Examples of Manifolds

Example 1 (Open Subset of IR") Any open subset, O, of IR" is a manifold of dimension
n. One possible atlasis A = {(O, gpid)}, where ¢iq is the identity map. That is, ¢iq(x) = x.
Of course one possible choice of O is IR"™ itself.

Example 2 (The Circle) The circle S* = { (z,y) € R> | 22 +y? =1 } is a manifold
of dimension one. One possible atlas is 2 = {(Uy, ¢1), (U1, p2)} where
U =8S"\{(-1,0)} ¢i(z,y) = arctan 2 with — 7 < p1(z,y) <7

U =S"\{(1,0)}  a(e,y) = arctan ¥ with 0 < pa(,y) < 27

Example 3 (S™) The n—sphere S™ = { x = (z1, -+, Tn41) € R } i4o4a? =1}
is a manifold of dimension n. One possible atlas is 21 = { (Ui, i), (Vi,,) ‘ 1<i<n+l }
where, for each 1 <7 <n+1,

U={(z1, @p1) €S" | ;>0 } iz, @ps1) = (1, Tim1, Tig1, "+, Tny1)
‘/i == { (x17"'7xn—|—1> S Sn ‘ T; < 0 } ¢i($1,"‘,$n+1) == (xla"'7xi—17$i—|—17"'7xn—|—1)

So both ¢; and ; project onto IR", viewed as the hyperplane xz; = 0. Another possible

atlas is
2y = { (S"\{(0,---,0,)},0) , (S"\{(0,-++,0,-1)}, %) }
where
p(x1, 1) = (T o)
V(X1 Tpgr) = (14—2;6,i+1 3T 1435:“)

are the stereographic projections from the north and south poles, respectively.

(0""7071)

Both ¢ and 1 have range IR". So we can think of S™ as IR" plus an additional single

“point at infinity”.
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Example 4 (Surfaces) Any smooth n-dimensional surface in IR"*"" is an n-dimensional
manifold. When we say that M is an n—dimensional surface in R" ™™, we mean that M is
a subset of R"™" with the property that for each z € M, there are

o a neighbourhood U, of z in IR"t™

onintegers 1 < j1 <jo < - <Jp<n+m

o and m C* functions fx(x;,, - -,x;,), k€ {l,---,n+m}\{j1, -, jn}
such that the point x = (X1, -+, Xp4m) € U, isin M if and only if x;, = fi(x;,, -, x;, ) for
all ke {1,---,n+m}\ {j1, -, jn}. Thatis, we may choose n components x;,, 1 < ¢ <n
of x as local coordinates on M near z. On M, near z, the remaining components of x are
C* functions of xj,, 1 < ¢ < n. Of course, an atlas is A = { (Uy, ¢5) ‘ z € M }, with

each ¢, (x) = (xj,, -, %;, ).
Us

(X.j17 o .7Xjn)

Equivalently, M is an n-dimensional surface in IR™*™ if, for each z € M, there are
o a neighbourhood U, of z in R" ™™
o and m C* functions g : U, — IR, such that the vectors { Vi (z) ‘ 1<k<m } are
linearly independent
such that the point x € U, is in M if and only if gi(x) = 0 for all 1 < k < m. To get from
the gx’s to the fi’s one need only invoke (possible after renumbering the components of x)
Implicit Function Theorem
Let m,n € IN and let U ¢ IR"™™ be an open set. Let g : U — IR™ be C> with
g(z) = 0 for some z € U. Assume that det [8 — <Z)}1<i,j<m # 0. Write a =

OXnj

(z1,-,2,) and b = (Zp11, -, Znym). Then there exist open sets V c R"T™
and W C IR" with a € W and z = (a,b) € V such that

for each x € W, there is a unique (x,y) € V such that g(x,y) = 0.

If the y above is denoted f(x), then f : W — R™ is C*, f(a) = b and
g(x,f(x)) =0 for all x € W.
The n-sphere S™ is the n—dimensional surface in IR™™! given implicitly by the equa-
tion g(x1, ++,Xnt1) = X3 + -+ +x2,, —1 = 0. In a neighbourhood of the north
pole (for example, the northern hemisphere) S™ is given explicitly by the equation

Xpp1 = V/X] + -+ X2
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If you think of the set, Mj, of all 3 x 3 real matrices as IR? (because a 3 x 3 matrix has 9
matrix elements) then

SOB)={AecM;|A'A=1, detA=1}

is a 3-dimensional surface™ in IR?. SO(3) is the group of all rotations about the origin
in IR? and is also the set of all orientations of a rigid body,

Example 5 (The Cartesian Product) If M is a manifold of dimension m with atlas
2l and N is a manifold of dimension n with atlas B then

M x N ={ (:I:,y)}xeM, yeN }
is an (m + n)-dimensional manifold with atlas

{(UxV,pay) | (Up) e, (Vp)eB}  where p@¢((z,y) = (@), ¥(y))

For example, R x R" = R "™, S! x R is a cylinder, S x S! is a torus (the surface of a
donut) and the configuration space of a rigid body is IR®* x SO(3) (with the IR* components
giving the location of the centre of mass of the body and the SO(3) components giving
the orientation).

Example 6 (The Torus) The torus 77 is the two dimensional surface

T2:{ (:I:,y,z)GIF{3 } (\/x2+y2—1)2+22:% }

in IR®. In cylindrical coordinates z = rcos, y = rsinf, z = z, the equation of the

torus is (r — 1)% + 22 = 1. Fix any 6. Recall that the set of all points in IR? that have

that value of # is like one page in an open book. It is a half-plane that contains the z

axis. The intersection of the torus with that half plane is a circle of radius % centred
onr =1,z =0. As ¢ runs from 0 to 2w, the point r = 1 + %cosw, z = %Simp,
z
Y
0

(1) Note that A*A = 1 forces det A € {—1,1}. If you fix any B € SO(3), then, just by continuity, all
matrices A that obey A*A = 1 and are sufficiently close to B automatically obey det A = 1. So the
equation det A = 1 is redundant. Since A'A is automatically symmetric, the requirement A*A = 1
gives at most 6 independent equations. In fact they are independent.

October 11, 2007 Examples of Manifolds 3



6 = 0 runs over that circle. If we now run 6 from 0 to 27, the circle on the page sweeps
out the whole torus. So, as ¢ runs from 0 to 27 and € runs from 0 to 27, the point
(z,y,2) = (14 4 cosp) cos b, (1 + 4 cosp)sinb, 5 sinp) runs over the whole torus. So we
may build coordinate patches for T2 using § and ¢ (with ranges (0,27) or (—m, 7)) as

coordinates.

Example 7 (The M&bius Strip) Take a length of ribbon. Put a half twist in it and
glue the ends together. The result is a Mobius Strip. Mathematically, you can think of it
as the set [0, 1] x (—1,1) but with the points (0,¢) and (1, —t) identified (i.e. pretend that
they are the same point) for all —1 < ¢ < 1. We can view the M&bius Strip as a manifold
with the set points M = [0,1) x (—1, —1) and the two patch atlas %A = {(Uy, p1), (U1, ¢2)}

where L -
U= (@g) o1(z,y) = (7,y)

(z,y) ifo<z <1
U (3,1 Ly) =
U D) eely) {(x—l,—y) if 2 <2<l

=

The range of ¢o is (— 7, 31) x (—=1,1).

N
E ol
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Example 8 (Projective n—space, IP") The projective n—space, IP", is the set of all
lines through the origin in R™™*. If # € R™™ is nonzero, then there is a unique line Lz
through the origin in IR™™ that contains #. Namely Lz = { AT } AeR } If 57 € R"!
are both nonzero, then Lz = Ly if and only if there is a A € IR\ {0} such that § = A\Z.
One choice of atlas for IP" is 2l = { (Ui, ¢i) } 1<i<n+1 } with

U={Lz | ZeR"™, 2,420}  (Lz) = (L&, .. Tt T . Zosl) ¢ R™

.’Ei’ X; ’ xT; xT;

Observe that if ¢; is well-defined, because if Z, 7 € IR"*! are both nonzero and Lz = Ly,
then, for each 1 <i < n + 1, either both z; and y; are zero or both x; and y; are nonzero
and in the latter case

(ﬂ con Tizr Tig M):(y_l co. HMim1l Yipr M)

z;’ omy ) owmy ) by Yi’ Yy oy ! Ty

Each line through the origin in IR"*" intersects the unit sphere S" = { ¥ € R"** |1z =1}
in exactly two points and the two points are antipodal (i.e. £ and —Z). So you can think
of IP™ as S™ but with antipodal points identified:

Pt = { (& —&} | #e 5" )
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Each line Lz € IP" that is not horizontal (i.e. with z,11 # 0) intersects the northern
hemisphere { Z e R"! ‘ |7 =1, xpy1 >0 } in exactly one point. Each line Lz € IP"
that is horizontal (i.e. with x,+1 = 0) intersects the northern hemisphere in exactly two
points and the two points are antipodal. By ignoring x,.1, you can think of the northern
hemisphere as the closed unit disk { x € R" ‘ x| <1} inIR". So you can think of IP" as
the closed unit ball in IR™ but with antipodal points on the boundary |x| = 1 identified.

In the case of three dimensions, you can also think of SO(3) as being the closed unit disk
{xe R? | x| <1}cC IR?® but with antipodal points on the boundary |x| = 1 identified.
This is because, geometrically, each element of SO(3) is a matrix which implements a
rotation by some angle about some axis through the origin in IR®. We can associate each
w() € IR?, where ) is a unit vector and w € IR, with the rotation by an angle ww about
the axis (2. But then any two w’s that differ by an even integer give the same rotation. So
the set of all rotations is associated with { w) | lw| <1, QeR? Q=1 } but with 10
and —1Q identified. Thus SO(3) and IP? are diffeomorphic.
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