Operators on Differential Forms

In the following
o {U,(} is a coordinate patch for a Riemann surface M,
o f(z,y), g(z,y),u(x,u), v(z,y) are functions on ¢(U) C IR?
o Fis a 0-form on M,
o wis a l-form on M with
Wl = fl@,y) do+ gz, y) dy
=u(z,y)dz + v(z,y)dz
o is a 2-form on M

We shall also use the complex notation

dz = dx + idy dz = dx — idy
ux(z,y) = 5 (55 — 155 ule,y) us(z,y) = 3(55 +i%;)ule,y)
The Differential Operator d

For C' forms ) X ) 1

dF‘{U,(} = gz (Fo( ) (2,y) da + a—y(FOCf )(z,y) dy
Fo(™Y) (z,y)dz+ (Fo¢™Y) (z,y)dz
9g

(
dw‘{U,C} = [$L(z,y) — g—i(x,y)] dx A dy
[

The Differential Operators 0,0

For C' forms

8F|{U’<} = %(% —zg—y)(Fogfl)(x,y) dz = (FoCil)zdz
OF |10y = 3(55 +i55) (Fo () (my)dz = (Fo(h), dz
aw‘{U’C} =v,(x,y)dz Ndz
5w|{U7C} = —uz(z,y)dz Ndz

N =0

90 =0



The Conjugation Operator *

|y oy = —9(@,y) dz + f(z,y) dy

Complex Conjugation

Various Identities

(1) dr = 1(dz + dz)

(2) dy = 5-(dz — dz)

(3) dz Ndz = —2idx N\ dy

(4) dZ' = % dx d7' = 4 dz

(5) d2' NdZ' = |2 dz A dz

(6) ﬂz(x,y) :uf(x7y) ﬁi(x7y) :uz(x,y)
(7) If u(z,y) = w(x + iy) with w analytic, u,(x,y) = w'(z + iy)
(8) If u(z,y) = w(z — iy) with w analytic, usz(z,y) = w'(z — iy)
(9) d>=0

(10) 0*=0*>=00+00=0

(11) d=090+0

(12) *x = —1

(13) dF = dF

(14) *w = *w

(15) 0w = (d+d¥)w Ow = (d— d¥)w
(16) AF = d* dF = —2i00F

= —iu(x,y) dz +iv(z,y)dz

C_”‘{Um;} = f(z,y)dz + g(z,y) dy

v(z,y) dz + u(z,y) dz

uz(z,y) =0



