 1 ik_01l − e(k)σ^3 − Δ = − ik_01l + e(k)σ^3 + Δ k^2_0 + E(k)^2

where Δ = Δ_1σ^1 + Δ_2σ^2 and E(k)^2 = e(k)^2 + Δ^2 = e(k)^2 + Δ^2_1 + Δ^2 When k_0 = 0 and |k| = k_F the off-diagonal components of ∫ Ψ(k)Ψ̄(p) dμ_Δ(Ψ, Ψ̄) = − 1 k^2_0 + E(k)^2 ( ik_0 + e(k) Δ_1 − iΔ_2 Δ_1 + iΔ_2 ik_0 − e(k) ) (2π)^{d+1}δ(k − p)

are exactly the off diagonal components of S(k) .

We want to treat the interacting Fermionic measure as a perturbation of dμ_Δ. For this reason, we multiply and divide by e ∫_{d̄k Ψ̄(k)ΔΨ(k)}

to obtain

S(Φ, Φ̄) = log^1_Z ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−δμ[Ψ̄σ3Ψ]} dμ

= log^1_Z ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−δμ[Ψ̄σ3Ψ]−[Ψ̄ΔΨ]}e^{[Ψ̄ΔΨ]} dμ

= log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−δμ[Ψ̄σ3Ψ]−[Ψ̄ΔΨ]} dμ_Δ

Define a new proper self-energy by

S_2(k, p) = 1 ik_0 − e(k)σ^3 − Δ − Σ(k)

(2π)^{d+1}δ(k − p)

Inverting, Σ(k) = S^{−1}(k) − ik_0 + e(k)σ^3 + Δ

To be consistent with the definition of the physical chemical potential μ it is necessary that Σ_{11}(0, k_F ) = Σ_{22}(0, k_F ) = 0

To be consistent with the definitions of Δ_1 and Δ_2 it is necessary that

S_{12}(0, k_F ) = C_{12}(0, k_F ) S_{21}(0, k_F ) = C_{21}(0, k_F )

Since C_{11}(0, k_F ) = C_{22}(0, k_F ) = 0 and ( S_{11} S_{12} S_{21} S_{22} )_{−1} = 1 det S ( S_{22} −S_{12} −S_{21} S_{11} )

the conditions on Σ_{11}(0, k_F ), Σ_{22}(0, k_F ), S_{12}(0, k_F ) and S_{21}(0, k_F ) may be combined in Σ(0, k_F ) = 0 (II.4)

We must renormalize to ensure that the condition (II.4) is fulfilled. That is, we introduce the renormalized action

A_R(Ψ, Ψ̄) = −V(Ψ, Ψ̄) − ∫ d̄k Ψ̄_kD(λ,μ,Δ)Ψ_k − ∫ d̄k Ψ̄_k ( ik_0e(k)σ^3 − Δ ) Ψ_k

and generating functional

S_R(Φ, Φ̄) = log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−} ∫_{d̄k Ψ̄(k)DΨ(k)} dμ_Δ (II.5)

One can prove [6] that, for each Δ_1, Δ_2 and μ , the counterterm

D = D_1(λ, μ, Δ)σ^1 + D_2(λ, μ, Δ)σ^2 + D_3(λ, μ, Δ)σ^3

is uniquely determined as a formal power series in λ by the renormalization condition (II.4). The coefficient D_3 is the difference between the bare and physical chemical potentials. On the other hand, there are no physical parameters to shift to accomodate D_1 and D_2 . Therefore, the constraints

D_1(λ, μ, Δ) = Δ_1 D_2(λ, μ, Δ) = Δ_2

(II.6) must be imposed to ensure that S_R(Φ, Φ̄) = S(Φ, Φ̄) (II.7) The constaints (II.6) are a nonperturbative analogue of the BCS gap equation.

In the Nambu notation, the number symmetry is given by Ψ(k) → e^{iθσ3} Ψ(k) Ψ̄(k) → Ψ̄(k)e^{−iθσ3} The result of applying the number symmetry to a quadratic monomial is Ψ̄(k)σ^jΨ(p) → Ψ̄(k)e^{−iθσ3} σ^je^{iθσ3} Ψ(p) = Ψ̄(k) σ^1 cos 2θ + σ^2 sin 2θ j = 1 −σ^1 sin 2θ + σ^2 cos 2θ j = 2 σ^3 j = 3

Ψ(p)

so that A_R(e^{iθσ3} Ψ, Ψ̄e^{−iθσ3} ) = − V(Ψ, Ψ̄) − ∫ d̄k Ψ̄_kR(2θ)D(λ,μ,Δ)Ψ_k − ∫ d̄k Ψ̄_k ( ik_0e(k)σ^3 − R(2θ)Δ ) Ψ_k

where R(θ)(σ · v) = σ · cos θ − sin θ 0 sin θ cos θ 0 0 0 1 v_1 v_2 v_3 Recalling that the counterterms are uniquely determined as formal power series, we obtain D(λ, μ, R(2θ)Δ) = R(2θ)D(λ, μ, Δ) It follows from the last identity that the set of solutions of (II.6) is invariant under rotations. If (II.6) has a nonzero solution then D^2_1(λ, μ, Δ) + D^2(λ, μ, Δ) = Δ^2_1 + Δ^2 determines Δ^2 = Δ^2_1 + Δ^2 as a function of λ and μ, but Δ_1/Δ_2 is completely free.

We have shown that the assumption that S_2(0, k_F ) = C_Δ(0, k_F ) forces |Δ| to be a solution of the BCS gap equation. However, the phase of Δ has not been determined. It must be fixed externally by imposing, for example, boundary conditions. To select a particular solution Δ of (II.6) we introduce a term rΔ, r > 0 in (II.2)

S(Φ, Φ̄, r) = log^1_Z ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)+} ∫_{d̄k Ψ̄(k) [rΔ−δμσ3]Ψ(k)} dμ(Ψ, Ψ̄) = S_R(Φ, Φ̄, r) where

S_R(Φ, Φ̄, r) = log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−} ∫_{d̄k Ψ̄(k) (D−rΔ)Ψ(k)} dμ_Δ(Ψ,^¯Ψ)

provided D_1(λ, μ, Δ, r) = Δ_1 D_2(λ, μ, Δ, r) = Δ_2 The counterterm D is now determined by the r dependent renormalization condition

Σ(0, k_F , r) = 0

The limit, lim_{r→0+} S_R(Φ, Φ̄, r) (II.8)

subject to the constraint, imposes “boundary conditions” on (II.2).

To give mathematical meaning to (II.8) we regularize and take an additional limit. For convenience we use a slice cutoff on a continuous momentum space rather than the periodic boundary conditions in the statemnet of the “Theorem”. Precisely, fix M ≫ 1 and introduce, for each integer h ≤ 0, the regularized propagator

ρ_h(k) C_Δ(k) = ρ_h(k) ik_0 − e(k)σ^3 − Δ

(II.9)

where ρ_h(k) = ∑ 0≥i≥h f ( M^{−2i}(k^2_0 + E(k)^2) )

and f(x) , x ≥ 0 , is a smooth function satisfying

f(x) = 0 x ≤ 1 or x ≥^1_2 M^4

1^1_2 M^2 ≤ x ≤ M^2

1 = ∑ i∈ZZ f(M^{−2i}x)

Observe that ρ_h(k) smoothly excises a shell of thickness M^h about the Fermi surface. The ultraviolet end of the system is finite. Nevertheless, for convenience, an ultraviolet cutoff is also included.

The generating functional at cutoff h is

S_R(Φ, Φ̄; r, h) = log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V(Ψ,Ψ̄)−} ∫_{d̄k Ψ̄(k)(D−rΔ)Ψ(k)} dμ_Δ(Ψ, Ψ̄; h) (II.10) where dμ_Δ(Ψ, Ψ̄; h) is the Grassmann-Gaussian measure with the regularized covariance (II.9). By a slight generalization of [1, Lemma 5], S_R(Φ, Φ̄; r, h) exists. That is, for all λ in an h-dependent disk around zero, each of the connected Euclidean Green’s functions p∏ i=1 δ δΦ_{ji} (ξ_i) S_R(Φ, Φ̄; r, h) p∏ i=1 δ δΦ̄_{j̄i} (ξ̄_i)

is a well-defined distribution on IR^{2p(d+1)} . In particular, the coefficients D_1(λ, μ, Δ; r, h) and D_2(λ, μ, Δ; r, h) of the counterterms are convergent power series in λ uniquely determined by the renormalization condition

Σ(0, |k| = k_F ; r, h) = 0

Our goal is to rigorously control the limit lim r→0+ lim h→−∞ S_R(Φ, Φ̄; r, h) subject to the constraint D_1(λ, μ, Δ; r, h) = Δ_1 D_2(λ, μ, Δ; r, h) = Δ_2 and construct the many Fermion system (I.1). An important ingredient will be Ward identities for S_R(Φ, Φ̄; r, h) .

We now derive the simplest Ward identity for S_R(Φ, Φ̄; r, h) using the global number symmetry. The action at cutoff h is A_R(Ψ, Ψ̄; r, h) = −V(Ψ, Ψ̄)− ∫ d̄k Ψ̄_k(D(λ,μ,Δ) − rΔ)Ψ_k − ∫ d̄k Ψ̄_k (_{ik0e(k)σ}3_{−Δ}

ρ_h (k) ) Ψ_k

Of course,^1_{ρh(k)} is infinite outside the support of ρ_h(k) . We only use this action to motivate a Ward identity in which − ∫ d̄k Ψ̄_k (_{ik0e(k)σ}3_{−Δ} ρ_h(k) ) Ψ_k

is absorbed into the well-defined Fermionic-Gaussian measure dμ_Δ(Ψ, Ψ̄; h) .

Now, under the number symmetry, Ψ(k) → e^{iθσ3} Ψ(k) Ψ̄(k) → Ψ̄(k)e^{−iθσ3} the action A_R(Ψ, Ψ̄; r, h) → A_R(Ψ, Ψ̄; r, h) − ∫ d̄k Ψ̄(k)(R(2θ) − 1l)(D − rΔ −^Δ_{ρh (k)} )Ψ(k) and [Φ̄Ψ + Ψ̄Φ] → [Φ̄e^{iθσ3} Ψ + Ψ̄e^{−iθσ3} Φ] To accomodate the new terms generated by applying the number symmetry to the action, we generalize (retaining the same name) the generating functional by allowing the external field to be a self-adjoint traceless matrix valued function J(k) = J_1(k)σ^1 + J_2(k)σ^2 + J_3(k)σ^3 of k . Namely,

S_R(Φ, Φ̄, J; r, h) = log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V−} ∫_{d̄k Ψ̄(k) (D−rΔ−J(k))Ψ(k)} dμ_Δ(Ψ,^¯Ψ;h)

Formally, the simplest Ward identity is S_R(Φ, Φ̄, 0; r, h) = S_R(e^{−iθσ3} Φ, Φ̄e^{iθσ3} , I(θ; h); r, h) (II.11a) where I(θ; h) =(D_1 − rΔ_1 −^{Δ1}_{ρh (k)} ) ( 1 − cos 2θ, − sin 2θ, 0 ) · σ +(D_2 − rΔ_2 −^{Δ2}_{ρh (k)} ) ( sin 2θ, 1 − cos 2θ, 0 ) · σ (II.11b)

Again, the factor 1/ρ_h(k) in I(θ; h) is infinite outside the support of ρ_h(k) . However, integration against dμ_Δ(Ψ,^¯Ψ;h) produces compensating factors of ρ_h(k) . For example, integrating by parts, ∫ dμ_Δ(Ψ,^¯Ψ;h) (∫ d̄k Ψ̄(k) I(θ; h)Ψ(k) ) F (Ψ, Ψ̄) = − ∫ dμ_Δ(Ψ,^¯Ψ;h) tr ∫ d̄k C_Δ(k) ρ_h(k)^2I(θ; h) C_Δ(k) δ δΨ̄(k) F (Ψ, Ψ̄) δ δΨ(k) − tr ∫ d̄k C_Δ(k) ρ_h(k)I(θ; h) × ∫ dμ_Δ(Ψ,^¯Ψ;h) F (Ψ, Ψ̄)

The odd looking factor 1/ρ_h(k) in I(θ; h) is an artifact of the smooth cutoff ρ_h(k) , which was chosen for technical reasons in [1,2,5,6]. A smooth cutoff is particularly useful when estimating renormalized diagrams. If periodic boundary conditions are imposed to regularize the infrared singularity, one obtains a, perhaps more natural looking, Ward identity. Let L ≫ 1 and define

S_R(Φ,^¯Φ,J;r,L) = log^1_{ZΔ} ∫ e^{[Φ̄Ψ+Ψ̄Φ]} e^{−V−Σ 1}L^{d+1 Ψ̄(k) (D−rΔ−J)Ψ(k)} dμ_Δ(Ψ,^¯Ψ;L)

where the Grassmann-Gaussian measure

dμ_Δ(Ψ,^¯Ψ;L) =^1_{Z0} exp { − ∑ k 1 L^{d+1} Ψ̄(k)(ik_0e(k)σ^3 − Δ)Ψ(k) } ∏ k,i dΨ_i(k) dΨ̄_i(k)

All sums and products over k are restricted to those points of the dual lattice^{2π}_L ZZ^{d+1} that lie in the shell 0 < k^2_0 + e(k)^2 ≤ 1 . The corresponding Ward identity is S_R(Φ, Φ̄, 0; r, L) = S_R(e^{−iθσ3} Φ, Φ̄e^{iθσ3} , I(θ; L); r, L) where now I(θ; L) =(D_1 − rΔ_1 − Δ_1) ( 1 − cos 2θ, − sin 2θ, 0 ) · σ +(D_2 − rΔ_2 − Δ_2) ( sin 2θ, 1 − cos 2θ, 0 ) · σ

We next give a sample application of the Ward identity derived above. The renormalized four point tensor S^{i1}_{4 i2 i3}^{i4} (s, t, q; J, h) is defined by

S^{i1}_{4 i2 i3}^{i4} (k_1, k_2, k_3, k_4, J; r, h) = S^{i1}_{4 i2 i3}^{i4} (s, t, q, J; r, h) (2π)^{d+1}δ(k_1 − k_2 − k_3 + k_4)

where s =^1_2 (k_3 + k_4) t =^1_2 (k_1 + k_2) q = k_3 − k_4 and S^{i1}_{4 i2 i3}^{i4} (ξ1,ξ2,ξ3,ξ4;J,h) =^{δ2}_{δΦi1 (ξ1 )δΦi4 (ξ4)} S_R(Φ, Φ̄, J; r, h)^{δ2}_{δΦi2 (ξ2)δΦi3 (ξ3)} | | |_{Φ=Φ̄=0}

We show that some components of the four point tensor S^{i1}_{4 i2 i3}^{i4} (s, t, q; J, h) necessarily develop a singularity at q = 0 in the limit h → −∞ and then J → 0. Differentiating the Ward identity (II.11) with respect to θ and then setting θ = 0 yields ⟨ i[Φ̄σ^3Ψ − Ψ̄σ^3Φ] + ∫ d̄k Ψ̄(k) ∂J ∂θ (0; h)Ψ(k) ⟩ r,h = 0 where the expectation symbol

⟨F ⟩_{r,h} = ∫ F e^{[Φ̄Ψ+Ψ̄Φ]}e^{−V(Ψ,Ψ̄)−} ∫_{d̄k Ψ̄(k) (D−rΔ)Ψ(k)} dμ_Δ(Ψ,^¯Ψ;h) ∫ e^{[Φ̄Ψ+Ψ̄Φ]}e^{−V(Ψ,Ψ̄)−} ∫_{d̄k Ψ̄(k) (D−rΔ)Ψ(k)} dμ_Δ(Ψ,^¯Ψ;h)

Note that the expectation ⟨F ⟩_{r,h} depends on the external fields Φ, Φ̄ .

For any γ = γ_1σ^1 + γ_2σ^2 + γ_3σ^3 set

γ^♯ =^i_2 [γ, σ^3] = γ_1σ^2 − γ_2σ^1 (II.12)

In the event that γ = γ_1σ^1 + γ_2σ^2 γ^♯ = −iσ^3γ Evaluating the derivative of I ∂I ∂θ (0; h) = (D_1 − rΔ_1 −^{Δ1}_{ρh (k)} )(0, −2, 0) · σ + (D_2 − rΔ_2 −^{Δ2}_{ρh(k)} )(2, 0, 0) · σ

= 2(r − 1 +^1_{ρh(k)} )Δ^# provided the BCS constraints are fulfilled. Substituting 2r ⟨∫ d̄k Ψ̄(k)Δ^#Ψ(k) ⟩ r,h = ⟨ i[Ψ̄σ^3Φ − Φ̄σ^3Ψ] + 2 ∫ d̄k Ψ̄(k)(1 −^1_{ρh (k)} )Δ^#Ψ(k) ⟩ r,h (II.13)

Next, differentiate (II.13) with respect to Φ̄(p_1) on the left and with respect to Φ(p_2) on the right and set Φ = Φ̄ = 0. i [⟨ Ψ(p_1); Ψ̄(p_2) ⟩ 0,r,h , σ 3 ] = 2r ⟨ Ψ(p_1)Ψ̄(p_2) ; ∫ d̄k Ψ̄(k)Δ^♯Ψ(k) ⟩ 0,r,h + 2 ∫ d̄k^{1−ρh(k)} ρ_h(k) ⟨ Ψ(p_1)Ψ̄(p_2) ; Ψ̄(k)Δ^♯Ψ(k) ⟩ 0,r,h The notation ⟨F ⟩_{0,r,h} designates that ⟨F ⟩_{r,h} is evaluated at Φ = Φ̄ = 0. The truncated expectation value ⟨F ; G⟩_{r,h} = ⟨F G⟩_{r,h} − ⟨F ⟩_{r,h} ⟨G⟩_{r,h} Let F and G be monomials in the fields. The subtraction built into ⟨F ; G⟩_{r,h} “connects” F to G . Diagramatically, the fields in F and G are represented by ingoing and outgoing half-propagators. The Feynman diagrams contributing to the truncated expectation ⟨F ; G⟩_{r,h} have the property that every half propagator of F is connected to some half propagator of G and vice versa. By contrast to the fully connected expectation S_4 , these graphs need not be connected.

By definition,

lim_{r→0+} lim_{h→−∞} [⟨ Ψ(p_1); Ψ̄(p_2) ⟩ r,h , σ^3 ] = [ S_2(p_1, p_2) , σ^3 ] = [ S(p_1) , σ^3 ] (2π)^{d+1}δ(p_1 − p_2)

Restricting p_1 and p_2 to the Fermi surface, assuming that the number symmetry is broken (that is, Δ ≠ 0) and recalling the renormalization condition (II.4) lim r→0+ lim h→−∞ [⟨ Ψ(p^′_1); Ψ̄(p^′_2) ⟩ r,h , σ^3 ] = [ C_Δ(p^′_1) , σ^3 ] (2π)^{d+1}δ(p^′_1 − p^′_2)

= 2i

Δ^♯ Δ^2

(2π)^{d+1}δ(p^′_1 − p^′_2)

≠ 0

where p^′ = (0,^p_{|p|} √ 2mμ) In the event that the limit lim r→0+ lim h→−∞ ⟨ Ψ(p^′_1)Ψ̄(p^′_2) ; ∫ d̄k Ψ̄(k)Δ^♯Ψ(k) ⟩ r,h

exists and is finite, we conclude that − Δ^♯ Δ^2

(2π)^{d+1}δ(p^′_1 − p^′_2) = lim_{r→0+} lim_{h→−∞} ∫ d̄k^{1−ρh (k)} ρ_h (k) ⟨ Ψ(p_1)Ψ̄(p_2) ; Ψ̄(k)Δ^♯Ψ(k) ⟩ r,h Assuming that the right hand side approaches zero as the ultraviolet cutoff is removed, we get a contradiction for all sufficiently large ultraviolet cutoffs. So, the limit cannot be finite. See [9, (8-115)] for a similar result.

§III String and Ladder Amputation

In this section we study the topology of connected graphs constructed from 2n vertices • , n interaction lines and n − e particle lines . Each vertex is attached to one interaction line, at most one incoming particle line and at most one outgoing particle line. Thus, there are four possible configurations at a vertex:

By definition, a vertex has 1 − α “incoming external particle legs” and 1 − β “outgoing external particle legs” when it is attached to α incoming particle lines and β outgoing particle lines. External legs are not part of the graph. However, it is convenient to draw them in to aid enumerating them. Our goal is to decompose each of these graphs having e ≥ 6 external particle legs into an amputated general vertex and a set of general ladders and a set of general strings. When e = 4 the graph is expressed as a general ladder with two particle irreducible rungs joined by pairs of strings.

The first step is a topological classification of all pairs of intersecting four legged subdiagrams. A subdiagram H of G is determined by a set of one or more particle and/or interaction lines of G. By definition H is the union of the lines and the vertices at the ends of the lines. A line of G \ H is an external line for H if it is attached to a vertex of H . An external leg of G , say at vertex v, is also an external leg of H if v ∈ H . Two subgraphs H_1 and H_2 overlap if

H_1 ∩ H_2 ≠ ∅ H_1 ⊄ H_2 H_2 ⊄ H_1

Lemma III.1 Let H be a connected graph which is the union of two overlapping subgraphs H_1 and H_2. If H_1 and H_2 each have two external particle legs and no external interaction legs then H must be of one of the two following forms:

If H is not a vacuum graph, the second form is ruled out.

The first form is read as

H =

H_1 =

H_2 =

or with H_1 and H_2 exchanged.

Proof: Any external line of H_1 ∩ H_2 must be an external line of H_1 or of H_2 or of both. Hence all external lines of H_1 ∩ H_2 must be particle lines. Let

n_1 = the number of external lines of H_1 ∩ H_2 belonging to H_1 n_2 = the number of external lines of H_1 ∩ H_2 belonging to H_2 n_∅ = the number of external lines of H_1 ∩ H_2 not in H

Since H_1 ⊄ H_1 ∩ H_2 and H is connected, n_1 ≥ 1. Since H_2 ⊄ H_1 ∩ H_2, n_2 ≥ 1. Since H_2 and H_1 have two external legs, n_1 + n_∅ ≤ 2 and n_2 + n_∅ ≤ 2. As n_1 + n_2 + n_∅ must be even, we must have n_1 = n_2 = 1, n_∅ = 0 or n_1 = n_2 = 2, n_∅ = 0.

Corollary III.2 Let G be a connected graph with external legs ℓ_1, · · · , ℓ_e, e ≥ 4. For each 1 ≤ i ≤ e either there is no two legged subgraph of G having ℓ_i as an external leg, or there is a unique maximal two legged subgraph S_i of G with ℓ_i as an external leg. Furthermore S_i ∩ S_j = ∅ for all i ≠ j .

By definition the string-amputation of a connected graph G having four or more legs is gotten by deleting each S_i together with the line of G that is an external line of S_i.

Lemma III.3 Let H be a connected graph which is the union of two overlapping subgraphs H_1 and H_2. The subgraph H_2 need not be connected. If H_1 and H_2 have two and four external particle legs respectively and no external interaction legs then H must be of one of the following five forms:

i)

iii)

v) iv) ii)

Proof: As in the proof of Lemma III.1,

n_1 ≥ 1 n_2 ≥ 1 n_1 + n_∅ ≤ 2 n_2 + n_∅ ≤ 4 n_1 + n_2 + n_∅ ∈ 2ZZ

Consequently, (n_1, n_2, n_∅) must be one of

n_1 1 1 1 2 2 n_2 1 2 3 2 4 n_∅ 0 1 0 0 0 form (i) (ii) (iii) (iv) (v)

For example, (n_1, n_2, n_∅) = (1, 3, 0) implies that the subgraph H_1 and H_2 each one external leg which is external to H. This gives form (iii).

Lemma III.4 Let H be a connected graph which is the union of two overlapping subgraphs H_1 and H_2. That is H = H_1 ∪ H_2, H_1 ∩ H_2 ≠ ∅, but H_1 ⊄ H_2 and H_2 ⊄ H_1. Note that H_1 and H_2 need not be connected. If H_1 and H_2 each have four external particle legs and no external interaction legs then H must be of one of the following ten forms or their reflections about the central shaded square:

i) ii)

iv) iii)

v) vi)

viii) vii)

ix) x)

Proof: As in the proof of Lemma III.1,

n_1 ≥ 1 n_2 ≥ 1 n_1 + n_∅ ≤ 4 n_2 + n_∅ ≤ 4 n_1 + n_2 + n_∅ ∈ 2ZZ

We have the table, for n_1 ≥ n_2,

n_1 1 1 2 3 2 2 3 4 3 4 n_2 1 1 1 1 2 2 2 2 3 4 n_∅ 0 2 1 0 0 2 1 0 0 0 form (i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix) (x)

In preparation for amputating generalized ladders from many legged graphs we prove

Theorem III.5 Let G be any string-amputated connected graph with e ≥ 6 external particle legs and no external interaction legs. Let G_1 and G_2 be overlapping four legged subgraphs of G without external interaction legs. Furthermore, assume that G_1 and G_2 each have precisely two legs external to G. Then we have one of the two possible configurations:

Proof: Define H = G_1 ∪ G_2, H_1 = G_1, H_2 = G_2. As G is connected and stringamputated, G_1 and G_2 and consequently H are necessarily connected. It now suffices to apply Lemma III.4 and then connect H into the rest of G in all possible ways. The two permissible configurations arise from Lemma III.4 forms (i) and (ii). Forms (iv), (vii), (viii), (ix) and (x) are ruled out by the requirement that G_2 have two legs external to G. For forms (v) and (vi), if G_1 and G_2 were each have two legs external to G, then G would have a total of four and two external legs, respectively. The configurations

arising from forms (ii) and (iii) are not string amputated.

Corollary III.6 Let G be a string-amputated connected graph with external particle legs ℓ_1, · · · , ℓ_e , e ≥ 6 and no external interaction legs. Define ℓ_i ∼ ℓ_j if i = j or if ℓ_i, ℓ_j are the external legs of a four legged subgraph of G which has exactly two globally external legs. Then ∼ is an equivalence relation and the corresponding equivalence classes have one or two elements.

Proof: We show that if i, j and k are three distinct indices then either i ≁ j or i ≁ k. Otherwise, there would have to be two overlapping four-legged subdiagrams, with one of the subdiagrams having ℓ_i and ℓ_j as its globally external legs and the other having ℓ_i and ℓ_k as its globally external legs. This contradicts Theorem III.5.

The graph below contains no four legged subdiagram with precisely two globally external legs. Hence its equivalence classes are all singlets.

We define a connected graph to be one particle irreducible (1PI) if it cannot be disconnected by cutting one particle line. Let G be a string amputated, connected graph with e ≥ 6 external legs. Then by Theorem III.5, there is, for each pair of distinct equivalent external legs a unique maximal four legged 1PI subgraph whose globally external legs are the given pair. Furthermore, the 1PI subdiagrams corresponding to different equivalence classes are disjoint. By definition the ladder amputation of G is gotten by removing all of these 1PI subdiagrams. For example, under ladder amputation

and

Thus the ladder amputation of G need not be connected. For example

We now take a closer look at the structure of the “ladder” subgraphs that are removed in the above amputation process. Each such subgraph is four-legged, connected and string-amputated. Furthermore, the four external legs are paired into two incoming and two outgoing legs. Such a diagram is said to be channel 2PI if it is impossible to disconnect the pair of incoming external legs from the pair of outgoing external legs by cutting at most two particle lines.

Let G be a connected, string-amputated four-legged graph with two of its external legs designated as incoming and the other two designated as outgoing. Let H_1 and H_2 be four-legged subgraphs of G and suppose that G’s incoming external legs are also external legs for H_1 and H_2. We claim that, if H_1 ≠ H_2, then H_1 and H_2 cannot both be channel 2PI. If, for example, H_1 is properly contained in H_2, then H_2 is disconnected by cutting the internal line(s) of H_2 that are outgoing external lines of H_1. If H_1 and H_2 overlap, then only form ii) of Lemma III.4 is possible and neither H_1 and H_2 are channel 2PI. Thus there is a unique channel 2PI subgraph of G containing G’s incoming legs. Remove this subgraph and string-amputate the result. This leaves another connected, string-amputated four-legged graph. Iterating, we get

Theorem III.7 Let G be a connected, string-amputated four-legged graph with two of its external legs designated as incoming and the other two designated as outgoing. Then G has a unique decomposition

Here, the four legged boxes are channel 2PI.

The results of this section will be used in §IV to interpret the Goldstone Boson propagator graphically.

§IV The Ward Identity

We now use a local gauge transformation to derive a more general Ward identity. Let P be a general propagator and define the action, A_R(Ψ, Ψ̄, Φ, Φ̄, J; r, P ) by

A_R(Ψ, Ψ̄, Φ, Φ̄, J; r, P ) = A^{int}_R (Ψ, Ψ̄, Φ, Φ̄, J; r) − ∫ d̄k Ψ̄_kP^{−1}Ψ_k

where

A^{int}_R (Ψ, Ψ̄, Φ, Φ̄, J; r) = [Φ̄Ψ + Ψ̄Φ] − V(Ψ, Ψ̄)− ∫ dξ Ψ̄(ξ)(DrΔJ(ξ))Ψ(ξ) and Δ = Δ_1σ^1 + Δ_2σ^2 D = D_1σ^1 + D_2σ^2 + D_3σ^3 J(ξ) = J_1(ξ)σ^1 + J_2(ξ)σ^2 + J_3(ξ)σ^3 The interaction V(Ψ, Ψ̄) is defined in (II.3).

If P = ρ_hC_Δ with cutoff ρ_h (see (II.9)), then the counterterm D = D(λ, μ, Δ; r, h) in A_R(Ψ, Ψ̄, Φ, Φ̄, J; r, h) = A_R(Ψ, Ψ̄, Φ, Φ̄, J; r, ρ_hC_Δ) is determined by the renormalization condition Σ(0, |k| = k_F ; r, h, Δ) = 0

The generating functional corresponding to the action A_R is

S_R(Φ, Φ̄, J; r, P ) = log^1_Z ∫ e^{AR(Ψ,Ψ̄,Φ,Φ̄,J;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k)

There is some redundancy in this generating functional. The expectation value of F (Ψ, Ψ̄) is ⟨ F (Ψ, Ψ̄) ⟩ = ∫ F (Ψ, Ψ̄)e^{AR(Ψ,Ψ̄,Φ,Φ̄,J;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) ∫ e^{AR (Ψ,Ψ̄,Φ,Φ̄,J;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) . Differentiating (2π)^{d+1} δ δΦ̄_i(k)

S_R = ⟨ Ψ^i(k) ⟩ and (2π)^{2(d+1)} δ δΦ̄_i(k) S_R δ δΦ^j (k) = ⟨ Ψ^i(k)Ψ̄_j (k) ⟩ − ⟨ Ψ^i(k) ⟩ ⟨¯ Ψ_j (k) ⟩ = ⟨ Ψ^i(k); Ψ̄_j(k) ⟩ where the truncated expectation value ⟨F ; G⟩ = ⟨F G⟩ − ⟨F ⟩ ⟨G⟩ We have δ δJ_μ(k) S_R = (2π)^{d+1} ∑ i,j (σ^μ)^j_i [ −^δ_{Φi(k)} S_R^δ_{Φj (k)} − (_δ δΦ_i(k) SR ) ( S_R^δ_{Φj (k)} )]

= −(2π)^{d+1} tr σ^μ [_δ δΦ(k) SR δ δΦ(k) + (_δ δΦ(k) SR ) ( S_R^δ_{Φ(k)} )]

Theorem IV.1 (Ward Identity) Suppose that the interaction

⟨k_1, k_2|V|k_3, k_4⟩ = ^V (k_1k_3)

on the support of the delta function δ(k1+k2−k3−k4 ) . Let θ(ξ) be a smooth function on IR^{d+1} . Then

S_R(Φ, Φ̄, J; r, ρ_hC_Δ) = S_R ( e^{−iθ(ξ)σ3} Φ , Φ̄e^{iθ(ξ)σ3} , e^{−iθ(ξ)σ3} J(ξ)e^{iθ(ξ)σ3} + I(θ; h) ; r , ρ_hC_Δ + P (θ, h) )

where

I(θ; h) = (1 − r) ( 1l − R ( 2θ(ξ) )) Δ = Δ_1(1 − r) ( 1 − cos 2θ(ξ), − sin 2θ(ξ), 0 ) · σ + Δ_2(1 − r) ( sin 2θ(ξ), 1 − cos 2θ(ξ), 0 ) · σ P (θ; h) = ρ_h(k) ( C_Δ(θ) − C_Δ ) + ( e^{−iθ(ξ)σ3} ρ_h(k)e^{iθ(ξ)σ3} − ρ_h(k) ) C_Δ(θ) C_Δ(θ) = e^{−iθ(ξ)σ3} C_Δe^{iθ(ξ)σ3} = 1 ik_0 − i^{∂θ}_{∂τ} σ^3 − e (k + σ^3∇θ) σ^3 − R(2θ(ξ))Δ

when the BCS constraints D_1 = Δ_1, D_2 = Δ_2 are satisfied. An operator f(k)g(ξ) is multiplication in position space by g(ξ) followed by multiplication in momentum space by f(k) . Recall that

R(θ)(v · σ) = cos θ − sin θ 0 sin θ cos θ 0 0 0 1 v_1 v_2 v_3 · σ

Elementary manipulations yield

P (θ; h) = ρ_h(k)C_Δ(θ) ( i ∂θ ∂τ σ^3 +^1_{2m} ( k · ∇θ + ∇θ · k + (∇θ)^2σ^3 ) − (1l − R(2θ))Δ ) C_Δ + ( e^{−iθ(ξ)σ3} ρ_h(k)e^{iθ(ξ)σ3} − ρ_h(k) ) C_Δ(θ)

Proof: To obtain the Ward identity we make the change of variables

Ψ(ξ) = e^{iθ(ξ)σ3} Ψ^′(ξ) Ψ̄(ξ) = Ψ̄^′(ξ)e^{−iθ(ξ)σ3} and use e^{−iθσ3} σ^0e^{iθσ3} = σ^0 e^{−iθσ3} σ^1e^{iθσ3} = cos 2θ σ^1 + sin 2θ σ^2 e^{−iθσ3} σ^2e^{iθσ3} = − sin 2θ σ^1 + cos 2θ σ^2 e^{−iθσ3} σ^3e^{iθσ3} = σ^3 Now V(Ψ, Ψ̄) =^λ_2 ∫ dξ_1dξ_2 (¯ Ψ(ξ_1)σ^3Ψ(ξ_1) ) V (ξ_1ξ_2) (¯ Ψ(ξ_2)σ^3Ψ(ξ_2) ) = V(Ψ^′, Ψ̄^′) and − ∫ d̄k Ψ̄_k(DrΔ)Ψ_k = − ∫ dξ Ψ̄^′(ξ)e^{−iθ(ξ)σ3} (DrΔ)e^{iθ(ξ)σ3} Ψ^′(ξ) = − ∫ dξ Ψ̄^′(ξ)(DrΔ)Ψ^′(ξ)− ∫ dξ Ψ̄^′(ξ)(R(2θ) − 1l)(DrΔ)Ψ^′(ξ)

The field (Ψ, Ψ̄) is a Grassmann-Gaussian process with covariance ρ_h(k)C_Δ so that (Ψ^′, Ψ̄^′) is a Grassmann-Gaussian process with covariance e^{−iθ(ξ)σ3} ρ_h(k)C_Δe^{iθ(ξ)σ3} . Hence P (θ, h) = e^{−iθ(ξ)σ3} ρ_h(k)C_Δe^{iθ(ξ)σ3} − ρ_h(k)C_Δ = e^{−iθ(ξ)σ3} ρ_h(k)e^{iθ(ξ)σ3} C_Δ(θ) − ρ_h(k)C_Δ = ρ_h(k)C_Δ(θ) − ρ_h(k)C_Δ + ( e^{−iθ(ξ)σ3} ρ_h(k)e^{iθ(ξ)σ3} − ρ_h(k) ) C_Δ(θ)

Subtracting

ρ_h(k)C_Δ(θ) − ρ_h(k)C_Δ

= ρ_h(k)C_Δ(θ) ( i ∂θ ∂τ σ^3 + e ( k + σ^3∇θ ) σ^3 − e (k) σ^3 − (1l − R(2θ))Δ ) C_Δ

= ρ_h(k)C_Δ(θ) ( i ∂θ ∂τ σ^3 +^1_{2m} ( k · ∇θ + ∇θ · k + (∇θ)^2σ^3 ) − (1l − R(2θ))Δ ) C_Δ

Recall that, for γ = γ_1σ^1 + γ_2σ^2 + γ_3σ^3 , the notation γ^# is defined in (II.12).

Proposition IV.2 Suppose that the interaction

⟨k_1, k_2|V|k_3, k_4⟩ = ^V (k_1k_3) on the support of the delta function δ(k1+k2−k3−k4 ) . If the BCS constraints are satisfied, then 2r ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ − i∂_0 ⟨¯ Ψ(ξ)σ^3Ψ(ξ) ⟩ +^i_{2m}^d ∑ j=1 ∂_j ⟨ (∂_jΨ̄)(ξ)Ψ(ξ) − Ψ̄(ξ)(∂_jΨ)(ξ) ⟩

= i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ − i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ − 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ + U + terms independent of J, Φ, Φ̄ where

U = tr ( Δ^#ρ_hC_ΔAC_Δ(1 − ρ_h) + (1 − ρ_h)Δ^♯C_ΔAC_Δρ_h ) (ξ, ξ) − i tr ( σ^3ρ_hC_ΔA(1 − ρ_h)C_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)(1 − ρ_h)C_ΔAC_Δρ_h ) (ξ, ξ) and A(ξ^′, ξ) = ⟨(_δ δΨ(ξ^′) A int R ) ( A^{int}_R^δ_{Ψ(ξ)} )⟩ + ⟨_δ δΨ(ξ^′) A int R δ δΨ(ξ) ⟩ In momentum space ⟨ ∫ d̄k Ψ̄(k+q) ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) Ψ(k) ⟩

= i ⟨ ∫ d̄k ( Ψ̄(k+q)σ^3Φ(k) − Φ̄(k+q)σ^3Ψ(k) )⟩ − 2 ⟨ ∫ d̄k d̄p Ψ̄(k+p+q) ~J(p)^#Ψ(k) ⟩

+ ~U + terms independent of J, Φ, Φ̄

Proof: If dμ_{P (ε)}(Ψ, Ψ̄) is any one parameter family of Grassmann-Gaussian measures, then d dε ∫ F (Ψ, Ψ̄)dμ_{P (ε)}(Ψ, Ψ̄) = − ∫ dμ_{P (ε)}(Ψ, Ψ̄) ∫ dξdξ^′ tr^d_ε P (ξ, ξ^′)^δ_{Ψ(ξ′)} F (Ψ, Ψ̄)^δ_{Ψ(ξ)}

Hence, for even elements F of the Grassmann algebra, d dε log^1_Z ∫ e^{F (Ψ,Ψ̄)−} ∫_{dξdξ′Ψ̄(ξ)P −1(ξ,ξ′;ε)Ψ(ξ′)} ∏ k,i dΨ^i(k) dΨ̄_i(k) = d dε log^{Z0}_Z ∫ e^{F (Ψ,Ψ̄)}dμ_{P (ε)}(Ψ, Ψ̄) = −^1∫_{eF dμP (ε)} ∫ dμ_{P (ε)}e^F ∫ dξdξ^′ tr^d_ε P (ξ, ξ^′; ε) {(_δ δΨ(ξ^′) F )( F^δ_{Ψ(ξ)} ) +^δ_{Ψ(ξ′)} F^δ_{Ψ(ξ)} }

+^Z_{Z0}^d_ε^{Z0}_Z

Now replace θ(ξ) by εθ(ξ) in the Ward identity, differentiate with respect to ε and then set ε to zero. One obtains the derived Ward identity 0 = − i ⟨[ θ(ξ)Ψ̄(ξ)σ^3Φ(ξ) ]⟩ + i ⟨[ θ(ξ)Φ̄(ξ)σ^3Ψ(ξ) ]⟩ + 2 ⟨[ θ(ξ)Ψ̄(ξ)θ(ξ)J^#(ξ)Ψ(ξ) ]⟩ − 2(1 − r) ⟨[ θ(ξ)Ψ̄(ξ)Δ^#Ψ(ξ) ]⟩

− ∫ dξdξ^′ tr^d_ε P (ξ, ξ^′; εθ) | |_{ε=0} { ⟨(_δ δΨ(ξ^′) A int R ) ( A^{int}_R^δ_{Ψ(ξ)} )⟩ + ⟨_δ δΨ(ξ^′) A int R δ δΨ(ξ) ⟩ }

+^Z_{Z0}^d_ε^{Z0}_Z | |_{ε=0}

We now evaluate the derivatives. Since

A^{int}_R (Ψ, Ψ̄, Φ, Φ̄, 0; r) = ∫ dη (¯ Φ(η)Ψ(η) + Ψ̄(η)Φ(η) ) −V(Ψ, Ψ̄)− ∫ dη Ψ̄(η) ( DrΔJ ) Ψ(η)

we have_δ δΨ(ξ^′) A int R = Φ(ξ^′) −^δ_{Ψ(ξ′)} V(Ψ, Ψ̄) − ( DrΔJ(ξ^′) ) Ψ(ξ^′)

A^{int}_R^δ_{Ψ(ξ)} = Φ̄(ξ) − V(Ψ, Ψ̄)^δ_{Ψ(ξ)} − Ψ̄(ξ) ( DrΔJ(ξ) ) δ δΨ(ξ^′) A int R δ δΨ(ξ) = − δ δΨ(ξ^′) V(Ψ, Ψ̄)^δ_{Ψ(ξ)} − (DrΔJ(ξ))δ(ξ − ξ^′) The derivative of the propagator is d dε P (ξ, ξ^′; εθ) | |_{ε=0} = −iρ_hθσ^3C_Δ + iρ_hC_Δθσ^3 − iθσ^3ρ_hC_Δ + iρ_hθσ^3C_Δ

= −iθ(ξ)σ^3(ρ_hC_Δ)(ξ − ξ^′) + i(ρ_hC_Δ)(ξ − ξ^′)σ^3θ(ξ^′)

Recall that θ(ξ) is a multiplication operator in position space while ρ_h(k) and C_Δ(k) are multiplication operators in momentum space. Let A(ξ^′, ξ) = ⟨(_δ δΨ(ξ^′) A int R ) ( A^{int}_R^δ_{Ψ(ξ)} )⟩ + ⟨_δ δΨ(ξ^′) A int R δ δΨ(ξ) ⟩

Then − ∫ dξdξ^′ tr^d_ε P (ξ, ξ^′; εθ) | |_{ε=0} A(ξ^′, ξ) = −tr ∫ dξdξ^′ ( − iθ(ξ)σ^3(ρ_hC_Δ)(ξ − ξ^′) + i(ρ_hC_Δ)(ξ − ξ^′)σ^3θ(ξ^′) ) A(ξ^′, ξ) = i ∫ dξ θ(ξ) ∫ dξ^′ tr ( σ^3(ρ_hC_Δ)(ξ − ξ^′) A(ξ^′, ξ) − A(ξ, ξ^′) (ρ_hC_Δ)(ξ^′ − ξ)σ^3 )

Since the derived Ward identity is valid for all smooth functions θ(ξ) we have

0 = − i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ + i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ + 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ − 2(1 − r) ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ + i ∫ dξ^′ tr ( σ^3(ρ_hC_Δ)(ξ − ξ^′) A(ξ^′, ξ) − A(ξ, ξ^′) (ρ_hC_Δ)(ξ^′ − ξ)σ^3 )

+ R = − i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ + i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ + 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ − 2(1 − r) ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ + i tr ( σ^3(ρ_hC_ΔA)(ξ, ξ) − (Aρ_hC_Δ)(ξ, ξ)σ^3 ) + R where R is a remainder that is independent of J, Φ and Φ̄.

To identify the cancellation between 2 ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ and the terms containing A, we use the integration by parts formulae ∫ Ψ(ξ) U(Ψ, Ψ̄) dμ_P (Ψ, Ψ̄) = ∫ dμ_P (Ψ, Ψ̄) ∫ dξ^′ P (ξ, ξ^′)^δ_{Ψ(ξ′)} U(Ψ, Ψ̄) ∫ U(Ψ, Ψ̄) Ψ̄(ξ^′) dμ_P (Ψ, Ψ̄) = ∫ dμ_P (Ψ, Ψ̄) ∫ dξ ( U(Ψ, Ψ̄)^δ_{Ψ(ξ)} ) P (ξ, ξ^′)

with P = ρ_hC_Δ and the notation N = ∫ e^{AintR} dμ_P . For any two by two matrix M N ⟨¯ Ψ(ξ_1)MΨ(ξ_2) ⟩ = ∫ Ψ̄(ξ_1)MΨ(ξ_2)e^{Aint}R dμ_P = − ∫ tr MΨ(ξ_2)Ψ̄(ξ_1) e^{AintR} dμ_P = − ∫ dμ_P ∫ dη tr M ( Ψ(ξ_2)e^{AintR} )_δ δΨ(η) P (η, ξ1) = − tr P (ξ_2, ξ_1)MN − ∫ dμ_P ∫ dη tr M Ψ(ξ_2) ( e^{AintR δ}_{Ψ(η)} ) P (η, ξ_1)

= − tr P (ξ_2, ξ_1)MN − ∫ dμ_P ∫ dηdη^′ tr MP (ξ_2, η^′)^δ_{Ψ(η′)} e^{AintR δ}_{Ψ(η)} P (η, ξ_1)

= − tr P (ξ_2, ξ_1)MN − N ∫ dηdη^′ tr MP (ξ_2, η^′)A(η^′, η)P (η, ξ_1) or, dividing by N , ⟨¯ Ψ(ξ_1)MΨ(ξ_2) ⟩ = − tr P (ξ_2, ξ_1)M − ∫ dηdη^′ tr M(ρ_hC_Δ)(ξ_2 − η^′)A(η^′, η)(ρ_hC_Δ)(η − ξ_1)

= − tr M ( ρ_hC_Δ ) (ξ_2 − ξ_1) − tr M(ρ_hC_ΔAρ_hC_Δ)(ξ_2, ξ_1)

In particular ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ = − tr Δ^# ( ρ_hC_Δ ) (ξ = 0) − tr Δ^#(ρ_hC_ΔAρ_hC_Δ)(ξ, ξ)

Substituting, the derived Ward identity becomes 2r ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ =i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ − i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ − 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ + 2 ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ − i tr ( σ^3(ρ_hC_ΔA)(ξ, ξ) − (Aρ_hC_Δ)(ξ, ξ)σ^3 ) − R =i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ − i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ − 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ − i tr ( σ^3(ρ_hC_ΔA)(ξ, ξ) − (Aρ_hC_Δ)(ξ, ξ)σ^3 − 2i Δ^#(ρ_hC_ΔAρ_hC_Δ)(ξ, ξ) ) − R^′ where now 2tr ( ρ_hC_Δ ) (ξ=0)Δ^# appears in the J, Φ, Φ̄-independent remainder R^′ .

Multiplying and dividing by C_Δ −i tr ( σ^3ρ_hC_ΔA − Aρ_hC_Δσ^3 − 2i Δ^#ρ_hC_ΔAρ_hC_Δ )

= − i tr ( σ^3ρ_hC_ΔAC_Δ(ik_0e(k)σ^3Δ) − (ik_0e(k)σ^3Δ)C_ΔAC_Δρ_hσ^3

− 2i Δ^#ρ_hC_ΔAC_Δρ_h )

= − i tr ( σ^3ρ_hC_ΔAC_Δ(ik_0e(k)σ^3) − (ik_0e(k)σ^3)C_ΔAC_Δρ_hσ^3 )

+ tr ( (iΔσ^3 − iσ^3Δ − 2Δ^#)ρ_hC_ΔAC_Δρ_h )

− i tr ( − Δσ^3ρ_hC_ΔAC_Δ(1 − ρ_h) + (1 − ρ_h)σ^3ΔC_ΔAC_Δρ_h )

= − i tr ( σ^3ρ_hC_ΔAC_Δ(ik_0e(k)σ^3) − (ik_0e(k)σ^3)C_ΔAC_Δρ_hσ^3 )

+ tr ( Δ^#ρ_hC_ΔAC_Δ(1 − ρ_h) + (1 − ρ_h)Δ^♯C_ΔAC_Δρ_h )

= − i tr ( σ^3ρ_hC_ΔAρ_hC_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)ρ_hC_ΔAC_Δρ_h )

+ tr ( Δ^#ρ_hC_ΔAC_Δ(1 − ρ_h) + (1 − ρ_h)Δ^♯C_ΔAC_Δρ_h )

− i tr ( σ^3ρ_hC_ΔA(1 − ρ_h)C_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)(1 − ρ_h)C_ΔAC_Δρ_h ) Hence 2r ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ =i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ − i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ − 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ − i tr ( σ^3ρ_hC_ΔAρ_hC_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) − R^′ + U where the remainder U = tr ( Δ^#ρ_hC_ΔAC_Δ(1 − ρ_h) + (1 − ρ_h)Δ^♯C_ΔAC_Δρ_h ) (ξ, ξ) − i tr ( σ^3ρ_hC_ΔA(1 − ρ_h)C_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)(1 − ρ_h)C_ΔAC_Δρ_h ) (ξ, ξ) can be expected to disappear when all cutoffs are removed.

If I(ξ, η) is the kernel of an integral operator, then the kernel of the commutator (ik_0I − Iik_0)(ξ, η) = − ( ∂ ∂ξ_0 + ∂ ∂η_0 ) I(ξ, η) since (ik_0If)(ξ) = − ∫ dη ∂ ∂ξ_0 I(ξ, η)f(η) (Iik_0f)(ξ) = − ∫ dη I(ξ, η) ∂ ∂η_0 f(η) = ∫ dη ( ∂ ∂η_0 I(ξ, η) ) f(η)

So, by the chain rule (ik_0I − Iik_0)(ξ, ξ) = − ∂ ∂ξ_0 I(ξ, ξ) Consequently, −i tr ( σ^3ρ_hC_ΔAρ_hC_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) = − i ∂ ∂ξ_0 tr ( σ^3ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) +^i_{2m} tr ( ρ_hC_ΔAρ_hC_Δk^2 − k^2ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) = − i ∂ ∂ξ_0 tr ( σ^3ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) +^i_{2m}^d ∑ j=1 tr ( ρ_hC_ΔAρ_hC_Δk^2_j − k_j ρ_hC_ΔAρ_hC_Δk_j ) (ξ, ξ) +^i_{2m}^d ∑ j=1 tr ( k_j ρ_hC_ΔAρ_hC_Δk_j − k^2_j ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) = − i ∂ ∂ξ_0 tr ( σ^3ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) −^1_{2m}^d ∑ j=1 ∂ ∂ξ_j tr ( ρ_hC_ΔAρ_hC_Δk_j ) (ξ, ξ) −^1_{2m}^d ∑ j=1 ∂ ∂ξ_j tr ( k_j ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) Extracting another derivative −i tr ( σ^3ρ_hC_ΔAρ_hC_Δ(ik_0e(k)σ^3) − σ^3(ik_0e(k)σ^3)ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) = − i ∂ ∂ξ_0 tr ( σ^3ρ_hC_ΔAρ_hC_Δ ) (ξ, ξ) −^1_{2m}^d ∑ j=1 ∂ ∂ξ_j [ i ∂ ∂η_j tr ( ρ_hC_ΔAρ_hC_Δ ) (ξ, η) | |_{η=ξ} ]

−^1_{2m}^d ∑ j=1 ∂ ∂ξ_j [ −i ∂ ∂ξ_j tr ( ρ_hC_ΔAρ_hC_Δ ) (ξ, η) | |_{η=ξ} ]

= i∂_0 ⟨¯ Ψ(ξ)σ^3Ψ(ξ) ⟩ −^i_{2m}^d ∑ j=1 ∂_j ⟨ (∂_jΨ̄)(ξ)Ψ(ξ) ⟩ +^i_{2m}^d ∑ j=1 ∂_j ⟨¯ Ψ(ξ)(∂_jΨ)(ξ) ⟩ + terms independent of Φ, Φ̄

Recall that ⟨ F (Ψ, Ψ̄) ⟩ = ∫ F (Ψ, Ψ̄)e^{AR(Ψ,Ψ̄,Φ,Φ̄,J;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) ∫ e^{AR (Ψ,Ψ̄,Φ,Φ̄,J;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) .

depends on the external fields J, Φ and Φ̄.

Finally, the derived Ward identity becomes 2r ⟨¯ Ψ(ξ)Δ^#Ψ(ξ) ⟩ − i∂_0 ⟨¯ Ψ(ξ)σ^3Ψ(ξ) ⟩ +^i_{2m}^d ∑ j=1 ∂_j ⟨ (∂_jΨ̄)(ξ)Ψ(ξ) − Ψ̄(ξ)(∂_jΨ)(ξ) ⟩

= i ⟨¯ Ψ(ξ)σ^3Φ(ξ) ⟩ − i ⟨¯ Φ(ξ)σ^3Ψ(ξ) ⟩ − 2 ⟨¯ Ψ(ξ)J^#(ξ)Ψ(ξ) ⟩ − R^{′′} + U as claimed.

Now apply ∫ dξe^{−i<q,ξ>−} to both sides of the derived Ward identity. 2r ⟨ ∫ d̄k Ψ̄(k+q)Δ^#Ψ(k) ⟩ − q_0 ⟨ ∫ d̄k Ψ̄(k+q)σ^3Ψ(k) ⟩

+^i_{2m}^d ∑ j=1 q_j ∫ d̄k ⟨ (q_j + k_j )Ψ̄(k + q)Ψ(k) + k_jΨ̄(k+q)Ψ(k) ⟩

= i ⟨ ∫ d̄k Ψ̄(k+q)σ^3Φ(k) ⟩ − i ⟨ ∫ d̄k Φ̄(k+q)σ^3Ψ(k) ⟩

− 2 ⟨ ∫ d̄k d̄p Ψ̄(k+p+q) ~J(p)^#Ψ(k) ⟩ − ~R^{′′} + ~U or ⟨ ∫ d̄k Ψ̄(k+q) ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) Ψ(k) ⟩

= i ⟨ ∫ d̄k ( Ψ̄(k+q)σ^3Φ(k) − Φ̄(k+q)σ^3Ψ(k) )⟩ − 2 ⟨ ∫ d̄k d̄p Ψ̄(k+p+q) ~J(p)^#Ψ(k) ⟩

− ~R^{′′} + ~U

Let ⟨ F (Ψ, Ψ̄) ⟩ 0 = ∫ F (Ψ, Ψ̄)e^{AR(Ψ,Ψ̄,0,0,0;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) ∫ e^{AR (Ψ,Ψ̄,0,0,0;r,P )} ∏ k,i dΨ^i(k) dΨ̄_i(k) denote the expectation with the external fields Φ, Φ̄ and J set to zero. Recall that the two point function is ( ⟨ Ψ^i(k)Ψ̄_j (p) ⟩ ) = (2π)^{d+1}δ(k − p)S(k)

Proposition IV.3 Suppose that the interaction

⟨k_1, k_2|V|k_3, k_4⟩ = ^V (k_1k_3)

on the support of the delta function δ(k1+k2−k3−k4 ) . If the BCS constraints are satisfied, then ⟨ Ψ(t)Ψ̄(t+q+p) ; ∫ d̄k Ψ̄(k+q) ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) Ψ(k) ⟩ 0 = i ( S(t)σ^3 − σ^3S(t + q) ) (2π)^{d+1}δ(p) + δ δΦ(t) ~U^δ_{Φ(t+q+p)} (0)

Proof: Recall that the expectation depends on the external fields. Differentiating on the left with respect to Φ̄(p_1) and on the right with respect to Φ(p_2) and setting Φ = Φ̄ = 0 yields ⟨ Ψ(p_1)Ψ̄(p_2) ; ∫ d̄k Ψ̄(k+q) ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) Ψ(k) ⟩ 0 = i ⟨ Ψ(p_1)Ψ̄(p_2 +q)σ^3 − σ^3Ψ(p_1 − q)Ψ̄(p_2) ⟩ 0 +^δ_{Φ(p1)} ~U^δ_{Φ(p2)} (0) = i ( S(p_1)σ^3 − σ^3S(p_2) ) (2π)^{d+1}δ(p1p2q) + δ δΦ(p_1)

~U^δ_{Φ(p2)} (0)

Finally make the change of variables p_1 = t p_2 = t + q + p

Introduce the notation

Q_q(A(ξ)) = ∫ dξ e^{−i<q,ξ>−}Ψ̄(ξ)A(ξ)Ψ(ξ) = ∫ d̄k d̄p Ψ̄(k+p+q)A(p)Ψ(k) for a general quadratic polynomial in the Grassmann algebra. When A(ξ) is a constant in position space, its Fourier transform has a delta function forcing p = 0 and Q simplifies to

Q_q(A) = ∫ d̄k Ψ̄(k+q)AΨ(k) Define ⟨ Q_{p1} (Δ); · · · ; Q_{pn} (Δ); Q_{q1} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 = (2π)^{(d+1)(m+n) δ}_{j(p1)} · · ·^δ_{j(pn)}^δ_{j#(q1)} · · ·^δ_{j#(qm)} S_R(0, 0, jΔ + j^#Δ^#; r, ρ_hC_Δ) | |_{j=j#=0}

Proposition IV.4 Suppose that the interaction ⟨k_1, k_2|V|k_3, k_4⟩ = ^V (k_1k_3) on the support of the delta function δ(k1+k2−k3−k4 ) . If the BCS constraints are satisfied, then⟨ Q_q ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) ; Q_{p1} (Δ); · · · ; Q_{pn} (Δ); Q_{q1} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 = − 2 n∑ i=1 ⟨ Q_{q+pi} (Δ^#); Q_{p1} (Δ); · · · ; Q_{p̸i} (Δ); · · · ; Q_{qm} (Δ^#) ⟩ 0 + 2 m∑ i=1 ⟨ Q_{q+qi} (Δ); Q_{p1} (Δ); · · · ; Q_{q̸i} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 + (2π)^{(d+1)(m+n) δ}_{j(p1)} · · ·^δ_{j(pn)}^δ_{j#(q1)} · · ·^δ_{j#(qm)} ~U | j=j^#=0

Proof: Upon evaluation at Φ = Φ̄ = 0 and J = jΔ + j^#Δ^# the Ward identity of

Proposition IV.2 becomes ⟨ Q_q ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ )⟩ = −2 ⟨ Q_q(jΔ^# − j^#Δ) ⟩ + ~U + terms indep of J

Now apply (2π)^{(d+1)(m+n) δ}_{j(p1)} · · ·^δ_{j(pn)}^δ_{j#(q1)} · · ·^δ_{j#(qm)} and set j = j^# = 0 to give ⟨ Q_q ( 2rΔ^# − q_0σ^3 +^i_{2m} q^2 +^i_m ⟨q, k⟩ ) ; Q_{p1} (Δ); · · · ; Q_{pn} (Δ); Q_{q1} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 = − 2 n∑ i=1 ⟨ Q_{q+pi} (Δ^#); Q_{p1} (Δ); · · · ; Q_{p̸i} (Δ); · · · ; Q_{qm} (Δ^#) ⟩ 0 + 2 m∑ i=1 ⟨ Q_{q+qi} (Δ); Q_{p1} (Δ); · · · ; Q_{q̸i} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 + (2π)^{(d+1)(m+n) δ}_{j(p1)} · · ·^δ_{j(pn)}^δ_{j#(q1)} · · ·^δ_{j#(qm)} ~U | |_{j=j#=0} since, for example,

(2π)^{d+1 δ}_{j(p1)} Q_q(jΔ^# − j^#Δ) = (2π)^{d+1 δ}_{j(p1)} ∫ d̄k d̄p Ψ̄(k+p+q)(j(p)Δ^# − j^#(p)Δ)Ψ(k) = ∫ d̄k Ψ̄(k+p_1 +q)Δ^#Ψ(k)

= Q_{q+p1} (Δ^#)

Corollary IV.5 Under the hypotheses of Proposition IV.4 r ⟨ Q_0(Δ^#); Q_{p1} (Δ); · · · ; Q_{pn} (Δ); Q_{q1} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 = − n∑ i=1 ⟨ Q_{pi} (Δ^#); Q_{p1} (Δ); · · · ; Q_{p̸i} (Δ); · · · ; Q_{qm} (Δ^#) ⟩ 0 + m∑ i=1 ⟨ Q_{qi} (Δ); Q_{p1} (Δ); · · · ; Q_{q̸i} (Δ^#); · · · ; Q_{qm} (Δ^#) ⟩ 0 +^1_2 (2π)^{(d+1)(m+n) δ}_{j(p1)} · · ·^δ_{j(pn)}^δ_{j#(q1)} · · ·^δ_{j#(qm)} ~U | |_{j=j#=0} In particular, when all the external momenta are zero r ⟨ (Q_0(Δ); )^n ( Q_0(Δ^#); )_{m+1}⟩ 0 = − n ⟨ (Q_0(Δ); )^{n−1} ( Q_0(Δ^#); )_{m+1}⟩ 0 + m ⟨ (Q_0(Δ); )^{n+1} ( Q_0(Δ^#); )_{m−1}⟩ 0 +^1_2 (2π)^{(d+1)(m+n)} (_δ δj(0) )_n (_δ δj^#(0) )_m ~U | |_{j=j#=0}

§V Power Counting and the Goldstone Boson Propagator

In this section we write the model (I.1) in terms of an intermediate boson field and examine its power counting. Superficially, the power counting is nonrenormalizable. However, Corollary IV.5 is applied to show that this is not the case. We also use the results of §III to define the Goldstone Boson propagator in perturbation theory.

We split the interaction (II.3) into an “effective interaction” and an “irrelevant” remainder. In [2, 6] it is shown that the dominant part of the interaction ⟨ t +^q_2 , −t +^q_2 | |V | |s +^q_2 , −s +^q_2 ⟩ is that with t ≈ t′, s ≈ s′ and q ≈ 0. Recall that t^′ = (0, k_F t/|t|) is the projection of t on the Fermi surface. So, consider the reduced interaction λ 2 ∫ d̄s d̄t d̄q ψ̄(t+^q_2 ) ψ(s+^q_2 ) ⟨t^′, −t^′|V |s^′, −s^′⟩ ψ̄(−t+^q_2 ) ψ(−s+^q_2 )

In this paper we have assumed that the number symmetry is broken in the zero angular momentum sector. In other words, the zero angular momentum coupling constant λ_0 of the decomposition λ ⟨t^′, −t^′|V |s^′, −s^′⟩ = ∑ n≥0 λ_nπ_n(t^′, s^′) into spherical harmonics obeys λ_0 < 0, |λ_0| ≫ |λ_j | for all j > 0. We remark that in [6] the coupling constants λ_j were defined by λ ⟨t^′, −t^′|V |s^′, −s^′⟩ = − ∑ n≥0 λ_nπ_n(t^′, s^′) making attractive coupling constants positive.

Setting λ_0 = −2g^2, we consider the effective interaction

V_{eff} = −2g^2 ∫ d̄s d̄t d̄q ψ̄_↑(t+^q_2 ) ψ̄_↓(−t+^q_2 ) ψ_↓(−s+^q_2 ) ψ_↑(s+^q_2 )

= −2g^2 ∫ d̄p d̄q (∫ d̄t ψ̄_↑(t+^p_2 ) ψ̄_↓(−t+^p_2 ) ) B(p, −q) (∫ d̄s ψ_↓(−s+^q_2 ) ψ_↑(s+^q_2 ) )

with B(p, q) = (2π)^{d+1}δ(p+q). If (γ_1, γ_2) is a C^2 valued Gaussian variable with the real, even covariance ⟨γ_i(p)γ_j(q)⟩ = δ_{i,j} B(p, q) then e^{−Veff} = ∫ exp ( g ∫ dξ Ψ̄(ξ) γ(ξ) Ψ(ξ) ) dμ(γ) where γ = σ^1γ^1 + σ^2γ^2.

Performing the fermionic integration ∫ e^{−Veff} dμ(Ψ,^¯Ψ) = ∫ ∫ exp ( g ∫ dξ Ψ̄(ξ) γ(ξ) Ψ(ξ) ) dμ(γ)dμ(Ψ,^¯Ψ) = ∫ det ( 1l−g Cγ ) dμ(γ) we obtain (the exponential of) an effective interaction for the intermediate boson field γ . Here, γ is a multiplication operator in position space acting on C^2-valued functions on IR^{d+1} and C is the multiplication operator in momentum space given by C(p) = −ρ(p) ip_0 + e(p)σ^3 p^2_0 + e(p)^2 where ρ(p) is the characteristic function of the set { p ∈ IR^{d+1} | | p^2_0 + e(p)^2 < 1 }. Thus ρ(p) imposes an ultraviolet, but no infrared, cutoff on the Fermions.

Formally,

det(1l − g Cγ) dμ(γ) = e^{− 12} ( ∫_{dξ γ(ξ)2 −log det(1l−g Cγ)}) ∏ ξ∈IR^{d+1} dγ(ξ) The mean field effective potential per unit volume is obtained by evaluating the exponent in the line above at a field γ that is constant in position space and normalizing by the volume. The result E(|γ|) is given by [2, §V]

E(r) =^1_2 r^2 − ∫ d̄p log ( 1 + g^{2 ρ(p)}

p^2_0+e(p)^2 r 2 )

where r =

√_{γ21 +γ22}

. The graph of the effective potential is a Bordeaux wine bottle or Mexican hat whose absolute minimum is at g|γ|_∗ ≈ exp { −^π_{mg2} } and has depth approx-

imately m 4π (g|γ|_∗)^2 and curvature at the minimum approximately m π g^2 . The depth of the full, unnormalized, effective potential is enormous due to the volume of space-time.

Symmetry breaking forces the value of γ to be concentrated near some point on the circle |γ| = |γ|_∗. The phase is determined by a boundary condition. We may suppose that γ is concentrated near Δ/g. Then it is natural to shift γ by Δ/g and define the radial and tangential components

γ =^1_{2Δ2} tr (γΔ)Δ +^1_{2Δ2} tr (γΔ^#)Δ^# = Δ/g + γ_{rad}Δ/|Δ| + γ_{tan}Δ^#/|Δ|

where |Δ| = √ Δ^2. While γ_{rad} and γ_{tan} are globally defined they can only be interpreted as radial and tangential components in a small neighbourhood of γ = Δ/g. In the new variables the measure

e^{−Veff} dμ(Ψ,^¯Ψ) = ∫ e^g ∫_{dξ Ψ̄(ξ) γ(ξ) Ψ(ξ)} dμ(γ)dμ(Ψ,^¯Ψ) = const ∫ e^g ∫_{dξ Ψ̄γsΨ+}∫_{dξ Ψ̄ Δ Ψ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs)dμ(Ψ,^¯Ψ) = const ∫ e^g ∫_{dξ Ψ̄γsΨ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs)dμ_Δ(Ψ,^¯Ψ)

where γ_s = γ_{rad}Δ/|Δ|+γ_{tan}Δ^#/|Δ| is the shifted field and dμ_Δ is the Grassmann-Gaussian measure with covariance C_Δ = ρ(k) ik_0 − e(k)σ^3 − Δρ(k) Expanding the integral ∫ e^g ∫_{dξ Ψ̄γsΨ} dμ_Δ(Ψ,^¯Ψ) = det(1l − gC_Δγ_s) in powers of g generates vertices

4-loop

3-loop

2-loop

The 1-loop cancels |Δ|/g ∫ dξ γ_{rad}. Absorbing the second order Taylor expansion of the 2-loop around momentum q = 0 in the ultralocal meaure dμ(γs ) yields a Gaussian measure whose covariances for γ_{rad} and γ_{tan} are const g^{−2} and const Δ^2g^{−2}(const q^2_0 + q^2)^{−1}.

We now determine the deep infrared power counting of a connected vacuum graph G whose v^{th} generalized vertex is an n_v-loop with n_v ≥ 3. The restriction n_v ≥ 3 is justified because the most singular part of the 2-loop has been absorbed in the bosonic measure. The weight of a generalized n_v-loop vertex, arising from its fermion lines, is g^{nv} |Δ|^{2−nv} since the supremum of each of the n_v propagators C_Δ is 1/|Δ| and the single momentum loop integral yields Δ^2. Recall that, in the deep infrared regime the momentum k in the loop satisfies |k_0|, | ||k| − k_F | | = O(|Δ|). To complete the power counting, we introduce a bosonic scale j by multiplying the above propagators by χ(M^j < |q| < M^{j+1}). The following table gives the supremum and the volume of support in momentum space, up to irrelevant constants, of the radial and tangential bosonic propagators.

supremum in volume field momentum space of support γ^j_{rad} g^{−2} M^{(d+1)j} γ^j_{tan} g^{−2}Δ^2M^{−2j} M^{(d+1)j}

The graph G has ∑ v n_v/2 boson lines and 1+ ∑ v(n_v/2−1) independent bosonic momentum loops. If all the boson lines are γ_{rad} lines, the power counting for G is

M^{(d+1)j} ∏ v g^{nv} |Δ|^{2−nv} ( g^{−2} )_{nv /2} M^{(d+1)j(nv /2−1)} ≤ M^{(d+1)j} ( M^{(d+1)j/2}/|Δ| )_{Σv (nv −2)}

For d ≥ 2, M^{(d+1)j/2}/|Δ| ≤ M^{3j/2}/|Δ| ≤ M^{j/2} since, in the deep infrared regime M^j ≤ |Δ|. In this case we have positive power counting for all generalized vertices.

On the other hand, if all the boson lines are γ_{tan} lines, the power counting for G is M^{(d+1)j} ∏ v g^{nv} |Δ|^{2−nv} ( g^{−2}Δ^2M^{−2j} )_{nv /2} M^{(d+1)j(nv /2−1)} = M^{(d+1)j} ∏ v Δ^2M^{12 (d−1)jnv −(d+1)j}

In each factor v, the coefficient of j in the exponent is^1_2 (d − 1)n_v − d − 1. When d = 3, resp. d = 2, this gives positive power counting for n_v > 4, resp. n_v > 6.

To relate the power counting for small n_v to Corollary IV.5 we prove

Proposition V.1 Let n ≥ 3. Then

⟨γ_{ω1} (p_1); γ_{ω2} (p_2); · · · ; γ_{ωn} (p_n)⟩ = ( g |Δ| )_n ⟨Q_{−p1} (Δ^{ω1} ); Q_{−p2} (Δ^{ω2} ); · · · ; Q_{−pn} (Δ^{ωn} )⟩_0

where the index ω ∈ {rad, tan} and Δ^{rad} = Δ, Δ^{tan} = Δ^#. The expectation on the left hand side is integration against 1 Z e^{−Virr} e^g ∫_{dξ Ψ̄γs Ψ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs)dμ_Δ(Ψ,^¯Ψ)

where V_{irr} is the irrelevant part of the interaction. When n = 2

⟨γ_{ω1} (p_1); γ_{ω2} (p_2)⟩ = (2π)^{d+1}δ_{ω1,ω2} δ(p_1 + p_2) + ( g |Δ| )_2

⟨Q_{−p1} (Δ^{ω1} ); Q_{−p2} (Δ^{ω2} )⟩_0

Proof: We apply the integration by parts formula ∫ γ_ω(p)A(γ_s)dμ(γ_s) = (2π)^{d+1} ∫_δ δγ_ω (−p) A(γs)dμ(γs) to obtain ∫ γ_ω(p)A(γ_s)e^{−Virr} e^g ∫_{dξ Ψ̄γsΨ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs)dμ_Δ(Ψ,^¯Ψ)

= (2π)^{d+1} ∫_{δ A} δγ_ω (−p) (γs)e −V_{irr} eg ∫_{dξ Ψ̄γsΨ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs )dμ_Δ(Ψ,^¯Ψ)

+^g_{|Δ|} ∫ Q_{−p}(Δ^ω)A(γ_s)e^{−Virr} e^g ∫_{dξ Ψ̄γsΨ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs )dμ_Δ(Ψ,^¯Ψ) −^{(2π)d+1|Δ|}_g δ(p) ∫ A(γ_s)e^{−Virr} e^g ∫_{dξ Ψ̄γsΨ} e^{−|Δ|/g} ∫_{dξ γrad} dμ(γs)dμ_Δ(Ψ,^¯Ψ)

Thus ⟨γ_ω(p)A(γ_s)⟩ = ⟨ (2π)^{d+1 δ A}_{δγω (−p)} (γ_s) ⟩ +^g_{|Δ|} ⟨Q_{−p}(Δ^ω)A(γ_s)⟩ −^{|Δ|}_g (2π)^{d+1}δ(p) ⟨A(γ_s)⟩ (V.1)

Applying (V.1) with A = 1 yields

⟨γ_ω(p)⟩ =^g_{|Δ|} ⟨Q_{−p}(Δ^ω)⟩ −^{|Δ|}_g (2π)^{d+1}δ(p) (V.2)

Applying (V.1) with A = γ_{ω2} (p_2) together with (V.2) yields

⟨γ_{ω1} (p_1); γ_{ω2} (p_2)⟩ = ⟨γ_{ω1} (p_1)γ_{ω2} (p_2)⟩ − ⟨γ_{ω1} (p_1)⟩ ⟨γ_{ω2} (p_2)⟩

= (2π)^{d+1}δ_{ω1,ω2} δ(p_1 + p_2) +^g_{|Δ|} ⟨ γ_{ω2} (p_2) ( Q_{−p1} (Δ^{ω1} ) − ⟨Q_{−p1} (Δ^{ω1} )⟩ )⟩ = (2π)^{d+1}δ_{ω1,ω2} δ(p_1 + p_2) +^{g2}_{|Δ|2} ⟨Q_{−p1} (Δ^{ω1} ); Q_{−p2} (Δ^{ω2} )⟩ (V.3) upon applying (V.1) with Q_{−p1} (Δ^{ω1} ) − ⟨Q_{−p1} (Δ^{ω1} )⟩ in the last line.

The relationship between the ordinary and connected n point functions is given by ⟨ n∏ j=1 γ_{ωj} (p_j ) ⟩ = ∑ Π∈P_n ∏ π∈Π ⟨ ∏ j∈π ( γ_{ωj} (p_j ); ) ⟩

where P is the set of all partitions of {1, 2, · · · , n}. Substituting the Ansatz

⟨γ_{ω1} (p_1)⟩ =^g_{|Δ|} ⟨Q_{−p1} (Δ^{ω1} )⟩ −^{|Δ|}_g (2π)^{d+1}δ(p_1)

⟨γ_{ω1} (p_1); γ_{ω2} (p_2)⟩ =^{g2}_{|Δ|2} ⟨Q_{−p1} (Δ^{ω1} ); Q_{−p2} (Δ^{ω2} )⟩+(2π)^{d+1}δ_{ω1,ω2} δ(p_1 +p_2)

⟨γ_{ω1} (p_1); γ_{ω2} (p_2); · · · ; γ_{ωn} (p_n)⟩ =^{gn}_{|Δ|n} ⟨Q_{−p1} (Δ^{ω1} ); Q_{−p2} (Δ^{ω2} ); · · · ; Q_{−pn} (Δ^{ωn} )⟩

into the right hand side gives precisely the same result as repeated application of (V.1) to the left hand side.

We now return to power counting. By Corollary IV.5 with r = 0 and Proposition V.1 n ⟨ (γ_{rad}(0); )^{n−1} (γ_{tan}(0); )^{m+1} ⟩ = m ⟨ (γ_{rad}(0); )^{n+1} (γ_{tan}(0); )^{m−1} ⟩ + error terms

When cutoffs are removed the error terms disappear. Thus, it suffices to consider generalized vertices having at least two γ_{rad} half-legs.

Once again, consider a connected vacuum graph G whose v^{th} generalized vertex is an n_v-loop with n_v ≥ 3. If all the boson legs, save two per generalized vertex, are γ_{tan} legs, the power counting for G is

M^{(d+1)j} ∏ v g^{nv} |Δ|^{2−nv} g^{−2} ( g^{−2}Δ^2M^{−2j} )_{(nv −2)/2} M^{(d+1)j(nv /2−1)} = M^{(d+1)j} ∏ v M^{12 (d−1)jnv −(d−1)j} = M^{(d+1)j} ∏ v M^{(d−1)j(nv /2−1)}

This gives positive power counting for all n_v ≥ 3, d ≥ 2. Consequently, the symmetry broken model is superrenormalizable and our perturbative analysis is finished.

Finally, we consider the two point expectation

⟨γ_ω(p); γ_ω′ (q)⟩ = (2π)^{d+1}δ_{ω,ω}′ δ(p + q) + (_g |Δ| )_2 ⟨ Q_{−p}(Δ^ω); Q_{−q}(Δ^{ω′} ) ⟩ 0 = (2π)^{d+1}δ_{ω,ω}′ δ(p + q) + (_g |Δ| )_2 ∫ d̄s d̄t ⟨ Ψ̄_{(t−p)}Δ^ωΨ_{(t)}; Ψ̄_{(s−q)}Δ^{ω′} Ψ_{(s)} ⟩ 0 We refer to it as the ‘Goldstone Boson propagator’ even though it contains both radial and tangential components of the intermediate boson field. By Theorem III.7

∫ d̄s d̄t ⟨ Ψ̄_{(t−p)}Δ^ωΨ_{(t)}; Ψ̄_{(s−q)}Δ^{ω′} Ψ_{(s)} ⟩ 0 = q p Δ^ω s Δ^{ω′} t (V.4) in which the four-legged box is the sum of all channel 2PI graphs and the two-legged box is the full two point function. Thus the ladder amputation, defined following Corollary III.6, amputates Goldstone Boson propagators.

§VI The Simple Ladder

We now analyze the simple ladder

s t β

γ q/2 α

q/2 δ (VI.1)

Note that this Feynman diagram is drawn in terms of Nambu fields. Despite the fact that the arrows on the two sides of the ladder are pointing in opposite directions, the important components of this diagram concern the scattering, in physical fields, of Cooper pairs. If its external lines are not amputated, the ladder is a contribution to the four point function ⟨ Ψ_{t+}^q_{2 ,β}Ψ̄_{t−}^q_{2 ,γ}Ψ̄_{s+}^q_{2 ,α}Ψ_{s−}^q_{2 ,δ} ⟩ . The α = 1 component of the Ψ̄_{s+}^q_{2 ,α} combined with the δ = 2 component of the Ψ_{s−}^q_{2 ,δ} gives a Cooper pair ψ̄_{s+}^q_{2 ↑}ψ̄_{−s+}^q_{2 ↓} of total momentum q and relative momentum s.

We wish to retain, in the evaluation of (VI.1), only the most important part of the interaction. To get some idea as to what the most important part of the interaction is, consider the second order ladder t β

γ k s q/2 q/2

δ α

with propagator C(k) = ρ(k)[ik_0 −e(k)σ^3]^{−1}. Here ρ(k) just provides an ultraviolet cutoff. In this section, unlike the rest of the paper we use an ultraviolet cutoff that ignores k_0, excluding momenta k with large spatial components k. The value of this diagram, after amputation of the external lines, is − λ^2 ∫ d̄k ⟨ t+^q_2 ,k−^q_2 | |_V | |_{k+} q_{2 ,t−} q_2 ⟩⟨ k+^q_2 ,s−^q_2 | |_V | |_{s+} q_{2 ,k−} q_2 ⟩ (σ^3C(k+^q_2 )σ^3)_{β,α}(σ^3C(k−^q_2 )σ^3)^t_{γ,δ} =−λ^2 ∫ d̄k ⟨_q 2 +t,^q_2 −t | |_V | | q_{2 +k,} q_{2 −k} ⟩⟨_q 2 +k,^q_2 −k | |_V | | q_{2 +s,} q_{2 −s} ⟩ (σ^3C(k+^q_2 )σ^3)_{β,α}(σ^3C(k−^q_2 )σ^3)^t_{γ,δ}

assuming V obeys the symmetry ⟨k_1, k_2|V |k_3, k_4⟩ = ⟨k_1, −k_4|V |k_3, −k_2⟩ . Consider the matrix element α=β =1, γ =δ =2. Then the propagators

(σ^3C(k + q/2)σ^3)_{β,α} = ρ(k + q/2) i(k_0 + q_0/2) − e(k + q/2)

(σ^3C(k − q/2)σ^3)^t_{γ,δ} = ρ(k − q/2) i(k_0 − q_0/2) + e(k − q/2)

To maximize the value of the integral we need both propagators to spend as much time simultaneously near their singularities as possible. But for k_0 + q_0/2 and k_0 − q_0/2 to be simultaneously zero it is neccessary that q_0 = 0 and k_0 = 0. For e(k + q/2) and e(k − q/2) to be simultaneously zero k must be on the sphere of radius k_F centered at −q/2 and on the sphere of radius k_F centered at q/2. The set of such k’s is much larger when q = 0 than otherwise. The value of the matrix element is maximized when q = 0 (in fact it diverges if and only if q = 0) and then the dominant contributions to the integral come from k_0 near zero and k near the Fermi surface.

The argument of the last paragraph can be made with greater precision and generality (see [6]). The conclusion is that the most important part of the interaction is ⟨k^′, −k^′|V |s^′, −s^′⟩ with the prime signifying that

k^′ = ( 0, k |k| k_F )

and s^′ run over the Fermi surface.

View ⟨t^′, −t^′|V |s^′, −s^′⟩ as the kernel of an integral operator on L^2(k_F S^{d−1}). By rotation invariance we can expand it λ ⟨t^′, −t^′|V |s^′, −s^′⟩ = ∑ n≥0 λ_nπ_n(t^′, s^′)

in spherical harmonics. So, π_n(t^′, s^′) is the orthogonal projector onto the subspace of L^2(k_F S^{d−1}) of angular momentum n, that is, of homogeneous harmonic polynomials of degree n. We shall now restrict our attention to the case in which the coupling constant in the zero angular momentum sector, λ_0, is attractive, that is negative, and dominates the other coupling constants.

So take an interaction λ ⟨k_1, k_2|V |k_3, k_4⟩ = λ with λ < 0. This interaction lives purely in the angular momentum zero sector and is attractive. Then the value of a ladder (after amputation of its external lines) with n loops is

Λ_n(t, s, q) = −λΛ(q)^nσ^3 ⊗ σ^3 (VI.2a)

where Λ(q) = −λ ∫ d̄k [ σ^3C(k +^q_2 ) ] ⊗ [ σ^3C(k −^q_2 )^t ]

= −λ ∫ d̄k [ σ^3C(k + q) ] ⊗ [ σ^3C(k)^t

] (VI.2b)

Think of q as a fixed parameter and Λ(q) as a matrix mapping C^2 ⊗ C^2 to itself. So, Λ_n is independent of s and t but has two sets of double indices Λ_n(t, s, q)_{(β,γ)(α,δ)} with α and δ being the spinor indices of the upper and lower, respectively, external legs on the right hand side of the ladder and β and γ being the spinor indices of the external legs on the left hand side of the ladder. The n^{th} power above refers to the n^{th} power of the matrix Λ(q).

Let us first evaluate this ladder is using the propagator

C(k) = C(k)^t = ρ(k) 1 ik_0 − e(k)σ^3 = −iρ(k) [ k_0 + ie(k) 0 0 k_0 − ie(k) ]_{−1} , appropriate for perturbations about the Δ = 0 trivial fixed point. Since (−λ)(−i)(−i) ∫ dk_0 2π 1 k_0 − ia 1 k_0 − ib = λ sgn(Re a) a − b { 1 Re a and Re b of opposite sign 0 Re a and Re b of same sign

we find that two of Λ(q)’s two eigenvectors, namely e_1 ⊗ e_2 and e_2 ⊗ e_1, have eigenvalue −λ ∫ e(k+ q_2 )e(k− q_2 )>0 d̄k ρ(k + q)ρ(k) ∓iq_0 + e(k + q) + e(k) sgn e(k)

Set q = 0 and make the change of variables from k to k_0, k^′, η where

k^′ = k_F k |k| η = e(k) .

(VI.3a)

Here, k^′, the projection of k onto the Fermi surface, runs over the sphere k_F S^{d−1} and plays the rôle of all the angular variables in spherical coordinates. The rôle of the radial variable is taken by η. Note that, for k near the Fermi surface η =^1_{2m} (|k|+k_F )(|k|−k_F ) ≈ const (|k| − k_F ). The measure

d^dk = ( |k| k_F )_{d−1} dk^′d|k| = m |k| ( |k| k_F )_{d−1} dk^′dη = m k_F ( 1 + 2m k^2_F η )_{d/2−1} dk^′dη (VI.3b)

where the surface measure dk^′ on k_F S^{d−1} is normalized so that ∫ 1 dk^′ is the surface area of k_F S^{d−1}.

Then, the eigenvalue is −λ m (2π)^dk_F ∫ dk^′dη ( 1 + 2m k^2_F η )_{d/2−1} ρ(k)^2 1 2|η| ≥ |λ| m (2π)^dk_F ( 1 − 2m k^2_F ϵ )_{d/2−1} ∫ |η|≤ϵ dk^′dη ρ(k)^2 1 2|η| = +∞ . So ∑ n Λ_n is a geometric series with, in this case, a ratio matrix Λ(q) that has an eigenvalue much larger than plus one for all small q. The series diverges. The analogous calculation for the renormalization group flow shows that the Gaussian fixed point at Δ = 0 is unstable.

Next consider the ladder using the propagator

C(k) = C(k)^t = ρ(k) 1 ik_0 − e(k)σ^3 − Δ

= −ρ(k) ik_0 + e(k)σ^3 + Δ k^2_0 + E(k)^2 , appropriate for the symmetry broken model. Here E(k) = √ e(k)^2 + Δ^2. One rung of the ladder now takes the value Λ(q) = −λ ∫ d̄k ρ(k)ρ(k+q) [ σ^3 i(k_0 +q_0) + e(k+q)σ^3 + Δ (k_0 + q_0)^2 + E(k + q)^2 ] ⊗ [ σ^3 ik_0 + e(k)σ^3 + Δ k^2_0 + E(k)^2 ]

(VI.4)

Define γ = −λ ∫ d̄k ρ(k)^2 2E(k) We now prove that

Lemma VI.1 a) The matrix norm of Λ(q) is bounded by ‖Λ(q)‖ ≤ |λ| ∫ d̄k ρ(k)^2 |E(k) + E(k + q) + iq_0|

b) For all sufficiently small q ‖Λ(q)‖ ≤ γ − c_0|λ| q^2_0 Δ^2 − 2 3 c_1|λ| |q|^2 Δ^2 for some nonzero constants.

c) For concreteness, take Δ = Δ_1σ^1.The vector [0, 1, −1, 0]^t is an eigenvector of Λ(0) of eigenvalue γ. All other eigenvalues of Λ(0) are of magnitudes strictly smaller than γ.

Remark. The vector [0, 1, −1, 0]^t = [0, 1, 0, 0]^t +[0, 0, −1, 0]^t. In the notation of (VI.1) the first term has α = 1, δ = 2 while the second term has α = 2, δ = 1. Thus the dominant eigenvector corresponds to a Cooper pair of momentum zero.

Proof of a): Because we have chosen an ultraviolet cutoff that doesn’t involve k_0, the k_0 integral can be done explicitly by contour integration. There are two poles in the upper half plane, with k_0 = −q_0 + iE(k + q) and k_0 = +iE(k) respectively, so that ∫ dk_0 2π [ σ^3 i(k_0 +q_0) + e(k+q)σ^3 + Δ (k_0 + q_0)^2 + E(k + q)^2 ] ⊗ [ σ^3 ik_0 + e(k)σ^3 + Δ k^2_0 + E(k)^2 ]

= [ σ^3

−E(k+q) + e(k+q)σ^3 + Δ 2E(k + q) ] ⊗ [ σ^3

−iq_0 − E(k+q) + e(k)σ^3 + Δ (−q_0 + iE(k + q))^2 + E(k)^2 ]

+ [ σ^3 iq_0 − E(k) + e(k+q)σ^3 + Δ (q_0 + iE(k))^2 + E(k+q)^2 ] ⊗ [ σ^3

−E(k) + e(k)σ^3 + Δ 2E(k) ]

= 1 (E + E_q)^2 + q^2_0 σ^3 ⊗ σ^3 { (E + E_q) 2 [ −1l ⊗ 1l + ( e_q E_q σ^3 + Δ E_q ) ⊗ ( e E σ^3 + Δ E )]

+ i q_0 2 [ 1l ⊗ ( e E σ^3 + Δ E ) − ( e_q E_q σ^3 + Δ E_q ) ⊗ 1l ] }

= 1 (E + E_q)^2 + q^2_0 { (E + E_q) 2 [ −σ^3 ⊗ σ^3 + ( e_q E_q 1l + i

Δ^♯ E_q ) ⊗ ( e E 1l + i

Δ^♯ E )]

+ i q_0 2 [ σ^3 ⊗ ( e E 1l + i

Δ^♯ E ) − ( e_q E_q 1l + i

Δ^♯ E_q ) ⊗ σ^3 ] }

(VI.5) where we use E, e, E_q and e_q as short forms for E(k), e(k), E(k + q) and e(k + q) respectively.

The four 4 × 4 matrices

1l ⊗ 1l ( e_q E_q σ^3 + Δ E_q ) ⊗ ( e E σ^3 + Δ E ) 1l ⊗ ( e E σ^3 + Δ E ) ( e_q E_q σ^3 + Δ E_q ) ⊗ 1l

are mutually commuting and self-adjoint. Furthermore, since^e_E σ^3 +^Δ_E is traceless with determinant −^{e2 +Δ2}_{E2} = −1, the eigenvalues of the matrix inside the brackets { } of the second last line of (VI.5) are, for each k, q,

0 0 − (E + E_q) − iq_0 − (E + E_q) + iq_0

Consequently, the norm of the matrix inside the brackets { } is at most |E + E_q + iq_0| and ‖Λ(q)‖ ≤ |λ| ∫ d̄k ρ(k)ρ(k+q) |E(k) + E(k + q) + iq_0| ≤ |λ| ∫ d̄k 1 2 ρ(k)^2 +^1_2 ρ(k+q)^2 |E(k) + E(k + q) + iq_0| = |λ| ∫ d̄k ρ(k)^2 |E(k) + E(k + q) + iq_0|

where we have used the change of variables k → −k − q in the second half of the integral.

Proof of b): We Taylor expand L(q) = |λ| ∫ d̄k ρ(k)^2 |E(k) + E(k + q) + iq_0|

to second order in q. Since ∂ ∂q_0 [( E(k) + E(k + q)

)_2

+ q^2_0 ]_{−1/2} = − q_0 [( E(k) + E(k + q)

)_2

+ q^2_0 ]_{3/2}

we have that ∂L ∂q_0 (0) = 0

∂^2 L ∂q_0∂q_i (0) = 0 i ≠ 0 and ∂^2L ∂q^2_0 (0) = −|λ| ∫ d̄k ρ(k)^2 8E(k)^3 < 0 .

Before moving on to the spatial directions we show that^{∂2L}_{∂q20} (0) is O(^λ_{Δ2} ). Suppose that the ultraviolet cutoff restricts k to { k | | |e(k)| ≤ 1} and make the change of variables (VI.3), followed by η = |Δ|ζ where |Δ| = √ Δ^2_1 + Δ^2:

|λ| ∫ d̄k ρ(k)^2 8E(k)^3 = |λ| m (2π)^dk_F ∫ |η|≤1 dk^′dη ( 1 + 2m k^2_F η )_{d/2−1} 1 8(η^2 + Δ^2)^{3/2} = |λ| Δ^2 m (2π)^dk_F ∫ |ζ|≤1/|Δ| dk^′dζ ( 1 + 2m|Δ| k^2_F ζ )_{d/2−1} 1 8(ζ^2 + 1)^{3/2} = |λ| Δ^2 m (2π)^dk_F

Vol(k_F S^{d−1}) ∫ |ζ|≤1/|Δ| dζ ( 1 + 2m|Δ| k^2_F ζ )_{d/2−1} 1 8(ζ^2 + 1)^{3/2}

As |Δ| → 0, the main contribution to the integral is lim |Δ|→0 ∫ |ζ|≤1/|Δ| dζ 1 8(ζ^2 + 1)^{3/2} = ∫_∞ −∞ dζ 1 8(ζ^2 + 1)^{3/2} = 1 4 The rest of the integral is bounded by ∫ |ζ|≤1/|Δ| dζ | | | | ( 1 + 2m|Δ| k^2_F ζ )_{d/2−1} − 1 | | | | 1 8(ζ^2 + 1)^{3/2}

≤ const ∫_∞ 0 dζ 2m|Δ| k^2_F ζ 8(ζ^2 + 1)^{3/2}

by the mean value theorem. Hence it is down by a factor of O(|Δ|).

For spatial directions i = 1, 2, 3 the first derivative, with q_0 = 0, ∂ ∂q_i 1 E(k) + E(k + q) = − 1 ( E(k) + E(k + q)

)_2 e(k + q) E(k + q) k_i + q_i m leads, to the second derivative

∂^2 ∂q_i∂q_j 1 E(k) + E(k + q) | | | q = 0 = −δ_{i,j} e(k) 4E(k)^3 1 m + e(k)^2 − Δ^2

4E(k)^5 k_i m k_j m so that ∂^2 L ∂q_i∂q_j (0) = |λ|δ_{i,j} ∫ d̄k ρ(k)^2 { − e(k) 4mE(k)^3 + e(k)^2 − Δ^2 4E(k)^5 k^2_i m^2 }

Again make the change of variables (VI.3) followed by the scaling η = |Δ|ζ. For |Δ| small, and it is very small indeed, the dominant contribution to the integral comes from e(k) ≈ 0. As in the calculation above, we can replace the Jacobean from the change of variables and k^2_i by positive constants without affecting the leading contribution. Then the integral becomes

|λ|δ_{i,j} ∫ |η|≤1 dη { −c_2 η (η^2 + Δ^2)^{3/2}

+ c_1 η^2 − Δ^2 (η^2 + Δ^2)^{5/2} }

= |λ|δ_{i,j} ∫ |ζ|≤1/|Δ| dζ { − c_2 |Δ| ζ (ζ^2 + 1)^{3/2} + c_1 Δ^2 ζ^2 − 1 (ζ^2 + 1)^{5/2} }

≈ |λ|δ_{i,j} ∫_∞ −∞ dζ { − c_2 |Δ| ζ (ζ^2 + 1)^{3/2} + c_1 Δ^2 ζ^2 − 1 (ζ^2 + 1)^{5/2} }

= − 2 3 |λ|δ_{i,j} c_1 Δ^2

for |Δ| sufficiently small.

Proof of c): Using the notation A ⊗ B = [ a_{1,1}B a_{1,2}B a_{2,1}B a_{2,2}B ]

we have

−σ^3 ⊗ σ^3 =

−1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 −1 ( e_q E_q 1l + i

Δ^♯ E_q ) ⊗_s ( e E 1l + i

Δ^♯ E ) = 1 EE_q ee_q^{e+eq}_2 Δ_1^{e+eq}_2 Δ_1 Δ^2_1 −^{e+eq}_2 Δ_1 ee_q −Δ^2_1^{e+eq}_2 Δ_1 −^{e+eq}_2 Δ_1 −Δ^2_1 ee_q^{e+eq}_2 Δ_1 Δ^2_1 −^{e+eq}_2 Δ_1 −^{e+eq}_2 Δ_1 ee_q

σ^3 ⊗ ( e E 1l+i

Δ^♯ E ) − ( e E 1l+i

Δ^♯ E ) ⊗σ^3 = 1 E 0 Δ_1 −Δ_1 0 −Δ_1 2e 0 Δ_1 Δ_1 0 −2e −Δ_1 0 −Δ_1 Δ_1 0

The expressions e_q, E − q, e and E appear in different places here than in (VI.5). That’s permissable because we can make judicious use of the change of variables k → −k − q to symmetrize the integrand. In the basis

e_1 = 1 0 0 1 e2 = 1 0 0 −1 e3 = 0 1 1 0 e4 = 0 1 −1 0 the matrices become

−σ^3 ⊗ σ^3 =

−1 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 1 ( e_q E_q 1l + i

Δ^♯ E_q ) ⊗_s ( e E 1l + i

Δ^♯ E ) = 1 EE_q ee_q +Δ^2_1 0 0 0 0 ee_q −Δ^2_1 (e+e_q)Δ_1 0 0 −(e+e_q)Δ_1 ee_q −Δ^2 0 0 0 0 ee_q +Δ^2_1

σ^3 ⊗ ( e E 1l+i

Δ^♯ E ) − ( e E 1l+i

Δ^♯ E ) ⊗σ^3 = 2 E 0 0 0 0 0 0 0 Δ_1 0 0 0 e 0 −Δ_1 e 0

Still in basis e_i, 1 ≤ i ≤ 4, but specializing to q = 0 we have

Λ(0) = −λ ∫ d̄k ρ(k)^2 1 2E(k)

0 0 0 0 0 −Δ^2_1/E^2 eΔ_1/E^2 0 0 −eΔ_1/E^2 e^2/E^2 0 0 0 0 1

so that e_1 is an eigenvector of eigenvalue 0 and e_4 is an eigenvector of eigenvalue γ.

The matrix

A(p) = [ −Δ^2_1/E(p)^2 e(p)Δ_1/E(p)^2 −e(p)Δ_1/E(p)^2 e(p)^2/E(p)^2 ]

= 1 E(p)^2 [ Δ_1 e(p) ] [ −Δ_1 e(p) ]

has eigenvalues 0 and (e^2 − Δ^2)/E^2 with corresponding eigenvectors [e, Δ_1]^t and [Δ_1, e]^t. Because

A^†(p)A(k) = e(p)e(k) + Δ^2_1 E(p)^2E(k)^2 [ −Δ_1 e(p) ] [ −Δ_1 e(k) ]

is of norm^{e(p)e(k)+Δ21}

E(p)E(k) , which is strictly less than 1 except on the set of measure zero { (p, k) | e(p) = e(k) } , the norm ‖ ‖ ‖ ‖λ ∫ d̄k ρ(k)^2 1 2E(k) A(k) ‖ ‖ ‖ ‖ 2 = λ^2 ‖ ‖ ‖ ‖ ∫ d̄k d̄p ρ(k)^2ρ(p)^2 1 4E(k)E(p)

A^†(k)A(p) ‖ ‖ ‖ ‖ < λ^2 ∫ d̄k d̄p ρ(k)^2ρ(p)^2 1 4E(k)E(p)

= γ^2

We just showed in Lemma VI.3 that show, for q small, ‖Λ(q)‖ ≤ γ − c_0|λ| q^2_0 Δ^2 − 2 3 c_1|λ| |q|^2 Δ^2

(VI.6)

for some nonzero constants. This then implies that the full ladder obeys | | | | ∞∑ n=1 Λ_n(t, s, q) | | | | ≤ |λ| 1 − γ + |λ|(c_0q^2_0 +^2_3 c_1|q|^2)/Δ^2

The BCS equation (II.6) tells us that, to first order in λ, γ = 1. But, as was shown in §III, the (amputated) four point function as the sum of generalized ladders whose “rungs” consist of all channel two particle irreducible four point functions. The “rung” Λ(q) is just the first order contribution to the generalized rung. The BCS equation should be interpreted as putting the above bound exactly on the radius of convergence of the geometric series when q = 0 so that | | | | ∞∑ n=1 Λ_n(t, s, q) | | | | ≤ 1 (c_0q^2_0 +^2_3 c_1|q|^2)/Δ^2

(VI.7)

References

[1] J. Feldman, J. Magnen, V. Rivassseau and E. Trubowitz, An Infinite Volume Expansion for Many Fermion Green’s Functions, Helvetica Physica Acta 65, 679- 721 (1992).

[2] J. Feldman, J. Magnen, V. Rivassseau and E. Trubowitz, Constructive Many- Body Theory, ETH preprint.

[3] J. Feldman, J. Magnen, V. Rivassseau and E. Trubowitz, An Intrinsic 1/N Expansion for Many Fermion Systems, submitted to Europhysics Letters

[4] J. Feldman, J. Magnen, V. Rivassseau and E. Trubowitz, Two Dimensional Many Fermion Systems as Vector Models, submitted to Europhysics Letters

[5] J. Feldman and E. Trubowitz, Perturbation Theory for Many Fermion Systems, Helvetica Physica Acta 63, 156-260 (1990).

[6] J. Feldman and E. Trubowitz, The Flow of an Electron-Phonon System to the Superconducting State, Helvetica Physica Acta 64, 214-357 (1991).

[7] R. Oppermann and F. Wegner, Disordered systems with N orbitals per site: 1/N expansion, Z. Phys. B34, 327 (1979).

[8] S. Hikami, Anderson localization in a nonlinear-σ-model representation, Phys.

Rev. B24, 2671-79 (1981).

[9] Schrieffer, J.R., Theory of Superconductivity (Revised Printing 1983) Frontiers in Physics Series (Volume 20) Addison-Wesley