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For a two-dimensional, weakly coupled system of fermions at temperature zero, one
principal ingredient used to control the composition of the associated renormalization
group maps is the careful counting of the number of quartets of sectors that are consistent
with conservation of momentum. A similar counting argument is made to show that
particle—particle ladders are irrelevant in the case of an asymmetric Fermi curve.
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XVIII. Introduction to Part 4

In the application of the results of Parts 1 through 3 to many fermion systems
([1-3]) the effective potential and all the quantities derived from it will conserve
particle number. Particle number conservation implies that sectorized functions
o((-,51),-.-,(,8,)) € Fo(n;X), where ¥ is a sectorization, vanish unless the
configuration si,...,s, of sectors is consistent with conservation of momentum
(for a more precise statement see Definition XX.1 and Remark XX.2). We shall
count the number of configurations si, ..., s, of sectors consistent with conserva-
tion of momentum that satisfy certain constraints. The results are used to compare
different norms for four-point functions (Proposition XIX.1), and to compare norms
associated to different sectorizations at different scales (Proposition XIX.4). The
latter is crucial for a multi scale analysis of many fermion systems ([1-3]). Notation
tables are provided at the end of the paper.

We retain the assumptions that the dispersion relation e(k) is r + d + 1 times
differentiable, with » > 2 and d = 2, and that its gradient does not vanish on the
Fermi curve F' = {k € R?|e(k) = 0}. All the above results hold under additional
geometric assumptions on the geometry of the Fermi curve F. First of all, we assume
throughout the rest of the paper that the Fermi curve F is strictly convex, with
curvature bounded away from zero. If the dispersion relation e(k) is that of a back-
ground electric field alone then e(k) = e(—k) and the Fermi curve F is symmetric
about the origin. That is, k € F' if and only if —k in F.

Definition XVIII.1. (i) Since F is strictly convex, for each point k € F' there is
a unique point a(k) € F different from k such that the tangent lines to F' at k and
a(k) are parallel. a(k) is called the antipode of k.

(ii) We say that F' is symmetric about a point p € R? if F = {2p —k|k € F'}.

Example XVIIL.2. If F is symmetric about a point p then a(k) = 2p — k for all
kckF

Symmetry of the Fermi curve about a point allows for the formation of Cooper
pairs and the phase transition to a superconducting state. In [1-3] we show that
this is the only instability in a broad class of short range many fermion models. We
now make a precise asymmetry assumption on the geometry of the Fermi surface.

Definition XVIII.3. Choose an orientation for F.

(i) Let k € F, t the oriented unit tangent vector to F at k and i the inward
pointing unit normal vector to F' at k. Then there is a function @k(s), de-
fined on a neighborhood of 0 in R, such that s — k4 st 4 @i (s)il is an oriented
parametrization of F' near k.
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(ii) We say that F' is strongly asymmetric if there is no € N, with ng < r, such
that for each k € F there exists an n < ng such that

o (0) # 0Ll (0).

Remark XVIII.4. (i) By construction, ¢x(0) = ¢x(0) = 0 and @k (0) is the
curvature of F' at k.

(ii) If F is symmetric under inversion in some point p € R?, then ¢y = Pa(k)
for all k € F.

(iii) In [4] we show that independent electrons in a suitably chosen periodic
electromagnetic background field have a dispersion relation whose associated Fermi
curve, for suitably chosen chemical potential, is smooth, strictly convex, strongly
asymmetric and has nonzero curvature everywhere.

(iv) In [1-3] we show that a many fermion system with a strongly asymmetric
Fermi surface and weak, short range interaction is a Fermi liquid.

Throughout the rest of the paper we assume, unless otherwise stated, that the
Fermi surface is strictly convex and either symmetric about a point or strictly
asymmetric in the sense of Definition XVIIL.3. In Sec. XXII, we derive a sector
counting result that holds only for strongly asymmetric Fermi curves and use it
to get an estimate on particle-particle bubbles that is better than the logarithmic
divergence that, in the case of a symmetric Fermi surface, is responsible for the
Cooper instability.

We emphasize that for the sector counting arguments of Sec. XX, the fact that
the model is in two space dimensions is crucial. Propositions XX.10 and XX.11
would not hold in a three dimensional situation. See [1, Sec. II, Subsec. 8].

XIX. Comparison of Norms

Theorem XV.3 indicates that ladders give the dominant contributions to wg 4. The
||3,= norm of ladders will be estimated in Sec. XXII and [5]. To control the N (w; - - -)
norms of w, we develop a bound on the |- |1 5 norm of a ladder in terms of its |- |3 5
norm.

at scale

o . . . 1 1
Proposition XIX.1. Let % be a sectorization Qf length s < U< 37
Jj > 4. Furthermore let ¢ € Fo(4,%) and f € Fux be particle number conserving
functions. Then

1 ~ 1, .~
leli,s < const Tl¢lss and fly 5 < feonst T|f|3’2
with a constant const that is independent of M, j, 3.

This proposition is proven after Lemma XXI.1. In the renormalization group
analysis, we go from scale to scale. After integrating out scale j, we shall have an
effective potential W with a representative w, sectorized at scale j; and we will
have an estimate on the norm of w. To apply Theorem XV.3 at scale j 4+ 1 we then
need a representative for VW that is sectorized at scale j + 1 and estimates on it.
This change of sectorizations is implemented by
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Definition XIX.2. Let j,7 > 2. Let ¥ and X’ be sectorizations of length [ at
scale j and length I’ at scale 4, respectively. If ¢ # j, define, for functions ¢ on

B™ x (B x ¥)" and f on B™ x (B x ¥)",

@2(7717 <oy Mm; (617 81)7 ) (5717 Sn))

Z /dgl 'dgflz(p(nlv"'777771;(5175/1)7" ’ n, n H 5@7&

..... sl ex’

S/

fz(ﬁ:h" wﬁm; (glasl)w ) (gnasn))

S

= Z /dé.l dé.fllf(ﬁlavﬁm7(£ivsll)a fnv n H 52755
L s ex’ /=1
where xs, s € ¥ is the partition of unity of Lemma XII.3 and (XIII.2). If ¢ is
translation invariant and antisymmetric under permutation of its n arguments,
then vy € Fin(n;X). For i = j and ¥/ = 3, define py, = ¢ and fx, = f.

Remark XIX.3. (i) If u € Fp(2;¥) is an antisymmetric, spin independent and
particle number conserving function then

is(k) = a(k) (727 (k))*.

(ii) For a function ¢ on B™ x (B x ¥')™ one has (¢x)™~ = (¢™)s.

(iii) Let j,41,42 > 2 with is > 41. Let X, 37 and 39 be sectorizations at scales
j, 41 and iy respectively. Then, for each function ¢ on B™ x (B x X)™ and each
function f on B™ x (B x ¥)"

(4,021)22 = P35, and (f21)22 = fEQ .

Proposition XIX.4. Let j > i > 2, ﬁ <1< M(jll)/2 and Mif3/2 <r<
MU 575 with 4L < I'. Let ¥ and X' be sectorizations of length [ at scale j and length
(' at scale i, respectively. Let ¢ € Fp(n; X' and f € Fp(n; ') be particle number
conserving functions.

() Ifm 0

!

n
lpsl1,s < const™ ¢j1 [T] el -

(ii) If f is antisymmetric in its (€, s) arguments, then for all p

_ [/ n+m—p—1 B
|f2|p’2 S constn Cj—l |:T:| |f|p,2/ .

Moreover, if | %, I < %\/—[ andn >3

=

N B G n+m-—3 N 1 N
il <o g [7| (e + gl )
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(iil) If f is antisymmetric in its (§,s) arguments, then for all p

. | R
|f2/|p,2/ < const” ¢;_1 |:—[:| |f|p,2 .
Here const is a constant that is independent of M, j, 3.

This proposition is proved after Lemma XXI.4.

Remark XIX.5. Since for m = 0 the norms |p|, s and |<,0|;,E agree, Proposi-
tion XIX.4(ii) implies that, in the case that [ > m and 41 < I' < %\ﬂ, for
antisymmetric ¢ € Fo(n; X')

los)i,e < const ¢j_1]p|1,s ifn=2

los]s,s < const ¢j_1]p|3,5 ifn=4
[/ n—3 1 .

loslis < const™ ¢j_1 {T} <|90|1,z/ + ?|<p|37z/) ifn>4.

The resectorization of functions on X% = (B W (B x X))" is defined just as in
Definition XIX.2. To be precise, recall from Remark XVI.3 and Definition XVI.2(iii)
that

X = ) %@ x - xx, (2
i1,..,0n €{0,1}
where Xo(X) = B and X1(X) = B x ¥. Furthermore, for each 7 = (i1,...,i,) €

{0,1}™, the map Ord gives a bijection between functions on X;, (3) x -+ x X; (%)
and functions on B™® x (B x £)*~™@  where m(?) =n —i; — -+ — iy.

Definition XIX.6. Let j,7 > 2. Let ¥ and ¥’ be sectorizations of length [ at scale
j and length [’ at scale 4, respectively.

(i) Let = (i1,...,9n) € {0,1}™ and f a function on X;, (X) x - -- x X;_ (X). Then
fx is the function on %;, (X) x - - - x X; (%) determined by Ord(fs) = (Ord f)s.

(ii) If f is a function on X%, its resectorization fy, is the function on X% determined
by

fslr= (flo)s forallze {0,1}".

From Proposition XIX.4, we have

Corollary XIX.7. Let j > i > 2, 1 <1 < A5 and .7t < U <
W with 41 < . Let ¥ and X' be sectorizations of length | at scale j and
length U at scale i, respectively. Let f € Fp.s be an antisymmetric particle number
conserving function. Then for all p

B [, n—p—1 B
|f2|p,2 < const” Cj—1 |:—[:| |f|p,2/'
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Moreover, if [ > I < % landn >4

S S
23T

- 3 - 1 -

ol <eoms® sioa [7| (s 310 )

In the renormalization group analysis of [1-3], the numbers pg., used as weights
in the norms N; of Definition XV.1 do not depend on the scale j. As pointed out
in Remark XV.2, boundedness in j of the norms V; implies that the coefficient
of % in |wg 2|1, has positive power counting (that is, tends to zero as a power of

1

+77) and the coefficient of t% in |wp 4|3,y has neutral power counting. The other

contributions w,,_, behave well with respect to resectorization.

Corollary XIX.8. Fix % <N < % and let j > ﬁ Let X541 and X5 be sectori-
zations of length lj 11 = m at scale j+1 and |; = ﬁ at scale j, respectively.

Let p'= (pmsn) be a system of positive real numbers obeying (XV.1) and set
Pmin ifm=0

/ . N
Prsn = [ ;MY 1

Wﬂmmsz)mm if m>0.

Let
wig ) = Y > [nedndeag,

X wmm(nla ce 777m(£1a 51)7 ceey (gna Sn))
X p(m1) -+ P ) ((€1,51)) -+ - (s $n))

With Wy n € Fm(n;X5), be an even X;-sectorized particle number conserving Grass-
mann function with wo2 = 0 and wm,o = 0 for all m. If M is big enough, then

«@ -
Nj+1(ng+1;64o¢;X, Ej-l-lvm S const €j+1(X)Nj (U}, E,X, Ej,pl)

with the constant const independent of M, j, ¥; and Xj41. If, in addition wo 4 = 0,
then

1 «a R
Njpi(ws,, ;6405 X,5;511,p) < T[AN7s ¢jr1(X)N; (w; §;X, Ejap/) :
Proof. We apply Proposition XIX.4 with j replaced by j+1,¢=j, [ = [;;1 and
[" = [;. Observe that the hypotheses of part (ii) are fulfilled. In this proof, use |- |5 7
to designate the norm of Definition XV.1 using the indicated p.

If m,n > 1, by Proposition XIX.4(i),
M2(j+1) [jJrl B

n/2
M s (040" (55) s

[ B n/2
n j+1
= ej+1(X)(64O‘) (]{JjJrl > pm;n|(wm,n)2j+1 |1,Ej+1
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L2950\ o,
< const™ ¢; e, X 7 gl R
om0 () (F752) e

n ) n/2
X (g) E p/ . |wm n|1 3
) M min > 1244
(2n—1)/4 2
. 1 M2
< const €j+1(X) (W) T Cj

a\n [JB n/2
() (3m) el

1 M2 a\™ (. B n/2
< i s (0T (0 () (ﬁ) |Wnls, 5

if M is large enough. If m = 0 and n > 4, by Proposition XIX.4(ii) and
Remark XVL.5,

M2G+D) (LB n/2
M Hn)(04a) (352) 1l

M26+D

[j+1 B n/2
—— ;1 (X)(64a)" - n
[j+1 e]+1( )(6 Oé) (Mj_;,_l > Po;

1
X [|(w07n)2j+1 |172j+1 + [.—|(w07n)2j+1 |3,Ej+1
j+1

1
+ 12 |(w07n)2j+1|5,2j+1
Jj+1

M% rann (B 1 G\ Y2
< const” C; €‘+1(X)— (—) (J—> — 75 (J—) Po;n
7% [J 2 M3 M (n—4)/2 .

L
L n—3 L n—3 1
x [<[—j> |wonl1,s, + <[—J) [—|wo,n|3,zj
541 j+1 J

L n—4 1
+ (= = |w07n|57§3j
[; [<
j+1 5

< const™ ¢; (X)_Mth(g)n LB\ 1y
semt GO\ \ i) Meea2 iy Pon

1 1
X [|wo7n|1,zj + F|wo7n|372j + [—2|w0,n|5,zj]
J J
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. 1 (n—4)/2 M2 a\n [JB n/2
= const €j+1(X) W - ¢ (5) M |w0,n|2j7ﬁ/

[]
1 2
< (m ~+ const 5n,4> €j+1(X)[—j ¢;(X)
a\" [j B n/2
< (5) (7] lwonls,s- ]

The analog of Corollary XIX.8 for the N7* norms is

Corollary XIX.9. Fix % <N < % and let 7 > ﬁ Let X541 and X; be sectori-
zations of length lj41 = m at scale j+1 and |; = ﬁ at scale j, respectively.

Let o= (pm;n) be a system of positive real numbers obeying (XVIL.1). Let

w(g, ) = | day--dun folwr, .., w0) (@) U(an)
n JE3
with f, € ﬁn;z antisymmetric, be an even ¥;-sectorized particle number conserving
Grassmann function with fo = 0. If M is big enough, then

~ ~ « )
Nﬂﬁwﬁﬂﬁawxzﬁhmgwmmﬂﬂxmg(wi#xzﬁ@

with the constant const independent of M, j, ¥; and ¥;11. If, in addition fi =0,
then
~ 1 ~ o 2
Nz (ws,,,; 64a; X, %541, 0) < VA N/E ej+1(X)N; (w; §;X7 Ej,P) :
Proof. If n > 4, by Proposition XIX.4(ii) with j replaced by j+1,i=j, [ = [;14
and I' = [},
MQ(j+1) [j+1 B

n/2 N
oo ¢j+1(X)(64a)" (Mj+1> ()5 ls;

M2(j+1) . [j+1B n/2
< T ¢j+1(X)(64a) (Mj+1>

6
- 1 ~
X {|(fn)2j+1 |17Ej+1,ﬁ+ Z m|(fn)2j+1 |p72j+1,ﬁ}

p=2 "j+1
M?% jann (B 1 )22
< const’" Cjeit1 (X)— (g) j— TG g+l
c\2) ) weae
[j n—3 _ 1 _
X { <E> <|fn|1,zj,ﬁ+ [—j|fn|3,2j,ﬁ)

6

1 ;o\"P
- - J B
+ Z [(p—1)/2] <[j+1> |fn|p72j’p

p=2 [j+1
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< e (X)MQj ¢ (O‘)” LB\"? 1 ;"R
const ] — ] - e — o\~ -
=~ J+1 [J J 2 MJ M(’n—4)/2 [j+1

i L S\ )
X Q1 fnlis, 5+ [—j|fn|3,zj,ﬁ+ Z <[—) m|fn|p,2j,ﬁ
p=2 J

J

(n=4)/2 p r2j n/2
n 1 M= o\" (; B -
< const 2j+1(X) (W) —[ ej(X) (5) (—]'(4]) |fn|2j
J

1 M2 a\m (;B\™M?
< <W + const 571,4) ej+1(X)[—j ej(X) (E) <M) |f"|2j ’ a

The positive power counting of |wg 2|1 » is achieved by renormalization. That is,
we choose the counterterm in such a way that, at each scale, the restriction of the
Fourier transform of wg > to the Fermi surface is small. The following proposition
ensures then that |wg 2|1,y is also small.

Definition XIX.10. The function u € Fy(2;3) is said to vanish at ko = 0 if
@(((0,k), 0,a, s),((0,k),0’',a’,s")) =0

for all a,a’ € {0,1}, 0,0’ €{7,|} and 5,5’ € .

Proposition XIX.11. There is a constant const, independent of M, such that the

following holds: let 7 > i > 2 and ¥ and X' be sectorizations at scale j and 1,

respectively. If i = j assume that ¥ = X', Let u € Fo(2;%') be a function that
vanishes at kg = 0. Then

(1)

1
|U2|1)§] < const i T |CJ 1D 100)u|1 s+ Z OOt(;

5ENxN¢
50#0

(i)

(1,0,0)

|'D§}é0’ )UE|1 » < const Cj— 1|D ’u|1)g/.

Proof. (i) Fix s1,s2 € ¥. If i < j, by Lemmas I1.7, IX.6(i), XIII.3 and (XIII.4)
us((€1,51), (&2, 52)) |1,

S const 1Nax
s ,shEX!

/dmdnzu«m,%% (02, 85))Xsy (M1, 1) X sz (02, E2)

1,00

< const||XS2||1 oo max
55€

/ dnu((71,5)), (- $5))Ron (11, )

1,00

ax’sl

< DV, 8h), (o sh) o+ Y oot

§E€Ng xNg
8070

< const Ci—1
I3 sh, 5262’
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1
2 1,0,0 } : 5
S const W Cj71|D§,2 )u|112/ + oot
6€No xN§
60#0

1 (1,0,0) s
< const ———— s T Ci— 1|D ’U,|1)§y+ E oot” .
§ENo xNg
§0#0

Similarly, if ¢ = j and ¥ = ¥/, then setting
e 1 j—
) = (7203 + e(9?)) 0.0 (1)

(which just differs by a  from the definition of x4 (k) in (XIIL.2)), we have, using
the support property of Definition XII.4(ii),

[lus((€1551), (€25 82)) 11,00
= [lu((&1, 81), (€2, 52)) 1,00

= > /dmdﬁzu (M1, 51), (772752))X( (- €0, (772,62)

sh,85€X 1,00

IN

const IMax
s ,8,€EX

/dmdnw((nwl) (12, 52)) % (771,51) (772752)

1,00

1
const CJ 1|D(1’ ’ u|1,2 + Z OOté.

M-t
§ENo xNg
5070

IN

Since for every s; € X there are at most three sectors sg with $1 N 32 # (), in both
cases

|U2|1,2 S const C] 1|D(1 :0,0) u|1,§3/ + E OO|t6.
§€|No x N¢
50#0

1
M-t

(i) If i = j and ¥ = ¥’ the statement is trivial. So assume that ¢ < j. Fix
51,82 € ¥. By Lemma IX.6(ii) (twice), Lemma XIII.3 and (XIII.4)

1D D us (€1, 51) (€2, 52)) 11,00

S const 1Max
s ,shEX!

’ (1,0, 0)/d771d772U((7]17 51) (2, 82))X51 (11, €1) Xs2 (025 §2)

)

D [ (s, ) ()

1,00

X,
o 8330 (CE)

< const <||)A<52||1,00 +

+Zoot‘s

§ENo xNg
do>T0

X max
sh,shex!

1,00
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X,
0 6950 (33)

< const Cj—1 ( X

)

100
x max_ DYV u((, 1), (- s5))l 0o
s ,shEX!

(1,0,0)
< const Cj,1|'D172 u|172/ .

1131

|

Corollary XIX.12. There is a constant const, independent of M, such that the
following holds: let ¥ be a sectorization of scale j > 2 and u € Fo(2;X) be a

function that vanishes at kg = 0. Let X € Ng41. If

|’DS§O’O)U|172 < Cj_1X + Z C)O'ﬁ(s

50 =70

then

M
|u|172 < const WE ijlX.
Proof. By Proposition XIX.11(i) and (XIII.4)

1
|’u|1)2 < const W cj*1|IDSéO’O)U|LE + Z oot5

500
1 5
S const W ijlX + Z oot .
50#0
Also
U <t U oot?
ul1,x 08t||1z+z
(50 0
= to|’D§éO’0)u|172 + Z oot?
60:0
<tog; X+ Y oot’ + )y oot
So=ro+1 80=0

Cj— 1 X+ Z Oot(s
50=0

1
*Mﬂl

since tgcj_1 < # ¢j—1. The corollary now follows by taking the minimum of the

two estimates on |ulq,x.

|

Corollary XIX.13. Let j >4 > 2 and X and X' be sectorizations at scale j and
i, respectively. Let u € Fo(2;X') vanish at ko = 0. Assume that |ul1,x < A¢; for

some A > 0. Then

i

M
|UZ|17E < const )\MMJ Cji—1-
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Proof. By hypothesis
DUVl 5 < const AMT ¢+ 3 oot
do=r0

Therefore, by Proposition XIX.11(i) and (XIIL.4)

CJ 1|D 1 0, 0)u|1,§3/ + Z C)O'ﬁ(s

1
|U,§]|1,2 S const —
M 50#0

M
< const )\ CJ 1 + Z OOt(S
d0#0

Also, by Proposition XIX.11(ii)

lus| s < t0|73(1 ,0.0) U2|1,2 + Z oot?
§0=0

< const(to ¢j—1)| DYy Vulrz + Y oot?
60=0

1 )
< const (W Cj_1> AM*® ¢ + Z oot‘s + Z OOt5

do=ro+1 60=0

M
< const A CJ 1+ Z OOt(s
50 0
Again, the corollary follows by taking the minimum of the two estimates on
us|1s- O

When we start the multi scale analysis in [2], the effective potential after in-
tegrating out the first scales does not have a natural sectorized representative
(see also Theorem VIII.6). Therefore we need analogs of Definition XIX.2 and
Proposition XIX.4 that pass from unsectorized functions to sectorized functions
(see also Example XIL.5).

Definition XIX.14. Let X be a sectorization of scale 7 > 2. For a function f on
B™ x B™ define the function fs5; on B™ x (B x £)" by

f2(7717" <y NIy (glasl)w ) (gnasn))

/H d§ X gwgl )f(nla-'wnm?giv"'ag;)

where x; is the partition of unity of Lemma XII.3.

Proposition XIX.15. Let ¥ be a sectorization of scale j > 0 and f € Fp,(n),
/e ]:'m(n) particle number conserving functions that are antisymmetric in their
&-variables.



Single Scale Analysis of Many Fermion Systems — Part 4 1133
(i) If m =0 and f is translation invariant, then for all p <n

|fslp,s < const™ G100 -

[nfpfl

(i) Ifm #0

const

n
| ei-all e

Ifslh,s < [

(iii) f0<m<p<m+n

P ~
¢j—1 I fII -

const:| mtn—

|f/2|;,z < [ [

The proof of part (i) of this proposition is analogous to that of Proposi-
tion XIX.4, and part (ii) was already proven in Example XII.10. The proof of
part (iii) is similar to that of part (ii).

XX. Sums of Momenta and e-Separated Sets

In the next section we shall exploit conservation of momentum to prove
Proposition XIX.1, relating the 1- and 3-norms of a four-legged kernel, and
Proposition XIX.4, concerning the behavior of norms under change of sectoriza-
tion. Conservation of momentum is equivalent to translation invariance in position
space. Recall that we assume that the Fermi surface is strictly convex and either
symmetric about a point or strictly asymmetric in the sense of Definition XVIII.3.

The following definition is motivated by of [6, Definition B.1.N], of conservation
of particle number, and Definition XVL7(i), of the spaces F,,(n; X).

Definition XX.1. A configuration (71, ...,%m; $1,---,8n) € B™ X X" where X is
a sectorization of some scale j, is consistent with conservation of momentum for

the sequence (a1, ...,ay) of creation-annihilation indices if there are ki,...,k, €
R x R2, with k; in the extended sector §; for each i = 1, ..., n, such that

m n

D (D4 Y (D)% k =0

i=1 i=1
where ﬁ1 = (pi, a;, bl)

We say that the configuration (71, ..., %m; 81, ..., S,) is consistent with conser-

vation of momentum if it is consistent with conservation of momentum for some
sequence (ay,...,ay) € {0,1}" of creation—annihilation indices such that

#{ilai = 0} + #{|by = 0} = #{ila; = 1} + #{€|be = 1} .

Remark XX.2. Let X be a sectorization of scale j.

(i) If f € Fn(n;X) preserves particle number then

Fy e m; (,81), -, (+,80)) =0
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unless the configuration (71, ...,%m; S1,. .., Sn) is consistent with conservation
of momentum.

(ii) If a configuration (71, ...,7m; S1,-- -, Sn) 1S consistent with conservation of mo-
mentum for the sequence (ai,...,a,) of creation—annihilation indices then
there are ki, ...,k, € R? such that

m n
> (=1)"pi+ > (-1)*k; =0
i=1 i=1
and
me(O k) €5, lelle)] < Ty

fori=1,...,n.

The comparison of the 1- and 3-norms of a four-legged kernel (Proposi-
tion XIX.1) uses an estimate on the maximal number of triples (s2, s3, s4) of sectors
that complete a given sector s; to a quadruple (s1, 2, S3, s4) that is consistent with
conservation of momentum (Proposition XX.10). Similarly, the estimate on the
behavior of norms under change of sectorization (Proposition XIX.4) is based on
estimates of the number of (2n)-tuples (s1, ..., s2,) of sectors that are consistent
with conservation of momentum and such that each s; intersects a given bigger
sector from another sectorization (Proposition XX.11).

We reduce these counting problems to problems of estimating volumes of sets
in momentum space that are characterized by the geometric constraints that the
sectors are required to satisfy. To pass from volume estimates to sector counting we
use the concept of e-separated sets (see also [7, p. 22]).

e-separated sets

Let M be a Riemannian manifold of dimension n. For any two points =,y € M we
denote by d(z,y) the distance between = and y in M. For € M and r > 0 let

By(z) ={y € Mld(z,y) <r}
be the open ball of radius r around x. We set, for € > 0,

1
Ve = inf — vol B,
M, IEI\/II,I(l)<r§e rm vo /2(33)

where vol denotes the volume with respect to the Riemannian metric on M. For a
subset A C M and § > 0 we call

A(;:{JZEM

inf <
;gAd(m,y)_5}

the (closed) d-neighborhood of A. If X is a tangent vector to M at the point x we
denote by || X the length of X with respect to the Riemannian metric on M.

If f is a differentiable map from M to another Riemannian manifold N we
denote by D f(x) the derivative of f at the point € M. The point z is said to be
a critical point of f if D f(x) has rank strictly less than the dimension of N.
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Definition XX.3. Let € > 0. A subset I" of M is called e-separated if for any two
different v, v €T

d(y,7') > e.

Example. Let ¥ be a sectorization of length [ and let I" be the set of centers of
the intervals sNF, s € ¥. If e < 7T1/8, then T is an e-separated subset of the Fermi
curve I and more generally I'" is an e-separated subset of F'".

We wish to count, for example, for a given sector s4, the number of triples of
sectors (s1, S2, s3) such that there exist k; € s; obeying k; + ko — ks — ky = 0. If
(s1, 82, 83) are such sectors, then the map

f:FxFxF —R?
(ki1,ko,k3) — ki + ko — k3

maps F3nN (s1 X s2 X s3) to a neighborhood of s4. We start with an abstract lemma
counting the number of points of an e-separated set I' in the preimage of a specified
set A under a specified map f.

Lemma XX.4. Let M be a Riemannian manifold of dimension n and f: M — R?
a differentiable map. For x € M denote by D f(x) the derivative of f at the point
x. Let fiy, ..., fiq be an orthonormal basis of R%. Set, fori=1,....d

C; = sup sup{|7; - Df(z)v| |v is a unit tangent vector to M at x}.
reM

Furthermore, for any subset A of R? and any € > 0 set

d
Al(e) = {y e RY3(ty,...,tq) € (—e €)? such that y + ZtiCiﬁi € A} .

=1

Then for all AC R%, eg >0, 0 < € < g and all e-separated subsets T' of M

£ A)NT) < —— vol(f~1(A'(e))).

en VM,eo

Proof. If y € f~1(A)NT and z € M with d(z,v) < €/2, then, by the assumption
on the derivative of f fori=1,...,d

i - (f(z) = ()] < Cie
so that f(z) € A’(e). Obviously the sets B./2(y), v € f~'(A) NI are pairwise
disjoint. Consequently, by the definition of Vi,

Vire, € #(f7H(A)ND) < Y vol(Bea(v))
yef-H(A)Nnr

= vol U By
yEfTH(A)NT

< vol(fH(A'(e)))- O
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Sums of momenta

For the proofs of Propositions XX.10 and XX.11 we shall apply the discussion of the
previous subsection with I' being the set of centers of sectors of a given sectorization.
The proofs of these propositions then lead to the problem of estimating the number
of points (ki,...,Kn, Kni1,...,Kon_1) € [?"! such that kg + -+ k, — k11 —
-+« — ko1 is close to q. Thus we are led to studying the maps

F?nfl _ R2
(klv---aknakn+17---7k2n—1) [ — kl + "'+kn _kn+1 - _an—l

and the intersection of preimages of sets in R? with I'>"~!. Outside a neighborhood

of the set of critical points of this map this can usually be done using Lemma XX.4.

The critical points of the map are exactly those points (ki,...,Kka,_1) € F?"~1 for

which the tangent lines of F' at k1, ..., ko, 1 are all parallel. This is the case if and

only all the points ko, ..., ka,_1 coincide either with k; or its antipode a(k;).
Fork € F and 0 < A <[, we call

sai(k) = {a € R?| e(q)| < A, dr(d k) <1/2}

the two-dimensional sector of length [ and width A around k. Here q — q’ is the pro-
jection to the Fermi curve introduced in Sec. XI and used in [8, Definition XII.1(i)]
and dg is the intrinsic metric on F.

Near critical points of the map discussed above we shall use

Proposition XX.5. Let k,ky,..., ko3 € F and w > 0 be such that for i =
1,...,2n — 3 one has ||k; — k|| < w or |k; — a(k)|| < w. Let €1,...,€,_3 € {£1}
and set
q=eki + - +em_sko3.

Furthermore, let 0 < A < [ < w and let &t respectively t be unit normal respectively
tangent vectors of F' at k. Then

{e11 + -+ -+ €2n—3Ton—3|z; € sa(ki)}
is contained in the rectangle

{q 40+ t2€| |t1| <n const(A + [w), ‘t2| < 4n[}

The constant const depends only on the geometry of F.

Proof. Without loss of generality we may assume that if = (0,1) and t = (1,0).
The angle between F' and the k; direction at a point q € F is bounded by
const ||q — k|| and const||q — a(k)||. Therefore s ((k;) is contained in a rectangle
that is centered at k; and has two edges parallel to the k; axis of length 2[ and two
edges parallel to the ky axis of length const(A + [ min{||k; — k||, |k; — a(k)||}) <
const(A + w). The claim now follows. m|
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Proposition XX.6. Let k,ky,..., ko1 € F, T C {1,...,n}, J C {n+1,...,
2n — 1} and w a positive real number smaller than the diameter of F such that
ki —k| <w fori e IUJ and |k;—a(k)| < w for j ¢ IUJ. Furthermore, let p € R?

and 0 < A < < w. Assume that there are points x; € sp(k;), i =1,...,2n —1
such that

lzr + -+ 2y = Tpy1 — - — T2n—1 — p|| < 20
Then

(1)
Ip — (I — # )k + (#I — #J — Da(k)|| < const nw .
(ii) If p € F then
P — k|| < const nw or ||p—a(k)|| < const nw.

The constants const depend only on the geometry of F.

Proof. By Proposition XX.5,
||331+"'+53n_33n+1 _"'_33271—1_(k1+"'+kn_kn+1 _"'_an—l)”
< (n+1) const(A + lw) +4(n+ 1)l < const nw.
Since
[ki+ - +kn—kny1 — - —kono1 — (#)k — (n — #1)a(k)
+#Nk+ (n—1—#J)ak)| < const nw

part (i) follows. To prove part (ii) assume that p € F. Set r = #I,s = #J. By
possibly interchanging k with its antipode, we may assume that r > s. If r = s or
r = s+ 1, it follows directly from part (i) that ||p — k|| < const nw. So we assume
that r — s > 2.

Let z; € sai(k;), i=1,...,2n — 1 such that

Yy=o1+ -+ Tp —Tpy1 — - — T2p—1

has distance at most 2[ from p. Let @ be the outward pointing unit normal vector
of F' at k. Then (k - a(k)) -7 Z constq and

[(; — k) - 7| < ||z — k]| + [[ki — K| < const(A+1) +w < const w
for i € I U J. Similarly for j ¢ TU J
[(z; —a(k)) - 7] < const w.
Consequently

(@1 4+ 4 an —2pp1 — - —22p1 — k) - 7

—(r—=s—=1)k—a(k)) -7 <(2n—1) const w
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and therefore
(y—k) - 7> A((r—s—1) — const nw)

with strictly positive constants A, const.
The tangent line to F' at k is a “supporting hyperplane” for the convex hull of
F. Therefore

Fn{zeR?(x—k)-7i>0}=0.
So
0>(p-ki=p-y i+ty—k - i
>(p—vy) A+A((r—s—1)—n const w).

As |(p—y) - 7| <2l and hence (p —y) -7 > =2 > —2w > —n const w, this shows
that
r—s—1 ;1

n Z const/i Z const —
w w

since 7 — s > 2. Thus nw is larger than some strictly positive constant and the
estimate of part (ii) holds. O

Pairs of momenta
Lemma XX.7. Let €1, €3 € {x1}. There is a subset X of F x F and a constant
C such that
(i) For every p € R?
#{(k1, ko) € X|e1ky + exko = p} < C.
(ii) (F x F)\ X has measure zero.

Proof. We may assume that e; = +1. If e = —1, then we claim that, for every
p#0

#{(kl,kz) 6F><F|k1—k2=p} <2. (XXI)
In this case, the lemma with C' = 2 and X = {(ki, ko)|ki, k2 € F, kg # ko} follows
directly from (XX.1). To prove (XX.1), choose a nonzero vector ¢ perpendicular

ky

ke
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to p. Assume that there are distinct pairs (ki, ko), (ks,k4), (ks,ke) such that
ki — ks = ks — ks = ks — kg = p. Without loss of generality we assume that
k-7 < k3-¥ < k- 9. By convexity, the parallelogram, P, with vertices ki, ko, k5, kg
is contained in the convex hull of F. The segment joining ks and k4 must cross this
parallelogram. Therefore ks and ky lie on the edges of P. This contradicts the strict
convexity of F.

Formula (XX.1) may be phrased in more geometrical terms as follows. Let s be a
secant of F (that is, a straight line segment joining two different points k1, ko € F).
Then there is at most one other secant s’ for F' that is parallel to s and has the
same length. In the case that there is no such second secant, we set s’ = s. Clearly
there are r, R > 0 such that for all k € F

(i) By(k) N Br(a(k)) = 0.
(ii) For any secant s C B,.(k) one has s’ C Br(a(k)).

B, (k)

Now consider €5 = +1. If F is invariant under inversion in some point py € R?,
then, for p # 2po,

#{(kl,kg) c Fx F|k1 + ko = p}

= #{(k1,kj) € F x Flky + (2po — k;) = p} <2

by the case €3 = —1.

Now we discuss the case that F' is strongly asymmetric in the sense of Defi-
nition XVIIIL.3. Since F x F' is compact, it suffices to show that for each point
(k1,ke) € F x F there exists a neighborhood U of (ki,ks) in F X F, a subset U’
of U whose complement U \ U’ has measure zero and a number m such that, for
all p € R?,

#{(qa1,q2) € U'|la1 + a2 = p} < m.

If ko # ki, a(k;), then the map (qi1,q2) — q1 + g2 has rank 2 at (kq,ks). By the
inverse function theorem, there is a neighborhood U of (ki,ks) such that for all

p € R? #{(a1,q2) €Ula1 + a2 =p} < 1.
Next assume that k1 = ko = k. Let U, = {(q1,q2) € F?||la1 — k|, [|az —
k|| < r}, where r is defined in the discussion of secants above. We claim that for

(q17q2)7 (q/laqé) € Ur
a1 +92 =q) + gy < (q1,92) = (g}, 45) or (q1,92) = (g5, q}) .

Assume that q1 + g2 = q} + g3 and (qi,q2) # (4}, d3), (a2, d}). Then g1 — g} =
a5 — gz # 0, so that the sector s of F' joining q; to qj is parallel to and of the same
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length as, but disjoint from the sector § joining g5 to qz. Therefore, § = s’ where,
as above, s’ is the unique second secant parallel to and of the same length as s. But
this is impossible, as § C B,(k), s’ C Bg(a(k)) and B,(k) N Br(a(k)) = 0.

Finally, assume that k1 = k and ks = a(k) for some k € F. We may assurne,
without loss of generality, that the oriented unit tangent vector to F' at k is (1, 0)
and that the inward pointing unit normal vector to F' at k is (0, 1). Then in the
notation of Definition XVIII.3,

t—k+ (1, ¢x(t))
is a parametrization of F' near k and
t— a(k) = (£, @ax) (1))
is a parametrization of F near a(k). Then
(t1,t2) — (k+ (t1, px(t1)), a(k) — (t2, Yok (t2)))

is a parametrization of F' X F near (ki,ksy). With respect to these coordinates, the
map (qi,q2) — qi +qz — (k + a(k)) from F x F to R? is

It t2) — (t1 — t2, ox(t1) — Pa)(t2)) -
Since F' is strongly asymmetric, there is 2 < n < ng such that
i) (0) # U0 (0).

We show that, if € is small enough, then, for any p = (p1,p2) € R?, the equation

flt,t2) =p (XX.2)

has at most n solutions in (—¢,€)?. Fix p and set g(t) = ¢k(p1 +1t) — Paqe) (£) — p2-
Then (t1,t2) is a solution of (XX.2) if and only if (t1,t2) = (p1 + t,t) with ¢ a
zero of g(t). Hence it suffices to prove that g(t) has at most n zeros. But, since
@f{") (0) — gogzl)()(O) # 0, the nth derivative g™ (t) = 90;{") (p1 +1t) — gogzl)() (t) never
vanishes for |p; +1|, [t| < ¢, for e sufficiently small. Consequently g can have at most
n zeros on this set. O

Lemma XX.8. Letp€e F,0<w; < %wg and set
M = {(ki1,k2) € F x F|min[d(k1, k), d(a(k1), k)] > w1
and min[d(k;, p),d(a(k;),p)] < wsz fori=1,2}.
Let €1,¢e2 € {£1} and let f be the map from F x F to R? given by
f(ki, ko) = e1k; + e2ks.

There are constants that depend only on the geometry of F such that
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(i) for all measurable subsets A of R?

const

vol(f~HA) N M) < vol(A).

w1
(11) VM,wl Z const.
(iii) Let 7 a unit normal vector to F at p. Then for all (k1,ks) € M
sup |ﬁ . Df(kl, k2)17| < const wWa .
’l_)'GT(lek2)M
ol <1
(iv) Let 0 < € < w1/4 and let T be an e-separated subset of F. Furthermore let R
be a rectangle in R? having one pair of sides parallel to @i of length A > 0 and
a second pair of sides perpendicular to 1 of length B > 0. Then

const
w1 62

#HR)NMNT? < = (A+ew)(B+e).

Proof. (i) For ky,ks € F let 0(ky, ka) be the angle between the normal vectors to
F at ky and at ko. Then the Jacobian determinant of f at (ki,ks) is

|sin G(kl, k2)| Z const min(d(kl, kz), d(kl,a(kg))) Z const Wi .

The claim follows from the rule for the change of variables in integrals and
Lemma XX.7.
(i) is trivial.
(iii) For q € F, let ¥(q) be the angle between 7 and the normal vector to F' at
q. Then
sup |- Df(ky, ko)v] < 2max(|sind(ky)l,|sind(kz)|)
e

< const max(min([|p — k|, [[p — a(ki)[]),

min(|[p — ka||, [lp — a(k2)]))

S const Wy .
(iv) Let ¢ be the tangent vector to F at p. Obviously

sup  |£- Df(ky, ko)i| <2
’L_/‘ET(klka)M
I7l1<1

for all (ki,ko) € M. So by parts (ii) and (iii) of this lemma and Lemma XX.4
vol(fH(R"))

where R’ is a rectangle of side lengths A + const ews and B + 4e. By part (i),

VOl(fil(Rl)) S wil(A + const EWQ)(B —+ 46) . O

const

#fHR)NMNT? <
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Sectors that are compatible with conservation of momentum

Let 0 <A<, A>12 let pe F, g€ R?and let " be a discrete subset of F. We
define for n > 2

Moman_1(T,p) = {(k1,...,kan-1) € r2n=1Y3z,; € saiks), i=1,...,2n—1
such that 1 +---+ 2y —Tp41 — -+ —Top—1 € SA,I(P)}
Momsy, (T,q) = {(ki,...,kon_1) €T?" 71Ty € spu(ks), i=1,...,2n—1
such that 1 + -+ 2, —Tpy1 — -+ — Tap—1 = q}.
Lemma XX.9. Let p € F, q € R? and I' an [-separated subset of F.

(i) If w > A/l then

#{(k1,k2,k3) € Moms(I', p)|w

w
< i < < const —-
< Jmax min[d(k,, k. ), d(a(k,), k)] < 2w} < const

#{(kl,k2,k3> € Mom3 (', q)|w

w
< i < < const — .
< 1gr,?£§g3mln[d(k“’k”)’d(a(k”)’k”)] 2w} < const
(ii) If 4l <w < A/l then

#{(k17k27k3) € Mom3(I', p)|w

==

< i < < cons
< Jmax min[d(k,, k), d(a(k,), k)] < 2w} < const

#{(kl,kz,m € Mom3 (', q)|w

A
< i < < cons I
< Jmax min[d(k,, k), d(a(k,), k)] < 2w} < const 13
The constants const above depend only on the geometry of F.

Proof. If (ki,ko,ks) € Moms(T', p) and maxi<,2,<3 min[d(k,, k., ), d(a(k,), k., )]
< 2w, then by Proposition XX.6(ii), with n = 2, w replaced by 2w and k = k; or
ak),i=1,2,3

min[d(k;, p), d(a(k;), p)] < 4consto w for 1 <i<3 (XX.3)
where constg is the constant of Proposition XX.6. Therefore we set for 1 < p #
r< 3
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Suy = {(kl,kg,kg) € Mom3(I', p)|lw < min[d(k,, k,),d(a(k,), k)] < 2w

i <
1Sg1£gg3 min[d(kq,kg), d(a(ky ), kg)] < 2w

and min[d(k;, p),d(a(k;),p)] < 4constg w for 1 <i < 3} .

The discussion above shows that

{(kl,kz,kg) € Moms(T',p)|w < <m2x<3 min[d(k,, k. ), d(a(k,),k,)] < Zw}
<pFv<

1
c U Suv (XX.4)
1<p#v<3

Similarly, if (ki,ke,ks) € Mom3 (T',q) and min[d(k,,k,),d(a(k,), k.,)] < 2w
for all 1 < p # v < 3, then by Proposition XX.6(i), we have for i = 1,2,3

d(ki,p) < 4constg w oOr d(a(k;),p) < 4constg w or
(XX.5)
d(2k; —a(k;),p) < 4dconstg w or d(2a(k;) — ki, p) < 4constg w.

Setting for 1 < pu #£v <3

S, = {(kl,kg,kg) € Mom3 (', q)|w < min[d(k,, k,),d(a(k,), k)] < 2w

: < .
X | nax min(d(keq, kg), d(a(ky ), kg)] < 2w and (XX.5) holds}

we get

{(kl,kg,kg) € Mom3 (I',q)lw < max minfd(k,, k,),d(ak,), k)] < 2w}
1<p#v<3
c U s (XX.6)

1<p#v<3

We show that for 1 < p # v < 3 one has #S,,,,,, #S;V < const 7 in case (i), and
that #8,,,, #S,, < const [% in case (ii). We only discuss the case p = 1,v = 2,
the other cases are similar.

Set S = 812 or § = S775. By construction, if (ki, ko, k3) € S,
min[|[k; — ks, [[k1 — a(ks)||], minf[[ky — ks, [[ke — a(ks)|[] < const w  (XX.7)

and (XX.3) respectively (XX.5) hold for ¢ = 3. Since the maps k — k, k — a(k),
k — 2k — a(k) and k + 2a(k) — k are embeddings of F', there are at most const
choices of k3 € I' for which (XX.3) or (XX.5) are satisfied. Fix such a kg. Let of
be a unit normal vector to F' at ks and t be a unit tangent vector to F' at kg. If

(k1,ka,k3) € S, by (XX.7), the sectors sa ((k;), i =1, 2, 3 are each contained in a
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rectangle two of whose edges are parallel to t and have length at most const [, and
two of whose edges are parallel to 1 and have length at most

const [w  in case (i)
const(A —+ [w) S

const A in case (11) .
The same holds for sa ((p) when S = S; 5. In particular, if S = Sy 2, the set
{xs +ylzs € spi(ks),y € sa,i(p)}

is contained in a rectangle R whose one pair of edges is parallel to t and has
length at most const [, and whose other pair of edges is parallel to n and has length
at most const [w in case (i) and length at most const A in case (ii). If & = STy,
the set

{5E3 + q|CC3 S SA’[(kg)}

is contained in such a rectangle R.
Let

M(k3) = {(kl,kg) c F2|(k1,k2,k3) S S} .

By definition, if (ki,ks) € M(ks), there are z1 € sa ((ki), x2 € sa,((ka) such that
x1 + z2 € R. The shape of s ((ki), sa (ks) and R determined above implies that
the map f : (ki,ka) — ky + ky maps M(ks) to a rectangle R’ that contains R
and has one pair of edges parallel to t and of length at most const’ [, and a second
pair of edges parallel to il and of length at most const’ [w in case (i) and const’ A in
case (ii). Observe that

M(k3) C {(ki, k) € T?|w < min[d(ky, kz), d(a(k; ), ks)]

and min[d(k;, ks), d(a(k;),ks)] < const w for i = 1,2} .

It follows from part (iv) of Lemma XX.8, with p = k3, A = const’ lw or const’ A,
B = const’ [, W1 = W, Wy = const W and € = [ that

Cz)—rgt([w)([) = const  in case (i)

#M(ks) <

const A . .

WA [ = const o[ mcase (ii) .
Together with the observation made above, that there are at most const ¥ choices
of k3 € T for which there exist (ki,ko) € I'? with (ki, ks, k3) € S, this completes

the proof of the lemma. O
Proposition XX.10. For all I-separated subsets T of F and all p € F, q € R?

#Moms(T,p) < Cm[wt (1 + é[log[%>

cons A A
#Moms (', q) < 25 <1+ — log [—2>

with a constant const that depends only on the geometry of F.
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Proof. We give the proof for Moms(I', p), the proof for Mom3 (T, q) is similar.
Applying part (i) of Lemma XX.9 successively to

w = A/[7 2A/[, 4A/[,...,const

one sees that

#{(kl,kg,kg) € Moms(T, p) ) mix<3min[d( 10

<pF#r<

Inz (const ) (A .
cons

(const A
S J:Zl const 2J[—2 S const K[—g S [

Similarly, if 41 < % and one applies part (ii) of Lemma XX.9 successively to

w = 41, 81,161, ..., 21 los2 3]

one sees that

#{(kl,kg,kg) € Moms(T,p)|4l < 1<m£x<3 min(d(k,, k,),d(a(k,), k,)] < A/l
<p#v<

const A A
< ———— | 1+ log, )

= e

Finally, it is obvious that
#{(kl,kg,kg) € Moms(I',p)| max min[d(k,,k,),d(a(k,), k)] < 4[}
1<p#v<3
const
< O

[

Proposition XX.11. Letn > 2, > [ and let I, ..
0 in F. Assume that

1 . .

W= 1§i;rér;%)2(n—l min(dist(1;, I;), dist(f;, a(I;))) > max(6,4[).

Then for all l-separated subsets T of F, all p € F and all q € R?

.y Iap—1 be intervals of length

2n—3
HMomg, 1 (T, p) N (11 X -+ X Inp_1) < const n? G + 1) <1 + [/:)

5 2n—3 A
#Mom;nfl(F,q) N (Il X o0 X IQn—l) < const nQ <—[ + 1) <1 + I )
w
with a constant const that depends only on the geometry of F.

Proof. The proof is similar to the proof of Proposition XX.10. Set

+1 forl<i<n
€; — .
-1 forn+1<i<2n-1
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Choose a point k € I;. Then for all z € UQn 'r

dz,k) <w or d(z,ak)) <w.

Choose 1 < ig < jo < 2n — 1 such that
1
min(dist(I;,, I, ), dist(L;,, a(},))) = 3w

Since I is [-separated and each I; is of length 0,

2n—1 5 2n—3
'n; <(-+1 . XX.8
# 1 rons (1) (XX.8)
i#10,Jo
Fixk;eI'nl; fori=1,...,2n—1, i # ig, jo. Let @l be a unit normal vector to F'

at k and t be a unit tangent vector to F at k.
By Proposition XX.5

2n—1
- Z ey —d|z; € sai(ki)

1‘721':0:}]'0
is contained in a rectangle R™ having one pair of edges parallel to t and of length
at most const nl and a second pair of edges parallel to 1 and of length at most
const n[A+[w]. As each sa ((k;) is contained in a rectangle having one pair of edges
parallel to t and of length at most const [ and a second pair of edges parallel to &
and of length at most const[A + [w], the map f: (kiy, kj,) — €, ki, + €j,k;j, maps
the set

= {(kiy, kjo) €T30 (L;) x Ij,)|Fw; € san(ks), i=1,...,2n—1
such that 1 + - 4+ Tp — Tpg1 — -+ — Tap—1 = q}

to a rectangle R’ having one pair of edges parallel to t and of length at most
B =n const’ [, and a second pair of edges parallel to i and of length at most

A = constl TL[A —+ [UJ] .
By part (iv) of Lemma XX.8, with p replaced by k, w; = %w, wy=wand e=1

const

A
A+ nlw)(nl) < const n® (14 — ) .
w(n + nlw)(nl) < tn ( +[w)

#M™ <

This, together with (XX.8), proves

5 2n—3 A
#MomS, (T,q) N (I1 X -+ X Inp_1) < const (T + 1) n? <1 + [—) :
w

By Proposition XX.6(ii)

”p - k” < const Nw  Or ||p - a(k)” < const W .
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Therefore sa ((p) is contained in a rectangle, two of whose edges are parallel to t
and have length at most const | and two of whose edges are parallel to i and have
length at most

const(A + [Hp - kH) S const(A +n [w) .
This and Proposition XX.5 imply that

2n—1

- Z e —ylr; € sa(ks), v € sai(p)
i=1
izio.jo
is contained in a rectangle R having one pair of edges parallel to t and of length at
most const n [ and a second other pair of edges parallel to i and of length at most

const[nA +n [w +n [w] S const ’I’L[A —+ [CLJ] .
As above, this implies that

#Momgn_l(F,p) N (Il X oo X IQn_l)

5 2n—3 ) A
< const | — — /.
< t([ﬂ) " <1+[w) .

XXI. Sectors Compatible with Conservation of Momentum

Comparison of the 1-norm and the 3-norm for
four-legged Kernels

Lemma XXI.1. There is a constant const independent of M such that the
following holds. Let ¥ be a sectorization of length | at scale j with % < I
< W Furthermore let ¢ € Fo(4;%) and f € Fi(3; %) be particle number
conserving functions. Then

const 1 1
|SD|1,E S —[ 1+ [Mj_l log [QMj_l |Q0|37E

- 1
Iflis < 0 <1+[MJ 110g[2MJ 1>|f|32
Proof. By [8, Definition XII.9] and Remark XX.2(i)
|l1,2 = max = max > lo((-s1)5 -5 (5 8a)) 100 -

<i1<4 s, €D oo
s; €Y for i#i1
$1,82,83,54 compatible with
conservation of momentum
Let 1 <43 <4 and s;, € X. Choose ig,13,14 such that {1,2,3,4} = {i1,12,13,14}.
By Remark XX 2(ii) and Proposition XX.10, with A = ‘J[l, there are at most

const (1 + M- Jog A=) triples (si,, Siy, Siy) such that (s1, s2,s3,54) is compatible

with conservation of momentum. Consequently
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const M M
e = (L ey ) o lolCsneeen (oo

IN
Q
Q
—|3
w»
~+~
N
—
_|_
S|
-
—
]
o
o
|
Ry
-
N———

X max @ ceay
1<i1<i§<i3<4 Ee || (( ;81)7 7( 784))”1;00
; ) €D S;iEXD
Sip,8ip,8i3 € for i;éh,h,ig

const

1 1
[ (1 + T los [2Mj1> |ols.z -

The argument for | f|~1,2 is analogous. O

Proof of Proposition XIX.1. Under the hypotheses of this proposition, the term
0 M] =T 108 @t M] t is bounded by an M- mdependent constant and the first inequality,
lpl1,s < const 1|g|sx, follows. If f € Fus and 7 € {0,1}%, then £l = 0 unless
m(i) < 1. Therefore the second inequality, | f[; s, < const 2|f[5 s, also follows from
Lemma XXI.1. O

Auzxiliary norms

Let X be a sectorization of scale j and length [ > + 1. For w > 0 we define auxiliary
norms on functions ¢ in Fo(n; X) and f € Fi(n;¥) that are antisymmetric in their
(&, s) arguments by

|<P|1,E,w :inax Z H@(('751),---,('7577,))”1,00

1€2
82,000,807, €2
dist(sg,s¢)>w and
dist(sk,a(5)) >w
for some 2<k#(<n

B = su Z max
|f|172,w Z - 1% D dd-operator

B
seNgxN2 1€° s snem with §(D)=0
dist(sg,s¢)>w and
dist(sh,a(5))>w
for some 1<k#4<n

3 £
< I3 (€1 51,5 (Ens 50))lll1 o0 57 -
The norm ||| - [[|; ., of Example I1.6 refers to the variables {1, . ..,&,. Furthermore,

maxima, like max;, ex, that act on a formal power series > s ast? are to be applied
separately to each coefficient as.

Lemma XXI.2. Let w > max{l, W}, n >3 and let ¢ € Fo(n;X) and f €
Fi(n;X) be particle number conserving functions that are antisymmetric in their
(&, 8) arguments. Then

lol,s < |@li,5,w + const n |90|32
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2
~ ~ w ~
Iflis < |flis., + const ”2[—2|f|372-

Proof. By definition of |¢|1 » and the antisymmetry of ¢

elis < leliso+max 3T (o) Gl
82,0080 €EX

dist(sg,s¢)<w or

dist(sk,a(se))<w

for all 2<k#£<n
Fix s; € X. If s9,...,8, € X are such that for all 2 < k # ¢ < n one has
dist(sg, s¢) < w or dist(sg,a(s¢)) < w and such that si,...,s, are compatible
with conservation of momentum for some choice of annihilation/creation indices
(b1,...,by), then, by Proposition XX.6(ii) with A = %, p the center of s; and

k the center of so,
dist(s1, 8x) < const nw or dist(sy,a(sg)) < const nw
for 2 < k <n. Set
Sect = {(s2,s3) € ¥?|dist(s1, 52) < const nw or dist(s1, a(s2)) < const nw
and dist(ss, s3) < const w or dist(s2, a(s3)) < const w}.

Clearly #Sect < const n‘f—; Consequently

Z ||<p(('751)7"'7('75n))||1,oo

82,.-0, SpEX
dist(sg,s¢)<w or
dist(sg,a(se))<w
for all 2<k#4<n

2

w
< Y ellosns (Dl < const np el

s2,83ESect S4,...,SpEX

Similarly,

flis < flise+ Z max Z

eB
5€N0XN% ne 81,0.0,8n EX
dist(sk,s¢)<w or
dist(sg,a(se))<w
for all 1<k#4<n

té
X max |||Df(777 (61781)7'"7(£n78n))|||1,ooE'

D dd-operator
with §(D)=4§

Fix /) = (po, p,0,b) € B.If 51,..., s, € ¥ aresuch that for all 1 < k # £ < n one has

dist(sk, s¢) < w or dist(sg, a(s¢)) < w and such that the configuration (7; s1,...,sn)
is compatible with conservation of momentum, then, by Proposition XX.6(i) with
A= M‘ﬁl and k the center of s1, there is an integer r with |r| < n such that

Ip—rk + (r — Da(k)|| < const nw. (XXI.1)
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The maps F — R?, k — rk — (r — 1)a(k) are embeddings. Therefore there are at
most const nw /[ sectors s; containing a k such that (XXI.1) holds. Set

Sect = {(s1, s2) € X?|s; contains a point k for which
(XXI.1) holds with some |r| < n

and dist(s1, s2) < const w or dist(s1,a(s2)) < const w}.
2

Again #Sect < const nz“[’—z. Consequently

1 . 5
Z Z 5 Ddd{%g?rator IIDf (75 (§1581); -+ (€ns Sn))”ll,oot

81,50 €8  §ENgxN2 with §(D)=§
dist(sg,s¢)<w or
dist(sk,a(se))<w
for all 1<k#£<n

DD SEED S

s1,s2€Sect s3,...,5n €SN FEN, XNg

X max DS (€51 sl oo £
-operator ’
with §(D)=6

w? -
< const nz[—2|f|3)2. |
Change of sectorization
To prepare for the proof of Proposition XIX.4, we note
Lemma XXL3. Let j > i > 2, 15 <1< ot and w577 < U < b

Let ¥ and X' be sectorizations of length | at scale j and length ' at scale 1,
respectively. Suppose that | < . Let ¢ € Fp(n; X') and f € Fu(n; X') be particle

number conserving.
(i) For s1,...,8, €2
s, mms (€1, 81), -5 €y 5n)) 1,00
Seconst™ ¢i1 Y @Oy (€1580), - -5 (€ns $0) oo

’ ’ ’
575000,8, €S

and for iy, ..., 7m € B and s1,...,5, €%

1 . .
E < max H|Df2(nla---anm;(glasl)v---7(6117577«)””100#;
4! Dad -operator )
8€NgxN3 with §(D)=6

1
< const’ Ci—1 Z Z 5

8,...,87, €D’ §€NgxN2

x omax  IDFG -t (€1, 81)s s (Gns S oo 8

D dd-operator
with §(D)=6
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(ii) If f is antisymmetric in its (§,s) arguments

|f2|p2 < const™ Cj_1|f|p I sup max
’ ’ . . 5 S1,.0,8p—m €D
N1 5e7m EBm ’ f ’
Sp—mA41r S €D
~ >, oo !
X #Cons(71, -+, m3 15+, Sp—m3 Sp_mit1s -+ +» Sn)
. . Lo /
where Cons(1, ..., Mm3 S15- -+ Sp—mi Sp_mi1,---,5,) denotes the set of all
(Sp—mt1s---+8n) € X"T"P guch that 5, N8, # 0 fori =p—m+1,...,n
and the configuration (71, ...,Mm; S1,.-.,5n) 1S consistent with conservation
of momentum in the sense of Definition XX.1.
(iii) If m =0, w >l and ¢ is antisymmetric, then
|SDZ|1,E7w < const’" Cj,1|g0|1721 max max
s1€X Shyyeanr S €X'

dist(s},sp)>w—20" and
dist(s},,a(s}))>w—2al’
for some 2<k#{<n

x #Cons(s1; S, ...,8,)-

r n
Here, a is the supremum of the derivative of the antipodal map a on the Fermi

curve F. If m =1, w > ' and [ is antisymmetric in its (£, s) arguments, then

|f2|~1,27w < const” Cj_1|f|~1)2/ sup , ma,x ,
L3 87 500,8, €D

dist(s},,8,)>w—21" and
dist(s},,a(s}))>w—2al’
for some 1<k#{<n

x #Cons(7; sp,...,8)).
Proof. (i)
@E(nla"'anm; (51781),...,(6”,8”))

Il
N
—
=

Hence, by [9, Lemma I1.7] and [8, Lemma XIIL.3],
||(PE(771, - ooy Mms; (517 Sl)a ey (gn; STL))”LOO

< const" c;'l—l Z ||<p(7717"'anm;(flasll)v---7(&71)8;1))”1,00'
s/l,...7s;z62/

The proof of the second inequality is similar.
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(ii) By part (i) and Remark XX.2(i)

| felps < sup >

since, for i

£,

ceySp— b
5€NOXN% 81y.:08p m? sp_m+1,...,sn€§]

N1 yeesTim €EBm

; ; 0
X max |||Df2(7717"'7777’”;('751)7"'7('7Sn))|||1,ooﬁ

D dd-operator
with §(D)=4

< const” Cji—1 Z sup Z Z

81,~~~78p7m62

SENp x N2 S _ Sn€X s, s eX/
SO0 By T e D
! / t6
X Ddd{%g?rator IDf sy s (581)5 -5 (¢ Sn))”ll,oo S!
with &(D)=8
= const" ijl Z sup
SENoxNZ SlrSp—mEX

N1y 5T €Bm

<2 2 2

S8y €D S g SHED spfnzjrli..qsnez
.§2|"\.§i7$(2) ) 5;N3;7#0
i=1,....p—m i=p—m+1,...,n
tti
. o ’ /
X Ddd{%g?rator |||Df(7717 <o T ( ) 51)7 R ( ) Sn))”ll,oo 5
with 8(D)=6
n
< const Ci—1 E sup . E E
5EN) xN2 leilpr;glfm = S A = >,
e §/N8: 20
i=1,....p—m
~ >, ol !/
X F#CONS(71, - -, Tm S15 -+ s Sp—m Spmi1s -+ »5n)
tti
- ~ ! !

X max Df(m,... i(,81),-..,(+,8 —
D dd-operator ||| f(77 ’ anma( ’ 1)7 7( ’ n))|||1,oo S
with &(D)=6

< const” ¢j_1|fl, v sup max
Ty im €Byy ST 08P mES
S 1Sy €D
o . L /
X F#ConS(71, - -+, Tm 15+ - s Sp—m Sp—mt1s -+ »Sn)

= 1,...,p — m, there are at most three sectors s, € ¥’ with &, N §;

(iii) If sg, sp € ¥ with dist(sg, s¢) > w, dist(sg, a(s¢)) > w and s, s, € X' with
5,N 35, #0, 50N, # 0 then dist(s},, s;) > w — 2l" and dist(s},, a(s}))) > w — 2al.
Using this observation, the proof of (iii) is analogous to the proof of (ii).

|
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Lemma XXI.4. Let j > i > 2, v < < 555707 and 35753 <V < 550007
with | < V. Let ¥ and X' be sectorizations of length | at scale j and length U at
scale i, respectively.

(i) There is a constant const independent of M such that for every s’ € ¥/
/

#{S S E|§ﬁ§/ 7& @} < const [—[

(i) Letem >0, p>m,n>p—m~+1 M,....,0m € B, s1,...,5-m € X and
Sp—mt1r- Sy €X' Then

~ ~ o /
#Cons(M1, -+, Tm3 815+ Sp—mi Sp—mt1s -+ -5 Sn)

_ . ( [/ > n+m—p—1
const — .
- [

(il) Letw' > 4l, and let s1 € X and s5,...,s,, € X' such that dist(s},, s;) > w’ and
dist(s},, a(sy)) > w’ for some 2 <k # ¢ <n. Then

7\ n—3
1
c el ! n
#Cons(s1; 83, ...,5,) < const <_[> (1 + m) '

(iv) Letw' >4l 17 = (q0,q,0,a) € B and sy, ..., s, € ¥ such that dist(s},, s}) > o’
and dist(s),, a(s))) > w' for some 1 <k # ¢ <n. Then

7\ n—2
~ n 1
#Cons(7; 81, - -, 5,) < const <_[> (1 + m) '

Proof. (i) is trivial.
(ii) By part (i), there are at most const”(%)"“”_p_l (n +m — p — 1)-tuples

(Sp—m+1s- - -5 Sn—1) Of sectors in ¥ such that ;N8 #Pfori=p—m+1,...,n—1.
Given such an (n +m — p — 1)-tuple (Sp—m+1,--.,5n—1) and a particle number
preserving sequence (aq, ..., ay) of creation—annihilation indices, the set

[ D™ G+ (1) 4 (<)) € 6
fori=1,...,n—1}

has diameter at most const(n — 1)l and therefore meets at most const(n— 1) extended
sectors of Y. This shows that there are at most const™ sectors s,, € X such that
(81,...,8n) 18 consistent with conservation of momentum.

(iii) Let (a1,...,a,) be a particle number preserving sequence of creation—
annihilation indices. For i = 1,...,n — 1 let I; = {k € Fl|dist(k, s}, ;) < [}. We
apply the first inequality of Proposition XX.11 with 6 = ' +2[, A = %, T" the
set of centers of the intervals sNF, s € X and p the center of s; N F. It follows that

. G n—3 1
#Cons(s1; ..., 8)) < const (T) (1 + m) '

(iv) is similar to (iii), using the second inequality of Proposition XX.11
instead. o
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Proof of Proposition XIX.4. (i) As m # 0, by Lemmas XXI.3(i) and XXI.4(i)
lslis = Z s, mms (§1581), -+ -5 (€ns 80)) 1,00

814.00,8n €2
S const” Ci—1 Z ||<P(771a777ma(€1753)aa(fnaS;I))Hl,oo
814.00y8n €2
5'17...,8;62'

n v "
ot 1 (1) X letme i (€ Dl

/ ! !
81508, €D

r\"
= const” Ci—1 (T) |g0|1)2/.

(ii) By Lemmas XXI.3(ii) and XXI.4(ii)

_ . [/ n+m—p—1 _
ol < eons® 611 (7 ) s (XXL2)

Now assume that [ > W, I < 1—16 and n > 3. Observe that |fs |~12 vanishes

for m > 2, so it suffices to consider m = 0, 1. Set w = «v/I. By Lemma XXI.2

2
~ ~ w ~
Ifel s < [fsli s + const ”2[—2|f2|3,2-

By (XXL.2),

2 I\ nt+m—4 9o
w ~ [ w ~
ng[_2|f2|3,z < const™ ¢ (T) [—2|f|3,2/

. [/ n+rrL—41 _
S const Cj_1 (T) —[|f|3,2/

7\ n+tm—3
= const" Ci—1 ([T) [—1/|f|;721 .
If m = 0, by Lemmas XXI.3(iii) and XXI.4(iii), with o’ = w — 2al’,
_ r n+m-—3 1 B
[folisw < const™ €51 <T) (1 + m) |flis

[/ n+m—3 N
< const'* Ci—1 <—[) |f|1)2/

since MI~H(w — 2al’) > M3~ (a1 — SVl = %onj’l[?’/2 > 2. Similarly one
sees, using Lemma XXI.4(iv), that also in the case m =1

_ r n+m-—3 N
|foli 5w < const™ ¢j1 (T) | fl s -
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(iii) Write
fE’(ﬁlv N X (615 8/1)7 SERE) ({n; S;z))

= Z g(nla"'7ﬁm;(§lasll)7"'7(57178;1);817"'7871)

1y SR ED
with
g(ﬁlv s 777m; (5175/1)3 ceey (gn; 8;1);517 SRR STL)
— [ i €52 ) T 680
=1
Then

| fs |;72' = Z sup Z

1<iy <o <lip g <

bENgxNZ S STS IS ey for
i iy —m N 7:7£i13~~~)7;p7m
Mo Im €EB

td

- S / / v

X Dddr—rgggiator |||Df2(7717 SRR/ N (517 81)7 T (g’m Sn))”ll,oo S
with 6(D)=¢

IN
N
n

=

2.

SENgXNZ " o 5 s,ex’ for 815,80 €D
85 v ip—m © 1201, ip_m  SiNs;#0 for 1<i<n

; ; t
X DG i (60,50 s st
with §(D)=6
For each fixed 71, ..., T, Sy -+ ShyS1y- -+ S,

1 . .
> = max_ [[Dg(i, o 0im; (§,80) - (G $0)i 51580l oo
ol D dd-operator ’
§€No xN3 with §(D)=6

1 . .
< E 51 Dddr—%gg(rator |||Df(7717'"anm;(giﬂsl)v"'7(51117871))'”1,00
8€NgxNZ with §(D)=4

n
<t [T Iyl ,00
=1

as in [9, Lemma I1.7]. Hence, by [8, Lemma XIL.3] and [9, Example A.3],

1 . .
E < nax |||Dg(7717'"anm;(glas/l)v"'7(57175;1);817'"7Sn)|||1oot6
6l D dd-operator ’
§€No xN3 with §(D)=§

1 -~ ~ ! !
S Z E DddI—I;?)v);rator |||Df(7717-"777ma(€1751)a---a(gnasn)””l,oo

§€Ng xNZ with 8(D)=8
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= 1
X t6 H const ¢i—1 < const" Ci—1 Z 5

=1 5EN0><N(2)

X max DSl (66 51)s s (€0l t
-operator ’

with 6(D)=6

uniformly in sf,...,80,81,. ., 80,1, TTm. SO

9N

|f§3/ |;7E’ S const™ Ci—1 Z sup Z Z

1<i1 <o iy <
bENgx N3 1SS S s for 81,050 €S
'il""7sip—m§ i#i1 . ip—m siNs}#0 for 1<i<n
Mo Im €EB
to
. < el /
X max |||Df(7717'"anmv(flﬂsl)v"'7(5117871))'”100_|
D dd-operator ’ 6!
with §(D)=4§
< const” Ci—1 E sup
i<y <
seNoxNz 1SH<<ip-m=n
iq000985 ()
1 p—m
NyeesIm EB
<) > )y
;€L  s;€% for siex’
SiﬂS;;é@ 7/3'57'1)“'7119777; Siﬁsfi;,g@

for i=iy,...,ip—m for iit,...ip_m

_ ; t°
X DddI—Icl)gJé(rator |||Df(771; sy Tim; (51) 81)7 ) (6417 Sn))|||17oo 5
with §(D)=4§
< const" Ci—1 Z sup Z Z
1<ii < <ip—m<n
§ENgxNZ2 P = €D €Y fi
ENoxo 21»"'75/1’13,";62/ s,isﬁs,/ﬁé@ i¢§1’~~~ai§im
Tlseees imEB for i=i1,....ip—m
D ~ ~ . ! ! t(s
DddI—Icl)gJé(rator ||| f(771, sy Tim; (51) 81)7 R (gnv Sn))|||17oo 5
with §(D)=4§
since the set {s} € X',i # i1,...,lp—m|s; N s}, # 0 for ¢ # i1,...,ip_m} contains at

most 3" terms. Finally, applying

sup g h(s1,... 86, )
TR -

SiﬁS(i;ﬁ@

for i=i1,....,ip—m

[/ p—m
< (const —) sup h(s1,..os8i, )
[ Siq e €x

"Sipfnz
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yields

_ I p—m
|f2/|p,2/ S const” <—[> Ci—1 Z sup Z

1<i1 < <ip—m <
SENgxN3 1SHSTSTmSN g X for
1o Sip g S 101, ip—m

t6
> s (! ! v
X Dddr—rt}ggiator DS, - s T (€15 81) - -, (&ns Sn))ml,oo Ky
with §(D)=48
r p—m ~
S const™ <—[> C¢_1|f|p72 . O

XXII. Sector Counting for Particle—Particle Ladders

In this section we prove that, when the Fermi surface F' is strongly asymmetric
in the sense of Definition XVIIIL.3, particle-particle ladders obey bounds that are
stronger than those given by standard power counting. The precise formulation of
this result is given in Theorem XXIL.7. It bounds the | - |3, x norm of a particle-
particle ladder L(f; C, D) with £+ 1 vertices f and propagators determined by C
and D. Such a ladder looks like

Each line of this ladder is either C' or D with at least one C' in each of the /¢
rungs.® The detailed definition of Ly(f; C, D) is given in Definition XIV.1. When
applied to four-legged kernels, the | - |3 » norm measures roughly the suprmemum
in momentum space of the kernel and its derivatives. Naive power counting, as in
Appendix D, leads to a bound on |L¢(f; C, D)l 5 of order |f\;£§1 In this section,
we use sector counting to implement the geometric argument outlined in [1, Sec. II,
Subsec. 5] exploiting the asymmetry of the Fermi surface to improve the bound to
one of order (I'/0)¢ |f |¥er1 The main sector counting result is

Proposition XXII.1. Assume that the Fermi surface F' is strongly asymmetric.
There is a constant const independent of M such that for all sectorizations of scale
j > 2 and length | > ﬁ and all s}, s € ¥ and all ki, ks € R x R?

[1/no
[
[L/no
[
[L/no
[

ﬂ{(sl,SQ) SIS E|(§1 + 52) n (5/1 + 5/2) 75 @} < const

ﬂ{(sl,SQ) IS E|(§1 + 52) n (k’l + §I1) 75 @} < const

ﬁ{(sl,SQ) €Y X E|]€1 + ko € 51+ 52} < const

2The reader should think of C' as a “hard” propagator and D as a “soft” propagator arising from
‘Wick ordering.
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The proof of this proposition, which is given after Proposition XXII.4, is based on
the following three lemmas.

Lemma XXII.2. Assume that F' is strongly asymmetric. There exists a constant
const such that for all ¢ > 0 and all disks D in R? of radius €

length {k € F|k 4 a(k) € D} < const /(0= b
where ng is the constant of Definition XVIIL.3 and a(k) is the antipode of k.

Proof. Since F is compact, it suffices to show that each point p € F' has a neigh-
borhood U in F' for which there exists 1 < n < ng — 1 and a constant const such
that, for all € > 0 and all disks D in R? of radius ¢,

length {k € Ulk + a(k) € D} < const /™.

Fix p € F. Without loss of generality, we may assume that the oriented unit tangent
vector to F' at p is (1, 0) and that the unit inward pointing normal vector to F at
pis (0, 1). Let (1) = @p(t), P(t) = Pa(p)(t), where @y is the parameterizing map
of Definition XVIIIL.3. Precisely, ¢ — k(t) = p+ (¢, (t)) is a parameterization of F'
near p and t +— k(t) = a(p) — (t,@(t)) is a parameterization of F near a(p).

By strict convexity, the slopes ¢(t) and @(t) for the Fermi curve at k(t) and
k(t), respectively, are strictly increasing with ¢. Hence there is a strictly increasing
function £(¢) such that

p(t(t) = () (XXII.1)

and hence

so that

k(t) +a(k(t)) = p + a(p) + (t — 1(t), o(t) — p(E(1))) -
By construction, ¢(0) = ¢(0) = $(0) = $(0) = 0. Since F is strongly asymmet-
ric, there is a minimal 1 < n < ng — 1 such that g+ (0) # ¢+ (0). We may
assume, without loss of generality, that

P FV(0)] < "V (0)) - (XXIL.2)

Since the curvature of F' is assumed to be bounded away from zero, the second
derivatives of both ¢ and @ are nonzero. Thus

$(0) = ¢(0) =0, $(0),(0) # 0,
PD(0)=¢@(0) for1<i<n,  HD(0) #£ G D(0).
Using (XXII.1) we conclude that #(¢) is C™ and obeys
1 ifi=1
0)={0 ifl<i<n—1p ifn>1 and #0)=b#1 ifn=1.

b£0 ifi=n
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Consequently, there is a neighborhood U’ of 0 and a b > 0 such that for all t € U’

dar _
t—t(t

e~ ()

Set U = {p + (t,¢(t))|t € U'}. If D is a disk of radius ¢, then its projection to
the z-axis is an interval J of length 2e and

length {k € Ulk + a(k) € D} < const length{t € U'|zo +t —t(t) € T}

>b. (XXIL3)

where ¢ is the z-component of p+a(p). Therefore, by (XXIIL.3), this lemma follows
from Lemma XXII.3 below. O

Lemma XXII.3. Letb be a strictly positive real number and n be a strictly positive
integer. Let T C R be an interval (not necessarily compact) and f a C™ function
on I obeying

1™ (x)| >b forallzeT
Then for all € > 0 and all intervals J of length 2¢,

length {z € Z|f(z) € J} < 2"T! (%)1/71

Proof. Set o = (£)Y/™ and g(z) = f(x) — yo, where yo is the midpoint of J. We
must show

lg™ ()] > % for all x € T = length {z € Z| |g(z)| < e} < 2""a.

Define ¢,, inductively by ¢; = 2 and ¢, = 2 + 2¢,—1. Because d,, = 27 "¢, obeys
di =1and d, = 27" +d,,_; we have d,, < 2 and hence ¢, < 2"t!. We shall
prove

|g(")(x)| > in for all x € T = length {z € 7| |g(z)| < e} < cpa
«

by induction on n.
Suppose that n = 1 and let « and y be any two points in {z € Z||g(x)| < €}.
Then

|z —yl lg(x) —g(w)| _ 2
T T [ R P S IR P ]

for some ¢ € Z. As [¢'(¢)| > £ we have |z — y| < 2. Thus {z € Z||g(x)| < e} is

contained in an interval of length at most 2« as desired.

Now suppose that |g(™)(z)| > = on 7 and that the induction hypothesis is
satisfied for n — 1. As in the last paragraph, the set {z € Z||¢V(z)| < T} s
contained in a subinterval Zy of Z of length at most 2«.. Then Z \ Zj is the union of
at most two other intervals Z,,Z_ on which [¢("~V(z)| > —£=. By the inductive

an—1-
hypothesis

length {z € Z| |g(z)| < e} < length (Zy) + Z length {x € Z;] |g(z)| < e}
i=+

<204 2¢,_100 = cpo. |
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Proposition XXII.4. Assume that F' is strongly asymmetric. Let T' be an e-
separated set in F and R a square of side length S¢ in R2. Then

El/’l’bo

#{(’71,72) cl x F|’)/1 + Y2 € R} < const

with const depending only on the geometry of F. Here ng is the constant of
Definition XVIIL.3.

Proof. Let wy = 51_"_10 and
X1 ={(m1,7) €T xT|y1 +12 € R, min{d(y1,72),d(a(y1),72)} > w1}
Xo={(n,7) €T x| +72 € R, d(71,72) <wi}

Xz ={(v1,72) €T x|y +72 € R, d(a(m1),72) Swi}.
By Lemma XX.8, part (iv), with an arbitrary point p and wy large enough,

const El/no
= const
w1 9

Next observe that, for any given 71 € T', the length of {7, +k|k € F}NR is bounded
by const €, SO that

#X1 <

#{’72 S F|’71 + Y2 € R} < const. (XXII4)

If, for some 71 € T, there exists 75 € I’ such that (v1,72) € Xa, then 2v; =
Y1 + 72 + (71 — 72) lies in the disk D of radius 8¢ + w centered at the center of R.
Since

length {k € F|2k € D} < const wq

there are at most const “* choices of y; € I' with 2y, € D. By (XXIL4) this implies
that
El/no

w1 _
#Xz S const — = const € 1/no S const
9

since ng > 2. If, for some 7 € I, there exists 72 € I" such that (v1,7y2) € X3, then
v + a(y1) € D. By Lemma XXII.2

1
length {k € Flk + a(k) € D} < const w] " .

Consequently

1
no—1 El/no

w
#Xg S const L = const
9

|

Proof of Proposition XXII.1. For each sector s € ¥, let v be the center of
sNF. Then I' = {v,|s € X;} is a 2 [; separated set. Clearly §| + &} is contained
in the disk of radius const’ [; around 7, + ;. Therefore (31 + 32) N (5] +53) # 0
only if 45, + 7s, is contained in the disk of radius 2 const’ [; around Vst + Vsy- So
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the first part of the proposition follows directly from Proposition XXII.4, applied
(deonst x 2)2 times. The other two parts are similar. |

Definition XXII.5. (i) The creation/annihilation index of z € B U (B x X) is
b() = {b if z=(k,0,b) € B
b if z=(x,0,b,8) € Bx 2.
(ii) Let f € Fyux. We say that f is of particle-particle type if
f(z1,22,23,24) =0 unless b(z1) =b(22) =0, b(z3) =0b(22) =1.

Lemma XXII.6. Let f € .7:'4;2 be of particle—particle type. Then,

_ 1/no
|f|ch72 < const [ |f|372

with the channel norm | - |~ch,2 of [8, Definition D.1].

Proof. Tt suffices to consider f € F,.(4 —r, ) with r < 2. As in the proof of 8,
Lemma D.2], set

F(ﬁla"wﬁ’r; 817'”78477‘)

1 y .
= § E Dddmax |||Df(n177777“7 (61581)7---7(64—7“584—7“)””100 t(s'
. -operator ’
§€Ng x N3 with §(D)=6

Then, by Proposition XXII.1,

|f|ch,E: sup . E F(ﬁla"'vﬁ’r; 817"'584—7“)
7717-~~)777‘€B 8377«73477«62
S1,..-,82 7€
[L/n0o
X const sup E F(Nyeoo sy S1y---5S4—r)
Miyees n-€B
51,183 ED $4-r€X
[1/n0
< const sup E F(Myeooymp; S1ye-vy Sar)
1<i1 < <iz—p<4—7r $;€Y for
SipreesSiz_, € 141,03
771,~~~,77TEB
[/no
= const T|f|3’z . O
Theorem XXIIL.7. Let ¥ be a sectorization of scale j > 2 and length ﬁ <

[ < srom7s- Letu((€,5), (€,8)),v((, 5), (€', 8)) € Fo(2;X) be antisymmetric, spin
independent, particle number conserving functions whose Fourier transforms obey
|u(k)|,|6(k)| < %|oko —e(k)|. Furthermore, let X € N3 and assume that |ul; s < X
and MiXq < min{7y, 72}, where 71 and T2 are the constants of Proposition XII1.5

and [8, Lemma XII1.6], respectively. Set
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vt (k)
" ko —e(k) —a(k)’ D) = = e(k) — o(k)
and let C(£,&), D(,E) be the Fourier transforms of C(k), D(k) as in [6,

Definition 1X.3]. Furthermore, let f € ]:"4;2 be of particle—particle type. If the Fermi
curve F is strongly asymmetric in the sense of Definition XVIIL.3, then for all £ > 1

[Le(f;C, D)5 < (comst 1170 ¢;(X))* | £,

where ¢j(X) = 7%

Proof. By Proposition D.7, with X replaced by M7X, and Lemma XXII.6

14
-~ (3 ~ -
LAFC D) s < (comst ) Al s

< (const [1/no ej(X))Z |f|N31)§1 . -

Appendices
E. Sectors for ko independent functions

In [1-3] we shall implement a renormalization algorithm that uses counterterms for
the dispersion relation e(k) that are independent of kq. In this appendix we adjust
the discussion of sectorized norms in Sec. XII and the discussion of resectorization,
following Definition XIX.2, to deal with such functions.

Definition E.1. Let f(x,x’) be a translation invariant function on R? x R? and
we define its extension fext(€,€’) by

Jext((z0, %, 0,a), (z(,x',0',a"))
fx,x)  ifa=1,da =0
=800 0(xg — () ¢ —f(x/,x) ifa=0,d=1
0 otherwise

and its Fourier transform as
f(k) = / d?x ekxithkexa) £y ()

Remark E.2. If fo (k) is the Fourier transform of fext as in [6, Definition IX.1(i)],
then

Fext((ko, %)) = f(k).

Definition E.3. Let ¥ be a sectorization at scale j and K((x,s), (x’,s")) a trans-
lation invariant function on (R? x X)2.
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(i) We define its extension Kex((€, ), (£,5")) on (B x X)? by
Kext((z0,%,0,a,s), (zy,x',0',d,s"))
K((x,s),(x,s)) ifa=1,a =0
=00,00(x0 — ) —K((x/,8'),(x,5)) ifa=0a=1.
0 otherwise

(ii) The function K((x,s), (x’,s’)) is said to be sectorized if its Fourier transform
/d2xd2 z(klxl+k2xQ)ez(k'1x'1+k/2x/2)K((X7 5)7 (XI, SI))

vanishes unless (0,k) € § and (0,k’) € § where § and § are the extensions of
s and s’ of [8, Definition XIL.1(ii)].
(iii) We define K (k) by

= / dix e~k [((x, 5), (0, 5'))
s,8’€X
(iv) We set
[Kl15 = [Kext|1,s -
Remark E.4. (i) If K (k) is the Fourier transform of Key as in Defini-
tion XII(iv), then
Kext((k07k)) = K(k) .

(ii) If K is sectorized, then K((x,s),(x’,s")) and Kext((x0,x,0,a,s), (z), %X,

o',a’,s")) vanish unless s N s’ # (.

(iii) Suppose that K is sectorized and write ||K |1,z = > scnynz 3166t°. Then
ks vanishes unless dg = 0 and otherwise is given by

k0,8 —max{max Z/d2x|x K((x,5),(0,s))|,

sEX

max Z/dQ Ix% K((x,s), (0, s))|}

s'EX
and obeys

max / x [x° K((x, 5), (0, )]

s,8'€X
< ko <3 maxz/dQX |x‘s K((x,5),(0,5)].
s,s’'€

1

W and K((x,8),(x',s")) be a sectorized, translation invariant function on

(R? x )2, Let u(t) be a C§° function on R and set, for each A >0

Lemma E.5. Let ¥ be a sectorization of scale j > 2 and length
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pa(k) = p(A?[kg + e(k)%])

(Kext N ﬂA)((fﬂ S), (5/7 5/)) = ~/Bd< Kext((f, S), (Cv s/))ﬂA(Cv 5/)

(in * Ko) (€ 5), (€ / 0C Kae((C,5), (€ 8))ia(C. )

where jix was defined in [6, Definition 1X.4]. Denote j(A) = min{i € N|M? > A}.
Then, there is a constant const, depending on pu, but not on M, j or A, such that

| Kext * fin]r,s,  |fin * Kext|1,x < const ¢jpy [[ K1z
This lemma is an immediate consequence of [8, Lemma XIII.7].
Remark E.6. In the notation of Lemma E.5,
(Kexe * fia)(k) = (fua * Kext)(k) = K (k)pa(k) -

As in Definition XIX.2, we define a resectorization for functions on (R? x X)2.
For a function (k) on R x R?, set, as in [8, Lemma XIIL.3],

60 = [0 (dgk = [ deox(20.%.1.0),0,0,1,0)

and let
LA €) = oorBa,ardlao — Tp) ((~1)"(x — X))
Then

Xo((mo,x, o,a), (x4, x' 0’ a")) = 6(zo — xg)/dtf(((t,x, g,a),(0,x",0',a"))

= )A(((I()vxa g, Cl), (IIOaxlv U/v CL/)) .

Definition E.7. Let j,7 > 2. Let ¥ and X’ be sectorizations of scale j and 1,
respectively. If i # j, define, for each function K on (R? x %),

Ks((x51), (y,82)) = ) /dX’dy’XS1 (x = x)K((x', 81), (¥, 85))x5, (v =)
sh,8,EX
where x5, s € ¥ is the partition of unity of Lemma XII.3 and [8, (XIIL.2)]. For
i =j and ¥’ = 3, define Ky, = K.

Remark E.8. (i) If K is translation invariant, then

K (k 51752 Z K k, 81782)X81 (0 k)XSz(O k)

sh,shex
(ii) The resectorization Ky is sectorized.

Remark E.9. Let K((x,s),(x’,s")) be a translation invariant sectorized function
on (R? x X)2. Then
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(Kz)ext((ga Sl)a (777 82))
= 3 [ K€ O DR €N ()

51,8262
s ﬁsl;ﬁ@
8/208275@

Proof. Let & = (xo,x,0,a), n = (yo,y,7,b) € B. We consider the case a = 1,b = 0,
the other cases are similar. Fix any s}, 85 € X/. If s{ Ns; =0 or shNsy = 0.

/ A" df Ko (€, 1), (1 s0)) R0, (€, )2, (1)

—0= / dx'dy' 52 (x — XV E (< 51), (8", s)x (9 — ¥
Otherwise
/ 4" dn Ko (€, ), (1 53)) R0, (€1, )2, (o )
=0o.r / dagdyodx’dy’ 6 (x — yo)d(xo — 20)0(ys — o)
X X(s)l (X - X/)K((le 8/1)7 (y’, Sé))xgg (y/ - Y)

= 0o,70(w0 — yo)/dX'dY'x21 (x = xE((x,51), (v, s5)xe, 0 —y) - o

Proposition E. 10 Let j > i > 2, 35= L <1< M(] n7z and 35— Ly <U <

— L __ with4l <. Let ¥ and X' be sectorizations of length | at scale j and length
MG-D/ g J g
' at scale i, respectively.

2

(i) Let K((x,s),(x,s")) be a translation invariant sectorized function on (R x

¥)2. Then
[Ksll1,5 < const ¢j—1 K],

(ii) Let K((x,s),(x',s")) be a translation invariant sectorized function on (R?x )2,
Then

/!

[
Kl < eons || ica K.

Proof. (i) By Definition E.3(iv), Remark E.9, [9, Lemma I1.7], Lemma XIII.3 and
[8, (XIIL4)],

= |(Kx)ext|1,5

! / ~0 0
< const mMax > IHEexe((551)s (582 100 %8, 1,00 162, l11,00
51,52€ =
51,5,€X
S,lﬂ51;£®
SéﬂSQ;ﬁ@
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< eomst. e [ 1y 0 s max ([Kese(150). sl

$1+52
S const C?_1|Kext|1,2’ S const Cj_1||K||1,E/

since, for any s € X, there are at most three sectors s’ € ¥/ with s’ N s #£ ).
(ii) Similarly

||KE’ ||17E’ = |(KE’)ext|l7E’

econst max Y [[Kext((-51), (5 52) 11,00 189 11,00 [1X% 11,00
BN 1 2
$1,52€%
slﬂs’l;ﬁ@
s2Nsy#0D

IN

const max X% o, XNz, D D IKex((551), (5 82)) 11,00
s ,sheX! 1 2

s1€EX EPIS
Slﬁs,l#@

IN

[/
ot 21 [ ] magy 3 el o2l

[/
S const C;_1 |:_[:| HK”LE

!
since, for any s € X', there are at most const[[T] sectors s1 € ¥ with s1 N s}

# 0. O

Notation

Norms

Norm Characteristics Reference

I 1ll1,00 no derivatives, external positions, Example 11.6
acts on functions

11,00 derivatives, external positions, acts on functions Example 11.6

[ derivatives, external momenta, acts on functions Definition IV.6

1/ ] no derivatives, external positions, Example I11.4
acts on functions

1L derivatives, external momenta, acts on functions Definition IV.6

I| - ||voo7B derivatives, external momenta, B C R x R% Definition IV.6

| - ”vLB derivatives, external momenta, B C R x R% Definition IV.6

-1l pminl - 111,00 Lemma V.1

N(W; ¢,b,a) bi? ¢ Y A" [Winnll Definition IT1.9

m,n>0

Theorem V.2
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Norm

Characteristics

Reference

No(W; B; X, p)

Iz
-1
Ng'(W; 8; X, p)

N~(W; ¢, b,a)
[ lp,s

-1l

lels

wX) Y. B pminlWmnllie

m~+ne2N
derivatives, acts on functions on R x R?

derivatives, external momenta, acts on functions

eo(X) Z ﬁm+npm;n”W%,n”N
m—+ne2N
like pm;n| - || but acts on V&

1 .
m4+niym-+n ~
b_2 C Z 07 b ‘Wm,’n‘
m,n
derivatives, external positions,

all but p sectors summed

like | - |1,5, but for functions on (R? x ¥)2

1 1 .
lo 1,2+—[\50 3,2 + [—\50 52 ifm=0
Pm;n [
m\&o 1,3 ifm#0
M2 B \"/?
(X)) Y ot (m) [wm,nls
m,n>0

derivatives, external momenta,
all but p sectors summed

weighted variant of | - \; 5
1

1S

N - 1. - )
Iflys + 3=t [Ems,z ifm=0

Pm;n 6 1

> momn7afles
p=1

M2 o IB\™Y2
0 ej(X)goa <W> |fnls

if m#0

channel variant of | - |, 5, for ladders
channel variant of |- |2 5 for ladders
like | - |1,x but excludes almost degenerate sectors

like | - |, y; but excludes almost degenerate sectors

Theorem VIII.6

before Lemma IX.6
Definition X.4

before Lemma X.11

Theorem X.12
Theorem X.12

Definition XII.9

Definition E.3

Definition XV.1

Definition XV.1

Definition XVI.4

Definition XVIIL.1(i)

Definition XVII.1(ii)

Definition XVII.1(iii)

Definition D.1
Definition D.1
Lemma XXI.2
Lemma XXI.2

1167
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Other notation

Notation Description Reference
1
Q)6 v) log 5 [ OV duus(0) before (L.6)
J particle/hole swap operator (VL.1)
~ 1
Qe W) (¢, %) log 5 / e?TCeM (6D g0 (0) Definition VII.1
0 number of kg derivatives tracked Sec. VI
r number of k derivatives tracked Sec. VI
M scale parameter, M > 1 before Definition VIII.1
const generic constant, independent of scale
const generic constant, independent of scale and M
v(@ (k) jth scale function Definition VIII.1
59 (k) jth extended scale function Definition VIIL.4(i)
v(29) (k) P(M2=1(k2 + e(k)?)) Definition VIIL.1
(29 (k) O(M?72(k2 + e(k)?)) Definition VIIL4(ii)
(29 (k) O(M273(k2 + e(k)?)) Definition VIIL4(iii)
no degree of asymmetry Definition XVIIIL.3
[ length of sectors Definition XII.1
b sectorization Definition XII.1
1/m
S(C) sup sup (‘/ Y(&1) - Y(Em)duc (w)D Definition IV.1
m £y,....EmEB
B j-independent constant Definitions XV.1, XVIIL.1
¢ = Y Ml 3 oot €Ny Definition XIL.2
|6|<r [8|>r
[60l<ro or |g]>70o
e (X) = ﬁ Definition XV.1(ii)
fext extends f(x,x') to fext((x0,x,0,a), (z,x’,0’,a’)) Definition E.1
* convolution before (XIII.6)
o ladder convolution Definition XIV.1(iv)
° ladder convolution Definitions XIV.3, XVI.9
f Fourier transform Definition IX.1(i)
U Fourier transform for sectorized u Definition XII.4(iv)
i partial Fourier transform Definition IX.1(ii)

>

Fourier transform

Definition 1X.4
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Notation Description Reference

B R x R? x {1, |} x {0,1} viewed as position space beginning of Sec. II

B R x R? x {1, |} x {0,1} viewed beginning of Sec. IX

as momentum space

Bm {15+ - 7m) € B™|ij1 + -+ 4 7hm = 0} before Definition X.1

X5 BU(BxX) Definition XVI.1

Fm(n) functions on B™ x B", Definition I1.9
antisymmetric in B arguments

Fm(n) functions on B™ x B, Definition X.8
antisymmetric in B™ arguments

Fm(n; 2) functions on B™ x (B x X)", Definition XII.4(ii)
internal momenta in sectors

Fm(n; 2) functions on B™ x (B x £)", Definition XVIL.7(i)
internal momenta in sectors

Fris functions on X% that reorder to Fm(n —m; X)’s Definition XVI.7(iii)
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