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Abstract

We develop a power series representation and estimates
for an effective action of the form

[ P2 du(p)
[T dulp)

Here, F(i, ) is an analytic function of the real fields

In

©(x), 1 (x) indexed by x in a finite set X, and du(yp) is
a compactly supported product measure. Such effective
actions occur in the small field region for a renormal-
ization group analysis. The customary way to analyze
them is a cluster expansion, possibly preceded by a de-
coupling expansion. Using methods similar to a polymer
expansion, we estimate the power series of the effective
action without introducing an artificial decomposition of
the underlying space into boxes.
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Motivation — Renormalization Group Construction
Protocol

» Express all quantities of interest as functional integrals

like
f eA(\If,CI)) d,LL((I))

f eA(0,9) d,u(CI))

> Factor the measure du(®) = [],=, due(pe), with the
least important degrees of freedom having index ¢

G(¥)=1In

small, to express

f AT, 01,02,) H;il de(pp)
[ eA©e102,) TT72, dpe(00)

» Do the integrals one at a time. Define the “effective

G(¥)=1In

action at scale n'" to be

An(\Ija Pn+1, Pn+2, " )

[ eAMere2) T dpe(pe)

p ln n
[ eAO@10n,0:) TT7, dpe(0)

Then
J et 9 dp, ()

J eAn=100:9) dp,, (¢p)

where p = @, and ¥ = (U, ppt1, Pnt2, ).

A, () =In
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The Main Theorem

Let X (= space) be a finite set. Let dug(t) be a normal-
ized measure on IR that is supported in |t| < r for some
constant 7. We endow IR with the ultralocal product
measure

dp(p) = T dpo(e(x))

xc X

Theorem 111.4 Let w and W be weight systems for 1
and 2 fields, respectively, that obey

W(X,5) > (4r)"Vw(x)

If F(¢,¢) obeys |F|lw < 1, then there is a real

analytic function f(1) such that

f GF(%WP) du(sp) _ ef((ﬁ)
J eF 02 du(ep)

(IIL.1)

and

17|
1l < =To1PT
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Notation

x € X = space, a finite set
X € X = multispace = U X"
n>0
z{ (X1, -,Xp) € X" ’ n>0 }
For X = (Xla'”axn) c X", }_; — (Yla"'aYm) e X™
and p: X — IR,
n(xX) =n
}_(’O}_f): (Xla"'vxn7YI7°°°7Ym) EXTH_WL
p(X) = p(x1)p(x2) - p(xn)
Supp( ) = {Xla Xn} C X
If F', f are real analytic on a neighbourhood of the origin,
then there are unique expansions

with A(X,¥), a(X) invariant under permutations of the
components of X and under permutations of the compo-
nents of y.
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Outline of the Proof — Algebra
Write F(¢, ) = >, A(X,¥) ¥(X)e(y).

X, yEX

a(¥) = Z AR, ¥) (X)

> Set

With this notation

F($,0) = ) aly) ¢(F)

yex

By factoring e (¥:0) out of the integral in the numerator
of (I11.1), we may assume that F'(1),0) = 0. Expanding
the exponential
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Define the incidence graph G(¥y1,---,¥¢) to be the la-
belled graph with

> vertices {1,---,¢} and

> an edge between i # j when supp y; Nsuppy; # 0.

For a subset of Z C X, denote by C(Z) the set of all
ordered tuples (¥1,-+,¥n) such that

> Z =suppyi U---Usuppyn.

> G(¥y1, -+,¥n) is connected.

We call such a tuple a connected cover of 7.

So

Y17"'ay€€X
14
_ N\ 1L
o n!
nzl Zl,...’ZnCX Ilu...ujn:{l,...’g} §17...79‘£
pairwise disjoint Iq,---,I, pairwise disjoint (¥i)ier. €C(Z;)
nonempty J J

—

(Y1) a(Ye) (Y1) - o(Ye)
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Fix, for the moment, pairwise disjoint nonempty subsets
Zi, -+, 4pof X and £ > n. Then

> Y o) eFe)

IlL-JUITL:{l”e} il»viﬂ
I1,---,Ip disjoint (§i,i€Ij)€C(Zj)

- ) > Y a) - eFe)

kl?aknzl I]_,,InC{l,,ﬁ} Sfl”yﬁ
ki+--+kn=¢ Iy,---,Ip disjoint (Sr’,i,ite)GC(Zj)
|15 1=k;
B 0! = =
— gl ko] O‘(y1>"'90(yé)
ki, kn>1 (F1,-- 9k )€C(Z1)

ST Ay :
(Yo—kp+1:¥2)€C(Zn)

As the measure 1 factorizes with each factor normalized,
and the different Z;'s are disjoint,

(wherep():()and, forlgjgn,pj:k1+---—|—kj).
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Writing

00 14
=12 0w 2 > mrEI

/=1 n=1 Z1,,ZnCX ki, - kn>1
pairwise disjoint kj+4---+kp=4~¢
nonempty
(©.@) (©.@)
— 14+ 1 1 ..
= nl Eal-ky]
n=1/¢=n Z1, - ZnCX ki, kn>1
pairwise disjoint kji4.--4kn=4~£
nonempty

AP > mTEA
n=1

Z4nCX k- kp>1
pa1rw1se disjoint
nonempty

we have

[ dute) —1+zn. Y e

- ZnCX
pa1rw1se disjoint

where, for ) # Z C X,
k=1 (§1,.95)€C(2)
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If we define

N[O fZNZ"#£0
C(Z’Z)_{l if Z and Z' are disjoint

and G, = { {i,j} CIN* | 1 <i < j<n}isthe
complete graph on {1,--- n}, then

" 2) du(p)

—

1+ Y T @z e
n=1  Zy,,ZnCX {i,j}€G, j=1

=1+ o p(Z1,--- Zy) 1] ®(Z;)
n=1  Zy,ZnCX g=1
where
1 ifn=1
P2y, Zn) =0 S T (¢(Zi, Z;)—1) ifn>2

9CGn {i,j}€yg
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Define

1 ifn=1
P (21 Za) =9 S T1 (C(Zi,2;)—1) ifn>2

where C,, is the set of connected subgraphs of &,,. By a

standard argument,

ln/eF(‘p"’D)d,u

(IT1.3)
(By “In" we just mean that the exponential of the right

hand side is [ ef' (1, ) du.)
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Aside: Qutline of the standard argument:

Define the value of the graph g C GG,, to be

(S ®(2) if n =1
ZCX
ST C(Z2) T 8(2) ifn>1
\ Z1,Zn {ij}€Eg j=1

where C(Z;,Z;) = ((Z;, Z;) — 1. If the connected com-
ponents of g € G,, are g1, - -+, gm, then

Val(g H Val(gm)

Consequently,

/ F<W>du—1+z Z Val(g

_ H en,Val(g)

End of aside.
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We now find a, not necessarily symmetric, coefficient sys-
tem for In [ ef'(¥%) du(p). Recall

(I11.2)
and
ay) =) AXY) vE)
XeX
So, if we set, for each (X,y) € X2,
AZy) =Y & > >
k=1 (371,-;-,§k)€§(su_r?p ¥) 4*17"'551.3 .
Y100y =¥ Xq0--0Xp =X
A(X1,¥1) A(ik,ﬁ)/s&(ﬁ) dp(¢p)
(I11.5)
Then
O(2)(y) = AX,y) ¥(X)
(R,¥)ex?
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Recall that

ln/eFW”@)du
=) & p (Z1,---. Zy) 11 ®(Z)
n=1  Zi,,Z,CX j=1
(I11.3)
Therefore,
ln/ F(,0) dp(p Z alR

XeX

where, for X € X,

f>=§_jﬁ )3 >

XpeX Y17 7yn€X

x1o OXn x

n ~
p’ (supp ¥1,---,supp ¥n) [1 AZ;,¥,)

eF'(¥,)
1) = o = ¥ a9 v
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Norms

Definition 11.6 (Norms for functions of one field)
Let

fW) =) a®) ¥(%)

XeX

with a(X) invariant under permutations of the compo-
nents of X. We call a = { a(X) | X € X } the symmetric
coefficient system for f.
If w(X) is a weight system for one field, we define

Ifllw =llalw =) max Y w(X) |aX)

1<i<n
n>0 zeX XeXxn

X,i =z

Here x; is the i*" component of the n—tuple X. The
term in the above sum with n = 0 is simply w(—) !a(—)]
where — denotes the O—-tuple.
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Remark 1.7 If

F@) =) aX®) ¢

xXeX

with a(X) not necessarily invariant under permutations
of the components of X, then

Il < llaflw =) max Y w(X) |a(X)

1<i<n
n>0 zeX XeXxn

X,i =z

Definition 11.3 (Weight System for One Field) A
weight system for one field is a function w : X — (0, c0)
that satisfies:
(a) w(X) is invariant under permutations of the compo-
nents of X.
(b) w(XoX') < w(X)w(x')
for all X, X’ € X with supp (X) Nsupp (X’') # 0.
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Example 11.4 (Weight Systems)
(i) If K : X — (0,00) (called a weight factor) then

n(X)

w(X) = k(%) = || #(x0)
/=1

Is a weight system for one field.

(i) Let d : X x X — IR>( be a metric. For a subset
S C X, denote by 7(S) the length of the shortest tree
in X whose set of vertices contains S. Then

w(X) = o7 (supp (X))

is a weight system for one field.

(iii) If wy(X) and w2 (X) are weight systems for one field,
then so is

—

w3 (X) = wq (X)wa(X)
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Definition 11.3 (Weight System for Two Fields) A

weight system for two fields is a function W : X2 — (0, oo)

that satisfies:

(a) W(X,¥) is invariant under permutations of the com-
ponents of X and is invariant under permutations of

the components of y.
(b) W(XoX' yoy) < WX y)WEX,y')

<!

whenever supp (X, ¥) Nsupp (X', y) # 0.

Definition 11.6 (Norms for functions of two fields)
Let
F(y,0)= > ARY) vXe)
(X,y)eX?
with A(X,y) invariant under permutations of the com-
ponents of X and under permutations of the components
of y.
If W (X,y) be a weight system for two fields, we define
|Flw= >  max 3 WEY) [AZY)

n,m>0 zeX (R,F)eXm x XM
(i7§)1:Z

Here (X,y), is the i®" component of the n + m~—tuple
(X,¥). The term in the above sum with n = m =0 is

simply W(—, =) |A(—, —)|.
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Review of the Main Theorem

Let X (= space) be a finite set. Let dug(t) be a normal-
ized measure on IR that is supported in |t| < r for some
constant 7. We endow IR with the ultralocal product
measure

dp(p) = T dpo(e(x))

xecX

Theorem 111.4 Let w and W be weight systems for 1
and 2 fields, respectively, that obey

W(X,5) > (4r)"Vw(x)

If F(¢,¢) obeys |F|lw < 1, then there is a real

analytic function f(1) such that

f GF(%WP) du(sp) _ ef((ﬁ)
J eF 02 du(ep)

(IIL.1)

and

17|
1l < =To1PT
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Outline of the Proof — Bounds

Step 1 - organizing the sums

Recall from (I11.6) that

a(i>=§$ > >

X1, R €EX S}l,...,}‘;nex

K10:---0Xp =X

pT (supp ¥1,---,supp ¥n) [ A(X;,¥,)
j=1

The bound
T(supp ¥1,-- -, supp ¥»)|
< #{ spanning trees in G(¥1, -+, ¥n) }

p

Is due to Rota.
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Hence
2 2

17"'7§n€X T spanning tree
for G(¥1,,¥n)

n=1 X1, Xn€X y
X10--0Xp =X
n 7T/ = —
|A(X37YJ)’
j=1
o ~
S Z % Z |A|T()—éa y)
n=1 T labelled tree with S;EX
vertices 1,---,n
(I1L.8)

[Alr(X,¥)
T(va
F=F10--0%n R=xXq0---0Xp
TCG(F1,¥n)
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Recall that
) )

©.@)
XY) = k!
kzl (ylaayk)ec(supp S;) il?"'a
yi10---0yL=¥ Xq0---0Xp

A(X1,¥1) - AXk, Yi) /90()7) d(p)
(IIL.5)

For each (¥1, --,¥%) G(¥1, -+,¥k) is connected and

hence contains at least one tree. So
v ,...’ikex

©.@)
AR <) #
Y > k!
k=1 T labelled tree Y1, ¥ €X 1
y’:y’looik i’:ilooik

with vertices
1)"'5k — —
TCG(y:[??yk;)

& [T 1ARe 52l

/=1

@) Alr(R,y) (1118

T labelled tree

k=1 with vertices
1,---,k
where
k
A&y = ) > 1AL
1, Xn€X f=1
:)’c‘lo---oic‘lC
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Step 2 - bound on By

Lemma lIl.5 Let w be an arbitrary weight system for
two fields and define the weight system w’ by

Let T' be a labelled tree with vertices 1,---,n and co-
ordination numbersdy,---,d,. Let B be any (not nec-
essarily symmetric) coefficient system for two fields
with B(—,—) = 0. We define a new coefficient sys-

tem Br by
n
Br(X,y) = E g H B(Xy,¥¢)
¥=¥10---0¥n X=Xj10:---0Xp
Then

|Br|| < dil---dn! | B|
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Outline of proof:

Ingredient 1:

> For each 1 < ¢ < n, think of (X;,¥/) as the locations
of (two species of) stars in a galaxy.

> In computing

|Br|,= >  max Y w& ) |Br(x )

1<i<N+4+M
N,M>0 zeX (39)exNxxM
(%,5) ;=2
we must hold fixed the location of one star and sum
over the locations of all other stars. Suppose that the
fixed star is in galaxy £ = 1.
> View 1 as the root of T'.
> Then the set of vertices of 1" is endowed with a natural
partial ordering under which 1 is the smallest vertex.
> For each vertex 2 < ¢ < n, denote by 7 (/) the prede-
cessor vertex of £ under this partial ordering.

7 3 4 5
(7)) =7n(3)=n(4) =2
w(2) =7(5) =6 2
w(6) =1 61;
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> The condition that T" C G(y1,---,¥n) ensures that,
for each 2 < ¢ < n, the support of y, intersects the
support of ¥.(,), so that at least one of the n(y,)
components of ¥y, takes the same value (in X') as some
component of y ..

> Write n(yg) = Ny.

> The product over 2 < £ < n of the number of choices
of which y—star in galaxy £ is at the same location of
which y—star in galaxy 7(¢) is

n nog,
n e d,
nﬁnw(é) d,l e
/=2 /=1
n
! --dn!HZW
/=1

by using first year calculus and Stirling.
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Ingredient 2:
> Since T is connected,

w(®,¥) < [[w (X )
/=1

for all X1,---,%X,, € X and y1,---,y¥, € X under
consideration. So we may absorb each factor w (}‘(’g, y’g)
into B()’(’g, y’g) and it suffices to consider w = 1.
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Ingredient 3:
> lteratively apply

> D> 2'VIIB(RR, 7o)l < ||B)

Xp,YpeX XeEX
y£7m£ :y’n'(ﬁ),pg

w/

starting with the largest £'s, in the partial ordering of
T, and ending with £ = 1. (For ¢ = 1, substitute

X1,1 =X for ¥o.m, = ¥r(0).p.-)
m
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Step 3 - sum over n and T

Lemma I11.6 Let 0 < € < %. Then

TR SR T

di,---,dn T labelled tree
d eiidd, =2(n—1) Wwith coordination
1+ tdn (n ) numbers dj,:--,dn
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Proof: By Cayley, the number of labelled trees on n > 2
vertices with coordination numbers (dy,ds, -, d,) is

(n—2)!

H?Zl(dj—l)!

The number of possible choices of coordination numbers

(dy,da,---,dy,) € IN" subject to the given constraint is
2(n—1)—1\ _ (2n—3 2n—3
( n—1 ) T (n—l) S 2
Therefore
©.)
1 n
E po E E di!---d,! e
n=32 di, " ,dn T labelled tree
dittdn=2(n—1) With coorimation

<Y Y dd e
n=2 dq dn

dy+-t+dn=2(n—1)
o0
2n—3 on _.n __ 82
< 2 :2 27" = 1—8e¢
n=2

For n = 1, d;i = 0 and the number of trees is 1, so
the n = 1 term is €. So the full sum is bounded by

8e? _ €
€+ 18 = 1-s:-
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Step 4 - bound on ||a|| in terms of || A]

We introduce, for each o > 0, the auxiliary weight system
Wo(%.5) = WEF) (£)"
Clearly
Wi (X, ¥) = WER,¥) and w(X) < Wi(X,¥)

for all (X,y) € X2,
We now prove

(IIL.10)

n=1 T labelled tree with <7
vertices 1,:---,n

a®)| <> o > > A& ¥)
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Therefore, by (111.9) and Lemma I11.5, with w = W and
— W2,

o
lall,, < Z a2 A,

T labelled tree with

vertices 1,---,n
o
2w 2 > x|
<S4 Al
n=1 di,-- T labelled tree
dite +d"—2(”‘1) mtmbers g
O
1 1 mn
2w 2 D it dal [[IA][f,
n=1 dq,- T labelled tree
iy i S el edorination
Now apply Lemma Il1.6 with ¢ = H|A|HW = | A|lw,, to
2
get

1Alw,
lallw = —5a7
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Step 5 - bound on ||A|| in terms of || A

We now prove

JAlw _ _ _|F]
|Allw, < gl = e (1)

Note that combining (111.10) and (I11.11) yields the final
bound

£ [[w

||f|| < ||A||W2 < 18| Fllw _ ||F||W
S A - ] 11—
1= 8|l ~ 18l 116

Recall from (Il 8’) that

A%, 9)| < Z% >, IR )

T labelled tree with
vertices 1,---,k

By construction, Hr”(f’)|A|T(i, y) HW2 = H | Al HW%.
Hence, by Lemma IIl.5, with w = Wy, followed by
Lemma 111.6,

O
Al <> w0 D, Az,
k=1

T labelled tree with
vertices 1,---,k

<> 4 > > dil-di! Ay,

k=1 dy,--,dg T labelled tree

— _ with coordination
di4-+dp=2(k—1) WIith <O dyoidy,

Allw
<
— 1-8[[Allw

since Wy, = W. This gives (I11.11). u
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