Various Inequalities

Theorem. Let < X,3, u > be a measure space. Then

a) (Minkowski) If 1 < p < oo, then

1+ glly < 1Ifllo + llgll»

If 1 < p < oo, there is equality if and only ||g||, f(x) = || fllq9(z) for almost all z € X.

b) If0<p<1and f(x),g(x) >0 a.e. then

1f +gllp = 1fllp + gl
c¢) (Hélder) Let 1 < p,q < oo with % + % =1. If f € LP and g € LI then fg € L' and

/ Fal dyx < £l Nl

with equality if and only if there exist constants o, 5 > 0, not both zero, such that o|f(x)|P = B|g(z)|?
for almost all x € X.

d) (Generalized Hélder) Let 1 <r < oo and 1 < p; < oo with Z?:1
then [1;_, f; € L7 and

Z%j:%.lffjeﬁpjforlgjgn,

ITLA, < T 16,
j=1 Jj=1

Proof of a) and b):

Reductions: Since |f(x)] < ||f|loo and [g(x)| < ||g]lco for almost all z, it is obvious that || f + g]|ee <
| flloo + l|9]loc- So we may assume that p < oo. Also if |[f||, = 0 or ||g|l, = 0, then f = 0 a.e. or
g=0ac and |f +glly = I/l + gl So we may assume that | £l gll, > 0. By replacing f by
m and g by -4y, we may assume that || f[|, + [|gll, = 1.

Concavity: Define h(y) = yP. Observe that for y > 0

>0 ifp>1

h”(y)zp(p—l)y”‘Q{ZO ifp=1
<0 if0o<p<1

That is, h is concave up for p > 1, linear for p = 1 and concave down for 0 < p < 1. Thus for all
u,v >0and 0 <A <1
> ifp>1
h(Au+ (1= M) { = ifp=1 } [A(w) 4+ (1 = N)h(v)] (1)

< ifp<1
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For p > 1, there is equality if and only if w = Au + (1 — A)v equals u or v. For 0 < A < 1, this is the

case if and only if u = v.

y = h(x) with A” >0

Ah(u) + (1 — A)h(v)
h(w)

Proof of a): Recall that we have reduced consideration to || fll,, |gll, # 0, [[fll, + llgll, = 1 and
1 <p < oo. Setting A = || f||,,

17+ glly = [ V@) + 9@ duto)
— [ MR+ - VR duta)
< [ DS + (1= VT duto
< [ AR + 1= 2 S due)

=A+(1-XN)=1
by (1) with u = ‘I\ngl and v = |ﬁ’g(|glﬁ)‘ For the second inequality to be an equality, we need u = ‘ljlcﬁ)‘ =
v = ‘ﬁ;ﬁ” for almost all . For complex numbers a and b, |a + b| = |a| + |b| if and only if there is

an angle ¢ such that a = e*®|a| and b = €?|b|. In the real case, |a + b| = |a| + |b] if and only if a
and b have the same sign. Thus for the first inequality to be an equality, there must be a real valued
function ¢(x) such that |f(x)| = e **® f(z) and |g(x)| = e~***@ g(z) for almost all 2. All together,

it || £ + gllp = [ £llp + llgllp, then {172 = £ for almost all .

Proof of b): We are assuming that f(x),g(z) > 0 and we have again reduced consideration to
1l llglly # 0, [1fllp + llgll, = 1. With A = [|f],,

I+ gl = / (@) + g(@)]P du(z)

by (1) with u = £&) and v = 42

Proof of c):
Reductions: Since |f(x)g(z)| < |g(x)|]|flleo and |f(z)g(x)| < |f(z)]||g]|oo for almost all x, the cases
p=1,¢g =00 and p = 00,¢q = 1 are obvious. So we may assume that 1 < p,q < co. Also if || f||, =0
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or ||gllg =0, then f =0 a.e. or g =0 a.e. and | fg|l1 = 0. So we may assume that || f]|,, [|g]lq > 0.
By replacing f by W and g by m, we may assume that || f]|, = [lg|l; = 1.

Preliminaries: Define f(c) = % + é —e¢, for ¢ > 0. Observe that f’(c) = ¢~ —1 is negative for ¢ < 1,
zero for ¢ = 1 and positive for ¢ > 1. Thus f is decreasing for 0 < ¢ < 1 and increasing for ¢ > 1, so
that the minimum value of f is 0 and is achieved only at ¢ = 1. Set, for a,b > 0, ¢ = ab=%/?. Then

0< f(e) = ;%%—%—ab_q/p = %%—% > ab?" P = ab (2)

since q(l — %) = q% = 1. Furthermore, there is equality if and only if 1 = ¢ = ab~9/? i.e. b? = aP.

Proof of ¢: Using (2) with a = |f(z)| and b = |g(x)|
1@l @) < [ L 1 ) ) = L + Bl = 24 =1

Proof of d):
First we deal with n = 2. By Holder, with f = [f1|", g = [f2|", p = &- and ¢ = 22,

112l :/|f1(g;)f2(x)|’” dp(x) < 1f2l" py je I f2]" ] ps
T/p1 /P2
= [ [ 1@ au@)]”" [ [ 1@ duw)
= Al 12115,
Now we proceed by induction. Once the inequality has been established for n — 1, we apply the n = 2

n 1]*{

inequality, with f5 replaced by H?:1 f; and p replaced by r’ = [ i=2 55

1L 50, < 1l 1T 5
j=1 j=2

7‘/

Now just apply the n — 1 inequality. [ |



