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Abstract. Ina previous paper, we developed a power series representation and estimates
for an effective action of the form

f ef(ozl,~~~,ozs;z*72) d,LL(Z*, Z)
[ efOn02m2) dp (2%, 2)

In

Here, f(aa,---,as; 24, 2) is an analytic function of the complex fields aq(x), - -, as(x),
z4(X), z(x) indexed by x in a finite set X, and du(z*, z) is a compactly supported product
measure. Such effective actions occur in the small field region for a renormalization group
analysis. We illustrate the technique by a model renormalization group flow motivated by
the ultraviolet regime in many boson systems.



I. Introduction

Consider the grand canonical partition function, at temperature 7" and chemical po-
tential p, for a many boson system moving in a metric space X with a finite number of
points and metric d. Suppose that the Hamiltonian H is the sum of a single particle op-
erator (for example, the discrete Laplacian) with kernel h(x,y) and a two body operator
given by a real, symmetric, repulsive pair potential 2v(x,y).

In [2, Theorem 2.2], we proved the functional integral representation
Tr e 7r (H-pN)

= lim H |:dﬂR€ (Oé;kwoﬁ') C&(OCT—aOéT) e<a:_€,j(a)a.r>—s <ozf_ cOrvar_ ar >] (Il)
e—0
T€eZN(0,75]
for the partition function, under the convention that ag = « N and the limit ¢ — 0 is
restricted to ¢’s dividing 7 (that is, 1 € (kT)IN). Here, N is the number operator and,
for any r > 0,
dii (o, 0) = [ do” (dalx) p—a” (X)) y (|a(x)| < 7)

27
xeX
denotes the unnormalised Gaussian measure, cut off at radius r, and (. («, 3) is the char-
acteristic function of

{a,f8: X —Clla-Ble <ple) }

The cutoffs R. and po(e) grow at an appropriate rate as ¢ — 0.(Y) Furthermore, for any
e > 0, the operator j(e) = e *(h=#), We write the (IR-style) scalar product, (f,g) =
S cex f(x)g(x) for any two fields f,g: X — C.(2)

The representation (I.1) is the first part of a program to resolve the mathematical
difficulties inherent in the time—ultraviolet limit of the formal, coherent state functional
integral representation for the partition function and correlation functions of many boson
systems. See [5, 2.66] and the discussion in the introduction to [1]. In [4] this program is
completed, using techniques of renormalization group analysis. This paper is a description
of the “small field part” of that construction.

In [4] we obtain a representation of the functional integral of (I.1) which can be used

to analyze infrared problems. We do so by applying a simple version of a renormalization

(1) One can think of Re as growing a bit faster than and of pg(e) as a power of In é or a very small

1
e
power of % .

(2)  Thus the usual scalar product over C!X!is (f*, g).



group procedure, namely “decimation”. In each decimation step we integrate out every
“second” variable. In the first step, we integrate out o, with 7/ = ¢, 3¢, 5e, ---. The
integral with respect to these variables factorizes into the product, over 7 = 2¢, 4¢, 6e, - - -,
of the independent integrals

* *

R

€<Oéifg Ji(@ar)—e(ar_car val_ ar) Celar—c, r)

That is, assuming that % € 2¢IN,

H [dﬂRs (Oéi, aT) CE(aT—67 OéT) €<a:_€’j(€)a">_€ <a_’;_€a.r v a:_ea.r>
T€eZN(0, 75

~ [ T (a0 hie ot sia)
TE2eZN(0, 74+

where

ACKINOE / dfin, (6", 6) Ce(a, g) el IO
e=c((a”9,0a” @)@ 6, v B)) (4 B)

(L.2)

After n — 1 additional decimation steps we will have integrated out those «,’s with
T € (eZ\ (2")Z) N (0, =] leaving an integrand which is a function of the a,’s with
T € (2")Z N [0, 75 ]. Thus, for - € 2"¢ N, we write
H [dﬂRs (aia aT) Cs(OéT—e; OéT) e<04f._5,j(6)a.r>—a <ai—5a" va_’;_ea.r>
TEeZN(0,755]

= / H dﬂRs (O‘ia aT) In(67 O‘;k-—Z”aa aT)

TE(27€)ZN(0, 255 ]

(L3)
where the functions I, (e; a*, 3) are recursively defined by (I.2) and

Iosi(e; o, ) = / diin (6", 8) Ln(e; o, ) In(es 67, B) (1.4)

The main result of [4] is the construction and description of a functional Iy(a*, ),
defined for 6 € (0, ©] (where © = O(1), independent of v), such that

Ip(a*,3) = lim I,(27™0; o™, )

m—00

2



Then, for any p such that —= € (0, ©]

pkT
p

Tr o (1) — [T [ [T 20l o on) 105 10)  (15)
n=1 X€

with the convention ¢g = ¢, . (I.5) can be the starting point for an infrared analysis.

In [4] we describe the functions I, (g; o, 5) and Ig(a*, 3) as sums over “large/small
field decompositions” of X. The dominant part in the large/small field decomposition is
called the “pure small field part” and is obtained by replacing the full integrals (1.4) with
integrals over appropriate neighbourhoods of stationary points. See §II.

In this note, we discuss a toy model, which we call the “stationary phase approxima-
tion” (SP), in which all domains of integration are restricted, simply by fiat, to neighbour-
hoods of stationary points. These neighbourhoods will be measured by radii 7(d) where
d — r(9) is a positive and monotonically decreasing function. We now give a description
of the stationary phase approximation and derive estimates for it. To do this, introduce

the notation ¢,, = 2"™¢ and

Vs a®, ) =~ Y ([i(Ma’][i(6 =7 —e)b], v [i(n)a’][i(6 — T —e)8]) (L6)

T€eZN|0,5)
It will turn out that there is a function Es(e; a*,3) of the fields o*, 3 with the property

I,'SSP)(S, Oé*,ﬁ> — an (6>|X| e<0‘*7j(5n)ﬁ>+vsn (E§O‘*7ﬁ)+gsn(5;a*aﬁ) (1.7)

The function Es(e; a*, ) is defined for real numbers 0 < ¢ < § < O such that 6§ = 2"¢
for some integer n > 0. The normalization constant Z;5(¢) is defined in Appendix C. It is
chosen so that &s(s; 0,0) = 0. It is extremely close to 1. The “irrelevant” contributions

Es(e; a*, B) to the effective action are characterized by the recursion relation

E(g;a%,8) =0
| fdllr(é)(Z*? Z) eaAg(s;a*,ﬁ;z*,z)
O

Eas(e; aF, B) = Es(e; a*, j(0)B) + Es(e; j(0)a™, B) + [ dfirs) (2%, 2)

(1.8)

where

OAs(e; o, B; 2., 2) = [Vs(e; @, 5(6) B+ 2) — Vs(&; o, 5(6))]
+ [Vs(es §(0)a” + 2., B) = Vs(e; j(8)a”, B)]
+ [Es(e; @, (6)B+ 2) — Es(e5 0™, §(6)B)]
+ [E5(e J(0)a” + 2., B) — Es(e5 j()a”, B)]
The motivation for this recursion relation comes from a stationary phase construction and

is given in the next section.



We estimate E5(e; a*, 3) in terms of norms as in [3, Definition 2.6 and, more specif-
ically, (A.1)]. Assume that X is a metric space. Choose a constant m > 0 as a spatial
exponential decay rate, and a positive monotonically decreasing function § — x(d) to mea-
sure the radius of convergence of the expansion of Es(g; a*, 3) in powers of the fields a*
and (.

We define the norm of the power series

Fe8) =5 S0 alka, e xni v ye) alxi) - alxi)* Blyn) - Blye)

k>0 x1.xpE€X
Y1, Y €X

(with the coefficients a(x1, -+, Xk ; y1, -, ye¢) invariant under permutations of x1, - -+, Xy
and of y1,---,y¢) to be

If(@,B)lls = > max max 3 ws(X;F)]aX; F)
k,£>0 - (R, F)exkxxt
(X,5);=x

with the weight system
ws(X; §) = k(6L e &) for (X,¥) € XF x X*

where 7(X,y) is the minimal length of a tree which contains vertices at the points of the
set {X1,---, Xk, ¥1, -, ¥e}. In the language of [3, Definitions 2.5 and 2.6], w; is the weight
system with metric md that associates the constant weight factor x(J) to the fields o* and
$ and the norm | f(a*, 8)|s is denoted | f(a*, 3)||lws. For any operator A on €, with
kernel A(x,y), we define the weighted L'-~L> operator norm

Al = max { sup 3 e Ay sup 3 e Ayl b 110

x€X yex YeX yex

as in [3, Definition A.1].
The quantities relevant for the estimates of Es(e; a*, ), in addition to the radii (9)

and £(9), are the norm |||v|| of the interaction, a constant K; such
il < e7 and  |j(r) = 1] < Kyre™T  for >0 (L11)

(see Corollary B.2) and a constant 0 < © < 1 that bounds the range for which the

constructions work. On these quantities we make the

Hypothesis I.1 We assume that the monotonically decreasing functions r(t) and k(t) do

not decrease too quickly. Precisely,



(i) 1 <r(t) <2r(2t) and 1 < k(t) < 2k(2t), for all0 <t < O/2,
On the other hand, r(t) and k(t) must decrease quickly enough and r(t) must be sufficiently
)

small compared to k(t) that

(ii) e R(Qt + 4TE? <1, forall0 <t <0©/2,

(iii) r(t)[r ( ) —7r(2t)] > 2, for all0 <t < ©/2
We also assume that there are constants Kg and q > 1 such that
(iv) t||v]|r(t)s(t)® < L , forall0 <t <O,
K r 4
(v) creray 2 < (K((;t ) <C(0,Kg) (fff)))  for all0 <t <©/2,

where C(0, Kg) = e 9% [1 — %}

and

(vi) 2570 (%) 7“(2%)2 K(%)G converges uniformly in 0 <t < O

Example 1.2 Let v > 0.

(i) Suppose that

W)= A (D)™ and () = A (1)

VAR VIl

for some constants 0 < a, < a, obeying 3a, + a, < 1. We prove in Appendix D that
there are constants K, © and ¢ such that Hypothesis 1.1 is fulfilled for all nonzero v with
o]l < v.

(ii) Suppose that

_ 1 1\ b
() = g (Ingy)” and - r(0) = (In ggpy)
for some b > 1. Again, we prove in Appendix D that there are constants Kg, © and ¢
such that Hypothesis 1.1 is fulfilled for all nonzero v with |||v[|| < v.

We choose the pg(e) of the functional integral representation (I.1) to be r(e).

Theorem 1.3 Under Hypothesis 1.1
1€5(e5 @, B)| 5 < Kud®|[v]*r(8)*x(5)°

for all0 < e <6 <O for which g is a power of 2. The function Es(e; o, 3) has degree at
least two both® in o* and f.

(3) By this we mean that every monomial appearing in its power series expansion contains a factor of
the form a*(x1) a*(x2) B(x3) B(x4) .



Theorem 1.3 is proven after Proposition II1.3. The Theorem is proven by induction
on n, where § = 2"¢. The induction step is prepared by Proposition III.3, which is proven
using the results of [3]. After the proof of Theorem 1.3, we give the proof of

Theorem 1.4 The limit
£(a, ) = Tim £(27™0; a” )
exists uniformly in 0 < 0 < O. It fulfills the estimate
[€a(a”, B[], < K& 02||ll*r(0)*(6)°
and has degree at least two in both o and (3.

To take the limit ¢ — 0 in (1.7) observe that, for any fixed &

lim Vs(27"0; a*, 8) = Vs(a*, )

where
1)
Vs(a*, ) = - / ([5(0)a*] [ — 18], v[j(t)a*] [(6 — £)8]) dt

The stationary phase approximation to the Ip(a*, 3) constructed in [4] then is

170, 8) = lim ISP (2770; a*, B) = 2l O Vel Bt Eo(a” )

m—00

The existence of Zg = lim Zj ( 2%) is proven in Lemma C.1.
m—00



I1I. Stationary Phase and Stokes’ Theorem

To motivate the recursive definition (I1.8) of Es(e; a*, 3) we replace I,, by 157 in the

recursion relation (I.4). Inserting (I1.7), the resulting integral

/duR (¢*,¢) ISP (e; o, ¢) ISP (g5 9%, B)

— z2X]| / dfin, (67, §) 4@ I EIOHDT 5(=n)8) Ven (5507 6)+Ver (5076) gen (6507 9)+Ee, (53 67.6)

= 20 [[[ 1 20 (o) < Ro)| e

xeX
(IL.1)

with Z,, = Z. (¢) and
.A(Oé*,ﬂ; Oxs QS) = _<¢* ) ¢> + <05*7j<5n)¢> + <¢*7](5n)ﬂ>
+ Ve, (& o, 0) + Ve, (6 ¢, B) + &, (g5 ™, 8) + &, (€5 b, B)

Here we have written A as a function of four independent complex fields o™, 3, ¢. and ¢.
The activity in (I1.1) is obtained by evaluating A(a*, 3; ¢, ¢) with ¢. = ¢*, the complex
conjugate of ¢. The reason for introducing independent complex fields ¢, and ¢ lies in the

fact that the critical point (with respect to the variables ¢., ¢) of the quadratic part
—(@x, @) + (J(en)a™, @) + (s, (en) B) = (s — j(en)a™, ¢ — j(en)B) + (@7, ji(Ent1)B)

of A is “not real”. Precisely, the critical point is

=jlen)a*, 9™ =j(en) B

and in general (qbirit)* £ ¢t | To do stationary phase, we make the substitution

Crlt

¢* — ¢irit + 2, ’ ¢ — ¢Crit 1z (112)

with “fluctuation fields” z,, z. With this substitution, the quadratic part of A is equal to
—(2x, 2) + (a*, j(ens1)B) . So (II.1) becomes
22X gl ,J<an+1>ﬁ> xg( /M(x) 2 (M=) . (X)z(x)] Ala® Giz02) (I1.3)
where
A(a*, By 20, 2) = Ve, (5 0", 6 +2) + Ve, (&5 657 + 24, 0)

+ &, (55, ¢ 4 2) + &, (5 ¢ + 24, B)

M(x) = { (2:(%), 2(x)) | (657 (%) + 2:(x))" = ¢ (x) + 2(x)
and ‘(ﬁmt )+ 2(x)| < R }



(I1.3) is the integral over a real 2| X| dimensional subset in the complex 2|X| dimensional
space of fields z,, z.

The first step in the stationary phase approximation is to replace, for each x € X, the
set M (x) in (II.3) by the neighbourhood

D(x) = { (2:(x), 2(x)) € €| [2.(0] < 7(en); [2(30)] < rlen).
(24 (%) + 957 (x)) " = 2(x) + 6™(x) |

of the critical point. In [4, §VI] we show that the error introduced by this approximation
is extremely small (even when D(x) is empty). There, we provide detailed bounds on a
“large field—small field” expansion for which the above approximation is the leading term.
In Remark II.1.a, below, we illustrate the sources of the smallness for n = 0.

By Stokes’ Theorem (Lemma A.1 with r = r(g,,), 0 = 0, = 0 and p = (¢&it)* —pit)

one can write

B2l s [ ] / des LOAe) 2 (0)20) | A i) (I1.4)
xeX D(x)

as the sum of

Xl en) | / LRI~ GOF| (Al 0 (IL5)

27
xeX |2(x)|<r(en)

and ZQ|X|6<“*’j(5”+1)5> times

Z H |:/ dz*(x2)7/r\ldz(x) —z*(x)z(x):|
C(x)

RCX xER
H [/ dz(x)* Adz(x) —z*(x)z(x):| eA(a*,ﬁ;z*,z)’
271 zx (x)=2(x)*
XEX\R |Z(X)|<T(En) for xeX\R

where, for each x € X, C(x) is a two real dimensional submanifold of €* whose boundary
is the union of “circles” 0D(x) and { (2(x), 2(x)) € C? } 21 (x) = 2(x), |2(x)| =r(en) }
In [4] we argue that —z,(x)z(x) has an extremely large negative real part whenever
(z4(x), 2(x)) € C(x). (Also see Remark II.1.b, below.) The second step in the stationary
phase approximation is to ignore these terms. That is, to replace (I1.4) with (IL5).

Thus, the stationary phase approximation for

/ diin (6%, 8) ISP (&5 o*, &) ISP (: 67, B)

8



is
(15) = 221600 [ (2,2) 95
By construction
Ve, (&5 @, ™) + V., (85 687, 8) = Ve, (85 @, j(€a)B) + Ve, (&5 G(en)™, B)
— V€n+1 (67 Oé*, ﬂ)
so that
Vo, (85 @, 0™+ 2) + Ve, (5 687 + 27, 9)
= V€n+1 (57 04*7 ﬁ) + [V€n (67 Ofk?j(gn)ﬂ + Z) - fon (67 Oﬁ?j(gn)ﬂ)]
+ Ve (&5 den)a” +27,8) = Ve, (&5 j(en)a”, B)]

Consequently, the stationary phase approximation for

/ djin. (&%) ISP (e a*, 6) ISP (5; 67, )

can also be written as
ZQ|X| €<a* aj(5n+1)ﬁ>+vs,L+1 (E; a*aﬁ)
n

0Ac, (g;a™,B;24,2)

eEen(E:07,j(en)B) +5sn(5;ﬂ'(5")0‘*’ﬁ)/dﬁr(an)(z*,Z)e

This is compatible with (I.7) and (I.8) since, by the definition of Appendix C,

2
Zse, (en) = Ze, (¢)? / dzzﬁzdz e~ 12l
|z|<r(en)

Remark I1.1

(a) We now illustrate why the error introduced by the stationary phase approximation is
extremely small, by considering the case n = 0. The initial functional integral representa-

tion (I.1) may be written

e o) <y [T TS )] < )] Glareia)

e—0
TEEZN(0, 75 xeX

. %(a’;,yaﬁsﬁo(e; Ozi_sy

ar)e_%<o‘i’o‘7>}

where
I()(é‘; Oé*, ﬂ) = e<a*7j(5)ﬁ>6_€<a*ﬁ,va*ﬂ>

9



Dropping one of the “time derivative small field characteristic functions” (. (co:_c, o)
would introduce only a very small error. This is because, writing a.,_. = a and «a, = 3,

the quadratic part of the exponent of 6_%@‘*’@[0(6; a”, ﬁ)e_%<5*’ﬁ> obeys

Re{ — 3 (a",a) +({a",j(e)8) — 5 (67, 8) } ®Re{ — 5 (a",a) +(a", 8) — 5 (6", 8) }
= —5lla =Bl

which generates a factor of order e~ 3P0(©)* = ¢=37()” when (c, B) is not in the support of
(e (ar, B). The quartic part —e{a* 3, v a*3) of the exponent is roughly —e(a*a, va*a) <0
and so cannot generate a large factor. A similar mechanism generates small factors for the
right hand side of (I.3) whenever the difference a,_. — a, between the two arguments of
I,, is larger than roughly r(g,).

Consequently, we apply the stationary phase approximation to the integral

I1<6; Oé*?ﬂ) = /dﬂR€(¢*7¢) 46(057 (ZS) Io(é; 05*7¢)IO<6; ¢*75) §€(<¢*)*7ﬂ)

of (I.2), only when the “time derivative small field condition” ||a— ||« < r(2¢) is satisfied.

The change of variables (I1.2) expresses I; as

Ii(e; a*, B) = ' ’9(25)5> H/ dZ*(XQ)Adz(x) —z*(x)z(x)] A" Bi70,2)
xeX M (x)

C(a,§(e)8+ 2) ¢ (((e)a™ + 2.)*, B)

The characteristic function (. (a, je)s+ z) limits the domain of integration to z’s obeying

Iz +5(e)B = alleo <r(e)

Since || — Blloc < r(2¢) < 3r(e) and [|j(¢)B8 — Bllso < consteR. < r(e), this condition
is roughly equivalent to ||z||cc < r(g). On the difference between these two domains of
integration, the integrand is extremely small, for reasons like those given above. Similarly,
the condition imposed by the second (. is roughly equivalent to ||z.|lc < 7(¢). The two
conditions ||z]|cc < r(€) and ||z«]|co < r(€) are built into the domains of integration D(x)

n (I1.4).

(b) The ‘time derivative small field condition” [l — f]|oc < r(2¢) < 27(e) is also used to
ensure that —z,(x)z(x) has an extremely large negative real part whenever (z,(x), z(x))
lies on C'(x), the side of the Stokes’ “cylinder”. This may be seen from Remark A.3 with

r=r(), o =0,=0 and p= (¢<*)* — ¢ = j(e)[a — f].

10



III. The Induction Step

In preparation for the proof of the Proposition II1.3 below, as well as of the proofs of
Theorems 1.3 and 1.4, we collect consequences of the hypotheses 1.1 in the form in which

they are actually used in these proofs.

Remark ITI.1 Hypothesis I.1 implies that for all 0 < § < ©/2

Kp > 219 9% (IIL.1.i)
931 146K 25K, [ (6 2 (&) \2 33
[TJFG J(R(%))) }(WQ)) <2 (IIL.1.i)
4
2215 (555 + 2 bl (9) w(20)° < g (IIL 1.5i)

Proof: Hypothesis I.1.v forces C(0, Kg) > 0 and hence K > 233¢!4%i which implies
(IT1.1.i). Hypothesis I.1.v also forces

( k(9) )2 < 9e~20K; /1 _ 283 14K; (r(25))2 < 9~ 20K; [1 282 MK ] (r(26))2

and hence

4231 JRETDS 25Kj( x(5) )2( 7(5) )2 S 9

Kg +e x(26) m

So (III.1.ii) now follows from Hypothesis I.1.i, which ensures that (:((T‘?))Q < 4. Finally,
by Hypotheses I.1.iv and I.1.v,

26205 (%‘?)4 + 228 &9 || (8)r(26)° < *OKiq C(O, K ) + 29
— ge 20K, _ 233 e—2ZZje14Kj + 226KeZKj
<q
since g >1and 0 <O < 1. [ ]

We formulate the recursion relation (1.8) that defines &, (e; a*, 3) more abstractly.

Definition ITI.2 Let 0 <& < §. For an action £(a*, 3) we set

fdﬂr(a)(Z*, z) e0As, (€%, 852", 2)

f dll:lr(6) (Z*v Z)

Rse €] (", B) = E(a”,j(0)B) +E(j(6)a”, B) + log

11



whenever the logarithm is defined. Here

8A5,€(8; 05*75; Zxy 2 [V5(67 Oé*, ( )B+Z) - V5(6; Oé*,j<6)ﬁ)}

+ [Vs(e; j(6)a” +z*,6)—V5(€' j(8)a”, B)]
+[E(0",§(0)B + 2) — £(a”, §(5)B)]
+ [é; Jj(0)a* + 2, 8) — E(j ( )CX J )}

The recursion relation (I1.8) is equivalent to

E(e;a%,8)=0

(I11.2)
gsn_,_l (65", B) = Re, e [gsn (650", 6)}

To prove Theorem 1.3, we perform induction on n to successively bound &, (e; - ) for
n=20,-- log2 =. For the induction step, we use

Proposition II1.3 Assume the r(t) and k(t) fulfill the Hypotheses 1.1. Then, for all
0<e<9<0/2, with § an integer multiple of €, the following holds:

Let E(a*, B) be an analytic function which has degree at least two both in o* and 3
ﬂ)H(S < 29€7Ki8|||v]| r(8) k(20)% . Then Rs.[E](a*, B) is well
defined, has degree at least two both in o and (3, and satisfies the estimate

and which obeys ||€(a
4
[9%.0 [€] 15 < 272 M550 620102 (8)? (26)° + 227 (4200 e

Proof: Observe that the functions Vs(e; a*,5(0)8 + z) — Vs(e; a*,5(5)5) and
E(a*,7(0)f+ z) —E(a*,j(6)F) have both degree at least two in a*, degree at least one in
z and do not depend on z,. Similarly, both Vs(g; j(0)a™ + 2z, 8) — Vs(e; j(6)a™, 3) and
E(J(0)a* + 2z, B) — E(§(d)a*, B) have degree at least two in 3, degree at least one in z,
and do not depend on z. Since the integral of any monomial against dfi,s)(z", 2) is zero

unless there are the same number of z’s and z*’s,
/ dfir(5) (27, 2) OAse(E; 0", 327, 2) =0 (I11.3)

fdﬂr(é)(Z*vz)
implies that R; . [8] (a*, ) has degree at least two both in a* and f.

To estimate 0A;. we introduce a second auxiliary weight system wgyes. It has

and log has degree at least two both in a* and 3. This

metric md and associates the constant weight factor x(2d) to the fields a* and (3, and

12



the constant weight factor 4r(J) to the fluctuation fields z. and z. We abbreviate
1f (s B zas 2)llmer = [[F (@, 55 205 2) |lwpryer - Clearly, || f(a”, B)ll2s = [[f(@", 5)|laues for

functions that are independent of the fluctuation fields.
Observe that

Vs(e; o, 5(0)8 + 2) — Vs(e; o, 5(5)5)

=€ Z [(7*7‘—597’7 UF}’*T—EQT) - <’7*T—5g7’7 UV*T—E.@T)}
T€eZN(0,6]

with
Ver = J(T)0" gr =20 =7)3  Gr =6 —7)(j(0)B+2) = (20 —T)B+j(6 —7)z

(I11.4)
We apply [3, Proposition A.3.ii], with d replaced by md, r =4, s =3, h(y1, - -,74) =

(Y172, VY374) , 1 = @, e = 3, g = z, weights \y =--- =y =1 and
[y =T5=j(r—e¢) [3=Ti=j26-7) T3=Ti=0 (1Ls)
M=I3=j(r—e  I=Ti=j20-7) TI§=Ii=j0-7)
with all other I‘z 's and fz ’s being zero. Then
o = w(20) max {[Ii(r — )l 1320~ I, (26— 7l + 428K 1565 - )}
< (1+4555)e* 50 k(20) (IIL.6)

a5 = 4r(8)|[5(8 — 7)|| < 4e"°r(5)
So, for each 7 € eZ N (0, §],

| (Yer—e@rs VYsr—cgr) = (Var—clr, VVr—cir) || gues < 4llBllwy050”
< 2%e™50 ||| r(8) K(26)°

Here, we used that r(d) < 1x(8) < 2k(26) by Hypotheses L.1.ii and L.1.i. Summing over 7

gives
[Vs(es @, (8)8 +2) = Vs(e; @™, j(0)8)]|guee < 2779 Sll0ll 7(6) (26)°
Similarly
[Vs(e; §(8)a” + 2, B) = Vs(e; §(8)a” + 2us B) | gueq < 27679 dl|[v]] 7(5) 5(26)
Next, by [3, Corollary A.2], for any analytic function f(a*, §)
[£(a®, 5(0)B+2) = F(@*, j(6)B)]|gues < [1F(@%, 5B+ 2)||guee < 1@, 8)]; (1117

13



since

(20 (o r(26
20) 5 (3) ) + 1)) < 55 52D 4 40 < g

by Hypothesis I.1.ii. In particular Hé’(a*, j(é)ﬂ—m) —5(@*, j(é)ﬁ)
[€(G(8)a* + 2., B) = E(F()a*, B) || gues < I€]l5 -

Combining the bounds of the previous two paragraphs with the assumption on [|£||s,

| guer < I€1l5 - Similarly

we get

|0As. (&5 < 210 e™55g]|lo]| r(8) £(20)° + 2|15 < 2 ™ dl|lu]] () £(20)* <

Hﬁuct - — — 64
(IIL8)

by Hypothesis I.1.iv and (IIL.1.i). By (IIL.3) and [3, Corollary 3.5] with n =1

< ”aAé’s(g;')”%luct
< .
26 (%—HaAs,s(S; : )”fluct)

S 232 6146Kj52mvm27,(5)2 li(2(5)6

H [ dfips) (2%, z) €245 (E 0T Bize2)
fdﬂr(a) z*, 2)

Combining this estimate and the estimate of Lemma II1.4, below, with f = &, we get the
desired bound on H%&E [5} H% . [ |
Lemma II1.4 Let f(a*, 3) be an analytic function that has degree at least two both in o
and 3. Then

170" 50 losr 17G@)a,8)55 < 7 (222) 171,

Proof: Introduce the auxiliary weight system w,y,x with, in the language of [3, Definitions
2.5 and 2.6 and, more specifically, (A.1)], metric md that associates the constant weight
factor x(d) to the field a, and the constant weight factor e ~%ik(J) to the field 3. Since,
by (I.11), %HU@NH <1, [3, Corollary A.2] gives

1, i@a)l, < Ifl;

As f(a*,j(6)B) has degree at least two both in a* and 8 and e *Kik(8) > k(20), by
Hypothesis I.1.ii,

2 2
170, 50)8) s < (559) (=525 ) (17 (0,5 @)B) .. < e (55 ) £l
The estimate on || f(j(6)a*, B) H% is similar. [ |

14



Proof of Theorem 1.3: We write 6 = ¢,, = 2"¢ and prove the statement by induction
on n. In the case n = 0 there is nothing to prove. For the induction step from n to n + 1,
set 6 = €,. The hypothesis of Proposition II1.3, with £ = &, is satisfied since,

15|, < K& 0%||v]|?r(5)2k(6)C < 8 8][lv]] 7(6)K(20) (I11.9)

by the inductive hypothesis and Hypothesis 1.1, parts (i) and (iv). Using (I11.2), Proposi-
tion I11.3 and (III.1.ii) we see that

4
< 9% MO o] r(5)? 1(20)° + 2627 (B20) " Ko 570l £(5)? w(5)°

n+1H€n+1 — )

2
< [232 RELL T 2625Kj( K (5) ) KE} 82|[[v[|[2 7(5)? k(26)°

=

K(29)

31 146K k(s 2 (S 2
= 12+ (1) ] (5eh) K (26)2ll? (20)? (20)°

< Kp(20)*[[vll* r(20)* 1(20)°

I

= Kpepallvll* rens)® mlensa)"

In the proof of Theorem 1.4, we shall compare £y (2_m_19; ¥, ﬁ) and &y (2_’”9; ¥, B)
to prove that the sequence &y (2_’”9; . ) is Cauchy with respect to our norm. To do so,
we shall compare &, (§; - ) and &, (g; - ) for each n = 0,---,log, %. This is done by
induction on n. For the induction step, we use Proposition II1.6, below. To prepare for it,

we have

Lemma II1.5 Set
W(O!*,ﬁ> = V5(5; a*vﬁ) _V(S(%a O!*,B)

Then

W (@, 24 5(8)8) = W (02 5 (0)8) [l ey < 2067 8]0 r(8)r(26)?
[W (2. + §(8) e, B) = W (§(8) s, B) e < 206”7 &6]l0[|r(8)r(25)?

Proof: We prove the first inequality. By definition

W(aw, B) = Wi(ax, B) + Wa(aw, B)

15



with

Wl (04*7 ﬁ) = _% Z [<’7*7’—5’77': U7*7—677'> - <’7*T—577—%7 /UFY*T—EFYT—%>j|
T€eZN(0,6]

g

Wa(aw, B) = —3 Z [<'7*T—a'77> VYaer—eVr) — <'7*T—§'777 U’V*T—%’VT>}
T€eZN(0,6]

where

*

Yer = §(T)x Yr =46 —T)

Using the notation of (I11.4),

Wl(Oé*,j ) Wl(a*yz‘i‘] )
%

Z |:<7*7' ey Vs — EgT) - <7*T—sgr—%: U’Y*T—EQT—§>
T€eZN(0,6]

- <’7*T—€g7'7 U’Y*T—ag7> + <7*T—€g7'—%7 UV*T—&QT—§>}

g

=72 Z |:<7*T—€g7'7 U'Y*T—agT <’7*7— € j( )gT? UYxr—e j(%)gT>
T€eZN(0,6]

— (Yar—efrs VYar—efr) + (Vor—e 1(5)Grs VYer—c 5(5)4r >}

This time, we apply [3, Proposition A.3.iii] using the Fg’s and f‘z’s of (IIL.5) and, in
addition,

A=A =A3=43=1 A=A, =1 A2:A4:j(%)

The Corollary bounds the || - ||guet norm of the 7 term by 42||v|||osas(ca)?® with the o
and o5 of (II1.6) and

a = max { 1], m;@)m} < el
as = [13(5) = 1| < K¢

by (I.11). Inserting and summing over 7, we get

HW1 (Oé*, z+ 9(5)5) — W (O‘*aj<5)/8) Hﬁuct

3
22 Jloll 4e70r(8) 58505 (14 45(55) 0 w(20) %)
K5 eblolr(8)r(26)?

154
<3
< 2%

The same estimate holds for HWQ (oz*, z+ j(5)ﬂ) — Wy (a*,j(é)ﬁ) Hﬂuct.
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Proposition II1.6 Under the hypotheses of Proposition III.3, assume that there is
a second analytic function g’(a*,ﬂ) which has similar properties to Eand is close to

E. Precisely, we assume that £ is of degree at least two both in o and 3 and obeys
€]l < 2° ™ 5]l r(8) (20)* . Then

195, [€] = P55 [€]

2 [E] ||, < 230855282 [0]|2 1 (8)? 1(20)° + q ||€ — €5

where q is the constant in parts (v) and (vi) of Hypotheses I.1.

Proof: By Definition III.2,

f dlar(é) (Z*, Z) ea-Aé,e(g; a”,B;z2" ,z)

Rse [E] — Rs, [5} = B(a”, §) + log [ di5) (2%, 2)

2

L (I11.10)
[ digp (2, 2) A B0
— log —
fdur(6)<2*7z)
where B(a*, () = (€ — £)(a*,§(6)B) + (£ — €)(j(§)a*, B) . By Lemma IIL.4,
4 .
I1Bll2s < 22755 (=220 1€ - &, (ITL.11)

With the notation of the previous lemma,

aA5,6<g; Oé*, 57 Zxs Z) - aAé,% (8~7 05*7 57 Zxs Z)
= [W(a",2+5(8)8) — W(a*,5(8)B)] + [W (2 + i(d)a”, 8) — W (j(d)a”, B)]
+C(a", B; 24, 2)
where . .
Cla®, 35 24, 2) = [(€ = E) (™, j(0) B + 2) — (€ — E)(a”, j(0) )]
+[E=E)((O)a” + 2, 8) = (€ = E)(§(8)a”, B)]
By (IIL7), |ICllauct < 2||€ — €|s . Combining this with Lemma IIL.5, we get
|0As5.2(E; +) — 0As < (&; < 21195 2 §||v]| 7(8) k(26)% + 2 ||E — E||s

) ')Hﬂ t —
e I11.12
S {211 eQKj €+ 211 e?éKj} &va 7‘((5) H(2(5)3 ( )

Consequently, by (I11.8),

10A5.(E; M e + 10A45(E5 ) = A5 £ (5 )| e
< {21 e e 421255} G]|lu]| 7 (0) K(20)°

< 2™ g]|lvfllr(8) 5(20)° < & — 35

17



by (III.1.i) and Hypothesis [.1.iv. Therefore the hypotheses of [3, Corollary 3.6] are satisfied
and we have, using (I11.3) and (II1.12),

H fd#r(é) 2t 2)e OAs.o(E; 0% Bi2s,2) | fdﬁr((s)(z*,z) 68A5,§(5;a*ﬁ;z*,z)
“ 1o -
fd,uT@ 2, 2) 8 fdﬂr(a)(z*az> 25
< 22{ 045 (€5 )|y + 045 ) = 0 As5 (€ ) e}

10452 (€5 ) = 0455 (€5 )l uer
< 2% 5 o] r(8) m(26)° {2 €5 e 6ol 7(8) K(20)* + 2 1€ ~ E]l5 |

Using this, (III.11) and (III.1.iii), we bound (II1.10) by

[R50 [€] — Rz [€] ] 5 < 2% 8|0 r(6)* 5(20)° + g [|I€ — Ells

Corollary IIL.7 For all sufficiently small € > 0 and integers 0 < n < log, %, we have

€2 (5 0", 8) = £c,(5; 2", )., < Kpq"*[[vl*r(e)*k(e)"

n
+2%0e¥ 5 e lofl* 30 ¢ e r(en)® wlen)”
k=1

Proof: The proof is by induction on n. In the case n =0, &, (&; a*,3) =0 and
€2, (5: @, B)||.. < Kre?|[vl*r(e)?k(e)°

by Theorem 1.3. For the induction step from n to n + 1, apply Proposition III.6, with
§=¢en, E=E.,(c) and € = &, (5). This gives, using Hypothesis I.1.1 and the induction
hypOtheSIS on ||€En( ) - gEn(Q)”‘En’

H5€n+1 <6) - 5€n+1 (%)
< 936,18K;

e,

e llvll* 5 r(en)? £(ens1)® + q [1€2, (€ )—Ean(%)llsn

< Kpg" e |lollPr(e)*s(e)® + 2% e [|lv]|* Z ¢ e r(en)? wler)®
=1

18



Proof of Theorem 1.4: By Corollary II1.7, with ¢ = 27™6 and n = m, we have, for
sufficiently large m

|0 .8) = Eo(tems o )|, < K 0ol (5" () n (50)°

27n 277L
36 18K, 29 "L g\E 9\2 [0\6
+ 270 |[olll” o= /;0 (1) r(3r)" s(3r)
and consequently
[ee]
> |eo($s 0t 8) — Ealstrs 0, 9)|,
> > v—1
<comst PP 3 (9 r(#)w($) + 3 £ 5 (1) (8 n(8)']
v=m v=m £=0
> k 2 6 > k 2 6 &
< const 10l 3 (3)*r(8)* () + & S0 (0 (5) w($)° S H]
k=m k=0 v=

Hence, by Hypothesis I.1.vi and the Cauchy criterion, the sequence £»(270; o™, 3) con-
verges uniformly in 6. This gives Theorem 1.4.
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Appendix A: Appendix on Stokes’ Theorem

Lemma A.1 Letr >0 and 0,0.,p € C* obey |p(x) + 0. (x)* —0(x)| <2r forallx € X.
Set

Dy, 0,p(x) = { (z:(x), 2(x)) € C? ’ ‘z*(x) — J*(X)‘ <r, ‘z(x) — O'(X)‘ <,

Da*ap X Da*ap( )
xeX

Let, for each x € X, Cy, o ,(x) be any two real dimensional submanifold?) of C* whose
boundary is the union of the one real dimensional submanifolds 0D, » ,(x) and the circle
{(z*(x),z(x)) e C? ‘ zE(x) = 2(x), }z(x)‘ =r } Furthermore let f(aq, -, as; 24, 2) be
a function that is holomorphic in the variables o, - - -, as in a neighbourhood of the origin
in €% and in the variables (z.,2) € Xyex P(X), with, for each x € X, P(x) being an
open polydisc in C* that contains Cy, 5 ,(x). Then

/ H dz*(x2)/\dz(x) —z*(x)z(x)] (@1 auiza,2)

Doop xeX
Z H </ dz*(xz)/\dz(x) —z*(x)z(x))
RCX xeR N7/ Cou,0,p(X)
11 ( / 260" Nz () —z*<x>z<x>) eften e
2mi 24 () =2()*
XGX\R |Z(X)|§T for xeX\R

Proof: In the proof we suppress the subscripts ., o, p. For each x € X there is a three
real dimensional submanifold B(x) C P(x) whose boundary is the union of D(x), C(x)
and

Dr(x) = { (2.(x), 2(x)) € C* ‘ zH(x) = 2(x), |2(x)] < 'r}

We apply Stokes’ Theorem once for each point x € X to the differential form

w= N EOPED exp{ (a2 + fla, o asi 20 2) |
xeX

Since w is a holomorphic 2| X | form in €?¥!, dw = 0 and

/Dw: > /MRw where Mg =[] Dr(x) x [] C(x)

RCX x¢R xeR
(1) By submanifold, we really mean a submanifold with corners. The orientation of Cy, ,o,p(x) must also
be chosen appropriately.
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Example A.2 In Lemma A.1, C(x) = Cs, »,(x) must be a surface whose boundary
coincides with the union of the boundaries of D (x) and D,, » ,(x). A possible choice of
such a surface is constructed as follows. Interpolate between D (x) and D, , ,(x) by the

three dimensional set B(x) = Jy<;<; Di(x) where
Dyi(x) = { (24,2) € C? ‘ |2 —tou(x)| <7, |z —to(x)| <7, 2 — 2 =tp(x) }
Then C(x) = Uycycq 0D¢(x) has the required boundary.

Da*,a,p(x>

Remark A.3 In the example above,
Re(2.2) = 4 (2 — o)) — r(lo(x)] + |0 ()])

for all (z,z) € C(x). Furthermore the area of C(x) is bounded by 87r[|o| + |o.| + |p|].

Proof: Let (z.,2) € C(x). We suppress the dependence on x. There is a 0 < ¢t < 1 such
that max{}z* — ta*} , }z — ta‘} =rand z, = z* —tp*. So
2,2 = |z — to|* + 2Re (2 — to)to™ + |to|? — tp*z
2e2 = |2e — tou |2 + 2Re (2, — to )tol + |to.|? +tpz* — |tp|?
Adding and taking the real part,
2Re (2.2) = |z — to|? + |z — to.|* + 2Re (2 — to)to™ + 2Re (2, — to,)tor
+2(lo]? + |ou]* = [p]?)
> 12 = 2r(|o] + o)) — |ol?
By construction, C'(x) is contained in the union of the two cylinders
{ (r¢+to,r¢* +t(c*—p)) | <] =1, t€[0,1] }
{ (r&*+t(os +p),r¢+to) | €] =1, t€[0,1] }

The area of the first is bounded by 27v/2r/|0[? + [o — p|2 and the area of the second is
bounded by 27v/2r+/|o.|2 + |oF + p|2. [ |
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Appendix B: Properties of j(7)

We discuss the decay properties of the operator j(7) = e~ "("=#) using the operator
norm (1.10).

Lemma B.1

(a) For any two operators A,B: L*(X) — L*(X)

IABII| < [ILALIBII

(b) For any operator A : L*(X) — L*(X) and any complex number o

meav‘\m < elalllAll meaA _ ﬂm < o |||.A|||e|o‘| (1ALl

Proof: (a) By the triangle inequality, for each x € X,

D O (AB)(xy)| < Y e A(x,2)[e V)| Bz, )|

yeX y,z€X

<Y e Ax,2)] 18|
zeX

< [lAlFIBI

The other bound is similar.

(b) By part (a),

0 oo
el < 37 Ao 47| < 3 Aol Al = elot 141
n=0 n=0
and
[e.] oo
et = 1l < 3 oA < 3 ol AN < fol LAl 141
n=1 n=1
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Corollary B.2 Let 7 > 0.

I3 < e MlEm () = 1| < 7(Ih] + |p])em ImiHED

Proof: Write j(7) = e™ e~ ™ and j(7) — 1 = e™#(e~™ — 1) + e™* — 1. By the previous
Lemma
()| = e™|lle= ||| < ee I

and
5(r) = T < e fle="" = W + le™ — T < rffhfjes eI 4 e — 1]
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Appendix C: The Normalization Constant

We define the normalization constants Zs(¢) by the recursion relation

Lemma C.1 Forall0 < e < § with g a positive integer power of 2, we have 0 < Zs(e) < 1
and
|In Z5(e)| < e 70

Furthermore, the limit Zs = lim 35(2%) exists and also obeys ‘ln Z(s‘ < e~ T(0)?,
Proof: Start by fixing any € > 0 and writing €,, = 2"e. From the inductive definition,

nZz, ,  (e)=2InZ. (¢)+nZl where Z] = / % < 1
|z|<r(en)
so that 0 < Z. (¢) <1 for all n € IN and
27" 2., ()| =272, (o) +27" 7 I 2L, |

which implies
n—1

27"z, (e)) =) 27F ! mz | (C.1)
k=0

(Ekz) r(ex)?

|(z,y)|Zr(ek)

and }ln(l —z)| < 5 xlﬂﬁl < 2|z| for all |z| < 1,

n—1 n—1
er(en)’ ‘ In an(e)} = Z gn—k=1cr(en) ‘ In (1 — e_r(s’“)z)} < Z on—ke=(r(ex)’=r(en)?)
k=0 k=0
By Hypothesis I.1.iii,
n—1 n—1
r(en)’ —r(en)® = Z(r(gp)z - T(gp-H)z) > Z r(ep)(r(ep) — r(ept1)) Z 2
p=k p=k
=2(n—k)
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so that

n—1 fee)

er(€n)2‘ ].nZan (6)‘ < Z 2n—ke—2(n k) Z % _ 12/28/62 <1
k=0 /=1

For the limit, we rewrite (C.1)

n—1 n
mZ., ()| => 2" " mz, |=> 27" mz |,
k=0 (=1
which implies
| Z5(0)| => 27 [ In 2} (C.2)
=1
and hence
lim ‘an(; 2L }—Z% l‘an' gé}—ZQZ 1‘111 _T(T[‘S)z)}
< e—r(6)2 i 2ee—(r(2*‘45)2—r(5)2) < e—r(é)z i ol g =20
=1 =1
< e—T(5)2
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Appendix D: The Proof of Example 1.2

Example 1.2 Let v > 0.

(i) Suppose that

for some constants 0 < a, < a, obeying 3a, + a, < 1. Then there are constants Kg, ©

and ¢ such that Hypothesis 1.1 is fulfilled for all nonzero v with |||v]| < v.
(ii) Suppose that

w() = = ()’ and () = (In )

for some b > 1. Then there are constants K g, © and ¢ such that Hypothesis 1.1 is fulfilled

for all nonzero v with |[||v[|| < v.

Proof: (i) We have

T =me sm o tllr@s@)? =dte e T = e

So part (i) of the Hypothesis is trivially fulfilled if 4%/5 min {%, ﬁ} > 1. Part (ii) of the

Hypothesis, namely et L 4 4t% = < 1 is satisfied provided e®%i -1 4 4@~ < 1,

20k 20k

which is the case if O is small enough. Part (iii) of the Hypothesis, namely

r(t)[r(t) —r(2t)] = \/ﬁt% [1— 5] >2

is satisfied if gyr [1 — 53-] > 2v/0. Part (iv) of the Hypothesis, namely ¢!~ =3 < K%;?

is satisfied provided @ —ar—3%s < KLE The uniform convergence (for each fixed nonzero
v) of
— k 2 t \6 2—2a,—6a -2 = 2a,+6a,\¥
2 (9) r(gr) w(ge) = 272000 o] 72 ) (§2%4r o)
k=0 k=0

is achieved whenever ¢ < 22(1=¢r=32x)  Finally, to satisfy part (v), we need

1 2 4a, 4

or
q> % and glantdar=2 < (@, Kg)
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Since a,.+a, < a,.@-l-%a,@-i-%ar = %(Ban-l-ar) < %, we have 1—4a,, < 2(1—a,—3a,; ) and hence
max{l 21_4‘“} < 22(1—ar=3ax)  Pix any ¢ obeying max{l 21_4“*} < q < 22(t—ar—3ays)
Then, picka C < 1 sufﬁ(nently close to 1 that g > 2% and 24ax+iar—2 < C. Then, pick a
K large enough that 1— T > (. Finally, Choose 0 < © < 1 that is small enough that
1 mln{@ar7 9%} >1, c©K; 1 4 qQax—ar <1, Ol—ar—3ax < KIE’ o [1 — 2%} > 2\/_

o 2ar
n2 \°

C@:<1— n2>

ln@

and C(0,Kg) > C.
Then, for all 0 <t < % and v with ||v]|| < v,

In2 b
r(2
T((tt)) - (1 7) € [Ce,1)

In
tlo]l

(ii) Set

so that

K 4b r
2 ¢ AiCo.1)  Hlollr(t)s(t)® = Villoll( i) 28 = o]

The proof now continues as in part (i).
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