Wedge Products of Alternating Forms

Let V be a vector space of dimension d < co. In these notes, we discuss how to define
a wedge product on the space of all alternating forms on V x --- x V’s so as to make it
isomorphic to the exterior algebra A(V*).

We start by reviewing the equivalence class definition of the exterior algebra over the
dual space V* of V. Define

o C(V) = @Prey V*®* (with V*®* being the tensor product of k copies of V* when

k > 0 and being IR when k£ = 0) and
let I(V*) be the two-sided ideal in C'(V*) generated by { 7* @ ¢* | o* € V* } and
let, for each k > 2, I,(V*) = [(V*) N V*®* and
let A(V*)=C(V*)/I(V*) and
let A°(V*) =R, AY(V*) = V* and, for each 2 < k < d, A¥(V*) = V*OF /T, (V*).
Then A(V*) is a graded, unital, associative algebra with the operations

o

o

@)

@)

[ +ldl =lc+d  ald=]ad []Ald]=][c@d]

for all ¢,d € C(V*) and o € R. Here [] is the equivalence class of ¢ under the equivalence
relation ¢ ~ d <= c¢—d € I(V). We have that A(V*) = @¢_,A*(V*) and that, if
el, ..., e is a basis V*, then for each k > 2

[EA NG |1<ip < <ig<d}

is a basis for A*(V*).

Now we start on the multilinear form definition. For each k& € IN, denote by A*(V)
the vector space of all k-linear alternating forms on V' x --- x V' (with k factors). That
is, L € Ais a function L : V x --- x V — R (with k factors) that is linear in each of its k
arguments and obeys

L1, 0%) = (1) L(Tr(1y*» Tn(i))

for each permutation = of {1,---,k}. Here (—1)" is the sign of the permutation. We
denote by S the set of all permutations of {1,---,k}. For L to be nonzero, it is necessary
that k < d.

Of course Al (V) is just V*, as is A1(V*). Both have basis {¢',- - -, é%}. To distinguish
between &7, viewed as an element of A*(V*), and &7, viewed as an element of Al(V), we
rename the latter to £7. That is, if €}, - -, €y is the basis for V that is dual to the basis
e, -, e for V* then B9 € A'(V) is the linear functional

., d
EJ( > ak€k> =
k=1
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So {E',---,E%} is a basis for A'(V). To construct a basis for A*(V), with 2 < k < d,
define, for each 1 <y, ---,4x < d, the alternating, k-linear form ¢ ¢ A¥(V) by

N

e (T, ) = det [B(Tn)] gy = D (F1)T

E* (Tr0)) (1)
TESK 1

£

If any two i;’s are equal, then > "% = 0. If all of the i;’s are distinct, then, for each
T € Sy, ik = (—1)Tglnixk) and, in particular,

i1 f = >y (=07 it (1,5 k) = (Grq)s o0 5 ir@)) for some permutation 7
€ (ejw"'?ejk)_ .
0 otherwise
Then
{erm|1<ip<--<ip<d}

is a basis for A*(V).

At this stage A(V) = &¢_ A*(V) (with A°(V) = R) is just a vector space. We would
like to endow it with a product A in such a way that A(V) is isomorphic to A(V*). Let
us call the isomorphism Z : A(V*) — A(V). We would like it to preserve the grading.
That is, Z should map A¥(V) onto A*(V*) for each 0 < k < d. It is natural to take the
restrictions of Z to AY(V*) = IR = A%(V) and to AY(V*) = V* = AY(V) to be identity
maps. In particular, to take

I(é'k):Ek forall1 <k <d

Once we have turned A(V) into an algebra by defining A, the requirements
o that Z be an algebra isomorphism that preserves the grading
o that Z(a) = « for all @ € A°(V*) = R and
o that Z(é¢*) = EF forall 1 <k <d

will force
T N---N&*k)=ENN-.- ANET* ¢ AFV) foralll1 <k <d, 1<ji, -, jx <d

which completely determines Z by linearity.

Now let us consider how we could define E7t A --- A EJ € A¥(V), for each 2 < k < d.
Because 7 is to be an isomorphism with Z(€7t A--- A &*) = EJ1A - .- A E%% we must have,
for each 2 < k < d,

o EInWA. - AEInw) = (=1)"EAA- - ABIF € AF(V) forallm € Spand 1 < jy,---,jx < d
and
o { BN N B } 1<n<---<gr<d } must be linearly independent.
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These are the only requirements. That is, we may select any collection of alternating forms
{ Eivsie ¢ AR(V) ‘ 2<k<d, 1<j, -, jgk <d } that obey

(H1) Eixdnt) = (=1)T B3k for all 7 € Sk and 1 < jy, -+, jx < d and
(H2) { Bk } 1<ji<---<jp<d } are linearly independent for each 2 < k < d

and then define the wedge product by the distributive rule and
Eite A B nJe — B iesJ1s s de (2)

forall 1 <k, ¢<dand 1<y, -, ik, j1, -, J¢ < d (set the right hand side to zero when
k+ ¢ > d) and define Z by linearity and

Z(E N---AN&R)=F 0 forall2<k<dand 1<y, -, jk <d
Then 7 is an isomorphism and
Z(E N N&k) = BIvd = BIVA . ANETR forallk>T1and 1 <jp,---, 5k <d (3)

Now let’s construct a bunch of families of E71:J*’s satisfying the requirements (H1)
and (H2). Each EJtJ* must, in particular, be a k-linear functional and hence a linear

combination
d
Ele",Jk: — E O[Z?ll:,g: Ell R ® Elk
bl 9
11, =1

Let’s choose our E71» "k to be a linear combination of only those F* ® --- ® E’s with
ip € {j1,- -, jr} for every 1 <p < k.

o Since azllf: = EJvIk (51'1, e ék) and E71Jk € AF(V) is to be alternating, every
jl:""‘jk
217...7Zk

over i1, - -, 1k is now restricted to permutations of ji,-- -, jr and

coefficient « with two or more of the 7,’s equal must vanish. Hence the sum

FIde — E a.zrlv"':.jk FI=) R ® FIw(k)
TESK

o Again since

(l/zrl’m’jk — Bt (é’jﬂ(l), e é’jﬂ(k)) = (_1)7TEj1,...,jk: (5j17 e é’jk)

— (_1)ﬂa%17"',jk
where 1 is the identity permutation, we now have

EJla"‘asz — O[%lh.s,]k § (_l)ﬂEjﬂ.(l) ® . ® Ejﬂ_(k) — a‘%ll’...’Jk5]17.n"]k
WESk
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To satisfy (H1), it suffices to ensure that azl”(l)’m’j"(k) = a‘ﬁl""’j’“ forall2<k<d, me S
and 1 < jqi,---,ji < d. Aslong as the af"""’*’s are nonzero, (H2) will also be satisfied.
jla"'ajkz’

To simplify matters further, let’s only consider o s that depend only on k.

So select, for each 2 < k < d, a nonzero constant a; and define
FIde — a eItk (4)

for all 1 < ji,---,7k < d. Let’s determine the resulting wedge product A A B of any
A€ AYV)and B € A™(V). First consider A = E"A---AE% and B = E/'A--- A EIm,
By (2) and (3) and (4),

(BUA - ANE )N (BTN - ANEI)) (01, Upm) = BP0 T (G Gy,

= Quim €i1,~~~,iz,j1,~~jm (771, e 17£+m)
, L . mo
=agem Y, (107 I E"(Goe) I B (Gowin) by (1)
7' ESpim p=1 p=1
, £ . m )
=G> > > UL EY(Tegy) 1B ()
0€Sy TESm T ESiim p=1 p=1
4 . m )
=G Y > 2 U DT YT I E (o) 1T B (Tneariry)
0€Sy TESm TESiim p=1 p=1
— Qetm (_1)7T€i17"',ie<17 TS ) 6j1,~~~jm(17 TS )
oTml (1) s Ur(2) m(£+1)> s U (6+m)
ﬂ'GSZ+'m
= Stem o N ()BT (e, Brey) BT (g1, Ungerm)
W€S€+7n
= ZEZ:% Z <_1)W(Ei1/\”'/\Eiéxﬁﬂ(l)?"'?ﬁﬂ(ﬁ))
TESe4m (E.jl/\,,,/\Ej?n)(,lj’ﬂ(e_’_l),_‘_’6’7r(€+m))

In going from the fourth line to the fifth line we made the change of summation variable
(in the 7’ sum, for each fixed o and 7) #’ = 7o (o, 7), where (o, 7) € Sk1¢ acts by p — o(p)
for1 <p</land {+p — £+ 7(p) for 1 < p < m. By distributivity, under the wedge
product determined by (2) and (4), we have, for all A € A*(V) and B € A™(V)

(AAB)(@y, -+, Tom) = 22 3L N (1) A(Te 1y, Un(e) B@r(estys > Un(esm))

7T654+m

= geem Z sen(I,J) A(vr) B(vy)
(1,J) €Ty 1 (£+m)

where IIy ,, (¢ + m) is the set of all partitions of {1,---,¢+ m} into two disjoint subsets
I={i1 < - <igtand J ={j1 < - < jm} of size £ and m, respectively, and sgn(/, J)
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is the sign of the permutation that reorders (i1, ---i¢, j1, -, Jm) to (1,--+, £+ m). The
shorthand notations vy = v, ,---,7;, and Uy = ¥Uj,,- -+, T;

m*

There are two choices of the a;’s that are in common use.

(C1) The first, which we shall use, is ay = 1. For this choice (which is used in the
introductory differential geometry texts by Warner, Lee, do Carmo and Spivak),

(ANB)(T1, -, Uogm) = 212 Z ()" A(Ur(1), "+ Une)) B(Urges1) -5 Un(t4m))

— Z sgn(1,J) A(dr) B(vy)
(I1,J)€EX g m (0+m)

and

(B A NE™) (0, T) = 00 (@, ) = Y (=17 T] B (Ure))
TESK =1
= det [E"(0,y,)]

1<e,m<k

This choice has the advantage that, in R? with the standard basis,

(E'A-- ANET) (@1, -+, 0a) = det [vp, ],y 0oy

(where v, is the £*" component of #,,) is just the usual volume of the parallelepiped with
edges v7, - -+, Ug.

(C2) The second is ay = ;. For this choice (which is used in the text by Kobayashi and
Nomizu),

(A A B)(ﬁh to 7U€+m) = m Z (_1)WA(7771'(1)7 to 77771'(@) B<177T(£—|—1)7 e 7777r(€—|—m))

TFESe+m

and

(B A ) (F1 -, 50) = G [ )]

This choice has the advantage that E* A --- A E% is the unique multilinear form in the
equivalence class [eil Q- ® eik} that is alternating.
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