
Resumé - holomorphic/harmonic forms
on compact Riemann surfaces

Notation.

M = a compact Riemann surface of genus g

with canonical homology basis {a1, · · · , ag, b1, · · · , bg}

ℵj =

{

aj if 1 ≤ j ≤ g

bj−g if g + 1 ≤ j ≤ 2g

H =
{

ω ∈ L2(M)
∣

∣ ω harmonic
}

H =
{

ω ∈ L2(M)
∣

∣ ω holomorphic
}

Theorem.

a) dimH = 2g

b) There is a unique basis α1, · · · , α2g of H obeying

∫

ℵj

αk = δj,k

Furthermore, αk = αk for all 1 ≤ k ≤ 2g and

∫∫

M

αj ∧ αk = ℵj · ℵk =











0 if 1 ≤ j, k ≤ g

0 if g + 1 ≤ j, k ≤ 2g
δj,k−g if 1 ≤ j, k − g ≤ g

−δj−g,k if 1 ≤ j − g, k ≤ g

for all 1 ≤ j, k ≤ 2g.

Proposition. Let θ, θ̃ be a closed 1–forms on M . Then

∫∫

M

θ ∧ θ̃ =

g
∑

j=1

[

∫

aj

θ

∫

bj

θ̃ −

∫

bj

θ

∫

aj

θ̃
]
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Corollary. If θ ∈ H, then

‖θ‖2 =

g
∑

j=1

[

∫

aj

θ

∫

bj

∗θ̄ −

∫

bj

θ

∫

aj

∗θ̄
]

If θ ∈ H, then

‖θ‖2 =

g
∑

j=1

i
[

∫

aj

θ

∫

bj

θ̄ −

∫

bj

θ

∫

aj

θ̄
]

Theorem.

a) dimH = g

b) There is a unique basis ω1, · · · , ωg of H obeying

∫

aj

ωk = δj,k

Furthermore, Πj,k =
∫

bj
ωk obeys

◦ Πj,k = Πk,j for all 1 ≤ j, k ≤ g (Π is symmetric) and

◦ 1

2i

∑

1≤j,k≤g µ̄j

(

Πj,k −Πj,k

)

µk ≥ 0 for all ~µ ∈ Cg, with equality if

and only if ~µ = 0 (Im Π is positive definite).

c) There is a unique θ ∈ H with prescribed values of
∫

a1

θ, · · · ,
∫

ag
θ.

c’) There is a unique θ ∈ H with prescribed values of Re
∫

a1

θ, · · ·,

Re
∫

ag
θ, Re

∫

b1

θ, · · ·, Re
∫

bg
θ.
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