Math 421/510 Problem Set X
Due March 27

1) Examine the proof of the Riesz representation theorem and prove the following two state-
ments:
a) If 1 C Vj and Ey C Vo, where V; and V, are disjoint open sets, then p*(F; U E) =
p*(E1) + p*(Es), even if E; and Fo are not in M.
b) If E € Mg, then E = NUK;UK>U. .. where {Kl} is a disjoint countable collection
of compact sets and pu(N) = 0.

2) Let X be a compact Hausdorff space. Let F' be a bounded linear functional on C(X).
Suppose that G and H are two positive linear functionals on C(X) with F = G — H and
G(1)+ H(1) < ||F||. Prove that G = Fy and H = F_. Hint: Use the definition of F; to

show that G — F. is a positive linear functional.

3) Let I' be a compact group with Haar measure pu. Let D@ and D®) be irreducible
representations of I' by d, X d, and dg x dg matrices, respectively. Prove that, for all
1<i,7<d,and 1<k, l<dg

(a) (ﬁ) 1 0 if D(® and D) are not equivalent
[ DD dut) = 6.4t {0 H D and D

4) Let xo(y) = Tr D (v) and x5(y) = Tr D®)(y) where D(® and D® are the representa-
tions of Problem 3. Prove that

— if D) B) i
/Xa(V)Xﬁ(V) dp() {(1) i g(a) indD(l;) are not equivalent



