Compact Operators

In these notes we provide an introduction to compact linear operators on Banach and
Hilbert spaces. These operators behave very much like familiar finite dimensional matrices,
without necessarily having finite rank. For more thorough treatments, see [RS, Y].

Definition 1 Let X and ) be Banach spaces. A linear operator C': X — ) is said to be
compact if for each bounded sequence {z;};e;w C X, there is a subsequence of {Cz;}ien
that is convergent.

Example 2 Let a <band ¢ <d. If C:[c,d] X [a,b] — C is continuous, then the integral
operator

CH) = [ Clua)f(a) ds

is compact as an operator from X = C|[a, b, the space of continuous functions on [a, b]
with supremum norm, to Y = Clc, d].

Problem 1 Use the Arzela—Ascoli theorem to prove that the operator C of Example 2 is
compact.

Example 3 (Hilbert—Schmidt Operators) Let (X, u) and (Y, v) be measure spaces
and let k(z,y) be a measurable function on X x Y with

/ k() dpu()d(y) < oo
XxY

Then
(K f)(x) = / k(e )/ (y) dv(y)

Y

is a compact map from L?(Y, dv) to L?(X, du). Such an operator is called Hilbert—Schmidt.

Proof: Let {f;}iew be a bounded sequence in L?(Y, dv). By part (c) of Problem 3, below,
{fi}iew has a weakly convergent subsequence. By throwing away all but this subsequence,
we may assume that {f;};ew converges weakly to f € L*(Y,dv).

We now show that {Kf;}iew converges strongly to Kf € L?(X,du). Since
Jxxy 1k(z,9)|? du(z)dr(y) < oo we have that [, |k(x,y)|* dv(y) < oo for almost every
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x € X. For any such x € X,

lim [ k(e,y)fily) dvy) = T (R ). ) iy = (F@ ) ) payan)

1— 00 Y 1—00

_ /Y k(2. y) f(y) dv(y)

Furthermore, by Cauchy—Schwarz,

(K f)(x /\kwyfz )| duly <||fz||Lz<Ydy>\// k(e )[° duly)

< sup ||fi||L2(Y,du)\//Y ‘k(w,y)‘z dv(y) = H(x)

Thus we have shown that (K f;)(z) converges pointwise to (K f)(x) for almost every x and
is bounded, for all i by the function H(x) which is square integrable with respect to du(z).
Thus, by the Lebesgue dominated convergence theorem,

Y 1S = K £l = Jim [ |69)(@) = (65)@) duta) =0

Problem 2 Prove that any Hilbert—Schmidt operator is bounded.

Problem 3 Let H be a Hilbert Space. A sequence {f;};emw C H is said to converge
weakly to f € H if

11— 00
for all g € H.
(a) Give an example of a sequence that converges weakly but not strongly.

(b) Prove that if {f;}icn converges weakly to f, then ||f|| < liminf;, || fi||. Prove that
if {f;}iew converges weakly to f and || f|| = lim;_ o || fi||, then {f; };en converges strongly

to f.

(c) Prove that H is weakly sequentially compact. That is, every bounded sequence in H
has a weakly convergent subsequence.
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Example 4 (Nuclear Operators) Let X and ) be Banach spaces and denote by X’
the dual space of X'. That is, the space of bounded linear functionals on X. If {x}};en
is a bounded sequence in X', {y;};ew is a bounded sequence in ) and {¢; }iew is a set of

complex numbers obeying > . |¢;| < oo, then
oo
Kz = Zci zi(z) yi
i=1
is called a nuclear operator from X to ). Since

[e.9] oo
> leil [2i@)] Nwilly < Nalla sup llyily sup [12]]x D leil
i=1 t t

i=1

the series defining Kx converges strongly and K is a bounded operator of norm at most

sup; [|yilly sup; [|lgl| y 2252 lesl-
Problem 4 Prove that any nuclear operator is compact.

Proposition 5 Let X', Y and Z be Banach spaces.
(a) If C: X — Y is a compact operator, then C is a bounded operator.
(b) If C1,Cy : X — Y are compact operators and oy, s € C, then a1 Cy +azCy is compact.

(c) If C : X — Y is a compact operator and By : Z — X and By : Y — Z are bounded
operators, then CByx and ByC' are compact.

(d) Let, for eachi € IN, C; : X — Y be a compact operator. If the C;’s converge in operator
norm to an operator C : X — Y, then C' is compact.

Proof: Let {z;};cnv be a bounded sequence in X.
(a) This is Problem 5, below.

(b) Since C is compact, there is a subsequence {l’ie such that Cix;, converges in ).

Feen

of the bounded sequence {z;,

Since C5 is compact, there is a subsequence {xl o } } €N

melN
such that Cgflliem converges in ). Then alCla:iem + agC’ga:iem also converges in ).

(c) Let {z;}iemw be a bounded sequence in Z. Since By is bounded, {Bxz;}ic is a
bounded sequence in X'. Since C is compact, there is a subsequence {ngzie} N such
that CBxz;, converges in ).

Since C' is compact, there is a subsequence {:z:ie such that C'z;, converges in V.

Fren
Since Cy is bounded, ByCz;, converges in ).
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(d) Let {z;}jen~ be a bounded sequence in X and set

X = sup [|z;]| ,
J

For each fixed i € IN, {C’ixj }j cIN has a convergent subsequence, since C; is compact by
hypothesis. By taking subsequences of subsequences and using the diagonal trick, we can
find a subsequence {z;,}senv such that limy_,o, Cjz;, exists for all ¢ € IN. It suffices for
us to prove that {Cx;j, }sew is Cauchy. Let € > 0. Since the C;’s converge in operator
norm to C, there is an I € IN such that ||C' — Cj|| < &5 for all i > I. Since {Crzj, brew
is Cauchy, there is an L € IN such that HOIxje — C’Ixijy < 5 for all £,m > L. Hence if
¢, m > L, then
G5, = Caz,, ||, < \|Cws, = Crasol ), + [|Crwse = Cras |, + || Crs = O]
S 2X||C - O[H + HC]IIJJ'[ - O[.’Eijy + QXHOI - OH
<2Xgx + 35 +2X5%

=&

Problem 5 Prove that compact operators are necessarily bounded.

Proposition 6 Let X and ) be Banach spaces. Denote by X' and Y’ their dual spaces.
That is, X' (resp. V') is the Banach space of bounded linear functionals on X (resp. )).
The adjoint, C* : V' — X', of a bounded operator C : X — Y 1is determined by

(C*n)(z) = n(Cx) forallneY and x € X

A bounded operator C : X — Y is compact if and only if C* is compact.

Proof: First assume that C' is compact. Let {n;};ew be a bounded subset of )’ and set
V" = sup ||l

Let B={x € X ||z|, <1} be the unit ball in X. Since C is compact, CB, which is the
closure of { Cx € X | ||z||,, <1}, is a compact subset of . We shall apply Arzela—Ascoli
to the sequence of functions

fi:ye CBw—ni(y) € C

Since
|fiw)| <Y'llylly, < Y7|ICl
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the sequence is uniformly bounded. Since
|fiy) = £i@)] <Y'ly =4l

it is equicontinuous. So, by Arzela—Ascoli, there is a subsequence f;, that converges uni-
formly on C'B. Since

IC™n; = C™njll = sup [(C™ni) () — (C*n;)(2)| = sup [n;(Cx) — n;(Ca)]

zEB zeEB
= sup }fi(Cx) — fj(C’a:)} = sup }fz(y) - fj(y)‘
zEB yeCB

the sequence {C*n;, }rew is Cauchy in X”.

Conversely, assume that C* is compact. Let {x;};cv be a bounded subset of X. By
the implication that we have already proven, C** : X" — )" is compact. Even if X
and/or ) is not reflexive, X is a closed subspace of X" and ) is a closed subspace of ).
So we may view {x; };ew as a bounded subset of X”'. Then {C**x;};cn has a subsequence
{C**x;,}sew that converges in ). For any n € )’ and z € X (we’ll write X for x, when
we want to think of it as an element of X”),

(C*™X)(n)=X(C"n) by the definition of “adjoint”
= (C*n)(x) by the identification of X with a subset of X"
=n(Cx) by the definition of “adjoint”

Thus C**z € V" is Cx € Y, viewed as an element of )" and {Cx;, }ren converges in V. B

It is the spectral properties of compact operators that make them act very much like
matrices. Perhaps it is more appropriate to say that the spectral properties of noncompact
operators are often very different from those of matrices. A simple, yet typical, example
of this is given in Problem 6, below. We start with careful definitions of “eigenvalue” like
terms. For a thorough, but still readable, treatment of the spectral theory of self-adjoint
operators on Hilbert spaces, see[RS].

Definition 7 Let X be a Banach space and B : X — X be a linear operator defined on
X.

(a) The number A € C is said to be in the resolvent set of B if the operator A\l — B is
bijective (one-to—one and onto) with bounded inverse. We shall use p(B) to denote the
resolvent set of B.

(b) The number A € C is said to be in the spectrum of B if it is not in the resolvent set of
B. We write 0(B) = C\ p(B).
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(c) The number \ € C is said to be an eigenvalue of B if there is a nonzero vector x € X,
called an eigenvector corresponding to A, such that Bz = Ax. The set of all eigenvalues of
B is called the point spectrum of B.

Proposition 8 Let X be a Banach space and B : X — X be a linear operator defined on
X.

(a) If [A > [|B]|, then A € p(B).
(b) p(B) is an open subset of C.
(c) If \ is an eigenvalue of B, then A € o(B).

. B . m .
Proof: (a) Since H < 1, the series %anozo (%) converges in operator norm to a

bounded operator R on X. As

(M -BR=RM-B) =Y (B)" -3 (&)™ =1

m=0 m=0

R=(B—A1)""and A € p(B).

(b) Let p € p(B) and denote by (pl — B)_1 the inverse of ull — B. By hypothesis,
this inverse is a bounded operator on X. If |A — pu| < H(u]l — B)_IH, then the series
(,u]l— B)_l S s(A=p)™ (,u]l— B) ~" converges in operator norm to a bounded operator

Ron X. As

(Ml — B)R=R(\ - B) = R(ul — B) + (A — )R
=S =) (e =B) "+ Y (A= ) (- B)
m=0 m=0
=1

R is the operator inverse of (Ml — B) and A € p(B). This shows that
{xeC|A—pl<[(u1-B)"|}cpB)

and that p(B) is open.

(¢) If A is an eigenvalue of B, then Al — B has a nontrivial kernel, namely all of the
eigenvectors corresponding to A. Thus A ¢ p(B). |
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The next problem shows that, for operators acting on infinite dimensional spaces, even
nice operators, the bulk of the spectrum need not consist of eigenvalues.

Problem 6 Let H = L?*(X,u) for some measure space (X, u). Let f : X — C be a
bounded measurable function on X. Let A be the bounded linear operator on H given by
multiplication by f(z).

(a) Prove that A € o(A) if and only if

Ve>0 p{zeX||flx)-A<e}>0

(b) Prove that A is an eigenvalue of A if and only if

u{xeX}f(a:):)\}>0

(c) Let X be the open interval (0, 1), p be Lebesgue measure on (0,1) and f(x) = . Find
the spectrum of A, the operator on H given by multiplication by x. Also find all of the
eigenvalues of A.

We next prove that if C' is a compact operator, then o(C)\ {0} consists only eigenvalues
of finite multiplicity. If there are infinitely many different eigenvalues, they must converge
to zero. We first need the following technical lemma.

Lemma 9 Let X be a Banach space and B : X — X be a compact operator. If X is a
nonzero complex number, then the range of A1 — C' is a closed linear subspace of X.

Proof: Denote by R and K the range and kernel, respectively, of A\ —C. Let y € R and
let {x,}new be a sequence in X such that (Al — C)z,, converges to y. Denote by p,, the
distance from x,, to K. For each n € IN, there is a z,, € K such that p,, < ||z,—2z,| < pn-i-%.
Then z,, = x,, — 2z, obeys

lim (Al — C)&, = lim (M - C)z, =y

n—oo n—oo

We first consider the case that {p,}n,en is bounded. Then the sequence {Z,},eN
is bounded, and, since C' is compact, there is a subsequence {Z,,}rew such that CZz,,
converges in X, say to —y. Then

In, = 3 [(AM = C) &y, + Ciy, |
converges in X to x = %(y —g). Since C' is bounded, —y = Czx and y = (Al — C)x € R.
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Finally, we consider the case that {p, }nen is not bounded. Then, possibly restricting

to a subsequence, we may assume that lim, .., p, = o0o. As the sequence {Ilinl\ }n elN
n

is bounded and C is still compact, there is a subsequence {” Foc] } (e such that C' ="t ”~ H
converges in X, say to Z. As

nlg{)lo()\]l C) &, H = limno oo 1Zn, | =0
we have .
Jm ey =3 Jm [0 - Oy + Oy = 5
and hence %
(M= C)z =\ lim (Al - C) 22 =0
N 050 HmneH

In other words, Z € K. This provides a contraction, since Z,, is a distance p, from K so

Tn 3 3 Pn > Pn 4 Pn — Tny
that TEe s a distance Tz 2 pogim from IC. As lim,,_ o ye 1, B cannot

converge to a point of IC. [ |

Proposition 10 (The Fredholm Alternative) Let C' : X — X be a compact operator
on the Banach space X. If \ is a nonzero complex number, then either X\ is an eigenvalue
of C or X € p(C).

Proof: Suppose that A is not an eigenvalue of C'. Then, by definition, Al — C' is one—to—
one. By lemma 9, the range of A1 — C' is closed. We now claim that the range of A1 — C
is all of X. If not, &} = (Al — C)X is a proper closed subspace of X. Since the restriction
of C to X is still compact, Xy = (Al — C)&; is a closed subspace of X;. If Xy were
not a proper subspace of Xj, then for each x € X' \ &7, there would be a vector z’ € A
with (Al — C)z’ = (Ml — C)x and this would contradict the assumption that A1 — C'is
one-to—one. Thus Xy = (A1l — C)A] is a proper closed subspace of X;. Continuing in this
way, we can generate a sequence {X),},en of subspaces of X with &1 = (Al — C)X,

and X, 11 a proper closed subspace of X,,. By Problem 7, below, there is, for each n € IN,
a unit vector x, € &), \ X,+1 whose distance from X, is at least % Ifn>m,

1 (Czyy — Cay) = 24y — Ty
with
Tm =1 (A= C)zy + 5Cn € Xipia

Hence ||Cz,, — Czy|| > % for all n > m and {Cz,},en may not contain any convergent
subsequence, contradicting the compactness of C.

So Al — C' is both one-to—one and onto. The boundedness of the inverse map is an
immediate consequence of the inverse mapping theorem [RS, Theorem III.11]. But it is
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also easy to prove boundedness directly and we do that now. If ()\]l— C) s not bounded,
there is a sequence of unit vectors z,, € X such that

lim [[(Al—C)a,||=0 = lim (A1 —-C)z, =0

n—oo n—oo
Since C' is compact, there is a subsequence {xnm }m €N such that C'z,, converges, say to
y. But then

lim z,, = lim {Cz,, + lim $(A\1—C)z,,, =%

m— o0 m— o0 m—0o0 A
and
Cy=XC lim =z, =My
m— o0
As |ly|| = || # 0, this contradicts the assumption that A is not an eigenvalue of C. |

Problem 7 Let X be a Banach space and ) a proper closed subspace of X. Let 0 < p < 1.
Prove that there is a unit vector x € X \ ) whose distance from ) is at least p.

Problem 8 Let X be an infinite dimensional Banach space. Prove that the identity
operator on X is not compact.

Proposition 11 (The Spectrum of Compact Operators) Let C' : X — X be a
compact operator on the Banach space X. The spectrum of C' consists of at most countably
many points. For anye >0, { A€ o(C) | |\ > ¢ } is finite. If 0% X € o(C), then X is
an eigenvalue of C of finite multiplicity.

Proof: We have already proven, in Proposition 10, that any nonzero number in the
spectrum of C' is an eigenvalue and we have also already proven, in Proposition 8, that
c(C)c{reC ‘ Al < [|C]| }. Since eigenvectors corresponding to different eigenvalues
are necessarily independent, it suffices to prove that there cannot exist a sequence {x,, } e
of independent eigenvectors of C' whose corresponding eigenvalues {\, } e converge to
A # 0.

Denote by A, the span of {z1, z2, --- , x,}. By Problem 7, there is, for each n > 2,
a unit vector y, € &,, whose distance from X,,_; is at least % If n > m,

2 CYn — 5= CYm = Yn — Un
with
In = 3= (Al = O)yn + 3=Cym € Xpa
since ()\n]l — C’)Xn C X,_1 and CX,, C &,, C X,,_1. Hence HﬁCyn — ﬁC’ymH > %
for all n > m. By assumption lim,, ., A\, = A # 0, so that HC’yn — C’ymH > % for all

n > m sufficiently large. Thus {Cy, }»en may not contain any convergent subsequence,
contradicting the compactness of C. [ |
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Problem 9 Let X be an infinite dimensional Banach space and C' : X — X a compact
operator. Prove that 0 € o(C).

Problem 10 Let H be a separable Hilbert space and let {e,},en be an orthonormal
basis for H. Let {uy}nenw be any sequence of complex numbers that converges to 0. Prove
that the operator defined by

O( Z O‘4n€n> = Z HnOn€nii
n=1

n=1

is compact and has o(C) = {0}.
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